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I. Numerical Methods for Optimal Control of Eq~uations with

Delays (H. T. Banks)

1. Spline-type techniques.

During the summer of 1977 Banks and F. Kappel (a

visitor from Austria) made significant progress on a conceptual

and theoretical framework for the use of spline-based approxi-

mations to compute solutions of systems of delay equations .

These efforts were in the general direction of finding alterna-

tives to and , hopefully , improvements on the “averaging ” approxi-

mation ideas developed earlier by Banks and J. Burns. During

the fall Banks has carried out numerical experiments with tech-

niques based on linear spline approximations. The results of

these efforts suggest that our original expectations for the

spline—type schemes were perhaps too conservative . For example,

our original convergence estimates predicted first order con-

vergence for the linear spline techniques. However, a careful

analysis of our results from numerous test examples reveals that

for integration (i.e., numerical solution) of delay equations

the method is actually second order convergent . Banks is cur-

rently in the process of following up on these findings in two

ways. First, he is developing software packages to use the

linear spline approximations in solving optimal control problems

with delay systems . Our conjecture here is that the method will

also turn out to be numerically second order convergent. The

second line of investigation , which is als o promp ted by our

_  - —---
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numerical findings this fall , is theoretical in nature. The

phenomenon that Nth order splines give (N+l)~ -~ order con-

vergence in actual computations is one that is found in the

use of finite—element (i.e., spline) methods for solution of

strongly coercive ordinary and partial differential equation

boundary value problems . (One can even give an improved con-

vergence and error analysis in special cases.) Banks is pur-

suing investigations in an attempt to prove conclusively that

a similar phenomenon is found in use of the spline based

methods for certain classes of optimal control problems .

2. Difference equation type techniques.

D. Reber , under the direction of Banks, has completed

his Ph.D. thesis on modifications (of the Banks-Burns theoreti-

cal framework) which result in difference equation approxima-

tions (as opposed to the finite systems of ordinary differen-

tial equations in the Banks-Burns approach). Both theoretical

and computational efforts to study general linear nonautonomous

(time—vary ing) system control problems (via the “averaging”

type approximation scheme) were made . The results indicate

that while the methods developed by Reber offer a viable alter-

native, one cannot expect to make significant gains here unless

one employs something better than a simple first order differenc-

ing scheme on derivatives in the problems. Banks and Reber are

currently developing a framework to handle higher—order differenc-
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ing schemes . In addition , they have begun efforts to extend

some of these ideas to treat rather general nonlinear delay

system control problems . Schemes involving approximations

other than “aver agin g” type (e.g., splines) are being inves-

tigated in connection with higher order difference methods.

II. Optimal Control of Diffusion-Reaction Systems. (I1.T. Banks)

Banks, J.P. Kernevez and M. Duban (an assistant to

Kernevez at Université de Technologie de Compiégne) have begun

their efforts on methods for optimization of diffusion-reaction

problems

2
~ s a

-

2
~~a _ 0
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through boundary controls. (Here v is a nonlinear reaction

velocity approximation determined by the specific reactions

considered.) Several different (as yet we don ’t know which will

prove “best” from a practical standpoint) theoretical formula-

tions (along with necessary conditions for optimization) have

been studied . Some initial numerical computations have been

made , but it is still too early in our efforts to make any

definitive statements regarding practical feasibility and corn-

parisons of different approaches.

—_______________ —————-—— -- -—~~~~ - -:- - —,.———~~~~—~~—— —-—-—.—.-.——-. - - - - - - -- - - - - —- - --S~— 
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III. Nonlinear Oscillations (J. K. Hale)

Suppose the equation

x + G(x) = 0

has a 2TT—periodic solution p(t) for which the linear varia-

tional equation

y + G ’ ( p ( t ) ) y  = 0

has two linearly independent solutions. If r is the periodic

orbit in (x,x)-space generated by p, then a fundamental pro-

blem in nonlinear oscillations is to study the existence of 2r~—

periodic solutions near r of the equation

x + G(x) = Ak + pf(t)

where A ,p are small real parameters and f(t) is 2~i—periodic.

Under an additional generic hypothesis on G” and f, Hale and

Táboas have given a complete solution to this problem by specify-

ing the bifurcation curves in (A ,~t )-space across which the num-

ber of 2ir-periodic solutions changes.
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IV. Qualitative Theory for Ordinary and Partial Differential

Equations (~J. K. Hale)

Two students of Hale have essen ’ ially completed their

Ph.D. dissertations . Gene Cooperman has given a definitive

answer for when a mapping T on a metric space has a maximal

compact invariant set. The stability properties of this set

are also discussed . These results have application to stability

theory and the existence of periodic solutions of ordinary dif-

ferential equations, partial differential equations and func-

tional differential equations. The other student, Nicholas

Alikakos has completed research on the asymptotic behavior of

the solutions of reaction diffusion equations of the form

du.
= v~~u~ + f(U

i~~~ *~~ i Un)i i = l,2,...n

with normal boundary conditions . Under certain conditions on

f he has shown that the solutions asymptotically approach

solutions of the ordinary differential equation. This is true

for all values of the > 0.

V. Control Systems (J. P. LaSalle)

1. Stable feedback generators.

An initial effort on this problem by LaSalle and J. Palmer

(a student of LaSalle’s) has been discontinued. Some progress
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was made on attempting to extend the concept of solutions of

differential equations with discontinuous right—hand sides .

Earlier work of Fillipov, h ermes, Hájek , and others was ex-

tended . However , we recently learned of work of Aizerman and

one of his colleagues at the Institute of Control Sciences ,

Moscow , in this same direction and concluded that while in-

teresting it does not seem to provide the necessary mathema-

tical framework for the problem of investigating stable feed-

back generators . Lacking any fresh ideas, LaSalle decided to

assign Palmer another problem.

2. Learning, identification and adaptation.

The concept of eventual stability for nonautonornous

ordinary differential equations was introduced by LaSalle

around 1958 and studied by R. Rath in his Notre Dame Ph.D.

dissertation , 1962. An application was made in 1963 (R. Rath

and J. P. LaSalle, “Eventual Stability ” , Proceedings of Second

IFAC Congress, Basel, 1963) to prove the convergence of a

scheme for adaptive control. It is clear today that the concept

of eventual stability is, and should be, related to the limiting

equations of nonautonomous systems.

This fall LaSalle and Zvi Artstein , Weizmann Institute

of Science , Israel , began a joint investigation of the relation-

ship of questions of stability , adaptation , identification , and
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learning to the limiting equations of control systems . This

research is discussed in more detail in our proposal for re-

search for continuation of this grant.

3. Stability.~

a. Functional differential equations .

Under the direction of LaSalle , Palmer has com-

pleted an extension of Liapunov ’s direct method for the study

of the stability of nonautonomous functional (delay-differen-

tial) equations .

b. Stability of nonautonomous difference equations.

H. Latina , R. I. ~~~ College , under the direction

of LaSalle has almost completed an extension of the invariance

principle and Liapunov ’s direct method for nonautonomous dis-

crete systems (time-varying difference equations). LaSalle

gave in outline form the development of this theory in his

lectures at an NSF-CBMS Regional Conference on Applied Mathema-

tics, Mississippi State, August 1975. Latina is filling in

the details of the outline and has made improvements in the

theory . This summer they plan to work at applications .

4. Stability and control of discrete processes.

LaSalle is working on a two volume work on the control

and stability of discrete processes. A first draft of Volume I 

—V — —
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on linear systems was completed last summer. Since then LaSalle

has worked on organizing Volume II, which will be directed to-

wards the more general nonlinear theory of both stability and

control. It seemed desirable to see the exposition as a whole

before undertaking the rewriting of Vol. I. One of the reasons

for this is that Vol. I will contain statements of results and

illustrations of how they are applied with the underlying theory

deferred to Volume II.

_ _ _- --- ~~-—- - -- --
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1\PPROX :[t4 A TION r ’J:CUN IQUF:: ; ro~ CO~JT R OL ~ v~;’i’i r i : ;  ~-i r Til D~~LA7S

1. T. h 3an J ;s
and

J. A. Burns

/\bs Lrac  L

~1e present  a th e o r e t i cal  fr an ie~iork fo r  a 1)prc):-: irlta tion t e c hn i~~uvs

f o r  non l i n e a r  sys t u r n  o p L i r n a  I con Lro ]  j ) r O h )  l o ins .  J~ ’( ) p i  r L i  Cu la r

app roxIma tion  SCh OJ I1O S t ha t  r~~ v be used in the c o nt ex t  of th i s  frame-

work are d i scussed  and t y p i ca l  n u m e r i c a l  r e s u lt s  fo r  two e x a m p le s  to

which we have appl ied  these schemes are qi v e n.  “c conc lude  ~: ith a

br ief  survey of re lated i n v est i ga t i o n s .

— — — — — -~~~~ —fl— - - - - -  ~~~~~~ —~~~~~~~~~~~ -~~~~ - —~~~~~~~~~~~~ — —— - - -—— -  
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PHASE SPACE FOR RETARD ED EQUATIONS

WITH I N F I N ITE DELA Y

Jack K. h ale and Junji Kato

Abstract

It is the purpose of this paper to examine initial data from a

general Banach space. We develop a theory of existence , uniqueness ,

continuous dependence , and continuation by requiring that the space

B only satisfies some general qualitative IDroperties. Also , we

imL)ose conditions of B which at least indicate the feasibility of

a qualitative theory as presently available for retarded equations

with finite delay , the space of continuous functions. In particular ,

this will imply that the essential spectrum of the solution operator

for a linear autonomous equation should be inside the unit circle for

t > 0.

A few remarks at the beginning will assist the reader in under-

standing why our axioms prevent the norm in the space from imposing

any differentiability properties on the initial functions. In the

applications , it is certainly convenient at times to require the

initial functions to belong to a Banach space of functions which have

some derivative satisfying specified properties. However , if one

considers all differential equations whose right hand sides are

continuous or continuously differentiable in such a space, then the

equations will be of neutral type ; that is, the derivatives of the

independent variable will also contain delays. The theory for such

systems certainly should be developed but it will require much more

_____________________ —------— __--t - —. — - - -- - -
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sophistication than the one described in the text.

Our axioms are imposed to ensure that only retarded equations

will be considered . This does not mean that one cannot consider these

retarded equations with the initial data restricted to certain

Banach spaces which impose conditions on the derivatives. In fact,

one can consider such spaces which can he continuously imbedded

(completely continuously embedded) in a space satisfying the axioms

in the text to obtain existence and uniqueness. The other properties

could be investigated using the differential equation itself and the

fact that everything is known in the larger space. These remarks are

not meant to imply that the task is trivial but are merely suggestions

as to how one could possibly proceed .



)\PP fl OXIMAT IOfl ( F N O N L I N E A R  FUN CT I O 1JAL
DIFFE R E N TIAL i . 1 I UAT ION CON TROL sv~;’rJ:Ms

II. T. Banks

A b s t r a c t

We develop a genera l  a1~:) r o x i r n a t  ion framework f o r  use in optima l

control problems governed by nonlinear functional diffe-rential

equations. Our approach entails only the use of l inear  semigroup

approximation results while the nonlinearities are t rea ted  as

perturbations of a linear s~’stem . Numerical results are presented

for several simple nonlinear optimal control problem examples.

- ~~~~~~~~~~~~~~~~~~~~~~ —-- -- 
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B I F U R C A T I O N  NEAR F A M I L I E S  OF SOLU TION S

Jack K. Hale

Summary: Many i n v e s t ig at i o n s  in b i f u r c at i o n  theory are concerned

with the following problem. If N ( 0 , O )  = 0 and ~M(0 ,0)/ax has

a nontrivial null space , f i n d  a l l  s o l u tions o f the  equation

M(x ,A) 0 (1.1)

for (x ,A ) in a neighborhood of (0,0) C X x A.

If dim A 1; that is, there is only one parameter involved

then the existence of more than one solution in a neighborhood of

zero can he proved by making assumptions only about ~M(0,0)/~x and

However , if dim A > 2, then the problem is much more

difficult and more detailed information is needed about the function

H. A careful examination of the existing literature for dim A > 2

reveals  t h a t  the a d d i t i o n a l  cond i t ions  imposed on M impl y ,  in

particular , that the so lu t ion  x = 0 of the equation

t4 ( x ,0) = 0 (1.2)

is isolated (see, for examp le , the  papers  on catastrophe theory).

These hypotheses eliminate the  p o s s i b il i t y  t h a t  Equa t ion  ( 1 . 2)  has

a f a m i l y  of s o l ut i on s  c o n t a i n i n g  x = 0. Such a situation occurs ,

for example , for M (x,A ) Ax + N (x ,A ), where A is linear with a

nontrivial null space and N (x,0) = 0 for all x. There also are

interesting applications where Equation (1.2) is nonlinear and there

exists a family of solutions. For examp le, Equation (1.2) could be

an autonom6~.is ordinary differential equation with a nonconstant

periodic orbit of period 2 II with the family of solutions being

~ 

~~~~~~~~~~~



Summary (continued )

obtained by a phase s h i f t .  When the d i f f e r e n t i a l  e q u a t i o n  in the

latter situation is a hlami ltonian system , the p a r a m e t e r s  ( A 1, A 7 )

could correspond to a small damping  term and a sma l l  f o r c i ng  term of

period 21! . To the  a u t h o r ’s knowledge, the f i r s t  comple te  i n v e s t ig a-

t ions  of special  p roblems  or  each ~ these  l nt : L er  typos  are  con ta ined

in papers by Hale , T~~boas ~~~ f l o c ir i q u e s .

It is the pur-po~r of t L i_ s taH’r to  h~~j i n  t b ’ ’  iiiv r ’stiga ti on ol

the abstract prob]r’m f o r  t j i ;  i t  ion  (1  . 1 )  , especial  i.y to extend the

results in the pa~ - ‘ ‘ J  by l i i i  and  T~ boa s

— 
-
~~
-

~~~~~~~~ - 
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INTE RACTION OF DAMPING AND F O R C TUG IN A SECOND ORDER EQUATION

by

Jack K. h ale and Pl~~cido TAhoas

Synopsis. Suppose A ,ji are real parameters , f is a scalar func-

tion which is 2r—periodic , Xq (x) > 0 for x ~ U and cons~~dr r  t hu’

equation

x + g ( x )  = —A ’~ + i i f ( t ) .  ( 1)

For A p = 0, every solution has the form x (t) = ~~( m ( a ) t  + ct ,a)

for some constants  a ,a and c~ (0+2 ii ,a) = ~~(0 ,a ) .  If there is an

a0 such that 1~(a0
) = 1 (i.e., there is a 2ir-periodic orbit I’

in (x,~c)—space) and w ’ (a0) ~ 0, the problem is to characterize

the number of 2Tr—periodic solutions of Ecruation (1) which lie in

a neighborhood of I’ for (A ,p) in a small neighborhood of (0,0).

A complete solution of this problem is given under the hypothesis that

the function h(ct) J0 t,a0)/at1
t_c~~t/f

t,ao)/~t1
2dt has a nonzero

derivative except at a finite number of points and h” (ct~ ) ~ 0.

The bifurcation curves in (X,p)-space are determined by the

and are tangent to the straight lines A = h (cz~ )p at (A ,p )  = (0,0).

In general , the 2ir-periodic solutions of (1) are not continuous at

(A,p) = (0,0). The nature of this discontinuity is discussed in

detail. It is also shown that a necessary and sufficient condition

for a 2ir—periodic solution x(X,p) to be continuous at (X ,~~) = (0,0)

is that ~/p ~ 
constant as A -‘ 0, p-

~
O. 

~~& _ 



GENERI C BIFUR CATION WIT h Ar ’Pr IcA’rroN s

3. K.  h a le

Abst rac t :  This paper is a sot of lec ture  notes  on generic hifurcation~

and i ts app l ica t ions  w i t h  the  emph la s l s  on eq i int :i ons  i n v o l v i n g  more

than one independen t  para1i~et er .  The general theory is d iscussed  f o r

problems which  are degeucr at e  to order one or two . App l i ca t ions  are

given p r i m a r i l y  to the buckling of p la tes  and she l l s  w i t h  the pa rameter

r ep resen t ing  e x t e r n a l  forces , load ing ,  i m p e r f e c t i o n s, c u r v a t u r e  and

dimension .



GENERIC B! F t JR CATI O Ti  W IT h APPLI CAT IJ ONS

3. K.  Hale

Abs t rac t :  This  paper is a set of l e c t u r e  notes  on gene r i c  b i f u r ca t i o n

and i t s  app l i c a t i o n s  w i t h  the  emphas i s  on n q n a t~~ons i n v o l v i n g  more

than  one i n d e p e n d e n t  p a r a m e t e r .  The g e n e r a l  t h e o ry  is d i scussed  fo r

problems which  are degenera te  to order one or two . App l i ca t ions  are

g iven  p r i m a r i ly  to the b u c k l i n g  of p l a t e s  and she l l s  wi t h  the parameters

representing external forces , loading, imperfections , curvature and

dimension .

— —-——- - —‘_
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‘I’OP TC S lU 1~~(2 AL 131 FURCAT [OH THEORY

by

Wick K .  i h a l o

A b sL r ac t

Suppose A , X , Z are  Banach spaces , M : A  x X -
~~ Z is a

mapping  c o n t i n uou s  toge ther  with d e r i v a t i v e s  up th rough  some

order r .  A b i f u r c at i o n  s u r f a c e  fo r  the equat ion  ( 1)

M ( A ,x)  0 is a s u r f a c e  in parameter  space A f o r  which

¶ the number of solutions x of (1) changes as A crosses

this surface. Under cert.~in generic hypotheses on M, the

author and his colleagues have shown that one can systematic-

ally determine the bifurcation surfaces by elementary scaling

techniques and the implicit function theorem . This talk gives

a summary of these result~ for the case of bifurcation near

an isolated solution or families of solutions of the equation

M (A0,x) = 0. The results have applications to the buckling

theory of plates and shells under the effect of external forces,

imperfections , curvature and variations in shape .  The results

on bifurcation near familius has applications in nonlinear

oscillations and the theory of homoclinic orbits.

_ _  

____ 
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Jack K. b l a b  and Flac ido ‘iabjoas

I\h) S ’L r f l G t  : ~ U h ) h ‘050 N , A , 3 ~i re l 3 ; m n ~i ch s~ ice , H :  X A i a

smooth function and the r ;uation

0 , ( 1 )

for A 0, has a one parameter family of smooth solutions p (s)

0 ~ s 3 , p ( 0 )  = p h 1 )  wI Lh d p ( s ) / d s  ~ 0. if r’ = { p ( s ) ,  0 S < 1

the  o b j e c t i v e  is to d is ccs s  the  s o l u t i o n s  of ( 1)  n e a r  I ’ f o r  ~ in

a nei g hborhood of z e r o .  A s s u m i n g  A ( s )  ~1 M ( p ( s )  , 0 ) / ~~s is

Fre dhol in  of index  ze ro  an~ d i m  , 4 ( A ( s )  ) = 1, for  0 < s < 1 , the

a u t h o r s  have p rev ious ly g i ve n  a so lu t i on  to t h i s  problem under  n atu r a l

hypo theses  on H .  In this paper , the case where  dim A ( A ( s ) )  = 2

is cons idered .  A p p li c a t i oa s  are g iven to the e f f e c t  of smal l  damping

and sm~il I forcing on the v:istence of per iodic  so lu t ions  nea r  a

p eriod i c solution of an as ~:onomous I t a mi l t o n ia n  sys tem.
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r~i ;~i s’r/’~lt r r,i’ i v in : :; ‘j i ;t ’~; i~~ ) H  nonj dJ1’ ( ~non i ’ . ;  n~’~; inrn ;

I) -7

1 . P. I.o: n 1. 1’’

Abstract

‘Ihe ne’~; invri r i i  CC p r o p e r  t i e s  t h a t  h i  ‘‘n been Cs tab] i sb n

for nonautono mou s ord ina~;v di £ forential . equati ens greatly extend

the r a nge  and po~-;cr of Liapunov ’ s direct me Lhc , d f o r  the  s t u dy  of

the  s t a b i l i t y  of  t im e — v a ~:y ing  s yst e m s .  An c r ; sn n t i a  I f e a t u r e  of

the method is the  e s t a b l i s h m e n t  of a r e l a t i o n s h i p  between L i a p u n o v

f u n c t i o n s and the  loca t ion  of the p o s i t i v e  l i m i t :  sets  of s o l u t i o n s .

The p r i nc ip a l  c o n t r i l) u L i c , s  of t h i s  p ip e r  is a t h e o r e m  connectiun

L i a pu n o v  f u n ct i o ns  and  p o si t i v e  l i m i t  se t s  of s u f t ~~c i en t  generality

to close a gap  in the  p r ese nt  t h e o r y .
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STAI3ILITY THEORY FOR D I F F E R E N C E  EQUATIONS

3.  P .  LaSalie

A List r act

This article is desicjned to g ive t h r o u g h the  s tud y of

difference equati.on (discrete dynamical s y s t em s)  a v i ew of and an

introduction to the  general theory of the stability of dynamical

systems in its most modern aspect. Much of what is presented

here is known , a 1 though n. L perh aps as we l l, known as i t shon 1 d he

and there are some things th at arc new.  Quo of these has to do

with a conriectedness property of the positive limit sets of the

solutions of difference equations which provides a means through

the use of Liapunov f u n c t i o n s  of e s t a b l i s h in g  the ex is tence  of

equilibrium points (fixed points) and oscillations (periodic points).

Another  is the g e n e r a l i z a t i o n  of the usua l  concept of a vector

Liapunov function , and thin leads to a possible method of desig n i n g

control systems where the measure of the error  or the pe r fo rmance

criterion is a vector rather than a scalar. Applications of the

theory are illustrated by simple examples.

The article was w r i t t e n  for u n d e r g r a d u a t e  teachers  of

mathematics but it should also serve as a good introduction for

engineers and scientists to the latest results in the theory of

the stability of dynamical systems .
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Abst r ac t  nt A P H H O X I I I A T t O I I  A l l !)  O t t ]  HA I.  C~~iTRn! ,  () V 1,1l !LAP hh! :t1 ; 1) F i’A R ’( SY~ T [(H~

by Doug las  r h r i s t  ian Reh~~- , 1’1SP. , H r ’w n Uni . vern l y ,  June  1970 .

Our conceri~ in th i s  i oven iga I. ion is W i  t hi th e  ~iç~ irexus o t ion and op .  i sa  1

cont r o l ~ sys i ems ov~ ri~~r t b y i near r n l a r r h , d  I 11V. i l ’ i i f l u l  ‘Li 1 1  nr~ i~l Lu c q i i . u —

t ion s (F O E ) .  I n r h i a p t r r  I we cv; t. ah l  i sh th e ex i~~i once , ti r i i.qi .ieness and C O f l t 1. i i —

uous dependence of no] Ut :  ions ci [LIE. ~ie further demons i - a ’  ttr u I ce rt  ci n

arc e q u i v a l e n t  t ( ~ (~nr i~~~ ;~ ’ O u i i i  liii ’ .n~~~I i~ . I i t o i l  iii v i t i l i  - i -n t i i  i’ ( l I l . i I  ion ; ( ‘ ‘ F ’ t

S

Such p ot ; ar e a m o  Lrinwui ~~a I s  r i - i n  I eve l i i i  i on  i’~~ i i u i  ion s  ( A m :) .  Ch ip teu ’ J I

details the manner  i n  w h i c h  thies ’: A EE nov he appro x ima e~d h y d i f f e rence equa-

tions in f inite—dimensional spanes .

The optima l control probien for sys t em s governed by FOE is th en reduced

t o a sequence of mna l hienia I .ica ] pru~ramming problems in chap ter  I I I .  In  chap ’ or

IV we discuss numeri  cal r esul  i . s Fn r  two syst :ems , h a v i ng  c ip pi  led s tan (Iard  tech-

n i ques of n inner ic a l an a l y s i s  t .o cumiip ute .  t h e  solutions of ho r i p p r ox immm a t u g

problems . The f ir s t  of t h e s e  sy ;; ems was chosen for i ts  s imp l I c i t y ,  so th a t

an a n a ly t i c a l  s o lu t i o n  would  be r e a d i l y  a v a il a b l e ;  the second s ys t e m  is assoc-

iated wi th a b iochemica l  process.



A 111 1 m m ;  H t t L  I : m m : I I C ! :  l b ’ ! H  Igiji; FOP flOFVFI ( f l t ’ J J ? ]  I Z A !’ rOl l  l ’H ’) IhLC M S

(;ov l:I~r Jf : H f~v m , i m m J : ~ r r ; mI ( ~rIol4Am , nF r m m : t m o m r ~~m , r:t ~ij fç I’i o;i~;

by

• L : i ~. I a s  C. [~~‘ t i

S

Abs t .rac- i~ tis~ cet’;; 1 hi ” . F ~F~r’’:: ji nation iirm ’ l ri 1~~ i m o i l  r e m i t  i s . l o t  ;y s tem s  gov ermi ’ ’d

lo’ linn.ir rr t,ur ,le t I  m m e m u a i i I  o m m ’ u m w u m ’  function-il hi t I r r r ’ m m i  i- f l. i~ q m i a l  i nn s  ( FOE ) ;u r ’

cons cl-red . F’] n-s i • c er t a in  I D E  ar c i  shown ~o Hr er 1ij  i v : u  F i - n t . t o  cor r e spond ing

a b st r a c t :  i’ ’ i’dimiary d i f ( o re m t: Lil ‘~~IU1tio ns ( PHI: ) .  Hox i , i i  is doinonstra t:cd th ~i i

I h” ~e al ’s m r-ic I O D E  noy li ii  a~iprco: iaated by di I rr ;n i i ~ equa l . i ons  i.n f i n i t e

ci im ’ :mms 1ri,i~i I spaces . rh ”  opi  im n ’i I control ~ reh cmii I n  y ;: I ‘~ i~~
; r’i;rrned by FOE

flhrn reduc”d t:o a s e r m m i o n c e  of n i - i  hematjca F pr o gr a mm in g  prol’i l ”ms . F ina l l y ,

o m m n i o r i  cat r”su 1 I or two cx anmp l es are presc~i i 4 n r 1  and (j j  scm i ssn d

S
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