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PREFACE

Under the spomnsorship of the Tactical Technology Office of the
Defense Advanced Research Frojects Agency, Rand has been investigating
the fluid mechanics and hydrodynamics of low-drag submersible vehicles.
Preliminary studies of such vehicles often involve characterization
of surface heating effects on the hydrodynamic stability of laminar
boundary layers in water. LElaborate numerical solutions of the Orr-
Sommerfeld equations are usually required for such characterization,
even for preliminary conceptual studies.

An analytic method first developed more than 30 vears ago is re-
viewed and modified to provide a simple set of relations for determin-
ing the effect of heating and pressure gradient on the minimum critical
Reynolds number of laminar boundary layers in water. 7This new method
does not obviate the need for numerical solution of the Orr-Sommevfeld
equation, such as might be required for "eg" calculations. However,
it does provide an inexpensive and simple way to estimate the effects
of wall temperature and pressure gradieat on the minimum critical
Reynolds number.

This report should be useful to hydrodynamicists, designers of
submersibles, and others engaged in the application of {luid mechanics
to the improvement of underwater vehicle performance. Related Raad

reports include:

R=-1752-ARPA/ONR, Low-Speed Boumdary-lLayer Tranatition Workshop,
W. S. Kiag, June 1979,

R=-1789-ARPA, (ontrolling the Separation of Lamtnuy Bourdary Layeps
tn Water: Heqting and Suottom, J. Aroeaty and S. A. Bevger,
September 1975,

R=1863-ARPA, The Effeots of Wall Temperature and Suotion on .
Laminge Bowwdavy-layer Stability, €. S. Kiag, April 1976, ‘1;;:-=?-.
R-1898-ARPA, “2°®: geabi Lity Theowy ard Boundory-Layer Trarat- B Saction g
tion, S. A. Berger and J. Avoesty, February 1927, 5 d
¢
R-1902-ARPA, Buoyanoy Croge=Flow Effects on the Bourdary Layee T —
oF a Hoated Hoeizowmtal Cylimdar, L. S. Yau and I. Catton, April e
1976, ‘
ST 15212011 g™
I T mﬁs,




R-1966-ARPA, The Buoyancy and Variable Viecosity Effects on a
Water Laminur Boundary Layer Along a Heated lLongitudinal
Horizontal Cylinder, L. S. Yao and 1. Catton, February 1977,

R-2111-ARPA, Entry Flow in a Heated Tube, L. $. Yao, .June 1977,

R-2164~ARPA, The Effectes of Unsteady Potential Flow on Heated
Iaminar Boundary Layers in Water: Flow Properties and Sta-
btlity, W. S. King, J. Aroesty, L. S. Yao, and W, Matyskiela,
in process.

R-2165-ARPA, Approximate Methods for Calculating the Properties
of Heated Laminar Boundary Layere in Water, G, M. Harpole,
S. A. Berger, and J. Arvesty, January 1978,

Ty ot e, e
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SUMMARY

A simplified method is described for calculating the effect of
surface heating on the hydrodynamic stability of heated laminar
boundary layers in water., The method involves modification and up-
dating of relations first developed by Lin for a constant-property
fluid and later by Dunn and Lin for a compressible one. These modi-
fied Dunn-Lin relations for the minimum critical Reynolds number give
results in substancial agreement with numerical integration of the
Orr-Sommerfeld equations. The method is then employed to evaluate
the influence of ambient temperature level and wall temperature dis-
tribution on the minimum critical Reynolds number. Preliminary
studies indicate that wall temperature distributions can be found
that have a strong favorable effect on the stability of laminar

boundary layers in water, even for adverse pressure gradient flow.
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I, INTRODUCTION

Successful laminar flow hydrodynamics relies on the manipulation
of velocity profiles in the wall region of the laminar boundary layer
to enhance flow stability. Pressure gradient, body shaping, suction,
and surface heat transfer are classic methods for accomplishing this
manipulation.

Recent theoretical and experimental studies suggest that surface
heating in water holds promise for enhancing boundary-layer stability
by slowing the growth of Tollmein-Schlichting instabilities, or by
increasing the surface area over which two-dimensional, infinitesimal
disturbances are damped. In the absence of a comprehensive theory of
boundary-layer transition, linear stability theory currently provides
the sole analytic guide for manipulating mean flow velocity profiles
to delay transition.

Even for preliminary engineering applications, no single parameter
describes the stability of a particular velocity profile. However,
the minimum critical Reynolds number can be extremely useful, both as
a precise measurc of the extent over which all two-dimensional, infin-
itesimal disturbances are damped and as a simple qualitative surrogate
for the stabilitv characteristics of a particular velocity profile [l].*

In 1946, C. C. Lin [2] publlshed a simple set of relations for
deterwining the minimum critical Reynolds number from the velocity pro-
file of a constant property laminar boundary layer. The original Lin
relations (2,3],

v(e)(l - 20) = .58 , (1a)

———

*
Recent computations by Wazzan and Cazley [1] suggest that the

winimum critical Reynolds number may also be useful in correlating
transition predictions obtained by the "e9" method.

-
e it d
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of velocity proriles in the wall region of the laminar boundary layer
to enhance flow stability. Pressure gradient, body shaping, suction,
and surface heat transfer are classic methods for accomplishing this
manipulation.

Recent theoretical and experimental studies suggest that surface
heating in water holds promise for enhancing boundary-layer stability
by slowing the growth of Tollmein-Schlichting instabilities, or by
increasing the surface area over which two-dimensional, infinitesimal
disturbances are damped. In the absence of a comprehensive theory of
boundary-layer transition, linear stability theory currently provides
the sole analytic guide for manipulating mean flow velocity profiles
to delay transition.

Even for preliminary engineering applications, no single parameter
describes the stability of a particular velocity profile. However,
the minimum critical Reynolds number can be extremely useful, both as
a precise measurc of the extent over which all two-dimensional, infin-
itesimal disturbances are damped and as a simple qualitative surrogate
for the stabilityv characteristics of a particular velocity profile [11.*

In 1946, C. C. Lin (2] publlished a simple set of relations for
determining the minimum critical Reynolds number from the veloelty pro-
file of a constant property laminar boundary layer. The original Lin
relations [2,3],

vie)(l - 2A) = .58 , (1a)

Recent computations by Wazzan aund Gazley [1) suggest that the
winimum critical Reynolds number may also be useful in correlating
transition predictions obtained by the "e9" method.
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where

2
au 2’
-1 gy (0 V() (ayz) (y,)

3
U
[5; (yc)]
au

a2 (0) * vy
A= T ey (1c)

c

V(C) = ’ (lb)

U
25 5 (0)

(Res) 4 ’ (1d)
(M

min-crit =

Y. = height of critical layer, and ¢ = wave speed, normalized to free-
stream velocity, were based on asymptotic analysis of the Orr-Sommerfeld
equations (valid for large values of aReG, small values of the wave-
length, o, and small values cof ¢) and a numerical factor derived from
a more complete calculational method. These relations were widely

used (3] until the advent of computer-based schemes for the solution

of the Orr-Sommerfeld equations. In 1946, Lees and Lin [4] extended
the original Lin relations to the compressible flow of air, and later,
Dunn and Lin [5] and Mack [6] presented further compressible extensions
of the original Lin analysis of the neutral curve separating stable and
unstable regions. However, special difficulties associated with com-
pressibility diminished the role of this analytic approach in high-
speed dynamics, and computer-based numerical solutions have since pre-
empted stability analysis for air flows.

For the case of practical beated water houndary layers, the situa-
tion is simpler, Water density is nearly conztant, temperature and
viscosity fluctuations have little effect on stability, and the primary ;
departure from the constant property incompressible flow orviginally f
considered by Lin is the variation of mean flow viscosity with
temperature,

On the basis of numerical testing Wazzan (7,8] suggested that
viscosity and tempervature fluctuations are negligible and that the




appropriate Orr-Sommerfeld equation for heated water boundary laye. s
is still fourth order but includes derivatives of mean flow viscosity

with normal distance. The equation is

(U - C)((b" - a¢) - U"° + (a_a__) [u(¢"" - 2a2¢" + aléo)
$
(2)

+ 2u0(¢0" - a2¢") + uu(¢n + u2°)] = 0 .

where primes refer to d/dn; n = Y/§; RG = UG/vw; the disturbance stream
function YP(w,y,t) = ¢(n)ei(ax - Ct); and a and ¢ are real along the
neutral curve. Both velocity and viscosity are normalized by their
values as n -+ @, [t was also demonstrated that the omission of the
terms U' and Y had a small effect (~ 3%) on the numerical calculation
of minimum critical Reynolds number. This is not surprising for the
extremely stable flows sometimes encountered with heated water boundary
layers, because the derivatives of ¢ are large in the critical region,
and the terms U' and y" are essentially of unit magnitude or less.

In this brief report, we show how the Lin relations and the Bunn-
Lin theory may be used after slight modification to estimate the mine~
imum critical Reynolds numbey for heated water boundary lay«¥s. The
appropriate approximations and dimensional factors in these new rela-
tions are based on recent calculations of the Ove-Sommerfeld equations
for constant propevty flow. The results of our modified Dunn-Lin theory
are then compared with values obtained from numerical studies of the
Orv-Sommerfeld equation for heated water boundary layers. Oan @ the
accuracy of these new relations has been established, they ave used to
indicate the effece of changing temperature levels on the minigum crit-
ical Reynolds numbe¥r. The surprisingly powerful effect of temperatuve
variation in the maintenance of a stable flow is {}lustvated by the
case of an unfavorvable presaure gradient. Because of Fhriv ascuracy
and mimplicity, these relations can be ureful in preliminary feasi-
bility and optimization studies of laminar flow hydrodynamics.
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I1. REVIEW AND ANALYSIS

For convonigrte, we briefly review the Dunn-Lin method for solving
t£q. (2) aloug the ne ¢ral curve (but only those aspects of the method
that are ingtruments, in this modifficatioun; complete elaboration is
found in Refs. 2, 5, or 6).

Because QRG is expected to be large, classic asymptotic methods
should be sufficiently accurate for enginecering estimates. PFirst, the
invigcid Orr-Sommerfeld equation obtained after neglecting terms of
O(l/uRd) is counsidered:

(U= c)(¢" - ap) - U"d =0, (3)

Following Lin (2], the solution of this equation that satisfies the
outer boundary conditions ¢(®) = ¢'(®) = 0 {s called ¢(n) and is cal-
culated by a power series in az.

The viscous solution is more complicated. The modified Tollmien
variation, £, used for obtaining the dominant viscous solutions of
Eq. (2), accounts for both departures from linearity of the velocity
profile and variable viscosity. It is defined by

n e 243
. 113 3 ‘(L-_Le
e
The leading tevms of Eq. (2) thea becoame
?ECCQ(E) 14 ?gétC) 0, (%)

where F(£) ix the doeinant vimcous solution of the Ure-Scamerfeld
eguation. there ave four independent =olvtions of this equation. Twe
e essentially inviscid solutions dad are already included inm the
inviscid solution O(R), and one of tue remaiaing soluticas is usbounded

L ol TR T ek O M. =




as § » *, Thus, there is only one acceptable viscous solution, This
solution nust be multiplied by a factor to give the correct asymptotic
form as oRg » «. This factor introduces an error not larger than
0(uR6)-1/3 in Eq. (5).

The appropriate viscous solution is @vis(n). where

-1/2 .
-1/2 {U - ¢ 1/2
¢vi5(n) - - ”“RG) (“--u ) [4 A{n)

(6a)
5 g ]
x/ dc/ (/e n{};[é (ic)jlz] dg
(/) ®
and
3/4

T -(mi)/3 [ n

A(n) = f;-e (U——w«_ c) . (6b)

Thus the required approximate solutien is the linear combination
ad(n) + b¢vi$(n).

The no-slip conditions at the wall, ¢{0) = ¢'(0) = 0, must acill
be ratisfied. This leads to the relatious
ag(0) + Lo, (0) = 0, (7a)

ap(0) + bfvis(O) =0, (76)

which then vemult in the eipeavalue velatiom

- (8)

whete fvig =i¢ viatﬁ). and

veidn.

ey, e yaps Cr———
i

¢ g

- it R ENERE < B i

I
1
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The ratio of the viscous solutions can then be written as

n

~1/2 ¢
U 3 c-U

=il

(0)

vis

¢vis(0) c
3 =1

where

Z=-17(0)

i 2/3
(arg) %f e B (3b)
0

and F(Z), the Tietjen's function, is defined by

-7 z
[ dcf w5 (u;)m]
F(Z) = —— Z” X (9¢)
L2 () 3/2

If A is defined by

N .
1/2 ¢
U0 e 3 ¢ - U )
o) B v w
0

Eq. (9a) becomes

¢vis(o)
dﬂ

and the eigenvalue relation (Eg. (8)) becomes

(0) el _,).

"ﬁaﬂﬂhﬂ@ﬂ“&ﬂhﬁﬁﬁﬁﬁa&u1agw,

!
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It is traditional to write this equation in the form

E(a,c) = F(Z) , (13a)

where

_9$0) _U'(0)
E(a,c) = 19(0) (L + 1) (13b)

The quantity A is usually small. If both velocity gradient and
viscosity are constant, the A is identically zero. In other more
realistic cases, departures from this constancy in the region between
wall and critical layer are generally small enough to result in lk] << 1.
However, its selective inclusion in numerical calculation results in
more accurate estimates,

Gquation (13a) can be recovered from the original Dunn-Lin formu-

lation by setting M. = 0 and Tw = 1 and permitting Y to vary with n.

1
It is aiso customary to introduce the modified Tietjens function de-
fined by 8(Z) = 1/{1 - F(Z)], and to rewrite E(a,c) in terms of auxiliary

real valued functions u(a,c) and v(a,c) defined by

1 (1 + AD)(u+ iv)
_ = . (14)
1 E(a.c) 1+ A(y + iv)
The secular relation (Eq. (13a)) then becomes
(1 + A,,)J“ '_+ i‘{) < = A
1+ 0 (u + 1v) 8(2) Br(«) + iai(Z) . (15)
wvhere 3(Z) is decomposed into real and imaginary components.
Lin [2] showed that the irvisecid solution could be written as
, -2 -2 2 2
(1 -¢) " + KL& + (1 =-¢) " Ka™ + Ko™+ ...
u+ivsleu(e ] A ’:’6“ -3 _—
at(i=-c¢) Ha” + Ha v 339 (Q=¢) "+ ...

(16) i
!




Ne

where Kl(c) =f (U -2¢) "dy,
0

n
Y
Ky (e) =f U - c)_2 dy/ (v - C)z dy ,
. 0 0

S Yy y
Ky(€) =f W - o7 dy/ @ - o’ dyf -,
0 0 0

(17)

(U

<o
—
~
g}
~
[}
C \o:!
1
(2]
~
~
.
<

ﬂc y
2 2
Hz(c) =f (U - c¢) dyf (U=-¢) dy .
0 0

e y y ,
H3(c) -f (v c)2 dy[ (U - c)-2 dyf (U=-¢)" dy .
0 0 0

By direct evaluation of Eqs. {16) and (17) ror small a and ¢, Lin
found cthat Eq. (1b),

tU'(O)U(nc)H"fne)

T [ir'cnc>]'§ '

is a suitable approximatioa for v.

Lin alse determined that the minimum value of Rey is approximated
when ai(Z) has its maximum value, correspoading to ai(ao) = 0, di{zo)
= .58, 0,(20) = 1.498, and ?‘0 = 3.21. He chen proposed an iteratioa

<

H
:
!
t
¥
{
4
P
£
X
13
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procedure, valid for small values of A, for solving Eq, (15). The
procedure is based on neglecting terms of O(A) in evaluating U, but
retaining such terms in the evaluation of v. From Eq. (15):

u=g (2. (18a)
and

v {1 +) [1 - zar(zo)] } = 3,(z)) . (18b)

Equation (la), Lin's criginal relation for determining c, thus
fo'lows from Eq. (18b). The relation between u.Re6 and Z follows from
Eqs. (9b) and (10):

3 2
(2)” U'(0)" u(0)
(aReg) . . . = . (39)
§ critical c3(1 + X)Z

Originally, Lin estimated o from a crude numerical solutiom of Eq.
{(16) for the Blasius profile,

a U Qe . (20)

He thew approximated Eq. (19) by

(Res) = QJ%Q-)- (1d)

eritical

after negiecting A and adjusting higr constante to agree with resuies

abtained from his own more deiailed ealeulations., In the same spirit
as Lin, we alse amsumz that a < y'(0)ec, negleet terms of 9()\) im Eq.

(19), and deduce

(Reg,) vay X
dnfaritical eé 5

reswmn gt e

-
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vhere the numerical constant is now chosen to agree with recent accu-
rate numerical calculations for the constant property Blasius boundary
layer,

Because A is a small quantity, we bypass the required numerical
g¢uadrature between wall and critical layer, and with sufficient accu-
racy estimate it by

%, .
U'(nc) u(nc)
A= 4 1-m—+.5 I-W . (22)

This formula results from thc assumption of a linear viscosity profile
and parabolic velocity profile between wall and critical layer and the
evaluation of the dominant term in the integral in Eq. (10). The re-
quired modifications of the Dunn-Lin theory are then Eqs. (la), (1b),
(10), and (22) for determining Ne and ¢; and Eq. (21) for the evalua-

1
tion of the minimum critical Reynolds number, (Reéi)critical'
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II1. RESULTS

FIGURE 1

A comparison between values of (RGG*) ¢alculated by the

critical
present approximate method and those calculated by numerical solution
of the Orr-Sommerfeld equation is shown in Fig. 1. The lines are based
on published results of Wazzan and co-workers [7-10] for Falkner-Skan
similarity flows at various surface overheating. The symbols corre-
spond to the current results. Although no single profile shape factor

can uniquely correlate (Res*) when both pressure gradient and

critical
surface heating are present, H Z 6*/0 remains a convenient parameter
for presenting these resules.,

The open circles are computed by our approximate formulas for
wedge flows at zero AT. The agreement between exact calculation and
the proposed method is remarkable in the practical range of H between
2.2 and 3.

The asterisks correspond to the case of § = 0 (flat plate) and
various surface overheating. Note that the agreement between exact
and approximate methods is again satisfactory in the region between
He= 2.59 and H » 2,2, where a stability reversal occurs at Al increases
past 75°F. The method agrees with exact calculations in predicting the
existence and location of the maximum attainable critical Reynolds
number, both for this case and for the case of 6 = -.1988 (closed
circles).

For 8 = 0, the method appears to overpredict ‘Reé*)eri:ical in
the region of lapge surface overheating covresponding to values of H
less than 2.3,

The case of B = 1.0 (crosses), corresponding to an extremely
favorable pressure gradient, is more problematic. Exact calculations

4

indicate that (Reg,) exhibits a local maxiamum at 2.2 x 10 and

evitival
H = 2,05 and then inecreases again with furither surface overheating.
The approximate method, however, exhibits an absolute maximum at

H = 2,05, corrvesponding to AT s 40°F. The agreement between the exact

and approximate values is good up to this value of surface overheating.
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10
q

3 = "V Local max at AT~40°
= ]
\
L =3 *t\*/v Max ot AT ~ 75°F
-
o + R 2

10° - 7N
- Max ot AT ~ 125°
103 -
Present
2 work
10° - lsothermal wedge flows, ® ¢
: R‘ - 2
. Wedge flows with heat transfer °
R in water, Te = 60°%F
- === (= -0.1988 Ref. 7 Y
- === 3= 0Ref. 10 .
| ====== 8 = 1.0 Ref. 8 +

10 1 I L | { { | s |
1.8 2.0 2.2 2.4 . 2.6 2.8 3.0

Ha2-
8
Fig. 1—Comparison batween modified Duan=Lin method ond
numerical solution of the Orr-Sommerfeld equation
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The modified Dunn-Lin method can be used with reasonable con-
fidence when moderate surface overheating, of the type achievable

in practice, is considered.

FIGURE 2

Figure 2 shows the variztion of (Rex)critical with surface over-
heat for a series of favorable and unfavorable pressure gradients of
the Falkner-Skan type. The symbols in this figure represent results
obtained by numerical integration of the Orr-Sommerfeld equations,
and the lines refer to the approximate method.

The agreement between exact and approximate computations is again
satisfactory in the practical range of "Bs" between +.10 and -.10.
These results support our previous observation about the method being
accurate for practical levels of pressure gradient and surface over-

heating.

FIGURE 3
In Fig. 3, the modified Dunn-Lin method is used to calculate the

dependence of (RQG*) on ambient water temperature for several

critical
surface overheats and 8s of .10, 0, and -.10, The variation of water
viscosity with temperature is the primary mechanism for the surpris-
ingly large eff{ect of ambient water temperature on (Reé*)critical'
coyreaponding to a three-foid iucrease when ambieant temperature is

decreased from 75°F to 45°F.

FIGURE 4

All of the previous results are for comscant wall temperature.
Figure 4 compaves vesults obtained by the present sethod with exact
computations for variable wall temperature (4T ~ X) and an adverse
pressure gradient correspoading to B = -.10. The ability of the
approximate method to predict the qualitative foatures of the
(Regu) picicyl VaTiation vith AT is again demonmstrated. Note that é
the variable wall cemperature increases stability over the coastaat
wall temperature case wlkn the local temperature differemce is greater
than 45°F. The surprisingly poverful effect of wall temperature

A —————— B i bii— - B R T i i RS =+ At e
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B=1.0
10°
0.50
- 0.10
10’ 0.05
- 0
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0 w100 12
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Fig. 2—The minimum critical Reynolds number for laminar water
boundary layers (T = 67°F) computed by the modified Duan=Lin
appraximation. Symbols are éxact camputations.
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AT=60, B=0.1

10
AT =60°F, B =0
AT=230, 8 =0.1

1

/M

™ AT =30°F, 3 =0
AT =60, g =-0.1

(Re 5* ) critical
-

10

1111]

AT =30, 3=-0.1

1

‘03 PR L SN | i 1
40 50 60 i) 80

Ambient temperature, Ty, in*F

Fig. 3 — The effect of ambient temperature
on minimum critical Reynolds number
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Modified Dunn-Lin
approximation

Y
AN ,
f Exact computations

10‘ - AT ~ x
N
i B=-G.10
. '/._—
./
- yd

/'AT = Constont (exact
computations and
present method give
similar resuits)

‘02 L ] L ] L 1 i ] 2 §
0 20 40 60 80 100
Local AT, *F

Fig. 4=—The effect of variable surface overheat on
asutral stability: Modified Duan-Lin vs. exact
computations (T, = 679
(Note the increase in stobility over the constant
wall temperatuce case whan AT > 45°F)
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variation in fncreasing the extent of stable laminar flow is due pri-
marily to the upstream history of the thermal boundary layer and its
ability to appropriately deform viscosity and velocity profiles in

the region between critical layer and wall.

We have developed a modification of Lin's method that can be
used to estimate the minimum critical Reynolds number of a heated
laminar boundary layer. This method is both simple and surprisingly
accurate. As in Lin's original work, the method is most applicable
when ¢ » 0, a + (), and aRe6 + «, The internal details of the method
do not agree entirely with exact analyses in other ranges of these
parameters, but the fow required constants have been chosen so that
predictions of minimum critical Reynolds number are consistent with
results of more elaborate numerical integration of the Orr-Sommerfeld
equatious.

This method, which we have labeled the "modified Dunn-Lin method,”
can be used with confidence in enginecering studies of laminay boundary
layer coantrol in water., Preliminary studies, based on this method,
suggest that an appropriate suriice temperature distribution can promote

stability, even for flows experiencing adverse pressure gradients.
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