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INYORMATION CONDIT IONS, CQ4MUN ICATION AND GENERAL EQUILIBRIUM*

by

Pradeep Dubey and Martin Shubik

1. WH O S WHAT?

The mathematical treatment of general equilibr ium theory has been

somewhat vague on the specifics of information and coununication condi-

tions assumed in the proof of the existence of equil ibr ium points .

This vagueness comes about pr imar ily because the description of

the individual optimization problem is given--though very ii~~licitly --

as an n-person simultaneous move game in strategic or normal form. De-

tails concerning the way trade takes place and the specifics of informa-

tion structure are suppressed in the norma l form.

A rough verba l description of the assumptions implicit in the d is-

cussion of general equilibr ium is that each ind ividual la~ows hi. own pre-

ferences , end owments and the market pr ices of all items being traded .

How informat ion concerning prices , or for tha t matter how pr ices came

into being in the first place , are not discussed .

In acme recent publications Shubik [1], Shapley and Shub ik [2]

and Dubey and Shubik (3] have cons idered spec ific mechanisms for the for-

mation of pr ice in a market • These mechanisms make it easy to formulate

tra de expl icitly as an n-person game in strateg ic form .

/
*ThLs work re lates to Department of the Navy Contract N000l4-77-C -0518
issued by the Office of Naval Research mder Contract Author ity NR 047-006 .
However, the content does not necessarily reflect th . pos ition or the
policy of the Department of the Navy or the Government , and no offic ial
endorsement should be inferred .

The United states Government has at least a royalty-free , nonexclu-
sive and irrevocable license throughout the wor ld for Government pur poses
to publish, translate , reproduce, deliver , perform, dispose of , and to
author ize others so to do, all .r any port ion of this work.
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Recent concern with trade in markets with exogenous undertainty

has resulted in considerable interest in the details of inf ormat ion and

“who knows what .” ~~row [4] and Debreu (5] were able to ext end results

on the existence of a compet it ive equilibr ium to markets with many per iods

and with uncertainty by the introduction of futures markets and by the

device of normal izing a multistage process into a game in normal form.

Radner (6] and Dubey and Shub ik (7] have been concerned explicit ly with

markets with nonaymaetric information conditions.

There are several questions concerning the general equilibr ium

model which need to be answered, given that it has been fully formulated

as a playable game with all rules given. In particular what is the re-

lationship between the noncooperative equilibr ia of the general equilibrium

model solved as a game and its competit ive equilibria? What happens to

the noncooperative equilibria and the competit ive equilibr ia when there

are different levels of information possessed by the traders? In mult i-

stage markets what is the relationship between the set of noncooperative

equilibr ia and the compet it ive equil ibria?

For a market modelled as a simultaneously played one move game

without exogenous uncertainty it has been shown that for a continuum of

nonatomic players the noncooperative equil ibria coinc ide* with the com-

petitive equilibr ia (8].

For simultaneously played one move market games~~ with exogenous

uncertainty and players with differing sets of informat ion concerning

*This is true given certain technical conditions (8].

**~~ap lay and ~ iubik (9] have used the term “market game” to refer to a
class of games represent ing markets described in cooperative form. Pos-
sibly here we should use the phrase “strategic form market game” to in-
d icate that the market game referred to here is somewhat different--and
indeed wou ld have a differ ent cooperative form than the cooperative mar-
ket ga.s. ~~~~~~~~

— ~sL A i j ~~~~~~~~~

_____ 

~~~~~~~ T~~~~~~~~II~~i: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-- 
~~~~‘
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Nature ’s move it has been shown that a compe t it ive equilibr ium may not

exist (6], but noncooperative equilibr ia will exist and can be related

to a modified competit ive equilibrium wh ich can be naturally defined and

always exists (7) .

The above results suggest that there is a relationship between

the noncooperative equilibria of a market game and its compet it ive equi-

libria. In particular we know that the noncooperative equilibrium solu-

t ion is more genera l than that of the competitive equilibrium. It is easy to

construct games which have noncooperative equilibr ia but for wh ich the competi-

t ive equilibrium does not exist, but when a competit ive equilibrium does exist

it can always be assoc iated with a noncooperative equilibr ium point of a market

game which yields the same prices and payoffs as the competit ive equilibrium.

When we consider multistage markets, in wh ich trade takes place

more than once we encounter an important divergence in the growth of the

multiplicity of noncooperative equilibr ia and compet it ive equil ibria.

The former appear to proliferate faster than the latter • This phenomenon

also crops up in one-stage market-games when we refine information of

some of the traders. While the competitive equilibria of the markets do

not change, the set of noncooperative equilibr ia exh ibits rapid growth.

The paper is organized as follows. In Section 2 we turn to games

in extensive form in general, with no limitation to those wh ich represent

economic activities • We demonstrate an important relationship between

games wh ich have ident ical mowas but different levels of informat ion.

Specif ically it is shown that if the informat ion sets of one game are a

refinement of the information s.ts of the other then the set of pure stra-

tegy quilibr ium points of the game with less inf ormation is contained

within the set of pur e strategy equilibr iu, points of th, game with more

information.



4

In Section 3 we discuss the implicat ion of the general results

of Section 2 to market games . In Section 4 an example of a two stage

market is provided to show the proliferation of noncooperative equilibria;

and several questions are raised concerning the plausibility of certain

equilibr ia as solut ions . Some basic problems in the modelling of conuu-

nication are no ted . These relate directly to the development of criteria

to j odge the plausibility of noncooperative equilibria as solutions .

2~ EOUILThRIUM PODITS AND D~ CRMA.T IC~~~~ G~~~S1N EX~E~3~~Lj $~21

We beg in with a definition of games in extensive form. Thi. is

due (in its present generality) to X~I%n (10]. We will eschew the general

definit ion and restr ict the length of the game to be finite, though the

moves at any node and the number of nodes are allowed to be infinite--

indeed they are required to be so for the market game of Section 3. More-

over, we also assume throughout, unless specified otherwise, that there

are no chance moves in the games.

Let r be a tree with a distinguished node A • We say that node

C follows node B if the sequence of arcs jo ining A to C passes

through B ; and that C follows B imeediatel~ if C follows B

and there is an arc joining B to C • A~ node that has no followers

is called a terminal node • A ~~~ in r is a sequence of nodes, starting

with node A , such that each node in the sequence is an i~~~diate fol-

lower of the previous node . Th~ leng~~ ~~ ~~~~ is the number (possibly

infinite ) of nonterminal nodes that it contains . The length of r is

the maximum of the lengths of all paths in r • Au n-pers game in ex-

EJBSJi!1 . ~~~m (w ithout chance moves) is a tree 1’ of finite length endowed

with the following structure :

_______ - - .-- - 
- 

—
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(a) A distinguished node called the root (or the start~~~ point) of r
(b) A partition of the nontermina l vert ices of r into n sets

•••, p11 called the p~layer sets.

(c) For each i 1, ..., n , a partit ion of P~ into subsets I~ ,

called information ~~~~ such that (I) no node follows another node

in the same information set ; and (ii) there is for each I~ an in-

dexing set 4 such that the arcs that issue from* any node in

are in one-to-one correspondence with the elements of 4 . (Note:

these correspondences are par t of the data of the game • If we change

them, we change the game.)

(d) A real-valued payoff funct ion defined for each player on the terminal

nodes of r .
In the parlance of game theory, arcs that issue fr om a node are

called moves; and a path is called a 2~~~ 
of the game.

A pur etrategy of player i is a f unct ion wh ich maps each infor-

mation set I~ of i into an element of 4 . Let S~ denote the set

of pure strat~gies of i • Put S — S~ x ... x ~~ • By s~ we will de-

note an element of S~ . Any (,1, • • •,  55 , S , defines a unique play

of the game in an obvious maimer . Let 111(s) denote the payoff to i

at the terminal node of this play. Then a ~~~~ strategy noncooperative

~~~~~~~rium (N.E.) of the game is an element 
*~ 

— (*51, •• •~ ~s
11) in

S such that, for every i ,

<

~I s .  connect to an i ediately following node.

- — — 
T:r - —:i ~ ~~~~~~~~~~~~~~~~ - .-

~~~ ~~~~-~~
_._ -
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for all s~ 5~ , where (*sI a i) is the same as but with

replaced by

Let r and T’ be games in extensive form on the player -set

N — Cl, ..., n~ . We will say that f is a refinement of r (or r
is a coarsening of ~ ), and denote it by r < f , if r is obtainable

from r only by forming partitions of the information sets in r • Call-

Jug the collection of games in extensive form that arise by impos ing

all poss ible information sets on a f ixed under lying tree,* it is clear

that < gives a partial order ing on • There is, in this ordering,

a unique maximal element and a unique minimal element in

In all informat ion sets are sing letons. The information sets of

are obtained by cons tructing for each player i the coarsest parti-

t ion of his or her nodes under the condit ions c-(i) and c-(ii). (We il-

lustrate this in Figure I below.) For any r ~ CD, r~ is ~~~~~~~~~
called its most refined form and its most coarsened form.

*]••• the nodes, the moves, the indexing sets and the payoffs are all
held fixed and only the information sets are varied. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_— ~- : - — ~~~ -~ • ~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~

- -~—-—-—- —~~~~~~---~
--
*
-
~~ -—-—-- - — — — —
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7 ~7~\FL’~URE I

The broken lines describe t~~, and the unbroken lines descr ibe

Let r < f .  Though the strategy sets S~ and of i ifl

r and are formally different, there is a natural inclus ion S~ C

A strategy in 51 is ident ified with t~ in , where t’ is

as follows : the move chosen by at any information set of i

in r i s t h e same as the mave chosen by s~ at 4 , where 4 is

the uni~~~ information set of i in r for which C

For any game r we wil l denote by “1(r) the set of all its ~~~~~

strategy noncooperative equil ibrium points .

Our aim in this section is the following straightforward but strik-

Jug result .

Proposition. Suppose 1’ < . Then fl (r) C ?t(~)

a -. r
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Proof. If fl(r) — ~ there is nothing to prove . Let a (~ l ~~~~~

be in YL(l’) . Put 4 — (t’, ..., t) where t~ corresponds to

as described earlier. We will show that £ is in fl(f)
First observe that a and 4 lead to the same play P • Now

if 4 is not in Yl(r) there is some player i who can improve his pay-

off by dev iating from to , provided that the others keep their

strategies fixed according to 4 . Take the path P defined by

~i_l
, ~i, gi+l, • • •,  £5 , and let ~~~, •. .,  be the infor-

mat ion sets of i in wh ich contain nodes of P • Consider

41’ • ..~ ~~~ where I~~ is the (unique) inf ormation set of i in r
such that C • Since no two nodes of a play can lie in the same

information set, the sets : t — 1, ..., LI are all disjoint. Con-

struct the strategy s~ for i in the game r as follows : the choice

(of move) made by at ~~ is the same as the choice made by

at I
~ 

; the choice made by s at informat ion sets other than

41’ • .•~ 4~ 
is arbitrary . Clearly the play defined by

(e l, ••~~
, 5i—l , •

i, ~~~~~~~ 
•~~~~, 

~~~ La also P • Thus s is not in ) 1(r)
since i can improve his payoff by deviating to , a contrad iction.

Q.E.D.

Remark 1. This proposition is not true for mixed strategies . Consider

the simple game of match ing pennies where Player 1 wins if they match

If both players move simultaneously the payoff matrix is 2x2 (Figure lEa);

each player has two moves wh ich coincide with his strategies. The only

noncooperative equilibr ium is in mixed strategies where each player uses

a mixture over his two pure strateg ies of (1/2, 1/2) . The expected

payoff to each is zero . A refinement of the information sets in this

_______ ____________ ____________ - - - , — ~— _ ~~ - 
- -
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game is given if we assume that Player 2 is informed of Player 1 ‘a move

before Player 2 is called upon to move .

In Figure IIbwe observe that the noncooperat ive equilibr ium in

the 2x4 matrix game is given where P layer 2 uses his strategy C

A B C D
1 1 (l,l;2,l) (1,l;2,2) (1,2;2 ,l) (l,2;2,2)

1 [ l  ~ 
1 1 

— 

1 —1 

— 

—1 
-

2 r - l~~~ ij  2 
— 

-l 1 
— - 

-1 
— — 

1

a b

FIGUR E II

The notat ion (l,2;2, 1) can be read as the sentence: “If Player 1 chooses

his first strategy choose move 2; if he chooses his second strategy

choose move 1.”

Remark 2. If there are chance moves in the game, and if we vary infor-

mation of the traders regard ing each oth’ moves ~~~~~~~ while their in-

format ion about chance moves is held ~~~~~~~~~ 
then the propos it ion cont inues

to hold (with the obv ious mod ificat ions in the proof). However, the

following example shows that the result breaks down outside of this case . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~~~~ - —-.
~
-- --— - — ——-- - --—-- a---
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(0,11) (— 3,8) 
- 

(—8 , 11) (—2 —2)

(7,4) (5 3) (4 3) (17,4)

R L R L R L R

L R  

~~~ 

1 1)

1
10 10

0

FIGUR E III

Here 0 represents a chance move which selects L (R) with prob-

ability 9/10 (1/10) • The first (second ) component of the payoff vector

is the payoff to 1 (2)

In the game with unbroken information sets, the unique N .E. is:

1 chooses L ; 2 chooses L • In the game with broken information

sets, the unique N.E. is: 1 chooses L ; 2 chooses L on 
4 

, and

R on 12

-- r-

~ 

- - -~~~~~~~~~~~~~~~~ .a -



Remarx 3. The assu.uption c-(i), whi ~ . i~ ma~ . ~~~~~~~

description of a game , is cri tical. W ithou ’ it  h~~

hold . Consider the following examp1~~.

(.., i)

\ / (o o)

\ I
\ /

‘NWI 7 ~~~~~~~~~~~~~~~ ~-.‘

a

FIGURE P

Any N.E. of the coar8e game leads to a p1a~ termin.~ ir.~

Any N.E. of the refined gam e leads to a pla~. te~-win .tir a

- - - ; - --~~~~~~~~~~~~~~~~~~~~~~~~ 
-. -- .--
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3. EQUILThRIUN PO~ iTS~~~ MAR~~~ GAZ~~
Our approach to the compet it ive equilibrium solution is to repr e-

sent a market as a game with a trading method fully defined and to show

that the compet itive equilibria may be obtained as noncooperative equi-

libria of the appropriate game . There are many ways of doing this (1],

(2], (3], (11], [12]. Here we select o~~ of these models, the “bid-offer

model” (3], though the results we will cite hold for the other models

as well. First let us quote from (3] a descript ion of the game in stra-

tegic form .

For a positive integer r we shall denote by tr the set

tl, ..., r ~ , by Er the Euc 1 idean space of d imens ion r , and by

cf the non -negative orthant of Er

Let

— the set of traders

— the set of comeodities .

The initial al location of trader i is a vector a’ ~ , where

is the amount of comeodity j  available to i (for ~ I~ ), and

represents the money held by i • The traders ’ utility functions

are real-val ued :

U
i : c f’~

’4 —.i> ci’ , i c i ~

and are assumed to be concave , continuous and non-decreas ing .

When we drop an index and use a bar it will indicate suam*tion

over the indexing set . Thus for x~ s (f , means z x~ , etc.
ie\5

We assume that aj > O  for all j  • I ~

___________ - 
~~~~~~~~~~~~~~~~~~~ - - •.~~p._ 

~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ - - -
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To cast the rules of the market in the form of a game we define

the strategy set of trader i to be

— ((q i, b~ ) : q t d5, b1 
• c15, q~ < a~, ~~ <

Here q~ is the quant ity of comeodity j  that trader I offers for

sale . b~ is L’ s bid on good j

The product ~l x ... x 5n will be denoted S . denotes

x •. .  x ~~~ x x ... x 5n 
• s (and, s~ , ) will stand

for elements of S (and , , )

The outcome engendered by a particular s • S is determined in

three simple steps. First we calculate a “price vector” p • d~ by di-

viding the amount bid f or  each good by the total supply:

b
p — 

~~~~~~ 
all j • tm ~ where s~ — (q1, bt)I

(If — 0 ~ we set P1 
— 0 .) Next we calculate the f inal alloca-

tion that results when the bids are executed

I’~”pi , if 3 • 1m and p
3 >

~ if J s I ~ and

15 i 
- E b~ + t q~p

3 , if 3 • mf 1I 1’m

Final ly we calculate the payoff to the traders :

pi(5) — u~ (P~ (s))

- 
~~~

-- - —- iI _~_i t _~ T±~---——- ’-—-.-——~— 
~~~~~~~ 

.
~~~~~ 

- —  
~~~~~~~~~~ 

- -—
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In this way, we obtain an n-person game in the standard “strategic” (or

“normal” form) .

This game can easily (like any game in strategic form) be repre-

sented as a game in extensive form. In fact for each of the n~ pernzi-

tat toos of I~ , we get a tree (of length n ) where the players move

in succession and have each only one information set . (See Figure III

for ‘n — Cl, 2, 31 and the identity permuta t ion.]

1

~~~ bids and offers of 1

2 2

)—bids and offers of 2

3 3  3 3

>-bids and offers of 3

FIGURE V

Each of these n games is in its coarsest form. They are all

equivalent so we may denote them by the single symbol 1~ . We have shown

in (3], (8], (13), that--under appropriate condit ions--the N.E. ’s of

T~ “converge ” to the C.E. ‘s of the mar ket if the market itself “approaches ”

a nonatomic market. (See [13], (14] for rigorous definitions of “converge”

and ‘!approsches.”) In this sense, the N.E. ‘5 of T~ may be cons idered

“associated ” with the C.E . ’s of the market .

I _______________________ 
_________________ 

_____________ ______________________________ __________________________________________________ - — - — ~~.nit. — -__- -—- — ‘ .r — — ——- - -~__ ———— —— — — —~~
- 

-



15

By taking any one of the n~ representations of l~ and refin-

ing information sets we der ive a large class of games with non-

symmetric information conditions . However, by the Proposit ion of Section

2, for any game r • ~~ , yl(r&) c)1~(r) . To put this in words : ~~~~~~~~

Cj .-asaoc iated noncooperative equilibria are the only noncooperative

eq~41ibr ia that are comeon to all information var iants of the marke t game.

4 • MULTISTAGE ~~~~~ INFCRNAT ION M~D CG~MUNICAT~~ i

Forw!~rd Stability
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An Example

This last sect ion is devoted to examining two examples to illus-

trate the increase in the number of equilibria with information and to

ind icate severa l difficult ies modelling coimnunication conditions.

Example 1. Cons ider a market with equal numbers of two types of traders .

There are n traders of each type . Trader i of type 1 has a util ity

funct ion of the form :

u~ — 2min[4, y~] + 2min(x~, y~ ] + m’

where x~ (y~) is the amount of the first (second ) conmiod ity consumed

by I dur ing period t (where t — 1, 2 ) ; and m1 is the amount of

a coumiod ity used for payment owned at the end of trade. Trader 3 of

type 2 has the same utility funct ion.

We assume that in each per iod traders of type 1 have as endowments

(2A,0) units of the first and second goods and traders of type 2 have

(O,2A) units . The goods are perishable hence no inventor ies are carried

forward . Each trader is also assumed to own M units of the commodity

used as a means of payment where M is assumed to be “large ” ( M  — 2A

for example).

In each per iod all traders move simultaneous ly .* Following the

bid-offer model described in Section 3, a move by a trader i in the

first period is a vector of four numbers (q~1, b~1, q~1, b~1) consist-

ing of offers to sell and bids to buy for the two commodities . For trad er

i of type l 0~~~q~1 < A ;  q~1 — 0 ;  b~1 + b ~1~~~M and b~1, 141 > 0 .

*One does not need multi per iod games to generate many equilibria, just
less than total ignorance suffices even in a game with one move per player .
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We define three different games with varying amounts of informa-

tion which have different strategy sets (and even call for a slight mod i-

fication of the meaning of a move during the second period). The three

models can be described as follows :

(a) total ignorance,

(b) aggregate market information,

(c) microeconomic information.

(a) Total Ignorance:

The two stage game in its most coarsened form*requires that a trader

when called upon to move the second t ime forgets what he did dur ing the

first period . At any level when a trader is called upon to move all of

his choice points lie in a single information set . In part icular this

means that a trader will not know how much of the means of payment he

has available for the second market because he does not know his income

and expend itures from the first • His move in the second period t y  be

regarded as a vector of four numbers (q~2, b~2, 42’ 42) where however

we assume that b~2 + 142 < 1 and they can be regarded as percentages,

i.e. they rep r esent the percentages of the money he has on hand (the amount

he has, he does not know, but the referee or his “banker ” does) which

he wishes to spend on goods 1 and 2.

A strategy in this game is a vector of eight numbers (four for

each of the two moves).

(b) Mgr.~~te Market ~~format ion:

After the traders have all selected their first moves (as above)

the market calculates pr ices and total volume of tra de . All traders are

*This example inc ludes “aimiesia ”. We have sean from our example in Figure
IV that our theorem does not in genera l hold true for anmesia • However
it is easy to ch•ck that the result holds for this example. Indeed this

• holds true for large trad ing market games in general. 

— -- -- ---—--- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -— - -- --. -

~~ -~~~ ——
~~

- -- _,_---
~~~~

-.- - 
- -—--

~~~-i-_,_
-- 

-
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(a) Total Ignorance:

This game has only one active equilibrium point wh ich coincides

with the unique competitive equilibrium where p
11 

— p21 — p12 — p22 — 1

and each trader has as his final allocation (A, A; A, A, N) and gains

2A + 2A — 4A from trade .

(b) Aggregate Market Information:

suppose that all traders of type I use the following strategy

q~1 — t A , b~1
i O , 41 .’141 — tA , 0< t < 2

then:

q~2 — A if p11 — 1 , p21 t/ 2 t  , q11 — ntA , q21— n(2-t)A

— 0 otherwise;

b~2, 42 — 0 always

42 — A  if p11 — l , p21 — t / 2-t , q11 — ntA , q21 — n(2-t)A

— 0 otherwise.

Traders of type 2 all employ the strategy :

— 0 , b~1 — tA , q~1 — (2-t)A , b~1 — 0

then:

q~2, b~2 — 0 a lways

42 — A  if p11 — l , p21 — t / 2-t , q11 — ntA , q21~~~n(2-t )A

— 0 otherwise;

_ _ _ _  _

-T ~~~~~~~~
- 
~~-r~~~~~~~--, ~~~~~~~~ 

-
~~~~~~~~~~~~~~~~~~~~~~~~~~

-—- 
- —---~~~-‘ 

-
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informed of these statistics p11 , p21 , q11 and q21 • A

move in the second period is as before, however a strategy now depends

upon the inf ormation received . It is a vector of four mimbers followed

by four f unctions where each funct ion La a funct ion of eight variables

--th e four numbers selected by the trader at the first period and the

information obta ined fr om the market at the end of the f irst  per iod .
i i i i i i i  i

A strategy is: (q11, b11, q21, b21; l’ 2’ 03~ 04) where :

42 — Ø~ (q~1, b~1, 
~~~~~~~ ~~~~~~~~ 

p11, p21, q11, q21) , etc....,

(c) Microecononiic Information:

We may assume that each trader obtains complete information, i.e.

he is informed of the bids and offers of all traders--he is given 4n

numbers ; the moves of a trader are four numbers, as before, however a

strategy is a vector of four numbers followed by four funct ions where

each function is a function of 4n variables. A strategy is:

(4k , b~1, q21, 4l~ ~~~‘ 
0~, 0~, O~ ) where

i i l  1 1 1 n n n n
q12 — ~1(q11, b11, q21, b21 ; ... , q11, b11, q21, b21) , etc....,

4.1. Noncooperative Equilibrium Solutiofl!

As the number of traders is increased in an appropriate manner,

as has been noted in Section 3 and proved elsewhere 1 131, certa in nonco-

operative equilibr ia approach (in the sense of pr ices and dis tr ibut ions

assoc iated with them) the competit ive equilibr ia . In the examples here

we assume that n is large enough that the effect of any ind ividual is

negligible (i.e . we treat the traders nonatomically).

~ 

~ - - ~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~ - - ~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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similarly b~2 — A if p11 — 1 , etc .

— 0 otherwise.

If these strategies formed an equilibrium then traders of type

1 would obtain 2(2-t)A + 2A and traders of type 2 would obtain 2tA + 2A

If any trader of either type departs from his strategy he will

obtain 0 in the second period, but for 0 < t < 2 there is no way that

a trader of either type can gain enough in the first period to compensate

for the 2A he will lose in the second period.

Thus all strategies with 0 < t < 2 define a class of equilibr ium

points

Without commun ication, coordinat ion and enforcement among the traders

it is hard to believe that these equilibr ia would have much chance of

appearing in a multistage game .

It is both straightforward and tedious to show that if all individuals

have detailed microeconomic information there are more strategies and

more equilibria. With aggregate information only it is not possible to

identify wh ich individual has “spoiled the market ” hence act ion must be

directed aga inst an aggregate . If details are known in some games, re-

prisals may be directed at ind ividuals. It is difficult  to do so in these

games because all are forced to deal through the market.

4.2. On Commun ication and Coordina t ion

Suppose we actually tried to use the market structure (b) above

as a bas is for an exper imental game • The most natur al way to run such

a game would be to have all traders mak. bids and offers in th. first

period to some type of market mechanism; obta in aggregate information

— ~~~~~~~~~~~~~~~~~~~ - -~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 
.--.

~~ ~~~~~~~~~~ 
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then move again. This is especially true if say there were 100 or more

ind ividuals in the markets.

It is fairly clear that if we were attempt ing to run this experi-

ment with any efficiency we would not have all the players writing mes-

sages containing complex descriptions of what they are going to do. In-

tent in an anonymous many trader market is essentially signalled by pre-

vious and current act ions and not generally by all sending each other

threat strategies.

Even if we were to build the possibility for sending connainicationa

into a game with cont ingency planning, the problem of assigning a degree

of plausibility to different equilibr ia still rema ins .

We close with a simple example of a game which can be used as a

two person experiment . Consider a 3 x 3 matrix game, as shown in Figure

1 2 3

1 5, 5 —2, 11 -10, —10

2 11, —2 0, 0 —10, -10

3 —10, —10 —10, —10 —11, — 11

FIGURE VI

which is to be played twice . After the first play the moves and payoff s

of the players are announced ; after wh ich they play again and th . final

score La given by adding the score from both per iods .

It is .asy to see that there are two different equilibr ium points

in th i, game.

- —---.—- — -S~~~~ - -- - — -__a~ _-~~_ - --- -‘ -e - n~~~~~r~~~ - a, - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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If both players select move 2 each pejiod regardless of any infor-

mation the payoff to each is 0 and neither can improve.

If both play as follows :

“I will select move 1 in period 1; if he does likewise

then I select move 2 in period 2; if he does anything

else I select move 3 in period 2.”

then the payoff to each is 5.

If this game were actually played and the two players did not know

each other and could not discuss matters or make bargains it is hard to

believe that each could infer the they would always choose the second

equilibrium .

Suppose however that the first player were permitted as his first

move to precoimnit himself to a plan for play which is given to the referee

who then randomizes and with probability p this information is given

to the second player and with i-p the information is not g iven. If

p — 1 it is clear that with virtual certainty they can ach ieve an equi-

librium with payoffs of 5 each . Although th is game also has an equili-

br ium point with payoffs of 0.

If p — 0 this is the previous case. As p sweeps across the

range of 0 to 1 it appears plausible that the behavior of player 2 when

called upon to play without having received a message from player 1 will

vary with p • In spite of the work on subjective probability and Harsanyi’s

recent work on the selection of a specific noncooperative equilibrium ( 15]

it appears to us that neither current theory nor experimental or other

knowledge of behavior provides us with an adequate answer to how player

2 vii i behave .

- -
~~~~~~ --~~~~~~ a-~~~~~ - - 

~~~~~~~~~ 
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5. CONCLUDING REMARKS

Our goals in this paper have been threefold . First we wished to

~~~~~~~~~~~~~~~~~~ ~~~~~~~~ demonstrate~that in games in extensive form in general there is a natural

heirarchy among equilibr ium points with those pure strategy equilibr ia

of games with less information remaining as equilibria when informa t ion

is increased. -

Second we wished to~show’~that the compet it ive equil ibr ia of a marke t

game could be interpreted as equilibria which belong to the set of non-

cooperative equilibria for a~~ level of information in the market • As

soon as there is more information than total ignorance (and in general

there is) then in general the compet it ive equilibr ium will not be the

only noncooperat ive equilibr ium of the market game.

Our third point concerns the plaus ibil ity of the occurrence of

noncooperative equilibr ia and the relevance o communtcation and coord i-

nation. General equil ibrium theory is essent4ally non-historica l and

non-institutional . It has no nat ural place for items such as custom, habit ,

friendsh ip and other sociological var iables . These items may easily con-

vert highly implausible correlations of strategy into plausible possibili-

ties. Thus our observation is tha’~~when information and communication

are taken into account the competit ive equil ibrium solution is neither

the only nor necessarily the most plausible of the noncooperative equi-

libria of a market game.

The compet it ive equilibrium has the des irable property that it be-

longs to all market games regardless of information refinements • But in

actuality total ignorance is not usually the rule ; furthermore the insti-

tut ions in wh ich trade takes place provide history and co~~ inication wh ich

- - --=-~ - - - — 
- - -•-.~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~
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may make it plausible to have large groups of individuals who are not

even well known to each other, correlate their strategies to produce

other equilibria.

Elsewhere it has been suggested (16] that codes and traditions

may be regarded as the means for prov id ing enough correlation of strate-

gies to enforce noncooperative equil ibr ia other than the competitive

equil ibria.

It should be noted that once we consider games with groups of in-

dividuals using strategies wh ich can be regarded as threats against other

groups the distinction between cooperative and noncooperative game theory

becomes difficult to maintain.

______ - - - —-- 
- —___•m___.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - 
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