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Preface

From the start , my objective was to develop a low-cost

metho d of i ncreas i ng th e sam p lin g rate of a rate a id ed

pointing and tracking system by using Information already

available within the system . After determinin g the best

of al ternative p seudo—m easurement schemes , the system p roved

to be ver y effective against highly maneuverable targets.

Al thou gh onl y a two d i mensional anal y sis w ith simpl i fi ed

dynamics was used , I t is expected that the general results

will carr y over in a satisfactory manner to three dimensional

systems with more complicated dynamics.

My sincere appreciation goes to Prof. James E. Negro

for h is advice and patient guidance in this effort. Most

( of all , I must express my grati tude to my wife , Bern i , for

her en coura g ement an d endurance of man y lonel y hours dur i n g

the preparation of this work.

H
Ii
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Abstrac t
(

This thesis investigates the use of internally generated

pseu do-range measur ements to increase the samplin g speed of

a ra te aided pointing and tracking system known as Aided

Track. Six separate methods for generatin g pseudo -range

measurem en ts were dev elo ped for a two di mens i onal analysis

of the p ro b lem. F i ve tar ge t scenarios of vari ous complex it y

were used to test the systems . The results obtained indicate I

that the use of a pseudo-range measurement generated by using

the i ntern a l es ti ma te of ran ge p rov id ed the bes t performance

of a ll metho ds tested. This method demonstrated a definite

Im provement over the slower system when tracking highl y

maneuverable tar gets.

( x li
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PSEUDO -RANGE MEAS UREMENT S

USED TO INCRE ASE TIlE SAMPLING

RATE OF THE AI DED TRACK ALGORITHM

I. In troduct ion

Bac k~~oun d

-H The pr ob l em of accura tel y po i n ti n g a gi m baled sensor

at a target and then precisely tracking that target has

‘9 alwa ys been important. Conv entional methods of pointing

and tracking have an inhe rent pointin g error caused by

dynamic lag. This error is unacceptable for man y applica-

tions.

~~~~~~~~~~~~~~~~~~~~~~~

Fig. 1. PoInt ing and Track ing System Model

A new approach to the po int ing and tracking proble m

was developed by Fltts (Ref 1 ,2,3). In this approach ,

1
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known as A ided Track , an auxil i ary sig nal W aid is i n put to

the ra te command si g nal as sh own i n F ig ure 1 , ideal ly, if

W aid is chosen properly, the tr ack in g error c would be

forced to zero. The Aided Track concept is covered In

greater depth in Chapter II.

In or d er to genera te t
~a id ’ Aide d Track uses recursive

Ka lman fil ter i ng techn iq ues to we ig h t an d incor porate the

measuremen ts of ran ge an d gi m bal ro tati on rat es. Nom i nall y,

the gimbal rate information can be provided at 0.01 second

intervals by gyros attached directl y to the gi ni ba led sen-

sor. Whereas , accura te ran qe i nformat i on is onl y av ai labl e

every 0.1 seconds from a laser ran gefinder. Aided Track,

as develo p ed by Fitt s, operates at the slower 10 samp les/

second da ta rate due to the laser ran gefinder limitation

(Ref 1: 37).

Purpose of the Study

A t the current sample rate, n ine out of ten measure-

ments of gimbal rate are being ignored. Logicall y, it

would seem that if these nine measurements could be incor-

pora ted In some wa y, that an improvement in the system

could be realized. The simplest way to do this would be

to increase the sample rate of the laser ran gefinder , how-

ever , this is not possible due to heat dissipation limita-

tions. Therefore, some other means of obt ainin g ran ge

measu remen ts to cou p le w i th the nine g imbal rate measuremen ts

must be used. The purpose of th is study is to determine the

J_ 
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best method of interna l ly genera ting pseu do-range measure-

men ts to comb i ne w ith the ex tra g imbal ra te measurem en ts

and to determine If and how much of an improvement in track-

ing performance can be gained.

In this study , a two dimensional anal ysis of the prob-

l em is presented. Th is approach allows for a more simpli-

fied computer simulation with the results being easily

related to the more complicated three dimensional case.

The ac t ual com p u ter s i mula ti on develo ped i s l i sted i n

A ppendix A.

Cha pter II presents a discussion of Aided Track and

some of the rationale behind it. The actual transfor ina-

tions ari d associated equations are presented in Chapter

III.

Chapter IV then describes each modification of the

• program that was used to generate the pseudo-range measure-

ments. The ra tionale for each mod i fi ca ti on i s also S

presented along with the problems encountered and how they

were remed ied.

Nex t , Cha pter V presents an analysis of the results

wh ich shows an agreement, In par t, wi th those ob ta i ne d by ‘

F itts (Ref 1 ,2,3). Any attainable improvement in tracking

performanc e is shown to be dependent on target motion.

F inally, Chapter VI presents the conclusions and

recommen dations regarding the overall anal ysis.

_ _ _ _ __ _ _ _ _ _ _ _ _ _  
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II. A ided Track

The analy ’s is of Aided Track presented here is for a

simplified two dimensional model. Figure 2 depicts a

model of the azimuth channel of a pointing and tracking

system wherein the stabilizat ion loop is modeled by the

transfer function

nGs k S) - (1)
+ 2 ~ W n S + W n

which is a second order approximation of the actual stab i—

lization loop.

W aid

C1 
~
Wa W cmd l C 5 1 H i i s

t

Fig. 2. Azimuth channel of Pointing and
Track ing System (Ref 4:41)

The na tural frequency w~ and the damp i n g ra t io ~ of the •

sta bilization loop are 220 radians /second and 0.7 re-

spect ively (Ref 2:40).

4
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The tracker and proportional p lus inte gral compensa-

t ion i s accur a tel y modele d by the tr a nsfer func ti on

CT(S)  KT (S /W T + 1) 
(2)

S

For this analysis , the tracker sensor sampling period (1)

is 0.01 seconds. Therefore , a gain KT o f 700 seconds -2

and a frequency W1 of 18 radians/second give suitable

close d loop characteristics (Ref 3 :41— 44) .

Ideally, one would like W eld to he chosen so that the

track ing error c is forced to zero. From inspection of

Fi gure 2, on e sees th a t zer o error i mpli es

Waid ~
) Sni(S)/G s ( S )  ( 3 )

Substituting for G5(s) yields

Waid ( S )  [S + (2c/w~)s
2 .1’ s

~
/w fl

2Jn T(S) (4)

Now , taking the inverse transform of both sides of Eq

(4) yields

Waid (t) = + 2c n1/W~ + higher order terms (5)

The p ro b le m of generat i ng W aid is that the derivatives

of the target angle specified in Eq (5) are not available

from d irect measurements. h owever , Fitts determined that

sufficien tly accurate estimates of these derivatives could

be generated by using a Kalman filter external to the servo

loop (Ref 1). Eq (5) then becomes

5

_ 
_ _ _  
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W aid (t )  = + GA ‘
~i 

(6)

where

GA 
= 2r/W~ + 3.5 L~TT/2u (7)

is the quadratic stabilization loop correction term. The

first term of the qain GA follows from Eq (5). The second

term , howev er , was selec ted by F it ts to com p ens ta te for

the lag due to the discretization of the actual aided

track signal (Ref 1:16). -

In or der to genera te the es ti ma tes of gi mbal rate an d

acce lera ti on , Fitts elected to use a linear Kalma n filter.

Th is approach requires several transformations. First, the

measurem ents Rm~ ‘
~m ’ ‘m along with the estimate of range

ra te from the fi lte r mus t be t rans forme d i nto an i ner ti al

coordin a te frame . The measurement sample interval for the

Fitts model is 1sT = 0.1 seconds. This interval will be

decreased in this study to 1sT = 0.01 seconds to incorporate

pseudo — r ange measurements. The filter, however, operates - -

at 1sTT = 0.01 seconds already, in order to provide a

smoo th Wald command signal compatible with the servo loop

8.0 Hz frequency . Estimates of the target position ,

velocit y , and acceleration in an inertial frame are output

from the filter. These estimates must then be transformed

back i nto polar coord i na tes to provide the e s t i m a t e  o f  
—

• ran ge rate for the filter and estimates of gimbal rate and

acce lera ti on for generat i on of

6
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This chapter has presented a very basic description of

the Aided Track concept as developed by Fitts. It again

should be emphasized that the desi gn rationale is the

desire to use a linear Ka lman filte r with preco mputed

gains rather than on-line gain calculations required in

an Extended Kalm an filter approach for non-linear systems.

De ta i ls o f the A id e d Track ap p roach a re i nclude d in Cha pt er

III.

7
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III. Simulation Model

The Aided Track model , as discussed in Chapter II , is

depicted in Fi gure 3. In this chapter , the reference

frames in which the target motion is mode led , are defined.

Also, the equations representin g the truth model and Kal m an

filter are presented along with their assoc iated transfor -

mations.

Reference Frames

Fitts defines several reference frames in order to

accommoda te tracker motion in his three dimensional analy-

sis (Ref 1 ,2,3). For purposes of this study, the tracker

will be assumed non-translating with respect to inertial

s pace , thereby requiring only two coordinate frames to be

defined. The orientation of these reference frames is

arbitrary , but usually chosen for convenience.

An inertial coordinate system Y 1, Y 2 is defined to be

f i xed  on the sur face  of the earth w i t h  the t racker  l oca ted

at the or ig in .  For conven ience ,  the Y 1 a x i s  is de f ined to

be pointing directl y at the target at t = 0.

A similar inertia ll y non-rotatin g coordinate system

X 1, X2 is de fined for the Kal inan filter. However , it is

initialized when the filter is turned on so that the X 1

axis is pointin g directly at the estimated position of

the target. The target geometry can now be described as

illustrated in Figure 4. The angle n~ is fixed at the 
- 

-

Ins tant the filter is activated and is used to make trans -

format ions from the f i lter fram e b ack to th e trut h mod el

8
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i ne r tia l  f r a m e .  Thi s  ang le  is us~~1 only as a s i m u la t i o n

artifice to r e la t e  the f i l te r  f r a me to the s i m u l a t i o n  frame .

\

Targe t  T r a j e c t o r y

Fig . 4. Target  Geometry

Truth Model ‘

The truth model consists of the differential equa-

tions that model both the target motion and the gimbal

dynamics. The matrix expression for the truth model is

shown in Eq (3). The formulation of this expression is

10
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developed in Appendix B. Th is  matrix expression of the 
- 

-

truth model is solved by a differential equation solving

routine usin g a variable step size down to 1.0 E-6 second s.

Output is actually provided every hundreth of a second in

order to simulate the 100 Hz sample rate of the servo

loop. The laser ran gefin der is then simulated by sampling

the true ta r ge t  po~ i t ion  every 0.1 seconds .  S i m i l a r ly ,

the gimbal rate measurement is simulated by sampling Wcmd
every 0.01 seconds. Transformation T4 in Figure 3 also

uses W clnd in the equa t ion

wher e m = n~1 ( K )  i- ATT W d (9)

K+l = AlT + t k

to genera te  n~ . At f i l te r  turn on time to , the angle 
~m

is i n i t i a l i z e d  to zero .

T r a n s f o r m a t i o n  11

In o r d e r - t o  u t i l i z e  a l inear  Kalman fi l ter as men-

tioned in Chapter II , the polar  coord ina te  measurements

(R m i R~1~ ~m ’ m~ 
mus t be transformed into a planar coordi-

nate pseudo —measurements (X im~ 
X 1~1 , X~~ , X 2~1).  The

meas u r e m e n t  of r a n g e  r a t e 
~m ’ and ta rge t  ang le  

~m ’ 
are

no t readily available. However , the tar ge t an g le ~,11 is

provide d as was shown in Eq (9), and range ra te Rm
In itall y can be obtained from a weighted combination of

the last thret~ laser range measurements by the equation

12 -
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R11,1 (t0) = [ 3Rm (to )_ 4R nI (to
_A T) +R

m (t o_2AT)]/2AT L (1 0)

where to is the filter turn on time and Al L 0.1 seconds

(Ref 1:39). Subsequently, an es t ima te  of range rate

is ava ilable from the filter. The pseudo-measurement

generation can now be expressed as follows:

= R COS

R SIN 
~m ( 11)

- 
- 

X lm ~m 
COS - Rm W CM D SIN ‘1m

X 2m = ‘
~ni SIN + R~1 W CMD COS ‘~m

The pseudo -measurements are now ready to be processed by

the filter.

Ka 1 man F i lter E ~ua ti ons

The Kalman filter propagates target position, velocity ,

and acceleration estimates forward in time up to the next

measurement update time . At that point , the estimates are

optimally combined with the measurements to provide the

new best estimate of target position , ve locity , and

accelerat ion. The propag ation and update equations are

separ ate processes and are presented accordingly.

Pro paj~tlon iq,~ation s . The propagation process

utili zes the state transition matrix (Ref 4:356)

1 A T AT 2/2 H
A 0 1 AT ( 12 )

0 

13 
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The estimates are propa gated by the matrix equati on

- . .- - — +

~j
(t k+AT) ~j (tk )

I(tk
+AT) = 

~j
(tk+AT ) .~~. ~ i~~~

) (12)

X j (t k+AT) ~j
(tk )

1=1, 2

where the minus sign desi gnates the estimates just prior

to i nco r po ra t i on  of the next  me asur c men t  and the p lus s ign

des i gna tes  the estimates ju st after the last update.

tJp,da te _~~~~at i ons .  ~ef o re  the es t ima tes  can be

updated , the appropriate Kalman gains must be computed by

the followin g equations (Ref 2:35):

P(K+l r = A P ( K ) +A T + ~~, (3x3 matrix) (14A)

G(K+l) = P(K+l ) T[ ( K + l ) ’ HT +~
) . I (3 x 2  ma tr ix) (14B)

= [I — G(K+l) H]P (K+l~~ (3x3 matrix) (l4C)

K+l = t k + A T , K = 0 ,1 ,2 , . . .
H can be referred to as the measurement  m a t r i x .  Since

pos ition and velocity are the only pseudo-measurements , H

becomes the 2x3 matrix

r i o o l
n o I I (15 )

L0 1 0J

The Kalm a n gain ma trix C’, is a 3x2 matrix expressed as

14
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- 6 = G21 G22 (16)

G 31 G 32

~ is a 3x3 ma t r i x  desc r i b in g  the c o v a r i a n c e  of assumed

unknown target motion or assumed modeling error. For this

case where target  a c c e l e r a t i o n  is assumed con s tan t  over  the

samp ling inte rva l , target  mot ion can be modeled as f o l l o w s :

- 
X ( t )  = F X( - t ) + b w ( t )

* ( t )  0 1 0 x ( t )  0

V ( t )  = . 0 0 1 V ( t )  + 0 w (t) (17)

A ( t )  0 0 0 A ( t )

where w ( t )  is a zero mean , Gauss ian ,  random wh i te  no ise

sequence model in g the unknown change in acceleration. For

a d i sc re te  t ime s imu la t ion

E [w ( t ) w ( s ) ]  = q~ ( t — s )  (18)

where q is cons idered  the s t rength of the wh i t e  no ise

sequence or a measure of the uncertainty in the target

model. If the tar ge t a cc elerat i on i s cons tant then q = 0,

otherw ise  q would i nc rease appropriately. The convariance

equat ion for the target model would be

AT
P(tk+AT) 

= AP(t k )A
T +j A b q (~ ) bT A Tdt (19)

15



-. ~ 
-- ______________________________________________________________________

- .- 5- - ’  5 - w--~,-.~ ‘p’. ,~ .- - ~~~~~ -, ~~~ - 
1’ 

~

p
p

Approximating the inte gration process with an Euler integra-

tion for a disc rete time system yields Eq (l4A) where

~~= A b q b T A T AT

A l  /4 AT3/2 AT2/2

= AT3/2 AT2 AT q AT (20)

~T
2/2 AT 1 -

~ then is a function of the sampling interval AT and q the

uncertaint y of the target acceleration profile. Fitts

(Ref 4:356-357) elected to normalize the ~~~~, F , and P

matr ices and ignore products of AT since AT <-< 1 . 
- 

There-

fore ~ reduces to -

Fo 0 01
= 0 0 (21 )

[o 0 Q 3,~j -

Th is approximation is logical since target acceleration is 
- 

-

the onl y state that was assumed constant over the interval.

Throu gh experimen ta ti on , Fitts determined = 1.0 to be

optimal aga inst maneuvering targets when AT = 0.1 seconds -

(Ref 2:71). -

R is the measurement convariance ma trix. The values I

expressed in it are approximated by processin g the con—

variance of the laser - rangefinder and the gimbal - rate

sensor throu gh Eq (11), to get

16 -
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P
11 0 1
I I ( 22 )

L° R22J

Since the velocity me asurements are dependent on estimated

range rate , the R 22 term cannot be expl i city calculated.

Through experimentation , R 22 = 1G wa s found to be o pti mal

(Ref 5:B35).

P is the c o v a r i a n c e  ma t r i x  of the estimate errors.

Taking into account that R~1 (t0) and R~1 (t0) are corr elated

by Eq (10), and that  the pseudo-measurements  are c o r r e la t e d

indirectly by [q (11), F i tt s c a l c u l a ted
- 

- 1 l .S
~

AT L 0

P(t 0 ) = l . S / A T L 6 .5/A l L
2 0 (23)

0 0 1 
J

where A l L 
is the sampling period of the laser rangefinder

(Ref 4:361).

Eq (23) is derived using the orientation of the X 1
ax i s at f i lter tur n on and the definition of the cov a r i ance

of a zero mean pr ocess. 
5

Define 

N 
- E(R

1111 ci 
- (24)

[~rn — E (R I,~]

17
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= 

[ 

~ (25)

Now , from Eq (10), assuming Rm (t o )
~ 

R~1 (t0-AT ), a n d  Rm (to_ 2A T )

are independent and E ( Z1
2
1 = E{(Rm 

- E ( Rm J )
2j = 1 (be-

cause of the normalizat ion with the F matrix , R11 = 1).

E I 
~~~ ~~ 

= E t z 1 1 l . S / A T L 
= l . S / A T L (26 )

E I Z 2 1 = E 
~ 

(1 .5 / A T 1) 2 
~l 

+ (2/AT 1)
2z- 2 +1 (27) H

(1/2AT 1)
2 z 1 ) = (6.5/AT1

2) E 
~~~~ 

= 6 . 5 / A T 1
2

Once the Kalman gain matr ix G -is calculated , the

est imates an d measuremen ts are comb i ned by th e formula

(Ref 1: 33-34)

= 11 (K) + G(K)[X jm (K) -H11 (KY], i=l ,2 (28)

Transformation T 2

Once th e es t imates ic.i are generated by the filter - ,

whether they are updated or propagated estimates , the y mus t

be transformed back into polar coordinates to generate the

Waid for the gimbals and * for the filter. The followin g

equations are used in T~ to pet-form this transformation.

18
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+

= ARCTAN (x 2 / x 1 )

A ..% _% ,.

R = (x 1X 1 + X 2X 2)/R (29)

~~ ••~
= (x 1 X~ - x 2 x 1 )/ R

A ~~~~~~~~ ‘ “~n = (X 1X 2 - X 2X 1)/R 
- 2~ R/ R

Transform ati on 13

F i lter es ti mates of g imb a l ra te and acce le ra ti on are

used in 13 to generate W aid as discussed in Chapter II.

Eqs (6) an (7) are restated here:

W a i d (K) ‘
~(K)  + G A ~ ( K )  (30)

where GA 
= 2~ / W ~ + (3.5/2~ )ATT (31)

v-ai d
Fr om a c lose  look a t F ig ure 3, it can be seen that

is de pen d en t on W cmd which itself is generated by

the sum of W a i d  and W A • It is important to note that

there are three possible methods of handling this loop in

the sys tem. -

Delayed. A conventional method of handling it r -

is to generate a new Wcmd with the W aid tha t was ca l cu la ted

usin g the last  W cfl~d. 
This implies an inherent computational

dela y in the system and is the method normally implemented 
-

S
-

in hardware. In equation form

19
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W cmd (K+ l) = W A ( K+ l )  + W ald ( K )
~ 

(32)

The sequence of ev ents for this case would be as follows:

1 . F ilter updates at K and generate s Waid ( K)
~

:
1 

2. Tru th~t1odel integrates from K to K+l using W
- 

- 

(K-fl 
al

3. Filter propagates from K to K+l

4. F ilter updates at K4- 1 and generates W
(K+ l)~ 

ai

Instantaneous. The second method of handling this

system loop is to assume a zero computational delay. This

im p l ies tha t th e fi l ter equa t i ons cou ld  genera te the W
a-id

instan taneously. This is an ideal situation although not

p rac t ical l y i rnplemen ta b le. In equa t ion fo rm =

Wcflld ( K)  = W A ( K)  + W i d (K) 4 (33)

The se quen ce of even ts for th i s cas e i s as f o l l o w s :

1. Filter updates at K and generates waid l :K)

2. Tru th Model integrates from K to K+l using
W aid (K)+

3. Fi l ter  propa gates from K to K+l

4. Filter updates at K+1 and generates W aid (K +l )~
Pred icted. The third method of handling the

system loop is to use the filter to propagate the esti-

ma tes forward which would generate a prediction for

Th is method is an attempt to solve the computational dela y

and approach the performa nce of the “id ea l ” instan-

taneous me thod. In equation form

20
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W md ( K)  W A (K)  + 
~aid~~~ 

(34 )

The sequence of events would be as follows :

1. Filter updates at K and generates

2. Filter propagates from K to K+l and generates
W i d (K+l )

3. Truth Model integrates from K to K+l using
Waid ( K)

~
4. Filter updates at K+1 and generates Wajd (K+1Y

~
In this anal ysis , a ll three methods are considered.

The resul ts are presented in Chapter V.

21
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IV . Design Improv ements

The simulation discussed in Chapter III must now be

modified to produce the pseudo-range measurements so as to

increase the sampl ing rate. Five basic modifications are

used alon g with a modification simulating actual range

measurements bein q available every 0.01 seconds. This

latter modi fication is perforn ied so as to determine the

o pt imum improvement possible. This chapter will first

discuss what changes are made in the basic equations in

order to accept the pseudo -ran ge measurements. Then , the

mo difications are presented with supporting rationale. 
I 

-

F inally, the scenarios used to test the changes are dis-

cussed.

Fil ter Changes

Several of the modifications to be mentioned were

Incorporate d i nto the s imul at i on w i th no c han ge to th e

filter equations. Upon inspec t ion  of the output, a sinu-

soi dal response was found to be corrupting the system

response as seen in Figure 5 ( a p lot  of tracking error

versus time). A steady-state perturbation analysis 
-

(Appendix C) revealed that the inherent errors in the pseudo — —

ran ge measurements were bein g amplifi ed throu gh the propa -

ga tion process until a new accurate laser range measurement

could be incorpo rated. Therefore, the filter had to be 
- 
-

al tered to make it rely more heavily on the angle and j -

angular ra te measurements and much less on the pseudo-range

22

SW— - -5•_~-5S_~~~ I~~ ~~



- -: - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ :.T -

~~
z-—

~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

I :
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~~~~~~

aU.D I Ufl h2 00 h2— QLY2 L— flD Uifl—
iD’)~ 

C~ N~I èJ~il~~ IWJ ~dELL3—.LIdi~

23

---5- _—qU~~ •- - - - 5-——-- 5-—--- - -•--.,5-’-5—_ --



~ “.
T 5 -

~ ~~~~~~~~~~~~~~ 
—

~~
-5=—5-—---- -5—-S---- ---

~~~~

--5- - - - - r

measurements. The method chosen to do this was to alter the

H matrix durin g the incorpor ation of the pseudo-ran ge

measurements from

1 1 0 0 1
I I
[ 0 1 0 ]

to

r 0 0 0 l
I I (36)

L o l a ]

The H11 term was set to zero , thereby ignoring the pseudo-

measurements of target position X lm X 201 until the next

laser range measure ment could be taken. This had to be

done for all modific ations where pseudo-ran ge information

was use d . The sinusoidal corruption was elimin ate d when

this change was made to the algorithm.

Another change to the filter equations is the rescal -

Ing of the Q matrix. When the sampling rate is increased

the Q matrix must be scaled accordingly, as shown by Eq

(20). For this study ~33 is chang ed from 1.0 to 0.1.

A study of versus RMS p o i n ti n g error performan ce was

accomplished. The results of this analysis are presented

In the next chapter.

Modific ation One -

In mod i fi ca ti on on e , range is assumed to be constant

over the sample in terval. This modificat ion i? the simplest

24
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to lmple ment ,  and demons t ra tes  the f e a s l b l l lt y  of the over -

all study.

Modification Two

Modification two propa qates the last laser range

measurement forward by use of the internally generated

estimate of range rate . Recall that this est imate of range

rate is recomputed every 0.01 seconds by the filter. This

method was scrutinized for possible stability problems due

to the likelihood that errors in the estimate of range rate

could propagate larger errors. This method did result in

a rather large sinusodial type response until the change to

the ~ matrix was made. This chan ge eliminated the problem.

M o d i f i c a t i o n  Three

The possible instab ility of the last method was the

mot i va t i on  for mod i f i ca t i on  three .  In th is method , range

is propagated by the est imated range rate obtained at the

last laser ran ge measurement time. By holding this esti-

ma te constant over the 0.1 second interval , the propagation

of error s was mini mized. However the sinusoidal response

was stil l p resen t unt i l th e chan ge was aga i n ma d e to the H

ma tri x. -

Modification Four

Th is modi fication simulates actual laser range measure-

men ts every 0.01 seconds. The mot ivation for this method

was to determine the best possible performance available

- 
25
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from inc reas ing  the sam p le ra te  and to use th is  method as

a comp arison for the others. Also , the results from this

modification demonst rate that the sinusoidal response

ob ta ined  by us ing the other metho ds was due to the propa —

gation of errors and not due to increasing the computation

rate of the f i l t e r  equa t i on s  s ince  th is  m o d i f i c a t i o n  showed

no s i nuso ida l  co r ru p t i on  w i t h  the I-I ma t r i x  unchanged .

Modification Fiv e

The m o t i v a t i o n  for th is  method aga in  comes from the

i n s t a b i l i ty  proble m of m o d i f i c a t i o n  two . In th is method ,

range is propagated by a cons tan t  range rate obtained by

a l inear  combina t ion  of the las t  three laser  range measure-

ments.  Th is m o d i f i c a t i o n  has a un i que problem when noise

is introduced into the system. When this is done , the

d i f f e rence d  range ra te becomes more no isy  than the esti-

mated range ra te .  Aga in , the s inuso ida l  co r rup t ion  disa p-

peared when the H mat r ix  was chan ged.

M o d i f i c a t i o n  S ix

This method of generating pseudo—range measurements

is simpl y to use the es t ima ted  range a v a i l a b l e  from the

filter. Initially, this method was ignored because it was

-
t the met hod tried by Fitts (Ref 1:77) which reportedl y

demonstrated poor per formance. However , Fitts considered

only flyby type scenarios. Once the results of M oc t ifica —

tion Two demonstrated the capabil ities of this concept
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aga ins t  m aneuver i ng tar g e ts , the use of the estimated range

was again considered. This method also required the II

matr ix to be changed.

Al l  of  the modifications mentioned , as we l l  as t h e

altering of the H matrix, are handled by the update equa-

tions of the filter. Appendix I) contains a listing of these

changes as they are implemented in the com puter p ro g ram.

Ta ble I is a listing of the modifications.

Ta b le I
- 

Listin g of Modifications

Mod i f i c a t i o n  Method used to Genera te

One Range held cons tant from last measure-
- ment.

- ‘  Two Range p ropagated  by es t ima ted  range
ra t e .

Three Range prop agated by constant range
rate obtained from last estimate .

Four Laser ran ge measurements every 0.01
secon ds.

Five Range prop agated by constant range
rate ob ta ined  from d i f fe renced range
mea surements.

Six Es timated Range.

Scenar i os

Init iall y , a straight flyby scenario was used as shown

in Figure 6. This scenar o is very similar to that used

by Fitts (Ref 1, 2,3) and was chosen so that a comparison

could be made to insure that the results agree. Table II

Y 27
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presents  a l i s t ing  of range, range ra te , and an gular ra te

versus time for scenario one.

TABLE II

SCENARIO ONE

Time Ran ge Ran ge Ra te An gular Ra te Acce le ra ti on
(secL _(iie t~~~L 

(meters/sec ) (radians/sec) (G—s)

0.5 5590 —984 .0320 0

1.0 5099 -98 1 .0385 0

1.5 4610 -976 .0471 0

2.0 
- 

4 12 3 - -970 .0588 0

2.5 3640 -961 .0755 0

3.0 3162 
- 

— 949 .1000 0

3.5 2693 -928 .1379 0
— 

- 

& 4.0 2236 -894 .2000 0

4.5 1803 -832 .3077 0

5.0 1414 -707 .5000 0

5.5 1118 -447 .8000 0

6.0 10-00 -20 1.000 0

6.5 1118 447 .8000 0

7.0 1414 707 .5000 0

7.5 1803 832 .3077 0

8.0 2236 894 .2000 0

28

- . ~~~
-
~~

-
~~~

---—--—— -- - - -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~ —i -‘
~ - --— -~~~- — -

~
--

~~
--.-

~~ ~~
.-

V e l o c i t y  = 1000 rn/ sec

Range at C rossove r  = 1000 m —

T ime to Crossover  = 6 sec

R(t 0 ) = 6052 m

Crossover  _ __
� ___ 

—

.5-—  -~~

V
‘ 1

Fig. 6. Scenario One , St ra igh t  Flyby

The second scenar io used is almost identical to the

first except that at crossover the target enters a constant

rad ius , cons tant velocity turn around the tracker as shown

in Figure 7. Th is scenario was chosen in order to determine

V e l o c i t y  1000 rn/ sec

Range at Crossove r  1000 m

Time to Crossove r  = 6 sec

G’s in Turn 100

R(t 0 ) 6052 m

Cro s S o v e r ~~~~~~~~~~~~~~~~~~ 

- 

-V
- 

2

1

F ig . 7. Scenario Two , Flyby to 100 G Turn

29
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how well this system performs ag ainst an unmode led accelera-

tion. The acc •eleration in the turn is approximately 100 G’ s

— and definitely accentuates any diffi culties in handling

unmo deled accelerations.

These first two scenar ios were used to select which

modification performed the best. Once this was determined,

the best modification was tested against the following, more

realistic , sc en a r i os.

Scenar io three is a reduced version of scenario two,

with respect to velocity and G f o r c e s , as shown in Figure

8. Velocity is held constant at 300 meters/second and at

crossover the target enters approxima tely a 9.2 G turn.

Tab le  III is a tabu la t ion  of range, range ra te , an g u l a r

rate,  and a c c e l e r a t i o n  versus ti me for scenar io two and

three.

Fi gure 9 illustrates scenario four which is an adapta — - -

t ion of scenario one. V e l o c i t y  is held constant at 1000

meters/second until t 4 .5  seconds .  At t~ at t ime , the

tar get under goes a dec e lerat i on mo de led by the d ra g on a 90

kilogram missile with a radiu s of 15 centimeters and a

coef f ic ien t of dra g C0 .25. The time history of scenario

four Is presented in Table IV.

Scenario five be gins as in scenario one until t 2

seconds. At that time , the tar get enters approximately a

1 6 G turn toward the tracker until it is pointed approxi -

mately at the tracker. The target then rolls out and

30 -

~~~~~~~



5- 

~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _ _ _

Velocity = 300 rn/ sec

Range at C rossove r  = 1000 rn

Time at Crossover = 3 sec

C ’ s in turn = 9.2

R(t 0 ) 1345 m

C “os S over

~
l

2 

-

Fig. 8. Scenario Three, Slower Fl yiiy to 10 C Turn

31
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TABLE III

- S C E N A R I O  TWO

Time Range Range Rate An g u lar  Rate A c c e l e r a t i o n
(seconds) (meter~j (rneter~/sec) ft~idians /sec) (G’ sl —

0 .5 5590 —984 .0320 0

SAME DATA AS SCEN ARIO ONE

~~~~~~~~~~~~~~~~~~~~~~~ cons tant C turn (app rox ima te l y )

6.0 1000 -20 1.0000 102

6.5 
- 

990 -20 1.005 102

7.0 980 -19 1.005 102

7.5 970 - 
-19 1.005 102

SCENARIO THREE

Time Range Range Rate An g ular Rate Acce le r ati on
(secon4~L (meters .) Lmeters/Sec) 

(radiansJSec) (C’ s) 
-

0.5 1250 —1 80 .1920 0

1. 0 1165 -154 .2206 0

1.5 1 097 -123 .2495 0

2.0 1044 —86 .275 2 0

2.5 1011 -44 .293 4 0

3.0 1000 -1.8 .3000 9.2 - 
-

3.5 999 —1.8  .3004 
- 

9.2

4.0 998 —1.8 .3007 9.2

4.5  997 -1.8 .3009 9.2

32
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ex periences the same deceleration mentioned in scenario

four. This scenario is illu strated in Figure 10. The time

his tory for this scenario is presen ted in Table V.

It is important to note that for sc enar ios two , three ,

four and five the conversion from one accele ration profile

to ano ther was modeled as an instantaneous change. Althou gh

this i nstantaneous change i n prof i les i s not real isti c , it

again accentuates the response characte ristics of the

system.

33 - 
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V e l o c i t y  = 1000 rn/ sec

Range at Crossover  = 1000 m

@ t = 4.5 D = 4pC 0AV 2

- 
C0 = .25 W =  90 kg

radius = 15 cm dece le ra t i on  = 7 G’s

Crossover

- 

t
I H

t = 4 .5

~~~~
ø.

V 1 
- 

- - 
-

Fig. 9. Scenario Four , Flyby to Dece le ra t i on

Velocity = 1000 rn/ sec

@ t = 2 sec ta rget  enters  15 C
turn toward tracker

@ rollou t tar ge t decelera tes as ~~~~~~~~~~~~~ =2 sec

in sce~~~~o~~~u~~~~~111
Rollout

/

FIg. 10. Scenario Five, Flyby to Pursuit
to Decelera tion
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TABLE IV

SCENARIO FO tJ R~

T i me Ve loc i ty Range Rang e Ra te An gular Ra te Acce l era ti on
(sec) (m /sec) (meters) (m/sec) (rad/sec) (C’ s)

0.5 1000 5590 -984 .0320 0

SAME DATA AS SCENARIO ONE

********** decel e ra te **********
4.5 1000 1803 -832 

- .3072 -7.8

5.0 962 1421 — 683 .4760 — 7 . 2

5.5 927 1135 —439 
- 

.7193 -6.7

6.0 896 1003 -73.4 .8896 -6.3

6.5 866 1062 292 .7675 -5.9

7.0 838 1271 517 .5190 -5.5

7.5 812 1559 623 .3339 -5.2

8.0 787 1884 667 .2219 -4.9
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TABLE V

SCENARIO F I V E

Time Range Range Rate An gu la r  Rate V e l o c i t y  A c c e l e r a t i o n
(sec) (meters) (m/sec) (rad/se_c) (m/sec) (C’ s )

0.5 5590 -984 .0320 1000 0

1.0 5099 -980 .0385 1000 0

1.5 4610 -976 .0 47 1 1000 0

********* 15.6 C turn toward tracker ~~~~~~~~

2.0 4123 -970 .0585 1000 l5. ,6

2.5 3635 —9 81 .0533 1000 15.6

3.0 3142 -988 .0454 1000 15.6

3.5  2646 
- 

-996 .0327 1000 15.6

4.0 2147 -99 9 .099 1000 15.6

********* ro l lout  and dece le ra te  ~~~~~~~~~~~~~~~~~

4 .5  1652 —9 73 .0004 973 — 7 . 4

5.0 11 74 -938 .0009 938 -6 .9

5.5 713 -906 .0008 906 -.6.4

(

36
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V.  ~~~~~~~~A na ]ys is

This chapter presents the basic results of the study

with an analysis of what  the resu l t s  s i gn i f y . In i t i a l l y ,

an analysis of the para meter Q 33 versus RMS t r ack ing  error

is presented in order to deter mine the optimum value of Q 33 .
Nex t , the results of using a computational delay, instan-

taneous update, and prediction update in generating W aid

are presented. Subsequentl y, with set at the optimum

va lue and the best  method of genera t in g  W a i d  used , the

resu l ts  Ind ica t ing  that M o d i f i c a t i o n  S ix  demons t ra ted  the

best performance are presented. Finally, a com p ar i son of

the results from the faster 0.01 second sample rate pseudo—

ran ge system versus the slow er 0.1 secon d sampl e ra te system

is presented.

The me~ sure rnent noise in this sim ulation was modeled as —

a white, Gauss i an , zero mean se quence. The standard devia-

tion in range is 5 meters and in pointing angle , 10 micro-

radians. The same sequence was used for each simulation.

Q 33 Anal ysi s

Fi gure 11 is a gra ph of Q 33 versu s RMS tracking error.

Curves 1 and 2 represent the time averaged RMS tracking pe r— —

formance during 1.5 seconds of the 100 C turn in scenar io

two , w ith and without noise respectively. From these curves

a valu e of = 1.0 appears to be optimal. However , curves - 
—

3 an d 4 represent the RMS tracking performance durin g the non—

accelerating portion of scenario two, w it h and without noise

37
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respectively. The se curv~ s indicate that should be set

as l o w  as pos sible when tracking a non -acceleratin g target.

On the other hand , curves  5 and 6 , w h i c h  represent the

performance durin g 1.5 seconds of the 10 C turn in scenario

three , indicate a Q 33 of a p p r o x i m a t e l y  0 .01 to be op t ima l .

S ince ac tua l  ta rget  mot ion is unknown , a t radeof f  must be

made between = 0.0 and 1.0 , because to choose either

one exactly would cause ,substantial errors if the target

S 
motion was j us t  the op~ osite . From analysis of Figure 11 ,

= 0.1 was chosen as the optimum tradeoff value to handle

both highly a c c e l e r a t i n g  and n o n - a c c e l e r a t i n g ta rge ts .

Ideal ly ,  the va lue  of Q33 should be set ac cordin g to the 
- 

-

bandw idt h of the random or un known tar get m oti on as i nd i ca ted

by F i t ts  (Ref 3 : 7 3 ) .

Generat ing t
~a i d

The resul ts of the discussion in Chapter III about

the various techniques of generating W a id  a r e  s h o w n  i n

Figures 12 through 26. (Note: Figures 12 through 67 are

conta ined in Appendix E and are plots of tracking error

versus t ime. ) Tab le  V I  g ives a listing of t h e  RMS a n d  p e a k

tracking errors for each techni que. Originally, Modifica-

tion Two was use d for this analysis. Later , Mod i fi cat i on

Six was compared to deduce what conclusions could be drawn I 
-

for i t. A close observation of Figures 12 through 26 a n d

of Ta ble V I yields the following:

L _ _ _ _ _ _  
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TABLE VI

Perform ance of Techni ques
Used to Gene ra te  W a id

Mo dification Peak Irror RMS Error (nii crorad lans)
Two ___ .-j .-m ic r o rad ians j Ls -_6 sec 6-8 ~~c 1.5 — S sec

k*** Sc enar io One ****
Delayed -35.5 9.6 13.4 10.7

Instan taneous 20 4.6 9.1 6.3

Prediction 15.7 4.4 7.0 5.3

**** Scenar i o Two ~~~

Delayed 531.9 9.5 296 149.4

Instantaneous 533 .9  4 .6  297 149.6

Pred ic t i on  527 .0  4.4 294 147.8

**** Scenario Five ****
Delayed 96.2 26.9

Instan taneous 82.0 28.0

Prediction 95.4 26.8

M o d i f i c a t i o n
Six 

_________ ________ ______________________

**** Scenar i o On e ****
Dela yed -32.8 8.2 12.8 9.7

Ins tantaneous 15.1 2.7 6.5 4.2

PredIction 15.3 3.8 6.6 4.8

**** Scenario Two ~~~

Delayed 388.9 8.1 207 104.3

In stantaneous 390.4 2.7 208 104.7

Predic tion 406 3.9 215 108.3

40
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1. When Mo dific ation Two was used against scen— -

ar io  one , the p red ic ted  upda te  techn ique showed
bet ter over a ll pe r formanc e in terms of peak
and RMS errors than the computational delay
or instantaneous update technique. However ,
when Modification Six was used , the instan-
taneous technique demonstrated the best per-
formance.

2. 
- 

W h e n  t~odi ficat ion Two was used against scen-
ario two , the predicted update technique was
aga in  super io r .  On the oth~.r hand , M o d i f i c a —
tion Six showed mixe d results. The computa-
tional dela y techni que provided slightly lower
peak a n d  RMS errors durinq the 10 C turn.
Whereas , the instantaneous technique was
s u b s t a n t i a l l y  bet ter  in the u n a c c e l e r a t e d
portion of the trajectory than t h e  o t h e r  two
techniques. -

3. Against scenario five , the results are incon-
clusive. Figures 13 through 20 show no appreci-
a b le di f fe rence.  For th i s reason , Modification
Six was not com pared against scenario five.

From the above results , it appears that the predicted

update technique improves the trackin g performance of Modi —

fication Two over that obtained using the “ ideal” instan-

taneous u p da te techni q u e . Howev er , when Mod i f i ca ti on S i x

was compare d , the instantaneous update techrique provided

the best overall performance. Throughout the remainder of

this study the instantaneous update technique was used.

Mod i fi ca ti on S e lec t i on

The five different methods of generating the pseudo-

ran ge measurement w ere used t o t ra ck th e tar get modeled by

scenar io two. Figures 27 throu gh 36 illustrate the tracking

performance a t ta i ned by each me tho d w it h and w i thout  nois y

m easurements.

41
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A comparison of Figure s 28, 30, 32, 34, and 36 show

that noise has relat ively the same effect on each modifica-

tion with the exception of Mo dification Five as predicted

In Chap ter IV . Noise in the measurements is propagated

more by the dif -ferenced range rate expression than by any

of the other methods.

A com parison of Figures 27 through 36 and of the

tabul ate d da ta i n Ta b le V I I , clearl y shows Modification

Six (using the estimated range) pr ovides the best over a ll

track ing performance.

Perforni ance Comp_ar i son -

Th i s sect i on p resents  a comp ilation of the most signi-

ficant results of this study. The results from scenarios

one , two , and five are analyzed here. Table V iii provides

a tabula t ion of pea k and RMS t rack i n g errors used I n  mak i n g

the com p ar i sons .

S Scenar io One. Figure 37 illustrates the tracking

error obtained when a convent ional pointing and tracking - 

—

s ystem is used to t rack tar ge t m o ti on modeled by scenar i o 
—

one. Peak tracking error is 927  microradians with the RMS - I 
-

t rack ing error being 492 microradians. Figure 38 illustrates

the performance obtained wh en the 0.1 second Aided Track

system is used. Peak error is reduced to a maxi mum value

of 8.25 ml croradians. RMS tracking error is also reduced

to 2.75 mic rorad ians.

42
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TABLE V I I  -

Pe rfor ~~~ c~_~~Lp j jc gns A g ain st Scenario Two

Mod ification Peak Error RMS Error (microradians)
(microradian s) Flybj’ 100 C Turn Overall

One 533.0 26.1 286.6 145.7

One with Noise 552.3 36.9 295.5 151.6

Two 533 .9  - 4 . 6  2 9 7 . 7  149.6

Two with Noise 566 .6  11.3 305 .6  153.8

Three 528.8 4.3 294.9 148.3

Three w ith Noise 561.6 11 .1 302.8 152.4

Five 571.2 
- 4 .4  313 .0  15 7.5

Five w i t h  No ise  599 .8  17.8 322 .8  162.8

Six 390.4 2.67 208.4 104.7

Six with Noise 385.5 6.77 207 .8 104.6

Flyby - 1.5 to 6 seconds

100 C t u r n  — 6 to 8 s econds

Overa l l  - 1 .5  to 8 secon d s

T i me avera ge RMS c a l c u l a ti ons were b eg un 1 .0  secon d s
after filter was activated to allow for transients to die
ou t .

.1-I 
- 

-
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Results shown in Figure 39 demonstrate the best

possi ble performance attainab le by the system. These

were obtained using Modificat ion Four. The peak error

is i ncre a sed sl ig htl y f rom tha t shown i n Fi gure 38 to a

va lue  of 9 .61 m ic ro rad ians .  The RM S t rac ki n g error  is

also increased to 3.3 microradians. This demonstrates the

degradation in performance mentioned by Fitts w h e n  the

sample rate is increased (Ref 1 :91, 97). However , the

flyby scenario is a constant velocity , zero ac celera ti on

model .  The f i l t e r  propagates  a cons tan t  a c c e l e r a t i o n  over

the sa m pli n g i n te rva l .  Theref o re , if and P33 are se t

to zero, then the filter model matches the target model.

Figures 40 and 41 show that w h en th i s i s done , the degrada-

t i o n  i s  no lon g er present .  On the o t he r han d , the faster

sy s tem shows no i m p rovement  ove r the s lower  s yste m o ther

than eliminating the estimation oscillations.

Figure 42 i l l u s t r a t e s  the per fo rmance ob ta ined  when

Mo dification Six is used. Peak tracking error is increased

even more to 1 5 .2 m l crora d l an s and th e RMS t rac ki n g e rror

to 4.23 microradi ans. This increased degradation is due

to the use of the pseudo-ran ge m easurements.

Scenario Two. F igures 43 through 48 illustrate

the resu lts obtained when target motion was modeled by

scenar io  two - . A c lo se look a t Fi gure 4 3 c lear l y shows t h a t

a conven t iona l  una ided po in t ing and t rack i n g sy s tem p r oduces

essen tially zero tracking error during the 100 C , constant

rad ius , cons tant velocity turn. On the other hand , Figures

44
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44 throu gh 46 demon strate the fact that any aiding process

results in relativel y large errors during this same 100 G

turn. Th is is due to the basic filter model assuming con-

stant acceleration over the sample interval , wh i ch i s not

true in this case. However , aiding practically eliminates

the large trackin g error prior to the 100 C turn as seen in

Figure 43.

A compar ison of Figure 44 and 45 shows that  a definite

improvement in the tracking performance of the 0.1 second

system durIng the 100 C turn is pos sibl e by increasing the

sampling rate of the system. Figure 45 however , is a graph

of the t rack in g per forman ce of the op ti mal mod i f i ca ti on

using ac tua l  l aser  rangef inder  measurem ents  every 0.0 1

seconds .  A compar ison  of Figure 44 and 46 illustrates that

the use of pseudo- ran ge  meas urements  to inc rease  the sampl-

ing rate still results in an improvement. The peak tracking

e rror during the 100 G turn -is reduced from 699 m i crora di ans

in Figure 44 to  390 micror adians i n  Figure 46. Similarly,

the RMS trackin g error during the 100 C turn is reduced

from 369 microradians for the unmodified case to 208

micro rad ians  for the system using Modification Six.

Figures 47 and 48 show the e f f e c t  no i s y measure m en ts

have cn the 0.1 second system and the Mod i f i ca t i on  Six

system respectively. Both appear to be affected to about

the same degree.

Ano ther interestin g result can be seen  by comparing

the RMS tracking errors for the non -accelerating portion

45
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(that portion prior to crossover) of scenario two shown in

Table VI II. The 0.1 second A ided Track system has an RMS

e r r o r  of 2.04 microradians for this portion of the trajec-

tory ; whereas , the 0.01 second Mod i f i ca ti on Four s ystem has

onl y a 1.88 m icroradian RMS error. This is in contradiction

to the de gradation prediction found when the entire trajec-

tory of scenario one was consi dered. However , Modification

Four us es ac tual laser  ran gef i nd er mea suremen ts.  When th e

pseudo -ran ge measurements in Modification Six are used , the

RMS track ing error increases up to 2 .67  m ic ro rad ians .  The

primar y d i f ferences be tween Mod i f i ca ti on Four , Modification

Six , an d the unmo dif ied s y stems can be seen by com par i n g

Figures 38 , 39 , a n d  41 from scenar i o one and Fig ures 44,
-

‘ 45 , and 46 from sc enario two . Mod if ica ti on Four t o ta l l y

elim inates the range correction oscillations in the track-

Ing error curves seen in the unmodified system and the

Modific ation Six system.

Scenario Five. The resul ts obtained when target

motion was mo deled by t h e  more realistic scenario five are

depicted in Figures 49 through 51. The trackin g performance

of a conven tional unaided system is shown in Figure 49.

The jumps in the curve at 2.0 seconds and 4.4 seconds are

from the 16 G turn toward the tracker and the decelerat ion

model respec tively. The small jump at 5.0 seconds is due

to the tar get reentering the 16 G turn profile momentarily

because of a simula tion modeling error. The peak trackin g

46
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TABLE V I I I

Peak and_ RIIS T rack in g  Errors

Scenar io  One Peak error RMS error
(microrad -jans) (microradians)

No aiding 927 492

O 1  second rate 8.25 2.75 L
Mod i f i ca t i on  Four 9.61 3.3

Mod ification Two 20 6.34 - -

Modif ication Six 15.2 4.23

Scenar io  Two Peak error RMS error
in flyby i n  turn

No a i ding 92 7 (in f l yby)  365 20.9

0.1 second rate 699 ( in turn) 2.04 369
with noise 770 (in turn) 8.08 366

Modification Four 356 ( in turn) 1.88 277

Mod ification Two 533.9  (in turn) 4 .63  297

Modification Six 390.4 2.67 208.4
with noise 385.5 6.77 207.8

Scenar io Fiv e Peak error RMS error

No aiding —100 37

0.1 second rate 240 67

Mod ification Two 82 -28

Modif ication Six 95 27
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error in this case is approximately — 100 m icrorad lans ,

wh ich occurs just as the target is rollin g out aimed at

the track er. Once the target rolls out and begins to

decelera te , the convent ional system appears to track very

accura tely. The overall RMS tracking error is 37 micro-

ra di a n s .  
S 

H

The 0.1 second Aided Track system results are shown

in Figure 50. This system appears to have great diffi-

cul ty at close ranges and head—on attacks. The peak

tracking error occurs during the head—on attack portion of

the trajectory , the value being approximately - 240 micro—

• rad ians. The overall RMS tracking error is 67 microradians,

whic h is worse than t h e convent i onal s y s tem.

The performan ce obtained by using Modification Six -is

shown in Figure 51. A substantial improvement over the

conven tional system and the 0.1 second Aided Track system

can be seen. The peak track ing error is only 95 micro —

ra dians and the RMS error is only 27 micror adians. This

system tracks the head—on attack much better than the 0.1

second aided system and also handles the 16 C turn better

than either the conven tional system or the 0.1 second Aided

Track system.

The rem aining Figures 52 through 67 are provided as

supportive material.
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VI .  Conc lus ions  and Recommendat ions

Conclus i ons 
-

1. A va lue of Q33 
= 0.1 provided the optimum trade-

off at the 0.01 second sample rate. This conclusion is

consistent with that made by Fitts.

2. Generating W aid by t he i ns tan taneous u pd ate

techn i que is the “ ideal” situation and provided the best

performance of the three computa t iona l  techniques when

S 
Mod i f i ca t ion  Six was used. However , the p red i c ted up d ate

techn ique performed almost as well. The instantaneous

tec hnique is not realisitic in terms of hardware whereas

the pred i c ti on techn i que is .

3. Modification Six, wh ich uses the estimate of range - 
-

from the filter as a pseudo-range measurement , demonstrated

t he bes t p er formance of al l  the mo difi ca t ions tes te d .

4. The faster sample rate results in a degradation in

performanc e when tracking simple target motion , suc h as the - —

f lyby scenar io , wi th  Q 33 
= 0.1 and P33 1.0. However ,

w hen = P33 0.0, there is no de g ra d a ti on but there i s

no improvement e ither.

5. The faster sam ple rate does result in an improve-

ment in tracking performance when tracking highly maneuver— —

able tar gets , es pec ia l l y when the tar get is at tack i n g the

H tracker .

Recommen dations

1. From the analysis , a tuneable is desirable,

dependent u pon the maneuver a b i l i t y  of the target being tracked.
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~ 2. The pred ic ted update technique for generat ing Wald

shoul d be incorporated in the system.

3. When t rack in g  f lyby or non -acce le ra t i n g  type tar-

gets , the fas te r sam p le ra te s y s tem should not be used.

4. When t rack ing  highly maneuverab le  t a r ge t s , Modifi-

ca tion Six should be incorporated to improve the performance.

5. In order to implement this al gorithm , the follow-

ing steps should be taken.

a . )  Set L~T 0 .0 1

b.) Set

r o o~~~~
11 = I -

L O l O J
be tween laser ran gefinder measurements and

~~~~
= 

[~ 
: ~~~~

at laser  range measurement t ime.

Remark: The Kalman ga i ns can s till be precom p u ted an d

s t o r e d , s ince the H ma tr i x is chan ged i n a

per iod ic  manner.

c.) Use the estimate of range from the filter as

the pseu do-range measurement between the

laser ran ge updates. 
S

d.) Use the predicted update technique for

genera t ing W aid in order to improve the

performance of the system. ~‘
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Ap pendix A

Prog ram Lis t in_çj.~ A Rate A ide  ~~~~~~~~~~~~~ T r a c k i n g

A lgorithm for a Two-Dirn~ n siona 1 System.
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Appendix B

Truth Model Formulation —

In order to model the target motion in two dimensions ,

al l that is needed is the ta rget  a c c e l e r a t i o n  in the

V 2 coord ina te  sys tem de f ined  in Chapter II , and a set  of

in i t ia l  c o n d i t i o n s .  The d i f f e r e n t i a l  equa t i ons  can then

be w r i t t e n  in ma t r i x  form as

11 ~i 101
-. I = I I - I + A 1 ( 1 3 1 )

0J ~i~j L1J

~‘21 ~~~~ 
‘
~
‘
2

- -  J = J , + 
A 2 (132)

2

w here A 1 a n d  A 2 are the mode led  ta r~ et a c c e l e r a t i o n  e x p r e S —

s ions  in the Y 1, Y 2 d i r e c t i o n s  r e s p e c t i v e l y .

The d i f f e ren t i a l  equa t ions  d e s c r i b i n g  the gimbal

dynamics can be w r i t t e n  by i n s p e c t i o n  of the closed loop

servo portion of Figure 3. By looking at t he G 2 ( s )  and

G3(S) transfer functions the following matrix equation is

obtained: 
-

0 1 0 0 1

0 0 1 ~~ + G W c,,td I 
-

0 —w 2 ~2~wn W n~j

_ _ _ _ _ _ _ _ _ _ _ _  —~~~~~~~~~~ —- — — 
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And from the G 1~ S) t rans fe r  func t ion  the f o l l o w i n g  prop or—

t ional p lus  in tegra l  compensa t i on  r e l a t i o n s h i p  is ob ta i ned :

W A = (700/ 18 + 700 / S) t  ( B4 )

Now le t

C (7O0/S)~ (B 5 )

then

C 70Cc = 700 
~~ 

- ri p ) ( 86)

but -

~T = Arc tan  (Y 2 / Y 1 ) (B ? )

Ther efor e ,

W A = 700 (Arct an (Y2/Y 1 )  - n ) / 18 + C (B8)

By combining Eq (Bi), (B2),(B6), and (138) with the relation-

ship

- 
Wcmd 

= W A + W a i d  (1~9)

the overall truth model matrix can be written as seen in

Eq (8).

I
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A p p e n d i x  C

Steady -State Per tu rba t i on -  / t h a l y s i s

ihe use of pseudo—ran ge measurements to increase the

sample ra te  of the A ided  Track  a lgo r i thm is s u s c e p t i b l e  to

the prob lem of error propagation. Modification Two is t h e

worst case since estimates of range rate are used every

00 1 seconds to propagate the last range measurement. This

case is ana l yzed  here.

Range is propagated by t h e  e q u a t i o n

R ’ ( K +l )  = R 0 ( K )  + ~ (K)AT (Cl)

where the prime denotes pseudo — range and R’(O) is the last

( laser ran ge measurement. Assum ing that the laser range

measuremen t i s perfec t , the es t ima te  of  range rate 1~ and
the pseudo-range terms can be expressed and the sum of their

true va lues  plus some error .

~ ( K )  = R(K)  = ~~~~ K=0 ,l,. . .,9 (C ? )

R ’ ( K )  = R(K)  + ~R ’ ( K ) ,  K= 1, 2 ,~~~.,9 (C3)

where 6 R(0 )  = 0. Eq ( C l )  can be rewritten as

$ I

R ’ (K +l) = R(K)  + t~R ( K )  + R(K) -A T + ~R ( K ) t ~T , K=l ,.. ,9 ( C 4 )

Bu t the first a n d  third terms represent the true range.

Therefore, the error in the pseudo -range propagation can

be wr it ten as
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C,

~R’ (K+l ) = ~R ’ ( K )  -f ~*(K)AT , K 1 ,.. ,,9 (C5)

were ~R ’ ( 0 )  0.

The pseudo-ran ge measurements  are used in Eq (6 )

through (9 )  wh i ch  are r es ta ted  here.

R’ cos
m

= R, s i n
Iii

( C 6 )

- 

= cos 
~m — R ’  W s in

= sin + R’ W cos

Assuming that n and W are known pe rf ec t l y ,  t h e  perturba-

tions caused in Eq (( ‘6) by the use of pseudo- ran ge  meas u re— 
F

ments are exp ressed  as

~
X l m 

= [ S R ’  + ~~AT] cos

= + ~S~~T] ~~m (C l )
A

6X 1 = R cos — [ s S R ’  + s RLx T i W sin r~

= + ~~~~~ + ~~ ~~~~~~~~

Assume the nomina l , steady-state condit ions to  be

‘1m = 

-

W 1 rad i an /secon d

0.01 seconds

61~ (0) = 0.01 meters/second

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
- - 
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t r

Then Eq (C7) become s

o X - 1  = 0  
- ‘ I

m

= O R ’  +

m ( C 8 )

$SX l m 
=-4~R’ + 6~ L~TJ

=

m

Eq ( C 8 )  is further simplified if only the errors after the

first iteration are considered (i.e. oR ’ (0) = 0).

OX
1 

= 0

= 0.001
(C 9 )

6X = -0.0001

6 X ~ = 0.01

These per tu rb a t ions  are p rocessed  through the filte r by

the followin g set of equation s:

~~ + — - 
I A -

O X
1 

= + G 11 ( 0 X  - O X 1 ) + G 12 (0X 1 — o x 1 )
m m - 

-

= 6
~~2 

+ G 21 ( o X 2 
- 

~~~~~ 
+ G 22 ( o X 2 ~

O
~~ 2 ) 

~
- 

-

- m - (d o)

6*1~ 0*1 + G
~Il

(t5
~

X lm 
- O

~~i
) + G•l 2(6~~1m

_O
~
*l~~
)

= d
2 

+ 62l (OX 2m 
- o X

2
) + G 22 (6

~~2m~
0*

~2~~
)
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Substituting in the stead y— state Kal in an gains , th e va lues

e x p r e s s e d  i n  Eq (C9), and  a s s u m i n g 
~~i

(0) = sS~ 2 ( 0 )  =

012 (0)  = 0 Eq (d O) becomes

- 

6X = (,26)(0) + ( . 0 3 )( - .0001) = 3 . O E — 6

15x
2 

= (.26)(.000l) + (.03)(.01) = 3.26E-4
- (Cli)

= (.48)(0) + (.1i)(- 000l) = l . 1E- 5

= (.48)(.0001) + (.ll)( .Ol) = 1.148E-3

The per turbations expres sed in Eq ( C l i )  are trans -

formed into the chan qe of the error in the estimate of

range rate by 
-

A OX &X + oX 2 o~ 2
~o R =  1

-;-
~
-----

~-y~
--

(ox 1 + oX 2 ) (Cu)

= 1 . 14 8 E — 3

Therefore , the new error in .the estimate of range rate

becomes

= o~ (0) + ~oi~(0)
= .01 + .001148 (C13)

= .011 48

Thus it has been shown that  the use of pseudo-range

measuremen ts creates a stability problem of errors in the

estima tes of range rate generating lar ger errors in the next 
- 

-

es t imate  of range ra te .
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