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1. INTRODUCTION

On May 1, 1975 a new program was initiated under the sponsorship of the
0ffice of Navel Research (Physics Program) to carry out a systematic study
on piezo-optic properties of 1iquids under high pressure. Significant progress
has been made in this program and in what follows, a brief summary of the work

accomplished to date is presented.
2. WORK ACCOMPLISHED

The technique of high pressure-optical interferometry which has been
devéloped and successfully employed by the author and his students for
studies on the piezo-optic properties of solids, has now been adapted for
similar studies on liquids. Measurements on the variation of the refractive
indices of a number of liquids at room temperature have been completed. The

results obtained have already been published in the form of two shori articles

in Physical Review Letters and another in Review of Scientific Instruments.

Three articles have already been submitted for publication in Journal of
Chemical Physics and in the Proceedings of the sixth AIRAPT International
Conference on High Pressure. Copies of these three articles are attached
as appendices to this report. Hence, in what follows only some of their
highlights are mentiéned.

A high-pressure liquid cell interferometer has been designed and

constructed for precision interferometric measurement of the variation

or refractive index, an, of liquids with pressure, P. The amount of liquid
needed is only 3 ml. Such precision interferometric measurements at high
pressures have been carried out on CC14, n-pentane, n-hexane, n-heptane,
n-octane, n-nonane, n-decane, benzene, chloro-benzene, methyl alcohol, and water
at room temperature.. Since most of these liquids freeze at room temperature
even before 14 kbars is reached, the measurements were carried out up to the

freezing point or 14 kbars, whichever pressure 1is loweF.
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In every case the refractive index was found to increase with pressure
with pronounced nonlinearity. In the case of solids like alkalide halides,
Vedam and his cowo}kers (1969) have reported that though an vs. P is nonlinear,
the same data show perfect linear relationship between An vs. P is nonlinear,
the same data show perfect linear relationship between An and the volume
strain AV/VO. Correspondingly, in the case of liquids, the observed pronounced

nonlinearity between An and P could be reduced significantly when an is plotted '

as a function of the volume strain, which was computed with the help of the
various equations of state reported in the literature. It was found that the
nonlinearity observed for An is considered as a function of Lagrangian strain,
n; and in the case of the Eulerian strain e, the nonlinearity practically
disappeared. This was found to be true in all liquids irrespective of the
size, shape, polar, or nonpolar nature of the molecules as well as the equation
of state used to compute the volume strain.

Since a linear relation between An and € has been found, this linearity
criterion was used to discriminate between the various equations of state
prevalent in the literature using a least-squares analysis. It was found
that 2nd-order Birch, 2nd-order Murnaghan, and Keene's equations of state
give the best fit for every liquid considered. It should be mentioned that
this is the first time these equations of state were subjected to such rigorous

curve-fittings tests involving literally hundreds of data points spread out through

the entire range of spressure or strain. Anderson (1968) and Chhabildas and
Ruoff (1969) have shown that the Birch and Murnaghan equations yield
physica:ly unrealistic results at very high pressures and hence are not
recommended for extrapolation for high pressures. The Keane equation, which
does not suffer from such a drawback, was used for further studies. It may
also be mentioned that since the same equations of state are employed both
for solids and liquids, it is believed that the present conclusion on the

usefulness of Keane's equation of state will be of value for solid-state and

geophysicists as well,
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Next, the various expressions prelevant in the literature for the
relationship between refractive index and densitywere analyzed. It was
found that in general all the equations give fairly good fits at very low
pressures but as the pressure is increased the disagreement between theory
and experiment becomes more and more prominent in almost all cases exept for the
Kirkwood-Brown and Omini equations. Furthermore, it is shown that the Kirkwood-
Brown equation yields values of An slightly smaller than the observed values
implying a small increase in polarizability with increasing density, which
is not quite consistent with the variation of polarizability in gases and
solids. On the other hand, the Omini equation yields values of An which
are slightly larger than the experimentally observed values implying a small
decrease in polarizability with increasing density. Further work on the theoretical
and experimental aspects of the subject will be necessary before a definite state-

ment in the variation of polarizability with density of liquids can be made.

2.1 Publications

1. Piezo-optic Behavior of Water and Carbon Tetrachloride Under High Pressure:
By K. Vedam and P. Limsuwan, Phys. Rev. Letts. 35, 1014 (1975). X

2. Optical Interferometry in Liquids at High Pressures to 14 kbars: By
K. Vedam and P. Limsuwan, Rev. Sci. Instruments, 48, 245, 1977.

3. Piezo- and Elasto-Optic properties of Liquids under High Pressure.
J. Refractive Index vs Pressure. Pichet Limsuwan and K. Vedam.
(Submitted to Journal Chem. Phys.)

4., Piezo- and Elasto-Optic properties of Liquids under High Pressure.
ITI. Refractive Index vs Strain (Submitted to Journal Chem. Prys.)

5. Pie.o-optic Behavior and the Equation of State of Liquids. K. Vedam
and Pichet Limsuwan, Proc. Sixth AIRAPT Int. Conf. on High Pressure,
Boulder, Colo. (1977).




2.2 Oral Presentation at Scientific Meetings

1. Piezo-optic Behavior of the Equation of State of Liquids: By. P.
Limsuwan and K. Vedam, presented at the "Washingtion Area High Pressure Coloquium"

at the U.S. Naval Academy, Annapolis, Maryland, October 13, 1976.

2. Piezo-optic behavior and the Equation of State of Liquids by K. Vedam
and Pichet Limsuwan, at the Sixth AIRAPT International Conference on High

Pressure, Boulder, Colo., July 25-29, 1977.

2.3. Reports Submitted

1. Piezo-optic Properties of Liquids Under High Pressure. Report No.

MRL-KV-75-1 dated December 22, 1975.
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Piezo-and Elasto-Optic Properties of Liquids under High Pressure

I. Refractive Index vs. Pressure*

Pichet Limsuwan and K. Vedam

Materials Research Laboratory and
Department of Physics
The Pennsylvania State University
University Park, Pennsylvania 16802

ABSTRACT

The variation of the refractive index of liquid with pressure to
14 kbars has been determined by an optical interferometric method.
The liquids studied are carbon tetrachloride, n-pentane, n-hexane,
n-heptane, n-octane, n-nonane, n-decane, benzene, chlorobenzene, methyl
alcohol, and water at room temperature. Siace most of these liquids
freeze at room temperature even before 14 kbars is reached, the measure-
ments were carried out up to the freezing point or 14 kbars whichever
pressure is lower. In every case the refractive index increases with

pressure with pronounced nonlinearity, particularly at high pressure.

@
Research work supported by Office of Naval Research (Physics Program). |
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Introduction

(1-24)

A glance at the literature reveals that the number of liquids

on which piezo-optic measurements have been reported is indeed very few,

and amongst them the number of liquids on which such measurements have
been carried out by two or more investigators (so that an intercomparison

can be made) is even fewer--in fact, the number is not even ten! Further-

more, when the actual comparison i3 m#de, one finds that the values of i
the elasto-optic coefficient p(dn/dp) differ by at least 2% in almost
every case, and in some cases the difference is as high as 5% (here p
is the density). This will become evident by a glance at the two recent

compilations by Riley and Klein'20) (21)

and Uchida. It should be men-
tioned, however, that the former table contains a few typographical
errors--still it does not alter the above conclusions. The reasons

for this great disparity amongst results obtained are not far to seek.
These elasto-optic coefficients have been obtained experimentally by

twvo methods: (i) one is the measurement of the change in the refractive
index, An, by pressure either directly by interferometry or by the
measurement of the refractive index itself at various pressures and then
evaluating the An. The latter approach obviously is susceptible to
large errors since An is cobtained as a small difference between two large
quantities; (ii) the second method is based on the diffraction of light
b, ultrasonics. This, in most cases, is an indirect method because of
the difficulty in measuring and calculating the acoustic power or

pressure at the acousto-optic interaction region. Nevertheless, if an

appropriate standard material is available one can evaluate the




elasto-optic coefficient by comparison of the intensities of the

diffracted light from the material and the standard medium. But during
this process numerous assumptions are tacitly made, such as the con-
stancy of temperature as well as the acoustic power at the interaction
region, negligible acoustic absorption in both the materials, etc.--
and these assumptions are certainly not valid in every case. Further-
more, since the compressibility of a liquid is quite different under
adiabatic and isothermal conditions, the piezo- and elasto-optic
coefficients also will be different in the two cases. This fact has
really not been appreciated by all the workers in this field. The
interferometric method, besides yielding the results directly, is
naturally the most accurate method and this technique has indeed been
employed by the very early workers as well as by Waxler and Weir(IS)
recently, the latter up to a maximum pressure of only 1.1 kbars.

Recently the authors(zs' 26)

have designed and constructed a
suitable high pressure optical liquid cell interferometer and with that
it has been possible to carry out precision optical interferometric
measurements with a number of liquids sﬁch as water, carbon tetra-
chloride, n-pentane, n-hexane, n-heptane, n-octane, n-nonane, n-decane
and chlorobenzene, right up to their high pressure-freezing points

14 kbars or whichever is lower. The results obtained exhibit many

interesting nonlinear piezo-optical effects and these are presented

and discussed in this and the following articles.




Experimental

Since the experimental details have been discussed in detail in

(26), it will not be described here. Suffice to

an earlier article
say that the liquid cell interferometer based on the principles of
Newton's rings, is of such design that it could be inserted in a 14

kbar high pressure optical vessel(27)

. The maximum amount of experi-
mental liquid necessary for these measurements is only 3 cc. The
temperature of the liquid inside the pressure vessel was maintained to
within 0.1°C and thus corrections for thermal fluctuations are not
needed.

The change in the refractive index An of the liquid was evaluated
from the well known interference formula

&n = (AfA - 2nAt)/2t (1)

vhere Af is the number of fringes shifted, t. the initial thickness of

0
a8 vitreous silica spacer between the planoconvex lens and the optical
flat of the interferometer, At the change in thickness of the spacer
due to hydrostatic pressure, and A the wavelength of light employed.
In actual practice, the values of An and At at each pressure, corres-
ponding to some known fringe shift, were evaluated by a programmed
calculation on the IBM 370/68 computer. The value of n was corrected
by this An before it was used for the computation of An' for the next
fringe shift.

_The change in thickness of the vitreous silica spacer At was
evaluated with the help of the nonlinear theory of elasticity developed

by Murnaghan(aa). Birch(zg), and Barsch(3°). According to this theory.
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for an isotropic solid such as vitreous silica, the pressure P is

related to the strain by
Peaf. +20. . M*lC. $+20, -2C. -C.. 00 (2
11 12 11 12°" 2 “111 123

where n, the Langrangian strain is given by

2 2
+ At -t
na(to A) 0. (3)
2
2 to
ciJ and ciJk are the second-and third-order elastic constants and to

is the initial thickness. Thus, since data on second- and third-
order elastic constants for vitreous silica are available, Egns. (2)
and (3) can be used to evaluate At the change in the thickness of the
spacer and hence An the change in refractive index of the liquid.

The volume strain of an isotropic material is related to the
Langrangian strain by the relation

2/3
n=3 [%0} -1 (1)

By rearrangement of Eqn -(4) we have

V-V

%!: 08(l+2n)3/2-1 (5)
0 0
where AV is the volume strain.
\
0

The volume strain of a material can also be expressed as a function
of applied hydrostatic pressure as

AV = -aP + P2

o
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vwhere a and b are temperature sensitive constants. These coefficients
are related to the bulk modulus B and its pressure coefficient according

to
a1 (1)
1 9B
b.-aiz[[a—l’]+l] (8)

Hence from the values of a and b given in the literature for vitreous

silica, the values of At of the vitreous silica can also be evaluated at

each pressure with the help of Eqns. (6), (5), and (3) and thence An
from Eqn. (1).

It is evident that since large pressures and hence large strains
are involved in these measurements, Af the number fringes shifted, At
the change in the thickness of the spacer and An the change in refractive
index of the liquid are all nonlinearly related to the pressure. It can
be shown by slight manipulation of Eqn. (1) with the help of nonlinear
theory of elasticity, that, An the change in refractive index involved
during one additional fringe shift after m fringes have shifted, is

given by

[fm+1 3 fm] A nm [nm+l % nm]

= T S T e >

The advantage of this form over Eqn. (1) is that t, appears only in the

first term on the right-hand side, thus if several different spacers are
used in the measurements for a particular liquid, one could use all the
data by normalizing the thickness of the spacers, i.e., by determining

f/to as a function of pressure. In other words, all the experimental data
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can be made by least-squares technique, to fit an equation of the
form

f/to'AP+BPl/2+CPl/3+... (10)

where A, B, C,... are constants and P is the pressure. The value of An
can be evaluated from Eqn. (10) at any pressure from the value of f/to.
It should be noted, however, that this curve fitting technique is not
valid if the liquid under study goes throﬁgh a phase transition in

the pressure range employed.

Liquids Studied

The pressure dependence of the refractive index of twelve liquids
has been studied in the pressure range 20-30°C. The liquids chosen for
this investigation are composed of molecules of widely varying size,
symmetry and shape; namely, CClu, n-decane, n-nonane, n-octane, h-heptane,
n-hexane, n-pentane, benzene, chlorobenzene, toluene, methyl alcochol,
and water. All these liquids except water were analytical reagent
grade of highest purity commerically available materials and did not
require any further purification. The water employed was freshly dis-
tilled and deionized water.

In order to ascertain the purity of the materials, as well as the
reliability of the published data on the refractive index of liquids,
the refractive indices were first measured to the fifth decimal place
with a Bausch & Lomb, Abbe-type precision refractometer and the results
were compared with those given in the literature. Table I gives the

measured values of the initial refractive indices for all the liquids




tested and the published data for the corresponding liquids. It is
seen that the agreement between these values is quite satisfactory

in all cases except where the values reported in the literature had to
be interpolated. Even though such interpolation was carried out with
the help of a computer by least-squares analysis using polynomial fit,
the agreement is far from satisfactory. Hence in the analysis and
interpretation of our experimental results on piezo-optic measurements,

the values of n, measured by us were employed.

Results and Discussion

The various relevant parameters of the experimental results are
given in Tables II and ITI. Table II lists the coefficients A, B, C,...
of Eqn. (10) for the various liquids studied at the listed tem-
peratures. These temperatures correspond to those at which P-V data
on the liquid under study are available in the literature. From the
values of the coefficients A, B, C,... given in Table II, one can
easily compute the normalized total number .f fringe shifts at any
pressure. In other words, this table provides a summary of the raw
experimental data and hence can be utilized for detailed analysis and
interpretation when better experimental P-V data become available.

Table III lists the initial value of the refractive index Bs
the total number of fringes observed to shift with increasing pressure
from one atmospheric pressure to the maximum pressure, and also An
the total measured change in the refractive index of the liquid.

For all liquids measured except n-pentane and methyl alcohol, the




maximum pressures listed were determined by the freezing of the liquid

at the stated temperature.
The second- and third-order elastic constants of vitreous silica

as determined by Bogardus(38)

were used to evaluate the change in
thickness, At, of the spacer. Thus the corresponding changes in re-
fractive index, An, of the liquid were evaluated with the help of
Eqns. (1) and (10) and are given in Table III. According to Bogardus,
Cll = T.839, 012 = 1.587, C

= 52.5, C = 23.9 and C

11 112 iz =%
where all constants are given in units of 101l dyne/cmz. As mentioned
earlier, At can also be evaluated from compressibility data on vitreous
silica. According to Adams and Gibson(39), the coefficients a and b
of Bqn. (6) are 2,609 x 107 (bar)™L ana -2.08.x 1072 (var)™2, res-
pectively, for vitreous silica at 25°C. The corresponding changes in
refractive index evaluated from these values are also given in Table III.
The difference of An evaluated from the elastic constant data of
Bogardus and that evaluated from the compressibility data of Adams and
Gibson becomes maximum at the maximum pressure. For example, for n-pentane,
the values of An so evaluated are 0.18250 and 0.18178, respectively,
at 14 kbar, i.e., 0.4% difference in the values of An is noticed.
However, in view of the greater accuracy claimed in the more recently
determined elastic constants data of Bogardus, they will be used in
the discussion in this and the following papers.

The variation of the refractive index of CClh, n-decane, n-nonane,
n-octane, n-heptane, n-pentane, benzene, chlorobenzene, toluene, methyl

alcohol and water with pressure are shown in Figures 1 to 4. It is

seen that in every case the refractive index increases with pressure
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with pronounced nonlinearity, particularly at high pressures. Since
all the earlier reported measurements on liquid were limited to
pressure less than 1.5 kbars, the nonlinear behavior was not noticed. : g

Table IV lists the values of An the variation in the refractive
indices of a few liquids at high pressures reported in the literature
along with our results at the corresponding pressures. It is seen
that excellent agreement to within 1 x 10‘“ is obtained in every case
except with the results of Rosen on water. Rosen measured the
refractive index of water at various pressures by the minimum deviation
method with the help of a pressure vessel in the shape of a prism.
Since the change in refractive index is obtained as a small difference
between two large quantities in this technique, the accuracy attained
is not as high as in the interferometric method employed by Waxler
and Wier as well as in the present work.

Amongst the liquids studied here, only the normal alkanes form
a homologous series and hence form a group of liquids whose properties
car be compared meaningfully. It is well known that in the n-alkanes
which are in the liquid phase at room témperaxure n-pentane has the
lowest melting point, the lowest boiling point and the lowest density.
Further as the number of carbon in the alkanes increases the molecular
weight, the density, the melting point and the boiling point increase pro-
gressively., From Table III it is seen that n-pentane has the lowest
initial refractive index s has the largest range of pressure in
which it is stable as liquid (freezing pressure greater than 14 kbars at
25°C), correspondingly largest number of fringes observed to “hift

and thé largest observed change in refractive index Anmax' Again, as




we move up the homologous series a systematic and progressive variation

is noticed in n_., the freezing pressure, the maximum number of fringes

0’
observed to shift and in Anmax'

The results of the present measurements can be utilized to study
the extremely interesting relationship between refractive index and

density of the liquids and thus to answer the fascinating question

whether the electronic polarizability of the molecule is constant

or not. But before such an analysis can be made one should know the

P-V relationship of the liquids under study. An examination of the
literature reveals that reliable experimental P-V data on liquids

over a wide pressure range are indeed sparse and further numerous
empirical and semi-empirical equations of state have been proposed

to describe the data. Our own studies on the piezo-optic properties

of liquids indicate that these piezo-optic data themselves can be

used to discriminate between the various equations of state and possibly.-
arrive at one generalized equation with minimum number of adjustable
parameters applicable for all liquids. This is discussed in the

following articles(ho).
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Table I. Index of refraction of twelve liquids relative to air at

A 546.1 nm.
By
Temp.

Liquid (“c) Present Work Literature Reference
cey,, 25 1.45951 1.h6085: (31)
n-Decane 25 1.41138 1.41216 (32)
n-Nonane 25 1.k0k99 1.40482 (33)
n-Octane 25 1.39682 1.39786' (34)
n-Heptane 25 1.38682 1.38675 (33)
n-Hexane 25 1.37508 1.37468" (34)
n-Pentane 25 1.35636 1.35625" (35)
Benzene 25 1.50200 1.50197 (33)
Chlorobenzene 25 1.52611 1.52859’ (36)
Toluene 30 1.49526 1.49514 (33)
Methyl alcohol 20 1.32988 1.32981 (17)
Water 25 1.33398 1.33398 (37)

®
Values of n° were obtained by interpolation.
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Table IV. Comparison of our experimental results with the data
in the literature.

Max. An
T A Pressure Present

Liquid (°c) (nm) (bar) Work Literature Reference
Benzene 25 589.3 868 0.0341 0.0340 (8)

" 25 589.3 666.1 0.02T4 0.0273 (15)
Water 25 546.1 1519.9 0.0201 0.0188 (11)

" 25 589.3 1108.6 0.01L4s 0.01L46 (15)
cecy), 25 589.3 1116.7 0.0406 0.0406 (15)
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Figure.l.

Figure 2.

Figure 3.

Figure L.

FIGURE CAPTIONS

Variation of the refractive indices of CClu and benzene,
with pressure.

Variation of the refractive indices of n-decane, n-nonane,
and n-octane, with pressure.

Variation of refractive indices of toluene, chlorobenzene,
and water, with pressure.

Variation of the refractive indices of n-heptane, n-hexane,
n-pentane, and methyl alcohol, with pressure.
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Piezo- and Elasto-Optical Properties of Liquids under High Pressure

#
II. Refractive Index vs. Strain
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ARSTRACT

In paper I of this series it was reported that the refractive index
of liquids increases with pressure with pronounced nonlinearity particu-
larly at high pressures. This paper reports that this nonlinearity is
reduced considerably when the same data on An is considered as a function
of the volume strain indicating that the nonlinear piezo-optic behavior
of liquids is just a manifestation of nonlinear P-V relationship. Further
it is found that the slight nonlinearit& noticed in An-AV/V° relationship
could be still further reduced when the variation in refractive index is
treated as functions of the Lagrangian and Eulerian strains. In particu-
lar, the Eulerian strain € is found to yield a much larger range of strain
over which a simple linear relationship between An and € is obtained ir-
respective of the nature of the liquid or the equation of state used to

compute the strain.
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I. Introduction

Recently the authors(l)

have been able to carry out precision
interferometric measurements on a number of liquids at high pressures
to 14 kbars. The liquids studied were composed of molecules of widely
varying size, shape and symmetry. In every case it was found that the
refractive index increases with pressure with pronounced nonlinearity.

In the case of solids, such as alkali halides(z), a-quartz(3)

()

, and

vitreous silica » etc., where also such high pressure interferometric

measurements have been carried out it was found that the relationship
between An and pressure becomes slightly nonlinear at pressure above

5 kbars, but the same data exhibit perfect linear relationship be-

%! in the entire range of pressures
0

studied, provided the latter quantities are evaluated with the help

tween An and the volume strain

of nonlinear theory of elasticity. The maximum volume strain involved

in the case of solids was about 9% and since the volume strain is

related to n by the relation %! = 3n + %-nz + ... = 31N, one may expect
0 .

the perfect linear relationship between An and n as well as An and

AV
Vo'
band-gap inorganic solids where there is considerable amount of overlap

Since such a linear relationship is found to be valid in such high-

of the electronic wave functions of neighbdring ions, one can expect a
similar linear An vs n relationship in the case of liquids as well, where
there is usually a sufficient free volume such that under compression

the average molecular packing is increased without significantly affec-

ting the interaction between neighboring molecules.

-




However, the results of piezo-optic measurements at high pressures
on a number of liquids reveal, as will be shown in this article, that
at low pressures where n is small, An vs n is exactly linear, but
the relationship becomes nonlinear at high pressures. Such a non-
linearity can arise from one or more of the following causes: (i)
unreliable P-V data used to evaluate n, (ii) instead of Lagrangian
strain n, the Eulerian strain or some other representation of strain
should be used, (iii) use of an inappropriate equation of state for
the liquids when extrapolating and interpolating literature P-V data
to cover the entire pressure range investigated, and (iv) intrinsic
nonlinearity of An with respect to all strain measures for liquids.
Investigation into these possibilities has been carried out with the
help of the high pressure piezo-optic data on a number of liquids
reported earlier, and the results and the conclusions are presented
in this and the following article.

But before describing the results, a brief discussion on the
proper description of various strains is given below, since on
reference to the literature it is found that there is a considerable
amount of confusion in the definition, nomenclature, and the various

symbols employed in the description of the strains and their properties.

II. Finite Strain

In what ¢ shall adopt in general the notation employed
by Truesdell and Tbupin(S) in their classic treatise on continuum

mechanics, with a few exceptions such as, for the Lagrangian and

- Eulerian strains we shall use the notation commonly used by high




b

B-

(6-12)

pressure physicists . Rectangular Cartesian coordinate

system will be used for the description of the initial and final con-

figurations of a deformable body.

Let the coordinates of a particle in the initial or unstrained state
of the body be (al, ays a3), and in the final or strained state be
(xl, X5s x3). Thus the deformation of the body is known if x., X5s
x3 are known functions of al, a2, a3; 1.8,

x, = x,(a), 8, 33) (1)

This is a transformation from 815 85, a3 to Xys Xy x3. The unstrained
coordinates a; which identify the particles are called materials

coordinates. A description which like Eqn. (1) uses a, as independent

i
variables is called a material description. Instead if one uses xg

a8 independent variables, as
a; = a,(x), x,, x3) (2)
then such a description is called spatial description.

Consider an infinitesimal line element connecting a particle P (al, 85 a3)

]
to a neighbori .g particle P (a.l + dal’.az + da,, a3

of the length dsa of PP' in the initial configuration is given by

2 2 2 2
ds, = da] + da, + dal = GiJ da, daJ (3)

+ da3). The square

When P and P' are deformed to the points Q(xl, X5s x3) and Q'(xl + dxl,
x5 + dx,, Xy + dx3) respectively, the square of length dsx of the element

QQ' in the final configuration is

2 2 2 g .
ds) = dx; + dx; + dxJ 613 dx, de (&)




The difference between the squares of the lengths may be written,

either as
9x, ox
g gk o e e
dsx - dsa = an 3“k GJk daddak (5)
or as
da, da
2 .2 b o
o 63k B axJ ax, e (6)

We define the strain components

(Bx 9x,
“k"'%ﬁia_l"sjk (1)
J by &
(
da. da
1 p S
. . sk b
Jk 2 3 Jk axJ X,
Thus, niJ and eiJ are strain components in the coordinate system &
(materials coordinates) and x, (spatial coordinates), respectively.
In Truesdel and Toupin's notation(s) ni‘1 and eiJ are denoted by EiJ
and eiJ’ respectively. Truesdell and Toupin call the two sets of
9x da
quantities 38 and % deformation gradients in the material and
J J

spatial descriptions, respectively. Define the deformation gradient,
# (13) by

Falx; r_ e=t, (9)

¥ is assumed to have an inverse, which will be denoted by g: ¢ = f'l.

By the polar decomposition theorem(lh), ¥ has two unique multi-
plicative decompositions
F=RU,F=VR (10)

in which R is orthogonal, and U and V are symmetric and positive

——
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definite. These are called, by Truesdell and Noll, the rotation

tensor, and the right and left stretch tensors, respectively. Then

the right and left Cauchy-Green tensors can be defined by

2 2
T =FF , 3V =7F = R (11)

Another strain tensor will now be defined
1
=3 =87

: is called the Cauchy deformation tensor

(15)'

are, respectively,

3x, 9
L 2 R Tk
ciJ = (F F)iJ = FkiFkJ 5;;-5;;

da, da,
“ki%y T Bx Ox

and

c (GTG)iJ

i

Now we can write the strain components niJ and €

and :, respectively as

9% Oy

Niy = %’ 3, 9, " T %'(Cia
da,_ 9
and €y =% [Gid '%%}=%(615
Hence :
f=2@-1)
and €= %‘(l - 2).
(16) =

(12)

Components of ¢ and e

(13)

(14)

->
in terms of C

i)

- 613) (15)
- ciJ)- (16)
(17)
(18)

According to Truesdell and Toupin n and E are called the Green-

Sv. Venant strain tensor and Almansi-Hamel strain tensor, respectively.

But amongst the high pressure experimentalists the commonly used ter-

minology for ﬁ and E are the Lagrangian and Eulerian strain tensors,

respectively.




B-T

Davies(17) has recently defined another set of strain tensors,
> > -+ -+
b, D and E analogous to the Cauchy deformation tensor ¢, Lagrangian
strain tensor ﬁ and the Eulerian strain tensor E, respectively.
The strain tensors 6, Z, ﬁ, and E and their analogues can be written

in parallel as the following:

T8 -FF  , 3-V -8 (19)

b= E‘l - &8 ; e = ﬁhl = 8% (20)
<> X +__];

n=z@-1 ; b=3@E-1) (21)
t= %-(1 “BkS g €= %-(1 - S5 (22)

At this point it is important to point out that Davies(IT) in
his first article has denoted the Cauchy deformation tensor ° and its
analogue E by 3 and.g;respectively. Further, E and E have been de-
noted by Davies(IY) as e and 3, respectively, whereas Thomsen(lo)
denotes E by E.

It is seen that the strain tensors on the left column of Eqns.
(19-22) are functions of U and are referrei to the initial or un-
deformed state, whereas those on the right column are functions of
V and are referred to the final or deformed state. It is required, by
the principles of classical physics, that all constitutive equations
(18)

must be invariant under changes of frame of reference. The

principle of frame-indifference (or invariance) of material properties
has been fully discussed by Truesdell and 3011(19) and a useful review
on the frame-indifference requirements for strain tensors is also given
by Duvies(IT). It has been shown that any strain tensor which depends

on ﬁ is frame-indifferent; conversely one that depends on V is not
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frame-indifferent. Therefore, all the strains defined on the left
column of Eqns. (19-22) are frame-indifferent, whereas those on the
right are not.

By the principle of frame-indifference, the strain tensors can
be classified into two classes: material strain tensors which are
invariant under changes of frame of reference and spatial strain
tensors which are not. The Lagrangian strain tensor ﬁ is an example
of a material strain tensor, and the Eulerian strain tensor, E; is
an example of a spatial strain tensor. The use of the non-frame-

(7, 20-21) nh

indifferent Eulerian strain tensor E by earlier workers
not usually led to errors because of the special situations considered
by them, such as the case of isotropic material under hydro-

(11)

static pressure. Davies has emphasized that the frame-indifferent
analogue E of the Eulerian strain E should in general be used rather
than ;. However, for the special case of isotropic material under

(22)

hydrostatic pressure Truesdell and Toupin have shown that E = g
and thus the invariance condition is trivially satisfied.

Hence for the problem of interest in our case, i.e., for liquids
under hydrostatic pressure, E = E and it is seen from Egqns. (21)
and (22) that

(Q+2m)=(1-28"1=(1-20)"2 (23)

In terms of specific volume, for the case of isotropic strains,

the Lagrangian strain n is given by

3hby XEi*
n=3 (V;) -1] (24)
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and the Eulerian strain € by

1 v 2/3
EEs:E[l-(Vg) } (25)

On the other hand, Eqns. (23) and (24) can be written in terms of the

volume strain AV/V0 as

sa- (26)

and AV = (1-20) Y% 1, (21)

where AV ¥ =¥p
Vo Vo £

To third order, the power series expansion of Eqns. (26) and (27)

are, respectively,

AV _ - G B

Ve L ogh =EU e e
and AV _ 152 0315 3

it e SO (29)

III. Results and Discussion

As mentioned in the last article, precision interferometric
measurements on a number of liquids at high pressures reveal that the
refractive index increases with pressure with pronounced nonlinearity
in every case. The present studies reveal that the major canse for
thie nonlinearity is the nonlinear stress-strain relationship. For
example, Fig. 1 shows a representative graph of the variation of
refractive index An with volume strain for the case of water. Gibson

and Loeffler's P-V data(23) on water and the Tait's eqpation(ah) of
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state were used along with An vs P data discussed in the earlier
article, to arrive at Fig. 1. Even though it is not shown here the
An vs AV/Vy curve for water is essentially the same when Bridgman's
P-V data is used instead of Gibson and Loeffler's data, or when any
of the various equations of state prevalent in the literature is used
instead of the Tait's equation. Exactly similar statements can be
made with regard to the variation of refractive index of all the other
liquids as well, which have been studied thus far. In every case the
grossly ncsliinear behavior observed in An vs P relationship is con-
siderably reduced when the same data on An are considered as a function
of the volume strain. Further, it is found that the sublinear An vs P
relationship becomes a superlinear An vs AV/V, dependence.

From Eqns. (28) and (29) it is seen that the volume strain
AV/V, itself is nonlinearly related to the Lagrangian and Eulerian
strains. Hence, the dependence of An on these two strains were next
considered for all the above liquids. Figs. 2-T7 show representative
results obtained on one liquid--water; the results for the other liquids
are again very similar and hence are nof presented. Bridgman's early

(25)

P-V data on water wereused to calculate the volume strain; and

for computation in between the P-V data points the Tait, first-order

(26) (27)

and Keane equations of state were used in Figs. 2-4

Murnaghan
respectively. Figs. 5-T represent similar set of curves for water

except that the Bridgman's later P-V data(aa)

were used in these cases.
In all these figures the change in refractive index of water is plotted

both as a function of the Lagrangian strain n and the Eulerian strain €.
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It is seen that in every case the nonlinearity is much smaller
than that in Fig. 1. and that the Eulerian representation yields in
every case a much larger range of strain over which linear relation-
ship appears to hold good. Comparison of Figs. 2-4 with 5-7 reveal
that the use of more accurate P-V data extends the linear An - €
dependence range of strain. In other words, irrespective of the
source of P-V data used to compute the strains, the Eulerian strain
appears to yield a larger range of linear relationship with An.

Here it must be pointed out that exactly similar results were obtained
when the piezo-optic data on water were analyzed using the other
equations of state, such as the first- and second-order Birch Equa-

(29) (29)

tions , Second-order Murnaghan equation

Modulus equation(30). Again, these conclusions are found to be true

and the Linear Secant-

in every liquid studied thus far, namely - liquids of long chain
molecules (n-alkanes), planar molecules (benzene and chlorobenzene),

nearly spherical molecules (carbon tetrachloride), polar (water,

methyl alcohol) and nonpolar molecules. §

Thus in summary, we can state_that'the Eulerian representation |
yields a much larger range of strain over which a simple linear rela- |
tionship between An and € is obtained irrespective of (i) the nature
of the liquid (ii) the equation of state used to compute the strain
and (iii) even the source of the P-V data.

From this one might be tempted to conclude the Eulerian strain
is a more useful strain measure than the Lagrangian strain. But

(1)

such a conclusion would be erroneous as has been pointed out by Birch

and Truesdell and Toupin(za), for a particular problem a particular

choice of strain measure may be helpful in yielding a simple mathematical
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expression and that a generalization from any one such example is not
warranted. In other words, it is Just a matter of convenience to
choose an appropriate frame of reference so that the results can be
expressed by simple compact expressions.

Birch further has analyzed all the published data on compressi-
bility and its variation with pressure on a large number of elements
as well as inorganic compounds and finds that the use of Eulerian
representation of the strain does indeed yield a simple relation to
express the elastic behavior of these solids, even though the density
is more than doubled in many instances. The present studies reveal
that the elasto-optic behavior of liquids can also be expressed by a
simple linear relation between An and the strain, if the Eulerian
frame of reference is employed to evaluate the strain.

The elasto-optic coefficient p(dn/dp) is given by
p 2] = - an/(aV/Va). (30)

From Fig. 1 it is seen that the slope (f the curve between An and the
volume strain is not constant. Hence p(dn/cp) is also not constant over
the entire stability range of the liquid. In the case of solids(z—h) it
may be recalled that p(dn/dp) was found to be constant over the range of
pressures employed. But solids being relatively incompressible the total
volume strains involved never exceeded 9%, whereas in the case of liquids
the corresponding values of volume strain are as large as 33%. Conse-
quently it is not surprising to find that p(dn/dp) is not constant in the
case of liquids where the strains are much larger than 9%. Hence in
further discussions of the piezo-optic behavior of liquids, we will deal
mainly with the variation of An with dengity rather than the behavior of

p(dn/dp), and this is presented in paper III of this series.
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Figure Captions

Variation of refractive index of water with volume strain.

Variation of refractive index of water with n, the Lagrangian
strain and €, the Bulerian strain. Strains computed with

the help of Tait'sEquation!Z2 using Bridgman's earlier

P-V data(25),

Variation of refractive index of water with n, the Lagrangian
strain and €,the Eulerian strain. Strains computed with

the help of first-order Murnaghan Equation(26) using
Bridgman's earlier P-V data(25),

Variation of refractive index of water with n, the Lagrangian
strain and €,the Eulerian strain. Strains computed with

the help of Keane's Equation 21 using Bridgman's earlier

P-V data(25),

Variation of refractive index of water with n, the Lagrangian
strain and €,the Eulerian strain. Strains computed with

the help of Tait'sEquation(24) using Bridgman's later P-V
data(zag.

Variation of refractive index of water with n, the Lagrangian
strain and €, the Eulerian strain. Strains c?mputed with

she help of first-order Murnaghan's Equiation 26) using
Bridgman's later P-V data(28),

Variation of refractive index of water with n, the Lagrangian
strain and €, the Eulerian strain. Strains computed with

“he help of Keane's Equation(27) using Bridgman's later P-V
1ata(28),
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PIEZO-OPTIC BEHAVICR AND THE EQUATION OF STATE OF LIQUIDS*
K. Vedam and Pichet Limsuwan

The Pennsylvania State University
University Park, Pennsylvania 16802

INTRODUCTION

Consider the piezo-optic behavior of materials in their transparent
region of spectrum. In the case of solids such as alkali-halides[l],
u-quartz[z], vitreous silica[3], etc., the relationship between the change
in refractive index An and pressure becomes siightly nonlinear at high
pressures (say above 5 kbars), but the same data exhibit perfect linear
relationship between An and the Lagrangian strain n in the entire range of
pressures studied. In the case of liquids such as water and CCla, as men-
tioned in a previous article[4], An is grossly nonlinear with pressure, and
An vs n is linear only at strains less than 2 or 3%. Motivated by the
linearity of An vs n for the solids, one can view the nonlinearity of the An
vs N for the liquids as possibly caused by (i) unreliable P-V data used to
evaluate n, (ii) use of an inappropriate equation of state for the liquids
when extrapolating and interpolating literature P-V data to cover our entire
14 kbar pressure range, (iii) nonapplicability of Lagrangian strain as a
strain measure at our very high strains and (iv) perhaps intrinsic nonlinearity
of An with respect to all strain measures for liquids. Investigation into
these possibilities was made with high pressure interferometric measurements
on a number of liquids under hydrostatic pressure and the results and con-

clusions are presented here.

*
To be published in Proc. 6th AIRAPT International High Pressure Conf.,
Boulder, Colorado (1977). ;
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DEFINITION OF VARIOUS STRAINS
: 5 6,7 :
Thomsen[ ] and Davies[ ] have recently reviewed the significance and
properties of the various representation of strains, in particular the

Lagrangian (n) and the Eulerian strain (€). 1In brief, for the case of

liquids under hydrostatic pressure, we have

2/3
e b i .
n-= 3 v 1 s (D)
o
: Vo 2/3 Vo 2/3
E=§ 'v— -1 =71 v . (2)

where Vo and V are the initial and final specific volumes. As Truesdell

and Noll[s] have shown, the Lagrangian or the "material" strain is rotationally
invariant, i.e., invariant under changes of the frame of reference, whereas

the Eulerian or "spatial" strain does not in general satisfy this invariancy
criterion. Hence, to overcome this limitation of €, Davies[6] has emphasized
that the frame indifferent analogue, E, of the Eulerian strain € should be

used rather than €. However, for the special case of isotropic bodies under
hydrostatic pressure E = € and the invariancy condition is trivially satis-
fied. Thus for the liquids in our hydrostatic pressure experiments, one can

conveniently describe a frame-invariant strain at any pressure in either the

Lagrangian representation or the Eulerian frame - indifferent analogue

representation (which here is identically equal to Eulerian strain). These

strains can be evaluated by using an appropriate equation of state to

————
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extrapolate and interpolate experimental P-V data to cover our entire 14

kbar accessible pressure range.

EQUATIONS OF STATE
The equations of state, for liquids and solids, that are widely used
in the literature[g’lo] contain two or three parameters; bulk modulus plus
first and sometimes second pressure derivatives of the bulk modulus. Since
these constants cannot always be obtained with high accuracy from even the
best available data[g], they were evaluated for cur studies by least squares
fitting each equation of state to literature P-V data for each liquid. The
standard error of estimate of each fitting was used as an indication of the
ability of each equation of state to describe that particular liquid. 1In
addition, where more than one source of P-V data was available for a liquid,

the standard error was used to rank the reliability of each P-V data set.

RESULTS AND DISCUSSION
Table I presents some of the experimental results obtained on a number

[4’11]. In every case

of liquids by the high pressure interferometric method
except n-pentane the maximum pressures listed were determined by the freezing
of the liquid at the stated temperature. Figure 1 shows a representative
graph of An vs strain, for water evaluated from the P-V data of Adams[lz] and
the 2nd-Order Murnaghan equation of state. It is seen that An increases
truly linearly with the strain parameter E for the entire stability field of
water in the liquid phase, but that An vs n is linear only below about 3%

strain. Similar results were obtained with every liquid studied thus far.

It is found that the range of linearity between An and strain is much larger

when using the strain E instead of n. This is true for each and all equations
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of state fitted to all P-V data of all the liquids studied. (Note that we
will later show that three equations of state gave truly linear plots of An vs
E over the entire 14 kbar pressure range for all liquids studied).

An important result of this work is that we have experimentally shown
for the first time that E is a more useful strain measure than the Lagrangian
strain n. Identical conclusions for the usefulness of E over n were theoretically
deduced by Davies[6] from both the ultrasonic data on the pressure dependence
of the elastic moduli and the Hugoniot shock wave data for MgO.

Table II compares the fit of An for water to various degrees of poly-
nomials in E for six of the widely used equations of state discussed in the
literature. It is seen that a good linear reiation between An and E is
obtained with the Tait, 2nd-Order Murnaghan, 2nd-Order Birch, and Keane
equations of state as evidenced by the value of the sum of the squares of
the residuals as well as the standard error of estimate. The other equations,
including those not listed there (such as Bridgman equation, etc.) yield poor
linear fit and require higher order polynomials in E.

Similar analysis with the other liquids show that only three equations
of state give a good linear relation of An with respect to E for all liquids.
They are the 2nd-Order Murnaghan, 2nd-Order Birch, and the Keane equations of
stat . Anderson[lB], and Chhabildas and Ruoff[la] have shown that of all the
equations of state reported in the literature, only the Keane's equation
yields physically as well as thermodynamically meaningful values on extra-
polation to very high pressures. Hence the Keane equation is preferred over
the other two that gave linear An vs E plots.

It is one of the more important results of our experiments that a single
equation of state, Keane's equation, is found to give an excellent linear fit

between An and E for all the liquids studied, irrespective of the nature of

B




the liquid, whether polar or nonpolar and whether composed of spherically
symmetric, or planar, or long chain molecules and even though the volume
strain involved is as high as 33%.

The linear An vs E relationship implies nonlinear relationship between
On and volume strain and thus failure of Gladstone-Dale, Drude, Lorentz-Lorenz,
Eykman equations since these equations assume constancy of polarizability.
The present studies clearly indicate that pclarizability is dependent on the

volume. This aspect will be dealt with in detail elsewhere.

CONCLUSION
Interferometric measurements on a number of liquids at high pressure
(to 14 kbars) show (i) first experimental proof that the Eulerian frame-
indifferent analogue strain E is a more useful strain measure than the
Lagrangian strain, (ii) Keane's equation of state best describes each and
all liquids studied, (iii) change in refractive index vs E is linear for all

liquids, even though the volume strain involved is as high as 337.
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NOTATION
A,B,C = constants
E = frame indifferent analogue of the Eulerian strain €
n_ = refractive index at STP
An = change in refractive index

P = hydrostatic pressure
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V = specific volume at pressure P
V = initial specific volume

AV = change in volume

€ = Eulerian strain

A = wavelength of light

n = Lagrangian strain
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Figure 1.

FIGURE CAPTION

Variation of refractive index of water with Lagrangian

and strain paremeter E.
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