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WHYRAC , A NEW MODULAR ONE-DIMENSIONAL
EXPLODING WIRE CODE

I. Introduction

The dynamic evolution of an exploding wire or an array of parallel-

strung exploding wires depends in detail on at least three different

types of physical phenomena; the tnagnetohydrodynamic fluid motion of the

wire plasma, the coupling of the wire plasma to the driving electric

circuit , and the atomic physics and radiative energetics of the high-Z

plasma. These different classes of phenomena are intimately cross-

coupled . For example, the plasma temperature/density profile depends

sensitively on atomic excitation energy sources and sinks, radiative

energy transport, and ohmic energy deposition by the external circuit ,

as well as on NHD phenomena such as compression and shocks. The circuit

current depends on the plasma temperature/density profile , in a way that

cannot consistently be modeled in terms of lumped circuit elements. The

radiative and atomic phenomena, and particularly the flux , fluertce , and

spectrum of emitted radiation, obviously depend strongly on the fluid

parameters, i.e. temperature/density profile , of the plasma.

This report discusses a recently developed numerical code, WHYRAC ,

which treats all of these phenomena in a fully self—consistent manner.

WHYRAC represents a significant advance itt flexibility, efficiency, and

inclusion of more detailed physics over the first effort of this type
1
.

WHYRAC is one-dimensional, permitting variation of macroscopic parameters

only in the radial coordinate in cylindrical geometry. Thus it can treat

either a single wire (possibl y one of the wires in a multiple wire array)

Note : Manuscript submitted February 8, 1978.
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as a Z-pinch , i.e. an axially symmetric plasma cylinder , confined by an

azimuthal magnetic field driven by an axial current, or it can treat an

array of wires mounted parallel to each other by representing the array

as an azimuthally symmetric annulus . This report deals only with the

physics and numerical techniques embodied in WHYRAC. Results from the

code for specific physical problems and choices of parameters will be

discussed in forthcoming reports.

WHYRA C is a significant advance over all previous efforts of

this type. For the first time, the coupling of the wire plasma to the

external circuit is treated in an exact, self-consistent way. Partially

as a result of this , energy is conserved very accurately in the plasma!

generator system. The code is modularized for extreme flexibility, both

to handle a variety of situations and to permit continual upgrad ing of

the physics. For example, the atomic physics/radiation package can use

a perfect gas or other equation of state, coronal equilibrium , local

thermodynamic equilibrium (L.T.E.), or more exact model , and presently

includes a frequency-diffusion radiation transport model which can also

be even further upgraded . The external circuit can be determined by

specification of either a driving voltage V(t) or a circuit current 1(t).

The transport coefficients can easily be changed, in a way that is con-

sistent throughout the code, e.g. various forms of anomalous resistivity

can be specified , even if they depend self—consistently on a variety of

plasma and circuit characteristics . Natty of the choices made tn writing

the code, which will be discussed below, can be traced back to this

requirement of flexibility .

The report is divided into three main parts. The first one reports

the M}W equations to be solved and some of the problems associated with

2
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their solutions . The second part describes the external circuit equations

how they are solved self-consistentl y with the MIlD equations. The third

section discusses the atomic physics and radiation transport part of

the code. Although it does not describe any atomic physics and radiation

package in detail, it shows how the coupling is made to the rest of the

code and along which lines the rnodularization takes place. A more

detailed description of the atomic physics code will appear elsewhere.

II. The MIW Equations

The MHD equations are well-known and can be found in many text-

books.
2 They are presented here mainly for the sake of completeness.

The equations describe the time evolution of a single fluid , two-temper-

ature quasi-neutral plasma. The local ratio of electron to ion density ,

ne/ni, is equal to the mean ionizatiou state Z (r,t), determined by the

atomic physics package. The continuity and momentum equations in

cylindrical geometry are

.~.E - - 1 _
~~
_ (rcv)=C , (1)

r ~r

~~~~ . (c v) + 1 .1 (r~v
2) = - ~P + ( 2 )

r ~r 
~r 

c

where 
~ 

is the mass density, v is the radial fluid velocity , ,j is the

(axial) current density, B is the (azimuthal) magnetic field , and p is

the total pressure (electrons + ions).

W}IYRAC is a two—temperature code , but the electron and ion temper-

tures T
e 
and T. are treated in a non-parallel way numerically. The two

primary quantities that are solved for are Te 
and the total plasma energy

density E, defined by

3
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n kT
1 2 e e  

÷~~~~~~n k T , (:~E = pv .i-2 (~f’—l) 2 i i

The electron energy term n kT /(y-l) includes the potential energy ofe e
ionization. The effective adiabatic index ‘

~~ , 
including these contri-

butions, is calculated in the atomic physics package and discussed in

Section IV. The two “energy” equations then read :

+ ! I r r(E + p) v ÷ q ]  = . + grad 
(11.a)

r ~r -

~T P — (rv)--~~ -~—(rq ) Q P
I e + I v e .~~ e r r ~r ~~~ = ~~~~~ + .~~~~~~~ (~b)

(y—i) ~,t (~—l ~r n a a
e e e

B
where q is the total heat flux, q = - K e + 

~ 
(
~

... x 
IL) ,e e ej— A

~ 
is the longitudinal electric field , 

~e 
= ~ (~ ~ B”- r (T~_ T ), and

u is the (axial) current flow speed , defined by j - en u, and P ise rad

the radiative loss power. The transport coefficients K
e~~ 

, and ~~, are

2
given by Braginskii , in terms of various coefficients ‘;, 5 ,~~~ which he

tabulates:

2n T T  -

K 
, 

e e e ~l I
~~e

Te) + “o , (5a)
e at 

~~e e ~ 
+ l~~~eTe

) ~

~m n
-Ty = -- —s ~

_
~& (5b)mi ei

4
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r /1 2
W T  8 (rn i- ) +s

S n T  e e  1 e e  o (~~ce e  ~‘ 2(w T )’ + 
~l~~e

T
e
) +

Ion heat conduction (generally small) was neglected in Eq. (_b).

T: and p are treated as secondary quantities. The former is obtained

from Eq. (3), while the latter is obtained by using T , T., n and n~

in an equation of state (perfect gas is used), where ne 
is calculated

in the atomic physics package described in Section ~

This numericQl treatment affords great accuracy in overall energy

conservation3, and accurate calculation of Te, which is a controlling

parameter itt many sensitive areas of the code, e.g. evolution of atomic

states, radiation emission, resistivity. ‘I . is not always calculated

with great accuracy, but this is not a significant deficiency, since T
~

is only needed as a diagnostic and does not appear directly in the

equations of evolution.

The extra equation describing the diffusion of the magnetic field ,

derived from the generalized Ohm’s law, is

2 ~‘ ~

~~~~~~I.(vB)~~~
c 

~~~~~~~~~~ _ rB ~~~~~~~~~~~~~_..! . (‘$a)
cr Cr r ~r e ~r a

where i~ is the (cross-field) resistivity, whose classical value2 is

= 1.13 lC~~~ Z ln A T
2 

( 6b)

The current density profile j(r) is then determined from Faraday ’s law,

.1. rB (r) ~it j (r).
r~~r C 
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The explicit flux-corrected transport (FCT) algorithm~ was used to

solve Equations (l)-(5) numerically, with the exception of the diffusion

terms. Those terms plus Eq. (~) were solved using an implicit tridia-

gonal solver. In the heat-diffusion term q the thermo-electric term

8~ (-i-i-i- x u), was removed and solved with the convective terms. In

fact, the change in the energy density due to that term in Eq. (b-) is

given by:

+ I L r s u = :  (7)
r ~r A

In this equation, is of the form ~~~, flekT f &eTe~~ 
Thus, the

thermo—electric term looks like a convective term and can be solved for

explicitly on the same time scale as the fluid convective terms pro-

vided that:

a) u is not larger than the maximum velocity
used in the Courant criterion (IvI + c).

b) f
~~e

Te
) is of order I.

We shall see that u does not go much above c
5 

in the course of the

calculation, where c5 
is the ion acoustic speed . Also , f (‘feTe

) is

shown in Figure 1 and reaches a maximum of 0.53 at ~‘T = ~.l2. The

thermo-electric term then does not add any extra restrictions on the

fluid time step and can be included itt an explicit calculation like the

one used for the convective terms.

The equilibration term between electrons and ions in Eq. (E) might

also be a source of time-step problems . At the beginning of the run,

the plasma is cold and the electron-ion equilibratfo n time can be quite

short, compared to the time step specified by other requirements. In

order not to be limited by this shcrt equUibration time , we follow a

6
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treatment similar to that one used by Christiansen and Roberts.5 Let

us write this term in the following way

T.-T m . r .
e i e — _____

— = with T —

T
1 

I

where v is the adiabatic index for the electron thermal plus atomic

excitation and ionization energy, discussed in Sec. Li. . The equilibration

time -
~ 

can become nuch smaller than the hydrodynamic time step St (define d

by the Courant condition), and we define .LT = Te - T.. The previous

equation can be written

- .AI where 
~~‘D 

~l 
/ (1 + -

~~ 
_L. ) (9)

T~~ / 
3 (.~—l)

with the solution

t~T = (
~
T) 1~ 

e~~~
tu’T

2 (lc- )

Going back to the original variable yields

T = (T ) e~~
t
~
’T2 .~- (T.) (1 — e t/’12) (11)e e old 1old

Thus far, the discussion has been quite general and applicable to

any MIlD problem. At this point, we discuss some of the physics associated

specifically with exploding wire and i-pinch problems.

Since a region of perfect vacuum cannot be maintained in an Eulerian

fluid code, we legislate a minimum density for the gas surrounding the

Z-pinch , i.e. whenever the density falls below some arbitrarily chosen

value in any given cell , additional mass is introduced to raise

o to 0~~~~. Typically we choose 0min 
to be lC~~ of the initial peak

density, but other choices can be made instead. This standard technique

_ _ _ _ _ _ _  — -__



does not cause significant errors In mass conservation, but other types

of difficulties do occur in treating the NED of the low density regions,

including the following.

According to the classical resistivity formula (5d), the resistivity

is essentially independent of density (for a fully ionized gas), and thus

can be very small in a hot, low density region. If the resistivity is

small, the current tends to flow at the outside of the conducting region

(skin effect). Thus a vicious circle occurs, with the current flowing

exclusively at the outside of the low density (~ = o~~~) region (rather

than in the region occupied by the Z-pinch in a real experiment), and

heating this low density plasma to further reduce the local resistivity.

In real life, the resistivity in low density regions becomes

anomalously high, because of plasma instabilities, thus allowing the

current to penetrate to higher density regions. Marginal stability

caicuiationse,~ have shown that the exact value of the anomalous transport

coefficients do not control the physics in this regime; rather, it is the

turn—on condition for instability to occur that is crucial. In this spirit,

we include an anomalous resistivity of the arbitrarily chosen form

anom = 
~class 

x Max 10C , (u/c 5
)2’, (12)

whenever u 2> c (Z T -~- T~)/m~. This prescription has the effect of

limiting the electron drift speed u to close to the ion sound speed c .

We would note, however , that we believe that a much more sophisticated

treatment of anomalous resistivity, based on detailed study of the

relevant plasma instabilities , will be needed to explain some aspects of

8

_ _ _ _ _ _ _ _ _ _  --  — a ~~~~~~
-
~~~~~~~~~

———-- -- -— -



wire phenomena. It is our intention to pursue these aspects of the

physics and to continue to upgrade the code here.

In addition to the inclusion of anomalous resistivity, it is some-

times necessary to legislate that current may flow only in regions where

� c~, 
where is chosen to be larger than by some arbitrarily

chosen factor. Whenever this is done, the results are checked to insure

that they do not depend significantly on the choice of p .

Numerical difficulties also arise because the Alfven speed can become

very large in the low density region, as the current, and therefore B,

increases. As a result , the time step (chosen to satisfy the Courant

condition) can become intolerably small. This difficulty is avoided

2by adding a term B /~~-rc 1~ to the inertia in the low-density region,

thereby reducing the effective Alfven speed6’~~. The quantity c1 is

varied with time to insure that the Al fven time scale (which is really

an artifact of the density floor in the code) is no faster than the true

hydrodynamic time scale. Of course , it is important to make sure that

this correction is made only in regions where the density is lower than

the density range of physical interest.

III. CIRCUIT EQUATION

The external circuit (pulse oower generator plus diode) is modeled

in the code as a driving vol tage Vg(t) into an effective ~umoed circuit

with resistance Z and inductance L . The wire olasma , however, isg g

treated in an exact way asadistributed circuit element , thus Dermitting

* an accurate evaluation of the energy couriled into the plasma . Our

circuit equation is then

9
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V (r )  = Z I + L ~.i -~~ V , (13)
g g g dt P9

where V~~ is the voltage across the o1asma , which is calcul ated by a

generalization of the method used in Refs. l-~. The wire plasma in its

return current áage is modeled as a plasma cylinder or annulus , in con-

tact at one end with a grounded perfectl y conducting metal return current

path, and at the other end with an electrode at voltage v~,~(t)~ as shown

in Fig. 2. We then draw an imaginary current loop along the plasma at

radius r, through the perfectly conducting return current path, and

across the gap at Z = ~~~ as shown in Fig. 2, and integrate Faraday’s

equation

(IlL)— C ~t

across the loop. We then write down the generalized Ohm’ s law,

~ vxB m Z  B -e~ - z ~~ -- .L (’~’P - V .~~-~~~-’T + 8 _
~
_ x~~’T -~~L— c n e  e tn~ 

Pi .~~j e  
~~‘ B! e c

(15)

=~~~ _J ,

where é” is the electric field , 1’e the electron pressure, p. the ion

pressure and the ~‘ s are defined as in ref. 2.

From Eq. (15) we note the following two useful consequences. First ,

from the axial component of Eq. (l~ ) ,  f dz 
~~
(r,z) (r)j(r)l -

v(r)B(r).~ _L. , where e r T is the thermo-electric field.
c c C

Second , the radial component of Eq. (15) shows that radial. potential

drops f’2 dr ~~ (r , z) are of the order of T
e w i t h i n  the p lasma ( i . e .  few

r 1

10
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kilovolts at most), and therefore are very small compared to axial

potential drops (of order few x lC~ eV to few MeV). This is true even

through the radial electric fields can be large, if the plasma cylinder

______________ is narrow. It follows that the current loop of Eq. (iLL) can be taken

at any radial position within the plasma. The integrated form of

Eq. (ILL) is thus

Vp1 = ~:(r)J(r)~ 
- 
v(r)B(r)L ÷~ L 

~ 5 dr~~~~ B (r t), (16)

where r
~ 

is the wall radius and r is any location within the plasma .

Note that the four terms on the right hand side of Eq. (11) play the

role of resistive, L, thermoelectric and inductive circuit elements, but

that it is impossible to perform this decomposition into lumped circuit

elements until the current distribution is known, i.e. the circuit

problem is solved .

It is clear that, in general, the self—consistent solution to

Eqs. (‘i, 13, 16) can be obtained only by iterations since V~~, I and

B(r) are all coupled . V is needed to calculate I from Eq. (13), thep ~K.

radial profile of j or B is needed to calculate from Eq. (1-~), while

I is needed as a boundary condition in Eq. (6) to calculate B (r). How-

ever , if we take for r the value corresponding to the cell location from

which the current stops flowing by convention (and denoting this value

by r), the integral in Eq. (1~) can be expressed in term of I. i~ in

addition, we are satisfied with first-order accuracy in time (the overall

accuracy of the code), Eq. (16) can be written

11



= €
: (r) + .

~~~~

. 

~~ 
- (17)

where ~ (r) is the old value of the electric field at that point.

Substituting this value in Eq. (13), it becomes -

(Lg + In 

~
) + Z~ I = V

g 
- ( r )  (15)

The iterations are not needed anymore because the B-field has been

expressed as a function of I.

It remains to calculate the local electric field, in order to

determinee. ~ in the plasma energy equations as mentioned in the pre-

vious section. The most direct way to evaluate is given by the axial

component of the generalized Ohm’s law, Eq. (15), which reads,

S ~.T
- —~~~ —

~~ (1Q)c n ~re

However , use of this form in a numerical calculation can lead to a

choppy electric field . For example, anomalous resistivity can introduce

large differences from cell to cell. Also , low density cells present

quite large variations in velocity and the second term might, in fact,

lead to negative values for the electric field .

Another expression fore, which is mathematically equivalent but far

more satisfactory for numerical finite difference calculations , can be

obtained directly from the B field . Eq. (16) can be rewritten as

12
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r

V
1 

= e~~(~
-) 2 + 

£ f ~~ B dr’ . (20)

Since V is the same everywhere in the plasma, ~ 
inside the plasma can

be calculated from point to point starting with the value given in

Eq. ( 19) . ~ is then obtained directly as a function of the magnetic

field flux and nothing else. ~ being the solution of a diffusion

equation is expected to be smooth and ~~

‘ should reflect this property .

The el ectric field obtained this way , when multiplied by j

(obtained from j = vxB), represent s the total electromagnetic energy

going into th e pl asma , and should satisfy the conservation relation

J IV~~ dt =JJ ~ . j dVdt -

~

- J ~~

— dV (21)

Eq. (21) is satisfied to much better accuracy (of the order of a few ¶)

when ~ is derived from the magnetic f ield f lux , Eq. (20), than when it

is obtained from Ohm’ s law , Eq. (19). For the latter , the energy check

is satisfied only to within 5-’~ after l~0C time steps. Also , in order

to improve even further the accuracy of the current determination, the

calculation was performed in two half time steps , in order to evaluate

the contribution due to the I term

In the introduction, it was mentioned that either V~(t) or 1(t)

could be used as input var iables  for the driving c i r cu i t .  The above

13
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description applies to the more complicated case when the generator

voltage is specified. For a current—specified problem, the above pro-

cedure simplifies still further. The plasma voltage which was calculated

in order to determine the current does not need to be calculated in this

case (but still is evaluated for diagnostic purposes). Given the current,

one can calculate the B field and the current density. In all cases, it

is found that

Ji 2-ii rdr = I

is satisfied to very good precision.

IV. ATOMIC PHYSICS AND RADIAT ION

There are two very different motiv ations for computing the atomic

and radiative behavior of the wire plasma as a function of time. First

is our obvious interest in the flux, fluence, and detailed spectral

characteristics of the x-radiation emitted from the plasma . Second is

the feedback of energy sources and sink s associated with atomic excitation,

ionization, and radiative transport on the hydrodynamic (temperature!

density) evolution of the plasma. Very different types of atomic!

radiative code packages are required to perform these two functions .

The detailed calculation of emitted spectra is a diagnostic function,

which may be carried out quite infrequently compared to the time step of

the code, (as a post-processing facility, for example) , but which

deserves very detailed (and therefore slow running and costly) treatment

of atomic physics and radiative transport. In our scheme, this is

14
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accomplished by storing temperature/density profiles at any chosen time,

for use as input to separate atomic/radiation codes which calculate

detailed spectra. On the other hand, a much simpler and faster running

atomic/radiation package is included in WHYRAC itself to accomplish the
r rwi

second function, i.e. to interface self—consistently with the energetics

of the MHD and circuit packages in the code . This atomic/radiation

package must run at every time step of the code, and thus depending on

its complexity might constitute a large fraction of the running time of

the code. It can be benchmarked against the more detailed diagnostic

atomic/radiation codes to establish that its accuracy is sufficient unto

its needs.

Our main purpose here is to discuss the general nature and inter-

action of the atomic/radiation section with the rest of the wire code,

rather than to discuss the specifics of these atomic/radiation packages.

This will be done in detail in subsequent reports, as the continual up-

grading of accuracy and versatility (e.g. use for different elements) of

these packages constitutes a major part of our exploding wire program.

We simply note that the atomic/radiation package presently being

used in WHYRA C is an equilibrium model, in which one excited state is

carried for each ionization stage, corresponding to the main transition

line for that ionization level. Dielectronic recombination has also

been included~~
’ The treatment of radiation transport has been reduced to

a local one. For each cell and for each line, an opacity is calculated

corresponding to the shortest optical path out of the plasma. An escape

probability is then calculated~~ and determines the fraction of the

radiation which escapes the sYstem and the fraction which remains in
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that cell. The package needs as inputs only the total ion density and

the electron temperature. The electron density, average Z, ionization

energy and radiated power (frequency integrated or not) are all calcu-

lated within the atomic/radiation package.

Two problems, because of their possible impact on the rest of the

code, have received special attention. One concerns the avoidance of

negative temperatures due to radiation cooling, the other one the

avoidance of too low a value of the adiabatic coefficient -y at low

temperature.

The radiation cooling tern is simply

n kT
e e = p , (22)

~t (v...l) rad

where 
~rad 

is evaluated as part of the atomic physics package. Eq.

(22) can be expanded into

= - T ~ - 1 ~
E h 

- 

1’rad (23)
e ne ~t 3/2 ne

k ~t 3/2 fle
k

where ~~~~~~~ is the rate of change of the electron density due to the
- 1.

changes in the ionization levels, Echem is the potential energy of ioni-

zation (and, in general, atomic excitation). A problem can arise with

the last term , if the change in temperature due to that term is to be

evaluated in the hydrodynamic time step, since the g
rad term can become

large enough to drive the temperature negative, for finite differencing

on this time scale. This would really correspond to feeding energy into

the code, since the temperature is reset to a minimum positive value

whenever it goes negative. Physically, of course, the temperature does
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not become negative because before hitting Te 
= 0, the radiation cooling

term would itself go to zero, so that the temperature evolution would

really be l ike that one shown itt Figur e 3a. It is not possible to apply

the same analysis as for the temperature equilibration term5 discussed

in Sec. 2, because there is no simple analytic solution to Eq. (23).

A straightforward but sometimes very slow running approach would consist

in splitting the hydro time step for that calculation, recalculating

g
rad at each of this fractional t ime step and reaching small temperatures

in a smooth fashion, as shown in Figure 3b. However, a much faster and

still adequate way is to truncate the energy loss due to 1’rad when Te

reaches a small value , at time interval ‘~t .  We then set T to thate

value and take g
rad ~t ’ as the energy radiated in the t ime interval ~t .

This approach is shown in Figure 3c. Besides being very fast, it has

the advantages of avoiding negative temperatures and also of not over-

estimating (in fact, underestimating somewhat) the radiated energy.

Another problem where the atomic physics impac~ the hydrodynamics

is the relative importance of the ionization energy Eche in the internal

energy. In the atomic physics part of the code, the ionization energy

can be calculated . From that number, we define an effective adiabatic

coefficient v for the electron thermal plus ionization energy by

nkT
E -~~ ~ nkT = e e (2!~)chem ~ e e (v-I)

In this form, the electron internal energy represents the sum of the

ionization and the electron thermal energy. When energy is added (or

subtracted) to the plasma , a certain fraction is taken up by the ioni-

17

-- - --
~~ 6-~~~~~~~~~~~~~

-_ -_ _- __-_



zation energy. As the temperature goes up, this fraction becomes

smaller and smaller (V then tends toward 5/3). At low temperatures,

E can be much larger than the thermal energy and leads to a value
chem

of ‘v very close to 1. This in turn leads to problems when division by

( - i—i )  occurs . A minimum V is set up depending on the element in order

to avoid this problem. (Incidentally, a correct approach to this problem

would be to use a correct equation of state for the transition state

between solid and plasma). The minimum value of ‘/ is determined from the

ionization energ ies of the first two levels. For example, for A2 , the

minimum value of V used in the code is 1.13~-.

V. CONCLUSION

A new wire code WHYRAC has been developed . This code provides a

new tool for the study of multiple—wire arrays, single wires, Z—pinches

and other cylindrically synunetric plasma configurations. The code solves

the circuit equations with the plasma included in a self—consistent way.

No lumped electrical characteristics are used for the plasma in those

equations. The atomic/radiation package has been designed to interact

with the rest of the code in a standardized fashion and can be upgraded

at will, depending on the amount of computation time which is to be

spent in that stage . At this point of development of the coda , a dis-

tinction is made between a fast “energetics” package and an elaborate

diagnostic package which can be used as a post—processor for data gener-

ated by the code. As a last remark (in this numerically oriented report),

the numerical “fixes” in the code have been kept to a minimum rand exten-

sively discussed herein), and extensive tests have been made in order to
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choose the most satisfactory algorithm to deal with each numerical

problem and to minimize the effect of these choices on the physics.
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rent path . The current loop around which Faraday ’s law is inte-
grated is shown in dashed lines.
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Fig. 3 — Variations of the local temperature as a function of time
due to a large cooling radiative term : (a) in theory, (b) as could
be implemented in a code and (c) as implemented in the code.
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