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1. INTRODUCTION

Currently of interest are predictions of electromagnetic field

penetration within missiles irradiated by plane waves. A first step in

obtaining such predictions is often determination of the scattering currents

induced on the missile surfaces with all apertures covered over by perfect

conductors. Then known relationships between apertureless scattering current

and cavity field, as presented in a recent report [7], can be employed .

Computed uniform (with respect to circumferential variation) mode scattering

current distributions are presented in this report for a model of a typical

missile. A variety of frequencies and incident plane-wave field directions

are considered. Our purpose is to assess the exhaust plume effect on the

missile surface currents. Thus a suitable model for the plume is given

special attention. The missile is assumed electrically thin so only the

uniform mode of current is considered in evaluating plume effects. It is

not inferred that the induced currents are uniform, but only that the non-

uniform modes are much less sensitive to plume presence.

A recent paper [8] addresses this plume effect for a missile-plus-

plume modeled as a loaded thin wtre. The plume is not truly needle thin ,

however, so analysis is needed which accounts for plume width. Results are

reported herein as obtained using a body-of-revolution (BOR), moment method

computer program . The missile is modeled as a conducting cylindrical tube

closed at one end (missile nose) and open at the other (tail). The plume is

modeled as a rotationally symmetric shell (or sheet) of resistive material .

Theoretical bases for the BOR program and the resistive-sheet approximation

are discussed in the next sect ion . Then approximate resistive loads and

I 
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plume model contour are determined. These loads are derived from a theore’i-

cal conductivity profile of the missile ’s plume recently made available [6,8].

Finally, in Section 4 computed missile scattering currents with and without

plume presence are presented. An evaluation of plume effects based upon

these results is given.

2. Theory

A brief review of the Harrington-Mautz moment method modeling of a loaded

BOR [1,2] is presented in this section. This method, based on an E-field

formulation , is applicable to a wide class of radiation and scattering prob-

lems including those involving thin-walled bodies such as missile shells.

Also included herein is a model derivation based upon a thin shell of

resistive material. The derivation parallels that presented by Harrington

and Mautz for the case of thin dielectric shells [3]. The method for

determining approximate BOR model loads to account for this resistive sheet

is also presented . Although only rotationally symmetric thin shells are

considered , this theory can be extended to existing homogeneous material

body surface formulations [4].

Figure 1 shows a rotationally symmetric thin shell of surface area S.

The upper portion, Sc, is perfectly conducting and the lower portion, Sr, is

resistive. The conducting portion may be replaced by a combined surface

current , 
~c’ 

equal to

(1)

where is the surface current induced on the external side of and 
~c

2
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Figure 1. Body of revolution with rotationally symmetric load.
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Figure 2. Overlapping triangle expansion functions along generating curve.
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is that induced on it~ internal side. When the region enclosed by S~ is long

and th.in - +
(2)

at points distant from the interface of S~ and Sr (missile ta il ) .

The resistive portion of the shell can be approximately replaced by an

equivalent surface current 
~ir 

derived as follows . Consider the sheet to have

thickness r, conductivity a , free-space permittivity C
c~ 

and free space

permeability ~~~~~ One of Maxwell’s equations within this resistive region is

V x H = (a + jwe0)E (3)

which may be written
V X H = j w c 0E + J  (4)

where = aE. Thus the conduction current (volume) density J~ radiating in

free space accounts for the resistive sheet. For t suffiQiently small only
V . . V .the J~ tangent ial to Sr need be considered . Then is approximated by

= 

~r~
’ ~

where

= atEtan (5)

and “tan” denotes “component tangential to S”. Hence, the entire shell may be

approximately replaced by a surface current J given by

~~J o n S
c

(~!r
011 5r

4 
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E-field formulations relating J to result from

~ = E 1 + E S
- 

-

- 
tan -tan -tan

where E’ is the impressea field (body absent) and is the field radiated by

3. One such formulation is

~~an = L(J) + L’(J) (6)

where

L(J) = 1~ an = 
[~ 0~cj~ e~~~~ ds 

+ ~ 

~~ ~~ 
~~~~~ ds ] (7)

tan

and Lr 

~P 
~tan ’ the loading term , is given by

0 J = J
Lr (J) = (8)

- 1 ~ j = j
- -r

In (7) R is the distance between source and field points on 5, the integra-

tions are with respect to the source points , and tne remaining symbols have

their usual meanings.

An approximation to 3 satisfying (6) can be found by moment methods.

Consider the coordinate system of Figure 1. A set of expansion functions

= f~ (t) e~~*t and F~~. = f .( t ) e~’~~~ (t and $ are unit vectors) and the

symmetric product

< j
l ~2 > “f] ’ ~1 ~2 ds = J. J12~ .

~!i ~!2

are chosen where thf ‘1gct’ stands for “BOR generat ing curve”. (The genera-

t ing curve is a line in any plane containing the BOR axis which, when

5 
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revolved around this axis, traces Out a surface enclosing the BOR). The

which express the t variation of the expansion functions, are usually

selected in accordance with the method of subsections [5]. In the Harring-

ton-Mautz method they are unit triangles (overlapping ) divided by the BOR

surface radial coordinate (Figure 2). This choice permits differentiation

of the expansion functions and a non-zero value where the poles of the BOR

meet the axis. The e31~ are chosen to invoke the modal decoupling

property of rotationally symmetric bodies. Thus for M triangles on the

generating curve .j is expanded as

J =~~ ~~ (I~~ f .( t ) e~~~ t + I~ .f.(t)e~~~~) 
(9)

n=-~ j=l

where It . and I’~ . are the unknown coefficients to be determined such thatn) nJ
• (6) is satisfied. The inner products of both sides of (6) are taken with

respect to each of the weighting functions = f1(t)e~~~~t and

= f~ (t)e 3~~ $ resulting in the matrix equation

‘~n = [Z }I~ (10)

for each mode n. Upon partitioning, (lO)becomes

= ~~ ~V~ [Z~
t ] [ Z ]

The ~~~ element of each and subvector (a=t or a=4~) is <W
a. , E~ > and

a . . . th ab .
~~~ 

respectively, and the i , j  element of each (Zn ] submatrix is

6
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• < W8.,, LF~J > + < W~~, ~~~~ > where ab takes on the combinations tt , ,t , t$,

4$. The computation of < W~~, LF~. > is detailed in [1,2]. Computation of

< W~~, L’F~~ > is simplified by first approximating the distributed

resistance i— along Sr with infinitely thin load rings. Each ring is

located at the “peak” , t=t~ in Figure 2, of an f . ( t )  Ofl Sr . Thus

-i-— 

~~ 

_ _ _ _  6 ( t - t. )  t on

where each a .r .  is evaluated at t=t
3
, the segment lengths are defined

in Figure 2 , and 6(t) is the unit impulse function . Therefore , for all j

such that t~ is on

< W~ . LrF~~. > = < W . LrF$ . > =ni ’ nj  ni ’ nj

and for all j such that t .  is on Sr A .
2ir 

~ 
i 3

a~~r ~~
< Wi ., LrFt . > < W’~. ,  LrF$ . > =  ~

ni nj  I~].

0 i~j

where p.  is the radius of the BOR surface at t . .  Also,
3 3

< We ., L’F .  > = < W ., LrFt . > = 0ni nj  ni nj

Thus the loading affects only the diagonal elements of [Zn] .

Each mode of J is determined independently from (9, 10) resulting in

significant savings in computer processing time and memory. The solution

to (10) can be expressed as +
= (Y] Vn (11)

where [Ye] [Z r ] -l is the generali zed admittance matrix.

7
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3. Model

The missile body was modeled a~ a perfectly conducting cylindrical shell

of length = l.22m and diameter = 0.05m. Its BOR generating curve is the z>0

portion of the contour shown in Figure 3. The cylinder is closed at one end

(missile nose) and open at the other (missile tail or thruster). For the

results presented in the following section the cylinder was lengthened an

additional 0.lm. This was to reflect the presence of tail fins extending

beyond the missile thrust orifice.

An equivalent sheet admittance y=ar and radius 
~e 

for the plume portion

of the model was derived from recently available plume constituent data [6,8].

The latter was obtained from a theoretical analysis employing the known

chemical composition of the missile fuel. The plume’s permittivity and

permeability were found to be essentially free-space values. Thus only plume

conductivity data was considered in development of the model. The y and

were determined by first extracting from this data, for each of a number of

plume axial positions, the peak conductivity 0m its radial coordinate ~m 
and

the additional outward radial distance to the point of 10% fall-off from 0m’

Ap. These parameters are tabulated in Table I. A conductivity profile, be-

tween O
~
lOm points, for a typical plume cross-section is shown in Figure 4.

Reasonable values of y and 
~e 

were then chosen by assuming (a) a=0 for

P<Pm’ (b) a linear conductivity decay from am at to zero at as

depicted by the dashed line in Figure 4, Cc) the admittance y is equal to the

area under this assumed curve and (d) y is lumped into the edge of a circle

with radius 
~m

’
~~ ’2 

Thus

8
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TABLE I

Characteristics of Plume Data [6] and Impedance Sheet Model

z (m) Pm (m) a (S/m) ~ p(m ) 
~
)
e (m) y(mS )

-0.1 0.023 0.239 0.013 0.030 1.55

-0.38 0.047 0.162 0.107 0.101 8.67

-0.69 0.074 0.143 0.196 0.172 14.0

-0.99 0.103 0.132 0.225 0.2 16 14.9

—1.14 0.111 0.127 0.2 0.2 11 12.9

-1.44 0.128 0.116 0.203 0.23 11.8

-1.75 0.145 0.103 0.099 0.195 5.1

— 

-2.05 0.163 0.086 0.08 0.203 3.44

-2.36 0.166 0.066 0.084 0.208 2.77

-2.67 0.169 0.047 0.081 0.210 7.61

-3.01 0.173 0.032 1 0.08 0.213 1.28

-3.32 0.176 0.022 0.09 0.22 1 0.99

10 
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Figure 4. Conductivity profile , between points of 10% peak
conductivity, for a typical plume cross-section .
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Numerical values of y and 
~
)
e are also given in Table I.

The justification for assumption (a) above is based on the following :

Plume skin depth for the frequencies considered is on the order of O.lm.

Hence , the near-axis regions of plume experience decayed fields and generate

correspondingly small conduction currents. Furthermore, for uniform a the

smaller cross-sections of near-axis regions of plume result in greater

impedances to induced current than do the larger cross-sections of outer

regions. This further reduces the level of conduction current within the

inner plume region relative to that in the outer region .

4. Results

Curves of the equivalent scattering surface current J on the missile-

plus-plume model discussed above are nresented in this section. The

incident field is a 0-polarized unit plane wave (Figures 1, 3). Accompanying

each curve is a corresponding plume-absent result thus permitting direct

evaluation of the plume effect on missile skin current . Results are given

for broadside excitation (0=90°) at frequencies from 25 MHz to 275 MHz for

which the cyl inder (missile) length varies electrically from -0.1A to 1.1A .

Included also are results for oblique incidence excitation (l5°< O <  165°) at

frequencies of 25 MHz , 100 MHz, and 250 MHz .

12
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Only the circumferentially uniform (n=0) J mode is considered. Since

is 0-polarized , the $-directed component of 3 for this mode is zero [1,2 1.

Circumferentially non-uniform modes (n>l) are not considered , since for thin

bodies these modal components of missile current 3c are not influenced sig-

nificantly by plume presence. This is because the z-directed components of

the non-uniform J modes for fairly thin bodies are colinearly weakly coupled

and for 0 -polarized excitation their $-directed components are small [7].

This does not infer , however , that the principal (n=l) non-uniform current

mode is insignificant. In fact it has been found to be on the order of 70%

,that of the uniform mode for wavelength long cylinders wIth less than 0.lX

diameters [7]. Furthermore, under axial incidence excitation only the n=l

mode is excited [1,2]. Thus the oblique incidence excitation examples are

limited to 15°<0<l65°.

The number of expansion functions chosen for all “uns was M=50. This

choice resulted in reasonable current magnitude precision for frequencies

up to 275 MHz.

The plume-absent results are approximations obtained by replacing the

values of equivalent sheet admittance representing the plume (y in Table I)

with y=l0~
’5S. This model was used instead of an “actual” plume-absent model

(model only the cylindrical representation of the missile) since it demon-

strated validity of the lumped load approximation described in Section 2. As

will be apparent in all examples, the plume current on the approximate plume-

absent model is insignificant. Approximate plume-absent results were also

compared with “actual” plume-absent results for a few cases with the result-

ing missile current being indistinguishable.

13

_ _ _ _  _ _ _ _ _  _ _ _ _ _ _ _ _ _ _



• 
- -

Predictions of outside surface skin current very near the missile tail

are not reliable. This is due , in part, to the over-simplified model of the

complicated thrust orifice region. Also, at locations extremely close to

the or ifice, (within a length equal to the missile diameter) (2) is not valid.

As mentioned previously tail fins on the actual missile extend beyond the

orifice region toward the plume. Thus the conducting cylinder representing

the missile was extended 0.lm. That explains why the current drops to zero

0.lm beyond the orifice plane (z=0) in all plume-absent results.

4.1 Broadside Excitation

In Figures 5-15 current magnitude 1j 1. is plotted in dB for broadside

excitation (0=90°) and for frequencies from 25 MHz to 275 MHz at 25 MHz

intervals. At 25 MHz the missile length L is approximately 0.lX .

As indicated in Figure 5, the plume introduces a “lengthening” effect not

unlike that from capacitively loading a short dipole. Thus, as expected, the

“missile” current kcl’ especially near the tail, is significantly enhanced

by the plume. The apparent discontinuity in at the missile-plume inter-

face occurs because 3 is a surface current density and plume radius

increases rapidly away from this plane. The total current 2nPelJI varies

more smoothly.

The only other significant plume effect, for broadside incidence, (at

missile surface locations other than the orifice) occurs at 100 MHz where

the unloaded missile is near resonance (L/A 0.4). In Figure 8 a 7 dB

reduction in 
k~~~I 

due to the plume indicates that the plume now acts as a

detuning load.
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Ror frequencies between -50 MHz and — 150 MHz the plume effect is to

essentially reduce Between — 150 MHz and -225 MHz the plume effect

is ainimal . Betwe~ i -225 MHz and -275 MHz the effect is to essentially shift

current peaks slightly. In the latter case if an aperture is located at a

severe slope in the fields penetrating the missile will undergo a sig-

nificant change with plume presence.

4.2 Oblique Excitation

Results with oblique incidence excitation are provided at frequencies

of 250 MHz (Figures 16-25), 25 MHz (Figures 26-35) and 100 MHz (Figures

36-45). These frequencies sample respectively the high, low, and resonance

portions of the band considered. For each frequency the values of incidence

angle 0 ranges from 15° to 165° in 15° increments (the 0=90° curves are

omitted from these sets since they were included with the broadside excita-

tion discussion). In all instances J J~, with or without plum e, appears

reduced for near axial excitation, i.e. when 0 -
~~ 0° or 180°. This can be

observed by comparing the 0=15° curves in Figures 16, 26, and 36 with the

corresponding 30° curves in Figures 17, 27 and 37. Also one can compare the

0=165° curves with the corresponding 1500 curves. As mentioned previously

this result is expected since no circumferentially uniform current mode can

be induced on a body of revolution when excited by a plane wave traveling

along the body’s axis (o=0~ 180°) [1,2]. For near axial incidence the

n=1 current mode (sinusoidal circumferential variation), not considered

here, dominates.

For the high frequency examples (f=250 MHz , L~A) the plume effect is

26
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small for 0 between near broadside and near nose-end incidence (l5°< 0 < 750)~

The plume effect is significant for values of 0 between near broadside and

near tail-end incidence (105° < 0 < 165°) except in the vicinity of 0=135°.

The peak effect occurs at 0=165° (Figure 25) where the plume increases

by -6.5 dB at some points along the missile surface.

The plume effect at the low-frequency end (f=25 MHz, L~0JA) is again

greater for 105° < 0 < 165° than for 15° < 0 < 75°. This is apparent in

Figures 26-35. For all 0 the plume effect is to greatly increase the missile

current near the tail. At the location of peak current on the plume-absent

ndssile a maximum current increase of about 10 dB is introduced by plume

presence. This occurs at 0=165° (Figure 35).

In contrast with the above, at resonance (f=lOO MHz, LZ0.4A) the plume

effect is greatest for incidence angles between broadside and near nose-end

(15° < 0 < 90°). Also, plume presence now reduces the current at all points

on the missile surface except very near the tail. The peak reduction is -7

dB which occurs near 0=90°.

5. Conclusions

The effects of a resistive exhaust plume on the scattering currents

induced on a thin missile have been discussed . This work supplements con-

current work recently reported in [8] which relied on the thin-wire approxi-

mation for modeling both missile and plume. The model used here was

derived from body-of-revolution theory [1,2] and the impedance-sheet concept

(3]. These theories enabled, in particular, the significant width of the

plume, about eight times the missile diameter, to be accounted for with a
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correspondingly wide model. Both efforts show reasonable agreement in

predicting missile current distributions and levels for low , resonance and

above-resonance frequencies at broadside incidence excitation. One signifi-

cant difference for broadside excitation is that the model used here predicts

—3 dB greater plume effect at the location on the missile body of peak cur-

rent at resonance. The plume effect here is a reduction in missile current

by -7 dB

Plume effects on cavity fields within the missile can be assessed

directly from the data presented~ This is especially true if the apertures

through which energy is coupled are small. In this case the internal fields

are proportional to the missile currents (magnetic dipole coupling) and

current slopes (electric dipole coupling) in the vicinity of the apertures

after shorting [7].

Other significant aspects of the plume effects as predicted by this work

are summarized below.

1. Resonance — This is the only frequency region where a significant

reduction in missile current is experienced.

2. Low frequency - For a 0.lA long missile the surface current is

greatly increased especially near the tail (thruster).

The largest plume effect (even excluding the tail region)

occurs at this frequency and for near tail-end incidence.

The increase in current is then -10 dB at the location of

peak plume-absent current. However, at locations other

than the tail the absolute peak current levels with or

without the plume are significantly below those of the
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resonance case. Hence, excluding pertinent apertures

near the tail , cavity fields at low frequencies will

generally be less than at external resonance frequencies.

3. Above resonance - For a wavelength long missile under broadside

excitation the missile current peaks are shifted

slightly. However, for near tail-end incidence the

currents are increased by -6.5 dB at some points along

the missile surface. Also one notes that the shifting,

even slightly, of severe current slopes could result in

large cavity field variations.
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