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DISTRIBUTION OP SUMS OP
DEPENDENT LOG—NORMAL VARLABLES

by

S. Zacks* and C. P. Taoko s**
Case Western Reserve University
and University of South Florida

I. Introduction

Distributions of sums of dependent or independent log—normal random

variables appear in various fields of appli ed statistics . Concentration s

of pollutants in the air or in water , lI fe distributions of components in

reliability systems and other applications. The available expression for

the distributions —f sums of log—normal variables are complicated and in—

attractive . Simpler expressions are needed for practical applications .

The purpose of the pres ent pape r is to provid e some simple approximations

and algorithms that can be easily appli ed for obtaining numerical result S .
xl x

We are concerned with two types of var iables (i) V — e ~ + e 
2 and

x x~(ii) 2 — log(e + e ‘), where and 12 have a bivariate normal dis—
x

tr ibution. The dependence of the log—normal variables e and e 2 is a

f~mction of the correlation P between and X2. Naus (5] derived the

moment generating function of Z for the case of P — 0 and equal variances

of and X2. Hamdan (2] extende d Naus results to the case of arb itr ary. p and

*Ths research of S. Zacks was partially supported by the ONR contract
1000l4—75—C—0529 , Project NR 042—276 at Case Western Reserve University.

“The research of C. P. Tsokos was partially supported by the United States
Air Force, Air Force Office of Scientific Research, Under Grant No.
AFOSR 74—2711, at The University of South Florida. 
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S

unequal variances . Lowrimore and Tsokos [4] derived the probability density

function of Z and of W. Further elaboration of these distributions is given

in the paper of Tsokos [6] . The problem is however, that the analytic

expressions derived by Lowrimore and TBokos are very complicated and require

also numerical integration. Our aim is to develop simpler methods. In

Section 2 we develop two numerical procedures for the determination of the

distribution of V with arbitrary parameters. We present some numerical

computations of the c.d.f. of V. These computations were performed according

to a FORTRAN program given in Appendix A. In Section 3 we study the moments

of V and in Section 4 we derive an approximation to the distribution of W based

on the lognormal distribution having the same mean and variance. As demonstrated

by numerical examples this approximation is very effective when the correlation

between and is nonnegative. The lognormal approximation to the distribution

of W, which is the normal approximation to the distribution of Z, does not

provide very good results in the range of correlations close to —1. We tried

therefore to correct for the pronounced skewness in the distribution of Z — log W,

when p is close to —1, by employing the Edgeworth expansion. For this purpose

we have to determine the moments of Z log V. In Section 5 we discuss the

problem of determining the moments of 2, in the case of 21 and X2 having a

standard bivariat. normal distribution. For the first moment an analytic

expression similar to that of Hamdan [2] is given. We present however, an

expression which is more suitable for numerical computations. For higher

moments we provide a formula for a numerical approximation. The goodness

of this approximation is also studied . Numerii~al computations show that

the Edgeworth type of expansion mentioned earlier does not provide in

the standard case any substan t ial improv ement .

-  ~r~~~~~~~~~ —--
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2. Th. Distribution of V.

Let 21 and 22 be random variables having a bivari ate normal distrib ut ion

with means 
~~~ ~2’ var iances ~~2 and 

~2 ’  re.p.ctivei.y and coefficient of

correlation p. - < P 1,~~i2 <~~~ ; 0 < o 1,a 2 < . and —l~~~p < 1 .  Let

W — e~~ + e22 and let F
0
(w) be the c.d.f. of W, under 0 — (p1,u2,o1,a2, 0).

Obviously, F
0

(w) — 0 for all w <  0. For w >  O w e  have for all e —  (u1,U2,01,a2,p)

(2.1). F
e

(w)

1 ~log w 22 
_ _P E e ~ v—e’Ix1 y] 

~~~ 
)dy

1 ‘-ii ’ 1

where $(p) denotes the standard normal p.d.f. The conditional distribution of

22’ given — y, is the normal distribution with mean

— 
~ 

— + (y — jz~) and variance V{12 121 y} — 02 (1 — P2).

Thu., if — l c p < 1 ,

rlog ~ 
log (w—e7) — 112 

— 9 .a (~~ ii~ )
(2.2) F

e
(w) hhI J

J 
$( 

_ _ _ _  

1

- 

— a~, 

~2 V i — ø 2
4

- $( 
~ 

1 ) dy,
- 1

where •(u) is the standard norma l c.d.f .  The following are some special cases :

Ci) ~f ~‘2 — U and 01 — 02 — a then the expressions are slightly simplified

since ~~ is a scale parameter of the distribu tion and

— 

~(O,a,O,a,p) (-f). ~~~~~~~~~~

— - ---—-a.- — ~— ~~~~~~~~~~~~~ 
-.- --

~~
—.

~
.—.

~
‘-—

~~~~
——— —

~ ~~~~~
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~~~~~~~ ~
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(ii) If — 
~‘2’ 01 — and p — 1 then W has a lognormal distribution.

Indeed, in this case 12 — 21 with probability 1 a~nd -

(2.3) P E W < w ]  P (e
1
~ < Wj — ~~1og w~~~~ ’

where p ’ —~~1+ 1og 2,

(iii) When — p2, 
~l 

02 and p — —l then 22 — —21 with probability 1 and
the distribution of V is given by,

0 , i f w < 2 ,
(2.4) p (~l) ( )  —

) —  •( 1 ), i f w > 2 ,0
1 01

where ~1(w) — +(w - /w2_4) and ~2(w) — ~<w + Jw2_4). Notice that ex + e 2 > 2

for all z.

2.1 Numerical Determinat ion of the Distribution of V.

The integrand of (2.2) can be easily computed for each y value. A numerical

integration of (2.2) over the range (p1 
— 4.3 0

1, log w) can then be readily

executed . Notice that •(—4.5) — .34 x 1O~~ . Therefore , the error conmiitted by

neglecting the range of y < — 4 5  01 is smaller than .34 x 10~~ . For this
- p1—4.5 01reason , for value s of w smaller than e , we approximate the value of

P
,
(v) by 0.

An a-point approxima t ion to (2.2) is given by 
-

~ 

- - -
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~ 
log(w—s

(2.5) F (w) m •
~E ,

~  
1

L 03 1 1 6

~j 
nj ...1 —

- [
~~~ 

) 
“ ~ 

)],
1 1

(2.6) n~~— u 1 — 4 5 a 1+ i~~~w) , j 1 . . . , m

A (w) — (log w — p
1 + 4.5

and

— — â (w)/2. -

In Tables 1 we provide the results of computing F9 (w) according to (2.5) with

$ 20 and subintervals for the case of p~1~ — 
~~2 

— 0, a
~ 

— 0
2 

— 1 and

p — — .99(.33).99.

Theoretically, the limit of (2.5) as rn -~ — is the integral (2.2) . We

.~. in Tabl e 1 that the dif f erences between the results of computations with

* — 20 and ~~ — 80 are in most cases in the third decimal place. It is not

difficult , however, to determine the distribution functions very accurately

by applying the method with a large m value. The computation ~f the seven j .
distributions of Table 1, with m — 80 required about 60 seconds (double precision)

on a relatively slow computer (Honeywell GE—4 00) . A Fortran program according to

which these computations were performed is available upon request . To evaluate

the goodness of the approx imation with m — 80 we provide in Table 2 a comparison

of the results obtained for the case of p — 1 from (2.5) against the exact

log—normal distribution, given by formula (2.3).

— . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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Table 1. Distribution of W for p
1 — p2 — 0, ~l 

— 
~2 

— 1. Determined accord ing

to (2.5) f o r m — 8 O a n d a — 2 Q .

m V/p —~99 —.66 —.33 0 — .33 .66 .99

1.000 0.00000 0.02006 0.06698 0.11346 0.15739 .0.19994 0.24281
2.000 0.12205 0.29188 0.35051 0.39414 0.48153 0.46590 0.49900
3.000 0.66113 0.59716 0.59660 0.60781 0.62269 0.63926 0.65685
4.000 0.81100 0.77229 0.75013 0.74334 0. 74393 0.74856 0.75560
5.000 0.88036 0.86294 0.84076 0.82774 0.82141 0.81938 0.82013
6.000 0.92414 0.91197 0.89489 0.88122 0.87221 0.86683 0.86402

80 7.000 0.94697 0.94042 0.92823 0.91600 0.90645 0.89961 0.89490
8.000 0.96162 0.95799 0.94947 0.93922 0.93014 0.92287 0.91726
9.000 0.97150 0.96940 0.96345 0.95512 0.94690 0.93976 0.93~’d2
10.000 0.97838 0.97712 0.97293 0~95901 0.95901 0.95228 0.94635

1.000 0.00000 0.02004 0.06696 0.11353 0.15755 0.20028 0.24416
2.000 0.12185 0.29124 0.35052 0.39417 0.43135 0.46579 0.49262
3.000 0.66129 0.59864 0.59759 0.60813 0.62229 0.63864 0.65854
4.000 0.82205 0.77607 0.75199 0.74399 0.74351 0.74765 0.76265
5.000 0.88671 0.86693 0.84293 0.82859 0.82105 0.81835 0.82802
6.000 0.92364 0.91506 0.89697 0.88215 0.87193 0.86578 0.87066

20 7.000 0.94654 0.94247 0.93004 0.91692 0.90625 0.89860 0.89974
8.000 0.96123 0.95924 0.95095 0.94008 0.93000 0.92193 0.92038
9.000 0.97115 0.97012 0.96463 0.95589 0.94681 0.93890 0.93555

10.000 0.97804 0.97751 0.97385 0.96693 0.95897 0.95150 0.94701

Table 2. The Distribution of W for p
1 — 

p
2 

— 0, — 0
2 

— P — 1.

w (2.3) (2.5)

1.000 0.2441 0.2498
2.000 0.5000 0.4916
3.000 0.6574 0.6550
4.000 0.7559 0.7655
5.000 0.8202 0.8218
6.000 0.8640 0.8608
7.000 0.8949 0.8889
8.000 0.9172 0.9224
9.000 0.9337 0.9367
10.000 0.9462 0.9476 

- _ ____________-.s 
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2.2 Gauss—Le~endre Quadrature.

The numerical integration method prescribed in Section 2.1 is quite

simple in the sense that it is based on subintervals of equal l.ngth. The

rssults obtained seems to be quite stable over all the range of —1 < p < 1.

Thu ver, as seen in Table 2, there is some difference although all, between

the numirical results obtained and what should be obtained in the case of p — 1.

We therefore investigate her. what numerical results can be obtained by applying —

the Gauss—Legendre quadrature formula , with 80 cut—points, for integrating

(2.2) nweerically. An i-point Gauss—Legendre quadrature formula is

- 

~b in
(2.7) - - J f(x)dx — (b—a) - p1 f (xj) + ~~~~‘

a i”l

where x~ — 
~~~~ 

~~~~~~~ , i”l, . . . , m 
~~ 

is the i—tb zero of the Legendre

polynomial P ( ~) over —1 < ~ ( 1 and P~ — 1/(1 — tj
2
)tP,~

(
~i

)]2 is a weight

assigned to ~~~~~~~~~~~~ R is a proper remainder term (see Abramowitz and

Segun [8; pp. 888]). The values of and 2p~ for nt — 80 are tabulated in

Abramowits and Segun [8; pp. 918]. For the case under consideration, let

(2.8) f(x;a ,B, s,w) — I [10g (
~~~~~~X) — a — B xl, — c x  c log w;

where B — ~~~~~~~~~~~~ a — — B p1 and •
2 

— 0
2

(1 — B2). By simple change of

variables , we can write the c.d.f. of V in the form

log w — - p
1

(2.9) V0(w) - 
I 

•(f(p1 + 01 
1
w); a,B,s,w~)dy. 

- — — - .— ~~~~~~~~~~—- -~~~_-_- --~~ - ~~~~~~~~ ~~~~~ 1~
_ 

~~~~~~~~~ 
-_

~~
.-- - — ~s•~~~~__~~~~~~ ~~~~~~~~~~



- ~~“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-8- ‘ - 1
Hence, the Gauss—Legendre approximation is, according to (2.7)

log w — u 1 a —1 -

(2.10)- F
9

(v) •( ) 
~ 

p~ •(f(p 1 
+ a

~ 
• (~~); a,~ ,s,w) )

— 1 i—i

1 log y — p
- 
l)(l +~~~) L_l,.,.,at.

1

In Table 3 we present the results of the numerical determination of the

distributions corresponding to those of Table 1, according to the Gauss—Legendre

method with in — 80.

The comparisons of Table 1 and 3 show that the two methods yield very close

results. In Table 4 we provide further comparisons of the two methods in non-

standard cases.

Further simplication of the calculations without sacrificing much accuracy

can be achieved by applying formula (2.10) for a small value of in. We have

seen in Table 1 that (2.5) provides highly accurate results with a = 20. For

small values of in formula (2.5) may not yield sufficiently accurate results,

as shown in Table 5, since it is based on a partition to equal size subintervals.

On the other hand, formula (2.10) with in — 6 yields accurate results when

IPI is not too close to 1. This is seen in Table 6. For P — 1 and P - —l we can

compute the distributions exactly by other formulae.

For * — 6 formula (2.6) should be used with the following constants (see

Abr aaowi tz and Segun [8 pp. 921]).

l + C

2 Pj

1 .03376 .08566

2 .16939 .18038

3 .38069 .23395

4 .61930 .23395

5 .83060 .18038

6 .96623 .08566
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Table -3. The Distribution of W for p
1 — p2 — 0, ~1 

— 0
2 

— 1~
According to The Gausa—Legendre Quadrature; in - 80.

~~~~~~ — .99 -.66 — .33 0 .33 .66 .99

1.000 0.00000 0.02006 0.06698 0.11345 0.15737 0.19992 0.24278
2.000 0.12207 0.29191 0.35054 0.39416 0.43153 0.46590 0.49900
3.000 0.66176 0.59728 0.59668 0.60785 0.62272 0.63928 0.65689
4.000 0.81144 0.77245 0.75022 0.74340 0.74398 0.74860 0.75565
5.000 0.88254 0.86301 0.84081 0.82780 0.82147 0.81943 0.82019
6.000 0.92191 0.91186 0.89489 0.88127 0.87227 0.86689 0.86409
7.000 0.94567 0.94010 0.92817 0.91603 0.90651 0.89967 0.89497
8.000 0.96088 0.95759 0.94935 0.93923 0.93019 0.92292 0.91732
9.000 0.97105 0.96910 0.96330 0.95510 0.94695 0.93981 0.93388

1.0.000 0.97810 0.97699 0.97281 0.96621 0.95905 0.95233 0:94641

We remark that for in — 6 formula (2.10) can be used also with hand calculators

and tables of the standard normal distributions.

- — - — —— - .~~~~~-~~~--.~ ~
___

~
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Table 4. The Distribution of V Computed According to (2.5) and According

to Gauss—Legendre Quadrature.

Case l: p
1
— 0 , p

2
— 0, ci1 1, 02 3, Case ll: p1 0, u2 3,

a1 l, 02 =4.

Case I V/p — .99 — .66 — .33 0 .33 .66 .99
1.000 0.00000 0.06995 0.13479 0.18889 0.23925 0.29053 0.34915
3.222 0.49500 0.47368 0.49128 0.51462 0.53951 0.56491 0.58869
5.444 0.65530 0.64135 0.63729 0.64234 0.65173 0.66301 0.67386
7.667 0.72296 0.71551 0.70896 0.70810 0.71119 0.71640 0.72209
9.889 0.76153 0.75694 0.75124 0.74855 0.74890 0.75123 0.75444
12.111 0.78723 0.78404 0.77948 0.77636 0.77546 0.77630 0.77815

G—L 14.333 0.80602 0.80363 0.79999 0.79693 0.79547 0.79548 0.79653
16.556 0.82063 0.81874 0.81579 0.81295 0.81125 0.81079 0.81134
18.778 0.83245 0.83091 0.82847 0.82589 0.82413 0.82339 0.82360
21.000 0.84232 0.84103 0.83897 0.83665 0.83489 0.83398 0.83390

1.000 0.00000 0.07007 0.13503 0.18916 0.23950 0.29067 0.34916
3.223 0.49724 0.47431 0.49169 0.51490 0.53965 0.56490 0.58866
5.444 0.65536 0.64165 0.63751 0.64249 0.65179 0.66297 0.67380
7.667 0.72293 0.71559 0.70907 0.70819 0.71122 0.71638 0.72204
9.889 0.76147 0.75693 0.75126 0.74858 0.74891 0.75119 0.75437

(2.5) 12.111 0.78715 0.78400 0.77945 0.77635 0.77545 0.77625 0.77807
14.333 0.80594 0.80359 0.79994 0.79690 0.79545 0.79544 0.79645
16.556 0.82055 0.81870 0.81574 0.81291 0.81123 0.81075 0.81125
18. 778 0.83237 0.83087 0.82842 0.82585 0.82409 0.82335 0.82352
21.000 0 84223 0.84099 0.83892 0.83660 0.83485 0.83395 0.83390

Case II
0.135 0.00000 0.00027 0.00367 0.00992 0.01658 0.02143 0.02274
0.368 0.00000 0.02169 0.05715 0.08922 0.11791 0.14273 0.15794
1.000 0.15783 0.24605 0.29959 0.34449 0.38681 0.43029 0.48110
2.781 0.67301 0.65902 0.66060 0.67334 0.69236 0.71697 0.74987

G—L 7.839 0.86972 0.86739 0.86341 0.86091 0.86120 0.86402 0.86784
20.086 0.93147 0.93104 0.93015 0.92878 0.92735 0.92612 0.92522
-54.598 0.95984 0.95977 0.95957 0.95922 0.9587 5 0.95816 0.95757

148.413 0.97724 0.97725 0.97719 0.97710 0.97698 0.97682 0.97657
403.429 0.98777 0.98781 0.98777 0.98774 0.98772 0.98770 0.98768

0.135 0.00000 0.00027 0.00367 0.00995 0.01662 0.02149 0.02278
0.368 0.00000 0.02170 0.05734 0.08949 0.11825 0.14321 0.15865
1.000 0.15748 0.24682 0.30027 0.34516 0.38752 0.43113 0.48035
2.781 0.68028 0.66717 0.66809 0.68012 0.69846 0.72228 0.75381

(2.5) 7.389 0.86966 0.86737 0.86346 0.86100 0.86128 0.86403 0.86777
20.086 0.93140 0.93099 0.93012 0.92876 0.92730 0.92607 0.92515
54.598 0.95977 0.95971 0.95954 0.95921 0.95870 0.95810 0.95749
148.413 0.97717 0.97719 0.97717 0.97709 0.97695 0.97675 0.97650
403.429 0.98772 0.98775 0.98775 0.98774 0.98770 0.98763 0.98753

-

~
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Table 5. The Distribution of V for p
1 — p2 — 

Q, ~~ — — 1. According

to (2.5) with i n —  6.

V/~ — .99 — .66 — .33 0 .33 .66 .99

1.000 0.00000 0.02050 0.07004 0.11845 0.16275 0.20154 0.22662
2.000 0.09668 0.30755 0.36506 0.40738 0.44136 0.46498 0.43157
3.000 0.65238 0.61829 0.61385 0.62212 0.63209 0.63592 0.56577
4.000 0.84762 0.78664 0.76445 0.75557 0.75147 0.74380 0.65754
5.000 0.87245 0.87047 0.85124 0.83737 0.82709 0.81399 0.72333
6.000 0.89576 0.91525 0.90219 0.88858 0.87638 0.86130 0.77234
7.000 0.94787 0.94138 0.93322 0.92157 0.90948 0.89421 0.80998
8.000 0.96941 0.95779 0.95285 0.94344 0.93232 0.91775 0.83961
9.OOO 0.97429 0.96867 0.96574 0.95832 0.94847 0.93500 0.86339
10.000 0.97656 0.87618 0.97449 0.96871 0.96014 0.94789 0.88276

Table 6 The Distribution of V Determined by Formula (2.10).

Case I: p1 — 0, p2 — 0, a~ — 1, a2 — 1; Case II: p1 — 0, p2 — 3,

al l, 02 4P m — 6 .

Case I W/p 0.99 — .66 — .33 0 .33 .66 .99

1.000 0.00000 0.02007 0.06714 0.11344 0.15720 0.19994 0.24896
2.000 0.11675 0.29190 0.35060 0.39388 0.43139 0.46605 0.53030
3.000 0.63077 0.59662 0.59623 0.60685 0.62180 0.63946 0.63481
4.000 0.83510 0.77805 0.75230 0.74339 0.74276 0.14764 0.74155
5.000 0.86792 0.87131 0.84572 0.83008 0.82143 0.81729 0.85772
6.000 0.90840 0.91886 0.90063 0.88528 0.87397 0.86476 0.88071
7.000 0.95439 0.94530 0.93345 0.92085 0.90982 0.89886 0.89062
-8.000 0.97747 0.96143 0.95368 0.94406 0.93451 0.92393 0.89707
9.000 0.98548 0.97190 0.96666 0.95854 0.95177 0.94264 0.90196
10.000 0.98922 0.97902 0.97531 0.97008 0.96394 0.95656 0.91261

Case II
0.135 0.00000 0.00027 0.00369 0.00995 0.01662 0.02150 0.02275
0.368 0.00000 0.02173 0.05731 0.08935 0.11806 0.14301 0.15864
1.000 0.15551 0.24696 0.30052 0.34510 0.38741 0.43104 0.47818
2.718 0.65624 0.66079 0.66231 0.67452 0.69346 0.71796 0.76278
7.389 0.88892 0.86865 0.86445 0.86192 0.86259 0.86519 0.88895
20.086 0.91415 0.93262 0.93062 0.92898 0.92835 0.92802 0.91327
54.598 0.94280 0.96146 0.95990 0.95916 0.95924 0.96007 0.93661
148.413 0.99226 0.97885 0.97742 0.97701 0.97725 0.97850 0.99119
403.429 0.99982 0.98913 0.98791 0.98765 0.98787 0.98906 0.99982 

-- -~~~ - - -
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3. The Moments of V and Some Characteristics of Its Distribution

As seen in the various tables of Section 2, the distribution of V is

considerably skewed in non—standard cases. We develop here formulae for

the moments of V and measures of skewness, kurtosis and other characteristics.

The r—th moment of V is given by,

(3.1) M - E
0 

{wr } - Ee { 

~~ 

(
~ ) exp {(r-j)X1 +

— 

- 

~~~ 
(~

) exp {jp 2 + (r~-j )p 1 +4( (r_J ) 2a1
2 + 20102 pj(r-j)

+ o 2
2 j 2 )}.

— Indeed , f or each j — 0,...,r ,

(r—j)X 1 + jX2 N((r—J)p1 
+ jp~, (r—j)~

2 + 2j (r—j )p o1 ~2 + ~
2 02

2
).

Moreover , E {eE~ ,t ) } = exp{~ +t
2/2}.

The central moments of W are denoted by M (~) and are given in terms of

Mr (•Q_) by the formula

(3.2) ~
ç

*(Q)  _

~~~~~~~~ 
(
~

)(
~
1)
~~
Mr...j(!)(Mi(!))~•

When X1 and 12 have the same marginal distributions, i.e., p1 — p2 — p and

01 ~2 — a , then e’ is a scale parameter of the distribution of V and we have

2
M1( V ’ e~~ •2e~~~

2
(3 3) 2 2 2

— e11V’~ e0 /2 (a° + e~~ — 2)1/2 ,

where s.d.~ (~) is the standard deviation of W, under e. 

~~~ “~~~~~~•~J’~ - ~~~~..__ - _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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In Figure 1 we illustrate the standard deviation of W, as a function 
- 

of P,
for a — 1, 1.5 and 2, and p — 0, on a logarittuic scale.

We see in Figure 1 that the standard deviation of V changes very slowly

when P < 0 and increases faster over the range of positive P values. Also, the

relative rate of increase grows fast with a. In other words, for a — 2 s.d.~ (~)

is relatively constant over P < 0, compared to the case with a — 1. —

Other parameters of interest are the coefficients of skewness,

— ~4
*
(e))

2
/O~~

*
(e))3 and of kurtosis y2(0) — M4*(e)/(M2*(e))2. Again,

when — 1’2 — p these parameters do not depend on p (or on the scale parameter

~1’)~ For a1 — a 2 — a w e obtain that 
-

3 2
(3.4) M3 Q )—2e fe 0 + 3 e0 (e °~~~— 2 ) — 6 e ° + 8 ]

and

- 2 2 2 2 2 2 
- 

2 2 2
- 
(3.5) M4~ Q) — 2e20 [e2

~ (e4° + 4~0 +3o p
~ 3•

40 P) — 8.0 (e~~ + 3 20 0)

2 2  2
+ 24.° (

0 + e0 P) — 24].

The coefficients of skewness and kurtosis, y
1
(~) and are plotted in

Figure 2 as functions of p for cases of — and a
~ 

— 0
2 

— 1, 1.5, 2.0.

These plots show that the distribution of V becomes extremely skewed and flat

vhn a becomes large. -
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Figure 1. The Standard Deviation of V for p — 0. For a — 1, 1.5, 2.0.
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Figure 2. ~1(2) and y
2(ø) for P1 — 1’2

X ,ie) _ _ _ _

~~~~ 
- 

-

- 10,000 
-

I

5 
~~~

_“
. /

I, -

i,:oo

— ~ —

100 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

L
$0 I I I I ~I >p

-1.0 -.75 —.50 -.25 0 .25 .50 .75 1.0

COEFFICIENT OF CORRELATION, p

- — — -— —~~~ —- —~~~~—
-——-~~~

- -—-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - —s 
~

- —-
~~~~

-
~~~~ 

—-— —— ~~~
-—

~~~~--- ~~
-
~~~~

-— I



____ 
- ~~~~~~~~~~~~~~~

_
- --- ~-—~~~ - - ~~~~~ ‘ - 

,
~ ‘ ~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~~~~~~~~~~~~~

—16—

Figure 3. Plot of F0(w) vs Log v on a Normal Probability
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4. Asproximating the Distribution of V by a Lognormal Distribution.

Iat UUn, t
2
) denote a lognormal distribution corresponding to the

normal distribution N(~ , r 2). We consider a lognormal approximation to the

distr ibution of W , with parameters r~ and ~2 determined so that th. first two

oments of U~ vi, r 2) and of W coincide. In Figure 3 the distribution of V

(in the standarâ case) is plotted on a normal probability paper versus log W,

for p — — .2(.2).8. We see that in the standard case the distribution F0(v)
— 

. 
1 -

for nonnegative p values is very close to a lognormal distribution. The

lognormal approximation is very good for p — — .20.

We consider now the lognormal approx imation to F0 
(w) . By the methods

of moment equations we determine ~ and by equating the f irst  two moments

of W to those of uith, t 2
) The equations to be solved are:

~~2 - -
.xp{n+r2/2} exp{ p

1+ _ }_ ) + exp t~ 2 +~~f},

(4.1) and

exp (2n + 2t~) —
~~~ exp{ 21’l + 201

2) + ~~~~ ~1’2 
+ 202

2)

1 2  2
- 

+ ~~zP {1’1 + + T(al + 200102 + 02 ~~~

These equations yield the solutions:

2 e
21h14201

2 2p2+2a2
2 

+ 2e 1 4(a1
2+2po1~az+o2

2)

(4.2) 1 — l o g  2 2 1 2 22v1+al 2p2+ci2 + 
~~~l ~~~ ~+ 2 e

and

p +o / 2 P2+02 /2 2(4.3) n. — log(e + e  ) — t / 2 .

— -— - ___.__~~~~~~~~~~ - _
~~

_ —~~
-
~~~~~

- —~~~ ——- ~~~~~~~~~~~
- _
~~~~~~~~~~~~~~~ —— _- - -— ~~~~_ s _ - — _

~ --~~~~~ —-—~~~~~~~~~~~~ —~~~~~~~~~~~ - ——S — ~~~~~~~~~~~~~
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Tb. app roximation to the distribution of W is then

(4.4) F
0
(w) •(!2$_~~~...!L),

- In Table 7-we compare the wct distribution of V in the standard case

with the lognormal approximation for p — —.75(.25).73. Table 7 conf irms

the earlier conclusion from Figure 3. that the lognormal approximation (4.4)

is very good for nonnegative values of p. In Table 8 we provide a comparison

between the exact distribution and the lognormal approximation in the case of

— 1’2 — 1-and — °2 — 1. Here also the approxi mation is also good p

nonnegative values of p. The extent to which the lognormal deviates from the

exact in the case of p — — .75 is shown in Figure 4. Due to the asymaetry

of the distribution, the lognormal distribution provides a better approximation

at the right hand tail of the distribution than at the lef t hand tail. Between

the 10th and 90th percentiles the ].ognormal distribution is good even in the

case of p — —.75.
In order to improve the approximation, especially for negative values of

p, we consider the Edgeworth expansion (see Johnson and Kotz (3; pp. 17]). A

2—term approximation formula is

(4.5) Fe
(w
~ 
; ,(1O& V - fl) 

- 
1 0 

1~1oa W - 
52 - 1]

—
_‘~~~~

.

•1 ,~~~

- - -

~ 

- - -—-~~~--—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and a 4—term approximation for i3.a is

(4.6) P,(w) ‘ G0~
2
~(v) — — 3).[(

10.t 
T 

~~3 — 3.(lo a w —  5]

- 10(~~R~~~~ 1~)3~~ j 5(
1O~~ 

V _

where and ~2 (!) are the coefficients of skewness and kurtosis of

Z — log W, and + (u) is the standard normal p.d.f. G
0~
2
~(w) is the R.H.S. of

(4.5). In order to appiy these approximations we have to discuss the problea

of computing the moments of Z — log W, which are required f or yl*Q) and y 2*Q)~
This problem is discussed in Section 5.

In Table 9 we provide the results of a 2—term Edgeworth expansion, for the

case presented in Table 8. —

A 4—term approximation is given in Table 10. The comparison of these

Tables with Table 9 showing sometimes certain improvements but not substantial

ones.

Other types of approximations that we attempted did not yield better results. 

—-- -- - - - -  - _ _ _
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Table 7. The Exact Distribution of V (upper ) and the Lognormal Approximat ion

(lower) ; p1 — — 0, a~ — 02 — 1.

WIp — .75 — .50 — .25 0 .25 .50 .75

1.000 0.00946 0.04229 0.07849 0.11346 0.14692 0.17938 0.21151
2.000 0.26969 0.32330 0.36195 0.39414 0.42283 0.44948 0.47499
3.000 0.60336 0.59423 0.59875 0.60781 0.61889 0.63107 0.64397
4.000 0.78277 0.75881 0.74750 0.74334 0.74333 0.74594 0.75029
5.000 0.86991 0.85105 0.83682 0.82774 0.82248 0.81994 0.81936
6.000 0.91602 0.90363 0.89113 0.88122 0.87402 0.86906 0.86585
7.000 0.94279 0.93491 0.92509 0.91600 0.90850 0.90262 0.89814
8.000 0.95943 0.95437 0.94698 0.93922 0.93218 0.92617 0.92119
9.000 0.97031 0.96701 0.96153 0.95512 0.94881 0.94307 0.93803

10.000 0.97771 0.97551 0.97147 0.96625 0.96074 0.95545 0.95058

1.000 0.0801 0.0939 0.1108 0.1311 0.1548 0.1819 0.2118
2.000 0.3483 0.3651 0.3840 0.4047 0.4271 0.4507 0.4751
3.000 0.5806 0.5886 0.5977 0.6078 0.6190 0.6311 0.6440
4.000 0.7338 0.7348 0.7364 0.7386 0.7416 0.7455 0.7503
5.000 0.8292 0.8265 0.8240 0.8218 0.8202 0.8194 0.8193
6.000 0.8883 0.8842 0.8799 0.8757 0.8718 0.8685 0.8658
7.000 0.9255 0.9211 0.9163 0.9114 0.9066 0.9021 0.8981
8.000 0. 94 93 0.9452 0.9406 0.9356 0.9306 0. 9257 0.9212 —

9.000 0.9649 0.9612 0.9570 0.9524 0.9476 0.9427 0.9380
10.000 0.9753 0.9721 0.9684 0.9643 0.9598 0.9552 0.9506

- , - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - — --- - -- - ------—- -~----—-- - - - _ ---— - -- -~ -~~—
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Table 8. The Exact Distribution of V (upper) and Its Lognormal Approximation

(lower) for p
1 — p

2 — 1 ,o1 — o 2 —1 .

~/~ —1.00 — .75 — .30 — .25 0 .25 .50 .75 1.00

1 0.0000 0.0000 0.0001 0.0014 0.0049 0.0110 0.0197 0.0310 - - 0.0452
2 0.0000 0.0008 0.0106 0.0292 0.0518 0.0765 0.1025 0.1299 0.1587
3 0.4602 0.0183 0.0616 0.1034 0.1415 0.1768 0.2105 0. 2435 0. 2761
4 0.6141 0.0873 0.1560 0.2061 0.2473 0.2835 0.3168 0.3486 0.3795
5 0.7094 0.2080 0.2715 0.3156 0.3514 0.3829 0.4119 0.4397 0.4666
6 0.7743 0.3481 0.3876 0.4188 0.4458 0.4705 0.4939 0.5168 0.5393
7 0.8208 0.4795 0.4927 0.5102 0.5280 0.5458 0.5635 0.5816 0.5998
8 0.8351 0.5893 0.5826 0.5883 0.5981 0.6096 0.6223 0.6360 0.6504
9 0.8812. 0.6758 0.6570 0.6540 0.6573 0.6636 0.6719 0.6818 0.6929
10 0.9014 0.7421 0.7176 0.7087 0.7070 0.7091 0.7138 0.7206 0.7289
11 0.9173 0.7924 0.7666 0.7540 0.7487 0.7476 0.7494 0.7536 0.7595
12 0.9300 0.8307 0.8060 0.7914 0.7837 0.7802 0.7797 0.7817 0.7837
13 0.9403 0.8600 0.8378 0.8225 0.8132 0.8079 0.8056 0.8059 0.8083
14 0.9487 0.8828 0.8635 0.8483 0.8380 0.8315 0.8279 0.8268 0.8279
15 0.9557 0.9008 0.8843 0.8698 0.8591 0.8517 0.8470 0.8449 0.8449
16 0.9614 0.9152 0.9014 0.8877 0.8770 0.8691 0.8636 0.8606 0.8598
17 0.9663 0.9268 0.9154 0.9028 0.8922 0.8840 0.8781 0.8744 0.8729
18 0.9704 0.9364 0.9269 0.9155 0.9053 0.8970 0.8906 0.8864 0.8844
19 0.9739 0.9443 0.9366 0.9262 0.9164 0.9082 0.9017 0.8971 0.8946

4 20 0.9768 0.9510 0.9446 0.9353 0.9261 0.9180 0.9113 0.9065 0.9036
21 0.9794 0.9566 0.9514 0.9431 0.9344 0.9263 0.9199 0.9148’ 0.9117
22 0.9816 0.9615 0.9572 0.9498 0.9417 0.9340 0.9274 0.9222 0.9189
23 0.9835 0.9656 0.9621 0.9555 0.9480 0.9406 0.9341 0.9288 0.9254
24 0.9852 0.9692 0.9663 0.9605 0.9534 0.9464 0.9400 0.9348 0.9312
25 0.9867 0.9723 0.9699 0.9648 0.9583 0.9516 0.9453 0.9401 0.9365

1 0.0013 0.0021 0.0033 0.0052 0.0084 0.0133 0.0207 0.0311 0.0452
2 0.0257 0.0319 0.0403 0.0512 0.0654 0.0831 0.1046 0.1299 0.1587
3 0.0913 0.1039 0.1192 0.1378 0.1596 0.1847 0.2128 0.2435 0.2761
4 0.1852 0.2008 0.2191 0.2402 0.2641 0.2904 0.3188 0.3487 0.3795
3 0.2888 0.3042 0.3219 0.3420 0.3641 0.3881 0.4135 0.4398 0.4666
6 0.3897 0.4030 0.4182 0.4352 0.4538 0.4739 0.4951 0.5170 0.5393
7 0.4816 0.4920 0.503 9 0.5172 0.5318 0.5476 0.5644 0.5819 0.5998
8 0.5622 0.5696 0.5781 0.5877 0.5985 0.6102 0.6229 0. 6364 0.6504
9 0.6314 0.6360 0.6414 0.6477 0.6550 0.6632 0.6724 0.6823 0.6929
10 0.6899 0.6921 0.6950 0.6985 0.7029 0.7081 0.7142 0.7212 0.7289
11 0.7390 0.7393 0.7401 0.7414 0.7434 0.7461 0.7497 0.754 2 0.7595

- ‘ 12 0.1800 0.7789 0.7781 0.7776 0.7776 0.7784 0.7799 0.7824 0.7857
13 0.8143 0.8121 0.8100 0.8082 0.8067 0.8059 0.8058 0.8066 0.8083
14 0.8429 0.8399 0.8369 0.8340 0.8315 0.8294 0.8280 0.8275 0.8279
15 0.8667 0.8633 0.8596 0.8560 0.8526 0.8496 0.8472 0.8456 0.8449
16 0.8867 0.8829 0.8788 0.8747 0.8707 0.8670 0.8638 0.8614 0.8598
17 0.9034 0.8994 0.8951 0.8907 0.8862 0.8820 0.8782 0.8751 0.8729
18 0.9174 0.9134 0.9090 0.9043 0.8996 0.8950 0.8908 0.8872 0.8844
19 0.9292 0.9252 0.9208 0.9160 0.9111 0.9063 0.9018 0.8979 0.8946
20 0.9392 0.9352 0.9309 0.9261 0.9212 0.9162 0.9113 0.9072 0.9036
21 0.9476 0.9438 0.9395 0.9348 0.9299 0.9249 0.9200 0.9156 0.9117
22 0.9547 0.9511 0.9469 0.9424 0.937 5 0.9325 0.9276 0.9230 0.9189
23 0.9608 0.9573 0.9534 0.9489 0.9441 0.9392 0.9343 0.9296 0.9254
24 0.9660 0.9627 0.9589 0.9546 0.9500 0.9451 0.9402 0. 9355 0.9312
23 0.9704 0.9673 0.9637 0.9596 0.9331 0.9503 0.9455 0.9408 0.9365

I - .. ——---- — ------ - ~~~~~~~~~~~~~~~~~~~ .~~~~~~~ . ~~~~~~~~~~~~~~ ~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 9. A 2—tsr. Edgeworth Expansion Approximation p1 — p2 — 1, 01 — 02 — 1.

V/P — .75 — .50 — .25 0 .25 .50 .75

1 0.0042 0.0050 0.0066 0.0094 0.0139 0.0209 0.0312
2 0.0397 0.0452 0.0541 0.0669 0.0837 0.1048 0.1300
3 0.1086 0.1214 0.1384 0.1596 0.1845 0. 2126 0.2434
4 0.1971 0.2158 0.2376 0.2623 0.2893 0.3183 0.3485
5 0.2927 0.3141 0.3369 0.3611 0.3865 0.4128 0.4396
6 0.3867 0.4078 0.4289 0.4503 0.4722 0.4944 0.5168
7 0.4742 0.4928 0.5106 0.5282 0.5459 0.5637 0.5817
8 0. 5526 0. 5676 0. 5816 0. 5952 0. 6087 0. 6224 0.6362
9 0.6212 0.6324 0.6425 0.6522 0.6619 0.6719 0.6821

10 0.6803 0.6878 0.6943 0.7006 0.7071 0.7138 0.7210
11 0. 7308 0.7348 0.7383 0.7417 0.7453 0.7494 0.7541
12 0.7735 0.7747 0.7755 0.7765 0.7779 0.7797 0.7823
13 0.8095 0.8083 0.8071 0.8061 0.8056 0.8057 0.8066
14 0.8398 0.8367 0.8338 0.8313 0.8293 0.8280 0.8275
15 0.8652 0.8607 0.8565 0.8528 0.8497 0.8472 0.8456
16 0.8865 0.8809 0.8758 0.8712 0.8672 0.8639 0.8614
17 0.9044 0.3980 0.8922 0.8870 0.8823 0.8783 0.8752
18 0.9194 0.9125 0.9063 0.9006 0.8954 0.8910 0.8873
19 0.9320 0.9248 0.9183 0.9123 0.9069 0.9020 0.8979
20 0.9426 0.9353 0.9286 0.9225 0.9168 0.9117 0.9073
21 0.9515 0.9442 0.9375 0. 9313 0.9255 ts.9203 0.9156
22 0.9590 0.9518 0.9452 0.9390 0.9332 0.9278 0.9231
23 0.9653 0.9583 0.9518 0.9457 0.9399 0.9345 0.9297
24 0.9706 0.9638 0.9575 0.9516 0.9458 0.9405 0.9356
25 0. 9731 0. 9686 0.9625 0.9567 0.9511 0.9458 0.9409
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Table 10. 4—ter m Edge-worth Expansion Approximation. For p
1 — p2 — 1,

V/p — .75 — .50 — .25 0 .25 .50 .75

1 -.0026 — .0025 — .0010 0.0027 0.0090 0.0184 0.0307
2 0.0347 0.0443 0.0572 0.0730 0.0914 0.1117 0.1332
3 0.1313 0.1457 0.1625 0.1814 0.2020 0.224 2 0.2478
4 0.2366 0.2516 0.2681 0.2864 0.3064 0.3282 0.3517
5 0.3290 0.3443 0.3605 0.3780 0.3972 0.4182 0.4410
6 0.4075 0.4234 0.4395 0.4565 0.4748 0.4947 0.5164
7 0.4760 0.4920 0.5077 0.5239 0.5412 0.5597 0.5798
8 0.5373 0.5527 0.5674 0.5824 0.5982 0.6150 0.6332

- - 9 0.5933 0.6070 0.6201 0.6334 0.6474 0.6623 0.6784
10 0.6444 0.6558 0.6668 0.6781 0.6900 0.7029 0.7169
11 0.6910 0.6996 0.7082 0.7173 0.7271 0.7379 0.7497
12 0.7331 0.7388 0.7450 0.7518 0.7594 0.7681 0.7780

- J 13 0.7709 0.7738 0.7775 0.7821 0.7877 0.7944 0.8023
14 0.8045 0.8048 0.8062 0.8087 0.8124 0.8172 0.8235
15 0.8341 0.8321 0.8315 0.8322 0.8340 0.8372 0.8418
16 0.8601 0.8561 0.8538 0.8528 0.8531 0.8548 0.8579
17 0.8827 0.8772 0.8733 0.8709 0.8698 0.8702 0.8720
18 0.9023 0.8955 0.8905 0.8868 0.8845 0.8837 0.8844
19 0.9192 0.9115 0.9055 0.9008 0.8976 0.8957 0.8954
20 0.9338 0.9254 0.9186 0.9132 0.9090 0.9063 0.9051
21 0.9462 0.9374 0.9301 0.9240 0.9192 0.9157 0.9138

- 
— 22 0.9568 0.9477 0.9401 0.9335 0.9282 0.9241 0.9215

23 0. 9658 0.9567 0.9488 0.9419 0.9361 0.9316 0.9284
24 0.9734 0.9644 0.9564 0.9493 0.9432 0. 9382 0. 9345
25 0.9798 0.9710 0.9631 0.9559 0.9495 0.9442 0.9401 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Figure 4. Normal Probability Plot ‘/8 Log V or the Exact and the Log—Normal
Distributions, for p
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5. The Moments of Z — log V in the Correla ted Case.

Hamdan [2] developed formulae for the expectation and variance of

Z — log W in the case of correlated random variables, with possibly different

variances. His formula for E fz} in the standard bivariate casep
— 
~2 

— 0 , a
~ 

02 1) can be written in the form

(5.1) p
1
0(Z) J + 2 ~ 

(~1)J~~ .} ei
2 (1~~ ) 

•(—j /2( 1—p ) .) .

i—i

It is easy to prove that this series is absolutely convergent, since for large
_______ 

2
values of j  •(—j /2( 1—p)): 1 e~~ ~~~~ (see Feller [1; pp. 166]).

One should be careful in the computation of p according to (5.1)
2 

_ _ _

since e~ 
(1~~~ grows very fast  with j  and • (—j [2(1—p) ) decreases very fast .

We have found that the polynomial approximation for ~(z) given by Zelen and

Severo (7] to be very effective. This approximation is given by

5 -

(5.2) •(z) — 1 — 4(z)  ~ b~ O. ÷p z)~~~, a > 0
i— I. -

where p — .2316419; b1 = .319382 ; b2 — — .356564; b3 1.781478; b4 = —1.821256;

and b5 = 1.330274 . By substituting (5.2) in (5.1) and since •(— z) — 1 — 4(z) ,

we obtain the formula

5 b
(5.3) p ~ (Z) /~~~+/~ ~ (_ 1) i_ l 1 

_____

1 w j1 (l+p(jv’2(1—p)) 
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The convergenc e is of 0(—~—) .  Our experience has shown that between 10 and
:1

20 terms are sufficient in most cases to obtain stable results. The error

in (5.2) is smaller in magnitude than 1.5 x io 8 for all z. We therefore

consider the values obtained from (5.3) as close to the exact ones. This

approximation is better than the one given by Hamdan in [2].

We could not obtain similar formulae for the higher moments of Z.

Although Hamdan provides in (2] a formula for E~ 1Z 2 } we have not been able

to apply it (the series expression given by Haindan does not converge

absolutely!). We therefore provide the following numerical approximation

f ormula for the determination of the moments of a:

In T~~
(5.4) Pr~

(z) 
~ ~ (log(e ~ + e

i—l i—i

— 
~~~(

j
;P) —

+ ~~~~~~~~~~ 
‘

where 4(z1,z2;p) is the standard bivariate normal integral; in is the number of 
—

subintervals for each variable. We compute the moments over a grid of in x in

squares. The range in each dimension is from —4.5 to +4.5 and the length of

each eubinterval is A — gum.

- In Table 11 we compare the values of the first moment of Z obtained by

(5.3) and by (5.4) with m — 7.

In Table 12 we present the values of the first four moments of Z computed

according to (5.4) with in — 10, and also the values of the standard deviation,

/~~~and y2 of Z.
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Table 11. The Expectation of Z.

Formula
p (5.3) (.54)

— .75 1.0295 1.0254
- — .50 .9893 .9860

— .25 .9473 .9459
0.00 .9032 .9041
0.25 - .8565 .8598
0.50 .8067 .8125
0.75 .7532 .7614

Table 12. Moments, Standard Deviation and the Coefficients of Skewness and

K.urtosis of Z in the Standard Case.

p — .75 — .50 — .25 0 .25 .50 .75
p1 1.0396 0.9998 0.9583 0.9148 0.8690 0.8203 0.767 9
p
2 1.4047 1.4165 1.4297 1.4447 1.4620 1.4824 1.5074

p3 2.2543 2.3395 2.4126 2.4739 2.5234 2.5601 2.5818
p4 4.1885 4.4522 4.7300 5.0318 5.3648 5.7353 6.1522

p — .75 — .50 — .25 0 .25 .50 .75
S.D. 0.5692 0.6457 0.7151 0.7796 0.8407 0.8997 0.9580
vcj 0.6533 0.3330 0.1708 0.0848 0.0411 0.0220 0.0169

3.9928 3.4180 3.1729 3.0648 3.0161 2.9936 2.9826

~ 
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Table 12 shows again the observation previously discussed that the

distribution of Z , for p> 0, is approximately normal . Considering the

values of and for P — — .75 it seems that the distribution of Z — log W,

when P is close to — 1, can be approximated by the Pearson type IV distribution

(see Johnson and K.otz [3; pp. 12]). However, it is quite difficult to

compute the c.d.f. of the Pearson type IV, while the c.d.f. of Z can be

computed numerically very well according to (2.5) or (2.10).

—— -- ~~~———--  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~—- ‘ - -——~~- -—-  — - ~~~~~~~~~



-~ --

—29—

6.. References

(1] Feller, V. (1957)
An Introduction to Probability Theory and Its Applications, Vol. 1.

- New York: John Wiley & Sons.

[2] Hamdan, M.A. (1971)
“The logarithm of the sum of two correlated log—normal variates”,
Journal of the American Statist ical Association , 66: 105—106.

[3] Johnson , N.L. and Kota , S. (1970’~
Distributions In Statistics: Continuous Univariate Distributions — 1
Boston : Houghton Miff Un Co.

[4] Naus, J.I. (1969)
“The distribution of the logarithm of the sum of two log—normal variates”,
Journal of the American Statistical Association, 64: 655—659.

[5) Tsokos , C.P. and Lowrimore, G.R.
The Probability Distribution of the Logarithm of the Sum of Two
Log—Normal Variates . In preparation.

[6] Tsokos, C.P.
The Probability Distribution of the Logarithm of the Sum of Two Log—
Normally Distributed Random Variables. In preparation.

[7) Zelen, M. and Severo , N.C. (1968)
Probability Functions, Chapter 27 of: Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables; M. Abramowitz and l.A.
Segun (eds.); New York: Dover Publications, Inc.

[8] Abramowitz , N. and Segun , l.A. (1968)
Handbook of Mathematical Functions with Formulas, Graphs and Mathematical
Tables , New York: Dover Publications, Inc.

4

- --~~---~~~~~~~~~~~ --— - -U - - - - - - - - -~~~~~~~~~~



____ 
~~~~~~~~~~~~~~ ~ W ~~~~~~~~ 

-..~~~~~‘

• SECURITY CLASSIPICATION OF THIS PAGE (IIS~in ON. Enl. ,s~~
D~~DflDT lW~II C~ITATIf1~I DA~~~~ 

READ INSTRUCTION S
I ~~~~~~JI’U-I” I ~~~ ~~ IE?ORE COMPLETING FORM

~~EPORY NUMBER IZ. GOVT ACCCUION NO S. RCCIPIENT S CATAI.OG NUMBER

No. 31 I _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

4. TITL E (ind SubISU.) 
- 

S. TYPE OP REPORT S PERIOD COVERED

THE DISTRIBUTION OF SUMS OF DEPENDENT L G ~~~RMAL TECHNICAL REPORT
VARIABLES • S. pc~~ro~~~ w o ORG. REPORT NUMBER

2. AUThOR(S) S. CONTRACT OR GRANT NUMSEN(i) —

S. ZACKS, CASE WESTERN RESERVE UNIVERSITY NR 000l4-75-C-0529 V
C. P. TSOKOS, UNIVERSITY OF SOUTH FLORIDA PROJECT NR 042-276

4. PERFORMiNG ORGANIZATION NAM E AND ADDRESS 10. PROGRAM ELEMENT~ PROJECT . TA SK
- AREA S WORK UNIT NUMBERS

DEPARTMENT OF MATHEMATICS AND STATISTICS
CASE WESTERN RESERVE UNIVERSITY

It . CONTROLLING OFFICE NAME AND ADDRESS IS. REPORT DATE
- 

- - OFFICE OF NAVAL RESEARCH APRIL 20 , 1978 - 
-

ARLINGTON, VIRGINIA 22217 - IL NUMBER OF PAGES

i4~ MONITORING AGENCY NAM E S ADDRESS(U ditt..un t ho., ControHSng Otis. .) IS. SECURITY CLASS. (.1 thi . rspooI)

UNCLASSIFIED
ISa DCCI. ASSI FICATION/DOWNGRAOING

SCHEDULE

IS. DISTRIBUTION STATEM ENT (of thS. R.port)

DISTRIBUTION OF DOCUMENT UNLIMITED

I?. DISTRIBUTION STATEMENT (.1 A. .b.seace .ns.r.d In Block 20. St dUI.ssnl ho. R.po,t)

IS. SUPPLEMENTARY NOTES

IL KEY WORDS (Co.Shw. on r~~ir•i .54. U n.c..o.y ond IdsitiItr 5,p block RU.bSI) ~- -

Log—normal distribution; bivariate—normal distributions; Gauss—Legendre
quadrative; Edgeworth expansions; skewness; kurtosis.

- - . IS. ABSTRACT (C.nUnu on ,..r., a54 II n.c..o.v .i~ SdsntUY s, block m. SN)

The present paper studies the properties of the distribution of sums
of dependent log—normal random variables and methods to compute numerically
their corresponding c.d.f.’s. The dependence between the log—normal van —
ables is defined in terms of the correlation between the corresponding
normal variables. Two methods for numerical computations of the exact
cumulative distributions are developed first. One can be described as a
numerical convolution and the other is a Gauss—Legendre quadrature. These

DO , 
~~~~~~~ 

1473 EDITION OP I NOV SI IS OS$Ot.ttI
1/N SIOZ- O$4.U0I i _______________________________________

- - SECURITY CI AUIPICATIOIS 0? THIS .*st ~~~
o. s. ~~~~~~~

— - ~~-~~~ 2 a  ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~t ~~~~~~~~~~~~~~~~~~~~~ ‘~~~



-- —,--—- --.-‘,-.,--- -.,~~, - ------.-,-—.-——. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
-

- -

~

—--—- - - -

.b.I..URITY cI.*ssIcic aTioN OF TsIS PfG((Wh ,n
-

-

~~~~~~~ are compared by numerical results in standard and non—s’tandard
cases. The ~~ments of the distribution of the sum are given explicitly
and also the coefficients of skewness and kurtosis. It is shown that for
for positive correlations the distribution of the sum is approximately
log—normal . For negative values of the correlation the log—normal
becomes ineffective. Another approximation is given for these cases,
based on the first few terms of an Edgeworth expansion. Finally, methods
for computing the n~ ments of the logarithm of the sum are developed.
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