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1
I. INTRODUCTION

The purpose of this report is to present approximations to the
standard errors of moment estimators for the parameters of the Riclan
distribution and Laha’s Bessel distribution. The asymptotic properties
of these estimators will be investigated and a comparison to similar
estimates using ma.’~imum likelihood techni ques will be performed .

The findings in this report are an extension of efforts by this
organization to develop a method to be employed in determining the
frequency distribution of laser-radar return signals and to make infer-
enct ~s regarding future signal data based OII this characterization .

II. BACKGROUND

In an earlier study (U supporting research in the area of
laser-radar technology, moment estimators for the Rician distribution and
Laha ’s Bessel distribution were developed . The generalized Rician
distribution can be given by

P (R) — 
(;~;) exp 

{- 
(R2 + A 2) 

} 
~ (~

) (1)

- 
- where

R J X~~+X~ � O

x l is a random norma l vector ,

A 1 La the mean vector ,
A2

A J A~~+ A ~ ~~O

Pt2 is a pos t t lye definite covar .1u v i~~ I where *0 
is a

positive constant , I Is the identity matrIx , .ind 1
0 

is the modified
Bessel function of zero order .

By apply ing the transformation X — W , I,aha ’s Bessel distribution
was shown to be

3
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P(X ) - (
~

) ex~~
{
~ 

(X 
~~:

2 

} 
(
~

) (2)

The mean and variance of x were given by

(x) A2 + 2*o (3—a)

(X,) — 4* 0
A2 + 4*0

2 (3—b)

From Equations (3—a) and (3—b) the following moment estimators
were found :

A2 
— +%/2M~ (X) 2 - M (X) (4—a)

~. ~~s I t v~~ t

— I’ ~~~~~~ ( 4—b )o 2

where M~ (X) and M (X) are the sample moments about the origin.

ro use any estimator rationally, its properties (e.g., its samp l ing
distribution , expected value , variance) should be known . Wh en tht’ exact
sampling distribution is not known but the estimator involves stuns of
sample values as in this case, standard errors provide a means for
determining the large-sample variance of the estimators . The remainder
of this report will focus on the properties of the estimators given in
Equations (4-a) and (4-b).

III. EXPECTED VALUE AND VARIANCE OF A2 AND
The expected value and the variance of the two estimators can

be approx imated by expanding A
2 and in a Taylor series about M~ (X)

and M.~(X) evaluated at ~~(X) and ~j(X) where

—

—

In general , i f T I s a func t ion  of M~ and M then the Taylor series

of T expanded around and ~.!, is

4
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-- - - —-
~~-Th-—-~~~~ 

-
_ _

T(M~.M )  ~~~~~~~~~ + (
~

) 
M~’~~ 

(M~ - Mj ) + 
(~~~

-)
_ 

(M~ -

+~~ 
[(-

~-~4~ ~ - f~~~2 + (.~L~.i1\ 
M’ - ~ , 2

-~~ L\~MI/ 1 2 2

+ 
(~~~~~M ’)  

(M~ - ~‘) ( ~~ - ~4) + . . . . (5)

Taking the expected value of both sides y ields

EIT (M~ ,M~)} E~T ( , ~~~)~ + (
~

_

~
) 

var (M~) + (
~

) var (Mp]

+ (-
~~ q) 

cov(M~M;) . (6)

The variances and covariance of M~ and M~ can be shown to be

var(M~) — ~. - ~2] (7-a)

var(M.j) — 

~ 

- ~2] (7-b)

cov(M~,M~) — 

~ 
— . (7—c)

where ~ is the sample size.

Therefor e, the expected val ue of I can be wri t ten as

E1T(Mi,M.~)I 
E~T(~~~~)~ + .1~ (

~
) (h~ 

— 2
)

+ (~~~
)_ 

(
~ 

- ~2) ~~1 [(~~~
2t

M~~
) 

(
~~ 

-

_ _ _ _ _ _ _ _ _ _ _ _ _ _

— ..,� ~ - .— :_.___. - - - . -.- -.- - ... — - - .-. -. .—-- -- -- —-— .— .- —.-~ ‘- .~ - -~~~~~~~
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By considering onl y the first-order terms in Equation (5), the
variance of T can also be approximated . Rearran ging terms in EquatIon (5)
y ields

T(M~ IM~) — T(~~ 1~~) (er) 
— 

(M~ — ~~) + (
~

) 
— 

(Nj — ~. )  (9)

Squar ing both ends and taking the expected value yields

var [T(Ptj sPtj)] (sr) var (M~’ + (
~

) var(M )

+ 2 (
~

)
~ (~~~

)_ 
cov (M~,M~) * (10)

Therefore , the variance of T can be written as

! [(4~r)~ (.j - .2) + (
~~~~) 2  (,.

~ 
-

~1i(~’) (
~

)_ (.,
~ - ..~ )] • ( 11)

Since  the estimators for both A2 and are funct ions of N~ and Nj ,

using Equations (8) and (11) the expected value and the variance of

and are

EIA
2 } A2 + 

2 1 (2~.~
2 3/2 ~~~~~~ - ~4 - 7 ~2] (12-a)

varIA
2
~ - 

~~~~~~~ - 
~~~~~ 

+ -
~~ 

- -4- - 2..K] (12-b)

6
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~ 
+ 

2 

, 2 + - (12-c)

2 ) (z~~ -

• 1 •~~

___________  
., ,2 , ~~~~ k

2t
~
A
i - “2/

var3*0} / 2 s \  1~ 
(~~ i - 

~2) 2
i I ~

2
~ i ~~~2) *

21 , , 2 
~~~~~ - 

~~~~ [ ~~~~~~~~ - ~+ 
~~ ~ 

(
~ ~~~ 

+ 16 +

- ~4~] ~ - ~:.~)} • (12-d)

Using Equation ( 12) and substi tuting the sample moments for the
population moments w i l l  yield approximations for any sample taken.
Equation (12) can also be expressed in terms of the population paramete rs

A2 and That is,

E~ A2
I — A 2 

+ 
~~~ 

~l + —
~ 

- —f - _

~~~
] 

(13-a)

var$~~
2

I — —f + .—
~ 

+ _i_
] 

(13-b)
A A

E~~ Ø
} - 

~o + 

~~ 

[

~~~ 3 

+ 
~~~~ 

- - (13-c)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ( 1 3 - d )

As can be seen from Equation (13), A and are consistent  estima-
tors in that

a) The expected value o t  t he  estimator approaches the  t i~~t’ value
U S

b) The var iance ot  the es t imator  decreases .18 -
l

- 
________________ ______________ - 
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The est imators are not unbiased for  small samp le sizes; however ,
the bias is neg ligible icr samp le sizes greater than 1500 for most par.un-
eter values (Tab les 1 and 1)~~

IV . ASYMPTOTIC SAMPLING DISTRIBUTION OF AND
For the no rma l model , ~1( indicatov or skewness) is equal to zero

and -
~2 ( indicator or peakedness) is equal to three ; thus , the shape tac-

tori of an unknown mode l can be compared with  these to see whether a
normal approximation is reasonable . This approach is taken in what
follows , to determine the asymptot ic  propert ies  of the f i r s t  and second
sample moments of Laha’s Bessel distribution .

Define

— N(a 1, .~~)

X 2 N (a 2 ,  ~~
)

and X • are independent

then

B. — + X~ ~ Rician distribution

and

2R — + X ’ Laba ’s Bessel distribution .

R
2 
can also be shown to be distributed as a constant times a noncent r a l

chi square distr ibution

~~~~ X[ with  v — 1 and ‘.
~ 

— a 1 ~~

with  v — 1 and “1 —

-) Ix ~ x .~1 I -
~ -1

—
0 1 * 0 -

~ J o~~
where the term in brackets is a linear combination of noncentral clii
squares which is dis tr ibuted as a noncentral chi square with

8
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v - 2 2 
+ a 2

2

... R 2 
~~~X ’ 2

(14)

The f i rs t  and second sample moments are denoted by M 1(R 2) and M 2 (R 2 ) ,

respectively . The first and second population moments are denoted by
2 2 2

~ 1(R ) and ~i (B. ) ,  respectively.  Nov

2 1 , 2
1.& 1(R ~ — ~ 0

I.L
1

2 2 1 2 \
~2 (R ) — M 2 ~~~~~~~~

where 
~ 

(xf~) and 
~2 

(x~
2
~,) are the f i r8 t  and second population moments

of the rtortcentral chi square .

Substituting samp le moments and cumulanta the following is obtained:

M1(R 2) - 
~~ 

N1 (x~~~) (15-a)

u12 (R 2) — 
, 2 

M2 (x~
2
\ )  . (15—b)

The objective is to determine the theoretical expression for the first

four population moments of the M 1(R 2) and M2(R 2); that is,

~1[M1 R 2
)] , ~2[M1~~

2
)] , M3[N1o~5] [M (R 2

)]

~2[N2 a2 ]  , ~~[M2 (B.2)] , [M2
(I~~]

Population Moments of the First Sample Moment 111(R 2)

- ~ 1[~0M 1 (x~~~)] - 4 0 1[M1 (x 1 2
\)] (16-a)

4 2[M1(R 2
)] — ~0

2
~L 2[M1 ( x 2)] (16-b)

10
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~3[M1
(R 2)] ~0

3
~3[M1 (x’ 2

~)] (16-c)

= ~0
4
~4[M1 (x;

2
)) ]  (16-d)

It can be seen that the problem of determining the population moments

of the first sample moment of the distribution of R
2 reduces to finding

the population moments of the first sample moment of a noncentral chi

-
‘ 

square distribution .

The first sample moment of a noncentral chi square distribution is

M
1(X ’ 2) 

~~~~~~~~~~~~ 

~~~~~~~

and is distributed as a constant (l/i~) times a noncentral chi square 
with

* *
v = r1v degrees of freedom and noncentrality parameter ~~ = i-~~.; therefore ,

H 2 2 ~~ 
,,2

~ iEMi~~ 
)~ = .0 11 1EM,x’ )] 

~~~

.‘ 
~L
1 ~x )  (17-a)

~2[M1
(R2)] = 2 [M ( x t2)] = 

~2 
(x ’~~~) 

(17-b)

~3[M1
R
2
)] — ~0

3~ 3[N1 x 2
)] — 

~~ 
(x’~~) (17-c)

~4[M1(R
2
)] - .0

4.4[~l 1(x*
2)]_ ~~~~ 

~~ (x’~~~) 
(17-d)

— -~~ (v* + \*)

- ~~~~~ (v* + ~~*)

- 

~~~~ 
(v* + 3,~*)

11
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~4[M1 R2 ]  = 

l2~~~ 
t4~~

* + 4~*) + (v* 
+ ~~*) }

— (~ v + i~~)

2 2

= ifr (2 + 
a1 + a 2 )

= A2 
+ 24 10 . 

(18-a)

2 2 2
where A = a 1 + a 2

~

2[M1 R2 ]  = 
2*

2 

(~v +

24~
2

= — ( v + 2 X )

2%.f~
2 

(2+~~~!)

= ~ (
~~~~0 + 4*02) (18-b)

3

M 3[N1(R )] = 
841o 

(~v + 3r~)

~~~
= ~ 

(v + 3?~.)
~~~~ (~$)

12
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~3[M1(R 2
)] — ~4 (24 *

2
41

2 
+ 16i~~3} (18-c)

2 12*o~ 2
- 

- 

~4[M1~~ )] ~ 
4(~ v + 4T~~) + (iiv + 2Tp.)

- 12 ~ 4(v + 4),.) (v +
— 4~ 3 + 2

12 ~ 4v + l6)~. + 4v). + 4)~
2

3 + 2

= 12410~ f 8 ÷ i ~~
2,~ 

+ 
4 + 8A2

/410 + 4A4
/~ 0

2 }
484

~~ 2 2 4 2
= 3

= 
~~~{2*~

4 ÷ 4*2410
3 
+ + 2~A

2410
3 
+ ~A

44102}

~4[M 1 R2 ]  = ~~ + 2) 41~~ + 2(~ + 2)A 2
410

3 + ~A4~~2}. (l8-d)

The coefficients of skewness and kurtosis can now be determined:

2[N (R
2
)] = = {

~3[M1
(R:)] 

~
)] }  

2

T 
(V + 3?~.)

= .- T1

2
2~0 ( V + 2 x )

13
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8 

( 
(2 + 3)~•)

2 

} (19-a)
~‘I ( 2 + ~~~)

2
2 2 &~4 M1(R)

72[M1(R ) ]  — 132[N1 R )] — 
2 2

~2[M1 R ]

_____ 
2

~ 
4(i~v + 4i~~) + (ii v + 2~~ )

TI
— 

2 2
2~

2~)

-
- 2 2  2 2 23 4~v + l&~). + r~ v + 4~ v). + 4i~ X

2( v + 2 ~ )

3 J 8r~ + 1 fr). + 4r 
2 
+ 8r, 

2~ + 4..
2~. 2

2~ 2
H 

r1 !~

= 
3 j 2 ~~+ 4r~ + 

2 
+ 2TI~~ +

2~~ (1+,.)
2

3 
2J~~+4)~/ n + l + 2~~+X

2

(l + X)
2

~2[M (R
2
)] = 3 + ~ (_

i + 
2

’

~ 
(19-b)

1 \(i+.) /

As can be seen from and 
~2’ 

the first sample moment approaches

a normal distribution as ‘~ —, oo . Table 3 gives some values for 13 and
for various values of 7.. 1

An alternative approach to determining the population moments of

the sample moment M
1

(R2) is by d i f fe ren t ia t ing  the charac teristic func-

tion of the mean of Laha s Bessel variate. The characteristic function
is: 

14
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2
— (1 — it/na)’W 

~~~ 2/.a (1 — it/na) j

where

H 1 A
a— p—  ~~~~~~ p 1

‘0

and n — sample size. The rth moment is given by

- X

t-0

The f irst  four moments of M1(R2) were found using this method and the
results agree wi th those previously derived .

Population Moments of the Second Sample Moment M2 (R 2)

~1[M2 (R2
)] - 

~~~~~~ 
(x;2~)]~ * 2 [ ~~ (x~

2
~~)] (20-a)

- ~

- 
~2[M2~~~)] — ~0~~2[M2 (x~

27,)] (20—b)

[~~~R
2
)] — * 6 [ ~~ (x~2 ) ]  (20-c)

- 410
8

M4[M2 (xf~)] . (20-d)

In order to evaluate the preceding expressions, the second sample momentcan be expressed in terms of k statistics:

M2 (x t 2
,,) — -

~ 
k
2 (x,~2~~)

where the second sample k statistic is given by

k
2(x~~~) — 

~ 
{ 
~ 

~~ ~~
‘
~~(V ,?~) )  

2 
- (± X 2

i(v ,)~))2 }
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Now,

~~ ~~ (~

‘

~ ~
) ~1[~2 (x i 2

,~)] (21-a)

~2[~~(R 2
)] - 

~~~~~~~~ 

‘
~ 

~2[k2 (x ~
2
X)] (21-b)

I~3[M~ (R 2
)] — 

~o (
~l i)  ~3[k2 (x’.~~~)] (21-c)

— ~~~ (~ 
~ )4  M4 [k2 (x~

2
,,.)] (2 1-d )

The population moments of the k2 statistics can be expressed in

terms of the cumulants of the k2 statistic.

M 1[M2
(R )] — 410

2 ( h 1  i)  K 1[k2 (x
2

7, )] (22—a)

1d 2 [M2
(R )] — ~~4 (ti  i)2 K2[k2 (x ’2j ] (22-b)

1t 3[M~(R )] — *~
6 (‘1 1)3 K3[k2 (x~2j ] (22-c)

~
14[M2 (R

~)] 41
8 (~ 

- 1)4 
{K4[kZ (x~

2
~)] + 3(K2[k2 (xf~)])

(22—d)

where K is the population cuinulant of the k2. statistic.

Expressions for the first four. aumulants for the k2 
statistic can

be found in Kendall and Stuart (21 . They are

K 1[k 2 (x’., \)] — 
~2 (x’.~~,,.) (23-a)

K (x , 2 “

~ 2K 2 (X,2 
‘

~

K2Ek2 (x~~ )] ~~ + 2
ti
’
~~~~~ 

(23-b)

17
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T

K3[k2(ç~)] - +

4(n - 2) K 2(~(i
2) 

~~2(’v.
),)

+ 2 + 2 (2 3—c)
— 1) (ti — 1)

K4[k2 (x~~\)] - 
K 8( x ’)

~~~~ 
+ 

24K~~~~’ \) K 2~~~ v .\)

(n — L I

+ 
- 2) K 5 (X ”~~)

- lY

8(4,~
2 - 9~ + )~~ K~

2
(k ’ 

~~+ 2
‘, (~~ 

- 1)

144K ( g 5 2 
) K

+ vk- ,

96(ti — 2) 1(2(~~I )  
~~~~~~~ 

48K
2
’
~~\~~\~

)
+ 

‘
~~
(‘

~ 
- 1)~ 

+ 
(~~ -

(23—d )

where

K
2

(X
v \
) — 2(v + 2\) (24—a)

— 8(v + 3).) (24—b)

— 48(v + 47’~) (.~4-~’)

— ~84(v + 5\) (24—tt )

• 3840(v + ‘.\)

— 46O8O(~’ + 7\’I (24—f )

K
8

(X
V \

) — ~..SL 2O(v + 8’.)
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v • 2 (25—a)

• A (2S—b )

Su b s t i t u t i n g  Equations (11) and (12) into Equations (10) and (9)

at lows de te rmin a t ion  of the moments of M2 (R 2 ) for various values ~‘.f \

and ~. F t i ~ures  I and 2 show the coefficients of skewness and kurtosis for

N., ~R 
‘
~ for \ and • As can be seen , the distributio n of M, (R 2) approaches

norma l i tv as -
~ “ bu t .tt a much slower rate th an N 1 (R ) •

F rom these resu l t s , i t  i s  conc l uded that  M 1(X ) and N., (X) I~ave

. ls~~1npot ot I ea t 1 v nt ’rmj I appr ox i ma t ions  • But M~ (X) and N., (X) as~~npt o ti  —

ca t Iv norma l i m p l i e s  that an v d i f f e r e n t  i able func t I on ~ f M~ (X) and N
2 
(X)

is .1150 as vlnpt ot Ical 1 normal 31 . Therefore , A and 
~~ 
, both func t ions

( d i f f e r e n t i a b l e )  of M 1 I K )  and M2 (X ) ,  are asym p t o t i c a l ly  normal .

F V. COMPARISON OF MOMENT ESTIMATORS TO MAXIMUM LIKELI HOOD
ESTIMATORS

I i nla t I 0 1  .1 c en%rnOIl pr~’b h-rn i n  st  at  t~~ t i c s . A mt-an i ng t ul  s ’S 1 i —

nut or shou 1 d be chosen from .1 c l ass  of est imators h ax’ Ing cer ta in  optima l
pr or cr t  i’.’s (e .g • , un b iasness  , minimum v ariance , con s i s tency , etc •
Some of the bet ter  known es t ima t ion  t echni ques are as f o l l o w s :

.t) Maximum l i k e l i h o o d .

b) BAYES .
c ’~ ~l1NlMAX .

d) Method of Moments .
e’ Least squares.

Several of these techni ques were cons idered for de te rmin ing  the est imator

o the parameters A and 
~ 0 for the RI ci an d is tr ibut ion .~.1 . The method

of Moments Wa s the on lv one of the seve ral  t r ied that  admit ted t o  exp t  ic i t
t erm . E n p r ev ious  chap ters , the asymptoti c  propert ie s  of these moments
e s t i mat o r s  wor e examined . They were shown to be asvinp tn t i c at  L v  normal
anti cens i st ~ nt .

Itec austI moment estimators are usually relatively inefficien t, a
study was undertaken to compare them to the  max i mum I i k el i h o o d  est imators

(~LE) for A and 
~
, • i t  should be recalled that ~O~K are said to he

19
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best asymptotically normal (BAN) . The statistical oroperticS of the

two estimators cou1d not be deriV~d Ytt~~
ll
~ 

t l10sMofl t e C~ t 10rUfl~ 
were

made to calculate the mean s and the variances of the estimators . To get

the 1-LE, a simplex technique was used to maximize the log 1 ik ~~I thood

function . The log likelihood function is ,

-N i ’ -: ~~~~~ 
- L 

~~~ (~
2 + A )  + ~ i :

i~~I i — i

The moment estimates were obtained d ir ~ c t I y  us ing  the  e q u at i on s  ~ ivCn

p r e v i o us l y .  For each run , 100 samp les ot  si;c N were simulated . The

Monte Carlo resul ts  are g iven in  Tablt’ .+ .

As expected , when N • ~~~, E(A) A , and E(V ) . V — ‘.~ 
for both

est imato rs. Also as N • v , var( !~LE) ~— var(MOM E) , but not by much.

On the who le , the agreement between 1-LE r e su l ts  and momen t estimator

results is good and would imp ly  th at the moment estimator s are almost

as good as the 1-LE in the large-samp le case.

VI. CONCLUSIONS

This stud y has shown that in  the large— samp le case the moment
estimators are almost as good as their maximum l i k e l i ho o d  c ounterpart s .
This, along with the ease with which they may be calc u1ate~l serves o n ly  to

to enhance their appeal.  Fut ure laser-radar tasks w i l l  involve  large—
samples (far in excess of 5000 data p o i n t s) ,  and the asympt otic no rma l i ty

of A and will permit confidence statements and test hypotheses invo lv-

ing A
2 and

__  

- _  _  
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TABLE 4. MONTE CARLO RESULTS

N 5 0  N 1 00 N 5 0 0

A • 1.4142
— 0.5000

AVG (A) MLE 1.4379 1.4165 1.4101
VAR 0.0184 0.0107 0.0015

‘S.

AVG (A) MOM 1.4237 1.4135 1.4124
VAR 0.0408 0.0147 0.0018

AVG (V) MLE 0.4810 0.4972 0.5012
VAR 0.0110 0.0067 0.0015

AVG (V) MOM 0.4945 0.5003 0.4977
VAR 0.0248 0.0109 0.0020

A — 1.4142
‘
~0 

•

AVG (A) MLE 1.4162 1.3973 1.4094
VAR 0.1129 0.0566 0.0079

A

AVG (A) MOM 1.3811 1.3649 1.4140
VAR 0.1864 0.1215 0.0085

AVG (V) MLE 0.9825 1.0059 0.9990
VAR 0.1025 0.0463 0.0111

AVG (V ) MOM 0.9946 1.0167 0.9906
VAR 0.1313 0.0817 0.0129

A — 1.4 142
2.0000

AVG (A) MLE 1.1626 1.3090 1.3699
VAR 0.5271 0.2712 0.0727

A

AVG (A) MOM 1.3035 1.2566 1.3711
VAR 0.5973 0.4941 0.1346

A

F AVG (V) ~LE 2.1385 2.0294 2.0238
VAR 0.4153 0.2592 0.0900

AVG (V) MOM 1.9136 1.9760 1.9860
VAR 0.5623 0.3613 0.1239

23
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1’AIII.E i~. ( : I s I % I  Im,s Io ~I )

N — S O  N 100 N 500

A —  2.82 84
— ) •~ flfl~) I -~

AVG (A) 2. 8’0~ 2 .814~i 2 .8250
VAR 0.01 ~s 0 .0066 0.0011)

AVG (A) 2 .848 5 2 . 8 1 .51 2.8254 
- -

VAR 0.01 7 0,0068 0.0010

AVG (V) 0.4854 0..YH l 0.5011
VAR 0.0079 0.0042 0.0010

AVG (V) 0.4926 0.4979 0.4999
VAR 0.0101 0.0052 0.0012

A • 2.8284
H 

*~~ 
1.00 00

AVG (A) 2.8621 2.8361 2.8229 —

VAR 0.0289 0.0147 0.0021

AVG (A) 2.856:5 2.8337 2.8245
VAR 0.0320 0.0167 0.0025

AVG (V) 0.9720 0.991(1 1.0039
VAR 0.0337 0.0185 0.0044

AV(; (V) 0.9839 0 .996 5  0.998)
VAR 0.OYs s 0.0266 0.0059

A — 2 .8284
— 2 .0000

AVG (A) ~~~ 2.8716 2 .8314 2 . 8192
VAR 

A 

0.0721 0.039’) 0.0060

AVG (A) MOM 2.8475 2.82t’9 2.8247
VAR 0.1(132 0.0586 0.0073

AVG (V) t’LI~ 1.9~28 2.0115 2.0063
VAR 0.l’99 0.0521 0.0231

AVG (V) MOM 1 .9782 2 • 0052 1 .9910
VAR 0.1972 0.1737 0.0318

~~~~ — ~~~~~~~~~~~~~~~~~~~ - - -- 
-



REFERENCES

1.. Vickers, Jerry, A Parameter Estimation Technique for the ~enera1izedRay leigh-Rician Dis t r ibut ion  and Laha ’s Bessel Distribution, US Army
Missile Command , Redstone Arsenal , Alab ama, December 1976, Report
No . TD—77— 1.l.

2. Kendall , M. G. and Stuart, Alan, The Advarsced Th~ory of Stati stics,
Volume 1 , London , Charles Griffin and Company Limited , 1958.

3. Rao, C. R., Linear Statistical Inference and Its Applications ,
New York , John Wiley and Sons Publishing Company, 197

4. Bury, Kar l V., Statistical Models in Applied Science, New York
John Wiley and Sons Publishing Company, 1975.

I

25

_ _ _ _ _  — 
—~ ~.i:~~_•,~___ 

~~ — ~~~~~ ——-— —--



~

‘-1
DISTRIBUTION

No. of
Copies

Defense DocumentatiLa Center
Cameron Station
Alexandr ia, Virginia 22314 12

DRSMI-LP, Mr. Vo igt 1

DRDMI-T, Dr. Kobler 1
Dr . Hartman 1
Dr. W ilkerson 1
Dr. Stettler 1

-TDF , L. Greene to
-ThD 3
-TI (Record Set) 1

(Reference Copy) I

26
• O ut  G O V E R N M E N T  PR I NT I NO O F F I C E  1978 - -740 233/2~~ REGION NO 4

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ IITT ~~~~~~~~~~~~~~ :~T~~~~~~j~~
—
~~~


