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ON DETERMINING ABSOLUTE COORDINATE SYSTEMS WITH THE AID OF

PLANET OBSERVATIONS

PUBLICATIONS OF THE OBSERVATORY MUNICH , VOL 5, NO. 3

BY F. SCHMEIDLER , MUNICH

FROM ASTRON. NACHR., VOL. 284, 1957—59

(RECEIVED 23 DECEMBER 1957)

The equations of condition for the improvement of the orbital

elements  of planets  f rom mer idian obs ervat ion s are t r ans fo rme d
in such a manner th at only th e geocent r ic coor dinat es ofh the
planets and of the sun appear in the coefficients. For planets ,

which move in orbits with little excentricity and inclination ,

the equations can be written in the convenient form

— £ + b. + a~ (S —4) + a 1 sin a ± b, cos a — a 1 tg e sin a cos ~ — b, tg a cos’ a
= — D + a5 (S — 1,) tg a cos a + a~ sin a -j-. (b, + b0 tg a) cos a a~ tg a sin a cos a + b, tg a cos ’ a

in this case , the coefficients ais bi are also a func t ion of
the quantity~~- —~~~, which is a measure for the time period before

and after the opposition. The observation material is subdi—

videc3. into group s in wuch a manner that , in each group , the
value ~~~~~~~~ and thus also the values of a~~5 b~ are constant.

As a rul e , only the sys tem s cor rec t ions E and D , which are cha-

r act eri st ic for  in st rument s an d observe rs , ar e of int er es t ;  t he
determ inat ion of th e orbi tal  element s of the  p lanets  can most ly
be left to later conversion.

The simplif ied form of the equations makes poss ible a clear
di scuss ion , as to wh ich of the  unknown s, un der wh ich cond it ion s ,

can be reliably separated. A numerical example shows that the

assumption of a small excentricity and inclination is also

st ill perm iss ible fo r  Mars , where maximum errors should be cx—

pecte d beca use of the  shape of the  orbit an d th e near ne ss of
the earth. The observation of large planets made with the

S 
—j --’ -—- --.-S------- ---------S-— - j --- ’.
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Munich meridian instruments in the years l9I~]. — 1956 are
treated with the aid of the described method.

1. GENERAL COMMENTS

The determination of the corrections of the equinox and of the

H equator point , necessary for the derivation of absolute star
loc i , is usually carried out with the aid of observations of
the sun and occasionally also of the planets Mercury and Venus.

However , it is known that  these observat ions , which must be
ma de durin g the day,  are less accurate and more susceptible to
systematic errors than observations of fixed stars. For this

re ason , observations of small and also large outer planets have
been proposed as alternatives several times and various astro-

nomical yearbooks publish accurate ephemerides of Ceres , Pal].as ,

Juno and V est a since 1952 .

The use of planet ob serv at ions for  the  def in it ion of absolute  -

coordinates is faced with the difficulty that no less than 12

unknowns must be determined. In addition , the ca lcu la tion of
the coeff icient s of the equat ion s of co ndi t ion  is cumbersome
and time—consum ing. A fictitious example , which was calculated

by Clmence (1) shows how extensive the necessary calculation

is. Finally , the  di sadv anta ge should al so be empha si ze d that ,
in the cu stomary m etho d of the  simultan eous det erm inat ion of
the orb ital  elements , both of the  p lanet and of the  ea r th , as
well as of the cor rec t ion s of the  equinox an d the equator , it
is not always possible to recognize at first glance which of

the unknown s are difficult to separate from the others.

For th is reason , the author consider ed it desirable to derive
a system of formulas , which is easy to handle numerically and
which additionally allows a clear overview of the conditions

of the separability of the various unknowns. For observations

of th e sun , these conditions are adequately fulfilled by the

4 known system
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~~~ ~~— E± cos e sec’6~~4L’—cos 30 tg ô0 4e+2 sin ~~~sec ôc Jh’ —2 cos e cos secö5~~k~,~
4&~ = — D±sin E cos~x , JL 1 ±sin~~~Je + z cos s~ sin ô0 iih’ —2s in a cos’~ 0 ccs ô~, zlk , ~
in which  E and D signify the sought correct ions of equ inox an d

Ii equator.

Hough (2) derived a convenient method for the inner planets

• Mercury and Venus , requiring only the determination of some l
•

princ ipal terms of trigonometric series. Numerow (3) discussed

the treatment of observations of outer planets in several

papers; however , the formulas developed by him are not less

cumbersome and vague than the customary terms of the theory
of the orbit improvement. In contrast , a simplification could

be obtained primarily when the coefficients of the equations

of condition would not be illustrated as functions fo the true

H! anomaly, but of the geocentric coordinates , because the la t ter
can be taken directly from the ephemeride.

In the theoret ical port ion , th i s  paper has th e object ive of
illustrating the differences between the observed and the cal—

culat ed loci of the outer  plan ets  as line ar func t ions of the
H unknowns in such a manner  that , if poss ib le , only the  geocentr ic

right ascension a~pears as argument . It will be shown that

true simplifications can be obtained only by vigorous neglect .

H On the other han d, it votild be senseless to seek an accuracy
of more than 10 percent ; the differences between observation

and calculation , with good ephemerides , are of the order  of
magnitude of 1” , and •the average error of the unknown , wh ich
are obtained by the resolution of the equations of condition

by th e m ethod df the least sq uares , are mostly about ~O”I.

Therefore , it appears obvious to strike all terms in the formu-

las not greater than 10 percent of the principal terms . In

all cases , in which a greater accuracy is required or 4 s sought
for specif ic reasons , it is probably unavoidable to carry out
the calculations in accordance with the more rigorous formulas. 

i~~~ - _ 5 . ~~ 5~~~~~~~~~~~~~~~ S. •~~•~~~~~~ 
-.
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The neglects which have been implemented will not bnly provide

relat ively simpl e formulas , but it will also become clear which
of the unknown s are coupled with which others in a manner which

is separable with difficulty. In addition , the simplified

terms make it easy to recognize which of the unknown can be de—

‘1 term ined wi th  certa inty only when the observat ions  of the
planet cover a sufficiently extensive period of time prior to

and after the opposition. Finally , the formalism developed in

th is paper prov ides the  possi bility of obta ining at least as
much informat ion about the unknown s from observat ions , which
are made only in the vicinity of the opposition , as will be

possible on the basis of the prevailing conditions.

2. INFLUENCE OF THE ERRORS OF THE ORBIT ELEMENTS OF THE PLANET

Because this concerns the use of observations of equatorial

coordinates , all orbit elem ents  and de f i n i t i ons are r e f e r r ed to
the equator; the elements of the orbit of the planet are thus

M0 = average anomaly to the t im e t 0
= average daily motion

a = great sern iaxis , with co nnected by ~z
2a3 = k2(I +m )

= sin y excentricity

N = ascending node on the equator

= angle between node and perihelion

J = incl inat ion ~f the orbit with respect to the
equator.

In the oonventional manner , the  hel iocen t r ic dist ance sho uld

f inally be des ignated as r , the true anomaly as Y and the geo-

cen t r i c  dist ance as ~,; in addition , the abbrevia ting quan ti ty
u v + w shall be defined in the same manner as in the eclip—

tic calculation. In accordance with Bauschinger (Ii), the
equat ions for  the de termination of the  er rors  of the orbit
elements are :
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cos ô 4a = ~ (sin b cos (B ± u ) +  esin b cos(B+w))secq,(~1iw,+ (t_ t o) 4 j 4
V - 24 111r - . - . - . 

S -.; . .

-: - 
-
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— 

k — sin b stn (B + u) 4~s - - 

•
. - 

- - 
. 

- - 

-

+ 1 (sin E sin b cos (B -i- ii) — cos sin b sin (B + .c) ) Jq’

+ — sin b cos (B + u) 4s + ~~cosbsin u 4J_ i cos b cosusj ñ J 4N
a - 

V - (z)
= — (sin c cos (C + u) + e sin c cos (C + w)) sec ~ (J.~f, + (t — 1,) 4~)

25 }i r .— — —san c sin (C ± u) ~p 
.

+ ~- (s in E sin c cos (C + ii) — cos q~sin c sin (C ±x .))~1ç~

+ c cos (C ± u) 4s ± .!~ cos c sin is JJ_ .~ co~ c cos u sin J 4N .  - I
In th i s  case , ins tead of the quantities Ap, Ltq, used by Bau—

sch inger , the  direct  cor rec t ions 4.3, ~ N of the  e l emen t s  are

in t roduced ;  the fo l lowing  re la t ionship s apply

• sin J Sin ii’ .1.\. 4 cod ;. I)
•‘Iq =. sin J COS 7. IN —- —in IJ . (3)

is -
~~ cos I ~1N -

~~ ~i;e• .

The auxiliary quantities b , B are def ined by the sy stem

- )  sin b sin 13 = — sin ~ 
— N;

sinbco s JJ == cosJcos (~ — N ) ,  (4)
cos b .=— sinJ cos(~— .V) -

H while , for  c , C , the  r e l a t i onsh ip s

.iI1 ( sIfl (. •~- - 51fl I~~CO~’(’ — N )
sin C Ci’-. C - ~‘in J c..is — Cos J Sin ~ 5%fl (

~ — . N) • 
(5)

CoS C - cosJ co~6 -j - sin J ~in ô ~ in (i — N )

apply as definition.

In order  to avoid the  known uncertainty for small excentrici—

t i es  and i nc l i na t i ons, the new unknowns are better used

4L,= scc’g, dM.± Js . 
-

4, = e d s . (6)
4K = sin J iN .

_ _ _ _ _ _ _  - . 
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In ( 2 ) ,  the  semimajor  axis  a m i  t he  c o e f f i c i e n ts of ~~~~ -~~~-ç~
shou.l d add i t iona l ly  be replaced by the e x p r e s s i o n  r~~~~~~ (t+ 4~~~1.)
and ,- in the coefficients of the factor a sin B by the cx—

pression ~~~ .se - ç v~~~’~~Y . If U — v is finally also written in (2)

ins tead of v , the fo l lowing  form of the  equat ions of co ndit ion
is obta ined : -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

, 

-

- 
p — iJ~ + (x + 

a cos is) (a ~~ v 4L — sin v ~~ — cos q’ cos is iq’. 
- 

- 
,, 

-

Q = 4L + (2 + acos is) (ecos is 4L C05 v ~iis) + ~~ 
+ ~

~1

In equat ions  ( 7 ) ,  r , u and v mus t  be expressed  by the geocen-
t r i c  coord ina tes  of the planet and of the sun . It is known
that

1 x =oco s 3 cosô—Rcos~ o cosöe = r (cos N cos u~~~sin N sin u cos J) .
y =~~sin s cos ô_ R si n so cosöo r (sin N COS u + COS N Sifl U COS J) . - (8)

z =o sin ô —Rs in  ô0 =r s i n u s i nJ ,

where H , ~~~~~~ 6~ are the geocentric coordinates of the sun .

If the two auxiliary quantities

R cosd0 R cosô0
ecosd 

cos(8—~~), ‘~~
= 

e cos a san (~ — a~ ) . (~)

are introduced , these relations are obtained from (8)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (io)
r cos u = e ( ~~_E) cos o cO S @_ ~~~~~~~e ?7 C0S o 5m@_ N) . J ..

Formulas (10) make possible the calculation of r , u and v =

ii — w from the geocentric coordinates of the planet , wh ich can
be taken from the ephemeride . The two parameters ~ and~7 are

essentially a function of o(— x~~ and are a measure of the  t ime
interval of the observations from the opposition.

Because most p lane t s  move reasonab ly close to t he ecl ipt ic , it
is useful to express sin I as a function of ~~. .  Us ing the

1
—

— -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘5~ S~~~__SSS_~ 5_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 55- - —
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second equation (10), the following relationship is found from

the thir d equation (8)

~ 
sin ô = o (i — ~) tg J ~~ 6 sin ~ — N )  + o,; tg I cos 6 cos (ci N’i + R sin 6 -

Because the  known r e l a t i onsh ip  ~~~~~~~~~~~~ ~ , exists , the
following is obtained

R sin ô~ = Rtg e cosô~ sin s0 =~~tg e cosô(~sin~s_ sCO ~~).

J If , here in , o(.is replaced by N + (~ c — N ) ,  the fc .lowing expres—

sjon is obtained for sin I

sin ô
wi th  ( I I )

(~ (ig J _ c () \tg e) _ tn .\ t g a ) co~. osin (L~
_ .\ )_ v, (tg J — cosN tg t)

+~~sin N tg~~cnc .5cos(~. —N). 
— -  -

For planets , which move exactly in the ecliptic , .3 =Eand N = 0,

and consequently also 0. For planets , of the wh ich the
orbit inclination with respect to the ecliptic is small , ~ can

be considered as a small quantity and can be neglected complete—

-
~ - 

S 

ly when the requirements for accuracy are small. 
V 

-

The advantage of relationship (ii) for sin S consists of the
fact it allows the expression of the quantities c , C as func—

t ions of b , B and do therefore not have to be calculated sepa—

rately . If expression (11) for sin J is inserted in the two
f irst equat ions ( 5 ) ,  the following is found

‘in t sin C~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In the  terms , which are multiplied with the small quantity 3 ,
sec J cos .3 = 1 can be inserted , and it fo l lows

r sin c sin (C — u ) = r tg J cos a cos (s — N )  sin 6 sin (B + is) + ; r sin 6 cos (B ± u ) . 1 ~r sin c cos (C -- u) = r tg J cos 6 cos (3 — N) sin b cos (B ± is) — ~- r sin b sin (B ± is) J (zz~

In add it ion , an expression for cos c can be found , when ( i i )  is
inserted in the third equation ( 5 )

cos c = cos J cos 6 + sin J tg J cos 6 sin1 (~ 
— N)  — ~ sin J sin (s — N).

By negl ec t ing t he  square of ~ , t he  fo l l owing  can be wr it t e n

I ,

Ill
I ~~~-.-~ -_ .- - - - -5- - - . . -- 5-— 

~~~~~~~~ ~~~~~~~ --
_

- - - _,
~

_ _ .c~ ;S5-__~____5- _s_ _ _ - - - - - - 5 - - .- - - - -~~~~
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cosc= cos J cos b( x  + tg5b) + y sinJsin@—N) = cos J sec ô + ~1si nJ sin (~~_ N). (13y

;~~~ 
Al]. q u a n t i t i e s , w h i c h  occur  in  t he  equa t i ons  of c o n d i t i on  ( 7 ) ,
can be ca lcu la ted  w i t h  the aid of formulas  ( n ) ,  ( 9 ) ,  ( 1 0 ) ,  ( 12)

an d ( 13) .  The der ived fo rmula s are comp let ely fo r mal , except
th at , in the term s mult ipl ied wi th  th e small qua ntity~~~, Sec .3

2
• 

V 
= cos .3 = 1 is inserted and is neglected. In most  cases ,

= 0 can also be assumed. 
V

• 3. INFLUENCE OF THE ERRORS OF THE ORBIT ELEMENTS OF THE EARTH

As a rule , only four  ear th  orbi t eleme nt s are con sidered as
requiring improvement. The fo l lowing unknowns  ar e u sed

V i

4L’  c o r r e c t i o n  of t h e  mean l ong i tude  of the  sun 
V

Ic = c o r r e c t i o n  of t h e  skew of the  e c l i p t i c
= correc tion of the  q u a n t i t y  h ’  = e ’ cos

6k’ • correction of the quantity k’ = e ’ sin rc ’.

N evco mb ( 5 )  der ive d the form ulas , which represent the influence
of the correct ions of the earth orbit elements on the planet

loci. However , an independent treatment of the problem appears

to be more suitable for the purposes of the present work . As

a s t a r t ing po int , equat ions ( 8)  can be u sed in the  f o r m

cos ~ cos 6 = x + x’, - - V • V~ V
~ sin~~cos c3 = y ± y ’. - ... 

(
~~
4

~~V .

esin ô =z- 4- z’ -.

in whi ch x ’ , y ’, z’ ar e the  geoce nt r il  recta ngul ar equator ial
coordinates of the sun. They are given by the exp res s ions

= R cos 
~~~ 

cos = R cos .
~~~. 

-

• = R sin s3 cosô0 = R cose sin A0, (x5)
= R sin ö~ = R sin e sin).0.

j The geocentric coordinates x , y, z of the  planet  must  no w be
consi dered as constant. Through differentiation and elimination

1.
— —  — -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ __ —- - - _ - - -“--



fl — 
-

~~~  
-r -_-_ -— ,~=~~~~~~~

__ s~ w~n ~
SS 

55 — — -.- ~~~~~~~~- .- -5- — -VS___ S-=—_ --- V - •  5-—

— 9 —
of 1q,  the  fo l lowing  d i f f e r e n t i a l  equa t ions  are obta ined  in a

known manne r  f rom e q u a t i o n s  (114 )

V o cos 6 is = cos ~ Jy’ — sin ~ Jx ’ ,
- 

~ 
46 = cosô 4:’ — coss sin 6 ~h —  sin s sin 6 LIv ’.

However , since th e relat ion  z ’ = y ’ tan s applies in accordance

I ‘with equations (15), ~ z’ can be replac ed 
~~~~~~~~~~~~~~~~~~

and the  f o l l o w i n g  is found

e cos 6 .1.’~ ~~~ cos J~-’ —- sin J~
’, . V

- 3- (th)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
With  th e aid of equat ions ( 1 5) ,  Ax ’ and z % y ’ can be expressed

as f u n c t ions of ~~~~~~~~ and ~~ , and :
• . JR

— ~ 
H 

— y sec i- I,.~- -

, , . i i~ 
V (‘7)- , =~ ~ 

H 
+ ~ cosa.l) .~~— % ’ tg a j a .

is ob ta ined .

The i n t e r r e l a t i o n  between the coordinates R , ~~~ and the  orb i t

elements of the earth is given by the  known fo rmulas  -

H a’ ( i — - Is ci’~~~~- -— /: — i n 2 ) .  ;.~ L’ -~-~~/ i ’ -.iti ) .. — 2 I ~’ Cl’~.) .

11 in which the square of the excentricity of the earth orbit is

neglected. Through differentiation 
S

Ilk -—x ’~ lh’—~~s~ca 1k’ , 
-V 

. , 2 V
1 2 x’ , (is)

~- J L  -f- sci~~ -i/i — 
R 

Jk .

is obtained.

1 These expressions must be inserted in (17) and the result is

S 

Jx’ r-, —y’ see a JL’ 4/i’ + J ,~
2-

~~ 
4k ’,

I ‘J Y’ = x’cos z iL’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 These expressions must be inserted in ( 16)  in order  to  o b t a i n
the  il lus t ra tion of 4. and LI.-4 as functions of t h e  i m p r o v e m e n t s

if of the earth orbit elements. The result of the substitution

I
/

V S~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



shall not be ca lcula ted  in grea te r deta il at th is point , because
the formulas becom e very cumb er some , but they do take on a
simpler form with the aid of the neglect in the later part of

this paper. However , it should  be noted that the coefficients
in (19) are fundamentally a function of the rectangular coordi-

nates of the  sun , which can be taken from yearbooks .

V 

14. INTRODUCTION OF SIMPLIF I CAT I ONS

The formulas developed under 2. and 3. provide the coefficients

of the equations of condition as functions of the geocentric

coordinates of the planet and of the sun; the calculation of

the locus of the planet in its orbit can be avoided with their

aid. Yet , the required calculations should not be significantly 
V

• less than with the use of the conventional system (2). However ,

a cons ide rab le  s i m p l i f i c a t i o n  can be o b t a i n e d  if  t he  excentri—

c i t ies  and t he  squa re  of the  i n c l i n a t i o n  are n e g l e c t e d.  Because
most planets move in the vicinity of the ecliptic , J is approxi-

• 
- mately E and the assumption 0 is just tolerable w i t h  the

requirement for an accuracy of about 10 percent , which was dis—

cussed in the introduction.

When is neglected , see J = cos J = 1 and the  f o l l o w i n g  is
found from equations ( 1 4 )  and (10)

r s in b s in (B~~~u ) = o r , cos ô , S

- S (20)r s i nbcos (B -~- u ) = o ( n —~ ) cos 6 .  j

Bec ause  of J~~E , the difference J — £ is of the order of magni-

tude ~2 and can be neglected ; for the sam e reason , N -
~~ 0, and

the product sin N tan ( can be neglected as a quantity of the

second order. Finally, under the assumed prerequisites , the

declinations of the sun and of the planet are greater than £

by at most insignificant amounts and , t here fore , C O S  J’ = C O S

= 1 can be used. Under consideration of (20), the following

r e l a t i o n s  are t h e n  ob t a ined  f r o m  (11) and (12)

( I

-55— —— V— V V V 5 -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Vt  •~~~~ S55~~55-~~ ~~~~~~~ 55 V~~ _ VS V SV _
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h - sinb
r sin c sin (C -4- u) = r tg a cos ~ sin b sin (B ± is) o s~ tg a cos ~ - (Zr)

s- sin c cos (C ± it) = ~ tg a cos ~ sin 6 cos (B ± u) = e (x — 
~) tg a cos ~~~.

W i t h  t h e  a id  of the  same ne glect s, the expressions

r cos 6 sin u = — ~ tg a co~ ~ (p~ sin ~ + q, cos
- ‘ I r cos b cos is = — 

~ 
tg a cos ~ (p1 cos ~ — q1 sin 

~
t)  ( )

V - r cos c sin U = ~ (p1 sin ~ + q, cos a) • S

r cos c cos it = Q (p, cos ~i — q, sin ~)

can be derived from ( 1 4 ) ,  (10 ) an d ( 13) , in  w h i c h  t h e  a u x i l i a r y
quantities~ h~ ve t he  significance

Pi (r — ~) cos .\ ± ,~ sin N ,
qj = — ( z —~ ) s in . v + ,2 cos y  ; S

S W i t h  t h e  a s s u m p t io n s  r = a , sec J = cos I = 1 and under consi-

deration of v = u — w , the  f o l l o w i n g  e x p r e ss i o n s

Sifl. V f ’ ~i flA—T CO5~~ ,
V COS 1’~~ _ T S j f l~~~ +O COS -I

are obtained from equations ( i o )  f o r  the t r u e  anomaly v , wh i c h

occurs in the equations of condition ( 7 ) ,  in which the auxiliary

quantities r and z are defined by 
-

‘7 
~~~~

I )cos(. -~-N)+ sI cin (:.S + \-))

= 
~ ((r —~)sin (w ± N )  — ,j cos (w.+ N ) ) .

If expressions (20), (21), (22) and (214), which are obtained by

simplifications , are inserted in the equations of condition (7),

then the following illustration for 4s and~~Y re sults

A 0 (t I~) + B, + A1 sin a ± B1 cos a — A2 ig £ sin s cos a — B, tg a cos2 a - } (25)
46 = (A 0 (~ — V0) ± B, + A1 sin a ± B1 cos a) tg a cos a + A, sin a ± B, COS 5.

~ IV In th is c ase , the coefficients A 1, Bi ar e re la t ed to the sought
corrections of the orbit elements by the following expressions

if 

V V — _~VV~V_V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . .~~~~~ . -- -
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A,= - (x —E) sec’~~4p.  B.= ( x ~~— E) V~j L.__ !..f..~.f,,4,,. I
A, =— ~~~a4v+T4cr)—2 (x—~) (r4v— ~~4 q~, B, = ~~ nJr—a4W )—2 (x _~)(c4v+T4,~, 

~

A,=p1 4J+ q,4K. B,=q1 4J— ~,4K. J
All auxiliary quantities are defined by equations (9), (23)

and (214).

Equations (16) and (19), which describe the influence of the

errors of the orbit element s of the earth , can be simplified V

by the same neglects. Under the assumption of sec t • cos t
= 1 and using the expression (21) for sin I,

o is = cos a dy’ — sin s ix’, 1.
- 

- 
~ 4.3 = y’ ii — tg a cos a (sin a 4x’ — cos a dy’) = y’ it + ~i tg ~ cos s is . J ~27~

is obta ined  f rom ( 16) .  E x p r e s s i o n s

x’=Qcosb (~cosa+,sin s), y’=0cosô (E Sina—7~c0S5). (28) 
V

are found from (9 )  and (15) for the rectangular coordinates V

of the sun x ’, y ’.

If now again cos £ = cos = 1 an d tan 2~ = 0, the following 
V 

-

il lus t rat ion of the de v i a t i o n s  cause d by the  e r r o r s  of th e

earth orbit elements , which should now be designated as LI~.s.’ 
V

and 4S’, results from equations (19), (27) and (28):

4s’ = ~ 4L’ ± 
X +2 ~ Y’ ~~

. 
+ 

fl Y’— 2  ~ X’ 4k’ — (
~ 

sin s — ~ cos a) tg £ ~~s a

46’ = (
~ 
4L’ ± ~ 

X 
‘~ ~“ 4k’ + ~~~~‘ ~ ~~

‘ 
4k’) tg a cos S+ (~ sin s —tj  cos a) is.

Using the relations (28), th e c o e f f icien t s  of t hese  equat ion s

can be expres sed as funct ions of ~ , as well as of ~ and ‘-~

________ - 
- -

R 
= ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

S

________ 
- 

V (.3°)

R ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V

It can be seen from equations (29) and (30) that the deviations
S 

~~~~~ and t~S’ , w h i c h  are a c o n s e q u e n c e  of t he  e r r o r s  of t he  o rb i t

e l e m e n t s  of the  ea r th , can be illustrated in the same general

form ( 2 5 )  as t h e  q u a n t i t i e s  4~t and 4~~, w h i c h  are based  on t he

5--
’ 
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errors of the orbit elements of the planet , If , additionally,

the -corrections E and D for equinox and equator are still added ,

the resu l t  is the general il l us t ra t ion for the di f f e r e n c e
between the observe d and the ca lcu la ted r ight ascens ions and
decl inat ions of a planet

~.ia=— E+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
46 = — D + a~ (1—1,) tg a cosa +a,sins + (b,+ 6,tg e) cos s +a 1 tg a sin s cos a + 1.1tgacos’a.

-
~~ The signif icance  of the  coef f icients ai, b 1 fo l lows  f r o m  equa—

tions (26), (29) and (30) through the addition of the quanti—

ties derived from the errors of the orbits of the planet , res—

pect ively of t he  ear th

a, = (r — ,‘) s e’ q’ ~1~i -

V • • 2 a~~~b,= (i— ~~ ) J L,— - — --- — 1J Ju 4 - ES 1L

a1 =— ,j  (~~ Jv~~ - T J ,-) — 2 (i —- el (r Jr —~~ J9) + ~~ (2~~~~+ ‘~‘~ dl” — ~~~~~4k’ - 
(32)

b,=~ (T /1s -—a49- ) — 2 ( r — ~~) (s J v + T J q ) — ~~~~q JI.’ —~~ (2 f’±42) Jk’.

a,= ,1~2 4J + q 1 4K + E i s , 
S

b,=q, 4J — p1iK—,jJs.

If it is additionally desired to account for a correction 1~p
V of the precision constant and a time dependance of E~L’ in the V

form t~L’ = 
~~ 

+ 41(t — t
0
), then the expressions 4p +

must be added at the right in the first equation (32) and4L’

must be replaced by~~~0 
in the second. 

V 

-

The advantage of equations (31) consists of the fact that the

coef f icien t s  a1, b1 are constant  when ~~
. — ~~ ha s the same S

value for all observations. Actually , with  the  ne glects  wh ich

are introduced , the quantities ~~j and1 are only a function of
V the semimajor axes of the two orbits and of ~ - ~ j .  With  the

assumptions cos ..i = cos Y • cos = 1 and e e ’ = 0 , conse—

quently r = a, t he r e l a t i on s

H H . (33) V
E = —  CO~~5— 5~~), ,J=— sIn c~%—s o) .

are obtained from equations ( 9 )  and (10).

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •V - VV --—- V--— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - •~~~~~ V- 
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T h e r e f o r e , for  all observa t ions , for  whi ch the v alue ~ ~~~~~~~~~~ 
is

equal or falls into a sufficiently small interval , the coeffi-

c i e n t s  a i,  b1 must be dete rm ine d throu gh the s olut ion of the
system (31). The unknowns themselves then follow from (32).

H In this manner , the determ ination of the 12 unknowns is sub—

divided into several small steps.

5.  THE DISCUSSION OF THE FORMULAS

V Because the meridian observer is mostly only interested in the
V systems improvements B and D , the separability of these two

quantities shall be discussed first. The determination of D

is simplest ; it i s equal to the const ant term in t he equat ion S

for 41; uncerta int ies canno t ar ise when the mater ial of the
observations is good and quite well distributed. A division

‘1 of the mate r i a l  in accordance with the value ~
(_

~~O is not even
4 V  absolutely necessary ; fitting all observations in accordance
-
~~~ 

- with the second equation (31), values are obta ined fo r  th e

q u a n t i t i e s  ai,  b1, which represent an approximate average .
Again assuming a reasonably uniform distribution of the entire

material of the observations , the  nume rical value of D w ill

be adulterated by insignificant amounts at most.

Contrary to the occasionally expressed opinion , it  must  be

emphas ized that the equator correction is not simply equal to - •

the arithmetic mean of all L~~. Because of the factor cos2 .~
the last terms in (31) always have the same sign and definite—

ly contribute to the arithmetic mean of all observed values.

The de te rm in~.tiou of the equinox correction E , which occurs in V

(31) as the fixed relationship —E+b0, presents somewhat greater

difficulties in principle. The quantity b 0 must t he re fo re  be
determ ined from the d e c l i n a t i o n s, in  wh ich  it occurs  mu l t i —
pl ied  by t an  £ , however. For this reason , E , in c omp~- -r i son

with the other unknowns , is encumbere d w ith an uncert ainty ,
w h i c h  is i n c r e a s e d  by t h e  f a c t o r  co t a n  ~~~. These  s u b j e c t s  are 

V

not new , but they  can be s een part icul ar l y  cl ear ly  with the

- ~~~~~~~~~~~~~~~~~~~~ - V
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simple formulas (31).

- ~
- In add i t ion , the  d e t e r m i n a t i o n  of B poses high requirements

on the qual i ty of th e ob s erve d r ight as censions , f rom wh ich
- •  

V 
the  re l iable  value  of b2 mus t  be determined; the term with

b0tantcan only then be separated from b2 from the declinations.

Because  b 2 is assoc i a t ed  w i t h  the  m o s t l y  small f a c t o r  t an t
cos 2c,i~ in the  r i gh t  a s c e n s i o n s , an a d d i t i o n a l  u n c e r t a i n t y

prevails in this manner.

Although the  m a t e r i a l  on the  observed r i gh t  a s c e n s i o n s  migght
not fu l f ill the con dit ion s for a rel iab le de term inat ion of
but has a s u f f i c i e n t l y  good d i s t r i b u t i o n  in  the var iab le

~~~~~~~~ the  dependence  of the  c o e f f i c i e n ts a
~~

, b i from t h i s

second var iab le  can be u t i l i z e d  in order  to ob ta in  a re l iab le
- I value of E .  In this case , the three quantities a2, b 3 =

b 2 + b 0 t a n C  and E 0 = — E+b 0 can be d e t e r m i n e d  w i t h  t he  fu l l

S r e l i a b i l i t y ,  w h i c h  is a s s o c i a t e d  w i t h  the  o b s e r v a t i o n s .  From

(32), the relationships

V 

~1 4J± q1 4K±~~4s =
~~

. I
q14J — p1J K— ç z ie ± Etge = b,—E ,t g e j  (34)

can be de r ived  and the  four  unknowns  ~ J , £ K , 6~ and E can be

determ ine d wh en the mater ial allow s a sub division into at le ast
two c o n s i d e r a b l y  d i f f e r e n t  va lues  of ~~~~~~~~~~~~~ This  p o s s i b i l i t y

was largely  used in the  eva lua t ion  of t he  M u n i c h  p l ane t a ry

o b s e r v a t i o n s , w h i c h  are f u r t h e r  r e p o r t e d  be low.

The determ inat ion of the equinox co r rec t ion E i s  conf igur ed
sti l l  more  advan tageous , when t he  e r rors  of t he  o rb i t  e l ements
of the  ea r th  are e i t h e r  n e g l e c t e d  or can o t h e r w i s e  be assumed
as known. In accordance with the second equation (32), the

F simple relationship for the quantity —E+b0, which is determin—

able f rom the  r i g h t  a s c e n s i o n s  a lone

I
V 

— E -r 6, E, — E + (I — 

~) JL, — k

f rom whi ch E can be de te rm in ed , if the mater ial of the V

V 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ V—S - S 5 - -
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observations is distributed over at least two significantly

different values of 
~
- — 

~ and 4,. is taken f rom the f i r s t
V - equa~~ion ( 3 2 ) .

The c o r r e c t i o n s  of the or bi t elements of the ear th  and of t he

- 

- 

planet can be found from (32). Again , as can be seen immedia-

te ly , the numerical  valu es a1, b~ are requ i red  for at least
two s ignif icant ly di f f e ren t  values ~~~ — i~~~~(,; the occupation of

V as wide a range in this variable is of course desirable. If

the corr ect ions of the ear th  orb it el ements can be ne gl ec te d ,

the problem becomes correspondingly simpler.

The sim pl if icat io n, which can be obta ined throu gh the ne glect
of the c o r r e ct ions of the ear th  orb it , has considerable signi-.

f ica nce , primarily for the outer planets , which are at a con—
siderable distance. It is obvious that the observations of

these planets can provide little information about the orbit

elements of the ear th ; analytically , this is expressed by the

f act that , in (32), all corrections of the earth orbit are

multiplied with  the  f a c t o r s ~ or~~, , which , corresponding to

expressions (33), become very small for very distant planets.

Finally , it is possible to continued in so far as the systema-

tic errors of the instrument can be considered as periodic

H func t ions  of th e r ight asc en s ions , thus the errors and 
V

V 

,iI~. can be introduced in the form of terms which are propor-

tional to sinX. and cos~~ • The ampl itu de of t h e se t e r m s  woul d
have be added in the system (32) in the appropriate equations.

It can be seen that these terms can be reliably separated from

the other unknown only when the observations uniformly cover

a suf f ic ient ly  broad r ange of the var iable s ‘
~~~~~

— 
~~
-

~~~~~~; t h i s  is
equal to the requirement that the observations must extend over

a sufficiently long time period prior to and after the opposition.

if
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6. VERIFICATION OF THE ADMISSIBILITY OF THE SIMPLIFICATIONS

It v-as t e s t e d  on the basis of a numerical example whether the
neglect of the excentricities and the squares of the inclina—

tions is permissible . As the specimen calculation , the obser-

vat ion s of Mars , made in the years 19141 to 1956 with the Munich
meri d ian in s t r u m e n t s , wer e se lec ted , because the greatest errors
are suspected in the case of this planet because of its excen—

V 

- 
tricity and nearness to the earth. All declinations are pub-

V lished in the catalog of the au thor  (6) on a z i m u t h  c i r c l e  ob-
servations ; however , the values  4~~ which are given there are

V already corrected because of the systems corrections , which are

here investigated and are t h e r e f o r e  d i f f e r e n t  f rom the  values 
V

given in thi s paper. Up to the beginning of 1950, the right

ascensions are published by Labitzke (7), (8); in addition ,
the author owes thank s to Mr. Labitzke for the premature re-

lease of unpublished observations of the years 1950—1952.

V 

Table 1 shows the normal loci , which are formed from the ma—
V 

terial. Three groups  were  f o r m e d , one each for  o b s e r v a t i o n s
w i t h  small ( A ) ,  medium ( B )  and large (C) value of ~- -~~~~~~~~.

V 

In the  column “ l o c a t i o n” , w h i c h  occurs only in the declinations ,

H = M u n i c h  and C = Canberra because , i n 195 14/55 ,  o bse r v a t i o n s
were made in Canber ra , A u s t r a l i a , u s i n g  t he  M u n i c h  a z i m u t h  V

c i r c l e ,  All o ther  d e s i g n a t i o n s  in Table 1 do not r e q u i r e  an
explanation.

In the distribution of the observations into groups , no fixed
ranges of .x- — x~~ were maintained , but individual observations
were absorbed in another group for thee purpose of a more advan— V

tageous distribution. It proved to be impossible to form more
V t han  t h r e e  groups , which entailed considerable advantages.

The improvements of the orbit elements of the earth can be ig—
nored for the questions which here alone are discussed , whether
the 1eg~ ects which have been carried out are permissible . The

/
I ~~~ V V

~~~~~~ V VA ~~~~~~~~~~~ S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Table 1. Normal Loci of Mars

Zeit ~~~Ort ~ ~~Gruppe i s— se  46

~ ~~~
m

~~~
- •

1944.2 - M 3 - A 4 20 7 29 —1.30 5 
-

- 44.2 
V A 4 ~~ 6 30 —0.98 -

48.3 M C 9 28 9 iS —2.32 -

48.3 - M - 2 B ~ ~6 - $ ~~~ —2. 85 - -

48.4 ‘51 3 A 9 37 7 42 -
- —3 23

32.4 ‘51 4 C 14 8 - 10 20 - —0 90
32.3 M 3 A 23 38 7 3 2  +0-13

1942.9 ‘5!~ 2 
- 

B 0 44 9 27 - —0-40
3 

- A 0 ~~ 8 2 3  3

.44 0 M H V 
V 

~ 
V 9 3 +0.30

44.1 M 2 A .
~ ~o 7 31 0-no

44.2 M 
- 

2 A - 
~ ~f, ~ 21, +0.30

45.2 M I C 9 j3 0 2~
45 3  - ‘51 I B 9 26 S 30 +0 40

~1V 4 5 3  ‘4 
- - 2 5~I 9 34 7 30 +0.93

50.3 M is - ,, 34 ~ 2
50.3 ‘4 2 ~~ 33 $ 41 0.71)

30 .4 - ‘4 3 A ii 34 8 0.40

5 2 4  2 ‘ 1  4 9 53 +0_ I-i
¶2.4 ‘5-1 Ii 

~~ ~~ ~ i —.
V 

52 .5 ‘4 2 I 55 ~~. 
3: —0.40

( 2 (
V 

~~ I i  3
- 

V S 
iS  I I  II ~S .n~

4 5 (_
~ 11 17 50 I l l  I I -) - U

- • - 17 4 8 ~ iS  —1 .3 ( 1

- M 2 ( 33 32 I~ -.0.5’,
V V j  

~~~~ - ‘4 C 3 15 II :3
- - I 

‘4 2 - - B :3 J 7 S —.0. 10

37. 0 ‘4 3 A - — - o 39 ~~ 
,,, 0

Key:
1. Time
2. Location

V 3. Group

equinox corrections E were also neglected , so tha t , in addition
to the six improvements of the orbit elements , two ad dit ional
unknowns remained , namely the equator corrections for the azi—

muth circle observations in Munich and Canberra , which can of

course be different and were different . Eight unknowns must

therefore be determi ned , which were determined , on the one hand ,
by the method of approx imation descr ibed in this paper and , iii
add it ion , by the application of the formal system (2) from the
normal b e t  of Table 1. As the mean value of ~ — ~~~~ ~ , V

and the following resulted for the three groups

Group A a —~~~~~ = 7
h36111 n .- o.88, ~ = —0.46, 77 = +1.04

B 9 5 0.69 —5.03 +2.00
C ii 5 0.55 —5.77 ±0.43

- —S- — 5—--——-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~ V -
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The determ ination of aj, b~ was carried out by way of approxi—

mations. The second equation (31) was written in the form

a,sin s + b3cosj—D = ~iô—a,(t—i,) tg e cosa_a1 tgesnacoss_b1 tg~~~ s5 (36)

and was used for the determ ination of the four unknowns a2,
b3, DM and Dc~ under the hypothesis for the quantities a0, a1
and b

1 (in the first approximation , these quantities were set

equal to zero), for the observations of each group . Wi th the
values which were thus obtained , the  sy stem

+ a, (1— 1,) + a
~ 
sin a + 6, ii, tg a cos’ a = 4a + a, tg a sin ~ cos a , } ~a.( t— t ,~tgecos a +a 1tg a sin a cos -1 + b1 tg -e cos’a = 4ô + D_ a ,s l n % — b ,C05 4S

was solved for  t he  f i v e  unknowns  E 0,  a 3, a1, b1 and b2, in  t h a t ,

on t he r ight sides , the correction terms were calculated with

f the results of the previous approximation . If the material of

the observations on the right ascensions were quantitatively

equal to the  decl ina tion s , it would be better to use only the
first equation (37 )  for the determination of the five unknowns;

howev er , it proved to be necessary to also utilize the second 
V

equation. The method was iterated until the values of the

unknowns no longer changed .

~
V
- I

In the  d e t e r m i n a t i o n  of the  two q u a n t i t ie s  D f rom ( 36 ) ,  it must
V 

be ob serve d t h a t , while the coefficients a2 and b 3 are d i f f e r —
exit in each group , the values of DM an d must  however  be
equal . In order  to ob ta in  t he  best  va lue  of the  two D w i t h i n  V

V 
the scope of the error the ory, the normal equations which were
obtained from (36), were reduce d in each group by el im ination

until only the two unknowns and D
~ 

remained; these equations

from all three groups were added and their solution resulted
S in the associated values of DM an d Dc in eac h stage of the

approximation.

The formal calculation in accordance with formulas (2) re—

subted in the following system of equations of condition:
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±1.41 4M, —o.8z 4u +2.90 Jc +14945 —0 3b V4 J —0.04 4K = —X ”37 V

V 
+5.07 —0.77 ±2.24 ±1.16 —0.19 —o.o6 = —o.88

V 
+2.50 +o.oS +0.28 +i.8z +0.23 +o.62 = —2.22
-~-I .39 —0.08 +o.z7 +2.69 ±0.59 +0.59 = —2 .73
+2.03 —0.34 —0.55 +2.28 +o.o8 +0.52 = —3.52

+2.58 +x.6z —4.28 +2.44 —0.73 +0.70 = —0.88
+2.53 ±0.28 —3.29 +x.6x —0.74 +0.36 = —0.25

— ±2.34 JM, —0.55 4/4 +1.54 4~ ±0.99 4s ± ‘.37 ~J J  —2.0! 4K = —o~4o V

— D31 +1.06 —o~~ ±5.02 ±0.79 ±5.40 —5.49 = +0.23
—D-.1 +0.48 +0.27 +0.23 ~~ O.47 ~ -2 .22 —o .rS = +o.so
— P M  —0.35 -,-0.04 +0.20 +0.35 ±1.77 ±0.25 = 

- 
0.00

—D~1 ±0.59 —0.02 -~.0.15 ±0.19 +1-35 +0.47 = -~-O.50

—o.4S +o.o6 —O.IS —0.58 ±0.75 -r -I.87 0.00
V —D —04 ’  — 0.52 —0.21  —0.51 —0.54 -1-1.79 = —0.40 

US)
—DM —0 33 —0 58 -&. O 01 —0 4’s — 0 2 ~ = 1 5()

— D,, —0.b5 —0.07 o.,~ —0 
~~ V - 0—o.ôi —-0.03 ±0 73 —0.73 —o. 6x — i . , ti —0.7

— D~, —0.58 0.00 ±0.74 —0.6() -—o.6o — - i . 5 5  = +0.40

—D~1 —o.86 —o.6z +1.7~’ — 0 . 144 —-1.~~S — j .hi — o. ~
—0.83 —0.43 +2.70 —o SS —L S$ ±1.32 ~~ 0.5O

— D~, —o.7S —0.33 ±1.4) 2 —0.83 —i.b~ — I . t~ — — 04
- 

— D~ 40. 13 -— o. ib  —0.24 -~-O . 12 —3.54 -r o.b , = ~~ 0.3o

-— /~) 4-0.Tfl  -~~0.30 +0M-~ —0 17 — -3 34 —0.04 —0 05 V

— 1k —0.24 JM, ——0. 40 J!~ ~~5-0 .3~~ Jr — 0.21 Js — 3 .2 4  j J —tJ 7 1K = 5L 0~ 3~
- ;  — I& —0.19 —0.25 ±o.j S —o.i6 —2 .5~ — z.2 7 = —1.40

V 
— +I. S4 4.2 .7 6 0.35 +1.53 —5.09 — 3 . 1 4

-
- V — .~~~~(,g ‘0$ ~ . O 5 I — 1.39 —0. 55 —3 .24  —0.55

V
- - i  

- 
— P M  +o.q 2 +0.77 ±0.77 --o.7S ±0.69 — 2.02 = —0.20
— P M +0.54 -~-0.3S +o.~~6 ~-o.4S ±1.00 —0.89 +0.50

The result showed , from the approximate calculation , th at the
two equa tor  c o r r e c t ions fo r  the  az imuth  circ le  ob servat ions
had the values DM = +O ”02 and D

~ 
= +O ”3l. Of the other unknown s,

b 2 was very  un re l i ab l e  in all cases and could not be determined
at all for group s B and C. The results are

E, a0 a, a2 6, 63GrePF A +o~’ii ±0 .’24 —2~ 42 +o~6r +IV7 7  +o’68: —o’~o5
V . B —3.06 ±0.08 +0.85 —0.0 2 ±0.53 unb. —0.45C —L95 —o.o6 —0.92 —0.56 —0.34 unb. —0.55

Neglecti ng the correct ions of the earth orbit and of E, t he
improvements  in the  orbit elements of Mars must be found , in
accordance  w i t h  ( 3 2 )  f rom t h e s e  value s of a i ,  b~~. In Table 2 ,
the  r e su lt s  are c ompare d w ith  thos e of t he  s o l u t i o n  of t h e
comp letely fo rmal  sys tem ( 3 8 ) .
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Table 2.  Compar i son  of Approx ima ted  and Formal Resu l t s

- 

~~ Unbekanatel StTSDgOT.... lenlbertec

I I ~ I
4L, —0.37±0.94 —o.8:±o.66
4114 —0.07*0.24 +0.01±0.13

iv —0.30±0.12 —0.15±0.49
4p —0.27±0.14 —0.03±0.19
4J +o. i i±o.16 +0.03±0.14
4K o.ao±e.18 —0.17±0.13
DM —0.10*0.19 +0.02±0.24
DC +0.12±0.33 +0.31±0.40

-~ Key:
1. Unknown
2. Formal value
3. Approximated value

With cons ideration of the mean error , the agreement is good

in all cases. Even if , with three times the observation ma-

terial, the mean error would be smaller by a corresponding fac—

tor , factual differences would still not occur between the two

solutions.

The fact that, in the case of most unknown s , the  a p p r o x i m a t i o n
method results in considerably smaller mean errors is of course

only apparent . The approximation method is based on the solu—

tion of systems with few unknowns , where , formally , the mean
errors must be small. It is however known that , as a rule ,

these methods provide fairly correct values of the unknown s, V

even though their accurady is stated too positively . In con—

clusion , it can be said t h a t  the  negl ec t s , on wh ich the approxi-
mat ion methods  is base d , appear justified.

7. EVALUATION OF THE MUNICH OBSERVAT IONS OF LARGE PLANETS

The observations of Jupiter and Saturn , wh ich were made w i t h
the Munich instruments , were also evaluated in accordance with

the describe d method. Because of the short orbital arc , wh ich
was passed through in the years l91~l to 1956, only a summary
treatmen t was possible for Uranus and Neptune . In the subse—

V 
quent work , Mr. Petri reports on the use of the observations

k of the small planets Ceres , Palbas , Juno and Vesta.

— -- VV~ ~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~ -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -5--—.
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The observations are published in the same publications (6),

(7),. (8) as the Mars observations referred to above. The de-

clinations observed on the meridian circle were not used be—

cause of the accuracy which is inferior to that of the azimuth V

circle observations. Corrections because of the variability

of the measure of time were not applied in any case. As in

the case of Mars , the 4Sof the declinations measured on the

azimuth circle are di fferent from the values published in the

-4 : 
catalog, because the latter are already correcte d due to the

systems correct ions whibh are only derived here.

A division of the mater ial by the var ious values of ~ —x~~ was

not made in the case of Jupiter and Saturn because of the in—

significance of the influence of the correct ions of the earth

orbit. All observations which were made during an opposition

were summarized in a normal locus. Tables 3 and 1~ present the

n o r m a l  loci t h u s  o b t a i n e d .

S For the determ ination of the unknowns , the approximation method

desc r ibe d fo r  the Mars  ob servat ions wa s use d , cons is t ing of an
-
~~ iteration of teh equations ( 36) and (37). In the case of

Jup i te r , f i n a l l y ,  the  r igh t  a s c e n s i o n  of t he  year  l9 1~8 had to
be omitted because it could not be r e c o n c i l e d  w i t h  the  o ther
observa t ions  in any m a n n e r .  The spec i f i c o b s e r v a t i o n s  were
not made with the mer idian circle , but with a small passage in—

s t rument , where large errors are possible in individual cases .
to = l91&l.O and 10 years as the time unit was selected in the V

terms with a0. Both in the case of Jupiter and Saturn , the

coefficient b2 resulted only with considerable uncertainty .

The final numerical results were

a, a2 b~ b, 6, DM Dc
Jupiter —f02 +°~

‘73 +°~55 —°
“53 —0.29 +0.25 0.33 +0~O5 —o’~66

Satu rn —1.78 +2.37 +0.53 +0.29 
• 
+3-~4 +0.03 —0.25 +0.02 —‘.57

The eva luation of these numbers will be carried out in the next
sect ion in connect ion with a di scuss ion of the results of all

V 

planets .

V -
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Table 3. Normal  Loci  for  J up i t e r

I I )ckl ill t~~nt- n ~j ,)

~37.ctt 42 u 1-~- ”-~ 
j~~4,(.)rt a

Pt rn • Pt rn
1943.4 I 7 8 - l .45 (1 1941.1 M 2 24 .72 4

44 .3 - 9 23 —1 25 (9 43.2 - ‘11 7 9 —0.62 0
• 17 13 -4.07 7 j4 .3 M 9 22 0.43 - 6

49.6 19 50 —.L52 (~ 46.4 M 13 8 +0.40 4
30 $  - 22 4 —L75 IJ 47.5 51 15 4 +0.60 3

- 0 27 1. 10 P. .~9.7 31 19 39 +0.23 6
V 

no.7 M 22 9 —0.20 3
51.9 31 0 20 .33 1,
33.0 M 2 37 +o-os 6

1 35.1 j C . 7 43 +0.08 - 7

- 
- Table 14~ No rmal Lo ci fo r  Sa tu rn

Rektaszensi000ll__~~ _______ 

Deklinationen ~..V

~~~Zeit ‘ _ _ _ _  

) 4e ~‘ . ~~- Zeit~~~~~~Ort 
_ _ _ _  

46 *

1943.1 4 17 +0.27 6 1941.1 3! 2 26 +o.6~ 4
- 

V 44.1 5 17 —0.33 8 . j~~.i 
- 31 j 27 +o.~8 ~- 1 48.3 9 15 —2.38 6 44.2 

- 
- 

M 
~ 

z6 +0.42 3
493 10 20 —z.68 9 48.3 31 - 9 25 +0.70 4
52.3 17 30 —2 59 6 49.3 M 10 II +0.62 3
52.3 12 38 —1.96 7 ~o3 M i t  i +o.o8 5

- : - 52.4 3! 12 36 +0.40 4
3! 13 23 +0.38 4

344 C 14 8 +0.77 6
I - 

~~~~~ 
C ‘~ 57 +1.17 6

Key :
1. R i g h t  a s c e n s i o n s
2.  D e c l i n a t i o n s
3. Time
le . Location

Because of the  short  orbital arc , a determination of the ele—
m e n t s  fo r  U r a n u s  and N e p t u n e  was i m p o ss i b l e .  Only  the  decli-
n a t i o n s  were  i l l u s t r a t e d  t h r o u g h  a power series in accordance
with  t i m e

J ô = a + b ( ~_I , ) + C ( t_ t o)2 for Munich observations ) (3~~) 
V

4 ô = a . i ~ b ( ~_ t o) + C ( t t o) ’ +~ for Canberra observations

Here a g a i n , T 0 = l91~l .O  and 10 years was selected as the tine

V unit. Following some experiments with Neptune , the square ãø—
V 

effic ient c proved to be i n d e t e r m i n a b l e  and was t hen  set equal
to zero, The term d , which occurs in the observations in Can—

V berra , is equal to the difference DM — D c of the  two equa to r
corrections. In the same manner as for Jup iter and Saturn , all 

V

observations made during an opposition were summarized to a

—- V S-_~ 
_ — .~ V V ~V~~~~
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V

normal l o c u s ;  t h e s e  normal l o c i  are shown in Table 5.

Table 5. Normal  loci fo r  U r a n u s  and N e p t u n e

V - 
- Urin us Nc ptu n

Q Zcit (C Ort J.) it (j, Zeit l.~
I -S

194 .l 31 +1 OS j 1942 .4  31 —:
43 .1  5! ±2 .44  5 42 .3  — 1 . 7 5  ~
44 .2  3! +2 . I S  

~~~ 31 — 1 .~~4 5
- 1 p 4 8.2 31 ~~1.64) 5 p4 .4 31 — 1 - ~~4 S

49.2 SI 0.00 3 41J.4 3! — 2 .5 0  2
30.2 31 ~-0 70 5 49.4 31 V

52.3 31 +0.37 3 50.5 5! ~~~S5 4
53 .2 5! +0.7(~ 5 5_ .4 51 — 2 .S 3 3 V

53 .’ C 401.0 1. 53.4 31 
~~~~~~~~ 4

5-1-4 — :.~~~- S

Key :
1. Time V

2. Loca t ion

These values were subjected to an adjustment in accordance with

fo rmulas  (39): the  f o l l o w i n g  r e s u l t s  were  o b t a i n e d

Nt - pEon
0 - - 1 . 28 ± 0 4 2  - — 1 7 t 1  0 17 S

-- ~
- - 

V b — 0.27 ± 2.43 -~-0.9 S ± t ) .2j
C —0.33 ± 1.4S 0.00 (~m~Zt-1mmInt n) ( a s s u m e d
d +0.21) ± 0.73 — - 0.41 ± 0.32.

The values d provide additional information about equator cor-

rect ions , thou gh ve ry  u n r e l i a b l e, and were  used  in t he  ca ta log  V

of the  a z i m u t h  c i rc le  ob servat ions (6 )  in th i s  m a n n e r .  V

4 8. D I S C U S S I O N  OF THE RESULTS OF ALL PLAN ETS AND COMPARISON
WITH THE RESULTS OF THE COMPUTER

The corrections of all orbit elements and the system improve—

meats  DM ,  D c and E must  be d e t e r m i n e d  f rom t h e  va lues  of the
unkn own s , w h i c h  were  o b t a in e d  fo r  t he  i n d i v i d u a l  p la n e t s.  The
results found by Petri in the subsequent work conce ning the

obse rva t ions  of the  small planets Ceres , Palla s, Juno , and Vesta
can also be used fo r  t h i s  c a l c ul a t i o n .

V 
The following values have resulted for the equator correc ti on s:

V 

- ——-—-
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— Planet * Muncheri (D~) Canberra (Dc) *!4unj ch
M ars +0”02 +0~3!
Jupiter +0.05 —o.66
Saturn +0.02 —x.z~
Ceres —~~.32 —0.9! (x95.~)

- V f  —0.37 (1955) - 

- -

Pallas ** unbest. —0.70 ** u n d e t e r min e d
Juno +0-09 +0.73 

-
Vesta —0.2! —0.5!

The amo unt s fo r  the equator  cor rec t ion DM fo r  M u n i c h  are  snail

and scatter little; those for Caflberra are large and scatter

considerably . It is shown that Dc is largely a function of

tIe zenith distance; for this reason two separate Dc v a l u e s

were derived for Ceres , which was observed in Canberra as the

only planet in two oppositions with significantly different

:~ 
declination. In the catalog of the azimuth circle observations V

(6 ), a c o r r e c t i o n  was d e r i v e d , a .o .  f rom the  r e s u l t s  of t he

-J p lane t  o b s e r v a t i o n s  because  of t he  h i g h e r  t e r m s  of t h e  law of
cu rv a t u r e .

The determination of E was faced with the difficulty that the
c o e f f i c i e n t  b 2 could  not be d e t e r m i n e d  in  most  c a se s  and was
only u n r e l i a b l e  in any case .  For t h i s  reason , t he  s e c o n d  equa-
tion (31i.) was utilized. For the four unknowns ~ J , ELK , ,~~ and
E, the equations

~, 4J + q 1 . d K ± - E iie V 

-

q, 4J — p1 4K-— ~ 4~ = 61, (40)
q, 4J — ~ 1 J K — -71 JE + E t g e = b ,—E 0 tge  

-

are t hus  ava i l ab le , w h i c h  m u s t  be e s t a b l i s h e d  f o r  each  group ,
i n t o  w h i c h  t he  m a t e r i a l  of t h e  o b s e r v a t i o n s  was s u b d i v i d e d  cor-
r e spond ing  to t he  value of ~~~~ ~~~. If t h e  va lue  of b 2 is un—
c e r t a i n  or not  su f f icien t l y  rel iable , the second equation is

omitted for the particular group .

S In t h e  case  of a l l  p l a n e t s , t he  r e s o l u t i o n  in  a c c o r d a n c e  with

all four unknown s was so significantly uncertain that the in—

direct approach was used. Under the first hypothesis 4~~= E 0, 

~~~~~~~~~ . . .  - - - - - - -S- - -.
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temporary corrections~~ J and óK were  d e t e r m i n e d  f o r  each  planet
and -the remainders were again solved for the unknowns 4~~ and E.

Because of too great an uncertainty of the coefficients , this

c a l c u l a t i o n  was not  p e r f o r m e d  f o r  Juno .  For Jup :t er  and S a t u r n ,
E was calculated from the formula

E tg ~
- 

~
— h — /-

, 
- - —

which is evident in accordance with (ho). Values of A~ canno t
resu l t  in the  case  of J u p i t e r  and S a t u r n  because  t h e  c o r r e c t i o n s
of the earth orbit were here neglected from the beginning. The

f o l l o w i n g  r e s u l t s  were  o b t a i n e d :

Table  6. Res ult s for an d E

I hp ne t . Jttp it.-i 1- .iln rn 3I ;a r— I . rv~ P.Il.i , ‘~ -.t~ S l i t t . I Mean

~1e — —- - 4n.03 —0.19 1 0 .44  4 n .17  ~~O !I ~~u.J 3
E -t oThS 4 - I~~l3 ~~ ).(‘Z —0.12 -~ 0.21 - -1-0.75 - 40 .34± tL2 i

Because  of t he  l e s se r  a c c u r a c y  of t h e  o b s e r v a t i o n s , J u p i t e r
and Sa tu rn  were  a s s i g n e d  half  t h e  w e i g h t i n g  in  t he  de t e rmina- .

tion of the mean values last shown in Table 6. The two mean

e r r o r s  are un doubte d ly too opt im is t i c  bec ause , in  t h e  me th od

of approximation which is used , the values of the unknowns be-

come quite accurate , but the mean errors become too small.

Wi t h t he val u es of i-k an d E , w h i c h  were  o b t a i n e d , e q u a t i o n s
(no) were again solved for the two u n k n o w n s  ~~J an d~~~K fo r  each
pla n e t .  S

The indirect method also had to be applied for the determina-

t i o n  of t h e  o the r  o rb i t  e l e m e n t s  in  a c c o r d a n c e  w i t h  f o r m u l a s
( 3 2 )  by first deriving preliminary values of the planet ele-

ments for each planet , while ignoring the correction quantities

of t h e  ea r th  o r b i t  and then subsequently determining the earth

orbit quantities from the remainders. The values
V Jh’ = -j-- 0” u7 ± &‘o8 ,

41.:’ = +0.0~ ± 0.05 ,

r e s u l t e d , of w h i c h  the  mean  e r r o r s  s i m u l a t e  a d e g r e e  of a c c u —
racy which is too optimistic for reasons which have already

been discu3sed.
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In the determi nation of ~ L’ , the prerequisite of the approma-

tion. me thod is not fulfilled , according to which the unknown

6L’,- which is neglected in the first approximation , must be 
V

small with respect to the others. For this reson , the first

two equations (32) were set up for each planet and AL
0 and tsp..

were eliminated from the normal equations; the following four

final equations resulted for 4L’

Mars +0.17 AL’ = +°~‘33,
Ceres +O (~)3 = +o.~ o .
Pallas +o.ox = +0.07 .
Vesta +o.o~ = +0.03 .

Through  the  a d d i t i o n  of t h e s e  f o u r  e q u a t i o n s , the  resu l t  was
= + 2 . Ob  ± l”68. The corrections of the  e a r t h  orb i t , w h i c h

were  found , were i n s e r t e d  in  the  o r i g i n a l  e q u a t i o n s  and , f r o m
them , in a second approximation , the final corrections of the
orbit elements of the planets were determined.

5 V

The d e f i n i t e  r e su l t s  are c i t ed  in the subsequent work of Petri
in Table  10 , w h i c h  also gives the me an errors. The same table

prov ides  the  r e su l t s  of a f i t t i n g  of t he  e n t i r e  m a t e r i a l  of the
o b s e r v a t i o n s  by all unknowns  in one  f e l l  swoop , o b t a i n e d  w i t h
the PERM computer of the University Munich; these results were

made available to us. In general , the comparison shows good

agreement . Only in three cases ( itL0 fo r  Pa l las , 4~ . and L~~ fo r
S a t u r n ) ,  the  d e v i a t i o n  is g r e a t e r  t han  t h e  mean e r ro r .

However , the mean errors determined by the computer are so

great that the values of the unknowns cannot be guaranteed in

almost all cases. It could be expected from the beginning that

material consisting of somewhat more than 500 individual obser—

vations cannot do just ice to the com plete determination of all
V 

unknowns. The large mean errors are significantly a consequence

of t h i s  excess  demand on t h e  m a t e r i a l  of t he  observations.

1 ,

~
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Yet , the calculat ion carr ied out w ith th e PERM computer has
-
~~~ the considerable value of having proved the principal solubi- - 

-

lit7, of as extensive a task as the simultaneous determination V

of 50 unknowns. In contrast , the approximation method described

in this paper proves the possibility that , even without the

use of a compute r , w h i c h  is o f t e n  not ava i l ab le  or can be u sed
only  w i t h  the  use of r e l a t i v e l y  s i g n i f i c a n t  r e sou rces , t h e
pro b lem c an be solve d manually , when the requirements for

V 
accuracy  are moderate.

The uncert ain t y ,  which is inherent in the calculation , in the 
V

case of the equinox c or r ec ti on E , becomes particularly clear.
I I  Be cau se, on the one han d , only the quant ity E tan~ -c an be

de te rmined  w i t h  comple te  accuracy  and , on the other hand , in

th e mat er ial of the  observat ions , the right ascensions are
V - small in number and have an unfortunate distribution , the sig-

nificant uncertainty of E could be expected. The discrepancy

between the formal value +1”30 ± l”36 , found with the PERM and

the valu e +O ”3b ~ O ”2l is so great that neither one of them
5 

can lay claim to objective accuracy. Nevertheless , the author

believes that the second value E = +O ”3b is reliable; it has

good agreement with other determinations of E and it can claim

- t _ the  f a c t  of experience that the method of approximation which
is used mostly results in reasonably correct values for the

unknowns , but has mean errors which are too small.

The fact that the equator corrections DM and D~ 
which were

found have resulted in a good agreement of the declination

— - 
systems of the Munich azimuth circle for the observations in

Munich and Canberra is a very powerful argument for the usabi-

l i t7  of the described approximation method . Thus , it is shown

that the system (31 ) is suitable for a simple evaluation of

meri di an observat ions of the ou te r  p l a n e t s , w h i c h  is s u f f i c i e n t—
ly accurate with a limited amount of material .
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