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SECTION 1

1.0 INTRODUCT ION

The problem of communication from a satellite to a ground station
in the presence of large, spatially extended regions of high-altitude nuclear
burst produced striations of electron density can be modeled as the problem
of propagation through a thick medium composed of random index-of-refraction
fluctuations., Since no general analytical solution is available for this
problem it must be Fandled numerically, In this report, a multiple phase-
screen propagation simulation is developed as a method to propagate electro-

magnetic waves throngh statistically chosen rcalizations of the rondom medium,

In general, the electron density striations are represented by a
number of phase screens which are chosen to possess the same statistical
description as the original striations, A plane wave is then propagated
from one phase screen to the next until a solution for the electric field
in the receiver plane is obtained. To obtain the statistics of the received
field, the problem is solved a number of times with different realizations
of the phase screens (all with the same statistics) and the results are

averaged.,

The possibility of generating and retaining the realizations of
the received electric field is an advantage of this type of simulation
solution particularly when the results are to be used in conjunction with
a receiver simuletion of the ground station electronics. For all the work
reported here several realizations of the received field were retained and

are available for future analysis.




This report considers the effect of nuclear burst produced stri-
ation structure on propagation of 7,5 GHz (wavelength = 0,04 m) communica-
tion signals from a satellite to a ground station. The two diffecrent
geometries relevant to the Defense Satellite Communications System (DSCS)
considered are shown in Figure 1 (a) for the case of striations ranging
in altitude from 300 km (F region altitude) to 15000 km and ca ¢ (b)
for striations ranging from 6000 km to 15000 km altitade. (n both cases the
striations arc assumed to be elongated in the direction perpendicular to
the page so that there is no variation in the y-direction, All results are
given in terms of the one dimensional phase-screen power spectral density or
autocorrelation function, The relationship of these quantities to the elec-
tron density power spectral density is given in Appendix B, The choice of
phase-screen power spectral density is arbitrary but for this work results

were obtained for two spectra:

5
o, L
Dy o 00 ]
Yo T(K) = = 220 3/2 (1-1)
(1+K LO)
o)k 2 by -1KlL, (yo
o (K) = U(b 5 ¢ Ly
)

As shown in Appendix B ¢él) corresponds to a K © power law spectral
density for one-dimensional electron density fluctuations (thought to be

(2)

representative of the ambient ionosphere) and ®® corresponds to a one-
dimensional exponential (or Chesnut) power spectral density for integrated

electron density fluctuations,

The corresponding phase screen autocorrelation functions may be
analytically obtained as:

(D) o & o .
B, (&) = L K (6/Ly) (1-3)
(2) 1
B s [—s—s 1-4
NG (1+52/L2 ) (1-4)
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where Kl(x) is the modified Bessel function (Abramowitz and Stegun, p. 374).
(The Fourier transform relationship used here between autocorrelation func-
tion and power spectral density is given by Equations B-11 and B-14,) For
this report an important parameter of interest is the autocorrelation length
which i« defined as the e-'l point of the autocorrelation function, For

the power law spectrum, ¢£1), the correlation length is REI) = 1,55 LO’
and for the exponential spectrum, ¢é2), the correlation length is given
by 2&2) = 1,31 LO' For this report, the correlation length ranged from
1 to 10 kilometers for both choices of the phase-screen power spectral
density,

The final physical parameter of interest is the total phase stan-
dard deviation of the phase-screcins comprising the multiple phase-screen,
Since cach phase-screen is designed as an assembly of Gaussian candom vari-
ables with zero mean and variance oé. and is independent of the other
individual phase-screens, the total vériance is the sum of the individual

variances and thus the phase standavd deviation is given by

o | (1-5)
¢

where N 1is the total number of phase-screens. For this work N was
chosen to be 10 and o¢ ranged from 1.0 to 100 radians,

The main body of this report is divided into three major scctions,
Sections 2 and 3 show the application of the MPS code to problems whose
analytic solutions are available and allow a comparison c¢f the code results
to analytical results, Section 2 deals with the calculation of the dif-
fraction pattern of a single Gaussian lens in the center of a phase screen.
The analytic solution is obtained as a Fresnel-Kirchhoff integral which may

be written as an infinite series and summed. Section 3 shows the results

for a single phase-screen characterized by a Gaussian power spectral density

8




and small phase variance 0;. Results for the observed intensity power
spectral density, and scintillation index are compared with analytic cal-
culations in the weak-scatter approximation, Section 4 describes the
results of the LLSCS simulation at a frequency of 7,5 GHz, Appendix A
contains a description of the multiple phase-screen code, its analytical
foundation and the technique used to generate the random phase-screens,
Appendix B contains a derivation of the relationship between the phase-
screen standard deviation 0¢ and the electron density fluctuations and
a brief discussion of the relationship between one, two and three-dimensional
power spectra., Appendix C shows one realization of all ten phase-screcns
and traces the signal intensity as the wave propagates through the medium

for a particular geometry relevant to DSCS.
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SECTION 2

2.0 DIFFRACTION BY A GAUSSIAN LENS

2.1 Gaussian Lens - Code Calculation

As a test of the multiple phase-screen propagation code, a single

Gaussian phase lens given by
202 2-1)
h = \ X . 2a
¢ (x) @0 exp(-x /10) (

was used at the first phase-screen lecation (z = 9,0) with ¢U chosen as
10 radians and Yy taken as A,

The intensity |1 = IEI2 was observea as a function of distance
from the lens, z/A as indicated in Figure 2(a-b), In this figure, all
the phase-screens and observation screens are aligned, so that features

of the diffraction pattern can be easily followed for changing z/X values,

The focal length for a Gaussian lens is given by Salpeter (1967) as
krS/Z@o where L\ 1s the wavenumber 2n/A, Taking ry = A and ¢O = 10 radians,
the focal length F/A 1is 06.31 which corresponds reasonably well with the
value of z/X = 0,5 where the intensity in the diffraction pattern at
x = 0 builds up to a maximum, At values of 2/X greater than the focal
length, the diffraction pattern exhibits increasingly more complex patterns
associated with rays coming from the edges of the lens, rather than from

the center.

10




S TR oA n TN e R A R A T P S P
o _ J— e T P I L T S T i e SR R D s
m‘ e T T 0 S R Vo A O RIS TR

2y

% 3
St SO,

st mofy s

5
o

o sing

s

2.2 Gaussian Lens ~ Analytic Results

An analytical relationship between the electric field at z = z

ks
W3
ks

1
and z = z, is given by the Fresncl-Kirchhoff integral (Ratcliffe, 1956)

grapenast

et g

i2m(zy-2) -1/ e -ik(z,-zl)
E(x,zz) |5 fd&e “

-0

MBS

SN

xexp i k(x—a)z/(zz-zl){ E(E,2,) (2-2)

Sl T

wvhere E(x,zl) is the electric field as a function of x in the z = 2z

AREFIE

1

¢

plane. For an initial electric field in the z = 0 planc given by

TSRS
e

2,2 . . . s s
E{E ) = exp i{Q)0 exp(-§ /ro)}, Equation 2-2 may be written as an infini*:

2
i series by expanding cxp i{¢0 exp(-ﬁ'/rg)} in a Taylor series as

ik
PR

n

(o8]
SIS (2-3)

bR i

3 The resulting integral over £ may then be analytically performed
3 using Equation 3,323(2) cn page 307 of Gradshteyn and Ryzhik (1965). The
3 result may be expressed as

SR PP UNOPVEIR R AP

ianzt .2 e (ig)" ,
3 Bxt,z) = o S MR Y L0 g iy TV
B viz! n=0 M

4 w1202
o exp LR 7/2 (2-4)
(n/ré“-in/z')

where the primed quantities x' = x/A, z' = z/A, and ré = rO/A. This
series is easily summed (numerically) and the results for several values
of z/X are shown in Figure 2 to be identical to the code calculation for

/A g 2.0, N
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For z/X = 10 the multiple phase-screen calculations deviate
from the theoretical results because energy which has left one side of the

grid is coming back into the other side (this is the well known wrap-around

or aliasing effect in fast Fourier transforms). Hendrick (1977) has deter-
mined criteria required to avoid this and other numerical problems and these

criteria were used to assure proper application of the code results,
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SECTION 3

3.0 DIFFRACTION BY A RANDOM THIN PHASE-SCREEN

This scction contains a sccond application of the multiple phase-
screen propagation code to a problem for which analytical results are avail-
able - scattering through a thin phase-screen characterized by a Gaussian
power spectral density., For this cxample, only one phase-screen was used
to characterize the random medium., The screen was located at z = 0 and
vas generated with a phase power spectral density (PSD) of

X

2 0 29
¢ (K) = 0, — exp(~K“x>/4) (3-1)

where the phase standard deviation was chosen as c¢ = 0.1 radians and X was

taken as 1A, The corresponding phase autocorrelation function is then
\ 2,2
B,(8) = exp(-§ /%g) (3-2)

To obtain statistical results for the received signal, the simu-
lation was exercised ten times with ten different random phase-screens
(each screen chosen used a different set of random numbers; see Appendix A),
Figure 3 shows a comparison of the intended phase-screen power spectral
density ¢¢(K') where K' = KA (dotted line) with the actual mean pcwer
spectral density obtained by averaging the power spectral densities of each
of the ten realizations. Although no statistical study was performed to
show the effect of averaging over different numbers of realizations this

result indicates that ten realizations are sufficient to obtain reasonably
accurate statistics,
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Figure 4 shows the average intensity (IE]Z) power spectral dyusity
at the locations z/A = 0.628, 6,28, aud 37.7, each compared to the theoreti~
cal results from Salpeter (1967)

0, (K) = 48, (K) sin®(K*2/2K)). (3-3)

¢

(Strictly speaking ¢I is the PSD of the normalized intensity deviation
(|E|2-<]E|2>)/<IB|2>), Excellent agreement between the theoretical and simu-
lation results is shown with the simulation results for z/X = 6.28 even
matching the location of the nulls (but not the infinite depth) of the
analytical result., In all three curves the simulation deviates from the
analytical results for large wavenumbers, which is likely caused by aliasing
which always occurs in the application of fast Fourier transform techniques.,
¢ second possible explanation for this deviation at large wavenumbers is that
the small scalec sizes may produce angular scatter which causes this portion
of the wave to alias to the other side of the phase screen, However, this
aliasing behavior should become more pronounced as the propagation distance
2/A increases, Since this is not the case for Figure 4, this explanation
must be discarded. For z/A = 37.7 the simulation accurately models the
peaks of the analytical curve., However, except for the iirst null at

KA T 1 (K22/2k = 7), the details of the nulls are lacking. This smearing

of the nulls is caused by the averaging process.,

The circled dots of Figure 5 show the value of scintillation

6 of 0.1, 1,0 and
10.0 radians, The solid curves are analytical estimates taken from the
weak-scatter approximation of Salpeter

ot 2
2 .
s2 = 4 f 8, () sin” [52{-] oK (3-4)

index S4 obtained from the simulation for values of ¢

17
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which may be exactly integrated for the Gaussian phase power spectral

density given by Equation (3-1) to obtain

2 _ 2 1 2 A 1 14
si =0, {2 - (—- + ——-") cos {5 tan~ ~5) . (3-5)
0

It is secen from Figure 5 that excellent agrecement is obtained between this
analytical approximation and simulation results when the weak-scatter

assumption inherent in Equation 3~5 is valid,
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SECTION 4

4.0 DSCS SIMULATION RESULTS

This section describes the results of the simulation as applied to
the satellite communication problem discussed in the introduction. As stated
there, the simulation was applied to the two geometries shown in Figure 1,
for two different phase-screen PSD's as given by Equations 1-1 and 1-2, The
phase corrclation lengths ranged from 1 to 10 km, and the phase standard
deviation (as given by Equation 1-5) ranged from 1,0 to 100 radians., Table
4-1(a) and (b) shows the cases which were simulated for the power-law PSD
and for the exponential PSD respectively, In addition to the phase correla-
tion length, Qc’ and phase standard deviation, o¢, for cach case the simu-
lated phase-screen length L is also included. In all cases, for this
section of the report, the statistical results were obtained by averaging
results for ten different rcalizations of the problem., For each realiza-
tion, the striated region was represented by ten phase-screens, each com-
posed of 2048 points,

In general, the results were not a strong function of the two
geometries shown in Figure 1. For the weak scattering cases listed in
Table 4, the scintillation index for the thicker striation region geometry

(Figure 1(a)) was up to 25% less than that for the thinner region with the

same total phase standard deviation. This is intuitively expected since
for the thicker geometry, the phase-screens very close to the receiver
plane will not be as effective at producing amplitude scintillation as

phase-screens farther away, In the rest of this section only results for

the geometry of Figure 1(a) are presented.
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Table 4-1(a). Simulation parameters for power-law PSD,

- j Phase Correlation Phase Phase Screen Resulting
N 3 Length Standard Deviation Length Scintillation Index
; ! zc 2 L Geometry 1* Geometry 2** |
- ’f 1 kn 1.0 rad 30 km 37 42
1 . 1 2.5 30 .83 .85
% 1 3.16 30 .94 .93 1
" ‘ 1 10.0 30 1.05 .98
3 3.16 50 Y .48
b 3 10.0 50 1.03 1.06
10 10.0 100 41 .49 !
4 10 31.6 100 1.05 1.05
, . Table 4-1(b). Simulation parameters for exponential PSD.
‘ I Phase Correlation Phase Phase Screen Resulting
Lenath Standard Deviation Length Scintillation Index
3 gc 04 L Geometry 1* Geometry 2%* ‘
3 1 kn 1.0 rad 30 km .32 .39
. 1 2.5 30 W79 .87 ’
b 1 3.16 30 .93 .96 |
1 10.0 30 1.15 1.04
3 3 3.16 50 16 .20
B 3 10.0 50 .67 .89
- 3 31,6 50 1.60 1.48
" 10 10.0 100 .05 . 06
¥ 10 31.6 100 15 19
10 50.0 100 .25 .34
10 100.0 100 .89 1.15
k. *  Geometry 1 refers to Figure 1(a)
i **  Geometry 2 refers to Figure 1(b).
22
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In Figure 6 the scintillation index is shown as a function of the
total integrated phase standard deviation o¢ for both spectra for values
of the striation autocorrelation distance of 1, 3 and 10 kilometers, As
expected, the scintillation index increases with increasing o, but should
ultimately saturate at a value of unity, characteristic of Rayleigh clectric
field strength statistics (Fante, 1977). Values greater than unity prior to
saturation are not prohibited and have been observed in ionospheric measure-

ments (Dr, E.J. Fremouw, personal communication, Stanford Research Institute, 1977)

. The large value of 1.6 for S4 in Figure 6 is caused by strong focussing effects,

Figure 7 shows results obtained for the autocerrelation distance
of the signal intensity as a function of the total phase standard deviation
for the same cases as shown in Figure 6, These results were obtained by
finding the distance corresponding to the t:‘"l point from the circular
correlation functions obtained from the average of the ten realizations,
The general trend of decreasing correlation distance with increasing o¢
is expected intuitively as is the association of large autocorrelation
length with large striation autocorrelation distance. The range of thesc

curves is limited bv requivements on the phase-screen sampling distances.

In order to extend the calculation of the intensity correlation distance t
farther into the multiple-scatter regime two techniques appear usafui. l
The first involves a numerical solution of the differential equations for i
the mutual coherence function <I(p) I(p+€)> as discussed by Yeh, et al,,
(1975). A second possible mathod involves an approximate theory developed i

by Fante (1975). Both techniques require further evaluation,
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4,1 Simulation Results - 1 kilometer Correlation Length

This section and the following two sections discuss the results
obtained for realizations of the DSCS propagation simulation., In all cases
the random number sced was the same for cach computer run so that the set
of phase-screen realizations was similar in "overall" appearance for all the
runs. This also has the result that some features of the received intensity
and phase are recognizable as the phase standard deviation and correlation

length change.

Figure 8 shows a comparison of the actual power spectral densities
of the phase-screens as generated by the MPS simulation for a onec kilometer
correlation length, Since the Fresnel length vAz ranges from 0.1 km
{(z = 300 km) to 0.8 km (z = 15000 km) which correspond to the wavenumber
regime from 7.8 km"l to 62.8 km-l, where the spectra are somewhat similar,
the overall simulation results should be similar for these two spectra,
since amplitude scintillations are caused by irregularities whose scale
sizes are of the order of the Fresnel length, But since the power-law
spectrum is somewhat higher at high wavenumbers (corresponding to smaller
scales), the received electric field should exhibit more small-scale

structure for the power-law PSD,

This behavior is evident in Figures 9 and 10 which show one
realization of received intensity (I = |E|2) for the two PSD's for
values of the phase standard deviation of 1,0, 3,16 and 10,0 radians,
Figures 11 and 12 show the phase (plotted between im) corresponding to the

intensities shown in Figures 9 and 10,

Figures 13 and 14 show the intensity power spectral density cor-
responding to the cases shown in Figures 9 and 10. (The results shown in

Figures 13 and 14 result from averaging the PSD's of ten realizations, the
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first of which is shown in Figures 9 and 10.) For the weak scattering cases
(c¢ = 1,0) the intensity PSD closely matches the PSD of the phase-screen

for wavenumbers greater than the inverse Fresnel length., This behavior is
required by Equation 3-3 for weak scattering since the intensity PSD is

the product of the phase-screen PSD with a sine-squared factor which averages
to 1/2 for wavenumbers much greater than the inverse Fresnel length, For
the strong scattering cases (o¢ > 1,0), the intensity PSD gradually becomes
flatter near the inverse Fresnel length but retains a high-wavenumber roll-
off where the spectrum again has the same slope as the phase-screen PSD,
This flat low-wavenumber spectrum with a high-wavenumber rolloff is similar
to observations of intense ionospheric scintillations shown by Whitney and
Basu (1977)., This flattening of the intensity PSD, of course, also corres-
ponds to a sharpening of the intensity autocorrelation function with a
resulting decrease in the signal intensity correlation distance with in-

creasing o¢. This behavior is shown in Figure 7.
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4,2 Simulation Results - 3 kilometer Correlation Length

Figure 15 shows a comparison of the measured (simulation) phase-
screen PSD's for a phase correlation length of 3 km., For this case, the
power-law PSD is much larger than the exponential PSD near wavenumbers
corresponding to the Fresnel length, and thercfore onc would expect a much
greater difference between the received signals for the zc = 3 km case

than for the Rc = 1 km case discussed in the previous scction,

The difference is apparent in Figures 16 and 17 which show realiza-
tions of the received intensity for values of o¢ = 3.16 and 10.0 radians
for the power-law PSD and o¢ = 3.16, 10,0 and 31,6 radians for the exponen-
tial PSD, Note the absence of small scale structure for the exponential PSD
for o¢ = 3,16 and 10,0 radians.

The phases corresponding to the intensities of Figures 16 and 17
are shown in Figures 18 and 19,

For the interested reader Appendix C shows the realization of the
ten phase-screens and the electric field intensity as the wave progresses
through the screens to the observation plane for the case o, = 31,6 and

¢ ~ay

the exponential PSD,

Figures 20 and 21 show the mean intensity PSD's corresponding to
the intensity realizations shown in Figures 16 and 17, Again, as the phase
standard deviation o¢ increases, the intensity PSD goes from a close
resemblance to the phase-screen PSD for wavenumbers greater than the

inverse Fresnel distance to a much flatter behavior for larger 0¢.
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4.3 Simulation Results - 10 kilometer Correlation Length

For phase correlation length zc = 10 km, the two phase-screen
PSD's generated by the code differ significantly in the wavenumber region
near the inverse Fresnel length as shown in Figure 22. This difference is
dramatically shown in Figures 23 and 24 which show realizations of intensity
for 0¢ = 10.0 and 31.6 radians for the power-law PSD and for 0¢ = 10,0,
50.0, and 100 radians for the exponential PSD. The corresponding phase
realizations are shown in Figures 25 and 26,

Figures 27 and 28 show the mean intensity PSD corresponding to
intensities shown in Figures 23 and 24.
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SECTION 5

5.0 CONCLUSIONS

This report has presented and analyzed simulated results for
electric field propagation through a thick, extended region of high-altitude
striations of electron density. The simulated results correspond to the
problem of communication from a DSCS satellite to a ground station at a
frequency of 7.5 Giz. The results are parameterized in terms of the phase-
screen power spectral density (PSD) and phase standard deviation 0¢ which
may be rclated to the in-situ electron density PSD and electron density
fluctuation ONe by formulae developed in Appendix B, Statistical results
are presented for S4 scintillation index and intensity correlation length
for a power-law and an cxponential phase-screen PSD for values of phase
standard deviation o, ranging from 1 to 100 radians and phase correlation

¢
length 20 ranging from 1 to 10 km.

Examples of specific realizations of the electric field amplitude
and phase at the receiver are also shown, These realizations of signal
structure are being used in simulations of DSCS receiver operation, reporteu

elsewhere,
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APPENDIX A
MULTIPLE PHASE SCREEN CODE

This Appendix describes the multiple phase screen propagation code
as used to solve the scalar wave ecquation, Also included is a description

of the technique used to generate the random phase-screens,
Al Scalar Wave Equation Solution

The problem of interest is that of a plane wave, incident at
z = 0 on a random medium consisting of index of refraction fluctuations,
Assume that the random medium extends from z = 0 to some distance and that
its autocorrclation function is not a function of y. That is, the medium
can be thought to consist of a number of random striations or tubes which
are infinitely extended in the y-direction.

The propagating wave is then only a function of x and z.

Ignoring depolarization, the scalar wave equation may be written

W@ + KDy =0 (A-1)
where
2 2
V2 = -a-? + ..a_.z_
0X 2z

and n =1 + An is the index of refraction with An a small perturbation,

The equation

2 2

3Y ., o du, du 2k%Anu = 0 (A-2)
2 9z 2

a9z oX
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may be obtained from Equation A-1 using the substitution
Y = u exp(ikz) (A-3)
. . . 2
and ignoring terms in (An)~,

The complex amplitude u can vary markedly over distances no
smaller than the inhomogeneity scale size &£; that is, the worst casc
variation of u in the dircction of propagation can be characterized by
U~ cxp(-zz/zi) where zm = . Thus, the second derivative azulazz is
of the order of u/li. On the other hand, the sccond term of Equation A-2
is of the order of u/AEm. Therefore, for A << Rm, or A << £, the first
term of Equation A-2 may be ignored with respect to the second term to

obtain the parabolic wave cquation

2
T4y ok 2 akPanu = 0 (A-4)
ox”

Now for a given initial field, the propagation simulation must
generate values of the field such that Equation A-4 is satisfied, To
do this, the medium is divided inte screens defined by planes on which z
is constant, To propagate from one screen to the next write u(x,z) in

the form

u = we? (A-5)
where z+hz/2
$(x,2) = ik Jf dz' An(x,z") (A-6)
z~0z/2
so that
¥ < ikmn(x,2) (A-7)
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Equations A-5 and A-7 may be substituted into Equation A-4 to obtain

2
o ¢ . wed) + 2ik -g-‘i = 0 (A-8)
X z

To solve this equation, assume that the step size A4z is sufficiently
small so that the effect of the exponential factors in Equation A-8 is

small, Thus, one can solve

2
G (A-9)
eyt 2

Ix

A simplc solution may be obtained ucing the Fourier transform relation

(3 4]

w(x,z) = fax W(K, z)e 1KY (A-10)

w00

which may be substituted into Equation A-9 to obtain

o oW 2%
2ik 35 " KW =0 (A-11)
whose solution is
~ A ik
W(K,z) = W(X,0) exp (- >t z) (A-12)

or using Eauation A-12 in Equation A-10

(o]

w(x,z) =fax W(K,0) exp (- 1;‘; - in) (A-13)

-0

Equation A-13 may be rewritten by applying Equation A-12 for z = z and
z =12, where z, and 2z, are two successive phase-screen locations

2 1 2
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[+ ]

2
iK™ (z,-2,)
T -in) (A-14)

W(x,zz) = de W(K,zl) exp (- T

w0

Now, using Equation A-5 and Equation A-3 and replacing ¢ by the electric
field we obtain from Equation A-14

.2

ik(zz—zl 3 A iK
E(x,zz) = e fdk [-.(}\,zl) (exp e (zz-zl) - 1kx) (A-15)

=00

where E(K,zl) is now the Fourier transform of the product

zl+Az/2
E(x,zl) exp {ik dz! An(x,z')} (A-16)
zl-Az/Z

At this point it is intecresting to note that one can obtain the

Fresnel-Kirchhoff integral by substituting the Fourier transform

c o] . iKg
B(K,z) = 5 [dE Bz e

-0

into Equation A-15 and performing the K integration (Gradshteyn and
Ryzhik, p. 397) as
im(z,-z )\ 2 k(2,2
271 271
N f de

-0

E(x,zz)

X exp }i 3 k(x-g)z/(zz-zl){ E(£,2)) (A-17)

The propagation simulation thus breaks up the random medium into
a number of screens., The electric field incident on a phase-screen in then

multiplied by the phase shift caused by the random medium lying between the
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previous and current phase-screen (Equation A-12)., The wave then propagates
as if in free space to the next phase-screen (Equation A-11), Propagation
from one phase-screen to the next is accomplished very efficiently by the
use of the fast Fourier transform so that once the electric field is
multiplied by the appropriate complex phase term (as in Equation A-12) its
Fourier transform is taken, multiplied by exp(-iKz(zz-zl)/k) and then
another fast Fourier transform is performed to obtain the electric field

at the next screen E(x,zz).
A2 Generation of the Random Phase Screen

The following procedure taken from Buckley (1973) was used to
generate the random phase screen with arbitrary variance and power spectral
density,

Assume that Pi is a sequence of random numbers uniformly distri-
buted between -1/2 and 1/2, Then

(Py)=0
PP>=—1—-6 (A-18)
ij 12 ij
where dij is the Kronecker delta function, Now choose the phase as a
sequence given by the circular (see Enslein, et al., p. 380) correlation
N-1

¢)SL = ¢(RAX) = Z wj P,

& J+k; L& =0, N-1 (A-19)

wherz the phase screen is sampled at increments Ax = L/N where L is the

total length of the screen, The wj are a set of weights which are to be
determined,
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Since each value ¢g is a sum of a large number N of independent
random variables, it follows from the central limit theorem that the sequence
{¢2} will possess a Gaussian distribution with zero mean, Now the phase
autocorrelation funntion Py may be formed by noting

N-1 N-1
(#3954 =<§0 Wi Pigg z}-::o W, P£,+i+k>

N-1 ?i? 1
= V¥ w. W, == §.
= I 2 12 7j,%+K
L5 (A-20)
= = W, W -
12 £=0 L T+k
Set N-1
2 g =Ly A-21
99 = (045) = 17 & Vi (A-21)
=0
to obtain the autocorrelation function
_ 1
o = 500501
¢0
! Nf (A-22)
P, = —= Wo Yook k=0,..,N-1 -
K 12¢§ {0 +k

The g sequence may bc interpreted as
p(kAx), k = 0,...N-1; that is, Py

is a discrete representation of the continuous autocorrelation function.
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Now in order to relate the still unknown weights {wk, k=0,.,.N~1}

to the power spectral density of the phase we must use the Fourier transform
pair 0

p(x) = st(K)e -k (A-23)
S(K) = -2-1,7 fp(X)e“\x (A-24)

and their discrete representations

N-1 .
p(kdx) = 2maq 3. sezmaqe HRONR2MAQ) yo N1 (a-25)
PP

N-1 .
sanaQ) = 5% T p(kax) ot KON UZ00D) enp |y (A-26)
=)

where AK = 27AQ, Noting that Ax = L/N, where L 1is the length of a

phase screen, A4Q = 1/L, AxAQ = 1/N, Equation A-25 and Equation A-26 may be
rewritten as

N-1

o, = 0(kAx) = 2mAQ ¥ S, L R T (A~27)
£=0
ax N +121K2/N
S, = 8(22mAQ) = 3 )y P, © , 2=0,,..N-1 (A-28)

Now the Fourier transfer of Equation A-22 is given by

- Ax
Sr T 2m

2 Z }: W © 121rkr/N (A-29)
0 : =
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The Fourier transform of the weight is given by W as

N-1 .
- A ~i2mm&/N
Wy = 27AQ %;5 Wm e (A-30)
and similarly for Yo ok
Lo iamek)n/N
W, = 278Q 3;% Woe (A-31)

Now since the weights {wk} are real ”g=”E and we can usc the complex

conjugate of Equation A-30 and Equation A-31 with Equation A-29 to obtain

2 2 \
_ 4n7(AQ) "Ax A +12mmk/N
s, - LY P BT T e
24n¢0 Kk 2 m n

A ~i2n(R+k)n/N 0i27rkr/N

“n ¢ (A-32)
Now since
N-1 .
T L2 )
T e 2uin/N e1..1rm!l/N = N6
mn
2=0
N-1 . .
“i2nkn/N  i2nkr/N
R i2nkn/N cl-ﬂkl/h - NG (A-33)
£20 ny
Equation A-32 may be summed to yield
a2 ax N a2
5 = HL_EQ__ﬁ;LJ_- iw | (A-34)
T 60> 1
0
or since NAQ = 1/Ax the Fourier transform of the weights is given by:
)
N Ibe¢0" (A-3
W = A-35
r \J 7 S, )

where Sr is the discrete Fourier transform representation of the phase-
screen power spectral density.
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Thus, to generate the phase values for a phase-screen, one may
start with the power spectral density, obtain the Fourier transform of the
weights via Equation A-35, and take the inverse Fourier transform to obtain

the weights themselves,
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APPENDIX B

RELATIONSHIP BETWEEN PHASE AND ELECTRON NUMBER DENSITY

B.1 Phase Screen PSD Related to Electron Density PSD
As discussed in Appendix A, the electric field at each phase
screen is multiplied by the factor e1¢(x) where
Az
2
$(x) = k[ An(x,z) dz (B-1)
bz
2

wvhich effectively collapses the index-of-refraction fluctuations in the

region from -Az/2 to Az/2, In the absence of significant electron
collisions, the index of refraction is given as !
N
n?e1-2 (B-2)
n
*
where Ne is the electron number density and n is the critical electron

number density i

2 .
» E M W - ‘
= 22— = 1200078 £ [et/en’) (B-3)
e
where € is the permittivity of free space, m, is the mass of an electron,

e 1is the electron charge, and f 1is the radio frequency in Hertz., From

*
Equation B-2, the deviation in refractive index is, for Ne << n

1 ANe
An = E % (B"4) ‘
n i
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so that Equation B-1 can be written as

Az
2

-/r ANe(x,z) dz (B-5)

-tz
2

600 =

:J*lx.

Now the autocorrelation function can be formed as

o By(E) = (B0(x) Lo(x+E))
Az Az
2z 7
_1 AN (x,2) &N (x+€,2")) dzdz!
= T3 ( o (X,2) &N (x+€,2 ) ) dzdz
n Az -4z
=z 7

Az
2 2 =
GNe k 2
=——-;2—~f BN (§,2-2") dzdz! (B-6)
4 n e
bz
2

Nl é&\ NIE

The double integral here can be reduced to a single integration by a change

of variables as explained by Par . 'is (1965), page 325 as

os k2 Az lﬂl
2 _ e
% B¢(€) = —;—;;Q-Azdf (1 " As )BNe (&,n) dn (B-7)

-7z

If Az 1is greater than the co.relation .ength of the electron density
fluctuations, then the contribution of the second term in the integration

will always be negligible so that
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T P - oy i 1 o

2 2

ON k o
2 = L __ -
o¢ B¢(£) = ; n*z Az ./QBNG (&,n) dn (B-8)

iK &
Now, by multiplying both sides of Equation B-8 by e X /21 and integrating
with respect to § and using the Fourier transform relationship given by
Equations B-11 and B-14 and their 2-D extensions one obtains

2

k ’ 7 -
7 by (KK, = 0) (B-9)
n ¢

&|0—a

¢¢(Kx) = 2mlz

Equation B-9 is a general relationship between the phase spectrum and the

2-dimensional electron density spectrum.

Setting ¢ = 0 in Equation B-8 and noting that B¢(0) = 1 gives

the relationship between the variance of phase and the variance of electron

density fluctuations

2 .2
Oy k %
O(i = '—'e"—*-é- Az f BN (0,n) dn (B-10)
4 n o e
B.2 One, Two and Three Dimensional Power Spectra

Given an isotropic and homogeneous random medium with the auto-
correlation functions BI(X), B,(p), and Bs(r) in one, two, and three-

dimensions, then the respective power spectral densities are:

[ o]
2
N o 9 ! , _
@i(k) = 5 fdx cos Kx Bl(x) (B-1})
-0
02 ;
0, (K) = = f o do J(Ko) B, (o) (B-12)
0
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o0
2
0. (K) = - dr r sin Kr B, (1) (B-13)
3 ) 3
; 2n K 0

which have the inverse transforms:

o4
ozBl x) = f dK cos Kx &, (K) (B-14)
-0
i Y
o*B,(0) = ZH-/‘dK K J, (Kp) ©,(K) (B-15)
0
(o]
B x) = 3 | 4K K sin Kr 0,(K) (5-16)
3 T 3 :
0

where the subscripts agzin dencte the dimensionality,

These relationships above are consistent with the relationships

between the spectra in various dimensicns (Rufenach, 1975):

b, (K K ) = .ladkz 05 (KK LK ) (B-17)

¢1(Kx) = ./‘de ¢2(Kx,Ky) (B-18)
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Under the assumption that the autocorrelation function has the
same form in one, two, or three dimensions, the following relationships
are easily shown for some common autocorrelation functions. Only the

3-dimensional form of the autocorrelation function is specified,

1. Exponential Autocorrelation Function
B(r) = exp }-Irl/rog (B-15)
o
Ne TO
oK)= (B-20)
1+K rO
02 2
Ne ro
¢,(K) = . (B-21)
2 2n (1+K2 2 5/2
02. S
Nc ro
€ (K) = - =5 1-22)
T (1+K" 1))
0
2. Power-Law Autocorrelation Functions
- 1
B(r) = IR (B=~23)
1+ 33?)'7T~
r
(o]
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ke e w4 e ac

(n need not be an integer)

4-n
2 2 ik E%i
) = — K -2
¢1(h) GNe 2 2:2) (Kro) n-4 (Kro) , (B-24)
T rva 2
3n
, 2 1 2
¢2(K) = Oy - (nJE{ (nro) kﬁ:é. (hro), (B-25)
¢ Tz 2
2n
2 3 n-6
2 2% T 526
¢3(h) = oNe 372 r(ﬂ:i) (Klo) kﬂ:ﬁ (hro), (B-26)
2 2
where KX(x) 1is the Bessel function of the third kind.
") )
B.3 Two Dimensional K * in-situ Ne Spectrum
¢£1)(K), the one-dimensional power law phase power spectral density

wsed in this report may be derived by assuming an in-situ K¢ spectrum for
¢lectron density fluctuations as given by Equation B-20, Then, Equation B-21

and Equation B-9 yield the phase power spectral density

2 r2 g
2nAz k 0 e
27

*
an*2 (1+K

=4l N

04(K) = (B-27)

[aS)

ri) 3/2

The integral specified ty Equation B-10 may be performed using Equation B-19
as the autocorrelation function to obtain

Ty k2 bz

0, = ——m— o& (B-28)

*
¢ 2n 2 e
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or using Equation B-28 in Equation B-27 one comes full circle to obtain

T
. 2 °Q 1
0 ¢ 2 (1+K2 rz

) 3/2 (B-29)
0

which is identical to Equation 1-1 with r, replaced by LO'

0

B.4 Two-dimensional Exponential in-situ Ne Spectrum
@éz)(K), the onc-dimensional cxponential phase PSD given by Equa-

tion 1-2 may be obtained from Equation B-25 with n = 6 so that Equation
B-25 represents a two-dimensional exponential PSD for electron density
fluctuations

-Kr

2 e (B-30)

N
e

Nl
=

¢N (K) =0
(]

The autocorrelation function is then

1 ,
B, (r) = ————— (B-31 i
N, 2, 3/2

(e (/) ®)

So that the phase PSD may be determined as

T -Kr
2°0 0
Y o= _ -
?¢(K, o¢ 5> © (B-32)
where 2
r. kT Az
2
0¢ = "—0—;5——— Oi‘ (B-33)
2n e
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APPENDIX C I
PHASE~SCREEN REALIZATIONS

For all the 7.5 Gilz DSCS simulation results presented in this
report the striated region was modeled by ten phase-screens and the simu-
lation was run ten times, each time with a different set of phase-screen
realizations, to obtain statistical results, This Appendix shows all ten
phasc-screens used for the first realization and alsc the observed intensity
at each screcen so thot the reader may "watch" as the wave propagates through
the medium to the receiver plane, For this case the exponential PSD given

by Equation 1-2 with a phase standard deviation = 31.6 radians and a

%

correlation length Rc = 3,0 km is used,

The 10 phase screens are shown in Figure C-1 (a-d) as a function

of distance z from the top of the disturbed region (see Figure 1 (a)).

Figure C-2 (a-d) shows the intensity observed at the second
through tenth phase screen locati 1 (the intensity at the first phase-
screen location is a constant) anu at the receiver plane located 300 km
from the tenth phase screen, It is interesting to try to trace the focus-

ing effects which are occurring as the wave propagates through the screen.

The Gaussian irregularity denoted by an arrow on the first phese screen

(z = 0, Figure C-1(a)) can be seen to be the cause of the intens;ty dif-

fraction pattern which is traceable for =z = 3,300 km to z = 15000 km

and denoted by arrows on each observation screen.

.
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This realization of all ten screens can be used as znother visual
test of the accuracy of the simulation by using the Fresnel-Kirchhoff
equation to analytically compute the diffraction pattern of the Gaussian
lens shown in Figure C-3, The diffraction pattern is shown as a function
of 2z on the same scale as used in Figure C-2 and shows a striking

resemblance to the results generated for the random screen realization,
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