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L ABSTRACT

The purpose of the Air Force freight distribution system is to meet 3

spare parts demand requirements at minimum cost. Budgetary constraints
; have;suggestédafhat total expected backorder level for items at user in-
stallations be minirnized,“subject to a given dollar expenditure level for
inventory investment. LE)GAIR (a dedicated Air Force air transport ser-
vice) is 2 major transportation sub-system to support spare parts delivery
requirements of users of high priority items. A two-echelon inventory

system for spare parts delivery exists with centralized, specialized in-

i

ventories at &héLAir Logistics Centers (ALCs) and decentralized, broad
profile inventories located at user installations. LOGAIR provides trans-
port with low order and ship time to reduce resupply time in the mainten-
ance of inventory safety levels at user bases > A systems approach is

S S 7% Ao muadoted
used to formulate a cost/benefit modeléwh:.ch Tecognizes the impact of

the Air Force resupply system upon\the’ total spare parts distribution
mteﬂ{@i;n terms of total inventory investment level, total system cost,
and backorder level. Given a total expenditure level available for alloca-
'gf'; tion between inventory investment and transportation, the problem is to

determine the optimal fractional allocation to be made to transportation

(the remaining fraction to be allocated to inventory investment) such that
total expected backorder level is minimized. AA concepm{rgﬁxework

for trade-off analysis for minimizing total system cost in terms of inven-

i tory investment level and resupply time level for a given backorder level

is presented. \ This conceptual framework also allows for the minimization
of backorder level in terms of inventory investment level and resupply

time level for a given total dollar expenditure level. Queueing models
exhibiting various demand and resupply processes are explored and com-
pared to determine the impact of inventory investment level and resupply
time level upon backorder level. Specific solution procedures are developed

for and are applied to the trade-off analyses mentioned above.
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SECTION 1
INTRODUCTION

The purpose of the Air Force freight distribution system is to meet
spare parts demand requirements of user installations at minimum cost.
Budgetary constraints have suggested that total expected backorder level
for items at user installations be minimized subject to a given dollar ex-
penditure level for inventory investment. LOGAIR (a dedicated Air Force
air transport service) is a major transportation sub-system to support
spare parts delivery requirements to users of high priority items. A
two-echelon inventory support system for spare parts delivery exists with
centralized, specialized inventories at the Air Logistics Centers (ALCs)
and decentralized, broad profile inventories located at user installations.
LOGAIR provides transport with low order and ship time to reduce resup-

ply time in the maintenance of inventory safety levels at the user bases.

The total systems problem is to determine an optimal logistics
support system considering the cost trades-off which are possible among
inventory, repair and maintenance, and transportation sub-systems as
well as management policies regarding procurement and level of service.
Within this framework, the transportation system is to be developed to
utilize available transportation modes in servicing requirements in a
timely, cost-effective manner. Any mode which is dedicated to Air Force
needs (LOGAIR, truck) must be defined in detail to include route specifi-
cation, vehicle schedules, and managerial procedures. Thus, a systems
approach is proposed to explore formulation of a cost/benefit model which
recognizes the impact of the Air Force resupply system upon the total
spare parts distribution system in terms of total inventory investment
level, total system cost, and backorder level. This approach recognizes
that the purpose of expenditures for transportation is to reduce resupply

time in the support of inventory policy designed to meet user needs.




Implicit in the approach taken by any inventory model is the assump-
tion of the existence of a transportation system capable of delivery of an
order and ship time (O&ST) profile which makes up part of the resupply
time required for input to the model. The Air Force freight transportation
system is supposed to provide timely delivery of inventory items to users
from the supply depots and to ship items from the user installations back
to the depots for repair. A transportation system with low average order
and ship time levels should yield correspondingly low levels of required
inventory investment at a cost which is small compared to any resultant
savings in inventory investment. Another purpose of the transportation

system is to minimize resupply time in the event of a stockout.
The problem then becomes:

Given a total expenditure level available for allocation
between inventory investment and transportation, what
is the optimal fractional allocation to be made to trans-
portation (the remaining fraction to be allocated to
inventory investment) such that the total expected back-

order level at the user installations is minimized?

In this allocation, it is assumed that expenditures are to be expended in
an optimal fashion. Inventory models which can treat consumable as well
as recoverable items are to optimally allocate total inventory investment
among supply depots and user installations subject to a given input O&ST
profile. A transportation network and mode selection model can be re-
quired to optimally utilize a given transportation expenditure level to
yield an optimum O&ST profile that minimizes average O&ST level experi-
enced within the network. Or, conversely, a transportation network and
optimal mode selection model might be designed to meet specific O&ST
standards for all shipments in such a fashion as to minimize total trans-

portation cost.

The above approach ignores maintenance and repair costs and other

costs associated with other segments in the resupply cycle. Expenditure
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levels in these areas are assumed to be optimal in relation to the total
expenditure level allocated for inventory investment and transportation.
In principle, a methodology could be developed to include optimal alloca-

tion of resources to other segments of the resupply cycle.
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SECTION 2
GENERAL MATHEMATICAL STATEMENT OF PROBLEM

Let [NB] be the expected number of backorders for a given single

investment (recoverable) item. [NB] can be written
(N1 = [NB(N.D)] , 2. 1)

where
N = total number of recoverable items including those installed,
P = A e = )\TP. = ratio of item demand rate to item resupply rate,

X item demand rate,
!

Tk = mean time between demands,
1

" = £ resupply rate,

K
mean resupply time.

=
'I

The total cost associated with maintaining the inventory/resupply system

can be written

C = C(N,p) . (2.2)
Suppose it is desired to maintain a given "safe'' backorder level so that
] = N ©) (2. 3)

o)
where Né ) is a specified constant, and the objective is to minimize sys-

tem cost. Then the problem becomes
minimize
C-= C(N.D)
subject to

e
[Ng(N,p)] = Ny (2. 4)

2-1




To facilitate discussion, assume N and p to be continuous variables; the

generalization to the case where N is discrete can be achieved through

usage of first difference operations for discrete variables.
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(2. 7)

afw 3[n '
( BJ > 0 _.'.:_.3;]- < 0, (AQ > 0, and (—g—c-) < 0.
P N N 0 oN 0 o] N
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Thus,
8 =% (35) 8o (2. 10)
[ng]

and

3N
N = + (-g)céo * (.11}

which implies

N

If equation (2. 12) and equation (2. 4) are solved simultaneously, then solu-
tion values of (N, p) are obtained which minimize system cost C(N, p). If,
on the other hand, backorder level is to be minimized subject to a given

total dollar investment level so that

C(N,p) = CO (2. 13)

then equation (2. 12) and equation (2.13) are solved simultaneously to ob-

tain the desired values of (N,p).

In order to determine the optimal (minimum) system expenditure
level to be allocated between inventory investment level (N) and resupply

time level (Tp. = pTX), the following functions must be determined:

] - @] > o (2. 14)
gl(Nlp) e éﬁ}l) < 0 ’ (2.15)
o]
3N '
g2(N,p) = ([32]) > 9 (2. 16)
N
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g;\N,p) = (g—g-)t_n 0 (2.17)
)

C = C(N,p) L T (2. 18)

8, (N,p) -(%g-)p > o , (2. 19)

g8;(N,p) = %g)u < g, (2.20)

g (N,0) = (%)c > 6 . (2.21)

The determination of relations (2. 14) through (2. 17) (STUDY NO. 1)is a
study of the impact of inventory investment level (N) and resupply time
level (Tp. = ka) upon backorder level. The determination of relations

(2. 18) through (2.21) (STUDY NO. 2) is a study of the impact of inventory
investment level and resupply time level upon total system cost. The
results of STUDY NO. 1 and STUDY NO. 2 can be used to determine
optimum allocation of resources between inventory investment level and

resupply time level as outlined above.

Note that the resupply time Tu is given by

T = (repair time) + (transportation time) + (administrative time for
processing shipments).

If the subject of interest is the impact of transportation time upon total

system cost and required inventory investment level, then the cost function

2-4




C(N, p) need only include costs associated with inventory investment level
and transportation ship time level, where a differential change in

o (5 =\87 ) is considered to be due to a differential change in transporta-

tion ship time level.

The above problem formulation is generalized to include base level
repair and depot level repair (which results in the inclusion of transporta-
tion time as part of the resupply time), the interaction of more than one
base with a single depot, and can be modified to include the interactions
due to movement of many investment and consumable items in the trans-
portation pipelines among user bases and supply depots. If desired, the
impact of administrative processing time and/or of repair time upon total
system cost in relation to resulting required inventory investment level

can also be determined using the conceptual procedure outlined above.
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SECTION 3
DEMAND AND RESUPPLY PROCESSES IN INVENTORY MODELING

When dealing with failures of units in operation it is reasonable to

assume that

1. The probability for a given unit in operation to fail in any parti-
cular operational time interval of arbitrary size is the same for
all identical operational units;

2. The fact that a given unit in operation has failed in a given opera-
tional time interval does not affect the probability that other
identical units in operation may fail in the same operational
time interval (independence of failures);

3. The probability for a given unit in operation to fail during a
given operational time interval is the same for all operational
time intervals of equal arbitrary size (the mean operational
time to failure is long compared to the total operational
time period of observation) no matter when in time the failure
takes place (time independence of failure rate).

The above conditions are necessary and sufficient to define the probability

for failure of a given unit in operation during a given finite operational

time interval t. Thus for small At, let
AAt = probability for failure of an item in operation during (3.1)
the operational time interval At , "
and
1 - AAt = probability of a given unit in operation for not failing (3.2) ;
during the operational time interval 4t i

i . If P(t) is the probability that a given unit in operation does not fail during

a finite operational time interval t, then

; P(t + At) = (1 - AAt) P(t) ’ (3. 3)
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so that

dB(e) . g4p R XAE) =RCE) o _ap(e) (3.4)
dt At » 0 4t
(7, A o - EE
r Ae ’ (3.5)
Be) = o5 2 (3.6)

The above results apply to a single unit in operation and are independent
of the number of units in operation in the system. If, in addition, one
requires that
4. The total number of units in operation and the total number of
equal arbitrarily chosen operational time intervals are large
(making statistical averages significant),
then the failure process is Poisson. If the probability for observing m

failures in an operational time t is given by Pm(t), then

(3. 7)

. >ui
Pm(: + At) = ,Pm(t) (1 - A\t) + Pm_lu:)m: & «>m

P,(t + At) = B (£)(L - AAt) ' BE0 s+ (5.8

Thus when At = 0, one obtains

3P _(t)

0 Ao : m=03; (3.9)
— AP (t)
MO ®>m21. (3.10)

= - um(g) +,>‘rn_1(:) ’

i
B
?
!
3
]
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Application of standard techniques obtains

m =-At
Pm(t) - _(_X_t_)__G___ ’ 0L£m<® (3.11)

m!

It is observed that the Poisson process only applies if the number
of units in operation is very large, or if as soon as a unit fails, it is
immediately replaced (resupply time = 0) by an operational unit. If no
backorders occur (i.e., there always exists sufficient servicable units
in stock available for necessary immediate replacement of failed units),
then the Poisson failure process applies; when backorders are allowed to
exist for time intervals of significant duration, or if replacement time is
significant, then the Poisson failure process does not apply. Thus while
exponential operational failure times may be assumed, in general a
Poisson failure process cannot be assumed without careful investigation

into the nature of actual resupply times.

Assume that probability to complete a service on a given unit satis-

fies the following conditions,

1. The probability for a given unit in service to complete service
in a particular time interval is the same for all identical units
in service being served by identical servers;

2. The fact that a given unit in service has completed service in a
given time interval does not affect the probability that other
units in service in other servers may complete service in the
same time interval (independence of service completion times);

3. The probability for a given unit in service to complete service
during a given time interval is the same for all time intervals
of equal size (the mean time to complete service is long com-
pared to the total period of observation) no matter when the
service completion takes place (time independence of service
rate);

4. The number of units in service does not affect the probability

for completion of service for an item in service.

3-3
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The above conditions are necessary and sufficient to define the probability

for completion of service for an item in service during an arbitrary given

time interval t. Thus, for small At let

LAt = probability for completing service for an item in (3. 12)
service during At , -
1 - pAt = probability for not completing service for an item (3. 13)

in service during At.

An argument similar to that given above for failures obtains exponentially
distributed service times. (Note that if the number of units awaiting ser-
vice for a given single server were always non-zero, then the number

completing service in an arbitrary time interval would be Poisson distri-

buted. )

In applying servers with exponential service times in modeling the
resupply process, the nature of the server configuration is extremely

important. A few possible models for resupply are given below.

If a single level resupply system function is assumed, then resupply

can be described by a singly indexed resupply state so that

By = BE 0<n<n " (3. 14)
By = Prax® b B B NG (3. 15)
isa =8 o (3. 16)
where

= resupply rate when n units are in resupply,

p.n = constant = resupply rate when a single unit is in resupply,

nmax = number of identical parallel servers assumed,
N =  total number of units in the system (including installed,

stock, and resupply items).

3-4




The single index for resupply is n, the number of units in resupply.
Note that when nmax = 1, then a single server model is assumed, and
when n > 1, then a multiple server model is assumed. Ifn is
max max
chosen so that n = N, then no service queue is formed; if n < N,
max max

then service queues do form.

For a dual level resupply system (two level resupply; e.g., base
level and depot level) two server models may be postulated. The first

is described by a resupply state with a single index so that

= : 0<n s g 3. 17
fa =~ i ®max g ( )
= < < 3.18
k, =B Ky AT ( )
l1<n <N ; (3. 19)
max
pEfy +fu ; (3.20)
TR Pl
where
f: = probability for level | resupply (e.g., base level resupply),
f 4 = probability for level 2 resupply (e.g., depot level resupply),
£, 0 E, = 1,
®y = resupply rate for one unit in level 1 resupply,
T = resupply rate for one unit in level 2 resupply.

Again the single index for resupply is n, the total number of units in re-
supply. The form for the above dual level resupply is identical to that
for single level resupply except that the effective service rate p is given

in terms of a weighted combination of u;, and y, .

A second approach to model a dual level resupply system is to use

a two index resupply state. The description of resupply rates is given by

(1)

My T oomy ’ 0Osasa .
(3.21)
1
ué)' “maxt1 Ongx $ & £ X .
3-5
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4 _
) = sy, ' PERE R s
(2) :
Mg Bmxuz > Bm SBESN : (3.21)
ws fu + £, £],+£, =1
where
pél) = resupply rate for level 1 resupply when G units are in
resupply at level 1,
péz) = resupply rate for level 2 resupply when 8 units are in
resupply at level 2,
(o3 = number of units in resupply at level 1,
= number of units in resupply at level 2,
a+B = n = total number of units in resupply, 0 s a +8 =n< N,
>y = probability for level 1 resupply,
f 4 = probability for level 2 resupply,
. : a = assigned number of identical parallel servers at level 1,
= max
lsa < N,
£S5 max
B 8 = assigned number of identical parallel servers at level 2,
max
1<8 SN,
max
: = resupply rate at level 1 when one unit is in resupply at level 1,
B, = resupply rate at level 2 when one unit is in resupply at level 2,
N = total number of units in the system (including installed items

as well as items in resupply and in stock).

The two index resupply state is labeled by («, 8), the number of resupply

items at level 1 and the number of resupply items at level 2, respectively.

} In the single index resupply state models given above, the arrival

rate for resupply (failure rate) can be modeled by

A = mA\ ' my SMSN (3.22)

3-6
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(3.23)

or equivalently by

where

> B
"

g >

N —

In the two index resupply state model, the arrival process can be

described by

A = mA ~ 0<Sn<N-m ; (3.24)

A = (N-m) , N-m+1<nsN; (3.25)

number of units in resupply,
resupply arrival rate when there are m units installed,
resupply arrival rate when there is one unit installed,

minimum number of installed items resulting in meeting total
operational requirements with installed units operating at

full capability (when m > m,, then total operational require-
ments are met with installed items operating at less than

full capability; when m < m, total operational requirements are
not met with installed items operating at full capability),

P e

total number of units in system.

i
Ai‘) - fmA , m<mEN, t
ASY s g, msmiw,

N e 2w , ocswmgw, (3. 26)
. i
A; ) = fzm.l s 0<m<m, :




where
A = failure rate when one unit is installed,
Al(nl) = resupply arrival rate for level 1 when m units are installed,
At(:) = resupply arrival rate for level 2 when m units are installed,
£, = probability for level 1 resupply,
f, = probability for level 2 resupply,
m = number of installed units,
m = minimum number of installed units resulting in meeting

total operational requirements.

e o
o

(1)

Define 7 4

to be the resupply arrival rate at level 1 when the total num-

(2)

ber in resupply is n and sy to be the resupply arrival rate at level 2

when the total number in resupply is n, 0 <n = @ + 8 £ N. Then

|
|
|
|
|
|
|
I
|

né‘) = fmA 0<nsN=-m; (3.27)
B | e T Gsnzn-a s (3. 28)

Al e g, Nomslsiashi (3.29)
n?) - g@-wr, N-m+lsncW. (3. 30)

n

The state transition probabilities for a singly indexed resupply

state are given for nmax = N and u.n =nu, 0 €n <N (to first order in At) by

P,(t +At) = P ([l -m)ac] + P.(ed{ute] , a=0 3 (3.31

3-8
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P (e +4r) = Pn(t)[l - mMAt - npAt] + Pa(®)[(a+ Lpae] + Pn-z(‘)fmom‘:] g

O<n§N-m°; (3.32)

Pn(t + At) = Pn(:)fl - (N - D)\t - nuAt] + Pn_’_l(:)[("g + 1)pAt]

'

+ Pn_l(t)[(N -n+ 1)Mte] ,

N-mg+1l<an<N ; (3.33)

Pt +4t) = Po(e)[1 - NuAe] + Py (®)[Mae] a=N . (3. 34)

The differential equations which result when At = 0 and the corresponding

steady-state solution are given in the section eutitled "Conservative

o

il
s

Parallel Server Inventory Model. "

When “'n =uforn>1and un =, 0 for n = 0, the state transition proba-

bilities for a singly indexed resupply state are given (to first order in At) by

P (t +At) = P (£)[1 - mMt] + P (£)[uAt] " n=20; (3,35)

Pn(: + At) = Pn(:)[l - m Mt - pAt] + ?u+1(:)[uA:] + Pn_l(t)[mokﬁt] .

o<usu-mn (3. 36)

P (t+A4c) = Pn(t)[]. < (N = n)Mt - puAt] + Pn“(t)[uA:]
+ Pn-x(t)[(u - n + 1)Mce] |

N-emy+1l<a<N ; (3.37)

3-9
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Py(e + 8t) = Po(e)[1 - wae] + 2y (e)[Aae] ,

n=N. (3. 38)

The differential equations which result when At + 0 and the corresponding

steady-state solution are given in the section entitled '"Conservative Single
Server Inventory Model. "

The two index resupply state model is described (to first order in
At) by

PG,B(t +At) > PQ,B(t) [l -n(_’g At - (:g At - ( ) At - (Z)AtJ

+B, g0 ad +r_ @InG) ag

+ P 841 (t)[u6+)Ac] +P, 8 (t)[na"'ﬂ IACJ, (3. 39)

k. OLat+*B8=ngh,
&

where

Pa.p®

0 when ¢ < 0 or when 8 < 0,

The differential equations obtained when At = 0 are

¥ _ ,(t) 1
et 1 L R N
i ué:')x Py ger (B + foie () + oD

C!+B-1 a-1,8 nQ+B 1 QOB“ (e) »

(3.40)

0O<a+p8 =nc<N,




The two index resupply state system described above is one that
most closely describes the two-echelon inventory system currently adopted
by Air Force management [88, 89, 104] and is of major usefulness in the
trade-off analysis described earlier in this document. Below is diagram-
med the conservative two level parallel server inventory model, and a
mathematical treatment showing the equivalence of this model to the

singly indexed parallel server model follows.

Resupply 2 H2
(8)

—|  Stock
—_— (s)

Resupply 1
(a)

Hi

A

Installed |€—
(m)

AL,

CONSERVATIVE TWO LEVEL PARALLEL SERVER
INVENTORY MODEL

Define

n |
PSS B (O , (3. 41)
a=0 ’
and observe that
= n-a fn
1,t!,n-o.(':) f?fz (a)Pn(t) s 0<a<n, 0<n<N, (3.42)




where Prft) = the probability that there are n units in resupply at time t,

n n!
n =a+8, and(a) " Ta)lal °

Further,
1 2 -
n e n® o gaza , 0gnclm,
(3.43)
1
ni ) + néZ) = (=-m)A =2, N-mo + L$n <N .
Therefore,
a’t) 4 n§2) Shat 0<n<N |, (3. 44)

where )\n = resupply arrival rate when a total of n items

Also note that

ué") = ay, s OSGSn s 0 <
u(z) = (n-a)u, ; fsagn , 0=

n-Q

are in resupply.

(3.45)

when L N = Smax (irfinite number of parallel servers in resupply at

level 1 and at level 2). Observe that

(1) - o+l _n-afn+1
ua+1Pa+1,n-a(t) (a+1)u1f1 f2 or.+1) n+1(t) 3
(3. 46)
n\ ¢ n=-a
- (n+1)u1f1(a £1fs B, (8 ;
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: ()
L R 0 s @ R BT

a=0
Similarly,
l-l(z) P (£) = (n=ati)p,f, g0 0F1 (0¥l
n-c+1- A, n=0+1 LT (a )
(3.48)
- (n+1)u2f2(3) Bl )y
and
= |
,aaoun_m_lPa,n_aﬂ(t) = (o+)u,P . (€) ; (3. 49)
(€D)
Hy Pa,B(t) = aplPa’n_a(t) = aulf?f‘;'a(:]l’n(t) R
(3.50)
“1nf1(:::)f?-1fg-apn(t) :
> (1) |
ag_; g Py g & B ® ) ; (3.51) |
(2) n\ .a.n-
“n-apa,n—a(t) = (n-a)uz(a)flfz °‘Pn(t) ,
(3.52)
= nuzfz(n:)f?f:°a°il>n(t) ; ;
n
(2)
é“n-a%,m“) = o, P (c) . (3.53)




Continuing,
5 Q) (1)
=ntlle o Ge gt ; (3.54)
a=0 ’
and
n
55% néii?a n—a-l(t) = “iiZPn.l(t) (3.55)
a= ’
so that
£n n(l)P t) + (2) e
=0 | 071! O~1,n=C nn-xpa,n-a-x(t) A, () . (3.56)

Therefore, summing equation (3.40) over with B8 = n-a obtains

aPn(:)

- AP (£) - muP (€) + G TR T S ST

(3.57)

0<nsN ,

where Prit) =0 for n < 0 and for n > N.

Thus, the two index resupply state model described by equation (3.40) re-
duces to the one index resupply state model given by equation (3. 57), and
is represented by the model described in the section entitled '"Conservative

Parallel Server Inventory Model' and by equations (3.31) through (3. 34)

in this section.




SECTION 4
CONSERVATIVE PARALLEL SERVER INVENTORY MODEL

Consider the system for resupply of recoverable items that is dia-

grammed below.

Resupply > Stock
(n) (s)
Installed [ |
(m)

The parameters are given as follows:

i"‘ N = total number of items in the system, 3
n = pumber of items in resupply,
m = number of items installed, |
; ; s = number of items in stock,
P A = failure rate for a single item while installed,
’ Am = failure rate of installed items when number of items installed
is m,
W2 minimum number of serviceable installed items required to
accomplish mission objectives (m>m, implies that service
f performance level is being met; m< m, implies that the in-
E stalled serviceable items are working at full capacity and
are not fully meeting mission requirements),
@ m = minimum number of installed serviceable items resulting in

4-1




no backorder (m< m implies that a backorder exists, N >

Tld- = mean resupply time for one item in resupply,

p = )\'ru = ratio of failure rate to resupply rate for one item in
resupply,

B = resupply rate when n items are in resupply.

For a conservative system observe that

N=m+s+n . (4.1)
and require that
Am = mA g 0<nsN-m ; (4.2)
Am- (N =) , N-m +1 SnsN; (4. 3)
b= oau 0<n <N . (4. 4)

Thus, it is assumed that there are N parallel servers in resupply. The

state transition probabilities are given by

22V (e)

T = -mgAP (t) + uP,(t) 3 ne=0; (4.5)
)

R " (¢) 4.6)

e -menn(:) + (a+ e, (8) - opp (t) + m AR _, (€, (4.

O<n_<_N-m°;




T

arim (¢)
e = (AP (2) + (2 + DEP (£) - alP () + (N-mtD)AP_ (),  (4.7)
N - m, +1<n<N;
2 (o
S - - NuPN(t) + )\PN_I(t) - n=N,. (4. 8)
In the above, PISN)(t) is the probability that n items are in resupply at
time t. Using standard techniques, one obtains the following stead-state
solution (t = =).
n
m _ & w
N Tm R emcied e o0
( N-m, ‘
) mop) m, ! - (N~ N
. (N -1 ° : %)?5) ' N-a, +1<nsN; (4.10)
N-m n N e 14
¢ (m, p) N-m = m, :
(y) = o 0 (¢.11) |
P » ot b (00) m, ! g ,‘
; n=0 = 3 ; n=N-m +1 m g ‘
Equation (4. 9) and equation (4. 10) can be written
H
i
N-x
o0 (m;p) ) 1
Nx = N-7T Lo , m, SN, (4.12)
) N = e N
Pax = @p)" (@lm, ) N-xlxlpg) i 0Osxgm -1, (4. 13)
4-3




and equation (4.11) can be written

o N-m, (m, 0)? -1
a 4.1
B e n_ﬁo b ) mytm, ) g; m : (4.14)

The resupply states corresponding to 0 € n <N - m (states having full capa-
0
bility to fullfill mission objectives) would be described by a Poisson distri-

(N)

bution if F, were given by

= e = e . (4. 15)

However, the Poisson process applies only if N - my = ®, a condition which
implies that the probability to fail to meet mission objectives is zero. Also
observe that the resupply states for N2n2N - m, + 1 (those states having
less than full capability to meet mission objectives) are not described by a

Poisson distribution, resulting from the fact that N - m | is finite.

As observed above, the number of backorders is zero for N2 x 2 m,
(0£n<N-m ), and the number of backorders ism; - x =m, -(N - n) for
0<x<m; -1 (N-m + 1 €<n < N). Thus, the expected number of back-

orders [NB(N)] is given by

[N,?"J = Z (m, - x) P(N) (4. 16)

I,-l -1-‘

) N = -z (mg0)
[Na ] - (ﬂ°9)N?§ ){ m, !m, 0 g (‘1_‘) : & g <‘l_‘) = (4. 17)
)

Ix!




Inspection of equation (4.12) and equation (4.13) obtains B

poy - mn w
™D T Nex oW - 1; 4.1
) p(N-1) N-x (N-1) 0SxEN - 1; (4.18)
N-1l-x o | 1
PriN) e po(N) .
721 M, o T R L - (4.19)
Pn-l B

The expected number of units in resupply is given by

N
™ - nPriN) ; (4.20)
n=1
so that
N E%(N)
B | [0 = mep —wa) , (4.21)
% R
or
(N)
PN-x — [n(N)] (4.22
S(N-T) N-x . s G
N-1-x
E | Now, the probability for stockout is given by
m, -1 .
S Z B - (4.23)
x=0
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and therefore

(N), _ (N); ,(N-1) (N)
- Sl R IR e B (N-m ) P : (4.24)
Thus,
(N)
AN, ] (N)
B | (N-1) (N)
3p i {[NB G ]} : (4.25)
Define
(N), _ (N+1) (N)
AlNg™] = [Ng it i (4.26)
and
Ny _ (N+1) (N)
AP, S & (4.27)
to obtain
| (N)
[N, ] (N)
= P - FEARRRRIEE - 1o S L ) B (4.28)
ap P B
and
(N)
oP (N)
|n | N-1
% ARG e e P: ! . (4.29)
.E Also observe that equation (4.12) and equation (4. 13) yield
0.9 N
73'-,-(;3-"—"-’5 -N""+-i®—(?—) 0<x<N ;
N P 3 DI
Paz\' /B ; Py & (4.30)
)
P 639)
1 0 B |
;-@y( ) x ) . (4.31)
0
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It is observed that when my = 1, then A\ = A for allm >0, corre-
sponding to the situation where the failure rate is constant and independent

of the number of installed serviceable units (except for m = 0). Thus,

ém & %_‘:. )3 e R m, =1, 0sngN; (4.32)
) L
N . e . :
B Z ol > m =1 (4.33)
and
N
[Ném] £ (m,-x) BV L (4.34)
Note that
=X
TR R : (4.35)
N+
3 (N) n -AT
lim P - %e 5} : (4.36)
N+
i and
) 2«‘ B ¢ g i
lim [N"/] = 1lim (m-x)r——rP = 0 for m =1 an
N - “[ » N+ o x=o o

p<l. (4.37)

Thus, a Poisson demand process occurs for large N, and for large N and

p < 1 the expected number of backorders is zero.

When my =m,; = 1, then

[N(N)] ™~ o— PQ(N) - P§N) a e mx el : (4. 38)




02 + 0)

(x(®
B 4= [Nél)]

1+
p) (2
+ 20 + pz)

(4.

(4

(4.

(4.

(4.

(4.

39)

.40)

41)

.42)

43)

44)

45)




When N =m, =m, =p =1, then

(a[né‘)] s
e g %

; (4.46)
2 1 3
: 1 - 71 - (4.47)
1)y - 1 f
e 1= % . (4.48)
4
?
A case of particular interest occurs when N =m, =m . This is the 4
case when there are no extra spares and when one or more units in re-
supply results in system performance degradation. When N =m, =m,,
then
p?‘) & 1 . ’ =l s (4.49)
' Q +p) ]
% ﬂ
: rg‘) - °;m y my = N (4.50) ?
i (1 +p)nl(N - n)!
l (N) () N
‘ [-NB ]- [n ] - -l—%—p- " mlnmo = N 3 (4.51)
i ,
When there is one extra spare, then
1 + ||
p¥D . LS ) m, =N ; (4. 52) ]

1eBL+ 0




o
P(N‘l'l) - N‘N+ll! * ﬂ 1‘<.nsu+l’ mC-N 3 (4.53)

»
n l+N(l+p)N+‘ al(N+ 1 =n)!

N
[Néu"'l)]- N{l- (N-Q)(l +ﬁ§) } 5 ml -mn - N ; (4.54)
1+ N1 + p)
(N) |
(:[NB ]) - _}.‘__2. 4 D =m =N (4.55)
e N 1+ p) '
;
| N+1
i [N§N)] = [NéN-H)] = N { (l + D) -1 = - N = mo- ml. (4.56‘
Q+p[1+N1+0p) ]
Thus,
6[N§N)] PR . S for N = constant , Nemn =m ;

(1 + p)z

NPl
5[N§N)] = =N { a+p) =L N_H]} N , N = 1, for p = constant,

Q+p)1+NQ+p)




SECTION 5
POISSON MODEL

In the Poisson Model the demand process described in the section

: entitled '"Conservative Parallel Server Inventory Model' is replaced by a
é Poisson process as was done by Sherbrooke [104] in the development of
""Metric: A Multi-Echelon Technique for Recoverable Item Control' and
by Muckstadt [88, 89] in the development of ''Mod-Metric: A Multi-Item,
Multi-Echelon, Multi-Indenture Inventory Model.'" The following for-
mulae apply when this approach is taken.
n
L 0Osn<e (5.1)
5 n!
@
(N),  _ ;
= [NB ] = Z (n'N+m1) Pn ’ (5. 2)
n=N-m, +1
i
: N+1 N N N
i [N}; )] - [Né )] = A[NB(' )] = 'Ps( ) ; {5.3)
(N)
aNp ) D ) (5.4)
3 o s ; :
' ap M)
ap > mOPN-m1+1 4 e
4
(N) _  (N+1) w : .
o T L S gt PN-m1+1 ’ i
(N) (N) (N-1) (N) ;
[NB T P - (N-m) P ; (5.7)%
5-1




R T TRy N YRV

[n(N)] o [n(N+1)] g mop : (5.8) |
(N+1)
n+l s in(N+1)l f s
o(N) ) s (e 8
n
1:;(N+1)
i) =" ] ; (5.10)
0
PO(N) = e ™P ; (5.11)
(N) :
3P (N)
1 n S A [n |
(N) 3 SR s : : (5.12)%
(N)
a[N, ] (N)
B = 7] (N-1) 5 %
7 R A[NB ] ; (5.13)
(N)
3P (N)
s o [n [ (N-1) &
5 pEt e APS ; (5.14)

Note that each of the equations whose identifying numbers are starred (*)
has a form identical to that obtained for the finite population model
(parallel server inventory model). The fundamental differences between
the two models arise from the fact that one model assumes a finite popu-
lation, while the other assumes an infinite population. In particular, note
that the Pn for the Poisson Model corresponding to those states where
total mission requirements cannot be fulfilled (n> N - m + 1) have de-

rivatives and magnitudes which are very different from those given by
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the Parallel Server Model. Also, the Poisson Model defines an infinite
number of states associated with the backorder condition, while the

Parallel Server Model defines a finite number of states (m1 in number).




CONSERVATIVE SINGLE SERVER INVENTORY MODEL

SECTION 6

The queueing model for recoverable items diagrammed below has

been investigated, and the steady-state solution has been obtained.

Resupply > Stock
(a) (s)
Installed
T
(m)

The parameters for the system diagrammed above are given as follows:

N

total number of items in the system,
number of items in resupply,
number of items installed,

number of items in stock,

failure rate for a single item while installed,

failure rate of installed items when number of items installed

is m,

minimum number of serviceable installed items required to

accomplish mission objectives (m > m, implies that service

performance level is being met; m . implies that the in-

stalled serviceable items are working at full capacity and are

not fully meeting mission requirements),

minimum number of installed serviceable items resulting in

> —_——




no backorder (m <m, implies that a backorder exists,

N2> m12 moz 1),

W ¥ N resupply rate for a single item in resupply,
B
'ru = mean resupply time for one item in resupply,
p = M‘u = ratio of failure rate to resupply rate for one item in
resupply,
By = resupply rate when n items are in resupply.

In the following development, a single server model is assumed so that

O = p for n>1 (6.1)
and
b2 0 for n=0 (6.2)
‘o Note that when m > m , mission requirements are being met with installed

"W serviceable items operating at less than full capacity with failure rate
Ap =MoA; when m < m, mission requirements are not being met and items

are operating at full capacity with failure rate )‘m =mA,

Observe that for a conservative system
N =m +s+n » (6.3)
and require that
Am = m\ " 0<sm<m ’ (6.4)
'An = mA ’ my, <msN § (6.5)
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The above requirement for demand rate is equivalent to

Ay = (W-n)A ~ N-m +1<asN,

The state transition probabilities are given by

)
3Py, (B)
(H = -2 ) 412 (2)

o
arn (e)
ot

) P -mouén) () + urﬁ)‘(:) & urém (e) + m,’d’g),(t).

0<n_<_N-m°;

- )]
PV 4 (r) .
S (%__) & '(N‘“”Pém () + upﬁ)x(t) 2 m:ém (t) + (N-n+l)3\1’g)x(t).

N>n:2N-m +1;

)
P
N “’) . -0 + Mo .

In the above, PéN) (t) is the probability that n items are in resupply at

time t. Using standard techniques, one obtains the following steady-state

solution (t = ®),

(6.6)

(6.7)

(6. 8)

(6. 10)

(6.11)




N

™ o @™ 0O<ag<N-m, |,
Nem, m;! n-(N-m))

2 = e L Wimisacasw

Equation (6. 13) can be rewritten

-m -X
pM o @o e, w2 e®™ s xcmal

where x = N - n. The probability that there are zero units in resupply is

E P(N) = . £ TP | ‘9
Q

Nem +1 N Do
l- (mop) + Q1 -mp)(mp) my m !Gm‘Sp)

F" where
&
o 1
x=0 |
E Note that the backorder level is zero for 0< n< N - m, and is equal to ‘
: &
] m -xzm - (N-n)forN- m + 1< n< N. Thus, the expected backorder j
level is ]
|
|
m,-! :
(N) |
™7 - £ (m, - X By 6.17) |
|
-1
|
|
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so that

. P N "y 0 g . N-x, (N)
[Ngm] - > (@, = x)(mP) (mg!mg )P o = @ - 0@ . 6.18)
Xm0 x=m,

Solving for N = N([NP(’N )], p) obtains

{-znmop)} {N(p, [NB(N’])}

[}

m -1 m -1
N 0 —mo -X 1
-lu[Né )] + ln{ (1-m p) [g (m,-x)m ! m, %a- + Z (m,~x) (“op)-x}

X=0

-m +1 ~m ‘
+ [NB(N)] [(mop) R N m,p)m, °mog Gm‘sp)] . (6.19)

If m°= m,» then

N _"T 1
(@mp)” m,  m!(l - myp) { m,G_(pP) - 5 % -1<°)}
[N(N)] - . 2 , W, =m, (6.20) {3
B N-m,+1 N " 0 1
1 - (mpp) + (1 - mp)(mp)” m,  my 16 (P)
and

-m
itn(mop)} {N(D,[Ném]} - V] - Zn{ m, m!(l - m,0)Gy(p) {m - v 13

-m°+1

i [Nén)](mop) z
(6.21) 2

m,
m, my!(l-m, p)Gmo_l(p)} >

hed




(N)
B
of N and p. Thus, all values of (N, p) that yield a particular value of
(N)
[Ng
resupply time level for purposes of trade-off analysis described earlier

For a given fixed value of [N ], equation (6.19) gives the relationship

] may be obtained for comparison of inventory investment level to

in this document.

Note that when m = 1, then Ap = A for allm > 0, corresponding to the
situation where the failure rate is constant and independent of the number
of installed serviceable units (except for m = 0). Returning to equation

(6.15) and equation (6.18), one obtains

p(0 _ o2 A -p)
n l_pN-l-l

200

N-m,+1

m
[vg 1 = a )p(l N { 1-p G -0 +1]} LS T
-p -p

Further,

o
. @bt + eV + aa0) - {10 [+ 1op =i J)]}
N(ﬁo&'] D= JIT) ’

ﬂ‘.lo




Thus, when m, =

™

NG, Ig0 D)

(s
3p, ]

) (gl |
s g

m =1

anx®™1 - a1 - 0a - )

Lnp

N/ - [ -9/ -0]
Zno)

PP T

l-pN-l-l 1-pN+1
.
N) B Qg
apxé ¥ _(1-p)
(acn ]\) S 1-0 _(l-p)}:iN
) 5 1. o Lo M

Now consider p = o, zm, = 1. Then

(©))
[N(N)] % ; (.a[NB J e
B N+1 * \ 9N 0 (1) 2
: aN N (3+1) ,

(6.

(6.

(6.

(6.

(6.

26)

27)

28)

29)

30)

nect i wssadal




SN = E-S‘z&]icSp for [Néu)] = constant .
When N=p=m, =2, = 1, then
(1) (1)
[Ké!)] o (a[NB ]7 e (g 7] S
2 N 0 4 ETe) N 4
(ﬂ) = ]
39 [ (1) i
Ny ‘]
Thus, if [NB(I)] = constant, then
&N = AT 3
M
if p = constant, then
5EN§1)] = -%GN :
if N = constant, then
(V7 . 1
s[n‘ ] Z Aé‘t“ :
! (N)
d3(N_]
o : (N+1) (N) B .
It is interesting to calculate [NB ] - [NB ] and (—ap )N in

a fashion similar to that used in the case of the conservative parallel

server model. Inspection of equation (7.12) and equation (7.13) obtains

(6.31)

(6.32)

(6.33)

(6.34)




(N-H)

Moz <ﬂo°>-z— Bx

and returning to equation (7.17) leads tc

3] - i, p (W) (6.36)
= SR e

Equation (6.12) and equation (6.13) yield

1 ngm N 1 2V
—-X - X g
- e e me e VR B
N-x N 0 =
- ) |
E aP [ (N)]
¥ o ) 1 9 i n
H PENS (ap N e . e
Thus,
N),2
() NN g™
a[NB ] : [ B (N-m) - [n(N)] + B(N) > 0 . (6.39)
3p N ° : (N ]

an expression which is identical in form to that obtained for the parallel

server case.
Other formulae which apply are given below.

1
1 gy (N)] E ANy (6.40)

= AN (N)] (N+1)

- [N s -P, (N
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P(N+1)

(N)
n+l
(N)

(N)

N-x+1 _

(N)
PN-x

P(N)

n+l
P (N)

(N)

mop ’

P(N-n)

kel Rl (6.41)
s 0 s
0<n<N- m,
N-12x2m, ;
3 (6.42)
3 N-m°+1__<_n_<_N-1 0
(6.43)
_<,x$m°-1 g
R - L : (6.44)

o




o

SECTION 7
EXAMPLE COST FUNCTION

The total system cost is given by

C = C(N,p) , (7.1)
where
N = number of inventory investment items,
T
A b : ; :
g = = = - = ratio of mean resupply time to mean time
A between demands.

Total system cost is expected to increase linearly with increasing N and
to increase with decreasing p (decreasing 'ru). For purposes of exposition,

assume a simple cost function of the form

czN
C(N,p) = ¢ N~ y » (1:2)
where
¢, = cost per investment item,
c, = cost per investment item per unit p.
Thus,

inventory investment cost = ¢ N ,

cost for resupply system = T .

Define




Thus,

pO
2(N,p) = N(1+——) : (7.5)

z(N, p) is a unitless cost function expressed in terms of number of equiva-

lent investment items.

s * 7, + = ’ (7.6)
Zy. = NS number of investment items 5
Np,
8 = i = cost of resupply system in terms
of equivalent investment items .
Po
' If T = 1, then for every dollar spent for inventory investment an equal

amount is spent for the resupply system.
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SECTION 8
PROBLEM FORMULATION

The mathematical statement of the problem takes on two possible

forms.
PROBLEM 1
Minimize
z = z(N,p) (8.1)
Subject to
[NL(N,p)] = N(o) = constant
B B ’
N = integer >0 (8.2)
A g 0 .
PROBLEM 2
Minimize
[Ng] = [Ng(N, p] (8.3)
Subject to
z(N,p') = 2z, = constant ’
(8.4)

N = integer>0 ,

3




SECTION 9
PROBLEM SOLUTION
5 In this section are presented the procedures to be followed for
problem solution. PROBLEM 1l and PROBLEM 2 are restated below, and
associated optimality conditions are given.
PROBLEM 1
Minimize
z = Z(Nr P) » (9' 1)
Subject to
5 (o) : (o) 2 2
p = p(NB ,N) = p(N), with NB fixed. (9.2)
Py
; z = N|1 + —'—m—— ’ (9.3)
P(NB » N)
i (9.4
= L e e -4)
§ P(N)
Since N is an integer,
z{N+1, p(N+1)} - z{N, p(N)} >0 (9.5)
3
| and
2{N-1,p(N-1)} - z{N,p)} 20 , (9.6)

when z is a minimum.




PROBLEM 2

Minimize
NI = [INg(N 0] 9.7)
Subject to
p = A(N,z) = p(N) , withz, fixed. (9. 8)
e R S (9.9)
z, N
[Ny, P)] = (Ng N, e ()]] . (9.10)
If N is an integer, then
[Ng N+, p(N+D1)}] > [NG{N, p(N)}] (9.11)
and
[Ny IN-1,p(N-D}] 2> [N, N, ()] i (9.12)

when [NB] is a minimum.

Both of the above integer programming problems are solved by a
simple search utilizing a gradient technique (described in Section 10) that
obtains solutions in two to six interactions. A similar technique is

utilized to obtain solutions to the equation

* (o)
p = l’(NB sy N)
where p is to be determined when N and the backorder level N () are

B
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specified. In general, PROBLEM | requires more computing time than

that required for PROBLEM 2. The solution to p = p(NB(O)

great deal more time to obtain than that required for the solution of

, N) requires a

p(N) = o .
0

The mathematical programming problems described above have
been thoroughly investigated for the backorder function described by
(1) the Parallel Server Model and for (2) the Poisson Model. Compari-

sons and conclusions are given in Section 12.




SECTION 10
A GRADIENT TECHNIQUE TO SOLVE A SET OF COUPLED EQUATIONS

Let

1 1
i i
o= and e = (10. 1)
x €
n n
be n component colurﬁn vectors and the gradient operator V be defined to
be the row vector
7 = d 3 d (10, 2)
= axl axa axn
It is desired to find a solution to the set of n simultaneous equations
gi(z) = @ i =l ea s o (10. 3)

in n unknowns represented by the column vector r. The first order Taylor

expansion about a given point I is

= V +
gi(zo + €) 18t gi(zo) , (10. 4)
where Ygi = Zgi(_x_-o) ; iee., the first derivatives are evaluated at the point
x and - is assumed to be an approximate solution to equations (10.3).
Ifr-= ¢+ € is to be a solution to equation (10.3), then
gi(_x_‘o+§) W o = gy e e aye N (10.5)
10-1
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e O R AN T 3T k. e

and
= = i = 10.6
Ygi‘_ Sl(so) ’ 1 1, 8i'a s s B ( )
Restating equation (10.6) leads to
n
Z (v8.) (z) e
ve. g. = =B.ZX
j=1 -g1j j &%,
Now define the square n x n matrix G by
= !
i ! °8 5
&1 e e syl )
0 0 0
) 2, r e
axl axz § 3x 782'%6
0 0 0
G = = (10.8)
agn agn agn
e T . . S vg (E )
ax1 axz dx -°n'-o
0 0 0
and the n component column vector g(;o) by
g,(z,)
g,(z.)
g(r,) . . : (10.9)
8,(Z,)
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og.

In the above it is understood that all derivatives (;‘L) and all functions
i/0

gi(go) are evaluated at the point r = 2o It is observed that ,

[Gr )l = [vgz )l and [gz))], = gz) - (10. 10)
Therefore, 3
¥ ,
J'=Zi Sylty &g
G(r )e = -g(zr) . (10.11)

The above implies that

-1 (10. 12)

G
"
|

0

i

o
.
I

o

e = ¢lg (10. 13)

if the matrix g-l exists (i.e., if detlgl #0). The individual components

of € are given by

n
-1
8 ) e b S 10. 14
ej Z GJkgk j 2 n ( )
k=1

As long as I is '""reasonably close'' to the particular solution desired and
noc pathologic conditions exist (forcing detf_C_}|=0), then equation (10.13)
can be used to successive arrive at values of r which satisfy equation

(10.3) as precisely as desired.

The procedure simply stated is as follows:
(i) select an initial trial solution value r = Ei’ where i = the iteration

number (i = 0 initially);




(ii) apply equation (10.13) to determine the correction vector gi;

(iii) check to see if ¢, satisfies [c. |< € , where the (€ biE
i -i' -max =max’j

> 0 represent upper limit values on the errors to be

(e.)

j'max
tolerated in the solution values for each of the variables xj;

(iv) (a) if |&|>¢ , thensetr, =~ =r. +e¢, (i.e., calculate a new
—i' ~“max SHFll =gy

trial solution to the system of equations 5(5) = 2) and return to

step (ii) above with i =i + 1; (b) if |e.|<e _, then stop and
= —max

calculate r. represents the desired solu-

=r, + ¢, where r,
i+1 S5 T Iy e

i+l
tion to g(r) = 0.

As an example, consider the problem

xz-y2-4=0 .

gl(x’ y)

gz(x,y) = x+y-1=0 s

The solution to the above problem is readily obtained by conventional tech-

niques:
x+y = 1 ;
x-y = 4 ;
2x = 5
x = 5/2 and y = -3/2 .

To illustrate the technique developed above proceed as follows:

Ygl = (Zx, -ZY) »
2x -2y
v = 1, 1 G =
i (1, ) ’ A8 ’
2 AR |
det|G| = 2(x+y) ;
1 2y x2 ¥ Y2 o

G-l e 1 o
_— 2(x +y) d 8 g

-1 2% X 4+ v 1




1 1 1
a2 -4 2
€ zZ = = 9 "
. 1 2 1 3
4 2 2
Iteration No. 1 proceeds as follows:
3
2
bt e SR 1
2
2=
-1 1 1 -1 2 2 -2
G (rl) 5 = ;oglry) = ;
-1 3 1 g 0
2 2

8|~

N~

1
] 2

e - -
; g
2

Iteration No. 2 proceeds as follows:

<
2
£2 5 £1+f1 _'
-
2
2
1 ( 1 -3 2
- (B, = = A
% 2 3 5 g 1
2

el ot

(=]

£l
1 2
+ =
] __3_
2
2
-2 (0)
; glry) = :
5 v 0
2
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(NI,

LR = 0 and r = is a solution.

]
[\ [}

Note that it is not necessary that the first approximation E 48 be
terribly good; what is required is that the 2 chosen be ''closer’’ to the
solution of interest than to any other possible solution (thus preventing
the possibility of moving along in the wrong direction) and that in succes-
sive calculations no pathological conditions causing detlgl to be zero
occur [such as encountering a saddle point or a relative minimum or
maximum for any of the gi(§)]. If such a condition does arise, however,
it is still possible to apply the technique by ''skipping over'' the critical
point encountered [Note that detlgl = 0 for any x which is a critical point
for any of the gi(J_c) in g(_:f).]. A '""good' value for . eliminates such a
possibility from occurring, and in general no such problem occurs in

practical applications.

The one dimensional case of the solution technique is a special case

of the development presented above. To obtain a solution to the equation

note that
+ € = (ag(x) + )
g(x L = |, € glx (10.16)
and
€ = -g(x) T (10.17)
o ox 0 3

if x = x + ¢ is to be a solution to equation (10.15). The procedure to
determine the solution is precisely the same as that given in steps (1)

through (iv) above.
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An example illustration of the one dimensional case is given below.
In order to solve
x 4 Jdox. = 0 :
: for x, one proceeds as follows:
gix} = = + fax ;
—a-g- = 1 + .1_ .
dx Bl
]
x(x + Inx)
i
l +x
Try x = 1 as a trial solution. Then
€ = -0.500.
o
Iteration No. 1 proceeds as follows:
x = x e SE 0S5
1 o o
| _ -0.5(0.5 - 0.693147) _ ‘
L | ¢ = TS +0.0643824 5 a
b
E Iteration No. 2 proceeds as follows:
X, = X i wts 0.5 + 0.0643824 = 0.5643824 ;
. . =(0.5643824) (0.5643824 - 0.5720233) : ‘
2 1.5643824 g
Rs.. % +0.00275659 .

Iteration No. 3 proceeds as follows:

Xy = x2+1:2 = 0.5671389835 ;
_ -(0.5671389835) (0.5671389835 - 0.5671508844)
g 1.5671390 :
e, = +0.0000043069 k

10-7
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: Iteration No. 4 proceeds as follows:

x = x_+ 6 = 0.5671432904 ;

: e -(0.5671432904) (0.5671432904 - 0.5671432904)
: 7 A 1.5671432904 5

Al o bl L A

S x = 0.5671432904 to nine significant figures

If a solution value to the equation g(x) = 0 is desired when x is con-

strained to be an integer, then the above procedure is modified as follows.

glx +e) = glx )+ ag(x )e e T (10. 18)
] bg(x ) = glx +1) - glx) (10.19)
(%)
e = [- o ] ; (10.20)
tg(x ) "

where the subscript Tmeans set ¢ = integer =truncated value of the numeri-
cal quantity enclosed in the brackets. The iterative procedure is then that
given by steps (i) through (iv) given earlier in this section with equation
(10.20) being substituted for equation (10.17) and the initial value for X

being set equal to an integer. If no solution to g(x) = 0 exists (this is possi-

‘ ble since x = integer), then the above procedure may be utilized in finding
L the value of x >0 that minimizes |g(x)| and the value of x < 0 (if allowed)

that minimizes |g(x)|.

In the solution procedure for PROBLEM 1, the gradient technique is
applied to determine p in equation (9.2) and is used to aid in the search for

the optimal value of N which satisfies the conditions expressed in relations

(9.5) and (9.6). The search for (N, p) is conducted along a curve of constant

[N_.]. In the solution procedure for PROBLEM 2, the gradient technique is

B
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used to aid in the search for the optimal value of N which satisfies the

conditions expressed in relations (9.11) and (9.12). Here, the search

for (N, p) is conducted along a curve of constant z.

The solution procedure developed here for PROBLEM 1 and PROB-
LEM 2 is easily adapted to any cost function of the form C = C(N, p) and
for any backorder function of the form [NB] = [NB(N, p)]. In this study,
PROBLEM 1 and PROBLEM 2 have been investigated with the backorder
functions described by the Poisson Model (Section 5) and the Parallel

Server Model (Section 4) and with z = z(N, p) as described in Section 7.

10-9
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SECTION 11
SENSITIVITY ANALYSIS

It is of interest to determine the range of p for which the optimum
value of N remains unchanged. For PROBLEM 1, application of the opti-
mality condition and the corresponding constraint yields values for (p, )rn

ax
and (p O)min such that when

<p < 11.1
(po)min"po"(po )max ( )
the current optimal value obtained for the (N, p) ordered pair remains un-
changed; i.e., the optimal solution to PROBLEM 1 is independent of the

choice of p % within the interval (p O)min
cation of the optimality condition for PROBLEM 2 and the corresponding

=9, < (po)max' Similarly, appli-

constraint yields values for (pO)max and (po)min such that when

sp <(p,)

min 0 0‘max (RLaic)

(p,)
the current optimal value of N remains unchanged; i.e., the optimal solu-
tion value for N for PROBLEM 2 is independent of the choice of g, within

the interval (P, )max 29, = - . However, in the case for PROBLEM 2,

0"min
if P, is allowed to vary and the optimum value of N remains fixed, then

the optimum value of p must change to keep z = constant.

Let (Nx' pl) be an optimal solution to PROBLEM 1. Define Ap, > 0 and

Ap, 2 0 by
0
(NN, + 1,0 4800 = NET (11.3)
[NB(N1 -1, pl - Apz)] = Né” . (11.4)




Condition (9.5) in Section 9 becomes

P
SR S
(N, +1) ( 1+91+Ap1) 2 N (L+p /p) (11.5)
and yields

1 +4p /¢,
B iR % i . (11.6)

N .1

P

Condition (9.6) in Section 9 becomes

P
0
(N, - 1) (l+m ) 2z N, (1 +po/pl) (5T

and yields

l1-4A
vlz/p1

N —% -1
1 pl
Thus, any p, satisfying the condition
Ap
1. R
P L ae i
———L—Apz £ p,/p, = ———Ap] , (11.9)
N, — -1 N — -1
1
p! Al pl ‘
will yield an optimal solution (N1 s pl) for PROBLEM 1. :
Let (N4, p,) now be an optimum solution to PROBLEM 2. Define
Ap1 >0 and A;:)2 > 0 by
[NJ(N +1,p +28)] = [N_(N,p)] , (11.10)
B 1 1 1 B 3 v
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[Ng(N; - 1, p; - 8p,)] = No(N.,p) : (11.11)
: Equation (9.9) yields
] (N1 + 1) po'
2 P, +4p, = SRR , (11.12)
E .
3 P z
2 (1 +Ap1/pl) N ot ) (11.13)
1

1

where p; is the upper limit for P, such that the optimal value for N re-

mains N,. Equation (9.9) also yields

(N, -1)p,
gl S e , (11.14)
"
p Ap z
0 3 2 0 _
- = 1 i e : (11.15)
b 1 , 1 1

where pou is the lower limit for P, such that the optimal value for N re-

| mains Ny . Thus, any p; satisfying the condition
Ap2 z p z
T I S T T R R o N (11.16)
CH N, <1 L 1 N, +1 2

will yield a value of N, in the optimal solution for PROBLEM 2. Note

that the optimal value of P, varies according to

p = — (11.17)

: as the value of P, is varied.
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Conditions (11.9) and (11. 16) can be utilized to study the sensitivity
of the optimal fractional investment level to the relative unit cost associ-
ated with the resupply system. Results of comparing the Poisson Model

to the Parallel Server Model are given in Section 12.
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SECTION 12
RESULTS AND CONCLUSIONS

Computer programs have been written and executed for

1) The Conservative Parallel Server Inventory Model
described in Section 4,

2) The Poisson Model described in Section 5,

k 3) The Conservative Single Server Inventory Model des-

F cribed in Section 6.

Programs have also been written and executed for solving PROBLEM 1

and PROBLEM 2 described in Sections 8 and 9 utilizing the gradient
technique described in Section 10 and procedures outlined in Section 9.

’
Included in these programs are the sensitivity analyses given in Section 11.

Program listings are found in Appendix A.

Reference material developed during the course of this project is

given in the '"Reference List and Bibliography'' and in ""Documents

Internal to AFLC!'".

Various inputs were assumed to execute the computer programs to
) perform a detailed analysis and comparison of the behavior of the parallel
server model (finite population) and the Poisson model (infinite popula-

tion). Below are listed the major results.

e The Poisson demand process overestimates the backorder level
for a given (N, p) specification.

e In general, the Poisson Model obtains a lower value for the

optimum value of inventory investment than does the finite popu-
lation model; as the system requirement m  increases, the

difference between the optimum levels of inventory investment

l
|
t
5

given by the two models becomes increasingly larger. Thus,




use of the Poisson Model underestimates optimum inventory
investment level and results in a higher backorder level and a
higher stockout probability than does the finite population level.
If the relative unit cost (po) for resupply increases, then the
difference between the optimum levels of inventory investment
given by the two models becomes increasingly larger, approach-
ing levels of 15-50%.

In general, the finite population model given an optimum level
for inventory investment which is less sensitive to a change in
unit resupply cost than that suggested by the Poisson Model;
i.e., the range for p, where the optimal solution remains invari-
ent is larger for the finite population model than for the infinite
population model.

e As the system requirement m becomes larger, the optimum

level for inventory investment becomes more sensitive to a

change in unit resupply cost.
Some numerical outputs are tabulated in Appendix B.

The above results conclude that if the relative cost for resupply
(manpower, equipment, administration, transportation, etc.) compared
to inventory investment increases, then it becomes increasingly impor-
tant that demand and resupply processes be accurately described to
obtain cost effective allocations of expenditures between inventory
investment levels (capital intensive) and resupply time levels (labor
intensive). In addition, if the variance (uncertainty) of costs increases,
then it is also important that correct descriptions of the demand and
resupply processes be utilized in the decision making process. Itis
noted that inventory investment costs for recoverable items are well-
known in comparison to projected costs for resupply during the life
cycle of a typical weapons system. Thus, the fact that the finite popu-
lation model tends to allocate a greater fraction of total expenditures to

inventory investment than does the infinite population model makes the




finite population model even more attractive for adoption in the decision

making process.

Non-optimal allocations that result when incorrect demand and
resupply processes are assumed suggest the following areas for future

investigation.

e Study resupply processes which allow for non-zero queue lengths
(finite number of parallel servers).

® Generalize the trade-off analysis procedure developed in this
report (resupply time level versus im;entory investment level
to minimize total system cost) to include interactions due to
movement of many investment items in the transportation pipe-
lines among user bases and supply depots.

e Further investigate demand and resupply modeling for recoverable
items for purposes of determining transportation flows and optimal
allocating of resources to inventory investment level and resupply
time level.

e Investigate and compare the utility of the finite population model
developed in this report with that of the Poisson model currently
adopted by Air Force management [88, 89, 104] when incorporated
into the METRIC and MOD- METRIC recoverable item control
and allocation models.

e Investigate and compare the finite population model with the
Poisson model in determining impacts on output of the Compre-
hensive Engine Management System (CEMS) being developed by
the U.S. Air Force [D-11].

The above areas of investigation and those described in this report should
contribute to a better understanding of certain problems of immediate
concern to the U.S. Air Force. The questions dealt with here are very
important for considerations that must be made when an integrated design

effort is made to develop any proposed weapon system.
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The work reported in this document was presented at two technical
conferences which took place during the months of January and February
of 1978. Particulars are given below.

1) "Analysis of Inventory/Resupply Models in Optimal Inventory

Investment Allocation, ' ORSA/TIMS Special Interest Conference
on Capital Budgeting, ' January 30, 31, and February 1, 1978,
Phoenix, Arizona.

2) '"Analysis of Inventory/Resupply Models in Optimal Materiel
Distribution System Design, '' ORSA/TIMS/AIIE Special Interest
Conference of Distribution Models, February 20-22, 1978.
Hilton Head Island, South Carolina.

The above conferences were sponsored by the Operations Research
Society of America (ORSA), The Institute of Management Sciences (TIMS),
and the American Institute of Industrial Engineers (AIIE).
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AnF=0e 0

IFCNRESUPeLEe 1GOTO 85

DO 80 X=2,NRESUP _

B=K

80

AmA+DLOGCB)

85

_ N=NTOT-NRESUP

IFCNeLEe12GOTO 95

DO 90 K=2,N

Be=K

% SSRSER

90

95 G=(NTOT-MO-J)®[LOGCMO)

___ H=(NRESUP=J)®DLOGC(RQ)

FeF+DLOGCB)

_EmCeDe@+H=A=F

CALL FLOWCEsJsIXslY)
YuY4¢DEXPCE)




_1c

O___ CONTINUE

IFCJeEQe0IPOm1¢0/CY4Z)

__ 1FCJeEQe0)PRINTSO03sJsPO. =~
1FCJeEQe0IGOTO 10
PCJdm1e/CY4Z) 7T
PRINTS03sdeP¢J> === ===

503

FORMATC® . PC®5135%) = *»D20e14)

CONTINUE

RO, o et e A e R
END eoF 28

SUBROUTINE TENCNTOTsMOs P» POsRO»1Xs1Y5

C_FINDS THE PROBABILITIES FOR JwNTOT-MO#! TO J=NTOT CUSES NATURALILOGST

'O ALLOV FOR LARGER NTOTJe.

DOUSLE PRECISION PC10125NTOTsPOsi0s ROsAsBsCoDsEsFaCailaZe¥

_DOUELE PRECISION ILOGsDEXP

INITAL=NTOT=MO+ |

ITOT=NTOT Y o Gl

DO _10 J=INITALsITOT _ g e ln oGS
Y-Z-OoO_
DO 20 N1=1oINITAL e
e e e AR e A A3
AmCuEu@n0e 0

] 1F¢JeLEe1sGOTO 105

SO M. - s e 28

100

G=@+LOGCF)




AD=A0S5 120 DAYTON UNIV OHIO SCHOOL OF ENGINEERING F/6 15/5
: ANALYSIS OF INVENTORY/RESUPPLY SUB-SYSTEM MODELS IN OPTIMAL MAT--ETC(U)
- APR 78 A Z KOVACS AFOSR-77-3266
UNCLASSIFIED UDR-TR=78-40

END
/=78
s




10S

. N®NTOT=J
IFCNeLEe13GOTO 115

_ DO 110 K=2yN

B=K 3 PRSIt Ay L Lol B

110 HwHeDLOGCB)

115 1FCNRESUPeLEe13G0TO 35

DO_30 K=2,NRESUP

Bug

30 A=A+ILOGCBY

35 N=MO

1FCNeiLEe 1 5GOTO 45

DO 40 K=2,N

_B=K

40  C=C+IL0ECB)

4S___ D=CNRESUP=JJI®ILOGCRO)

_ E=C(NRESUP=¢NTOT=-MOJ)®DLOGCHMOS

FuD+E+GeH=A=C

CALL FLOWCFsdJolXs1Y) =

YuY$DEXPCF)

20 CONTINUE

DO 50 NRESUP=INITAL»1TOT

AuCnDuE=F=0e0

7 IFCJeLEe 17GOTO65
DO SO RwEey e

60 _ A=A+ILOGC(B) DO Y e NGO RO A Pl FL IS i

== ' B e it




65  IwNTOT=J

. IFCleLEeldeeTO 75 Ao
: DO 70 K=2,1
BwK ] 2
70 C=C+ILOG(B) e .
75 1=NTOT=NRESUP
4 1F¢1oLEe17G0TO 85 R e
DO 80 Awesi (L 5 a5 4
Bek |
L CHRG ) n L D R G B O S SR |
85 _ IFCNRESUPeLEe13GOTO 35 s DAL e e N M RS U SE N o
DO 90 K=2sNRESUP
B=K e
90  FeFs[LOGCB) Pk i 2 T
95 D=C(NRESUP=J>%[LOGCRO> _
 BuD+A4C=E=F P
__ CALL FLOWBsveiXeIvd . |
Z=Z+DEXPCB) i T 5
SO0 CONTINUE et 1 LS e s S
B . ¢ o D08 0 R R A I L B SR e
PRINTSO06sJs PCU) 5
506 _ FORMATC® .PC®5130%) = *»D20e14) S AL N R & i
.10 CONTINVE e Bt L5V - e
B R b VAh 0 S Mo ¥ St N O bkt i

END

e g S AP IAASIIIIPNTIAWINT 6 4




i
'SUBROUTINE SIXTENCNTOTsMlsPsNB)I ;A Lot VA
~C _FINDS THE DEXPECTED NWBFLQF_“EAEKOED_E.RS‘,_
______DOUBLE PRECISION PC1013sNBsPOsNTOTsM1sB 5
f ST . 1T0T=NTOT N A R i S L Ml Ol S L D2 SR 7
. NB=0O . el
INI TAL=NTOT=M1# 1 : e
DO 10 NRESUP=INITALs1TOT _
Bu¢M1«(NTOT=NRESUP} 3 PCNRESUPJ
3 PRINT20sNRESUP, B
; 20 FORMATC® NBC®»135%7 = *»D20el4y e
| 10 NB=NE+B

RETUERN

END

SUBROUTINE SUB20CNTOT»ROs DER1s DERZ)

C_FINDS THE RESULTS FOR FORMULA 20s.

____DOUBLE PRECISiON NTOTs»ROs DER1»DER2C1013
1TOT=NTOT
DO 10 NRESUP=1,ITOT

10 DER2CNRESUP)=NRESUP/RO=DER1/RQ

PODER=DER1 /¢ O¢ 0=RO)

__ RETURN B T s SR, S s
- T e S e e R S R S B S IS s S S

|
;
[ : SUBROUTINE SUBS1C(NTOTsPsDER1)
f
|
[

C_FINDS THE DEXPECTED NUMBER QF UNITS IN RESUPPLYe.

_ DOUBLE PRECISION NTOTsP¢1013sDERI
___ DER1=0e0

~ ITOT=NTOT
DO 10 NRESUPw1,1TOT




e ot

10 DERI=NRESUP#PCNRESUP)#DER1

RETURN R e e S s L T e R SR
£ __END s e e s e

SUBROUTINE SUB28C¢NTOT,M1sNBs DER1s DER2, ROSNBSQ) _

C FINDS THE RESULTS FOR FORMULA 22¢.

DOUELE PRECISION NTOTs!sNBsDER1»DER2,RO,NBSQ

DER2wNB/RO®*¢CNTOT~M17=DER1+NBESQ/NE)

RETURN

END

SUBROUTINE_VAR3CNTOT,M1s Ps POs VARs SN)

DQUBLE PRECISION NTOTsM1sPC101)sF0s VAR SN

ITEST=NTOT=M1

VARwPO#(NTOT=Ml=SNJ»s2

DO 10 NRESUP=1,1TEST

10 VAR=VARSPCNRESUPISC(NTOT-M1-NRESUP-SN)®#E

RETURN

END

SUBROUTINE SNAVECNTOTsM1s Ps FOs SN

DOUBLE PRECISION NTOT,M1sPC1015sP0sSN

__ ITEST=NTOT-Ml

__ SNwPOWCNTOT=M1)
DO 10 NRESUPw1s1TEST
_ SN=SN4PCNRESUPY$CNTOT=M1=NRESUP)

DR N N R R R W, S e A
END

IR U —




SUBROUTINE MNAVECNTOTsM1s Ps POsNJ

DOQUBLE PRECISION NTOT,M1,PC10135POsMN

__ INITAL=NTOT=M1

1FCINITAL e EQe 03MN=POSCNTOT) ek
ITOTwNTOT SR Laa ey B L T,
IFCINITAL.EQeOdINITAL=Y
DO 10 NRESUP=]IN ITAL»iTOT
10 MNwMN+CNTOT-NRESUP)®P(NRESUP) AR
< R B X | e S s L
ITEST=IN TAL =]
DO 20 NRESUPwI,ITEST
20  MNeMNeMIsPCNRESUPY
RETURN
___END _ . R 0 G

___ SUBROUTINE VARA(NTOTsM1sMNsPyVARsPO)

DOUELE PRECISION NTOT»1,MNsPC1013s VAR, PO

___ INITAL=NTOT-M1 e RN
NIRRT - e
y VAR=PQ

) DO 20 NRESUP=153TEST S A

20 VARWVARSPCNRESUPY

VAR=VAR®(M1~MN Jenl

____ IFCINITALeEQe O)VAR=VAR+POSCNTOT=MNI*»2

 1FCINITALeEQeOJINiTAL=l

_ iTOT=NTOT

DO 10 NRESUP=INITAL,ITOT




10  VAR®VAR+P¢NRESUP>®CNTOT-NRESUP=MN %2

RETURN BB T
END

____SUBROUTINE FLOWCXsdJsiXs1Y) R A O R

C_CHECKS FOR OVERFLOW AND UNDERFLOW ==PRINTS WARNING MESSAGE IF ONE ISF

OUNDe .

__DOUBLE PRECISION X

____1 0 FORMATC ® . s3233QUVERFLOWVEsn®my Ju®,13)

IFCXeLTow1740)iX=iX+1

__ 1FCXeGTe174e)1Y=IYel

_ 1FCXeLTe=174¢ IPRINTSed

. FORMATC ? . ####%UNDERFLOWws#wa Ju'13)

IF(XQE‘. =17403Xm=174e .

_1FCXe@Te 1740 IPRINTIO0d

1FCXeQTe 1740 3Xm174 .

C_SETS X EQUAL TO MAX OR MIN VALUE SO OVERFLOW OR UNDERFLOW DOESN®T 0CO

R_IN DEXPONENTe

AP 1. SR SN R s o
__END e e B2 SEO A T S el R oW o

SUBROUTINE VARICPOs¥14NTOTs VARs PyNE)

C_FINDS THE VARIENCE OF NB OR IF NB IS SET EQUAL TO Op THE SUM OF THE &
UARES OF THE NB_ SUBVALUES IS FOUNDs. _

DOUBLE PRECISION PC1013sPOsM1sNTOTs VARSNE

i MINISEVOE |

 INITAL=NTOT=-M1+1 P
__VARw0e0 b BUREES R




IF!JNITAnggoO?yABQVAROPOt(MléNTOTfNB)'OQ e R A T
_ IFCINITAL.EQeOXINITAL=1 o SE el |
o DO 10 NRESUP‘iNITﬂyglIQ?
10  VAR=VAR$P(NRESUP)#(M1-NTOT+NRESUP=NBj*»2
RETURN e 2 S G S g

END J

SUBROUTINE VAR2( DER1, P» VARs POSNTOT)

10

_VARPOSDER1s$2

_DO_ 10 NRESUP=1,1T0T = T N AE RS,

DOUELE PRECISiON PC10175DERls VAR, POSNTIT =
ITOT=NTOT

VAR=VAR® PCNRESUP)#¢NRESUP=DER1)%%2

RETURN | : et K I TR b AN

END s -t f e S A S ok SR

$ ENTRY : i

B

B , e : Co .




POISSON MODEL
(INFINITE POPULATION)
- PROGRAM LISTING




W

fL0a0n = "mEw

/DO RUNeWATFIV

$JOB CL8NTJQQ) =~~~ HOVACS

DOUBLE PRECISION P¢101)sPAC101)9DER2C101)sNEsNB1sFOs FO 15 STOCKs STO

___ 181sNTOT»ROsM1540s ANS195 DER1s DER39 VARy VARAs NBSQs VARNs RESPSQs VARS, B

____2aMNyVARMy Uy SSQeMNSQe T

READsNTOTs RO»sMCaM1 BE
Y ) 1L SRS S S S s I £

_ CALL PVALCPsNTOTsMOsRO»PO)

CALL NBSTKCNE, STOCKsNTOTs2 15400 R05 PO

CALL PVALCPASNTOT#1,M0»R0»PO1>

_ CALL NBSTH(NE1ls STOCA1sNTOT+1,i15M0pR0,P01>

PRINT142,NB~NB1

142  FORMATC® . .DELTA NB=®pD20el143

PRINTA400,1TOT»3TOT#192TOT,ANS19

400 FORMATC®ONBC®»132°) = NBC®»13s%3 / NBC®»139%) = *»D20e14>

__ PRINT304,4¢NE=NE13/NB

304 _ FORMATC®.THE LEFT SIDE OF THE EQUATION GIVES ®»D20e14)

. CALL SUB21(NTOTsP»DER1)> LT, b L
i TR E SOOI | s e i i

310 FORMATC®OTHE EXPECTED NUMBER OF UNITS IN RESUPPLY 15%sDE0e14)
__PRINT320o DER1/¢<R0OJ

320  FORMATC*OTHE RESULT OF FORMULA 21 IS %»D24el14)

CALL SUB20CNTQT,sRQs DERls DER2) g
PRINT333

PRINT330s Os DER1 /¢ <R0O)




333  FORMATC®OANSWERS FOR FORMULA 208%) = 7
330  FORMATC® .PC®»135°%) GIVES %»D24e14> == T e
_____ PRINT330s¢J6s DER2CJEJ2J6=151TOTI o e s Sl 3

CALL VAR1CPOsM15NTOTs VARs PaNBJ

CALL VARICFPOlsM1,NTOT+1s VARAs PASNBL)

350

_PRINT350»2TOT+15 VARA

FORMATC ® . THE VARIANCE OF NB FOR NTOT=%513,% .15 %»D20e14)

PRINT350s1TOT#1,VARA

DER3w0e0

CALL VARICPOs#1sNTOTsNBESQs PsDER3)

CALL SUB22¢NTOTsi1sNBEs DERls DER3sROsNESQ>

PRINT360s DER3

360

FORMATC® . THE ANSWER TO FORMULA 22 IS ®»D2Ce143

PRINT352,NBSQ

CALL VAR2C DER3sPs VARNs POSNTITS

352

FORMATC *OTHE EXPECTED VALUE OF THE DQUARE OF THE BACKORDER LEVEL1

15895 D20e 143

__ PRINTA410, VARN

410 FORMATCOTHE VARIANCE OF THE EXPECTED NUMBER JF UNITS IN_RESUPALY
_ 11S58°,D20614) N S sy T nE pps L
__DER3=060 S R NS o e S, L LU PSP A S

CALL VAR2¢ DER3s Ps RESPSQs POsNTOT)

PRINT420o RESPSQ

ang

_FORMATC *OTHE EXPECTED VALUE OF THE SQUARE OF THE NUMBER OF WITSi

IN RESUPPLY ISt%,D20e14)

CALL SNAVECNTOTsM1sPs PO, SN

PRINTA430, SN




430 FORMATC *OTHE EXPECTED STOCK LEVEL 1S®»D2le14)

__CALL VARKNTOTsM1»P»POsVARSsSN> ===

__ PRINTA440,VARS

440 FORMAT(SOTHE VARIANCE OF THE STOCX LEVEL IS‘:oD201143
;- _ Um0e0

__CALL VAR3CNTOTsM1e Py POy SSQeUY

485 FORMATC®OTHE EXPECTED VALUE OF THE SQUARE OF THE STOCK LEVEL 158).

__1D20el4>

_ PRINTA25,55Q@

CALL MNAVECNTOTsM1sPsPOsHN)

PRINT435sMN

435 FORMATC®*OTHE EXPECTED NUMBER IN SERVICE IS ®»D20e14)

CALL VAR4CNTOTsM1sMNs P» VARMs POJ _

PRINTA4449 VARM

444  FORMATC*OTHE VARIANCE OF THE EXPECTED NUMBER IN SERVICE IS %»D20}.

143 e t
. CALL VARACNTOTsM1,Us PsMNSQsPO) A B S AL
__ PRINTA4€pMNSQ === = = T T v SR AR

446 FORMATC®OTHE EXPECTED VALUE OF THE SQUARE OF THE NUMBER IN SERVIE _

1 158%D20014)

STOP

END

__SUBROUTINE NINTENCNTOTsM1sNB1sNBsPOlsPOsANS19sMOsPAP RO) =~~~ i

____DOUBLE PRECISION NTOTsNBSQeM1lsNBsNBlsPOsPO15ANS195M0s PAC 10135 RO
ANS19=0e 0

CALL VARICPO1,M1sNTOT+1oNBSQs PASANS19)

ANS19%] =€ 1o /CNTOT=M1+132CCCMO®RO*PO1/P0J)=NBSQ/NE)




RETURN

END FalE R
____ SUBROUTINE SUB2OCNTOTsROsDER1sDERZ)
C_FINDS THE RESULTS FOR FORMULA 20 .
DOUBLE PRECISION NTOTsROs DERl1sDER2C 1012
. iwmpenzor @000 2 It tiea et
' DO 10 NRESUPw=1,1TOT gl
10 DERZ¢(NRESUP)=NRESUP/RO=DER1 /R0 _ R
___ PODER=DER1/¢0e¢0=RO3 ! i N
RETURN .
END A :
SUBROUTINE SUB21C(NTOTsPsDER1d === e

C_FINDS THE EXPECTED NUMBER OF UNITS IN RESUPFLYe.

DOUELE PRECISION NTOT,PC1013s DERI

____DER1=GCe0 3 SR L Te B
ITOT=NTOT Ert)
DO 10 NRESUP=1,1TOT RN ey Sl St by

10 DERI=NRESUP®PC(NRESUPJ+DERI

RETURN _
END NSRRI S N At e

SUBROUTINE SUB22¢(NTOTs¥1sNBs DER1y DER2)R0sNBSQ5

_C_FINDS THE RESULTS FOR FORMULA 22 .

DOUELE PRECISION NTOT,M1,NB»DER1s DER25ROsNESQ

____ DER2=NB/RO®CC(NTOT-M1J)-DERleNBSQ/NBY) =~~~ = = =
PRGRN . . . ... LA I IR R L APRONE S SR R St L

END




 SUBROUTINE VAR3CNTOTsM1s PsPOs VARs SN

DOUBLE PRECISION NTOT,i1s P¢ 10135 POs VARs SN

ITEST*NTOT=M1

_VARwPO®(NTOT=M1=-SN)w#2

DO 10 NRESUP=1,1TEST

10 VARWVAR®PCNRESUP)¥(NTOT=#1-NRESUP=SN)®#2

ITOT=NTOT o Bt Bt
INITAL=ITEST#1
DO 30 NRESUP=iNITAL»ITOT o i
30 VAR=VAR$PCNRESUPJ®SNe¥2 BRI Py e e
RETURN
i END & Sy DS

SUBROUTINE SNAVECNTOTsM1sPsPOsSN3

- DOUBLE PRECISiON NTOTs#M1sPC10135P0s SN
A Gl S
3 SN=wPOCNTOT=1) 2 S PR
IFCITESTeLTe 15G0TO 20
DO 10 NRESUP=1,ITEST i
_____ SNw SN+ PCNRESUP)®CNTOT=M1=NRESUP3
10 CONTINUE i L L e
20 RETURN_ SR i s AR, Tt AT WP
] END e e
SUBROUTINE MNAVECNTOTsM1sPsPOsMN) =

: ___DOUBLE PRECISION NTOTsM1sPC1013sPOsMN

_ INITAL=NTOT=Ml41

3 ~ IFCINITALeLEe O)MN=POSNTOT

A-22




|

_ITOT=NTOT

IFCINITAL oLEe 0)INITAL=1

DO 10 NRESUP=INITAL»iTOT

10 MN=MN+CNTOT-NRESUP?%PC(NRESUP) ==

MN=MN+M s PO

ITEST=INITAL=1

IFCITESTeLTe1360TO 30

DO 20 NRESUPw=1,iTEST

20  MNwMNeM1sPCNRESUPY

30 BRETURN

END

SUBROUTINE VAR4CNTOTsH1sidNs Ps VARSPOY

DOUBLE PRECISION NTOToM1sMNsPC101)sVARSFD

INITAL=NTOT=M1

k.. : ITEST=INITAL+1

i VAR=PQ

DO 20 NRESUPw1,1TEST

20  VARwVAR®PC(NRESUP)

VAR=VARSC(M1<iiN)»#2

IFCINITAL e EQe 0 VAR®VARSPOSCNTOT=HNI##2

__ IFCINITALGEQeOJINITAL=1

1TOT=NTOT

DO 10 NRESUP=INITALs1TOT
10 VAR=VAR4P(NRESUP)*(NTOT=NRESUP=MN)#®%2

_ RETURN
END




P
'  SUBROUTINE FLOWCXsJs1Xe1Y) s
C CHECKS FOR OVERFLOW AND UNDERFLOW féERINTSWWANINQ "MESSAGE IF ONE ISF
3 _ OUNDe . A0 5
: - medieeE PREerstwZ o
B s S S
IF(X.__G_}'Q17409)IY:I_'Y_*_1,‘__ s
: IFCXeLTew174e9PRINTS0d 5
’ _ IFCXeLTe=174090Km=l7409
v S FORMATC ® - #3¢3wUNDERFLOWssnes _J_::_g 13 i
: 1FCXe@Te17409IPRINT100d A T
10 FORMATC®.s»wsBQUVERFLOWS®®ss Ju®p135 2
; 2 I1FCXeGTo174095X=17409 AT : ;
o o BRI o SN G i e S T
E END e it i el v ‘
F-;_; : SUBROQUTINE VAR1CPOsM1sNTOToVAR,PeNBY
% ~__ DQUBLE PRECISION PC1C15sP0sM1sWNTOTs VARSNB B o
*‘ ] oIy I_'!'O_‘IPN’I;O_T&_“A_ o D e P D T S Rty P UL T
s INI TAL-N_TOT-HI#I 5. e ot ag 3
BRI ... AN N S F b TS, W A Wl m W e A LA, o it ot
: ___ 1FCINITAL.EQeO)VARWVAR#POm(HM1=NTOT=NEd)#®2 e
IF¢ INITAL.EQ.P)INI TAL=1 ;
DO 10 NM§UEI_NI_TA§OII9J e sl ii
10 VARWUVAR®PCNRESUP)#Ci1-NTOT#NRESUP=NEY*%2 s 4
B0 0. R o RS S A .
DO 20 NRESUP=1,ITEST B . JiLas e ‘:4:
|
f
: !
|
A-24 ‘




L |
20  VAR=VAR+NBw#2wP¢NRESUP) , B S e ________?

A VARSVAR#POSNB#w2 i i

RETURN ey R s T f

END R e e MR ST e T e |

SUBROUTINE VARZ2C¢DER1s Ps VARy POSNTOT)

DOUBLE PRECISION PC1013sDER1s VARs POSNTOT

: . 1TOT=NTOT

: VAR=PO#DER1%%2 S
DO _10 NRESUP=1,ITOT. 1 g

10 VAR=VAR$P(NRESUP)#(NRESUP=DER1)®®%2

RETURN 3

END

_SUBRQUTINE PVALCPsNTOTsMOsR0sPO>

I TEST=NTOT AL Rt e
PO=DEXPC=MO®RO> L
X=PQ gl : b o

DO 10 NRESUPw1,1TEST

; R e e s L e L
'_ DO 30 J=1sNRESUP .
IR N e e D TR e
L L L R N N P S AR IS

PCNRESUP )»{ MO* RO )»=NRESUPwDEXPC «i{0#R0 ) /DEXPC B)

_ X=X+PC(NRESUP) R e X
PRINT20sNRESUP» PCNRESUP)
B e 8o ooty e G S
P
A-25




____ PRINTA0sX

FORMATC® . PC%»13s°) = °»D20e14)

FORMATC ® OTHE TOTAL OF THE POSSION_PROBABILITIES i S%»D20e 14)

____ RETURN

. END

SUBROUTINE NBSTHKCNBs STOCKsNTOT»MOsM1sRO0s PO)

DOUBLE PRECISION [LOGsDEXPyNTOTsM1sNBs STOCKs Do CaiOs RO PO

M=NTOT=M1+1

___1FCMeLEeOINB=PO _

_____ DD 50 NRESUPwMpITEST _ _

ITEST=100 S ]
NB=STOCK=0e 0 ARSI R

____C=0e0 TR S AR e T SRR J LY T TS
1 FCNRESUPeLEe 12G9TO 65 ol
PO GO QMESNMESUN i

e R RN pihl S e
C=C#IL0OG¢ D) £t
IFCNRESUP#DLOGCMO®WRO)=C=MO#R0sLTe»100360TOI1Y =~~~

NB=NB+(M1-NTOT+NRESUP)# DEX PCNRESUP# [ 0GC 0% R0 ) =C)# DEXPC =H0= FO )

CONTINUE

—

PRINT100,NB For Tal o porlis : e L
00 _ FORMATC * OTHERE ARE®»D20e 145 * . BACKORDERS® > _ .

RETURN (o Bt

L e " TR e
SENTRY S s et

Sl FONGRC | S i

/LOGOFF




¢ CONSERVATIVE SINGLE SERVER ;
INVENTORY MODEL
(FINITE POPULATION) :
PROGRAM LISTING 1 4
3
1 |
'.,,‘
: 4
]




/LOGON "NC*

/D0 RUNeWATFIV

$JOB C(LBNTJQQ) KOVACS

____DOUBLE PRECISION PC10135PAC101)5DERSC1C19NEsNE1sPO»FO122sNTOTH R9

1M1,M0» ANS36s DER1» DER3s VAR, VARAs NESQs VARN» RESFSQs VARSs Up SSQoMN SQ &

2ANS19 S g e S
Z=GeO IR T e e s
PRINTS

__BEADsH1542,H35K 4 = A SR

S FORMATC®1%»5X,°®ss CONSERVATIVE SINGLE SERVER INVENTORY MODEL s»%3

READs MIN» MAX o ROsMOsM1

___ PRINT10sMINsMAXsROpH0sM1

16 FORMATC ®GMIN=®,14p 4Xs *MAX=®51 4p 4Xs *ROm 5 D20s 1 4o 4Xs HO=*s D200 1 4o 4K

1°M1=°, D206 143

DO_1000 ITOT=MINsMAX

__Wietsj0Y 200000000 he VR
IFCH4¢EQe 19PRINT150 AT IR TR oA
_ iXwlYwG I L A L e il

_____1FCMO®ROeLEe10CICALL PVALCPsNTOTsMOsRO»FOsK25

1FCMO®ROeGTe 100ICALL FVAL 1ACPoNTITsMOs ROs POs 1Xa 1 Yok 23

C_IX AND 1Y ARE TOTALS FOR UNCER AND OVERFLOWS IN THE FROGRAMe

150 _ FORMATC®OPCN) IS THE PROBABILITY THAT N ITEMS ARE IN RESUFFLY AST

1IME NEARS INFINITYe®)

C T 1S THE TOTAL OF THE PROBABILITIES == SHOULD EQUAL 1e0CCe

TwGo

PO 100 J0lssi0T




% 106 TeTePC1d

___T=TePQ

IFCK2¢EQe 1)PRINT16Cs T

160 FORMATC*OTHE TOTAL OF ALL THE P VALUES IS "»D2Cel4

_ _ CALL SUBITCNTOTsM1pPeKl1)

CALL SUB13CNTOT»M1,M0sR0sNBaX1)

e 16=NTOT=Mlel :
_ zZm=m0e0 P B s
7 DO 300 I17=16s1TOT
300 Z=Z+PcCi7) o
C ZiS THE TOTAL OF ALL THE PROBABILITIES FROM I=NTOT=Mlel TO I=NTOT

I1FCK1¢EQe 1 PRINT30152Z

301 FORMATC®OTHE PROBABILITY FOR STOCKOUT 15%»D20e14)

CALL STOCKCMOsROsM1sNTOToK12

L

IX=]Y=O

KS=0

1FCMO»ROeLEe 10 )CALL PVALCPASNTOT#1oM0sROsPOL9KS)

1FCMO®R0¢8Te 1 0 0ICALL PVAL 1ACPAsNTOT+1sM09 ROs P19 1Xs 1YeKS)

[l BENRSEUIES

_ PRINT2Z20s IXs1Y

220  FORMATC®OTHERE VERE %»13,° UNDERFLOWS AND ®»13,* OVERFLOWS®)

__T=wCe O S A e o 2
DO 102 I=15179 _ e i) e P
102 JWSOFRR S ¥ -

__ CALL SUBI@CNTOT+1,M1,M0pROsNB1sHS)

CALL SUB36¢MOs ROs POs PO1,ANS36)
___ 1FCK4eEQe 1)PRINT400»1TOT»1TOT+1sI1TOTsANS36
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400 FORMATC®ONBC®s13s°) =NBC®;13,%) / NBC®513,°) = *, D200 143

__1FCA4¢EQe 1 JPRINT304,+C(NB=NB1)/NB

304 FORMATC®OTHE LEFT SIDE OF THE EQUATION GIVES ®,D2Ce 14)

CALL SUB38CNTOTsP»DERI1>

_ 1FCK3¢EQe 1)PRINT310, DER1

310 FORMATC *OTHE EXPECTED NUMBER OF UNITS IN RESUPPLY IS% DECe 14

I1FCK4eEQe 1 )PRINT320s=DER1 /RO

i 320 FORMATC®CTHE RESULT OF FORMULA 38 1S *»D20Ce14)
CALL SUB37C¢NTOTsROs DER1, DER2) -

1 FCHAeEQe1)PRINT333

333 FORMATC®OTHE ANSWERS FOR FORMULA 378%)

1FCX4¢EQe 1 JPRINT330s Op=DER1/RD
1FCR4eEQe | JPRINT3I302C J59 DER2(J539JS=151TOT)
330  FORMAT(® PC®»13,%3 GIVES *»D20el45 === ===
CALL VARICPOsM1oNTOTsVARs PsNB3
____1FCK3¢EQe 1 )PRINT350»1TOTs VAR Pl Sy et e LV

350 FORMATC®. THE VARIENCE OF NB FOR NTOT=*»13,°.1S ®»D2Cel14>

DER3=Qe 0

___CALL VARICPO»sM1,NTOToNBSQs P» DER3)

_CALL SUB39CNTOTsM1sNBsDER1» DER3sROpNESQ) =

IFCK4eEQe 1 J)PRINT360p DER3

360 FORMATC®OTHE ANSWER TO FORMULA 39 1S ®»D20el4)

_ 1FCH3+EQe 1)PRINT3IS2,NBSQ

ARG s e i A

CALL VAR2( DER1, P» VARNs POSNTOT) |

352 FORMATC®OTHE EXPECTED VALUE OF THE SQUARE OF THE BACKORDER LEVEL]

| 15895 D200 14)

_ _IFCKX3¢EQe12PRINTA1Cs VARN




410

_11S8%pD2Ce14d>

FORMATC *OTHE VARIANCE OF THE EXPECTED NUMBER OF UNITS IN RESUPFLY

420

DER3=(Q¢
___CALL VAR2(DER3sP»RESPSQsPOsNTOT) =
_1FCK3¢EQe 1)PRINT420sRESPS@ Sy Lo sy

FORMATC*OTHE EXPECTED VALUE OF THE SPUARE OF THE NUMBER OF UNZITSi

__IN RESUPPLY 1St°,D20e14)

CALL SNAVECNTOTsH 14 Py PO, SN2

IFCR3eEQe 1 JPRINTA30s SN

430

_CALL VAR3INTOTsM1sPs»POsVARSsSN)

_FORMATC *OTHE EXPECTED STOCA LEVEL IS ®»D2Ce14)

1FCK30EQe 1 JPRINT440, VARS

L. L. SR

FORMATC *OTHE VARIANCE OF THE STOCK LEVEL IS~ *5D20e14)

UsGe

4as

1D20e143

CALL VAR3CNTOTsM1sPsPOpSSQsU3

_FORMATC®*OTHE EXPECTED VALUE OF THE SQUARE OF THE STOCA LEVEL 1S%).

1FCK3eEQe 1 JPRINTA2S, SSQ

..

. CALL MNAVECNTOTsidls Ps POsMN)

_ _1FCA3eEQe 15PRINTA3SsMN

FORMATC *OTHE EXPECTED NUMBER IN SERVICE 1S *»DZCe 14)

__CALL VAR&NTOT,M1sMNs PsVARMpPO3

_IFCK3eEQe1)PRINTA44s VARM

_ 1FCR3+EQe 1 JPRINT446,MNSQ

CALL VAR4CNTOTsM1sUs PoMNSQs PO)




446 FORMATC®OTAE EXPECTED VALUE OF THE SQUARE OF THE NUMBER IN SERVIE

1 1St%pD20e14>

1000 CONTINUE b ; el
s LN e S e e R LR AT SN Al Pl GRS A3
END E Bt 8 I Tl ol

SUBROUTINE PVALCPsNTOTsMOIs ROs FOsKE)

DOUELE PRECISION PC1013sNTOTs1M0sR0Os» PO»GaAsBsCaDoE
DOUBLE PRECISION [LOGeDEXP =
3 ITEST=NTOT+1
DO S Jd=leITEST === === e e
e WRERORIE Y e - Sl
CALL GMOROCMOsROsG)
3 M=MO .
L CONGL BRGISMRCE) -
3 A==MO#*ILOGCMO)+C i &
BwNTOT#DLOGCMO®RO) === ===
_______A=A+Beq PO e Gt b L Wi, S S S e S L SRR £
B=0e0 Lot
_ I=NTOTeMOel R R ~ :
SRR 3 L E o B I R R N, B s
JuMge1 s
10 B=BeDEXPCJwDLOGCMORRO)) N S RNO
____ A==(DLOGCDEXPCA)*B)) s e e e e Sl SR S
1X=]Y=0
 IFCNRESUPeEQeOeO)CALL FLOWCASNRESUP»IXsZYY '
1F¢CNRESUPeEQe Ce 0) FOuDEXPCA) :
 1FCNRESUPeEQeOe CeANDeXZeEGe 1 3FRINT1C1sNRESUPs FO. DR D




 1FCNRESUPeEQe 0o 02GOTO S

_ 1FCNRESUPeLE+NTOT=MO)PCNRESUP)®=DEXP(¢¢ NRESUP® ILOGC 0% R )+A)

De(NTOT=MO)*[LOGCMO)

_____ _MI=NTOT-NRESUP P Lo DAl e M L e G A ok
BVECHSOEE. L SRS B e DS LRI
CALL FACTC(M9:@)
E=NRESUPeDLOGCROY 5

_1FCNRESUP+@TeNTOT=4G3 PC NRESUP)=DEXPC C=G# DHE+AD

1FCK2eEQe 1 JPRINT101,NRESUP, PCNRESUP)

5———
101

CONTINUE

FORMATC® PC%5i3s%) = *»D20e14>

RETURN

END

__SUBROUTINE SUB17¢NTOTsM1lsPsxX13

DOUBLE PRECISiON NTOTsMlaPC1013sNEsX
NB=0e 0 = e e Y T
CERm L SRR e P N AL TN Ll S S icel S NP LI VL L R S
DO 10 Jw1si =
________ X=Jg-1 R o S oL R e e DRI

_I=NTOT=X

NB=NB+CM1=X)®PC1)

10

CONTINUE

.

IFCK1eEQe1)PRINTAGsNB

FORMATC * OFORMULA 17_GIVES®,D20s 14s* . BACKORDERS®)

———————

RETURN

END
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SUBROUTINE SUB36CM0sROs POs» PO1,ANS36) ‘
~ DOUBLE PRECISION M0sROsPOsPOlsANS36
__ _ANS36m1,0=MOsROsPOI/PO ;
RETURN S A o e Wl B
S - 1 SRV ‘ i 45,3 e
__SUBROUTINE SUB37¢NTOTs ROs DER1s DERZ) o By
DOUBLE PRECISION NTOTsROs DER1sDER2¢1G1)
ITOT=NTOT v Y
DO 10 NRESUPwlgiTOT e
10 DER2(NRESUP)=NRESUP/RQ=DER1/RO __
______ PODER=DER1/¢ O¢ 0=RO?
_RETURN 5
END
___SUBROUTINE SUB33CNTOTsPsDER1> = 5
___DOUBLE PRECISION PC101)sNTOTsDER! o
DER1=Q¢ C
___1TOT=NTOT _ A A P e e T e P i
DO 10 NRESUPwlpiTOT =
10 DER1=NRESUP#P¢NRESUP3+DER1 ek
I e e e e o
____END_ D 7 N R D Y % P
SUBROUTINE SUB39CNTOTsM1sNBs DER1s DER2, ROsNBSQ)
____ DOUBLE PRECISION NTOT»M1sNBsDERls DERZ» ROsNBSQ s
__DERZ=NB/ROsC(CNTOT=M1)=DER1eNBSQ/NB) TR A S SR e TS
RS L . AN R R o S MR AP L DR O sy S
_END A , A 1




~ SUBROUTINE VAR3CNTOTsM1sPsPOs VAR, SN

DOUBLE PRECISION NTOTsMlsFC1012sP0sVARs SN

__ 1TEST=NTOT=M1

___ VAR=PO®(NTOT=M1=SNosw2
DO 10 NRESUPw1,ITEST

10 VAR=UAR®PCNRESUPI%CN=M1=NRESUP=SN)®®E

ITOT=NTOT

INITAL=I TEST+1

DO 30 NRESUP=INITAL»ITOT. .

30 VAR=VAR¢PC(NRESUP)*SN®»2

RETURN

END

SUBROUTINE SNAVECNTOTsM1sPsPOs SN

DOUBLE PRECISION NTOTsM1sPC10135P0s SN

ITEST=NTOT-Mi

SN=PO®CNTOT=M1>

IFCITESToLTe1760TO 20

DO 10 NRESUP=1,1ITEST

___ SN=SN4PCNRESUP»CNTOT=M1=NRESUP)

10 CONTINUE

20  RETURN

END

SUBROUTINE MNAVECNTOTsM1sPsPOsMN)

__DOUBLE PRECISION NTOTsM1sPC101)5P0sMN

INITAL=NTOT=M1e1

MNe0

IFCINITAL o EQe 03/N=POSCHTIT)

/




ITOT=NTOT
IFCINITALeEQe O INITAL=1

DO _10 NRESUP=INITAL,ITOT

10  MN=MN+CNTOT-NRESUP)®FCNRESUP)

MN=MN+M 12 PO

ITEST=INITAL~1

IFCITESTeLTe12GOTO 30

DO 20 NRESUPs1,1 ST

20 MN=MN+M 18 PCNRESUP)

30  RETURN

END

SUBROUTINE VAR4CNTOT»M1,HMNs Ps VAR, PO)

_ DOUBLE PRECISION NTOTsM1,MNsPC1C135 VARs PO

INITAL=NTOT=M1+1
__ __ITEST=INITAL-l

__VAR’P)

DO_20 NRESUPwl,ITEST __

20 VAR=VAR®PCNRESUPY =

VAR=VAR®(M1=MNjw»®2

IFCINITALeEQe 03 VAR®UAR® PONCNTOT=HN w2

_ IFCINITALGEQeCIINITAL=1

. 1TOT=NTOT

DO 10 NRESUPwINITAL,ITOT _

10 VARwVAR+PCNRESUP)®(NTOT=NRESUP=MN)#%2 _

_ RETURN
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'SUBROUTINE FLOWCXsJs1Xs1Y)

BT T s L O e R N R e S N SRS K
: IFCXeLTe=174093IXmIX+1 e
| _IFCXe@TelT4e9d1¥mI¥+l
| 1FCXoLTe=17409IPRINTSsd
S FORMAT('-tv*ttUNDEBFLOQ?#t-m Ju®s13)
E IFCXeGTe174¢9IPRINTI10pJ ety S
10 FORMATC®.s®#swOVERFLOVSw®ss Ju®13)
IFCXeLTo=17409)Xu=174¢9
 IFCXe@Te174e93X=174e9 o
RETURN el e
END
SUBROUTINE VARICFPOsii1sNTOTs VARs PaNBE)
__ DOUBLE PRECISION PC1C1),POsM1sNTOTsVAReNB
ITOT=NTOT : ‘
INITAL=NTOT=M1¢1 £ &
A R el o T s e pe i ey o
lF(INITAL.;gag)VAR-VAgfgpysg}:NIQT-N§2!l2 o
_ IFCINITALGEQeO)INITAL=1 : il ;
DO 10 NRESUPwINITALsITOT _
10 VAR-VAROP(NRESUF)'(MI-NTOTONRESUP-HB)OOQ
00 G s | R R S T SR N AU el T S N S L T
? DO 20 NRESUPw1,1TEST e
E 80 VAR=VARSNE##2#PC(NRESUP)
. ___VAR®VARePOSNBe¥2 NI P SR A e
: RETURN o A R Ty 3 bty R RS n,
p— mD NSRS PUPREPIPTI A At el g 3 s S A A S A oS




 SUBRQUTINE VAR2CDERI,Ps VAR POSNTOT)

~ _DOUBLE PRECISION PC101)sDER1s VARsPOoNTOT

ITOT=NTOT

VAR=PO®DER1%»2 =

DO 10 NRESUP=1,ITOT

10  VAR=VAR+P¢NRESUP)®¢NRESUP=DER])#%2

RETURN

END

SUBROUTINE SUB13CNEsMOs ROsNTOTsM1,ANS193

DOUELE PRECISION MO»ROsNBsM1sNTITsANS195GsEsA

DSUBLE FRECISION [idGs DEXP

CALL GMOROCMO«=16¢09 ROs» G

G»DEXFCG)

V=MD

R ‘ 1FCMO=1¢0¢L.EeCe09Gu0e0

CALL FACTCMsA)

BuMN-NB=1¢CG/RO

1FCBei.Te1E=12¢ANDeBe@Te 00 05=0eC

A=CC 1 o 0=HO#RJ)¥ DEXPC =MOw [, 06CHII+AI»G¥EI+CM 1= MOw RO JwC M 1=NE) Jw DEX

1€C100=MOI¥ L IGCMO*RDII+CC 1 ¢ 0= DEXPCCM1=MOI® [LOGCMIBRI) ) ) DEXFC =M 19

2L0GCMO®R0I ) /C 1 ¢ 0=MO®R0O) I=C(M1=MO I DEXPC =110# [LOGC 0% RJ ) )

ANS19=¢ DLOGCA)=ILOGCNB) 3 /¢ = [LOGCMO»ROI )

R . L i o S et s 3
___SUBROUTINE FACTCHsA). PO LI G L DU S WS M 3

DOUBLE PRECISION AsB
DOUBLE PRECISION DLOG




et s

T
7

AnQe 0

 I1FCMeLEe1280TO 20 ¢ R G L R R T T
DO _10 J=2.M e S AL
) R N R AN L AP R IR 1 e
10 A=peDrLO&B? === 00000

20 RETURN

END

_____SUBROUTINE GMOROCMO»RUsAY

DOQUELE PRECISION MOs ROsAs Bs DL Ots CEXP

INTEGER X

M=MO

AwQe C

DO 10 J=1,M

O Al 5 1 RN Ao AN A A

 XwJel ot e S N S T e
i ENUSE
_ CaLL FACTCXpB> === 2
10 A=A¢DEXPC(~X®[LO&RO?~B> =
AWILOBCA) % o
R R Il e o e s S D e
PO L S PR R A T RN N UL D S S -
SUBROUTINE SUB21CMOsROsNBsM1)
_____DOUBLE PRECISION MOsROsNBosMlssAsBsANS ==~~~
_____DOUBLE PREC3ISIiON DLOGsDEXP === = " i
1FCMOSNE+M17@0TO 20 #E
____CALL GMOROCMO=100sR0sG) R I S
__@wDEXPC@) =00 - SRR SRS T ° 8
o 3FCMO=100eLEe03G=0e0 B ORI TR S )

M=MO
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CALL FACTCMsA)

BuMl=NEBE=1¢0/RO

__ 1FCBeLTelE=120ANDeBe@Te 00 03B=CeC _

A=C (MI=CMOBROI*:..0=NBJ )¥ DEXPCC 1 ¢ O0~}M03% [L.OGCMO®R0J ) )+ ¢ DEXPX =HU% DL.G

1¢MO)+A)*GeC 1 ¢ O=HOMROI¥B)

ANS=C LOG(NB)~[LOGCAII /CILIGCMO®RII)

PRINT105ANS TSR o

10 FORMATC ® OFORMULA 21 GIVES ®»D20e14)

20 RETURN s Ay o St
END et S e TN B Dy Pl
SUBROUTINE PVAL 1ACPsNTOT»MOsROs POs IXs1YsK2)

___ DOUBLE PRECISION PC101)oNTOTsMOsRO» PO»GoAsBsCoDsEsF

DOUBLE PRECISION [CLOGsDEXP

ITEST=NTOT+1
DO 5 JKwl,ITEST == e se
___ NBRESUPwJKe-! === Hetl
CALL GMOROCiHOs ROs» @) i =
M=MO S S ¥ g 0 Sarh
___CALL FACTCMpC3 === === ;
A==i0s L OGCMOI+Ce+E
ESRETRS. ......L. IN s RGN
I=NTOT=MO¢1 o N 1 i
IFCIeLE«0)GITI 20 o
B LS L RS S S N SO AR AR -

10

B=B4DEXPCC(J=NTOT)®[LOGCMO®RO3)




20

__1FCNRESUP¢EQe 0¢ 03CALL FLOWCASNRESUP»1Xp1Y)

Awe( DLOGC DEXPCAY*B) )

1FCNRESUPe EQe 03 PO=DEX PC «NTOT® [L 0GC MOS ROI#A)Y

IFCNRESUPeEQe Oe ANDeK2¢EQe 1) PRINTIC1sNRESUFs PO

IFCNRESUPeEQe 0o 03GOTO 5

IFCNRESUPeLEeNTOT=HMOIPCNRESUP» DEXPCC(NRESUP=NTO T)# [i.0LC MOB RO)+A)

 Dm=MO®ILOGCMO) =
___ M9=NTOT=NRESUP _ i
; F=0e0 e
CALL FACTC(M9sF) R P SSE i
 E=C(NRESUP=-NTOT3®[LLOGCRO> >
IFCNRESUPeGTeNTOT=M0) PCNRESUPI=DEXPC C=Fe D?E+AJ
___1FCK2eEQe 13PRINT101oNRESUPs P(NRESUPS? = LT
B SRRV e e B A S R e
. 101  FORMATC® PC®s135°) = °*5D20e145
_____RETURN S = Ty L ST
L END e i o b M S

SUBROUTINE SUB13CNTOT»M1sMO» RO»NEsi13

DOUELE PRECISION NTOTsMUsM1sROsNBs Qs GAMMAs BETAs AsBsCo DsEs Fo s 1ol

1RsSs ToUs DLOGS DEXP

M=MO
p G=060 Y e R S ST
_IFCMOeLEe1GOTO S = i . BE

@eDEXPC 4)

CALL GNOROCMO-15R0»63




5 CALL FACTC(MsU)

A=(M1-100/R0)%DEXPC ~MOw DLOGCHOI+UDnG

BwDEXPC DLOGCHM1)4C 10 C~MOIw [LOBCMIWRTID =

GAMMA=M1-MQ

BETA= 1 0-M0%RO

C=0e 0

MIwEAMMA= |

IFCBAMMASLTe2¢06ITO 20

DG 10 JwlsMd

KmJe1l

CALL FACT(M9+Z2, D)

CALL FACTCHsED

J5=GAMMA=K=1

CALL FACTCJSs F?

HuKe2

106 CmCeC~=133%K#BETA®®{w DEXPC D=E=F=DLOGCHI)

20 R=Q0e 0

__ IFCBETA¢EQe0e 0o OReGAMMAGEQe0e 0GOTO 85

___RuC=1)%2C(M9+2)BETARSHMINCAMMA
25  IF(M1¢EQe1¢0)QmCeR

____ IFCM1oNE¢100)QuDEXPCC 10 0=M13%LOGCMO¥RO3I®CC+RY =

_ J26=NTOT-MOe!

S=Qe 0
DO 3G J27=1,926 _ = B B s
. JwJ27-1 ot A e o s e e

30 S=wSe¢DEXPCCJ=NTOTI®[LOGCMOSR0))) _

CALL GMOROCMOsROsG1)

_TwDEXPC «MOwLOGCMO)+U+G1)




NB=DEXPCILOBCA+B+Q)=DLOGCS+T?> 5

IFCK1eEQe 1 JPRINTS0NB i

IFCK1eEQe 13PRINT70s+DEXPC LLOGCA®E+Q)=[LOGCTI)

50 FORMATC®CFORMULA 18_GIVES®,D20el4s® BACKORDERS® |
70 FORMATC®OFOR N=INFINITY, NB =%,D20e14) g i
__ RETURN SR TS
END |

SUBROUTINE STOCKCMOsROs#M1sNTOToK1)

DOUBLE PREC1SION DLOGs DEXP

M=MO

CALL FACTCMsA)

CALL @MOROCMOsROs @)

BwDEX PC =MO# [LOGC MO I +A+G)

C=0eC

I=M1=MQ

IFC1eLTe15GOTO 20

DO 10 N=l,1

JuN=]1

o L —

1FCMleJeEQe1403CuCe1

IFCM1=JeEQe1403@0T3 10

C=C+DEXPCC J=M1+ 1 )¥ [LOGCMOwRI3 >

10

20

CONTINUE

D=0e 0

I1J=NTOT=MO+1
DO 30 Nwi,3J

Jsiel




e e

30  D=DeDEXPCJwILOGCMO®RO)>

__ E=DEXPCNTOT#DLO6CMO®RO?>
___ F=DEXPC-NTOT®[LOGCMO®RO3>
1FC¢MO%ROeLEe ! ) STOH=DEXPC IL 0GC B+C) = DLOGC DR F+E) )

IFCK1eEQe 1)PRINTSO0s STOK

IF¢MQ%R0eGTe 1¢0)STOX=DEXPC DL OGC E#CB+C) >~ ILOGC D+B3E) )

50  FORMATC®OTHE STOCKOUT PROBABILITY 15°%sD20e14)

5 RETURN
__END 15
SENTRY
1 1 1 1 g 5 3
5 e - NOMRALR - SRR | N, - S ALY S A
./ LOGOFF ¥
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PROBLEM 1
PROGRAM LISTING




b

%-.'" |

DLUBLE PRECISIIN Ny,NBO,U,L

FNLsFN2,Fiu3,P(101)sP0s2,Q1,Q2,Q3,04,Q5,26,27,08
INTEGER DN1,DN2
READ RO,M1,MO,NBO,MNHAX,A21
MMIN=L
N=NMAX/2
IF(N.LT'I ) J=l
: A,BsCyr0D,RO1,RC25,3035R04=0,0
5 IF(N.EQ.L)GOTQ 19
CALL FIND(N=1,ROL,M1,M3,MBO,A2L)
A=(N=-1)*(1+RQ/R31)
10 CALL FIND(NJROZ5M41>MO5i1BOsA2L)
3=N*x(L+RU/RO2)
IF(N.EQ.NMAX)GOTI 30
CALL FIND(N+1,R03,M1,MU,NBC,A21)
C=(N+L)*(1+R3/R03)
30 IF(NMAX-1,0,EQ.N)GOTCD 40
CALL FINO(H+2,R04,M1,MN,MNBO0AL)
D=a(M+2)%(1+RO/R04%)
40  FMl=C-R
Fin2=8~4A
FN3=0D-C¢
Q=N
Ql=8B
Q2=R0O2
Q3=p-1
Q4=A
Q53=R0O1
Re=N+1
Q7=C
Qs5=R03
IP(FN] GE,0,0,AND,FN2,LE.0,01CUTD 100
[F(N.EQ.NMAX.AND.FM2,.LE.0.0)GLTU 100
IF(NJEQ,1,0,AND,F!1.CE,0.0)GNTu 100
Q=N+1
Q1=C
Q2=R0O3
Q3=N
Q4=8
Q5=R02
Q6=N+2
Q7=D
QR=RN4
IF(FN3,GE,0,0,AND,FN1,LE.0.0)GUTO 100
IF(FN]1 LE.O,O0,ANDNMAX=1.0.EQ,v)COTO 1CC
Q=N+2
Qi=D

Q2=RC4%
Q3=N+1
Qae=C
~QE=R03
Q6,07,02=0,0

e i e e e o e ik




__1F(NMAX~2,0,EQ.MN.AND.FN3,LE,0.0)GOTO 100
Q=1 e Ry
QI?A

Q2=RA41

Q3,Q4,Q5=0,0

IF(NeEQe2+0,AND.F!N24GE.0.0)GCTu 100
IF(FN].EQ,0)PRINT, 'ERR{OR #1' _~

e BHES L= ENL AN Y Y .

IF(FN2.EQ,Q, Q)PRINT, 'ERRMR #2'
ON1=1/(1=(FN3/FNL))

IF(DN1,LT,0ON2,AND.=-DNL1L.GT. ON2 ) =H+0N1
IF(DNLl LT ,DN2,AND,=-DN1,.LE.DI2)=N+0MN2
IF(DN2,LE,DN1,AND,~DM2,GT . OH1)i.=N+DN2

100

210
220
200

9Q0

PRINT200,Q3,Q4,35

sToP

[F(DN2.LE,ONL,AND,=-DN2.LE, DI 1) N=N+DN1
IF(N.LE.G)iI=1

_JF(NSGT MMAXIN=NMAX S AR N L £

PRINT,N,B,R(2
GCTO 5

PRINT2005,Q,Ql,32
PRIMT200,Q6,27,Q8

U=(1+(Q8-Q2)/Q2)/((Q*(Q8-02)/Q2)=1)

L=(1l=(Q2-Q5)/Q2)/ ((Q*(Q22-¢5)/Qec)~1)
PRINT21Csl sU

_PRINT220,1%G2,U*232

FORMAT(1X,020.14» '<{(RO/RE11<'»u20.1%)
FCRMAT(1X,D020,14, '<ROLY,020,14)
EkBﬂAT('0N=':DZ 0 14355X,'2=",020.1%5/5" RO1=',020,14)
PKINT900

FCRMAT('1'")

PAUSE

END
SUBRQUTINE SUB21(!ITOT,P,DFR])

CiFINDS THE EXFECTED NJMBER OJF UNLITSZ If RESUPPLY,

D.P. NTOT,P(1C1l)sDERL
DER1=0.0

ITQT=NTOT
DO 10 NRESUP=1,ITQT
DER1=NRESUP%P (NRESUP)+DER1

RETURN
END
SUBROUTINE MINE(NTOT,MO,P,PO,RUsMNB,ML)

'C F11.DS THE PROBABILITIES FOR 4=0 TO J= NTOT=MO (JSES NATURAL

LOGSTO ALLOW FOR LARGER NTOT),

DNUBLE PRECISION P(101),HTCTsPusMUsROALCHBID,E,FaGoHsZs YR, ML
_ITEST=HTOT=MO+1
I11=1ITEST




90 5 BEAT T ) @ )
D0 10 J1=1,1TEST
J=Jl-1
Ys2=0,0
_LPLITEST,.
GiT 20 Ml=1
NKESUP=N1~-
A= (NRESUP-
Cr,0=0.0
1IF(J.LE.LIGATO 35
DO 30 K=2,J
' B=K
20 C=C+L0G(B)
'35 IF(NRESUP.LE.1)GJTO 45
! DC 40 K=2,NRESUP
B=K
40 _ D=D+LOG(B) S5
45  E=A+C-0
CALL FLOW(E,J,IX,1Y)
IF (E.LT.-174,995)G0T0 20
: Z=Z+EXP(E)
‘20 CONTINUE
21 IFCITEST.LE.L)ITEST=1
ITQT=NTOT+}
ITEST=ITEST+1
00 50 M1=ITEST,I1TQT
NRESUP=NI~1
CID=000
M=t
IF(M.LE.L)GQTC 65
DO 60 K=2,i
= - B=k —
60 £=C+LAac(B)
o5 IF(J.LE.1)GATQ 75
D70 _K=2,J
B=K
70 D=C+LOG(E)
75  AsF=0.0
IF(NRESUP,LE.1)GI3TO 85
DC 80 K=2,0RESUJUP
B=K

LTl )GOTQO 21
1,ITEST
-1
J)

) *L0G(MD*RD)

30 A=A+LQOG(B)
85 N=NTOT-NRESUP
IF(N.LE«1)GCTO 95
D0 90 K=2,1
B=K
90 F=F+LOG(BH)
95 G=(NTOT~-MO=J)%L0G(110)
H= (NRESUF=-J) %L 3G(RQ)
E=C+D+C+H=A=F

CALL FLOW(E,J IXsIY)
IF(E.LT.-174.996)60TC €0
_Y=Y+EXP(E)




50 CONTINUE
IF(J.EQ.0)PO=1,0/(Y+2)
_IF(J,EQ.0)GDTQ 10
P(U)=L./(Y+2)
10 CUNTINUE
___CALL TENINTOT,M0,P,RO) o chan
CALL SIXTEI(NTOT,"1sPsiiB,PC)
RETURN
END 3 ;
SUBROUTTINE TEN(NTOT,MC,P,RO) ; . i i 1
C FINDS THE PROGBABILITIES FOR J=NTOT-MU+1 TO J=inTUT (USES NATURALLTGS |
TO ALLOW FOR LARGER NTOT), |

D P. P(LOEL{EIQI:p?:MU:RU:A:B)CJDJE;F:G;H;Z, =y g
TTIHITAL=NTOT-MQ+1 it
IFCINITAL,LT.1)INITAL=] 5
ITOT=NTGT §
DU 10 J=INITAL,ITOT
Y»2=0,0

DU 20 MN1=1,INITAL
NRESUP=N1-1
AsCrH,G=C.0
IF(JLLELL)GHTO 125
DC 100 K=2s4

8=K
100 _“§w§tLDG(B) 3 el T T
‘105 =NTOT =

) IF(N LE. 1rctTu 115
) DC 110 K=2,N

| B=K
k. 110 H=h+LOG(B) i
- 115 IF(MRESUP,LE.1)GATQ 35 0 1]
00 30 K=2,1RESUP : 1
B=K ]
30 A=A+LO0G(B) S e 3 wiphe e SN T | 3
as MN=MO
IF(N.LE.L1)GOTO 45
_DL_40 K=2,} i e e
B=K
40 C=C+LOG(B)
8 R NN e G ) e
E=(NRESUP-(NTQT-40))%L0G(ME) i
F=0+E+G+H=-A-C i
CALL FLOW(F JrIXaLY) R L 2 |
IF (F.LT-‘174.995)GDTD 20
Y=Y+EXP(F)
20 CULTINUE
pr so0 MRESUP=INITAL,ITOT
A,C,D,E,F=2,0
 IF(J.LE. l)GDTQQj N T N LB Re
1 00 60 K=2,4
B=K

60  A=A+LOG(B) S i




65" I=NTOT=J
IF(I.LE.L)GQTD 75
.08 70 k=2,] : ek b
B=K
70 C=C+LAG(E)
75  1=NTOT=NKESLP
IF(I. LE 1)GUTO 85
OC 80 K=z,!
S
80 E=E+L0OG (B)
85 IF(NRESUP.LE.1)G3TO 95
DI 9C K=2,/|RESUP
B=K
90 F=F+LOG(E)
95 D= (NRESUP=J)*L0G(RO) _
B=D+A+C-E=F
CALL FLOW(B,JyIX,1Y)
IF(B.LT.~174.996)60T3 50
L=7Z+EXF(B)
50 CONTINUE
. P(J)=1.0/(Y+Z)
10 CUNTINUE
RETURN
END
SUBROUTINE SIXTEM(NTOT,ML1,P,NB,PC)
C FINDS THE EXPECTED NJMBER UF BACKCRDOEKS.
_ DOUBLE PRECISION NTOTsM1,P(101)s0B,P0,3
T ETuT=NTOT
’ hR n.
IMITAL=NTOT-ML+1
fi. IFCINITACLLE.Q)NB=PO0
) IF(INITALLLE.Q) INITAL=1
v DO 10 MRESUP=INITAL.ITAT _ B T e N D AL
- "B=(ML-(MNTOT-NRESJP) ) *P (NRESUP)
10 NB=NB+6
RETURN
END i e R
SUBROUTINE FLOW(AsJoIX,1Y)
C CHECKS_FOR OVERFLOW AND UNDERFLON ==PRINTS WAR' {ING MESSAGE IF
DNE IS FUUND,
D.P.X
IF(X.LTO"I?‘O.996)IX3[X+1
AP IXGT 174,995 IY=lY+] = R G ey
IF(XelTe~174.996)PRINTS,y
5 FORMAT (' sk JNDERFLOV ks y=',13)
_IF(XeGT.174,995)PRINTLIC,y

10 FORMAT (! #%k#xJVERFLOWxkxsx J=',]3)
[F(XeGTs174.995)X=174.59

C SETS X EPUAL T MAXIMUM VALUE WITH MO OVERFLOW IF Al QVEPFLOW
IS FOUND (LN(175)210%%76),
KETURN
END
.SUBRUUTINE NBSTK(MR,NTLT,MC,i11,R0O)




L e s

0.P. NTOT,ML1,NB,»STOCKSD,(sMC,RULPO

M=NTOT=M1l+1
[TEST=100

_IF(M.LEOQ 2]

NB=C.0
IF(M.LE.U)”B=EKP(

~MO*RQ)

DG 50 MRESUP=M, ITEST

C=0.0

IF(NRESUP.LE.1)GITD 65

60

DT 60 J=2,1RESUP
D=y
C=C+LOG(D)

65
50
111

[F(NRESUP*LOG(MO*RD)-C~M[*RQ.LT+~100)G0OTCLL]
NB=NB+(M1=-MTOT+NRESUP ) *EXP (NRE2UP%LOG(MO*R{) ~-C)*EXP (-MN*RO)

CONTINUE

RETURN
END

SUBROUTINE FIND(NTOT,RO1,M1,MUsNB2A,A)

T DFUBLE PRECISTIIN RO,FOL,ITUT,CuUNT,MU,PR(LIAL),PCR, B2,
PC10L1),P0C,B3,M1,DER5,DERLC, DR 1, EPSTLN, AsNA2A

RC,RO1=1.0
IF(A.NF.0,0)CAL

MINE (HTDT-15MusPB,POB,RCL,NA2,M1)

TF(A.NE.O,Q)CALL NINE(NTUT:HD;PC:PUC:ROIJNB3:N1)

IF(A.NE,O0,0)CALL SUB21(NTCT,PCaDERLC)

IF(A.EG.0,0)CALL NBSTK(NB3sMTOTsME,M1,ROL) e

IF(ALEQ.CG.O)CALL MNBSTK(MNB2,MNTUI=L1,M0O,MLsRCL)
IF(A.EQ.Q.O)DER1:=MG*R91

COUNT=COUNT+1

DERS=(-DERLC/ROL)*(NR3I=-NR2)
DRO=(NB2A-NB3)/DERS

RU1=RO1+6RO

TEPSILN=DRQO/ROL

IF(EPSILNLLE2E-14,AlD EPSILI.VE.=2E=14)G0TT 1031

IF(COUNT.GE.100)5G

oBlg 1031

1021

T GOTO 1632
RETURN
END




PROBLEM 2
PROGRAM LISTING




/LOGON *NC"™ UL = BB s Vet
/DO RUNeWATFIV = AT o PR, T T - L S
 $J0B (L8NTJRQ) i KOVACS

DOUBLE PRECISION NsROP1,ROP2,ROAs ROBs ROCs» DRO1P» DROZ2FsAl,A3

_ DOUBLE PRECISION AsBsCsDsRO1sR02s RO39R04sZ0sR0sA219M1oM0s FN1p FNZy
1FN3sPC10125P0sQsQ19025Q35Q49Q55 269 Q75 A8

____ INTEGER DN1,DN2

______REAIXSs#) ROsM0sZ0 el el e PP S s L oo
7] DO 1000 M31=152

M1=MO s e N

 A21=M31<140 . ¥

. PRINT» ROsMO» Z0s A1
NMIN=1 O O R [ S ;
___ NMAX=Z0 : S I I s e
- - _ 1FCNMAX o EQeZ OINMAX®Z G100
1=20/2 Tt S §50% gl &

IFCA21¢EQeQeON=t === == .

1 F‘".‘LT.A 1)Nw=1
A=BuCm=DwRO1wR0O2wRO3%RO4=Ce0O ===
8 _SFCNeBdsiOO ¢ 00000000000 N
e RO1=RO#CN=13/CZ0=¢(N~12)
F IFCA210EQeGe 09CALL NBESTHCAsN<= 1osMOsMIpROLD
_ 1FCA21eNEe0e03CALL NINECN=1sMOsPsPOsROIsASMI) ¥

10 RO2=RO#N/CZ0=NJ

1FCA21¢EQe 0o OICALL NBSTKCBsNaMOsM1sRO2)

IFCA21eNEeOe OICALL NINECNsMOs Ps POp RO2oEoM1)




IFCNeEQeNMAXJG0TO 30

_____RO3=RG#C(N+1)/CZ0=¢N*13>

_ I1FCA21¢EQe0e0ICALL NBSTKCCoN+1sMOsM1sRO3

1FCA21oNEe 00 0ICALL NINECN®1oMOs Py POsRO3sCoM1)

30 IFCNMAX =10 0¢EQeNIGOTO 40

_____ ROA=RO®C(N+23/CZ0=¢N+27)

1FCA210EQe O¢ 0ICALL NBSTHC DaN+2sM0si410 RO4)

___ 1FCA21¢NEe0s0)CALL NINECN2,M0p PsPOsRO4s DoM1)

40 __ FN1=CeB

e FN2=BeA IR s
33 FN3=D=C A
QuiN
Ql=B
Q2=RO2 S B o LS
Q3wN=-1 RERE S e s B o
S ‘Q4=A 4 i A
~__ QS=RO1l TR e e A T
Q6=N+1 e W R T L ) 2
Q7=C et
Q8=RO3 R KR S o i

1FCFN10GE¢Oe 0o ANDe FN2oL.Ee 00 0260TO_ 100

IFC¢Ne EQ.%‘KQP&E{J&&EQEQ 06070 100

1FCNoEQe 1400 ANDs FN10@Ee 00 02GOTO 106

__QuNel

Ql=C

Q2=R03

Q3=N




Q4=B

QS=R02 : T2 P 0 M RS S T e St e e

____Q6mNe2

Q7=D

Q8=R04

____ IFCFN3eGEeQeOsANDe FN1eLEe 09 03GO0TO 100

IFCFN1oeLEe Oo O ANDeNMAX =1 o'Oo_EQo.N JGOTO 100

_ QuN+2

SR O e e A e Y T
Q2=R04 iy
Q3=N+1 LY T e R R

Q4=C : 4 ;

QS=R0O3

Q6=Q7=Q8=060

| F(WOQQ_QQEQ!NQ_AND}o,E'NGoLEo._Oo 02G0TO 10C

Qm]

Ql=A S L : —

Q2=RO1

Q3=Q4uQSuw0e0 .
o i L e 2
S - TR O S A S S YT R e e L e i i e Ut
Q8=R0O2 = "

_ _1FCFN1+EQeOIPRINT»*ERROR #1°.
___ IFCFN2¢EQe0e0)PRINTs *ERROR #2°%.

__ IFCNeEQe2¢00ANDe FN2¢GEe 0003GOTO 100 o

DN1=1/¢1=CFN3/FN13)3
DN2=1/¢1=CFN1/FN23)




| %  IFCIABSCDN1)eGEeIABSC DN2) 3N D DN2 I ik
1 _ IFCIABSCIN)e@TelABSCDN1IND=ON!
___ IFCNDeNEeO)wOTO 98 ;
1FCFN10GTo0003NDm=1 9
. IFCFN1eLTeOe0INDeZ s
98 IFeMB.RdelOMDeR :
1FCFN1 oL ToOo OoANDoNDoL To 0N D2 _
| Ne=N+ND :
| | IFCNeLEeQ)N»: = :
IR"QGTOW)!M&
. PRINTsNsBsROZ2 = o
| __eotos Bl
i 100 PRINT2009Q39Q49Q5
] ____ PRINT200,QsQ1,02 i A
__ PRINTEO0,Q6QT,88

200 FORMAT( * ON=®5 D2Ge 149 5Xo *NEw®» DE0e 149 /9 * . RO1=®y D206 1 43

N=Q

___ROP1=RO

__COUNT=Ce0O

300 ROA=C(N+1)®ROP1/CZ0=N=1)

__ROB=NSROP1/¢Z0=N)>

—COUNT=COUNTe1

 CALL HELPCN#1,MO»ROAsAlsi1sAsA21) ’

_ CALL HELP(NoMOsROBsA3sM1sBsA21) =

1F¢CCAwROA=B®ROB)eEQe 0o 0)PRINT3G!

. 1FCCASROA“BSROBIoEQe 0o Oo ANDeCAlvA3) e LEe 2E=147Qu0s O : ﬁ
IFCCA1=A3)¢GEe=CE= 140 ANDo Qo EQe Oe 0IRGP1=06 0

___1FCROP1¢EQe0e0560TO 310




301

FORMATC*OERROR #1°)
1FCCOUNToEQe140GOTO 309

Q2==¢A1=A3)/¢ ¢ AXROA=BwROB) /ROP1)=DRO1P

1FCQ2oLEe 1E=140ANDs COUNTo @Ee 500 0JROP1=0s0

IFCROP1¢EQe 0e 0580T0310

DRO1Pw=CAl=A3%/¢¢(AROA=-B®*ROB)/ROP1)

IFCCOUNTeGTe¢2)60TO 307

1FCDRO1PoLTo 00 0ICOUNT=360

1F¢COUNT+EQe3¢0260TO 307

1F¢COUNTeEQe 100 DRO1 Pw=DRO1P

IFCCOUNTeEQe160)Q7%A1-A3

IFCCOUNTeEQe 1602640TT 307

IFCCA1=A3)¢GTe 00 OoANDe Q7oL To 0o 03GOTO 307

IFCCA1-A3)eLTe O 0o ANDeQ708Te 00 03GITO 307

DRO1 P==DROLP

COUNT=140

307

___ IFCCROP1+4DRO1PIeLEeOe OoANDe ROP1¢EQe 1E~5560TO_31C

____JFCROP1¢EQe IE=SeANDeCOUNTo GEe 60 0JROP1=0e0

ROP1=ROP1+DROIP

1FCROP1¢EQe 00 02GOTG_310
_IFCDRO1PoeLEs2E=140ANDe DRO1PoGEe=2E=145680T0_310

G0TO 300

310

ROP2wRO

COUNT=1.0




320 ROCw(Ne=1)%ROP2/CZ0=N+1)

__ROB=N®ROP8/C(ZC~N>

Q=840

CALL HELPCN=1,40,R0CsALsM15CoA21)

CALL HELPC(NsMOsROBsA3sM1sBsAZ1)

1FCCCSROC=B#ROB)¢EQe O C)PRINT302

1FCCCSROC=B¥ROB) ¢ EQe 0o 0IROP2m=1

__ 1FCROP2¢EQe~1007G60TO 330 A

302  FORMATC®CERROR #2°) £ia) e

DRO2Pw=(A1=A3)/CCC¥ROC-B#ROE)/ROPE)
IFCCOUNTeGTe2007G0TO 306 ; R

__ 1FCDRO2P¢8Te 0o 0ICOUNT=34 0 e
IFCCOUNTeEQe37GOTO 306
1FCCOUNToEQe 1 0 0) DRO2Pm=DROZP

__ IFCCOUNTeEQe12QwAl=A3 =

1FCCOUNToEQe 14 03GOTO 306

IFCCA1=A3)eL.Te0e 0o ANDe Qe GTe 0e02GUTO_3G6

_ 1FCCA1=A3)0GTe 0000 ANDeQel.Te 00 03GOTO_3C6

DRO2P==DROZP <
COUNT=1,0 s
: 306 _ ROP2=ROP24DROZP AR :

iFCROP2+eGEes 1E+04)ROPE=100

____ 1FCROP20EQe 10036070 330

. 1FCROP2¢LTeROIROP2=COUNT®RO

IFCCOUNT®*ROEQe ROPZ2)COUNT=0e0

1FCDRO2PeLEe2E=140¢ ANDe DRO2Po GEe=2E=142G0TO 330




A
s
N 1
%
s

~ COUNT=COUNT+1

PRINTs ROP2s DROZPsN g2t :
C v PR o e R i e s e N S S
330  PRINT340sROPlemROPZ = = "
340 FORMATC®0% D2Ce 149 * . €<RO<*» D200 14)
PRINT900 R O ;
900 FORMATC'=*) Wl e i e L A RS aE
1000 CONTINUE g
STOP A e TSN (I S MRS D e L Y o
o, ot S e Ve T

SUBROUTINE NINECNTOTeMOsPs POs ROsNEsM1)

DOUBLE PRECISION PC10139NTOTs POsMOs RUOsAsCoBsDoEpFoCoiinZs YoNEsM1

DOUBLE PRECISION ILO@sDEXP

ITEST=NTOT=MO+ 1
111=ITEST i o RS
IFCI11eLTol5111mt e S o 29
DO 10 Jlw1,ITEST L R
JuJlel T Tt s o
. Y=Zm0eO T e a N R SAD WRARRRIOIE
IFCITESTeLTe19G0TO 21 ﬁ
DO 20 Niw1,ITEST o e
NRESUP=N1=1 - L SR A,
A=C(NRESUP=J)®[L0GCMO®RO)
_ CmD=0e0 e
____ 1FCJeLE#1280TO 35 AT Sl L) . :
B A e e i L1 i i i o 4
B=K g

A-59




30  C=CeDLOECE)

.39

IFCNRESUPSLEs 1)80TO 45

DO 40 RwZ2oNRESUP

BwK { A o
40 D=D+DLOG¢ B)
e IR Slan U £ ey LB ) e A e e e B G s e

____CALL FLOWCEsJslXe1lY>

IF CEeLToe=17409962G0TO0 20

__ ZwZeDEXFCE)
20 CONTINUE _ @

21

IFCITESTeLEe1)I TEST=1

1TOT=NTOT®1

__ ITEST=I1TEST®l =

DO_SO NI1=ITEST,1TOT

___C=D=0e0

NRESUPwN1=-1

M=MO

____ IFCMeLEe1d@0TO 65
DO 60 Rw2eM 0
........ Bei sy S
60  C=CelLO&CB) TR o SR e
88 I e P
= DO 70 Kw2,J
— B=K . e e st et
L SR e R SRS

75  A=F=0.0

e — s s o s e

IFC(NRESUP/LE¢1760TO 85

A-60




_.DO 80 Kw2,NRESUP
Bwi

80

85

____ N=NTOT-NRESUP

IFCNeLEe 1260TO 95

DO 90 K=w2,N

Be=K

90

FeuF+[LOGCEB)

9s

G=C¢NTOT=MO=J)% [LOGCMO)

____ Hw¢NRESUP=J)%LOGCRO)

AT S e T TR T AT S 2 P

EwC+D+GrH=A=F

CALL FLOWCEsJsIXs1Y)

50

__ 1FCJeEQeO0IPO=100/¢CY+Z)

___IFCEeLTe=17409962@0TO SO B R et T
YuY$DEXPCE)D
____CONTINUE G TR AR S L

10

_ PCJomlescYeZ)

___CONTINUE

1FCJeEQ00760TO_10

___CALL TENCNTOTsMO»P»sROJ _

. CALL SIXTENCNTOTsM1»FaNBsPO)

RETURN

END

___ SUBROUTINE TENCNTOT»MOsPsRO)

DOUBLE PRECISION [LOGsDEXP _

INITAL=NTOT=MO*1

___DOUBLE PREC1SION PC10159NTOTsPOsMOsROsA»BsCoDsEs FoGoHsZs Y

IFCINITALoLTe 12INITAL®1




1T0TeTRT. e e e B R i
DO 10 J=INITALsITOT ==
g ) YuZu0e0 IS B R
DO 20 Nl=1,1NiTAL S
NRESUPuN1~1 e e e e S
AuCuilugu0¢ 0 A = i e
IFCJelLEe 15G0TO 10S 2.
DO 100 K=2,J o
B=K s, e sl i AT
100 Gu=ag+DLOGC B) TEPIEC
105 N=NTOT=J F S
IFCNeLEe1360TO 115 3 I
i DO 110 K=2,N
g B=K 83 e e
110 mewettnedsy 0 o o o o
115 IF_(_NRESUP-LE._I)&OTO 35
DY 30 Hw8pNRESUP i BRSO U SR
B A st El D DR el A e el
30 A=A+ TLOGCB) AT
c R . SRR T S T S B L S U SIS SRRSO
__IFCNeLEe1360TO 45 === i
DO 40 K=2,N
BeK Sy
40  CwCemmoecB === SR o it b
_AS ___Dw¢NRESUP=J)®IDLOGCRO) _ - e

~ Ew¢(NRESUP=C(NTOT«i103 3»[L.0GC M3

FeDeE+G+H=A=C




;i

___CALL FLOWCFsJalXslY)

e

~ _CALL FLOWCBsJsiIXs1Y)

__1F CFeLiTe~»1749963GOTO 20 ot e s e
____YwYSDEXPCF) A ol e e e SR
20 CONTINUE BatL i i
% DG 50 NRESUP=INITAL0ITOT = X
AsCuieEnFw@e9 = -
1FCJeLEe1)@0T065
_ DO 60 K=2,J gt A S B e o e Kl it
e s s e o ity e s et Bt L D e B e ) S e
60 AwA+DLOGCB) s
65  1eNTOT=d R N e
IFC1.LEe13G0TO 75 R %
DO 70 Kw2s1
BwK B
70 C=CeDLOm¢B == ]
75 iwNTOT=-NRESUP el
___IFCleLEel3€0TO 8 == === = i
_ DO 80 K=2,1 L e e TR e
BeK 3
DR . o R M e SO I W LR R e
85  IFCNRESUPeLEe1>€0TO 95 =
DO 90 KwZ2sNRESUP
Bui PR Tt JE R e ol BB S el - S U W e
90  F=FefiOe¢B) = s G R L R
95 D=¢ NRESUP=J)#DLOGC RO) AT
BuD+A+CeE=F RPN RS C R

A-63

e pmm—— LS




 1FCBeLTe~174¢996260T0 50

___ Z®Z4DEXPCB) 3 S R e e S e
SO  CONTINUE (e i R L TN AR
PCUI=160/¢Y4Z) Gy b
10 CONTINUE B S N e i T
__RETURN e e N o o8
END Tisi o
_____SUBROUTINE SIXTENCNTOTsM1sPsNEsPO3 RN

~__ DOUBLE PRECISION NTOTeilsPC101)sNBsPOsBE

ITOT=NTOT

__~F_§_'£!N e i SR L e BT e G S RO SR
__ INITAL=NTOT-MI+! ===
iF(INITALQLEQO)NB?RQ- ) Ol et R

IFCINITALeLEeG)INITAL=1

DO 10 NRESUP=INITAL»iTOT S el e “
Ba¢M1=¢NTOT=NRESUP3 8 PCNRESUP)
B e R I e T e

RETURN

END

RIS - - SRR S

SUBROUTINE FLOWCX»JsiXs1Y)

_DOUBLE PRECISION X

IFCXeLTe=1740996)IXmiX+1

_ BFCXeGTe 174099671 YmiYs1

5.-——

__IFCXeLTe=1740996)PRINTSsJ e e e

___ FORMATC® . w8s8sUNDERFLOWe*ssa J= :o 13
IFCXeGBTe174e996)PRINTI1CeJ

A-64




T

YT S T

.

R

10 __ FORMATC®.swwwsQVERFLOVewsss J=®313)

IFCXeQTe1740996)X=174099
RO ) N S ST e RN SRS ) AN Lot DD A R R
__END sy M 3 A e O P L Mt
SUBROUTINE NBSTHCNBsNTOTsMOsM1s RO)
_______DOUBLE PRECISION NTOT»¥1sNBs STOCXs De CoOs ROp PO
DOUELE PRECISION DLOGs DEXP e
MsNTOT=M1+1
1TEST=100 LN e S IR
NB=0¢ 0 N B ey e, o A
s iFCMeLEe O)NB=DEXPC =O®RO)
1FCMeLEeO)Mm1 4L T
__ DO SO NRESUPsMeITEST :
C=0e0 i
_____IFCNRESUPeLE¢1>GO0TO 65 Sl e
DO 60 Ju2,NRESUP AR R
Dw=y Abrs
60  Cm=CeDLOG(D) 2 A S I AR T RN, £

65 1FCNRESUP#LLOGCMO%RO)=C-MO#R0sLTe=100760TO 111

SO NB=NB4CM1-NTOT4NRESUP)®DEX PCNRESUP® DL OGCMO®RO>=C )% DEX P =i40% ED)

111 CONTINUE

_RETURN

END

_ SUBROUTINE HELP(N»M0»ROBsA3sM1sBsA21)

__DQUELE PRECISION NsMOsROBsA3sM1sBsAZ2,PC 1013 POs» DERI,AS]
__IFCA21¢EQe0e0ICALL NBSTKCAZ2,N=1sMOsMIs»ROBY)

_1FCA210¢EQe 00 05CALL NBSTHKCA3sNoMOsM1,y ROB)




IFCA21¢EQe0e0)DER1wMO®ROB

IFCA21eNEeOe 0)CALL NINECN=1,M0sPsPOsROBaA2sM1)
__1FCA21eNEe Qe 0)CALL NINECNsMOs P» POs ROBsA3sM1)
____1FCA21eNEeOeO>CALL SUB21¢NsPsDER1>
B Bu=C DER1/ROB)®¢A3=A2)
RETURN ol
END Wi S
SUBROUTINE SUB21¢N, Ps DERI1)
___DOUBLE PRECISION NsPC1013,DER! _ LR ee AL
____ DOUBLE PRECISION ILOGe DEXP (L e S e D,
DER1=0eC P
1TOT=N Bt F e
__ DO 10 NRESUPmwleiTOT ===
10 DER1=DER1+NRESUP# P¢ NRESUP)
S ... R SR e
MSONRRE . Jsdaet ot e 0 S # y i
$ ENTRY e e b I i
AR 6 LA M
/LOGOFF
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