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ON DETERMINING ABSOLUTE COORDINATE SYSTEMS WITH THE AID OF
PLANET OBSERVATIONS

PUBLICATIONS OF THE OBSERVATORY MUNICH, VOL 5, NO. 3
BY F. SCHMEIDLER, MUNICH

FROM ASTRON. NACHR., VOL. 284, 1957-59
(RECEIVED 23 DECEMBER 1957)

The equations of condition for the improvement of the orbital
elements of planets from meridian observations are transformed
in such a manner that only the geocentric coordinates ofhthe
planets and of the sun appear in the coefficients. For planets,
which move in orbits with little excentricity and inclination,
the equations can be written in the convenient form

Ada=—E +b,+ ay(t—1,) + aysina + b, cosa—a,tgesinacosa—b, tgecos’a

46 =—D + ay(t—t)) tgecosa + a,sina + (b, + Bytge)cosa a tgesinacosa + by tgecosta

in this case, the coefficients ass bi are also a function of
the quantity X -%Xg, which is a measure for the time period before
and after the opposition. The observation material is subdi-
vided into groups in wuch a manner that, in each group, the

value of X -%@, and thus also the values of & b, are constant.

i
As a rule, only the systems corrections E and D, which are cha-
racteristic for instruments and observers, are of interest; the
determination of the orbital elements of the planets can mostly

be left to later conversion.

The simplified form of the equations makes possible a clear
discussion, as to which of the unknowns, under which conditions,
can be reliably separated. A numerical example shows that the
assumption of a small excentricity and inelination is also

still permissible for Mars, where maximum errors should be ex-
pected because of the shape of the orbit and the nearness of

the earth. The observation of large planets made with the
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Munich meridian instruments in the years 194l ~ 1956 are
treated with the aid of the described method.

1. GENERAL COMMENTS

The determination of the corrections of the equinox and of the
equator point, necessary for the derivation of absoclute star
loci, is usually carried out with the aid of observations of
the sun and occasionally also of the planets Mercury and Venus.
However, it is known that these observations, which must be
made during the day, are less accurate and more susceptible to
systematic errors than observations of fixed stars. For this
reason, observations of small and also large outer planets have
been proposed as alternatives several times and various astro-
nomical yearbooks publish accurate ephemerides of Ceres, Pallas,
Juno and Vesta since 1952.

The use of planet observations for the definition of absolute
coordinates is faced with the difficulty that no less than 12
unknowns must be determined. In addition, the calculation of
the coefficients of the equations of condition is cumbersome
and time-consuming. A fictitious example, which was calculated
by Clmence (1) shows how extensive the necessary calculation
is. Finally, the disadvantage should also be emphasized that,
in the customary method of the simultaneous determination of
the orbital elements, both of the planet and of the earth, as
well as of the corrections of the equinox and the equator, it
is not always possible to recognize at first glance which of
the unknowns are difficult to separate from the others.

For this reason, the author considered it desirable to derive
a system of formulas, which is easy to handle numerically and
which additionally allows a clear overview of the conditions
of the separability of the various unknowns. For observations
of the sun, these conditions are adequately fulfilled by the

known systen

e |
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dag = —E +cosesec?dp AL'—cos ag tg dg de + 2 sin ag sec by Ah' — 2 cos £ cos ag secdp AR }
48 = —D +singcosay AL’ +sinag de + 2 cos ap sin dg Ak’ — 2 sin & cos? ag cos 8p AR, 1)

4 oot 2 i i T
R
e

in which E and D signify the sought corrections of equinox and
equator.,

Hough (2) derived a convenient method for the inner planets

Mercury and Venus, requiring only the determination of some

principal terms of trigonometric series. Numerow (3) discussed

the treatment of observations of outer planets in several

20 o
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“‘ papers; however, the formulas developed by him are not less
cumbersome and vague than the customary terms of the theory

of the orbit improvement. 1In contrast, a simplification could
be obtained primarily when the coefficients of the equations
of condition would not be illustrated as functions fo the true
anomaly, but of the geocentric coordinates, because the latter
can be taken directly from the ephemeride.

In the theoretical portion, this paper has the objective of
illustrating the @ifferences between the observed and the cal-
culated loci of the outer planets as linear functions of the
unknowns in such a manner that, if possible, only the geocentric
right ascension appears as argument. It will be shown that

true simplifications can be obtained only by vigorous neglect.
On the other hand, it would be senseless to seek an accuracy

of more than 10 percent; the differences between observation

and calculation, with good ephemerides, are of the order of

magnitude of 1", and the average error of the unknown, which
are obtained by the resolution of the equations of condition
by the method 8f the least squares, are mostly about 20"1.

Therefore, it appears obvious to strike all terms in the formu-

las not greater than 10 percent of the principal terms. In
all cases, in which a greater accuracy is required or is sought

23
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for specific reasons, it is probably unavoidable to carry out
the calculations in accordance with the more rigorous formulas.
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The neglects which have been implemented will not dnly provide
relatively simple formulas, but it will also become clear which
of the unknowns are coupled with which others in a manner which
is separable with difficulty. In addition, the simplified
terms make it easy to recognize which of the unknown can be de-
termined with cextainty only when the observations of the
planet cover a sufficiently extensive period of time prior to
and after the opposition. Finally, the formalism developed in
this paper provides the possibility of obtaining at least as
much information about the unknowns from observations, which
are made only in the vicinity of the opposition, as will be
possible on the basis of the prevailing conditions.

2. INFLUENCE OF THE ERRORS OF THE ORBIT ELEMENTS OF THE PLANET

Because this concerns the use of observations of equatorial
coordinates, all orbit elements and definitions are referred to
the equator; the elements of the orbit of the planet are thus

Mo = average anomaly to the time to

average daily motion

3 - k2(1+m)

= great semiaxis, with u connected by pza
sin ¢ = excentricity

= ascending node on the equator

= angle between node and perihelion

= inclination of the orbit with respect to the

“eg = ™~ »p %
"

equator.

In the conventional manner, the heliocentriec distance should
finally be designated as r , the true anomaly as Y and the geo-
centric distance as ¢; in addition, the abbreviating quantity

u = v + w shall be defined in the same manner as in the eclip-
tic calculation. In accordance with Bauschinger (L), the
equations for the determination of the errors of the orbit

elements are:
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cctsb da = = (smbcos. (B + ) + esin b cos (B + w)) seccp(AM.-{- (¢t —to) du)
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+ -e-.(smEsxn b cos (B + ) — cos g sin bsin (B + w)) A : ; 2
. 0
+ -e-smbcos (B + u) 4s + -Ecosbsinud]—%cosbcosusin‘]dl\',
.a 2 : [ M : ; 3 - :
43 = = (sin ¢ cos (C + ) + esin ¢ cos (C + w)) sec?(.d.lf, + (t—1,) dp) i

e _z_%_}; -;-sin csin (C + #) du

AP
+?(sm1:s|nccos (C + ) — cos g sin ¢ sin (C + w)} Ag

r . s
+?sxnccos(C+ u) As+-;-coscsinud]—icoucosusin]d.’\’.
. . e n ’

-

In this case, instead of the quantities 4p, Aq, used by Bau-
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schinger, the direct corrections 43, AN of the elements are

introduced; the following relationships apply

Ap =:sin Jsinw AN 4 cosw 1]
(€}

Ag = sin J cosw AN — sinw 1],
As =cos | AN -+ Suw.

The auxiliary quantities b, B are defined by the system

sinbsin B = —sin (a — N}, ! :
sinbeos B= " cos J cos (;-—.’\‘),l ({)
cos b = — sin J cos (x — N)

while, for ¢, C, the relétionships

sincsin C .= -—sindcos (v —N),
sincconC - sin J cos & — cos J sindsin (v—-N), (s)
cos¢ == cos J cosd 4 sin J sindsin (v — N)

apply as definition. 3

In order to avoid the known uncertainty for small excentrici-
ties and inclinations, the new unknowns are better used

ALy = sec® ¢ AMy + 4ds,
Ay =eds, (6)
4K =sin J AN .
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In (2), the semimajor axis a in; the coefficients or.AMof({;gg

should additionally be replaced by the expression rsee®p(ivecgy)

§ and, in the coefficients of Ag; the factor a sin E by the ex-

: pression v seegsthv , If u - v is finally also written in (2)
instead of w, the following form of the equations of condition
is obtained:

B SOS—

+ osb(sinuA]——cosuAK). 1
Qcos(B+u))+::osc(smu41—cosq_ag)_, .

pcosd da =rsinb(Psin (B + ) +
-sinvAv)——-:-éosq:f:os_t(Aw.d-' < @ ;

o 43 =rsin¢ (Psin (C + %) + Q@ cos (€ + )
. zaEAp-i- (x-i;ecosv) (esinv AL
k .

o ' e
—cosv dy) + (sec_q"-{-_-;- cosq:) sin v 49 ,

Q=4L +.‘(2 + e cos v) (e_ cos'v AL |
AL = AL, + (t—to) sec* @ g e e i

o

In equations (7), r, u and v must be expressed by the geocen-

tric coordinates of the planet and of the sun. It is known

that
x=gcosacosd — Rcosag cosdo =((cosA’cosu-lsinN'sinucos]),
y=gsinacosé—Rsinaecosée=f(sinNcosu+costinu§:os]), )
z =psind — Rsin d¢g ‘=rsinusin J, . ;

,
|
i
]
|

where R, ¥g, J @ are the geocentric coordinates of the sun.

g | If the two auxiliary quantities

_ Rcoséo

B __ Rcosédp
E | " gcoséd

cos (a —ag), n= 2 cosd sin (x —ag) ()

k! are introduced, these relations are obtained from (8)

fl
é. ; rsinu=g(x—$)cosésin(a-—N)sec]+gr;cosdcos(a——N)sec].} )
' rcosu=g(x—£)cosécos(a—N)—gqcosésin(a-—N).

Formulas (10) make possible the calculation of r, u and v =

u - w from the geocentric coordinates of the planet, which can
be taken from the ephemeride. The two parameters E and v are

essentially a function of X=Xg and are a measure of the time
interval of the observations from the opposition.

Because most planets move reasonably close to the ecliptic, it
is useful to express sin § as a function of A, Using the
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second equation (10), the following relationship is found from

the third equation (8)

.esin6=9(t—5) tg J cos & sin (a — N) +gntg Jcosdcos (x —N) = R sind:.
Because the known relationship fh.f.;ﬁu(h.*a exists, the
following is obtained

Rsindy = Rtgecosdy sinag =ptgecosd (§sinax—ncosa).

If, herein, «is replaced by N + (x - N), the fc .lowing expres-
sion is obtained for sin ¢

sin()s.'t C)F'(S\'in .\—-'\')_":.
with e : (11)

== (5 (tg ] — cos N tge) — ysin N tge) cosdsin (v — N) — (n (1g ] —cos N tg €)
+ &sin Ntge)cosdcos (x —N).

For planets, which move exactly in the ecliptic, J =£and N = 0,
and consequgntly also = 0, For planets, of the which the
orbit inclination with respect to the ecliptic is small, y can
be considered as a small quantity and can be neglected complete-

ly when the requirements for accuracy are small.

The advantage of relationship (11) for sin J consists of the
fact it allows the expression of the quantities ¢, C as func-
tions of b, B and do therefore not have to be calculated sepa-
rately. If expression (11) for sin J is inserted in the two
first equations (5), the following is found

sinesin € = g Jcosdcos (A — N)sinbsin I <= ysec Jsinbeos I3,

smccos € =ty J cosdcos (x — N) sinbcos B = cos J sinhsin B.
In the terms, which are multiplied with the small quantity x,
sec J = cos J = 1 can be inserted, and it follows

P

(13)

rsincsin (C — n) = rtg ] cos d cos (x — N) sin b sin (B + u) + ;rsindcos (B + u),
rsinccos(C+u)=rtg]cosbcos(.:.-.’V)sinbcos(8+u)—-;'rsinbsin (B+u).}

In addition, an expression for cos ¢ can be found, when (11) is
inserted in the third equation (5)

cos ¢ = cos J cos d + sin]tg]cosési.n'-’(a—.\')—;-sin]sin (x—N).

By neglecting the square of Y» the following can be written

sk
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; St cos]cosb(x-i-ts’b)+'r'5i“15i“("‘_m=°°s]s°°6+75i"]sm (@a—nN). (!3,-.
i ? All quantities, which occur in the equations of condition (7),
i : can be calculated with the aid of formulas (L4), (9), (10), (12)
and (13). The derived formulas are completely formal, except
that, in the terms multiplied with the small quantity y, sec J
= cos J =1 is inserted and 82 is neglected. In most cases,

3 = 0 can also be assumed.
3. INFLUENCE OF THE ERRORS OF THE ORBIT ELEMENTS OF THE EARTH

As ﬁ rule, only four earth orbit elements are considered as

requiring improvement. The following unknowns are used

f AL' = correction of the mean longitude of the sun

| e = correction of the skew of the ecliptic

i Ah' = correction of the quantity h' = e' cos nr'
Ak' = correction of the quantity k' = e' sinw~'.

Newcomb (5) derived the formulas, which represent the influence

i of the corrections of the earth orbit elements on the planet
loci. However, an independent treatment of the problem appears
to be more suitable for the purposes of the present work. As

a starting point, equations (8) can be used in the form

ocosacosd =z + 2, = ; 3 o
1 psinacosd =y + y', . (14)";_
E gsiné =z+4+2 y

in which x', y', 2' are the geocentril rectangular equatorial

coordinates of the sun, They are given by the expressions

# = Rcosag cosdp = R cos o, ; .
’ y' = Rsinag cos dg = Rcosesindg, (15)
2’ = Rsindg = Rsinesinlg. -

The geocentric coordinates x, y, z of the planet must now be

considered as constant. Through differentiation and elimination




=
of 4Q, the following differential equations are obtained in a

known manner from equations (1k4)

0c05d da = cosa 4y’ —sina Ja',
e 46 = cosd 42" —cosasind 41" —sinasin d Ay,

However, since the relation z' = y' tang applies in accordance
with equations (15), Az' can be replaced by~&~€oxl,52~}$4£
and the following is found

pcosd Ax = cosa 4y’ —-sina Jx', . }

(16)

010 = v sectecos O e — cos asind 18" = (tg £ cos d-—sin xsin d) Ay,

With the aid of equations (15), 4x' and Ay' can be expressed
as functions of AR,Ad » and A¢, and

) FIE N :‘{‘ —y'sece i,
: I
Ay :;-"-’l:e+x’cose.423—}-' toe de. 5 o

is obtained.

The interrelation between the coordinates R,ch and the orbit
elements of the earth is given by the known formulas

R a' (1= I cosiy--ksink, ). by =L 20 sind, — 21 cosiy,

in which the square of the excentricity of the earth orbit is
neglected., Through differentiation

AR == — 2" A — ' sece 1K,

MR R S e (18)
dig == AL+ R scc e AL — R Ak

is obtained.

These expressions must be inserted in (17) and the result is

Ax’ = —y' scce AL’ _f.'..‘i'_?_l’e':ic.c:f A 4 EY sece Ak,
o are XY, UMt s s coni ’ (x9)
dy x' cose AL + = an’ — S oo 4k —y' tge de.

These expressions must be inserted in (16) in order to obtain
the illustration of Ax and Ad as functions of the improvements
of the earth orbit elements. The result of the substitution

S h;ud. i
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shall not be calculated in greater detail at this point, because
the formulas become very cumbersome, but they do take on a
simpler form with the aid of the neglect in the later part of
this paper. However, it should be noted that the coefficients
in (19) are fundamentally a function of the rectangular coordi-

nates of the sun, which can be taken from yearbooks.
L, INTRODUCTION OF SIMPLIFICATIONS

The formulas developed under 2, and 3. provide the coefficients
of the equations of condition as functions of the geocentric
coordinates of the planet and of the sun; the calculation of

the locus of the planet in its orbit can be avoided with their
aid., Yet, the required calculations should not be significantly
less than with the use of the conventional system (2). However,
a considerable simplification can be obtained if the excentri-
cities and the sguare of the inclina£ion are neglected., Because
most planets move in the vicinity of the ecliptic, J is approxi-
mately £ and the assumption J2 = 0 is just tolerable with the
requirement for an accuracy of about 10 percent, which was dis-

cussed in the introduction.

When J2 is neglected, sec J = cos J = 1 and the following is

found from equations (4) and (10)

rsin bsin (B + u) = p7cosd, }

rsinbcos (B + u) =p(1—§&) cosd. a5}

Because of Jxé , the difference J - ¢ is of the order of magni-
tude J2 and can be neglected; for the same reason, N =~ 0, and
the product sin N tan £ can be neglected as a quantity of the
second order. Finally, under the assumed prerequisites, the
declinations of the sun and of the planet are greater than ¢
by at most insignificant amocunts and, therefore, cos J = cos J g
= 1 can be used., Under consideration of (20), the following
relations are then obtained from (11) and (12)




L1

sind = tgesina,
rsincsin (C + u) =rtgecosasinbsin (B + u) =ontgecosa, (21)
rsinccos (C + u) =rtgecosasinbeos (B + u) =0 (1 —£)tgecosa.

With the aid of the same neglects, the expressions

rcosbsinn = —otgecosa (psina + g cosa),

ycosbcosu = —otgecosa (pycosa—gqsina), (22}
ycoscsinu = o (pysina 4- g cosx),

rcosccosu = 0(pcosx—qsina)

can be derived from (4), (10) and (13), in which the auxiliary
quantitiesr"lrxgve the significance

b= (T—&cosN + psinN, | ;
i1 = — (1 —£)sin N = ycos N ] (23)
With the assumptions r = a, sec J = cos d = 1l and under consi-

deration of v = u - w, the following expressions

sine =gsina —tcosa,
COsS? == TSina - o Cosa,

are obtained from equations (10) for the true anomaly v, which
occurs in the equations of condition (7), in which the auxiliary

quantities ¢ and z are defined by

-

)

g = ((1 — & cos (-~ N) +- % sin (w0 -+ X)),

(24)

T =

R[> afr

((r—&) sin (w 5- N) — 3 cos (w + N)).

If expressions (20), (21), (22) and (24), which are obtained by
simplifications, are inserted in the equations of condition (T7),
then the following illustration for Ax and4d results

dx ==.-!°(t;10) + B, + .:i,sina-i- B,c;sa—A,tgesinaco'sa—BgtSECC’Szﬁr} (25)
46 = (Ag(t—1to) + By + A, sina + B, cosa) tgecosa + Ay sina + Bycosa.

In this case, the coefficients Ai’ Bi are related to the sought

corrections of the orbit elements by the following expressions

§
i
2

j
g
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4y = (1—8) 53 dp, Bo= =8 L~y 44,
Ay =—n(edv+1dg)—2(1—§) (rdv—ady), ‘:Bx=n(tdr—adcp)-z(1—5)(04,+,A¢)' (26)
A, =p,4] + 4K, iBy=¢q,4] —p, 4K .

All auxiliary quantities are defined by equations (9), (23)

and (24).

Equations (16) and (19), which describe the influence of the
errors of the orbit elements of the earth, can be simplified
by the same neglects. Under the assumption of sec & = cos €
= 1 and using the expression (21) for sin ¢,

4 0 da = cos & Ay';—;inu ax', _ ‘
oy ' 048 =7y de—tgecosa (sina A" —cosa dy’) =y de + otgecosa da.

(27)
is obtained from (16). Expressions

%' =pcosé (fcosa + 5sina), ‘ y’=—.gcosé(£sina—r;cosa). (28)

i
!
1
|
{

are found from (9) and (15) for the rectangular coordinates

of the sun x', ¥'.

If now again cos £ = cos S = 1 and tanzz = 0, the following
illustration of the deviations caused by the errors of the
earth orbit elements, which should now bte designated as Ax'
and A§', results from equations (19), (27) and (28):

“ ’ ¢ ’ >

o’ =t AL + 1% -};Ezéy a8 41, Rze"Ak’—(Esina——qcosa) tg £ cos a ds,
P 4 (29)
I Ak') tgecosa 4 (§sina—ncosa) de. -

a8 = (s 4 4 LEL2ES g 2

Using the relations (28), the coefficients of these equations

can be expressed as functions of X, as well as of € and n

n¥ +28y “*

1o =

gy sty _
= -

(2£’+1;’)si.na—-%£qcosa.‘ S
. (30)

Xlo R

(2£’+q’)cosa—%$qsina.

It can be seen from equations (29) and (30) that the deviations

Aa' and AS', which are a consequence of the errors of the orbit

P elements of the earth, can be illustrated in the same general
g . form (25) as the quantities 4dxand AL, which are based on the

FYa

.|
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errors of the orbit elements of the planet, If, additionally,

the corrections E and D for equinox and equator are still added,
the result is the general illustration for the difference

between the observed and the calculated right ascensions and

declinations of a planet

Aa=—5+b.+a,(l—l,)+a,sina+b,cosa—a,tgesinacosa—b,tgeCOSa’. } (31)
48 = — D + g (t—1;) tg £cosa +asina + (by + bytge) cosa +a, tg £ sin a cosa + by tgecos’a.

The significance of the ccefficients a2, bi follows from equa- !

tions (26), (29) and (30) through the addition of the quanti- !
ties derived from the errors of the orbits of the planet, res-

.

pectively of the earth f.
'3
|

ag = (1 — &) secdq A,
Eachtygloait I8

Ak 7y A+ EAL,

ay=—y(cdvi-vdy)—2(1~¢&) (v Ar —a .13) +-l‘:-(2$= 43 Ai’ — '1%""‘""' G -

b=y dr—odp)—2(0—§@dr T —Fin =2 28+ Ak,

a,=p 4] + ¢ K + & de, s
_b:=q,A]—-i>1AK—qA£. v

If it is additionally desired to account for a correctionAp
of the precision constant and a time dependance of AL' in the
form AL' = Ao + [\l(t - to), then the expressions Ap + ;Al
must be added at the right in the first equation (32) and AL’
must be replaced by 4 , in the second.

i The advantage of equations (31) consists of the fact that the

coefficients a b, are constant when %X = x» has the same

b S |
value for all observations. Actually, with the neglects which

are introduced, the quantities @,§ andn are only a function of
the semimajor axes of the two orbits and of « - «xy. With the
assumptions cos J = cos(y =cos f o=1and e = e' = 0, conse-

quently r = a, the relations

p*—2Rpcos (x —ag) + R* = a2,

- (33)
(- =L‘- cos (&« —ag), n=£sin(s—ae).
[ : [
- are obtained from equations (9) and (10).
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Therefore, for all observations, for which the value X -x 4 is
equal or falls into a sufficiently small interval, the coeffi-
cients as, bi must be determined through the solution of the
system (31). The unknowns themselves then follow from (32).
In this manner, the determination of the 12 unknowns is sub-

divided into several small steps.
S THE DISCUSSION OF THE FORMULAS

Because the meridian observer is mostly only interested in the
systems improvements E and D, the separability of these two
quantities shall be discussed first. The determination of D

is simplest; it is equal to the constant term in the equation
for A[; uncertainties cannot arise when the material of the
observations is good and quite well distributed. A division

of the material in accordance with the value X ~« o is not even
absolutely necessary; fitting all observations in accordance
with the second equation (31), values are obtained for the

quantities B b which represent an approximate average.

i’
Again assuming a reasonably uniform distribution of the entire
material of the observations, the numerical wvalue of D will

be adulterated by insignificant amounts at most.

Contrary to the occasionally expressed opinion, it must be
emphasized that the equaior correction is not simply equal to
the arithmetic mean of all Af. Because of the factor cos2 X ,
the last terms in (31) always have the same sign and definite-

ly contribute to the arithmetic mean of all observed values.

The determination of the equinox correction E, which occurs in
(31) as the fixed relationship ~E+b,
difficulties in principle. The quantity bo
determined from the declinations, in which it occurs multi-

presents somewhat greater

must therefore be

plied by tan €, however., For this reason, E, in compsrison
with the other unknowns, is encumbered with an uncertainty,
which is increased by the factor cotan ¢, These subjects are

not new, but they can be seen particularly clearly with the

ey
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simple formulas (31).

In addition, the determination of E poses high requirements

on the quality of the observed right ascensions, from which
the reliable value of b2 must be determined; the term with
botanzcan only then be separated from 'b2 from the declinations.
Because b2 is associated with the mostly small factor tan¢
cosaa in the right ascensions, an additioneal uncertainty

prevails in this manner.

Although the material on the observed right ascensions migght
not fulfill the conditions for a reliable determination of b
but has a sufficiently good distribution in the variable

2’

x =K @, the dependence of the coefficients a;, bi from this

second variable can be utilized in order to obtain a reliable

gr 53 =
b2 + bo tan€ and EO = -E+b0 can be determined with the full

reliability, which is associated with the observations. From
(32), the relationships

value of E. In this case, the three quantities a

£14] + ¢ AK + & de =a,, } )

$4] —p AK —nde + Etge = b, — Egtge

can be derived and the four unknowns AJ, AK, A¢ and E can be
determined when the material allows a subdivision into at least
two considerably different values of A=-x . This possibility
was largely used in the evaluation of the Munich planetary

observations, which are further reported below.

The determination of the equinox correction E is configured
still more advantageous, when the errors of the orbit elements
of the earth are either neglected or can otherwise be assumed
as known. In accordance with the second equation (32), the
simple relationship for the quantity -E+bo, which is determin-
able from the right ascensions alone

ala

~Exby=Ey=—E+@—8 =" 1%, 3)

from which E can be determined, if the material of the
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observations is distributed over at least two significantly

different values of ®- x5 and 4P is taken from the first
equation (32).

The corrections of the orbit elements of the earth and of the
planet can be found from (32). Again, as can be seen immedia-
tely, the numerical values LT bi are required for at least
two significantly different values &£ - x4; the occupation of
as wide a range in this variable is of course desirable., If
the corrections of the earth orbit elements can be neglected,

the problem becomes correspondingly simpler.

The simplification, which can be obtained through the neglect
of the corrections of the earth orbit, has considerable signi-
ficance, primarily for the outer planets, which are at a con-
siderable distance. It is obvious that the observations of
these planets can provide little information about the orbdbit
elements of the earth; analytically, this is expressed by the
fact that, in (32), all corrections of the earth orbit are
multiplied with the factors E orn , which, corresponding to

expressions (33), become very small for very distant planets.

Finally, it is possible to continued in so far as the systema-
tic errors of the instrument can be considered as periodic
functions of the right aécensions, thus the errors Ag‘ and

AJ; can be introduced in the form of terms which are propor-
tional to sinX and cosx . The amplitude of these terms would
have be added in the system (32) in the appropriate equations.
It can be seen that these terms can be reliably separated from
the other unknown only when the observations uniformly cover

a sufficiently broad range of the variables X = x 453 this is
equal to the requirement that the observations must extend over

a sufficiently long time period prior to and after the opposition.
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6. VERIFICATION OF THE ADMISSIBILITY OF THE SIMPLIFICATIONS

It was tested on the basis of a numerical example whether the
neglect of the excentricities and the squares of the inclina-
tions is permissible., As the specimen calculation, the obser-
vations of Mars, made in the years 1941 to 1956 with the Munich
meridian instruments, were selected, because the greatest errors
are suspected in the case of this planet because of its excen-
tricity and nearness to the earth. All declinations are pub-
lished in the catalog of the author (6) on azimuth circle ob-
servations; however, the values 4§ which are given there are
already corrected because of the systems corrections, which are
here investigated and are therefore different from the values
given in this paper. Up to the beginning of 1950, the right
ascensions are published by Labitzke (T7), (8); in addition,

the author owes thanks to Mr. Labitzke for the premature re-

lease of unpublished observations of the years 1950-1952.

Table 1 shows the normal loci, which are formed from the ma-
terial. Three groups were formed, one each for observations
with small (A), medium (B) and large (C) value of a - x.

In the column "location", which occurs only in the declinations,
M = Munich and C = Canberra because, in 1954/55, obsexnvations
were made in Canberra, Australia, using the Munich azimuth
circle. All other desigrnations in Table 1 do not require an

explanation.

In the distribution of the observations into groups, no fixed
ranges of X -X g were maintained, but individual observations
were absorbed in another group for the' purpose of a more advan-
tageous distribution. It proved to be impossible to form more

than three groups, which entailed considerable advantages.

The improvements of the orbit elements of the earth can be ig-
nored for the questions which here alone are discussed, whether

the leglects which have been carried out are permissible. The
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| E Table 1. Normal Loci of Mars
i ¥
4 £
il §
i ‘ : :
a i ¢ . Il e ] :
t D Zeit |@Ort [ - JT?NPP‘ ! a ‘ a—ap | da 48
] l } T O R S
4 5 1944.3 i . e e 420 | 720 , —IL
3 : s o N R VB T TR e T 63 ' —o098 !
X 48.3 l M 2 pREEe LN 28 918 ., —232
48.3 i M 2 - B | 9126 Sss | —28s
i A UM gt AR g 7 42 7, —3.25
52.4 M 4 IR - i 14 8 10 20 ;| —0.90
£ Sl R | SN R A 138 e e S
! =i} : T A ; —0.40
1941.9 M 2 0 44 9 27
9::.9 I M 3 A es 85 +0.23
44.0 ; M 1 B i 4 10 9 3 +0.50
441 ! 2 A ) 420 7 3t 0.00
44-2 ! M 2 A . 3 50 6 26 +0.50
48.2 ¢ M 1 C g 9 28 o2 . 0.00
43.3 ' M 1 B . 9 26 S 50 +o0.40
48.3 ! M 2 A 9 34 =50 +0.95
50.3 : M 2 B .1 34 0 2 “o.bg
50.3 : M 2 R ' oar a3 S 4 to.7u J
},o.., ‘ M 3 A 134 8 22 < 0.40 :
52.4 ! M 3 L 1y 4 0 3% +0.08 ;
52.4 | M 20 [} 13 50 o 1 0 50
.sz.; M 2 \ 13 38 N 32 —0.40 :
ﬁ.|.| : (8 2 15 33 13 4': > 0.30 :
34.5 ’ C 2 18 11 1sS —0.n3 {
.:,4.'5 C 2 1] 17 50 10 10 033
.5_‘.;| : ¢ 2 RY 17 48 5 lf —1.40
:5(;.7 { M 2 ¢ 23 32 < 38 -=0.55
50.7 ; M 2 C 23 15 123 -0.0§
50.8 M 2 B £ 23,37 S 33 —0.20
37.0 1 M 3 A e e 39 LU L) <0 g0
Key:
1. Time
2. Location
3. Group

equinox corrections E were also neglected, so that, in addition
to the six improvements of the orbit elements, two additional
unknowns remained, namely the equator corrections for the azi-
muth circle observations in Munich and Canberra, which can of
course be different and were different. Eight unknowns must
therefore be determined, which were determined, on the one hand,
by the method of approximation described in this paper and, in
addition, by the application of the formal system (2) from the

} normal loci of Table 1. As the mean value of X =g, ¢ > 3

and W the following resulted for the three groups

.Group Aa—az= 7"36"™, 0= 083, §=—0.46, = +1.04
B 9 5 0.69 —1I1.05 +1.00
C 1 5 0.55 —1.77 +0.43




3
o

-

|

4
1

-19-
The determination of 2 bi was carried out by way of approxi-
mations. The second equation (31) was written in the form

aysina + bycosa —D = 46 —a, (t —1,) tg e cosa — a, tg e sin & cos a — b, tg £ costa (36)
and was used for the determination of the four unknowns 32,
b3, DM and DC’ under the hypothesis for the quantities ay a,

and bl (in the first approximation, these quantities were set
equal to zero), for the observations of each group., With the
values which were thus obtained, the system

Mt s gl e R
was solved for the five unknowns EO’ 2455 875 bl and b2, in that,
on the right sides, the correction terms were calculated with
the results of the previous approximation., If the material of
the observations on the right ascensions were quantitatively
equal to the deélinations, it would be better to use only the
first equation (37) for the determination of the five unknowns;
however, it proved to be necessary to also utilize the second
equation. The method was iterated until the values of the

unknowns no longer changed,

In the determination of the two quantities D from (36), it must
be observed that, while the coefficients a

ent in each group, the values of D

> and b3 are differ-

M and DC must however be
equal. In order to obtain the best value of the two D within
the scope of the error theory, the normal equations which were
obtained from (36), were reduced in each group by elimination
until only the two unknowns DM and DC remained; these equations
from all three groups were added and their solution resulted

in the associated values of DM and DC in each stage of the

approximation,

The formal calculation in accordance with formulas (2) re-
sulted in the following system of equations of condition:
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i .~ S S S ot
R o T T S —

+1.41 AM, —0.81 du +2.90dg +1.494s —0.36 4/ —o0.04 4K - e ¢ g,87
H +1.07 —o0.77 +2.14 +1.16 —0.19 70@6 —-—ﬁ.”
! +1.50 +0.08 +0.28 +1.81 +0.23 +0.62 = —2.22
: +1.39 —0.08  +oz7  +I6y  +oi9  +o59  =—2z73
i - +1.05 —0.334 —o15 +128 4008 4052 = -—3,.:g
¢ ' +2.18 +1.62 —4.28 +2.44 —0.73 -f-o.7o = —‘0.8
4 +1.53 +0.28 —3.29 +1.61 —0.74 +0.36 = =+0.15
ol ' — Dy +1.34 AM, —0.51 du +1.54 dp +0.99 ds -f-x.37 4] —z2.01 4K - —0.40
2 — Dy +1.06 —0.53 +1.02 +0.79 +140 —I.49 = +0.23
3 — Dy +0.48 —=0.17 +0.23 —0.47 +2.22 fo.xS i +0.50
— Dy +0.35 —+0.04 +o0.20 +0.35 f‘77 +0.21 - 'ong
— Dy +0.19 —0.02 ~0.15 +0.19 7135 f°17' :-Togo
— Dy —0.48 +0.06 —0.1IN —0.58 +0.75 -,‘—1.27 . 0. o
— Dy —0.42 ~0.12 —0.11 —o0.51 —0.54 ",'I'{? - 13.4 (38)
/é — Dy —0.33 ~o0.18 +o.0r - —0.43 +0.22 Txgg :.;ozg
3 — Dy —0.65 —0.07 -~0.76 —0.77 —0.55 —x.‘.6 : i
! — Dy —0.61 --0.03 +0.73 —0.73 —o0.61 —1.76 iy 70
e D —o0.58 000  -~074 —o06a  --0.a =158 - -f-o.g-
E — Dy —0.86 —0.61  +1.70 -0.94  —188 fx.hi = +o. 5
& ., —0.83 —0.43 +150 —o088  —I8 ~1.32 - :g.so
| —_ D'\I —0.78 —0.33 <+1.02 —0.83 —1.88 —1.1‘2 : : .40
| =t +0.13 -~0.16 —0.24 <.0.12 —3.14 -:--o.b, s To.g
i — D¢ +0.10 --0.30 +0.08 —017 —-3.34 —0.04 ) = —o” 5
£ — D¢ —0.24 JMy ——0.40 . +0.30 Jy¢ —o0.21ds —3.14 1] —0.67 JK = -~0'35
i. ‘ — D¢ —o0.19 —0.25 -+0.18 —o0.16 —2.58 —1.27 = -—1.40
ke — Dy +1.84 2,76 -4 0.35 +1.53 —1I1.00 —3.14 = —-0.05
3 — Dy -+ 1.69 <+ 2.08 -4-0.51 —1.39 —0.51 —3.2 = —0.55
A — Dy +4-0.92 4-0.77 +~0.77 -0.78 +o0.69 —2.02 = —0.20
— Dy +0.54 -+0.38 -+0.86 =-0.48 -+1.00 —0.8¢ = -+0.50
A

The result showed, from the approximate calculation, that the

two equator corrections for the azimuth circle observetions

had the values D, = +0"02 and D, = +0"31. Of the other unknowns,
b2 was very unreliable in all cases and could not be determined

at all for groups B and C, The results are

E, a a a, b, by by
Groppe A +0'11 +o0'24 —2"42 061 +1777 +0768: —o"05
. B —306 +0.08 +085 —o0.01 +0.53 unb. —o.45

C —195 —0.06 —0.92z2 —0.56 —o0.34 unb. —o.55

Neglecting the corrections of the earth orbit and of E, the
improvements in the orbit elements of Mars must be found, in
accordance with (32) from these values of 845 b;. In Tadle 2,
the results are compared with those of the solution of the
completely formal system (38).
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Table 2. Comparison of Approximated and Formal Results

strenger. | gendhert
(@ Unbekannte| *TETS | Nt ()

L E L .
4aL, —0.57+0.94 | —0.82+0.66
Ap —0.07+0.24 | +0.01%0.2§
Ay —o.30%0.12 | —0.B520.19
d¢ —0.2740.14 | —0.05+0.19
a] +0.12$0.16 | +0.03%0.14
AK 0.00£0.18 | —0.17%0.13
Dy —0.1010.19 | +0.0220.14
D¢ +0.12+0.52 | +0.31+0.40

l. Unknown
2. Formal value
3. Approximated value

With consideration of the mean error, the agreement is good
in all cases. Even if, with three times the observation ma-
terial, the mean error would be smaller by a corrésponding fac-
tor, factual differences would still not occur between the two

solutions,

The fact that, in the case of most unknowns, the approximation
method results in considerably smaller mean errors is of course
only apparent. The approximation method is based on the solu-
tion of systems with few unknowns, where, formally, the mean
errors must be small. It is however known that, as a rule,
these methods provide fairly correct values of the unknowns,
even though their accuracy is stated too positively. In con-
clusion, it can be said that the neglects, on which the approxi-
mation methods is based, appear Justified.

T. EVALUATION OF THE MUNICH OBSERVATIONS OF LARGE PLANETS

The observations of Jupiter and Saturn, which were made with
the Munich instruments, were also evaluatéd in accordance with
the described method., Because of the short orbital arc, which
was passed through in the years 194l to 1956, only a summary
treatment was possible for Uranus and Neptune., In the subse-
quent work, Mr, Petri reports on the use of the observations
of the small planets Ceres, Pallas, Juno and Vesta.
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The observations are published in the same publications (6),
(7), (8) as the Mars observations referred to above. The de-
clinations observed on the meridian circle were not used be-
cause of the accuracy which is inferior to that of the azimuth
circle observations. Corrections because of the variability
of the measure of time were not applied in any case. As in
the case of Mars, thedéiof the declinations measured on the
azimuth circle are different from the values published in the

catalog, because the latter are already corrected due to the

systems corrections which are only derived here.

A division of the material by the various values of X -x g was
not made in the case of Jupiter and Saturn because of the in-
significance of the influence of the corrections of the earth
orbit. All observations which were made during an opposition
were summarized in a normal locus. Tables 3 and L4 present the

£ Y normal loci thus obtained,

For the determination of the unknowns, the approximation method

described for the Mars observations was used, consisting of an

T

;i iteration of teh equations (36) and (37). In the case of
#'i Jupiter, finally, the right ascension of the year 1948 had to

be omitted because it could not be reconciled with the other

observations in any manner. The specific observations were

not made with the meridian circle, but with a small passage in-

strument, where large errors are possible in individual cases.

to = 1941,0 and 10 years as the time unit was selected in the
E | terms with age. Both in the case of Jupiter and Saturn, the
£ coefficient b2 resulted only with considerable uncertainty.

The final numerical results were

> E, 2y a, a4 by bs by Dx DC
' Jupiter —270z +0773 +0755 —0'53 —0729 +o’21 —0733 +0J05 —0766
i Saturn —1.78 +2.37 +0.13 +am.+}u 40.03 —0.25 +0.02 —I.I7

The evaluation of these numbers will be carried cut in the next
section in connection with a discussion of the results of all
pPlanets,

-
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Table 3. Normal Loci for Jupiter

Rektaszensionen @ Ty —_ ___ __ Deklinationen \_'9
@'Zcil 2 1 Ax I m f_-’: Zait l :Jy(')rt : 2z i o e
N om " ! | h m L

1943.2 7 8 i =1.45 g 19401 M 2 24 —0.72 4
443 9 23 —~1.2§ 6 432 | M 72 9 —0.62 | o
48.6 ! 17 1§ —4.07 7 443 M 9 22 —0.43 | O
49.6 ' 19 50 —~1.52 6 40.4 [ M 13 8 +0.40 i 4
50.8 23 4 —~275 |1 0 47.5 M 15 4 +0.60 3
st.8 o 27 -~110 | 0 49.7 ! M 19 39 +0.25 6

| 50.7 M 22 9 —o.10 3
| stg ! M | o2 —033 | 6
: 53.0 f M ! 2 37 +00§ | 6
! 55.1 | C 7 43 +0.08 | 7
Table 4. Normal Loci for Saturn
Rektaszensionerr (D Deklinationen (Y
3 Zeit ] a | 4= ’ n . |3 Zeit @Ort l a 48 l n
. & b m|-

1943.1 4‘:7“l +0.27 6 1941.1 M 2 26 +0.65 4
44-1 517 —0.33 8 431 M 417 +0.58 5
48.3 9 15 —2.38 6 44.2 M 516 +0.42 5
49.3 10 10 —2.68 9 48.3 M - 9 15 +o0.70 4
51.3 11 50 —2.59 6 49.3 M 10 11 +0.62 s
52.3 l 1238 | —I1.96 7 50.3 M 1Irox +0.08 5

i 52.4 M 12 36 +0.40 4
5 : 53-4 M 13 23 | +0.38 4
! 54-4 c 14 8 | +o0.77 6
] 55-4 c 14 57 | +1.17 6
Key:

1. Right ascensions
2. Declinations

3. Time

L. Location

Because of the short orbital arc, a determination of the ele-
ments for Uranus and Neptune was impossible., Only the decli-
nations were illustrated through a power series in accordance
with time
Mmatb—t) +cE—to for Munich observations )
Ad=a+b(t—t)+c(t—t)?*+d for Canberra observations )

Here again, To = 1941,0 and 10 years was selected as the time

(39)

unit. Following some experiments with Neptune, the square éo-
efficient ¢ proved to be indeterminable and was then set equal
to zero, The term d, which occurs in the observations in Can-
berra, is equal to the difference DM - Dc of the two equator

corrections. In the same manner as for Jupiter and Saturn, all

observations made during an opposition were summarized to a
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normal locus; these normal loci are shown in Table 5.

Table 5. Normal loci for Uranus and Neptune

e Ko o 5 OISt

Uranus

1 X N a6 o Neptun
Q@ Zeit @ort 10 (7 Zeit

(7 Ort

=
=

”
1941.1 M
43.1 M
44-2 M
48.2 M
49.2 M
50.2 M
52.3 M
53.2 M
55.1 C

T941.4 M
42.3 M
13-4 M
444 M
0.4 M
49-4 M
50.5 M
52.4 M
53.4 M
544 C
354 :

S AW e

e WA e T

Key:
l, Time
2. Location

These values were subjected to an adjustment in accordance with

formulas (39): the following results were obtained

Uranus Neptun
H1lgo-L o1y
“=0.98 £ 0.25
0.00 (anzenommen) (assumed )
—-0.41 = 0.32.

2
3
5
5

The values d provide additional information about equator cor-
rections, though very unreliable, and were used in the catalog

of the azimuth circle observations (6) in this manner.

8. DISCUSSION OF THE RESULTS OF ALL PLANETS AND COMPARISON
WITH THE RESULTS OF THE COMPUTER

The corrections of all orbit elements and the system improve-

ments DM’ Dc and E must be determined from the values of the

unknowns, which were obtained for the individual planets. The
results found by Petri in the subsequent work conce>~ning the
observations of the small planets Ceres, Pallas, Juno, and Vesta

can also be used for this calculation.

The following values have resulted for the equator corrections:
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Planet  # Miinchen (Dy) Canberra (D¢)  ¥Munich
Mars +0"02 +0"31
Jupiter +o0.05 —0.66
Saturn +0.02 —1.17
Ceres —v.32 —0.91 (1954}

—0.37 (1955 :

Pallas #+# unbest. —0.70 ## yndetermined
Juno +0.09 +0.73
Vesta —o0.21 —0.51

The amounts for the equator correction D,, for Munich are small

M
and scatter little; those for Canberre are large and scatter
considersbly. It is shown that Dc is largely a function of

tte zenith distance; for this reason two separate D, values

were derived for Ceres, which was observed in Canbef’ra as the
only planet in two oppositions with significantly different
declination. In the catalog of the azimuth circle observations
(6), a correction was derived, a.o. from the results of the
planet observations because of the higher terms of the law of

curvature,

The determination of E was faced with the difficulty that the
coefficient b2 could not be determined in most cases and was
only unreliable in any case. For this reason, the second equa-
tion (34) was utilized. For the four unknowns AJ, AKX, As and

E, the equations

b AJ + g AK + & de =a,, : ;
9, 4] — p, AK -— 7 de = by, ; (40)
@d] —p AK —y de + Etge =by—Eytge

are thus available, which must be established for each group,
into which the material of the observations was subdivided cor-
responding to the value of X=X 5. If the value of b2 is un-
certain or not sufficiently reliable, the second equation is

omitted for the particular group.

In the case of all planets, the resolution in accordance with
all four unknowns was so significantly uncertain that the in-

direct approach was used., Under the first hypothesis 4&= E = 0,
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temporary corrections 4 J and AK were determined for each planet

a
- b AN

and the remainders were again solved for the unknowns A¢£ and E.

Because of too great an uncertainty of the coefficients, this

calculation was not performed for Juno., For Jupiter and Saturn,
E was calculated from the formula
Etge = b, —IFytee—b,

which is evident in accordance with (LO). Values of 4d¢ cannot

i
1
{

"

)
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# of the earth orbit were here neglected from the beginning. The

result in the case of Jupiter and Saturn because the corrections

i following results were obtained:

| Table 6. Results for 4 and E

I’lanct: Jupiter Saturn | Mars -+ Ceres Pallas \esta Mittel Mean

] s 2 A < - 3 »
i Ae i o = . 40.03 —0.19 l 10.44 407 ~011+0.13
i 75 L4068 41T13 | —o02 —o0.12 | 4021 . o735  +0.34:0.21

Because of the lesser accuracy of the observations, Jupiter
and Saturn were assigned half the weighting in the determina-
tion of the mean values last shown in Table 6., The two mean
errors are undoubtedly too optimistic because, in the method
of approximation which is used, the values of the unknowns be-
come quite accurate, but the mean errors become too small.

With the values of Le and E, which were obtained, equations

(4b0) were again solved for the two unknowns AJ and AK for each

PR RARTY

planet.

The indirect method also had to be applied for the determina-
A tion of the other orbit elements in accordance with formulas

2 »'g 18 eriving pre imlinary values O1I e pleane ele-
(32) by first derivi limi b f th 1 t el

ments for each planet, while ignoring the correction quantities

of the earth orbit and then subsequently determining the earth

orbit quantities from the remainders., The values
an = +0"07 07 o8,
Ak' = 4-o0.01 + 0.05,
resulted, of which the mean errors simulate a degree of accu-

racy which is too optimistic for reasons which have already

A N e w— p—

- been discussed.

|
|
1
|
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In the determination of AL', the prerequisite of the approma-
tion. method is not fulfilled, according to which the unknown
AL', which is neglected in the first approximation, must be
small with respect to the others. For this reson, the first

two equations (32) were set up for each planet and AL, and b p-

0
were eliminated from the normal equations; the following four

final equations resulted for AL’

Mars 4017 4L = 40”33,

Ceres  +og03 = +o.10,
Pallas +o.0r = +0.07,
Vesta +o0.05 = +0.03.

Through the addition of these four equations, the result was
AL' = +2.,04 * 1"68. The corrections of the earth orbit, which
were found, were inserted in the original equations and, from
them, in a second approximation, the final corrections of the

orbit elements of the planets were determined.

The definite results are cited in the subsequent work of Petri
in Table 10, which also gives the mean errors. The same table
provides the results of a fitting of the entire material of the
observations by all unknowns in one fell swoop, obtained with
the PERM computer of the University Munich; these results were
made available to us. In general, the comparison shows good
agreement., Only in three cases (AL0 ror Palilasi 4y.and:ﬂ¢:for

Saturn), the deviation is greater than the mean error.

However, the mean errors determined by the computer are so

great that the values of the unknowns cannot be guaranteed in
almost all cases, It could be expected from the beginning that
material consisting of somewhat more than 500 individual obser-
vations cannot do justice to the complete determination of all
unknowns. The large mean errors are significantly a consequence

of this excess demand on the material of the observations.
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Yet, the calculation carried out with the PERM computer has

the considerable value of having proved the principal solubi-
lity. of as extensive a task as the simultaneous determination

of 50 unknowns. In contrast, the approximation method described
in this paper proves the possibility that, even without the

use of a computer, which is often not available or can be used
only with the use of relatively significant resources, the
problem can be solved manually, when the requirements for

accuracy are moderate,

The uncertainty, which is inherent in the calculation, in the
case of the equinox correction E, becomes particularly clear,
Because, on the one hand, only the quantity E tant¢.can be
determined with complete accuracy and, on the other hand, in
the material of the observations, the right ascensions are
small in number and have an unfortunate distribution, the sig-
nificant uncertainty of E could be expected. The discrepancy
between the formal value +1"30 ¥ 1"36, found with the PERM and
the value +0"34 } 0"21 is so great that neither one of them
can lay claim to objective accuracy. Nevertheless, the author
believes that the second value E = +0"34 is reliable; it has
good agreement with other determinations of E and it can claim
the fact of experience that the method of approximation which
is used mostly results in reasonably correct values for the

unknowns, but has mean errors which are too small.

The fact that the equator corrections DM and DC which were

found have resulted in a good agreement of the declination
systems of the Munich azimuth circle for the observations in
Munich and Canberra is a very powerful argument for the usabi-
lity of the described approximation method. Thus, it is shown
that the system (31) is suitable for a simple evaluation of
meridian observations of the outer planets, which is sufficient-

ly accurate with a limited amount of material.,
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