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3.

1. INTRODUCTION

Since the 60’s an important research effort has been devoted

to the development of efficient structural optimization techniques ,

which could amplify the power brought by modern numerical analysis

tools such as the finite element method .

Structural optimization presents a large number of facets for

which excellent reviews can be found in the references t GI4 , S6 ,

F8, P13 1 . The presen .t work concentrates on one of these aspects ,

that is the problem of minimum weight desi gn of elastic structures

submitted to multiple loading cases and various constraints.

It can be presented as a non linear mathematical programming pro-

blem

mm W(a..)

( 1. 1)
with g

3
(a1) ~ 0

where W denotes the weight , a
~ 

the design variables and g
~ 

an

explicit or implicit function of the design variables , eventuall y

referred to a given loading case. These functions describe a

number of characteristic responses of the structure such as the

stresses in various components , deflections , dynamic response ,

stability limits , etc

In the last two decades essentially two main approaches have

been exp lored to solve this problem. The first one is based on

the rigorous app lication of a certain number of the numerical

methods of non linear mathematical prograniuiing. The structural

optimization programs , that have been derived , exhibit excellent

convergence properties , but the cost of their application increases

in a very discourag ing manner with the size of the problems ( K7 ,

Gl3 , G16 , V3 I .

The second approach has been developed from the concept of

optimality criteria. For a given type of optimization problem ,

explicit expreasionl of the constraints in terms of the design 

— — - -~~ _ _
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variables are derived which are exact for isostatic structures.

Their choice is guided by engineering intui tion. The assumption

is introduced that these explicit forms of the constraints can

be used as approximations in the case of hyper static structures.

Often the initial problem (1.1) disappears in its initial form ,

and is rep laced by a redesi gn algorithm derived on the basis of

the exp licit approximations of the constraints.

The classical Fully Stressed Design (F.S.D) procedure is the

best known example of such redesign algorithms . It is exact for

an isostatic structure ,but leads eventuall y to non optimum designs

in hyperstatic structures ( S7, R5 , Gl4 , K9 I . However such opti—

ma lity criteria reveal , in many practical situations , extremely

good behavior , yielding optimum , or near optimum , designs in a

number of analysis cycles which is largely independent of the

number of design variables. This attractive characteristic led to

the development of a second , distinct , generation of computer

programs for structural synthesis [ Gl5 , D5 , D6, V4 I . Their ap-

plication cost is reasonable , but their convergence properties

are disappointing in certain cases -which are difficult to identify

a priori.

These two schoo l s  of t houg ht have been  t r a d i t i o n a ly opposed

in the  p a s t .  The f i r s t  c o n t r i b u t i o n  of the present work is to
establish the relations that exist between the ri gorous mathema-

tical programming approaches and those based on the more intuitive

optimality criteria. The discussion concentrates on the classical

case where the wei ght is linear in the design variables and where

only stress and disp lacement limits are imposed , plus eventuall y

minimum and maximum sizes. The extension of the conclusions to a

broader class of problems is strai ght,}orward.

An essential step was to recognize the nature of the approxi-

mations that leads to transform the original mathematical program-

ming problem into an approximate one , from which the optim ality

criteria derives. The next step was to use the understanding of

relations between the two approaches to improve both of them.

‘ ‘ “ ‘  — --  - —. --—. — .—— - —— ~~ . ~--‘-- ~~~~~~~~~~~~~~~~~~~~ ~~~ T~... .~~~~ A



- : A generalization of t he  o p t im a l i t y  c r i t e r i a  is p r o p o s e d

which consists in deriving them from the KUHN—TUCKER conditions

written for an approximate problem , in which all the constraints

are approximated to the first order. It is sh,wn that the appli-

cation of such a generalized optimality criterion is equivalent

to solving the approximate problem exactly. An efficient way is

provided by the dual algorithms of convex mathematical program-

ming.

Hybrid optimality criteria are defined as those based on

explicit approximations of the constraints that are of different

orders. They are especially attractive in the presence of a large

number of stress constraints where a comp le te linearization is

costl y and often not necessary.

Turning to the mathematical programming approache s ,it is

shown tha t,in the space of the inverse of the design variables ,

the generalized optimality criteria approach can be viewed as H

e q u i v a l e n t  to a s p e c i a l  f o r m  of t he  l i n e a r i z a t i o n  m e t h o d s  a p p l i e d
to the o r i g i n a l  problem. This allows a be tter understanding of

the reasons of the divergence sometimes met with optimality crite-

ria.

On the other hand , a strict projection primal al gorithm of

mathematical programming is derived in the space of the inverse

of the design variables. This space is advantageous as there

the constraints are very shallow. If the first order explicit

approximations of the constraints are used , the projection al go-

ri thm can take different forms . When the exp lici t approximations

are reevaluated after each projection step, the algorithm is a

ri gorous application of the primal mathematical programming tech-

niques. When the explicit approximations are kept unchanged until

the exact solution of the approximate problem is reached , the

method is strictl y equivalent to the application of the generalized

optimality criteria.



By selecting a limited number of projection steps before

r e c o m p u t i n g  the explicit approximations of the constraints ,

which imp lies to analyse the structure , the p r o j e c t ion me thod
become s a mixed method with properties ly ing be tween those o f
the optimality criteria approaches and those of pure mathemati—

cal programming. Moreover t h i s  concep t  of mixed  m e t h o d  is ea s i l y
extended to situations where the order of approximation of the

cons traints is variable , l i ke  in the hybrid op timality criteria.

9 The e f f i c i e n c y  of the p r oposed  al gor i thms is proved  on a

ra ther large number of applications taken from the litterature

on structural optimization.

The conclusions of the presen t investigaticn are the follo-

wing

— e f f i c i e n t al gori thms for structural optimization seem to result

onl y from the rational combination of mathematical programming

te c h n i q u e s  and eng ineering approxima tions ;

— the approximations of the constraints introduced in the deriva-

tion of optimality criteria are quite often perfectl y satisfac-

tory, even those based on F.S.D., provided they are correctly

used in the weight minimization algorithms ;

— simp le tests allow to detect a priori the situations where

more e l abora te approx ima t ions  are n e c e s s a r y ;

— the most efficient methods seems to be based on mixed order

app rox ima t ions , corresponding to what is defined in this work

as hybrid op timality criteria . The solution of the correspon—
ding approximate problems are best obtained by dual methods of

mat hema t ica l  programming when the number of constraints is

small and when their non linearity is not too pronounced.

Otherwise the primal methods are to be preferred;

— if the mixed approximations improve sig n i f i c a n t ly the conver—

gence p r o p e r t i e s  of the o p t i m al i t y  c r i t e r i a , i t  r e m a i n s  t h a t
their convergence can never be taken for granted , as they are

equ i v a l e n t  to l i n e a r i z a t i o n  m e t h o d s  of m a t h e m a t i c a l  program-
ming ;

—

~
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— when the hybrid optimality criteria fail , the combination of

the new mixed method , based on primal projection al gorithms,

and of various exp licit approximations of the constraints ,

yields a very flexible and efficient tool. 

- - -~ ~~--- - ---~~~~~~~~~~~~~~~~ ---— ----- ~~ .— .-- -~~ -~~~~~~~~ ~~~~~~~~~~~~~~ 



- - - — - -,-- —--.——— ---‘ - — .
~ 

— ~—-- .----- —-P ~~~~ -— 

~1~~~~ 
-

2. THE TWO CLASSICAL APPROACHES

As m e n t i o n n e d  in the i n t r o d u c t i o n  the  p r e s e n t  work concentra-

tes on the solutions of the minimum weig h t des i gn p r o b l e m und er
three types of constraints , that are ,limi tations in the sizes

of the design variables themselves , limi tations in the stresses,

and limi tations in deflections or flexibilities. The structures
- 

- are supposed to be composed only of bars and plates in a p l a n e

state of stress. Their cross sections or thicknesses are the de-

sign variables a3. and the o b j e c t ive func t ion , that is the wei ght

W , is a linear func tion of them. The problem can be presented

mathematically in the form

n
mm W (a.) — E p .  L .  a. ( 2 . 1)

1 ~ 1. 2.

with the constraints

a. ~~ a. ~ ~~~~. i — 1, n (2.2)
—1. 1 3.

p r o b l em  u
J L

(a)  ( u .  j  — I , fl f (2.3-)

L l , fl~

okL (a)  
~ 

k — 1, n (2.4)

£ I , n
C

where n denotes the number of design variables , fl f the number

of flexibili ty constraints , 
~c 

the number of loading cases , p
~

t he  mass  d e n s i t y ,  L~ a g e o m e t r i c a l  q u a n t i t y ,  l e n g t h  of t he  b a r s

or surface of the plates , such tha t £ i a~ is the volume of the

element. U j L  denotes a generalized displacement under the £thl

loading case and °kL a s t ress  cornponen t,or an e q u i v a l e n t  s t ress 3

in the k th elemen t under the 1t~ loading case. The upper (lower)

bar den otes an upper (lower) limit prescribed.

Thi s  p r o b l e m  is l a b e l l e d  p r o b l e m  R ( f o r  R e f e r e n c e  or Rea l
p r o b l e m ) . I t  is a non l i n e a r  ~ a t h em a t i c al  p r o g r a m m i n g  p r o b l e m .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - --~~~~
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Two classical approaches have been used to solve it.

The firs t is based on more or less straig ht~~f o r w a r d  ap p l i ca t i ons
of the numerous and various minimization techni ques that have

b e e n  d e v e l o p e d  in m a t h e m a t i c a l  p r o g r a m m i n g .  The s econd  c l a s s

o f a p p r o a c h e s  is more i n t u i t ive and r e p l a c e s  the p r o b l e m  R by a
s e q u e n c e  of s im p l e x  p r o b l e m s  o b t a i n e d  by i n t r o d u c i n g  v a r i o u s

approximations d e r i v e d  by t a k i n g  a d v a n t a g e  of the p h y s i c a l or
in tuitive knowledge of the behaviour of the structure.

In this chapter a brief review is presented of some of the

techniq ues used in these two types of approaches. It is not

intented to be exhaustive ,nor to give the detailed formulations

t h a t  can be f o u n d  in the  references. The purpose of the review

is simp ly to recall some aspects of these methods that are useful

for unders tanding the arguments developed in the next chapters.

2 .1 .  D i r e c t  a p p r o a c h e s  based on m a t h e m a t i c a l  p r o g r a m ming

2.1.1. Classifica tion of the non linear mathematical programmin g

methods

In the  f o l l o w i n g  c la s s i f i c a t i o n  of the  me thods  of non
l i n e a r  M . P . ,  o n l y  the  mos t  c l a s s i c a l  m e t h o d s  have been r e t a i n e d

that can be applied in the context of the present work.

The statement of the problem R (2.1 to 2.4) involves a linear

objective function and non linear contraints. This problem

however  can be t r a n s f o r m e d  in d i f f e r e n t  m a n n e r s , so t h a t  a much
broader class of me thods has to be considered than those that

are e s p e c i a l l y  adap ted to the  type of f u n c t io ns and cons tr aints
ini tially considered. The classification adopted here is based

on the nature of the constraints.

Uncons tr a ined  m i n i m i z a t ion

Almos t all of these methods follow the same basic scheme which

consists in defining a search direction and then in minimizing

the f u n ct ion a long  tha t  d i r e c t ion 3 which implies the computation

of a progression step. The search for the optimal step that
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10.

minimizes the objective function along that direction ii called

a linear search. When this step has been achieved a new search

d i r e c t ion is d e f i n e d  and the p rocess is repeated u n t i l  conver-

gence eventually occurs. An important concept in the definition

of the search directions, is tha t of conjugate directions

Hi , El I . Al thoug h some methods exist that do not require

the computation of any derivative of the function , l ike  the
POWELL me thod [ P2 1 , the only choice in our context is between

me thods that require an evaluation of the first or second deri-

vatives of the function. Among those that use only the first

deriva tives ,we find the vario us gradient methods like that of

the steepest descent ( Cl , C2 , Cl I , the conjugate gradient

me thods I Hl , H3 , El , F4 ] and the v a r i a b l e  me t r ic  me thods
that are especiall y us e f u l  when the f u n c t ion  has a p ron ou n ceed
excentricity [ F6 I ; the DAVIDON—POWELL is a typical example

L ( P1 , F5 , E2 , P4 , P5 I . When the second derivatives of the

ob jec t ive f u n c ti on can be ob t ained , powerful methods can be cons-

truc ted by using quadratic approximations of the function.

Various generalizations of the NEWTON method have been proposed

L C4 , G2 , L2 , 142 1

Minimiza tion with linear constraints

The minimiza tion of a function under a set of linear equality

or inequali ty constraints plays a foundamental role in l4.P.

Even if one does no t consider linear programm ing ,which is an

i m p o r t a n t  s p e c i a l  case b u t  no t  r e l e v a n t  to our p r o b l e m , the

fac t is that many methods of non linear M.P. lead to a sequence

of p r o b l e m s  w i t h  l i n e a r  c o n s t r a i n t s .  The c l a s s i c a l  m e t h o d s  of

u n c o n s t r a i n e d  m i n i m i z a t i o n  are  e a s i l y  t r a n s p o s e d  to t h i s  t y p e

of problem from the point of view of the choice of the search

direc tions and of the convergence properties. An essential modi-

fica tion in the case of inequality constraints is the addition

of an al g o r i t h m  w h i c h  d e c i d e s  when a c o n t r a i n t  become s a c t i v e

or , inversely, must be abandoned

An impor tant class of methods is constituted by the projec-

tion methods. They can be characterized by the fact that they

-
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progress along descent directions that remain on the boundaries

of the polyhedron of the feasible domain. They present therefore

the advantage of producing a sequence of feasible points that

correspond to decreasing values of the objective function.

An examp le of such methods is the gradient projection method of

$1 ROSEN I Ri I which derives from the steepest descent method.

Better convergence is obtained by using projected conjugate

gradient methods E 143 , P4 ] or projected variable metric methods

I C4, G6 I . These methods require only the knowled ge of the

first derivatives of the functions. Second order projection

me thods can also be applied when the second derivatives of the

objec tive function are available. They are obtained by a genera—

liza tion of the NEWTON method I G3 , G5 I

-

‘ 

Minimiza tion with non linear constraints

In this  more gene ra l  case , two essentially different classes of

me thods have to be distinguished. The first groups the primal . 
-

me thods which attemp t to solve directl y the orig inal  proble m ,
i.e. in our case the problem ft (2.1 to 2.4). They are characte-

rized by an iterative process that produces a sequence of

feasible points corresponding to decreasing values o~
’ the objec—

tive function. This characteristic is important ,as it allows

to atop the process before reaching the optimum and stiLl yield

an improved design . Among the primal methods one can distinguish

between two subclasses. The first one uses the concept of

feasible directions introduced by ZOUTENDIJK [ Z2 I . The f ea s i b l e
directions are selected in such a way that none of the constraints

are violated during the progression. The second one consists in

a further generalization of the projection methods developed

for linear constraints. In these methods, each minimization leads

to a moderate violation of the active constraints and has there—

fore to be followed by a restoration phase that brings back the

desi gn point on the composite constraint surface. First order

methods are available like the ROSEN ’s gradient projection

method [ R2 I , or the conjugated gradient methods I A2 J , as well

as second order methods generalizing the NEWTON method t S3 , $4 J .

--- -  -—---~~~----  ~~~~ -- - -- 
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A diffic ulty that is common to all of these primal methods

comes from the need to start the process at a feasible point.

When the constraints are non linear ,this is sometime s far from

being evident.

In the second group of me thod s , the o r i g i n a l  p r o b l e m  is not
directly solved but transformed into another problem or a

sequence of auxiliary or approximate problems . Among these

me thods we f i n d  the d ual me thods , the lineariza tion methods and

the penalty methods. An advantage of these methods is that the

non linearity of the constraints does not introduce any special

diffic ulty. Their disadvantage comes eventually f r o m  the f ac t

that the design points that are produced after each iteration

are not necessarily feasible points , and the re f ore i t is us ua l l y
not possible to stop the process before reaching the optimum .

It is also worth mentionning that many of these methods require

certain convexity properties which are not necessary in the

p r i m a l  m e t h o d s .  The p r o b l e m  R , as i t  s t a n d s , is n o t  n e c e s s a r i l y

convex,and therefore optimization methods requiring the convexity

of the des i gn space can only be applied to a modified problem.

The s i m p l e s t  m e t h o d  to so lve  a non l i n e a r  M . P .  p r o b l e m  is

perhaps to transform it in a sequence of linear programming

problems . Unfor tunatel y this procedure can converge only if a

l oca l  m i n i m u m  e x i s t s  at  a v e r t e x  of t he  d e s i g n  space  w h i c h  is ,

in p r a c t i c e , v e r y  u n u s u a l .  A c e r t a i n  number  of more  e l a b o r a t e

lineariza tion methods have been developed to avoid this diffi-

cul ty. Among them we shall mention the KELLEY cutting p lane
method  I K4, Wi , Li I w h i c h  however  a p p l i e s  onl y to convex pro-

ble m. The methods of approximation programming of GRIFFITHS and

STEWART I G7 I ,  of WILSON I W4 I and of BEALE ( B3 I , in trod uce
various improveme’~ts like the definition of move limits , or

the linearization of the constraints onl y , while a quadra tic ap—

proximation of the objective function is used. An important dif-

ference wi th the primal projection methods,which at the current

point also use a linearization of the cons t r a i n ts , is due to
the fact that in linearization methods the desi gn po in t ob ta ined
after solving an approximate linearized problem is not moved back

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  -J
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onto the exact composite constraint surface.

The penal ty methods consist in transforming the initial

problem in a sequence of unconstrained problems by adding to

the objective function an auxiliary function that describes

the degree of non satisfaction of the constraints [ Fl I
The choice of the auxiliary function can be made such that

the sequence of design points remain inside or outside the

feasible domain I Fl , C5 , F i l , A3 , R3 , Li I

In the special case of convex programming, the lagrange

mul tip li e r s ,tha t are assoc ia te to the cons t r a in ts,have the
meaning of dual variables in terms of which a new formulation

of the problem can be established. This dual problem consists

in maximizing the lagrangian function in terms of the dual

variables wi th the only constraint that these dual variables

have to remain non negative I Fl , Li , W2 , P12 ] . These me tho d s
play an impor tant role in the context of optimality criteria

and will be discussed in more de tails at that occasion.

2.1.2. Gradien ts of the constraints

In mos t of the efficient minimization techniques it is

necessary to comp ute the value of the various functions that

define the problem and their gradients. As the flexibility and

s tress  cons t r a in ts are i m p l i c i t f u n c t ions of the desi gn variable ,,
their gradients can only be computed numerically.

In the context of the finite element method , a flexibility

can be expressed as a linear combination of the nodal D.O.F.

corresponding to the disp lacements q

u~ — b~ q ( 2 . 5 )

where b~ is a line matrix of constants . The gradient of the

flexibility under a loading case £ is therefore

~

--- -—  —--—--— — - - - 
_
~~~~~~~~~ _ _ _
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au.
— b .  ___ ! ( 2 . 6)aa . j  a~ .

1. 1

For the stress constraints , a stress component can be written

in the same manner as a linear combination of the D.O.F. of

the corresponding finite element , using in practice simply a

line of the stress matrix t

F and

~~kL aq~
— t  — (273a. k aa.

2. 1

If the constraint is on an equivalent stress , the expression

of its gradient can be obtained from the gradients of the 3

stress components.

The computation of the gradients of the two types of constraints

reduces to the evaluation of the gradients of the generalized

nodal displacemen ts of the finite element model. The method of

“ p s e u d o — l o a d s ” I F 14 , GlO I is rather advantageous.

Cono dering the equilibrium equations

K — g
~ 

£ — 1, 
~ c (2.8)

for the loads g~ , one has

— q + K i— — 0 i — 1, n ( 2 . 9 )

£ — 1, 
~~

from which

— K 1 (2.10)

In the elements that are considered in this work , the stiffness

__  _  - -— - - - - - -- ~~~~~~~~~~~~~ --~~~~ ----- 

-

~~~~~~~~~~~~~~~~~ -~~~~ - -~~~~~ - -~~ - -~~
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matrices are linear in the design variables , and can be w r i tt en

K.  — a. i. (2 .11)
1 2. 2.

where is the  s t i f f n e s s  m a t r i x  f o r  a u n i t  v a l u e  of the  des i gn
variable. The pseudo loads are defined by

— — q~ i — 1, n (2.12)

c

so that the computation of the gradients (2 . 10 )  requires only

the app lication of the (n x 
~~~ 

pseudo loads to the structure ,

in addition to the set of n
~ 

actual loads.

This  can be handled rather efficientl y by th e f i n i te e lemen t

programs ,especial ly if the total number of loads is not too

large .

2.1.3. Characteristics of some of the H.P. approaches

A large variety of solutions has been proposed to the

structural synthesis problem that are based on one or the other

of the M.P. methods mentionned in the classification given above.

The e a r l i e s t al gori thms were based on primal methods ,l ike  the
alternate step methods proposed by SCHMIT I S7 I ,GELLATLY et al .
I G9, Gb , Gil , Gi2 I , the ROSEN ’s projected gradient method

applied by BROWN [ B4 I , the ZOUTENDIJK’s feasible direction

method used by KARNES I 1(7, T2 I and VANDERPLAATS I Vi I etc.

All of these methods solve directly the problem R in its form

given by (2.1) to (2.4)~ that is in terms of the desi gn variables.

The linearization methods have been applied by MOSES I Mb I ,

REINSCHMIDT I R4 I , SCHMIT S8 I and others. It is worth

mentionning that a certain number of these authors hav , noticed
the advantages of using the inverses of the design variables as

unknowns. The advantage come s from the fact that the stress and

flexibility constraints are linear in the inverses of the design

variables when the structure is isostatic and rather shallow

_ _ _ _ _ _  —-— -~~~- -~~~~ - - - - - —
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when hyperstatic ,so that a linear approximation of the cons-

traints corresponds to a good approximation in this desi gn

space. The penalty methods have been app lied by SCHMIT ( S lO 1 ,

MARCAL I M9 I KAVLIE I 1(8 1 and MOE I M 1O I

All of these algorithms share certain common characteristics.

One of them is the need for quite frequent evaluation of the

deriva tives of the objective function and of the constraints.

These can only be obtained after a reanalysis of the structure ,

which is a costly operation. Moreover the number of iteration

steps increases with the number of desi gn variab lev ,which is a

well known behaviour of all the constrained or unconstrained

minimization algorithms ,when only the first derivatives are used.

So not only the cost of the analyses increases when more complex

structure are op t im iz ed ,bu t also the number of analyses  and of
pseudo load cases. In practice none of these methods revealed

able to solve large problems at a. cost competitive with optimality

criteria based methods. However, the main advantage of the M.P.

methods is their generality, their convergence behaviour which

can be predicted and often guarantied due to the sound mathema-

tical bases of the methods.

An important exception has been brought recentl y by the

method of SCHMIT and MIURA [ S18, 1976 ),vhich is characterized

by the use of linear explicit approximations of the constraints

in the space of the inverses of the design variables.

Each apprc -vimate problem is solved using either a feasible

direction method or a penalty method. This method reveals very

efficient ,but ,at the light of the present research ,should no

longer be considered strictly as a H.P. method. Due to the type

of approximation introduced , it becomes in fact a mixed method

and as such will be examined later on.

-- - - - - - - -~~~-~~~~~~~~~~ -~~ - - - - . ~
__i _ _ ~

_ _ _
~
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2.2. Indirect approaches based on optimality criteria

2 . 2 . 1 .  P r o b l e m s  w i t h  s t r e s s  c o n s t r a i n t s

When only stress constraints are prese~ t in addition to

the side constraints (2.2) the most popular approach consists in

using the F.$.D. concept. After each analysis the structure is
resized according to the stress ratio algorithm

- I  V
v+l V °iLa. — a. max (—)
1 3. —0.

1.
(2 .13)

v+la. ~~a.1 —3.

where v denotes an iteration number. It is well known

( MIl, 1412, C7, R5, K9 I that the approach leads to an optimum

in the case of an isostatic structure . In such a case , the stress

constraint become s exp licit and the problem R is rep laced by the

problem

m m W E p .  L. a.
1 1. 2.

a. ~ °iL ( 2 . 1 4 )
1

a. a. - 
-

2. 1

Indeed the application of the F.S.D. does not require to exp licit

the objective function. The problem (2.14) being a linear pro—

gramming problem , its solution is necessarily at a vertex of the

design apace which is uni que and corresponds to

* 1~
a. — max (a. , a.)

1 1 

( 2 . 1 5)

with — a~ max ( —~2~ ~o
i

~ 

—~~-~~~ -- -~~- -i -~~ -~~~~-~~~~~- -
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In the case of hyperstatic structures , the solutions

o b t a i n e d  u s i n g  t h e  F . S . D .  a re  no l o n g e r  n e c e s s a r i l y  m i n i m u m

weig h t desi gns 1 87 , B8 , K9 , R5 , Sl2 , S13 I and some difficu l—

ties in convergence are observed in certain cases I 88, Ml3 , G13 ,

R4, Gl4 I . In many practical situations however the F.S.D.

leads very rapidl y to a desi gn that is very close to the minimum

and is ch a r a c te r i z e d  b y a number  of i tera t io n s ( r e a n a l y see)
that is independent of the number of the desi gn variables.

2.2.2. Problems with flexibility constraints

A large number of publications deals with the optima liry

criteria approaches in the case where flexibility constraints

are imposed I B9 , 87 , P l O , P13 , Sl4 , Sl5 , P14 , BlO I

Cons ide r i ng a v i r tu al l o a d i n g  cas e g
~ 

as sociated to each

flexibili ty constraint U
3

, its virtual work is written

T T Tu~ — q
~ 

g — q g~ — q~ K q ( 2 . 1 6 )

where  q denotes the displacement vector. It is expressed as the

sum of the con t r ib ut ions of each elemen t

u. — £ q~~. K~ q~ i. — 1, n ( 2 . 1 7 )

c.
— E .....U. ( 2 . 1 8 )a.

1 1

w i t h  c
~~3 

— (q~~. K.  q 1) a .  ( 2 . 1 9 )

The flexibili ty coefficients are constant for an isostatic

structure ,which is the situation considered to derive the opti—

mality criteria. Taking the case where onl y one flexibility

constraint is imposed ,which is consequently an ~quality constraint ,
it is classical to separate the n elements into a group of active

1-  

~~~~~~~~~~~~~~~~~~~~ - - - _ _ _ _
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members(i — I , n 1) and a group of passive members (i — n1+l , n)
so that the flexibility can be expressed as

a1 c.
u +~~~~ u u - t1 2 1 1 a .

( 2 . 2 0 )
n C .  —

u - E2 a.n + 1  1.

With equality constraints , a lagrang ian method can be used

w h i c h  is based on the augmented functional

£ (a.,r) — W(a
~
) + r I u(a.) — ~ 1 (2 . 2 1 )

Its stationarity conditions are given by the non linear system

of equations

2 C~ i — I , n ( 2 . 2 2 )a . — r  1
2. P u

n 1 c .
z ~~~~~ — u — U

2 
( 2 . 2 3)

1 i

In ( 2 . 2 2 )  t he  c o e f f i c i e n t s  c
~ 

have to be po sitive 2 which yields

a mean to distinguish between the active and passive members.

Substitution of (2.22) into (2.23) yields the value of the

l a g r a n g e  m u l t i p l i e r

i 
D l 1/2 2

r I 
— ~ ~~k 

L k ck ) ( 2 . 2 4 )
u—u 2 I

~

— -—-- --  ~ --- - -—~~~~~ 
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Reintroducing (2.24) in (2.22) yields the new v a l u e s  of t h e

active design variables (i — i~ fl
1

)

i 
Ui 1/2 c. 1/2

— 
— ~~ 

~~~ 
£~ ck) ~p . L) 

(2.25)
u—u

2 l 2. 1.

This redesign formula is applied after each analysis cycle in

t he  case of a hyperstatic structure and the choice between

active and passive member is also repeated at each iteration.

The relation ( 2 . 2 2 )  can be written

e. C .1 i. • 1.c .  — — — w i t h  e.  — — ( 2 . 2 6 )
1 r P~~

L 1a 1 1 a .

The o p t i m a l i t y  criterion states that the minimum wei ght desi gn

is obtained under one flexibility constraint when the virtual

strain energy density e
~ 

per unit of mass is the same for all

t he  a c t i v e  elements.

The criterion is exact for isostatic structure and approximate

when hyperstatic I BlO , G l 3  I . The i n c l u s i o n of lower  l i m i ts
to the desi gn variables is a strai gbt~ forw~ rd addition.

2.2.3. Problems with stress and flexibility constraints

Such problems have received different treatments. In the

approaches pioneered by BERKE and GELLATLY I G13 , 811 1 the

flexibility constraints are considered as the princi pal ones,

w h i l e  the o thers  (s tress  and lower  l i m i ts) are  t rea ted as side

constraints. The explicit problem solved after each analysis is

m m W
~~~~Z P ~~~

L
~~~a~ i — l , n

problem c.
wit h ..~J_ 

~ 
U

3 
3 • l~ Uf (2.27)

a.~~” a
t

1 3.
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w h e r e  is g iven  by ( 2 . 15 ) .  In an i so s t a t i c  s t r u c t u r e  t he

p r o b l e m  ft ( 2 . 1 )  is i d e n t i c a l  to t h e  p r o b l e m  A w h il e  in the

hypers tatic case.it is expected that a sequence of a p p r o x i m a t e

p r o b l e m s  A y i e l d s  to t h e  s o l u t i o n  of the exact problem R.

In  f a ct , m o s t  of t h e  c l a s s i c a l  a p p r o a c h e s  do n o t  so lve  d i r e c t l y

the  p r o b l e m  A , b u t  s t a r t  w i t h  i t s  simp l i f i e d  v e r s i o n

m m W — E p . L . a .
1 1 2.

( 2 . 2 8 )

w i t h  u .  — U .
.1 3

w h e r e  one has  d r o p p e d  t h e  s i de  c o n s t r a i n t s  and s u p p o s e d  t h a t

t h e  f l e x i b i l i t y  c o n s t r a i n t s  are  a l l  a c t i v e  a t  t he  o p t i m u m .

T a k i n g  t he si de cons t r a in t s in to acco un t and selec t ing the
active flexibility constraints are considered as auxiliary pro-

blems . The BERKE optimality criterion (2.22), (2.23) is still

a p p l i c a b l e  and can be g e n e r a l i z e d  f o r  m u l t i p le f l e x i b i l i t y

c o n s t r a i n t s  by i n t r o d u c i n g  a number  of l a g r a n g e  m u l t i p l i e r s

equa l  to the  nu mber  of ac t ive  c o n s t r a i n t s  1 311 1. It yields

2 1a . £ r. c. • — 1, n ( 2 . 2 9 )
1 Pm L i . 3 13

3 — 1, n 1

C .

~ 
LI. — 7 .  ( 2 . 3 0 )a .  j2. 2.

Unfortu nately it is no longer possible to solve analyticall y

this non linear system of e q u a t i o n s  in the case of multi p le

constraints. The envelope method of GELLATLY and BERKE I Gl3

furnishes an approximate solution to this problem. They determine

for each active variable the flexibility constraint that gives

it the maximum size by applying the relation (2.25) for each

flexibility. The resizing relations become

_____________________
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U .
i c .  . 1/2 j  1/2

a. — wax I — ( E (P k i k
c

kj
) 1 (2 . 3 1 )

3 u . —u i i k
3 2

j

i — 1, n 1

The selection between active and passive variables is different

f o r  each c o n s t r a i n t  and y i el d s  to d i f f e r e n t  v a l u e s  of u 2 de n ot ed

The minimum size of variables is given by a~ d e f i n e d  in
~ ( 2 . 1 5 ) .  In t he  case of m u l t i p l e  c o n s t r a i n t s  t h i s  p r o c e d u r e  I -

does not yield the exact solution ,even in an isostatic problem.

It can be interpreted a~ a pseudo lagrangian m e t h o d  w h e r e  t he
lagrange multipliers are approximated by

i 
n
3 1/2 2

— I — E (P ktkckJ
) 1 (2.32)

u.—u k
j  2 .

j — 1,

and w h e r e  the  des i gn variables are given by the envelope

a~ — max(r. c..) i — 1, ( 2 . 3 3 )

instead of the exact expression ,soiution of (2.29).

Another approximate solution has been proposed by TAIG

and KERR I T3 I . They have  used  an e x a c t  l a g r a n g i a n  m e t h o d
bu t  in t e r m s  of the  inverse of the lagrange m u l t ip l i e r s

A .  — ( 2 . 3 4 )
j

so that the optimality criterion (2.26) becomes

~ 
— 1 i — 1, n ( 2 . 3 5 )  

~~~~~~~ —--- --—- —--- - - - - - - -~~~~~ - --~~~ - -- - 
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The s o l u t i o n  of t he  s i m p l i f i e d  m i n i m i z a t i o n  p r o b l e m  ( 2 . 2 8 )  is
g i v e n  b y t h e  s y s t e m  of (n  + U

f
) non l i n e a r  e q u a t i o n s

a~ — i— E ~~~ ( 2 . 3 6)
1 p . L .  . A .

1 1 3  3

C .

u . — E —~~- — . ( 2 . 3 7 )
~ a .

The s o l u t i o n  of ( 2 . 3 6)  is o b t a i n e d  by an i t e r a t i v e  N E W T O N —
RAPHS ON p r o c e d u r e .  A d i f f i c u l t y  a r i s e s  b y t he  f a c t  t h a t
initial values for the A

3 
are necessary to initiate the pro—

c e d u r e, w h i c h  a re  s o m e t i m e s  d i f f i c u l t  to f i n d .  In t h e  case  of

one f l e x i b i l i t y  c o n s t r a i n t  t he  TAlC and KERR a p p r o a c h  y i e l d s
r e s u l t s  i d e n t i c a l  to t h a t  of t he  G E L L A T L Y — B E R K E  e n v e l o p e  m e t h o d .

In both methods ,most of the difficulties that appear in

t h e  a p p l i c a t i o n s  can be r e l a t ed  to t he  f a c t  t h a t , i n s t e a d  of
s o l v i n g  the  p r o b l e m  A , t h e y  s o l v e  t he  p r o b l e m  ( 2 . 2 8 )  w i t h
e q u a l i t y  c o n s t r a i n t s .

O t h e r  s o l u t i o n s  have  bee n p r o p o s e d  [ V4 , B8 , 812 1 w h i c h

p r o c e e d  f r o m  s i m i l a r  p o i n t s  of v i e w .  They a re  n o t  d e t a i l e d  h e r e .

The two m e t h o d s  of BERKE 1 810 1 and TAI G and KERR I T3 1 are

s u f f i c i e n t l y  c h a r a c t e r i s t i c  of t he  o p t i m al i t y  c r i t e r i a  a p p r o a c h

to  a l l o w  to d e v e l o p  t h e  c o m p a r i s o n s  t h a t  a re  e s s en t i a l  f o r  t he

p r e s e n t  w o r k .

2 .3 .  Mixed approaches

M i x e d  a p p r o a c h e s  a r e  c h a r a c t e r i z e d  by t h e  f a c t  t h a t  t h e y

rely simultaneously on the minimization algorithms of mathema-

tical programming and on the intuitive approximations of the

o p t i m al i t y  c r i t e r i a .  

- - - -—  - - - - ~~ -- - — ~~~~~—- 
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Such  a p p r o a c h e s  have been  p r o p o s e d  by V E N K A Y Y A  I V2 , V3 I and
o t h e r s  I D5 , Sl7  I . We n o t e  e s p e c i a l l y  in  t he  c o n t e x t  of t h e
p r e s e n t  w o r k the  m e t h o d  of ‘h igh  q u a l i t y  e x p l i c i t  a p p r o x i m a t i o ns ”
of th e cons tra i nt s p roposed  by SCUM I T and M I U R A  I Sl8 , S2O , S8 I
A l t h o u g h  in the  s p i r it  of the authors the method pertains to the

li ne of m a them at i ca l  programmi ng methods , i t w i l l  be dem ons t ra ted
la ter that it is indeed a mixed one. The approximations of the

c o n s t r a i n t s  used  by SCHMIT a re  o b t a i n e d  by a T a y l o r  s e r i e  expansion

limited to the first order In the inverse of the desi gn variables .
The approximate form of the problem R that they obtain is

mm W(x.) — 
~~ 

.~— w i t h  x .  — (2.38)

— U?~~ + 
~ :x~

L) x i 
— x

0
) 

~~~ 

( 2 . 3 9 )

°kL — a kL + ~ (
g~~~~~~~~~~ ( X i  — x°) 

~ 
(2.40)

.L. 
~ x. ~ .!._ ( 2 . 4 1 )

a .  —i.

where t h e  s up e r s c r i pt (O
) denotes the values computed at a

design point where the structure is analyzed.

The  p r o b l e m  ft is r e p l a c e d  b y a s e q u e n c e  of s u c h  a p p r o x i m a t e

p r o b l e m s  w h i c h  a re  s o l v e d  by ei ther  a f e a s i b l e d i rec t ion s

m e t h o d  or a r e n a l t y  m e t h o d .

-- - ~~- -------—-------- ~ ~~~~~~~~~~~~~~ 
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3. A GENERALIZATION OF THE OPTIMALITY CRITERIA

An essential ingredient of the optima lity criteria is the

use of explicit , and hence most often approximate , e x p r e s s i ons
of the constraints in terms of the desi gn variables.

The se expressions are exact in the isostatic case onl y. In

hyp erstatic structures the degree of approximation is essentially

d i f f e r e n t  f o r  s t r e s s  and d i s p l a c e m e n t  constraints in the classi-

cal approaches. The first generalization proposed here consists

in presenting a way to derive optima lity criteria that are based

on approximations that are consistent for all the constraints.

It is to be noted that this does not i m p l y  necessarily the sugges-

tion to use these generalized optimality criteria in that form ,

but they represent an essential step for the understanding of

the re la t ions be tween the v a r i o u s  s tr uctu r a l  syn th e s i s  techn i ques
and for the derivation of efficient mixed methods.

3.1. Scaling of the design variables

Before discussing the generalization of the optimality

criteria , it is necessary to recall a property of the scaling

opera tion consisting in multi p li i ng each desi gn va r i ab le  by
the same factor. Such an operation evidently does not introduce

any r e d i s t r i b u t i o n  of t h e  i n t e r n a l  forces if the stiffness ma-

trices are linear in the design variab1es~ wha t we have assumed

in the present work. If a° deno tes a point in the desi gn space ,
2. . 1

the scaling by a factor f yields a new point a
~

— f a~ (3 . 1 )

at which the disp lacements and stresses are

0 0
U .  a1 1 LUu .

~~ 
— 0k& 

— ( 3 . 2 )

i — i n  J l Ø fl f t — l , n
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All the points obtained by (3.1) are on the line joining a~
t o the ori gin in the design space. It is denoted D(a7). The

intersections of that line with the constraint surfaces yiel d

the scaling factors

o 0

f(u.t) — UakL) — 
°k 

( 3 . 3 )

that are to be applied to bring a design point a~ on those

s u r f a c e s .

3.2. Order of approximation of the constraints

The s t r e s s  ra t io r edes i gn algori thm used in F.S.D.

0a.
0 ita. — a .  max { — } ( 3 . 4 )

P. a.
1

whi ch is applied after an analy s i s  y i e l d i ng th e s tr esses 0° ,

correspond s to an explicit approximate expression of the stresses -

in terms of the design variables

0a.
0 2.a .  — a .  — ( 3 . 5 )it it a.

2.

where the denotes an approximate expression. The exact stress

constraints

a .  ~~~~ (3.6)
it

are non linear implicit functions of the desi gn variables

I
L~ .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~ -
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T h e i r  a p p r o x i m a t i o n  (3.5) is however equal to the exact one

at any point along the D(a~) scaling line , that is

0
— on D(a.) (3.7)

and ,in particular , at the intersection of the line with the

exact constraint surface

~ it  — °iL — 
~~~~. 

& — 1, n~ (3 .8 )
•1 i — 1, n

Geometrically, the exact curved constraint surface (3.6) is

approximated by a plane perpendicular to the axis a1 and

passing by the intersection of the exact surface with the

scaling line D(a~). As the approximation (3.5) preserves onl y

the value of the function ,and not of its derivative s it is a

zero—order explicit approximation of the stress constraints.

T u r n i n g  now to the d i s p l a c e m en t or f l e x i b i l i ty cons t r a i n ts,
as in trod uced f o r  ins tance b y BERKE [ BlO I , t h e i r  e x p l i c i t

approxima tion is given by (2.18, 2.19), that is

c? .  T
• 0 0 ~.o 0u .  E —~~~ w i t h  c .  • — ( q .  K .  q .  .) a .

j  .a. 2.3 1 2. 2.] 2.

(3 . 9 )

0 ‘
~~ hwh e re q . ,  a r e  the noda l  d i s p l a c e m e n t s  of t h e  i~ e l e m e n t

u n d e r  a real  or v i r t u a l  l o a d i n g  case , at an anal ysis poin t a
~~
.

In the exact constraint

c . .  ( a . )  —u .  — E ~~ 1 
~ u. (3.10)

j  
~ 

a.

_ _ _ _  -~~~- - - - - --~~ ---- - —---~~~~—~~~~~~~-



the flexibility coefficients are implicit functions of the

desi gn variables. By the same arguments as for the stress

constraints , the approximate value of the flexibil ity (3.9)
is ~qua 1 to the exact value at any point along t h e  s c a l i n g
line D(a’~). Consider now the first derivative of a given

flexibility (3 fixed) . Recalling (2.16, 2.17) we have

T ‘~~ T~~.u q  K q m q  g g  q ( 3 . 1 1 )

and

— K + q T .~.!_ ~ + q T K ( 3 . 12 )

As the loads

g — K q  and

are independent of the design variables

au Ti~ a T~~~K ‘~.— -i-—.— (q g) + r— (g q) + q ~~ — q (3 .13 )
2. 1 1 1.

au au T~~ K ~—aa. aa.
3. 2. 1

and hence

T~~K ‘...~.;— — — q q (3.14)
2. 1

U s i n g  the expansion of K in terms of the finite element stiffness

ma trices K. which are supposed to be linear in the desi gn varia—

bles

.
~
L.. — — .L. (q~ K. ~~~) (3.15)
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At the analysis point a~~, using the definition of the flexibi-

l i ty coe f f i c i e n ts (3.9), we have

0

— — ~ 1
o 2 (3.16)

2 
a? 

( a . )

w h i c h  is  i d e n t i ca l  with the value derived from the approximate
• explicit form (3.9)

— — 
2.

0 2 ( 3 . 1 7 )

a? 
( a . )

We c o n c l u d e  t h e r ef o r e  t h a t , at  any point along 113(a7), the appro-

xima te values of the flexibility and its first derivative are

e q u a l  to the exac t ones

— .~~L — .
~~

—. al ong D ( a~~) (3.18)

Geome tr i c a l l y , the explicit approximation (3.9) is a surface

which is tangent to the exact one at the intersection poin t of

D(a0) w i t h  the exact constraint surface. It is therefore a first

o r d e r  a p p r o x i m a t i o n  of the constraint.

3.3. Inte~~~re ta t ion as app rox ima t ions of the p r o b l e m  R

A graphical in terpretation is presented in fi gure 3.1 for

a two dimensional problem. The exact stress and flexibility

cons traints are indicated which define the exact problem

( p r o b l e m  R) and lead to the optimum design in R. From a design

poin t A° a t w h i c h  the s tr uc tu re is an alys ed , the optimality
criteria approach using the F.S.D. concept , consists in using

the explicit approximations of the constraints examined above .

4

~
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They a r e  r e p r e s e n t e d  On t h e  f i gure  b y a s t r a i gh t  l i n e  perpen-

dic ular to the axis for the stress constraint and a curved

l i n e  t a n g e n t  to the exact flexibility constraint. The problem

R is c l e a r l y r e p l a c e d  by a probl em A as defined in (2.27) and

yields a solution which is indicated by the point P.

The example is easil y generalized and leads to the conclu-

sio n that the classical methods using optimality criteria

rep lace the problem K by a sequence of approximate problems

which are characterized by the use of explicit expressions of

the cons traints. In the case where the stress constraints are

t r e a t e d  by t h e  F.S.D. concept , the approximation corresponds

to the problem A. It is expected that a sequence of problem A

lead s to the solution of the problem R. This is not necessaril y

the case and it is clear that it does depend of the quality of

the approximations introduced for the constraints.

It is important to note that most of the optimal.ity criteria

me thods p ro posed i n the pas t, do not always solve exactl y the

p r o b l e m  A , e s p e c i a l l y  when  m u l t i p l e  i n e q u a l i t y  f l e x i b i l i t y

constraints are imposed.

3.4. First order approximation of the stress constraint s

The zero order approximations of the stress constraints

in troduced by the F.S.D. can easily be replaced by f i r s t  o r d e r

ap proximations. A given stress component in an element k can be

w r i t t e n  as a l i n e a r  c o m b i n a t i o n  of t h e  n o d a l  d e g r e e s  of f r e e d o m

of t h e  e l e m e n t

°kt  — t
k ~~ — 1, it (3.19)

k — I , n

where tk is a line of the stress matrix of the element.

is the number of load cases. This expression ,alr ead y intro-

duced in (2.7), is formally iden tical to that of the flexibility

(2.5) and therefore the same treatment can be applied to compute

---  - — —--- “—- — — - -
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3 1.

f i r s t  o r d e r  exp l i c i t  a p p r o x i m a t i o n s  0k t

0d j k L
°kt  — 

~ a. 
(3.20)

3. 2.

with the stress constraint coefficients

o T o o
d i k &  — ~~~~ K. ~~~~ a .  ( 3 . 2 1 )

The first derivative of the explicit approximation of the

stresses are

0d .LU ik L
_____ — — (3.22)aa. o 2

a? 
(a.)

Such approxima tion exhibits obviously the same property as

me ntionned for the flexibility constraints

a — ak P .  k&
} a long  D(a?) (3.23)

____ — ____

whi ch characterizes first order approximations of th e cons-

traints.

If  the conc ep t is eas i l y in troduced , a cer t a in  numb e r of
difficulties arise in prac tice. The most important one is that

the computation of the stress constraint coefficients d
~ kL

requires to take into account a number of virtual loading cases

which is equal to the number of first order approximated stress

cons t r a i n ts,and can be quite large . The solution to that diffi-

culty will come from a selection of those stress constraints

that require a first order approximation and will be examined

I_lI_ 
~~~~~~~~~~~~~~~~~~~ -- - - - --—~~~~~ -- — —~- .-• — . . - ----~_-  - -— - .-• ~~~~~~~~~~~~~~~~~~~~~~~ 
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later in the context of hybrid methods.

A second difficulty comes when the need exists to use

equivalent stresses to express the constraints. They can not

be expressed as linear combinations of the nodal displacements

as in (3.19). Two methods are proposed in that case.

Firs t order ap~ rox ima t ion ~~~~~~~~~~~~~~~~~~~ ~ f .t~ e_d!sE1!c~m!n~~

Consider the quadratic form of the disp lacements

A
2 

— qT H q (3.24)

wh ere H is a (n * n) positive definite matrix of constants.

A virtual loading case is defined by

v 1g — H q (3.25)

and its virtual work is given by

T 1/2T v  v T v TA • q g — q g — q Kq — (q Hq) (3.26)

At a given analysis point a~ in the design space ,it yields

the exact value of the form (3.24)

A~~~” q ~~~H q  (3.27)

Just as for the linear form in the displacements , one can

write a first order exp licit approximation

d?
— E —

~~ (3 . 2 8 )
i i

with

d~ — (q~ K1 q~)
° 4 (3.29) 

—- -
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where q” are the displacement s of the 1th element for the
virtual loading case (3.25) evaluated in 4.

The exact first derivative of A are given by

(3.30)

[ ‘ but 

v T
- gT 

~~~~ and -u-— — .~i._ gvaa. 3a. 3a. aa.
1 1. 2. 2.

so that

aA T~~I(— — q •
~~~~~

— q (3.31)

and , at an analysis point 4
T v o( q .  K.  q . )

— — —  
2. 2. 3. ( 3 . 3 2)aa. 0o a.a. i

1.

which shows that the exact first derivatives are equal to the

ones derived from the approximate expression (3.28).
We conclude that

A — and — along D(a~) (3.33)
2. 1.

that means that (3.28) is a first order approximation as
announced.

This procedure can be app lied when a constraint exists on

the module of a displacement or in the case of an equivalent

stress. Taking the example of the von MISES equivalent stress

in two dimensions

— ~
2 

+ ~2 — ~ ~ + 3 (3.34)
C X y x 7 xy 

-.----.--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
___ i_•~_ . _ 
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we introduce the matrix V

- 
1 — 1/2 0

V — — 1/2 1 0 (3.35)

0 0 3

so that

— 0T v a (3 .36)

if

— (a , a , r )
x y xy

The stresses in an element are given by the stress matrix

a — T q  (3 . 3 7 )

and the square of the equivalent stress is

a~~~_ q T TT v T q _ q T H q (3 .38)

which allows to compute the stress constraint coefficients d~~.

This implies to take into account one virtual loading case

for each equivalent stress constraint and each loading case.

~~~~~~~~~~~~~~~~~~~~~ the 1radlenta !f_t~ e_e~u!v!l!nS~ stresses

It is also possible to compute the first order approximations

for each s t ress component

30 0 3a o
_____ ____ _____ 

bi kt
3a1 a~ 

3a.

(3.29)
oxykt  — 

tikt
3a 2i a

- - ~~~~~~ • • _ ~~~~~~~i~ 
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where •
~ kL ~ 

b
~ k L  tikL are defined by analogy with (3.29).

In the case of the von MISES s t ress ().24)~ it turns out that

d?
pai

k — — 

ar’ (3.30)

with

o 1 o o 1 0 0 1 odikt a0 ~ ikL~°x 
— 

~ 
b ikt (ay

_ 

~ 
ox~~~CkL

+ 3 t~ ~~° (3 . 3 1 )
ikt XYkt

This procedure requires three virtual loading cases for each
equivalent stress constraint .

3.5. A rigorous first order optimality criterion

When all the constraints defined in the ori ginal problem
R (2.1 to 2.4) are replaced by their first order exp licit
approximations ,a first order approximate problem is obtained
which is denoted problem Al and is written

mm W — 
~~ 

L
~ a1

with c. •
E ~~~ —

problem ~ 
a1

(3.32) 
—

E 1kL <~~a1 k

~~~~~~~~~~~~—i 2. 2.

i — l , n J~~~~1~~ flf k .l , n & • l ~~ fl~ 

— - - - - -  ~-~~-- --~~~~~~~
-- - - -~~~~~~~~~
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A graphical representation of the proble~~ Al is given in

figure 3.2~which is to be compared with the figure 3.1

illustrating the problem A. - 
-

The first order optimality conditions for the problem K are

given by the classical KUUN—TUCKER conditions

+ I E r. + E E s — t .  + w. — 03a
~ ~ 

£ j t 3a
~ k £ kL 3a 1 2. i

(3.33)

with

~~~ 
(u
~~ 

— j t~ 
— 0

8kt (akt 
— Gk ) — 0 1 — 1, n

~~ : ~: ~ (3.34)

t .  ( a .  — a .  ) — 0 k — 1, n C
1 —i 2.

w. (a. — ~~. ) 0
1 1 2.

and

r.
~~

> O  
~kL~~~° 

ti > 0  w .~~~~O (3.35)

The variables a1 are the primal variables ,while r , 5 , t , w

are the dual variables which have the meaning of lagrange

multipliers. They are positive for an active constraint and

zero otherwise. They are not allowed to be negative like in

the problems with equality constraints. Geometrically, these

conditions means that the gradient of the objective function

is orthogonal to the plane tangent to the active constraints

at the optimum. The KUHN—TUCKER conditions are only necessary.

They become also sufficient in a convex problem which is not
the case in general for the problem R.

The KUHN—TUCKER conditions can be written for the first

order approximate problem Al (3.32) by using the explicit

expressions of the constraint gradients (3.17 and 3.22),

— - - - —•— - --—--- ——-  - —--—-—------_- --- — - - - --- -— — — ~& .  ;-•---_ -_-—-- A L.. . a_ - - _~- .
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It y ields a rigorous first order optimality criterion.

Its expression is clarified by defining three classes of

variables

C for ( i  : a .  — a.)1 2. 1.

C2 for (i : < a
1 

( L) (3.36)

C3 for (i : a. — a~)

corres ponding respectively to the variables that have reached

thei r  min imum v a l u e s , those tha t  are between the upper and

lower limits , and those that have reached their upper limits.

This classification is analogous to the classical separation

in active and passive members. With these notations , we obtain

< 1  f o r  i i n C 1

p & a2 ~~ 
r.~ c~~.1 + 8kL d i k t ) — 1 f o r  i in C 2

1 i i ~ 1 for i in C3

w i t h

r. 0 if u.j L

if u .j L  j
- (3.37)

— 0 if  0kL <

if O kL a k

The essential differences between this expression of the

optimality criteria and the classical ones are the following.

Fir st ,it is established for the first order approximate

problem Al formulated in terms of inequality constraints.

The selection between active and inactive constraints is therefore

built in the formulation and can be treated ri gorously wbich is

~

—- ---

~ 

~~~ - -- -~~- ----~~~~~~ —-  -- 
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not always the case in classical formulations.

Second ) i t  uses  a c o ns i st e n t  f i r s t  order approximation for

all the constraints while the classical F.S.D. concept leads

to consider the stress constraints as side constraints.

T h i s  step is essen tial for convergence considerations. At the

optimum the necessary conditions (3.33) are in general not

sa tisfied using the F.S.D. which is known to lead sometimes

to non o p t i m u m  s o l u t i o n s .  At the opposite ,the expression (3.37)

is de duced f r o m  these neces sa ry  condi t ions and th e p r o b l e m  is
r e d u c e d  to th e a p p r o x i m at ion of the probl em R by a seq uenc e o f
p rob l ems  Al , which does not necessarily yield a converging process.

I t  is to be m e n t i o n n e d  t h a t  t h e  e x p r e s s i o n  ( 3 . 3 7 )  c o r r e s p o n d s

e x a c t l y  to p r e v i o u s l y  d e r i v e d  o p t i ma l i t y  c r i t e r i a  [ BlO , G 13 ,
B l I , T3 ] when only one flexibility constraint is imposed and

no stress constraints. In the case of multiple constraints the

d i f f i c u l t i e s  of s o l v i n g  e x a c t l y t he  s y s t e m  of non l i n e a r  i n e q u a —

li ties (3.37) joined to the computational h a n d i c a p  of u s i n g  f i r s t

order  a p p r o x i m a t i o n s  f o r  t h e  s t r e s s  c o n s t r a i n t s, led many a u t h o r s

to u s i n g  v a r i o u s  additional approximations. These are responsible

f o r  t he  poor  c o n v e r g e n c e  p r o p e r t i e s , or even d i v e r g e n c e , encoun-
t e red  in c e r t a i n  cases .

The d i f f i c u l t y  of s o l vi n g  (3.37) is in f a c t  e s s e n t i a l l y

related to the fact that the problem Al is presented in its

p r i m a l  f o r m .  E f f i c i e n t , r ig o r o u s  and s y s t e m a t i c  s o l u t i o n s  can

however be derived by using the dual formulation of the same

p r o b l e m  as shown in t he  n e x t  c h a p t e r .  Therefore the presentation

in the form (3.37) is only intended to serve as a definition of

t h e  o p t i m a l i t y  c r i t e r i o n  a s s o c i a t e d  to t h e  p r o b l e m  A l .

3.6. Hy b r i d  opt imal i ty cr i te r i a

The comp utational h a n di c a p  of using firs t order approxima-

t ions f o r  the st ress  cons t r a i nt s is due to ne ed to in tro duce an
even tu a l l y large number of virtua~l loading cases in the analysis,
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wh i c h  is avo ided  when  the  z e r o  o r d e r  F . S . D .  a p p r o x i m a t i o n  is
used.

In p r a c t i c a l  s t r u c t u r e s  i t  is o b s e r v e d  t h a t  m o s t  of t h e

stress constraints are approximated with sufficient accuracy

by t h e  F . S . D .  w h i l e  some o t h e r , in l i m i ted n u m b e r  mo s t of
tim e , reveal critical and require a first order approximation.

It is not possible in general to d e c i d e  a p r i o r i  w h i c h  cons-

traint is going to be critical and the number of such critical

cons traints can vary at each iteration , tha t is after each

reanalysis.

An automatic selection of these critical constraints can

be ba sed  on t he  p r e c e d i n g  i n t er p r e t a t i o n s  and p r e s e n t e d  as
f o l l o w s .

If

°kL d kkL— 1 AND — << 0kL (3.38)
°k 

ak

t he  c o n s t r a i n t  is p o t e n t i a l l y  critical. The first condition is

r a t h e r  e v i d e n t  and means tha t the s tress  in the elemen t is
e q u a l  or c lose  to t he  p r e s c r i b ed  l i m i t  w h i c h  i m p l i e s  t h a t  the

c o n s t r a i n t  is a c t i v e  or  p o t e n t i a l l y  a c t i v e . The second  condi t ion
a r i s e s  from the fact that a first order approximation reduces

• to a ze ro  o r d e r  a p p r o x i m a t i o n  when

d . k L  — 0 i ~ k ( 3 . 3 9 )

Hence if )in the sum

di kL
a — E ( 3 . 4 0 )kL . a .

1 2.

the t erm d kk t  is dominan t, the situation is not far from that

exis ting in the isostatic case where dkk t  — °k L  ak.
In o t h e r  wor ds , if  in t he  sum (3 . 4 0 )  t he  c o n t r i b u t i o n  of the

other elements (1 # k )  is neg li gi b le ,the F.S.D. zero order 

-- - -~~~- 

-
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approximation is a good approximation .
‘I

After each analysis step,the conditions (3.38) can be used

to define which stress c o n s t r a in t s  a re  to be f i r s t  o r d e r  appro-

ximated while the others are treated by F.S.D.,that means are

• treated as side constraints by using the definition (2.15) for

the minimum size. This procedur . leads to a sequence of problems

Al which involve each a different number of constraints. The
corresponding optimality c o n d it i o n s  can be derived just as in

(3.37). 
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a2
A0

/ problem A
I

-- : ~ P__ ___
\ 0 0

i’\ \  ~~~U= U\

F I G U R E  3.1
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4. DUAL FORMULATION AND OPTIMALITY CRITR&IA

4.1. The primal problem

The classical optimàlity criteria have been derived by

using a lagrangian formulation to solve a simp lified version

of the problem A (2.27) where a selection between active and

• inactive constraints allows to define the problem with equality

constraints. The generalized versions presented in the prece-

ding chapter are based on the problem Al (3.32) and treat the

case with inequality constraints. Eventually a hybrid situation

is considered where only a limited number of stress constraints

are first order approximated. To take these various situations

in to account we write the basic problem in the form

mm W • £ p .  P. a. i — I , n ( 4 . 1 )
1

problem c.
with u. — E - - ~”1.~~~~~. j 1 , m (4.2)

~

a. 
~ 

i — 1, n ( 4 . 3 )

a. > a1 i — 1, n ( 4 . 4 )

where we consider that the m constraints (4.2) group all the

f i r s t or der approxim ated con straints , that is , the true flexibility
constraints and the first order approximated stress constraints

(3.20). The minimum variable sizes a1 are defined as the a
t

(2.15), that is , result from the choice of the maximum between the

true minimum sizes or the values computed by the stress ratio

algorithm of F.S.D.

In such a vay,all the above mentionned situations are covered.

The problem A’ is called the prima l problem because it is ex-

pressed in the primal variables a1. It is not necessaril y convex

as the c1. coefficients in (4.2) are not always all positive .

However if ; change of variables

~ 

~• • - • - •
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x — ( 4 . 5)

is  introduced the problem bec.mea strictl y convex and

se p a r a b l e , which allows to derive easily a dual formulation.

4.2. The dual problem

The fact that the classical optizality criteria are based

on a lagrangian method suggests to use a dual method to solve

the problem A’ . The change of variables (4.5),vhich is necessary

to have a strictly convex problem ,is not introduced exp licitely

as they disappear ,and the solution will be expressed in terms of

the dual variables only. These are the lagrange multip liers asso-

ciated to the various constraints.

4.2.1. The complete dual formulation

In the sense of WOLFE ( W2 J the dual problem associate

to the problem A ’ is

max £ (a, r, w , t)

— 
~~ 

P.. a. — £ r. ( — u.) — £ v~ — a1)
1 3 1

— E t~ (a. — a .)  ( 4 . 6 )

with the constraints

— 0 ( 4 . 7 )
1.

r.~~~~0 v1~~~ O t1~~~ O (4.8)

The equality constraints (4.7) insuring the stationarity of

the lagrangian function £ yields , as the p roblem is separable ,

_ _ _ _ _  _ _  -~~~ 

-
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the explicit relations

£ r .  c . .
2 3 1)

a. — ( 4 . 9 )
1 p 1L1+w1—t 1

allowing to compute the prima l variables a1 
when the dual

variables r ., w1, t1 are known . If the a 1 
given by (4.9) are

substituted into the functional (4.6), the problem reduces to

a maximisation problem in the (m + 2n) dual variables ~~ v 1 , t
1

subjected to the (m + 2n) non negativity constraints.

Formulated in this way the dual approach is not advanta-

geous as it involves more variables than in the primal problem.

However the simp le form of the primal constraints (4.3) and
(4.4) allows to use a formulation reduced in terms of the only

variables r..
3

4.2.2. The reduced dual formulation

The foundation of the method used in this section ii due

to FALK ( F l2  I . Consider the prima l problem

am W — £ p .  P . .  a. i — 1, n (4.10)
~ ~ 1

C .
wi th ~~~~. — £ ~~~~ )‘ 0 j  — 1, m (4 . 11)

~ m l

a. ~ C1

where C is the convex and compact set of the variables defined
• between the minimum and maximum values by

C ( a : a . ~~~~a.~~~~~.) (4.12)

The definition is necessary to exclude the possibility of

infinite solutions in the minimization process.

•- - --—-— -- — —--- ----_- —-—•- •- --- --—--- •-•-—-- •- _-•--—— - -_ --•- - •_ - - -SLa~~~ ~~~~~~~~~~~
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The dual formulation of FALK is simply

max

(4.13)

with r. ~ 0 j  — 1, m

where y(r) is an auxiliary function given by

y(r) — min i — 

~ j — I

1 
(4.14)

for a. a. a.
1 1

or , more simp ly, as the problem is separable ,

y(r) — ~ ~m ~~ 
aL (r) — £ r. (~~. — u .  I a~ (r) ~

1. 3
(4.15)

The solution of (4.14) leads to introduce the quantities

— E c1~ r~ i — l~ m (4.16)
2. 1. ~ I — I, n

The primal variables a1(r) are then expressed in terms of the

dual variables ~~~ using the quantities 8i

a1
/~

a. — if  81 ~ 
a (4 .17)

— . —2a. — a1 if a 1 ~

The explicit expression of the dual problem still requires

the definition of the flexibilities

- •- -- _ • •- - - _ •

~

• • •

~

- - . - • • - - -• - • -  • • -



u~ ( a1 (r )  ~ ~ 
j  — 1, m ( 4 . 1 8 )

The grad~ e~~t of lagrang ian function can be obtained as follows

• — 
~ i £~ ..5_.?~ + E .~._! + u .  — (4.19)

but , using (4.16) and (4.17)

— 
~ p:ai 

i — 1, • ( 4 . 2 0 )

3a.
— 0 1 — n+l , n (4.21) —

3

if denotes the number of free variables , that is belong ing to

the interval 
~ ~~~~. 

‘ 
a m  C . From (4.20) and (4.21) i t f o l l o ws  tha t

n 3a. n c . .
£ ~~. ~~. —.~

. — I £ ~~~ ( 4 . 2 2 )2. 1 3r. 2 . a.
1 3 1 2.

and from (4.18)

n c .  3a.k ik i
F— — — £ —y— ~~~— (4 • 23)

3 i. a. 31.

and

m 3u n c . .
E r  —~~~~~.. — ! E ...LJ.. (~~. 2 4 )
k k ar~ 2 m a1

Finall y the gradient (4.19) reduces , using (4.22) and (4.24) to

— U

i 

— (4.25) 

- - _ - _ - • _~— - •~~~~• • • • • • •~~~~~ -

- 

- -~~• - - • -
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All the ingredients necessary to the solution of the dual

p r o b l e m  (4 .10)  (4.11) have beer L e v al u a t e d .

The reduced dual problem involves the maximization of a

lagrang ian function (4.10) under the constrairts (4.11) in a

space of dimension m equal to the number of first order appro-

ximated constraints. A certain number of methods can be applied

to this maximization problem and some of them are described in

the next section.

It must be emphasized that when the number of dual variables

is much smaller than the number of design variables , which is - •

often the case , a significant advantage exists for the dual for-

mulations. An important property is their ability to solve exactly

a problem A ’ associated to a given rigorous or hy brid optimality

criterion vithout introducing any approximation in the selection

of active and passive constraints ,nor in the treatment of the

side co n s t r a i n t s .

Domains 2f_d!f!n!t1o~ and jl~n!s_o! discontinuitL

The relations (4.17) indicate the existence ,in the dual space .

of pl anes of discontinuity for the second derivatives of the

dua l  o b j e c t i v e  f u n c t i o n .  They are given by

m 2Z c. • r. — p .  P . .  a. (4.26)13 3 3. ‘~~~~~~~

and

a
E c .  • r. — p .  P . .  ~~~ ( 4 . 2 7 )13 3 2. 3. 3.

When crossing these planes the definition of the lagrangian

function (4.15) is modified according to (4.17). In each sub—

regions of the dual space , called domains definition , the dual

objective function is wod~ fied due to different distributions
of the prima l variables in free and fixed variables ,



_ _ _ _ _ _ _ _-___ -

4.3. The dual algorithms

Various maximisation methods can be app lied to solve the

reduced  dual  problem (4.10) (4.11) corresponding to the problem

A ’ (4.1 to 4.4). Two types of al gorithms have been developped

and used in the numerical applications. The first one is a

first order algorithm which requires only the first derivatives

of the objective function , the second one is a second order

algorithm requiring the second derivatives of the dual objective

f u n c t i o n .

4.3.1. A firs t order dual algorithm

The simple algori thm proposed here is based on the projec-

ted gradient method described by ROSEN in I Rl I . It takes a

very  s imp le form due to the fact that the constraints reduce to

the non negativity of the dual variables.

Initialization

(i) define an admissible starting point such that

r~~> O  j l , m

!t!r.~t!v! £rocedure

(ii) Let rA the point observed at the iteration ~
Compu te — the primal variables by (4.16) and (4.17)

— the flexibilities u~ by (4.18)

The search direction is given by (4.25) that is

A . A A —a .  — 0 if r. — 0 and u .  ~ u .
3 3 3 3

A
— u~ — . if r. > 0 or u . > u.

3 3 3 3 3 3
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( i i i)  if 
t~~~ 

z~ > c (g iven tolerance) go to (iv)

otherwise rA 
is the global minimum (of the problem A ’)

(iv) determine the optima l step length along z~ by the

linear search

• A A A A A+ r a ) — max [y(r + t z ) I

where 3A — 
~ t > 0 : (r A 

+ t ~~‘) ~ 0

During this linear search , a dual variable may

• eventually reach the assigned limit r~ — 0

(v) Progress to the step A+1 by computing

A+l A A Ar — r  +~~~ a

go to (ii)

This procedure is very simple. It can be improved significan tly

by using an algorithm of conjugate direction ,which is not pre—

sented here for simplicity ,as it is rather classical I F4 I
In the application described later in this work , such a conjugate 

- 

-

direction al gorithm is used.

4.3.2. A second order dual algorithm

The algorithm developed here is based on the generalized
NEWTON method particularized for the case of linear constraints.

A preliminary problem in such a method is to determine the direc—
tion of the search. Consider the case where the first dual
variables are positive (active primal constraints) and the ~~~~~
next ones equal to zero (inactive primal constraints)

_ _ _ _ _  --—~~~ -~~-- • - - • • - - - -  ~~~~~~~—

-

-—- - -_ •~~~~~~~~
-- - - - — -—--
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> 0 j  — 1, ~ r. — 0 j  — ~ +l , m

(4.28)

The gradient g and the -hessian matrix F are partitionned
according ly

g — V y  — F — V 2
y — ~~ T 

(4.29)

j

• - 
• If N denotes the matrix defining the base of the active cons—

traints so that (4.28) is written

- 
- 

-• - - 

NT r — 0 (4.30)

the matrix N has the simple structure

0

N — ( 4 .3 1 )

I

where I is a ( x a) unit matrix. The NEWTON search direction is

given by I G3, G5 , P9 1

~ 1z — P F  g

• wi th (4.32)

• P — I — F 1 N (NT F 1 N) ’ NT

Introducing the notation

v — (N T F~~~ N) 1 N T 
F 1 

g ( 4 . 3 3 )

-4 

— - •~~--~ ~• -- -~~~~~ -~~~~~
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it can also be written

z — F ’ (g — N v) (4.34)

The inverse of the Hessian matrix terms out to be

(~~ 1 
+ E l PC G~~ F

* ~~1 
~— r’ aT _l

F 1 — ( 4 . 3 5 )

(— G ’ ~
T 

~~1) (G 1)

— 1T~~~_ 1 
~w h e r e  G F — F  F F

f r o m  w h i c h  we o b t a i n  s u c c e s s i v e l y

— l CT ~b 1
- G F F

T —lN P  —

G 1

(NT F~~ N)
1 

— C

—v — g — F  F ~

so that
“I

g

g — N v  (4.36)

and the search direction (4.34) reduces to the very simp le form

a — — ( 4 . 3 7 )

0 -

•

L • 

-
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while (4.33) is simply written

— CT ,~ —
v g — F  z g — F  F g (4.38)

As expected in a second order method , the determination of the

search direction z requires the inversion of the hessian matrix

of the lagrangian considered as a function of the free dual

variables only.

To determine the active constr*ints , a very simple selection

rule can be established if the sign of the multi pliers (4.38) is

examined only at a stationary point of the objective function

where , by definition , the gradient ~ is zer o,which implies

v — ( 4 . 3 9)

which does not require the evaluation of the matrix Ft present

in (4.38). The inversion of ~ is therefore only achieved when

the basis of active constraints is known ,vhich avoids the numerical

difficulties that could appear in case of l inearl y dependent
flexibility constraints.

Algorithm

Initialization

(1) select an admissible starting point

~‘0

• 
r~~ > O

~0 ~.1r)
.O 3 m +1, m

such tha t the hessian matrix F is non singular

_ _ _ _  -- ------ -~~~~~~~~~ - - ~~~~~~~~~~ -— -~~~~-~~
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Iterative £rocedure

(ii) Let rA be the point obtained at iteration A

Compute the primal variables a~ (r A ) by (4.16) and
(4.17) and the flexibilities u~ by (4.18)

Determine

‘iA A — •g •u j — u ~ j l , m

If 
I I 

‘~‘~ I I ~ £ (given tolerance) go to (v)

otherwise compute

~A - l ’i.Aa ~~~~ (~ r )  g

(iii) Compute the optima l step length along by the linear
search in the space of the dual variables

‘A A ’iA r “A
~(r + t  a )  — max L~~ (r +~~~ z )

TI C S ”
where

— { t > 0 (~ A 
+ t z

A
) ~ 0 }

(iv) Compute

‘~.A+ l iA A Ar — r  + t  a

go to (ii) with eventually a —

________________________ -
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(v) Compute

—A A — .
g. — u. — U . j  — m+l , m

3 3 .1

• If max f g~ } ~ 0 then ‘~~‘ is the globa l
— maximum (of the problem A ’)

Otherwise go to (ii) with ~ — ~ +l by incorporating

in ~A+1~ the dual variable which has the largest

positive component

To f u l l y de termine the procedure -4t is still necessary to give

the explicit form of the Hessian matrix of the objective function.

From (4.19) to (4.25) we obtain

ar
J
ar~ 

— 

~ 

(4.40)

1 2 .] .

‘I.. • ,‘ -where — 1, n 1, a k — 1, a

and is the number of free prima l variables as defined by (4.17).

4.3.3. Linear search algorithm

The difficulty of the linear search along a given direction

arises from the fact that the dual space is subdivided into various

definition domains where the objective function takes different

forms . Across a plane of discontinuity the number of free primal

variables ~ is modified and the second derivatives (4.40) jump to

other values.

The linear search can be represented indifferently by the maximi—

zation of the lagrangian

max y ( t ) — 
~ ~~ 

£
1 
a~~(r) + ~ r~~( r )  I u

3
( t )  —

2 3

_ _  - - -- — -~~~-~~ - -•~~~~~~~~~~-•

-

----- - - -
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or by the problem of finding a vanishing first derivative

a
y ’( T ) — ~

T v y(r) — E z. [ u.(-r) — ~~. I — 0 ( 4 . 4 1 )
.i .3

This last formulation presents some advantages and can be used
as follows . Introduce the constants

m — m
X — E z. u . Y. — £ c. . f ..3 .1 2. 13 

~

( 4 . 4 2 )
m

Z .  —
~
-— E c . .  a .

1 p . L m  1) 
~

where denotes the current value of the dual variables .
The problem consists in finding the zero of the function

n Z.p.L.
— ~ a

1
( r )  — (4.43)

where the design variables a1(r) are given by

a~ (t) — Y .  + t Z. if a~ ~ Y .  + t Z .  ~1 1. 3. —i 1 2. 1

‘I(that is lf i. — 1, n) (4.44)

a. — a. or a. — ~~. otherwise .2. —1. 1 1

This problem can be solved by the NEWTON—RAPHSON or by the
TCHEBTCHEV method I B13 I . The higher order derivatives required
are given by

2

~ 
Z~ ø 1P..

— — 

~~ a 3

I — 1, ~ (4.45)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

I
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The functio n y ’(r) is continuous across the p lanes of disconti—

nuity,but the higher derivatives are only piecewise continuous.

They exhibit a discontinuity each time a change in the number  o f
free variables occurs. This is the case for the following values

of the step

2 —2a .  Y .  a .  Y.
1 — 1 1

t — — — — — — (4 46)—m z. z. I z . z . .

1 1. 1. 2.

i • 1, n

it is therefore required to take some measure to avoid a diver-

gence of the NEWTON—RAPHSON procedure. A simp le technique con-

sists in finding by (4.46) the values of the step where a dis-

continuity occurs ,and select the interval in which the maximum

is obtained.

4.4. Relation with the classical optimality criteria

The optimality criterion for a single flexibility constraint

as proposed by BERKE 1 810 ) appears to be equivalent to a dual

formulation of a problem Al , in the sens e of FA LK I P12 J
In this simple case the maximization problem (4.13) is solved

anal ytically as the auxiliary function ‘~(r) depends only of one

variable.

Turning to the optimality criteria of TAlC and KERR I T3 ),a

change of variables in the dual problem (4.13)

— 3— (4.47)
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and the application of the second order NEWTON method to the

new expression of the problem.ytilds the iterative scheme

A
V5l 

a A ” + r t (X~)
l ( — u”) ( 4 . 4 8 )

where v is the iteration number and X the tiessian matrix of

the new dual objective function , deduced from (4.40)

— aA
~~

aA k 
— 

~ 
:

~~~~:~~~ 

(4 .49)

i. • 
l~, ‘I.

k — 1 , m

In the process (4.48),the step length has to be computed to

maximize the lagrang ian along the direction (X”)~~ (~~ 
— u’1)

while remaining in the admissible dual domain A~ ~ 0.

With the present notation , the orig inal algorithm of TAIG and

KERR replaces (4.48) and (4.49) by

A ”~~ — A V 
+ (x ” 5 ’  (; — u”)

and (4.50)

C. .c.
— £

2A~ I

i 1 , n j — l , m k l , m

This al gorithm consists in maximizing the lagrangian using the

simple NEWTON method without computing the optima l step length

which is equivalent to — 1. in (4.48). In the TAIG and KERR

method the reference strain energy densities are interpreted

as the inverses of the dual variables associated to the flexi—

bility constraints. The reasons of the instability of this more

intuitive algorithm become s clear. First the method can not avoid 

• • ~~~~~~ —~~~~~~~~~~~~~~~ —~~~~~~~~
-.- -~~~~~• - ~~~~~~~ - 
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the A. to become negative , that is , ignores the non negativity

constraints of the dual variables.

Second the fact that the optimal step length is not computed

can lead to a divergence when the starting point is chosen too

far from the optimum. It is only close to the optimum that the

step length becomes close to unity in the generalized NEWTON

method.

Third they ignore the fact that the dual space is subdivided

into various definition domain. The consequence is tha t the

choice of free and fixed desi gn variables can not always be

correct.

The dual methods proposed in this chapter appears as a

sound mathematical way to solve the problems corresponding to

the rigorous (or hybrid) optimality criteria.

Their computational performances are excellent and will be

demonstrated in the chapter dealing with applications.

They present the fundamental advantages of allowing any comb i-

nation of zero or first order approximated constraints and of

a correct selection between active and passive constraints.

The determination of the values of the lagrange multipliers

remains possi ble even when the constraints are linearly dependent.

The convergence properties are dependent of the validity of the

approximation of the -~rob 1em K by a sequence of problems A’ .

This implies that if the convergence to the solution of the

problem A ’ is always guaranteed , the convergence of the sequence

of problems A ’ to the solution of the problem R can not.

This remains an essential difficulty using optimality criteria

which will be given additional attention after having introduced

the mixed methods in the next chapter.

4.5. Two simple illustrations

A two dimensional problem is used to illustrate graphicall y

the concepts introduced in the dual methods.

The two bar truss schematized on figure 4.1 can be analytically

formulated as follows

_ _ _ _ _ _  - • • -~~~~~~~~~~~~ _ _ _ _ _ _
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mm W ( a . )  — p £ /~ 
~~~ 

+ & 2 ) (4.51)

with u — ~~~~~ (.
~—. 

+ .L~) ~ .~. ~~~~‘I (4.52)

PL/~ 1 1 1 pt/i
— 2E 

— 
£ 

I 2E (4.53)

l < a 1~~~ 2 (4.54)

1 < a2 ~ 2 ( 4 . 5 5 )

The design space and the constraints are also illustrated in the

figure 4.1. The optimum corresponds to the joint a1 — , a2 —

at which only one constraint is active (horizontal , u, displace-

ment). The formulation of the dual problem involves two lagrange

multi p liers r1 and r2 associate to the constraints (4.52) and

(4.53). The planes of discontinuity defined in (4.26) (4.27) are

illustrated in figure 4.2 and correspond to

+ r
2 

— 1 r 1 + r2 — 4

(4.56)

r1 — r 2 1 r1 — r 2 — 4

It yields 6 subdoma ins in the dual space. In each of them , the

expression of the objective function in terms of the dual variable

is d iff e ren t and g iven in ex p licit form in table 4.3.

The optimum in the dual space occurs in the subdomain II for

r1 • .
~4 and r2 — 0 and a value of the dual lagrangian objective

function ~‘(r) — .
~~~. The linear search along a direction r2 r0 —

constant is illustrated on figure 4.4 as well as the continuity

properties of the lagrangian function y( r ) and its derivatives

defined in (4.41).
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Another simple examp le is provided b y the 10 bar truss defi-

ned in figure 4.5. In this problem no flexibility constraints are

imposed but the stress constraints are a~ ~ 25000 psi in a l l  the
bare but in bar 8 when the limit is g iven different values.

Using the classical F.S.D. approach , as reported by BERKE

in a similar problem [ B8 J , the solution converges rapidl y to

the optimum for < 36800 psi while for > 45000 p s i  a f a s t

convergence is observed but to a non optimum F.S.D. design .

For 36800 < < 45000 the convergence is very slow and does not

lead to the optimum solution after 30 reanalyses nor even to a

desi gn satisfying the F.S.D. concept. An exception exists for

08 — 37500 psi where the convergence to a non optima l F.S.D.

desi gn is obtained in 11 reanalyses. This behavior is illustrated

in figure 4.6. The same problem has been solved using the genera—

lized optimality criterion based on first order approximation of

the stress constraints and using the dual al gori thm described

above . The results are given in figure 4.7. Besides the fact that

the optimum is obtained for > 36800 psi , the number of reanalyses

remains approximately the same for all the values of 
~8 

and cor-

responds to a very fast convergence . The designs corresponding to

— 25000 , 
~~~ 

— 30000 , 08 ~ 37500 are presented in table 4.8.
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O~: a f f  G2 •  a I~ 
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FIG. 4.1 : 2 BAR TRUSS - PRIMAL PROBLEM

I
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FIG. 4.7 : 10 BAR TRUSS — G . 0 . C .  FOR V A R I O U S  L I M I T S  
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10 BAR TRUSS WITH STRESS CONSTRAINTS

OPTIMUM SOLUTIONS

- 25000 
~ 8 = 30000 0 8 ~ 37500

bar  sec t ion stress section stres s s e c t i o n  s t r e s s

1 8.0621 25000 8.0138 25000 7.9414 25000

2 3.9379 25000 3.9462 25000 3.9586 25000

3 0.1000 — 15533 0.1000 — 13462 0.1000 — 10355

4 0.1000 — 15533 0.1000 — 13462 0.1000 — 10355

5 7 . 9 3 7 9  — 25000 7 .9 8 6 2  — 25000 8 .0586  — 25000

6 0.1000 0 0.1000 - 10000 0.1000 - 25000

7 5 .5690  25000 5 . 6 3 7 3  25000 5 . 7 3 9 7  25000

8 5.7447 — 25000 4 . 7 3 0 4  — 30000 3 .7 160  — 37500

9 0.1000 21976 0.1000 19038 0.1000 14645

10 5 . 5 6 9 0  — 25000 5 .5807 — 25000 5 . 5 9 8 3  — 25000

W e i g h t  1593 .18  (FSD)  1545 .91  (FSD)  1500.82 ( n o n  F S D )

TABLE 4.8 

_ _ - - -  - -~~~~~- - - 
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5. RELATIONS BETWEEN OPTIMALITY CRITERIA AND MATHEMATICAL

PROGRAMMING APPROACHES

5 . 1 .  Interpretation of the generalized optimal ity criteria

In chapter 3, it has been established that consistent first

order generalized optimality criteria (G.O.C.) could be defined

by the application of the KUHN—TUCKER necessary conditions to

an approximate problem , denoted problem Al in (3.32), obtained

from the exact problem R ,by replacing the exact implicit cons-

traints by their first order explicit approximations.

Mixing sero and first order approximations of the constraints

leads to what has been named a hybrid optimality criterion (H.0.C.)

corresponding to a problem A ’ defined in (4.1). The classical

• optimality criteria (C.0.C.) results from the introduction of

additional approximations in the treatment of t h e  c o n s t r a i n t s,

in the selection of active and passive constraints and in the

minimization algorithms themselves. These additional approxima-

tions were motivated by the desire to obtain simple redesi gn al-

gorithms.

In chapter 4 it has been shown that the app lication of the

dual methods furnishes an alternative way to obtain the solution

of the problems Al or A ’ which is rigorous and efficient.

The solution of the problems Al or A ’ by primal methods

of mathematical programming does appear to be rather inefficient

due to the non linearity of the constraints even in their first

order approximated form . However , as suggested by various authors

I R4 , Jl , S8, Fl5 ] , the ch ange of vari~ b1es

x i — !._ (5.1)

makes the constraints v.ry shallow. Indeed they are linear in

the case of isostatic structures. The fact that the objective

fun ction W(x~ ) become s non linear is not a hand icap since it is

known in an explicit form, In the new design space x1, whic h is 

~~
_ - -_~~~-~~~~~~~~ ~~-

_
~~~~~~~~~~~~ 
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called the inverse design space , the approximate flexibility

and stress constraints (3.32) are written

u~ — £ C.. ~~ U . j — 1, n1 (5.2)

I — 1, n

— £ Dikg X
j

~ 

~ 
0k k — 1, n (5.3)

1. t s l , n1~
i l , n

The problem Al is rewritten in the inverse design space and

denoted problem L

~~~
mm W ( x 1) — £ ‘ -

~~ 
(5 .4 )

~. 
x 1

with £ C.. x. < (5.5)

problem

£ D. k x .  ~ ( 5 . 6 )

0 t t  I.

~ 
(5.7)

x. ~ ~~~. (5.8)
1. 1

1.

When the first order approximations (5.6) of the stress cons-

traints are totally or partially replaced by their zero order

approximations 
~~~~~~
, derived from F.S.D., we denote

— max ( 
~~~ 

, } ( 5 . 9 )

Tb. equivalent of the problem A ’ (4.1), which is denoted problem

L’ in the inverse design space , reads as f o l l ows

L

H 
•

E1_4. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~ -- ——--_ -~ -—~~ • • • • ~
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p .t .  

I’.

mm W(x
~
) — E (5 .10)

problem wit h E C.. x. < ~~. ( 5 . 11 )

~ 
1 3 1  3

x1 > (5.12)

x 1 
~~~ (5.13)

The filiation of the various problems and approximations is

illustrated on fi gure 5.1. It is evident that an exact solution

of the corresponding approximated problems L or Al (or L ’ and A ’)

must be identical if one recalls that these approximate problems

are convex and hence ,that there is no danger in converg ing to a

local minimum.

Th.~o e4 tab U4he4 .the equ4.vo2ence be~tween a 4oLu.tLon ob~a..ned
by a G.O.C. and a 4o~u.tLon ob.to2ned by any me.thod 6oLv~ng ezacUy
.tht co/t4e4pond4ng p 4obtem4 Al o.t L. The Aame concLu.oi..on hoLd4
between HIO .C. and p/LobLem6 A’ 0/i L’ .

5.2. Approximation concepts in the mathematical programming
approach

The most efficient optimization methods based on mathematic al

programming ( SCHMIT, Sl8 I use hi gh quality exp licit approxima-

tions of the constraints in a design space where they are as shal-

low as possible. In the present context , that is with stiffness

ma trices proportional to the desi gn v a r i a b l e s  a1, u s i n g  the space
of the inverse of the element sizes (5.1) is an obvious choice.
In the sp irit of the classical linearization methods , the cons-

traints are developped in TAYLOR serie at the design point x7
where the structure has been analyzed

u~~ — ~~~ + £ (j_ il_ !) (x. — x7) + 0 [ (xm 
— x~)

2 
I

(5.14)

~

_-- - .-
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• — + 
~ ~:x~

t
~~~~~i 

— x
0 ) + ~ [ (x. — x0)2 ~

It has b een shown in (3.11) to (3.15) that the gradients of the
co nstraints can be written as

3u
~~ — — 

C..
~~
(a.) aakL — — ________

3a. 2 as. 2
1 a. 1 a.

1. 1

(5.15)

with

c..~ — (q~~ K1 q1~ )a~ DikL — (q~~~ K. c1~) a1

or in the inverse design space

au. ao
— C . .  (x.) kL — D. (x.) (5.16)3x. ij i I. ax. lkt i

1. 1

Snbstitution in (5.14) and limiting the expressions to the

terms linear in x1 yields

0 0 0 0u .  — u. — £ C.. x . + £ C . .  x .
jL m 1JL 1. . 1

1 (5.17)

~ a~ — E D ° x ? + E D ° x .lit kt . iki. I. . ikt 1
1 1

where the denotes the linearized form of the constraints.

By definition of the coefficients ~~~~ and Dilit , one has

*3°~ — £ C~~1 x? — Z D?~~ x~ (5.18)

and hence (5.17) reduces to

~jL — 
~ 

C
~~3.t x1 — 

~ ~~~ 
x 1 (5.19) 

— -~~-~~~~~- - _ ~~~~~~~~~~~~~~~~ - -  -
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In classical linearization methods , the objective function as

well as the constraints are linearized. However , as mentionned ,

the simple explicit form of the objective function makes its

linearization useless. The linearized form of the original pro-

blem R app ears to be

p. t.
mm W ( x

~
) (5.20)

i

with < (5.21)

0kt ~ 
0k (5.22)

x.  x . ~ . (5.23)
1 1

i 1 ,n j l .nf k—1 ,n t— l ,n

which is identical to the definition of the problem L (5.4).

I t  ~~ .thuie6o ’ie eu~Lde.n~t .tha~t .the 4otut .on o~ the p ’iObeen~ R
by a 4equ.ence o~ pliobtem4 L ~an be 4nteJtpx eted equ~vatenUy a~
a G.O.C.  app/i oach oh a& a mathemat~cat p4og4amnu vL g appiioach
u6.tng a 4pec.4a1 ~ohim o~ .the Unea/u.zati..on method ~tn the ~.nven~ e
de4~.gn 4pace.

It is well known in mathematical programming that lineariza-

tion methods do not always converge and if they do , the conver-
gence is no t often monotonic. This is due to the fact that , at
the optimum of the linearized problem , the constraints are viola-

ted to an extend that depends of their non linearity. This , in

general , yields a sequence of non feasible design point. Eventual-

ly a restoration of a given point back to the boundary of the

feasible domain could be achieved , by a scaling or any other means.
In such an operation however , the weig ht might increase which cor-

responds to starting an eventually diverg ing process. To avoid

this difficulty a classical technique is to avoid to be driven

too far away from the exa ct composite constraint surface. This is

-_ -- - • • 
_ —

~~~~ -—-_ - , _
~~~~~~~
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achieved easily by using a method that remains ,at each step ,

inside or at the boundary of the linearized feasible domain.

In such case ,one simp ly stops the minimization after a limited

number of step s , before reaching the minimum of the linearized

problem. What is obviousl y a difficulty is to evaluate a priori

the travel that can be achieved without violating “too much” the

exact constraints.

Such a concep t has been applied by SCHMIT I Sl8 I with

either an interior point penalty method or a feasible directions

method. It will be applied in this work on the basis of the

projection methods. The filiation of the various methods is

illu st ra ted in figure 5.1. L

_____________ ____________________ ________ —~~~~ .— •~~~~~~— ~~~~~~~~~~
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6. PRIMAL PROJECTION ALGORITHMS FOR SOLVING THE PROBLEMS

L OR L ’

6.1. First order algorithm

The linear constraints (5.21) (5.22) are written in matrix

form,using (5.19)

• cT~~~> _ ~~ ( 6 . 1 )

where C is an (n x m) matrix of constants (— C7~~~ and — D
~~kL )

evaluated at the design point for which the structure has been

analyzed. Besides these m linear constraints , we have also 2n

side constraints corresponding to (5.22) and (5.23). In a first

order algorithm , the gradients of the objective function g
~ 

and

of the constraints are required. They are written

p .L .
— — 1 1  i — I it ( 6. 2 )

K.
1

while N denotes the matrix of the gradients of the active cons-

traints. The method condidered here is derived from the projected

gradient method of ROSEN [ Rl J . Only the basic results contained

in ROSEN ’s paper are recalled. The search direction is given by

z — — P g — — g + N r  (6.3)

where P is the projection matrix

P — I — N (N
T N)~~~ N

T 
( 6 . 4 )

and where r denotes the first order approximation of the lagrange

multi pliers

r — (NT N) 1 NT g (6.5)



- - - r - ’~~~~~~~
-
~~~~~~~~~ ’ fl,. r-~~- -. .—-

I0.

This classical algorithm ( Fl ) can not be applied in this form

since the size of the matrix N can be as large as (n x n) which

would require an unacceptable size of core storage in a computer

program. It can be modified as follows .

Consider first the elimination of the side constraints

(5.22), (5.23). The column of N corresponding to a given constraint

— x
~ 

becoming ac tive , contains only a factor +1. Let  A be t he

matrix deduced from N by suppressing the line and column correspon-

ding to the constraint and the variable x1. The size of the pro—

jection matrix P reduces to (n—l) and we write

~n—l 
— tn—1 

— A (A
T A) 1 

A
T 

( 6 . 6 )

To obtain more informations on the structure of the matrix P ,

let us rearrange the matrix N such that

A 0

N —  n (6.7)

3

I’, —m it

q

where denotes the number of free variables and the number of

fixed variables that is ,constrained to be constant during the

iteration. The q active constraints are sp l i t  in a g roup  of

principal (or linear) constraints and a group of n side constraints.

The gradient of these latters are simply unit vectors (+1) or (—1)

and the matrix I~ contains only (+1) or (— ] , ) diagonal terms , depen-

ding whether the constraint is a lower or upper limit (x
1 or

Using (6.7),it turns out that

T T(A A) 1 —(A A )

(NTN)~~ T (6.8)
_B*(ATA) ] I. IB *(ATA)

- -•

~ 
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a awith B — I B , and finall y

(I~ — A(A TA) 1
A
T
) 0

P — ( 6 . 9 )

0 0

depends only of the matrix A deduced  f r o m  N by s u p p r e ss i n g  t h e

lines and columns corresponding to the side constraints.

The projection relation (6.4) can now be transformed by

using the same partitionning in the column s g and r

~ r

r —  (6 .10)

g )n  r~ J n

U s i n g  ( 6 . 8 )  y i e l d s

- T — l  T ’ ~.r~~~.(A A) A g

(6.11)

— I~ g — B5(ATA) l AT~ — I~~(g — B r~~)

and the search direction become s

z — — g + A r p
(6.12 )

~~

•
- 0

These modifications reduce siglificantly the size of the core

storage necessary to app ly efficiently the algorithm ,since the

ma tr ices required are only

C (n x m )

(6.13)
T(A A) (in x m )

• where m is the number of linear (first approximated) constraints. 

-.- - • • - -- --  _ --
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6.2. Second order algori thm

As the objective function is separable , a second order al go—

rithm is well adapted. Detailed formulations of such al gorithms

can be found in ( G3 , G5, F9 ) . The Hessian matrix F is diagonal

and its terms are given by

a 2 w 
______F . .  — ______ — 6 . .  ( 6 . 1 4 )13 a x . a x .  3 —

1 3 x .1

where 6.. is the Kronecker symbol. Its inverse is therefore t 1

1)

trivial and the generalized NEWTON method with obli que projections

can be used I G3 I . The second order approximation of the lagrange

multipliers turns out to be

r — (NTF_’NY ’ NT F ’ g (6.15)

and t he  NEWTON s e a r c h  d i r e c t i o n  is

z — — P F ’ g — F ’ (—g + Nr) (6.16)

where  P is the  p r o j e c t i o n  O p e r a t o r

P — I — F ’ N (N T 
F ’ N) ’ N

T 
( 6 . 1 7 )

The comp utation of these gener. i expressions is significant ly
facilitated if the same partitioning is used ,a~ introduced in

(6.7),not only for the matrix N of the gradient of the constraints ,
but also for the diagonal Hessian matrix P so that

F ’ —

0 Y-’ 
- 

—

The projection matrix P turns out to be

1,

J



~ — i  T” —l — , T(I ’~. — F  A(A F A) A )  0
p — (6 . 1 8 )

0 0

and depends only of the variables x1 that have no t reached the
u p p e r  or lower  l i m i t s , or x .. . The lagrange multipliers take
the simplified form

T ”~— l —l T ” —l ~~~r~~
_ ( A

~ F A) A F g

(6.19)
a —r — I (g  — B r )

5 p

while the search direc t ion becomes

,‘D

z — F  ( — g + A r )

(6.20 )

This  f o r m  requires a reduced amount of storage ,that is given by

(6.13) plus the array necessary to store the diagonal Hessian

matrix. The convergence propert ies of a second order algorithm

are expected to be si g n i f i c a n t ly b e t t e r  than the first order
a l g o r i t h m , even when  the  c o m p a r i s o n  is m ade  in t e r m s  of c o m p u t i n g
t i m e  r a t h e r  t h a n  in n u m b e r  of s t e p s.  Examp les  are given in the

f o l l o w i n g .

6.3. Auxiliary algorithms

A certain number of auxiliary algorithms are necessary to use
either one of the basic algorithms describe’~ above .

Conjugat e 
~eLr~

h_d!r~ c!i~ n!

The basic first order algorithm of ROSEN is si gnificantl y improved
if the search directions z are selected according to the concept

of c o n j u g a t e  d i r e c t i o n s  as i n t r o d u c ed  by F L E T C H E R  I F4 J and —

U
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MIELE I Z43 I . The algorithm is initiated by the simp le projected

gradient

z0 — —  P0 g0

The subsequent directions are extracted from 
-

— — 

~k ~~ 
+ Bk Zk_l (6.21)

wit h

2

I I P ~~~~g~~~~ l I
2

‘~
‘k—l~ k—l

1 I

The conjugation algorithm must be reinitiated after (n—q+l)

iterations.

Res torat ion

At any t ime in the  m i n i m i z a t i o n, the  c u r r e n t  desi gn point has to
remain on the composite constraint surface.

A res toration is necessary due to the numerical round—off errors.

In prac tice it is applied each time the set of active constraints

is changed)and each time the conjugation algorithm is reinitiated .

The res toration consists in progressing along a direction that is

normal to the p lane tangent to the constraints at the current

poin t. If denotes a point which suffers from an error , the cor—

rec ted posi t ion L~ is given by

— A ( A
TA)~~~~ (A T 

~~ 
+ 8T ~ + (6.22)

for the first order al gorithm , and by

— — F~~~ A ( A T 
F ’ A) I (A T 

~~ 
+ 3

T 
+

(6.23)

-~~ •- -—-~~~~~ - -—--— - --
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f o r  t h e  NEWTON ’ s al g o r i t h m  . I t  is e v i d e n t  that the fixed

v a r i a b l e s  x do no t  have  to  be r e s t or e d .
0

Linear search al.&orithrn

Wi th the f i rs t order al gor i t hm , a c u b i c  i n t e r p o l a t i o n  m e t h o d
has b een used [ Dl , P21 ] while in tne second order algori thm
adv antage has been taken of the fact that , in such methods the

optimal step is close to unity in :he neighborhood of a minimum.

The p r o b l e m  can be p r e s e n t e d  as finding the minimum of the func-

tion of the step length t

T z
i

p .
~~if ( i ) — z V W(T) — — 

2 
( 6 . 2 4 )

i ( x . — r z . )
1 1

The TC H EBYC H EV m e t h o d  is used  w i t h  the  initial approximations

= 1 ,w h i c h  wou ld  be exac t  if  the objective function was quadra-
t i c .  The f i r s t  and second d e r i v a t i v e s  of ( 6 . 2 4 )  a re  e a s i l y  o b t a i n e d .
This method is not  app lied in the projected gradient method becaune

the initial choice of the step length t
0 

reveal s rather critical

and d i f f i c u l t  to o b t a i n .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ constraints

Some ca re  has to be e x e r c i z e d  in t h e  s e l e c t i o n  of t h e  a c t i v e  cons-

t r a i n t s  to  avo id  t h e  zig z a g i n g  b e h a v i o r  t h a t  is c h a r a c t e r i s t i c  of

p r o j e c t i o n  m e t h o d s .  The a p p r o a c h  used f o l l o w s  t h e  s u g g e s t ion  of
ROSEN I Ri ) . I t  c o n s i s t s  in r e m o v i n g  a c o n s t r a i n t  f r o m  t he  active

se t only if it leads to a sufficient gain in the decrease of the

objective function. By the notion of marg inal cost ,the variation of

the objective function can be deduced from the change in the value

of the lagrange multi p lier when the constraint becomes inactive

I FlO , G5 I . The abando nme nt of the j
~~~~
’ cons traint le ads to a

gain of the order of

2
4 

(6.25)

_ _ _ _ _ _ _ _ _ _ _  
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where v~ is the ~th diagonal term of (NTN) ’ or (NT F 1 
N)

1
.

• Hence the strategy consists in determining among the constraints

associated with negative r~ components , the one for which the

gain obtained when becoming inac tive exceeds y time s the decrease

of the objective function that would be otherwise obtained.

For a given constraint ,it is explicitly written

2

z
T 

g — 5T F z < ?~ ~~~ 
(6.26)

y being a posi tive constant. For first order algorithm the Hessian

— matrix is rep laced by the unit matrix. The validity of this test

depends of the quality of the apprOximation of lagrange multi p liers.

• Therefore it is app lied only if

g < c (6.27)
-i

where c is a given tolerance. This insures that the accuracy on

the mul tipliers is sufficien t as (6.27) can only be verified
close to stationary points.

6.4. Comparison of the various algorithms

First and second order projection algorithms have been consi-

dered for the solution of the problem L in the inverse design

space x~~. In the orig inal design space a1, dual algori thms of the

first and second order have been established for the problem Al.

in chapter 4. The solutions obtained by the various algorithms

must coincide as the linearized problem L is convex and therefore

has a unique solution. Two special examples have been used to il—

lustrate the relative performances of the 4 algorithms in competi-

tion. The comparison is made on the CPU time for programs written

by the same author and with the same degree of generality. This

insures that all the aspects of the computation are taken into

account in the comparisons.

—  -• -- — • _s•_ - __ _ - - • — - — - - - 
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First the following explicit problem has .een solved

1000
mm U -  E a.

1 1

950 1 —6 1000
with u — £ — + 10 £ — ~ 1000 (6.28)I a. a.1 1 951 1

950 — 1000
u - ~ !._ _ ,o 6 z 9002 

1 
a
~ 951 a1

io
.6  

~ a. ~~~ io 6

The analytical solution of this problem is easy to find as

— 1 for i — 1,950

a~ — f or i — 951 ,1000

aand corresponds to a weight W — 950.00005.

The convergence of the 4 algorithms is illustrated on figure 6.1.

The prima l algori thms use of course the change of variables

x 1 — 1/a.. The second order primal algorithm converges much more

rap idly than the first order one which was stopped after 394 ite-

rations. In general , it was observed that the fl.rst order al gorithm

requires a number of steps of the order of a multiple of the number

of the design variables ,while the second order al gorithm converges

in a number of steps inferior to the number of design variables.

Turning to the dual algorithms , the first observation is

that both are much more efficient than the primal ones. This con—
clusion holds usually when

/

~~ > -in (6.29)

(here n 1000, in — 2). The adventage of using the second order

_ _  ——-—~~~--“~~-- ~~~~-- -_---- - - --~~~~~~ - -~~ - 
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- • algorithm is still obvious but less significant (6 iterations

instead of 3).

The test seems to be representative of the problems met in

structural synthesis. The coefficients cj~ of the constraints

are not all positive . As a consequence some of the design varia—

bles reach their lower limit. This characteristic reduces the

speed of convergence of the primal algorithms ,but not of the

dual ones.

The 36 bar isoatatic truss of figure 6.2 has been used as

a second test. A detailed definition of the problem is given in

table 6.3. 15 flexibility constraints are imposed

I 
v~ — w

k I ~~~ j  — 1, 4 (6 .30)

k — 2 , 5

and

w~~~~~ w j — l , 5

among which only 5 are independent.

It is worth pointing out tha t the classical optimality criteria

B1O , Gl3, T3 I do not yield the optimum of this problem. As

the structure is isostatic only one analysis is sufficient.

The comparison of the performances of the 4 primal and dual al go—

rithms is illustrated on figure 6.4. The test is different from

the preceding one by the fact that the number of constraints is

of the order of that of desi gn variables.

Even in this case the dual methods reveal competitive with the - •

primal ones. —

The conclusion can be drawn that the dual al gorithms are to

be recommended in general when the number of variables is larger

than the number of constraints. With primal al gorithms , the second

order brings a significant advantage ,while with dual algorithms

the benefit is counterbalanced by the increased complexity of the

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —~~~-~~~~~ - -~~~~~~ 

•
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computation. These conclusions have been verified on a large

number of applications.

A significant difference still exists between primal and

dual al gorithms , which will be used at the advantage of the

primal ones in the next chapter dealing with mixed methods.

In the primal algorithms the design obtained after each iteration

is a feasible desi gn ,with respect to the approximate constraints ,

and the weight is smaller than for the preceding iteration.

It is therefore possible ,and sometime s advantageous ,to stop the

solution of the problem L (or L’) before reaching the minimum.

With dual methods the desi gn points obtained at each iteration

are not feasible points and the corresponding wOight is not , in

general , decreasing, as it is the dual o b j e c t i v e  f u n c t i o n  w h i c h

is maximized. Using the dual algorithms imp lies therefore to

solve comp letel y the problem Al (or L) or the problem A ’ (or L’).

- - -
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FIGURE 6.2 36 BAR ISOSTATIC TRUSS

• 500 Ui primal problem

dual problem

-\ generalized Newton

400 conjugate gradient

LU
300
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36 BAR ISOSTATIC TRUSS

aluminium

• E — 7200 hb

p — 0 . 2 8  10~~~ k~~/ mm3

a — 0 . 5  mm 2

= 8 hb

10 mm (at nodes 1, 2 , 3 , 4 , 5)

c 0.5 mm

Node  c o o r d i n a t e s

Node X Y Z Node X Y Z

I 25 .00  4 1 . 2 0  0.00 10 12 5 9 . 0 0  2 6 6 .4 1  0.00

2 330.75 3 1. 1 8  0.00 I I  1259 .00  2 6 4 . 4 3  — 3 2 . 3 7

3 636.50 2 1 .1 8  0.00 1 2  25.00 548.00 0.00

4 947.75 1 1. 0 0  0.00 13  25.00 5 16 . 0 1  — 5 8 . 3 0

5 1259 .00  0 .82  0.00 14 6 3 6 . 5 0  548 .00  0 .00

6 25 .00 286 .59  0.00 15 636 .50  5 1 4 . 7 5  — 60 .60

7 25.00 284.76 — 2 9 . 9 1  1 6  1259.00 548.00 0.00

8 636 .50  2 7 6 . 5 9  0.00 17 1259 .00  5 1 3 . 4 7  — 63 .95

9 330.75 2 7 9 . 7 2  — 3 0 . 5 2  18 9 4 7 . 7 5  269.56 — 3 1 . 7 5

Node Direction Load (daN) Node Direction Load (daN)

z 10 5 1 10

2 Z — 2 0  6 Z 40

3 Z 30 8 Z 90

4 Z — 2 0  10 Z 40

TABLE 6.3

I
--•

~ 
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_ — —~~-~~~~~~— 

- 

- - 4



r ~~
91.

7. MIXED METHODS

1.1. A projection method for the problem R

In chapter 5, it has been shown that the problem R can be

replaced by a sequence of problems L. It was justified as a

special form of the linearization methods. Such methods are

successful in tha t case ,due to the fact that the constraints are

near to linear in the inverse design space. On the other hand

the sequence of problems L corresponds to the application of a

generalized optimality criterion. An equivalent solution is pro—

vided by the dual formulation of the solution of a sequence of

problems Al.

Considering the quasi linear characteristic of the exact

constraints in the inverse design space , one could contemplate

a strict app lication of the projection methods directly to the

problem R. Such methods have the fundamental advantage to lead

to an, at least local , minimum of the exact problem R without any
convergence problem , which is not always the case with lineari-

zation methods. Another advantage of the projection methods is

that they generate a seqqence of admissible desi gn points corres-

ponding to a sequence of decreasing values of the objective func-

tion.

The app lication of the projection methods , like that of

ROSEN L R2 J , to the problem R (instead of the problem 1.. con-

sidered in chapter 6) requires the following steps.

— At a given admissible desi gn point , analyse the structure

and compute the gradients of the objective function and

of the constraints;

— Determine a search direction by a projection of the gra-

dient of the objective function on the plane tangent to

the active constraints;

— Determine a step length such that the function is mm m i—

zed ,but without violating the exact constraints ,which

requires a certain number of structural reanalys es ;

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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— As the constraints are non linear , a r e s t o r a t i o n  s t e p  has

to be applied to bring the desi gn point back on the com-

posite constraint surface , which is a necessary condition

for app lying the projection method. Thi s  s t e p  r e q u i r e s

also to reanalyse the structure in order to have an accu—

rate estimation of the constraints ;

— After restoration the desi gn point is admissibl e and the

process is repeated.

It is well known ,and it has been illustrated in the app lica-

tions of the projection primal methods to the problem L , that

the number of steps increases in proportion to the number of de-

si gn variables. As each iteration requires a cer tain number of
structural analysis , the application of such methods can not be

considered as such for large problems .

Two actions can be taken to reduce the cost of computation

— First , reduce the number of minimization steps;

— Second , reduce the number of structural analyses per step

or for a number of steps.

The concepts used in establishing the projection algorithms for

the problem L can obviously be applied here to the problem R.

F i r s t ,u s i n g  the  inverse design space insures to have nearly

linear constraints , thus allowing larger steps. Second ,the expli’-

cit first order approximations of the constraints can be used to

compute the search directions and the step lengths.

Third ,the restoration can be achieved by a simp le scaling of the

design . Such a procedure does not require a reanalysis and it has
• been shown in section 3.2 that it preserves the value of the cons—

traints and of their gradients

— u~ 
.~~~ I. — 

~~ 
along D(z~) (7.1)

Consequently the anal ysis after scaling is the only one which is

necessary to reinitiate the process. 

~~~~~~~~~-~~~~~~~-~~~~~~~~~~~-- ~~~-- -~~ - 
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The al g o r i t h m  can be s u m m a r i z e d  as f o l l o w s

— Analyse the structure at an admissible point x°;

— Compute t he  exp l i c i t  f i r s t  a p p r o x i ma t i o n s  of t h e  c o n s t r a i nt s
b y u s i n g  ( 3 . 9 )  and ( 3 . 2 0 ) , t h a t  is , in t h e  x L space , l i n e a r i z e
the constraints in the form (5.2), (5.3)

~ 3
u’ 1 E C

~~~~
x
~1. (7 .2 )

0a — E D .  x.
k.L . ik t  1

1

— D e t e r m i n e  t he  s e a r c h  d i r e c t i o n  by an a d e q u a t e  p r o j e c t i o n  of

• the gradient in the plane tangent to the active constraints

and compu te the  s t e p  l e n gt h .  These  o p e r a t i o ns  a re  p e r f o r m e d
by using the linearized expressions (7.2) of the constraints

and t h u s  w i t h o u t  r e a n a l y zi n g  the  s t r u c t u r e .  I t  is expected
t h a t  such  l i n e a r i z e d  c o n st r a i n t s  do no t  lead  to  a s i g n i f i c a n t
e r r o r  in t h e  s t e p  l e ng t h  so t h a t  the  a l g o r i t h m  s t i l l  w o r k s
normally ;

— Restore the desi gn on the  e x a c t  c o n s t r a i n t  s u r f a c e  by a s imp le
scaling by a fac tor f .  I t  p r o d u c e s  a new a d m i s s i b l e  d e s i g n
p o i n t

0

xl — .
~~~ ( 7 . 3 )

a t  w h i c h  an a n a l y s i s  is a c h i e v e d  and t h e  p r o c e d u r e  r e p e a t ed .
The sealing factor is , according to (3.2 )

f — max (f , f
0
)

w i t h  ( 7 . 4 )

f — max (~~~~!) f — max (_ .~!)U j , L ° k , t ak
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The algorithm is illustrated in figure 7.1. If it is compared

with the projection algorithms proposed to solve the problem L

in chapter 6, it appears immediatly that the only difference

is that here , only one minimization step is achieved before re—

analyzing the structure and thus redefining a new set of approxi-

mate constraints. This essential difference is sufficient to

H transform the linearization method , which is never guarantied to

converge , into a primal projection method which is known to mi-

nimize the weight at each iteration and yield to convergence ,if
a sufficient number of steps is achieved.

7.2. A mixed method

The projection method outlined in the preceding Section has

still the property that is common to all prima l methods , that is

to require a number of iterations proportional to the number of

desi gn variables. The simp lifications introduced have reduced the

cost per iteration but have not changed this basic property.

It is illustrated on the 10 bar truca , in the confi guration

defined geometricall y by the figure 4.5. The app lication of the

projection algorithms described above , using the first order

(conjugate gradient) or the second order (NEWTON ’s method) appro-

ximations of the objective function , leads to the results illus-

trated by figure 7.2. The convergence is characteristic of the

strict applications of primal mathematical programming methods ,

that is extremel y slow with the first order al gorithm.

With the second order algorithm the number of steps , and thus of

structural analyses , is significantl y reduced ,but still a multiple

of the number of design variables. In figure 7.3, the performances

of two classical optimality criteria I Gl3 , T3 I and of the con—

sistent ,first order generalized opt imality criterion , defined in

chapter 3, are compared. The most sophisticated optimality crite—

n o n  was app lied via a dual formulation as described in chapter 4.

The comparison of the two app lications of the projection

methods , to the sequence of problems L and to the problem R,
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suggests a mixed method which is expected to retain some of the

advantages of both approaches.

The aimp le ,but essential idea is to allow for a certain

number , denoted ~~~~, of minimization steps before reanal yzing

the structure and updating the linearized approximations of the

constraints. When ~ is limited to one step, the method is a

strict application of the projection algorithms to the problem R

and presents all the properties of strict primal mathematical

programming approaches , that is , high cost but guarantied conver-

gence. When i~ is not limited , the problem is identical to the

problem L (5.4). It is solved completely before reanalyzing the

structure and defining the next problem L. This method has been

interpreted as a linearization method in the inverse design space ,

or as a generalized optimality criterion approach. The corres-

ponding properties of fast , but uncertain convergence are to be

expected. When ~ is limited to a given finite number , the method

is mixed. It is evident that the larger the number ~ is , the

cheaper the application will be , as the number of reanalyses is

reduced. The reason of the high efficiency of the optim ality cri-

teria is now clearly related to the fact that the exp licit appro-

ximations made for the constraints are not updated before reaching

the soLution of the corresponding approximate problem. This consti-

tutes the power and the weakness of the optimality criteria approa-

ches.

The figure 7.4 illustrates the mixed method.

At the desi gn point x0, the structure is analyzed and the set of

linearized constraints is computed (figure 7.4 (a)).

After scaling (figure 7.4 (b)) a certain number of minimization

steps are achieved along the surface — , leading to a point
or x~ . The point x 1 corresponds to th. minimum weight under

the approximate constraint , while xt is the minimum weight under
the exact constraint. A scaling by a factor f brings back the

point x 1 on the ezact constraint surface in x2, where the weight

is smaller than in x0, but larger than in C~~. A smaller stsp , or

in a n—dimensional space , a smaller number i~ of steps , could be
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selected leading, say in ~~~ which is not the minimum weight

under — . The scaling by the factor f’ < f y ields the admis-

sible point x~ at which the wei ght is smaller than in x2.

The figure 7.5 (a) and (b) illustrates the reason why the

linearization methods (or the generalized optimality criteria)

diverge in some cases. In figure 7.5 (a) the constraint u —

is rather shallow. It is characteristic of weak hyperstaticity

as, in an isostatic structure , it would be exactly linear. The

solution of the problem L (that is ~ unlimited in the mixed

method) yields the minimum at x1 which after scaling come s in

where the weight W(x2) is smaller than W(x0). In figure 7.5 (b)

the non linearity of the exact constraint is more pronounced and

the process diverges as W(x2) > W(x0). A limitation of ~ would be

necessary to keep the process converging.

T1u 6 4n.te4p/ietoJ2on atlow4 ~to con44~.de4 the n~mbe’c O~ 4.tep4

~ a~ a conve/igence con.t4oL p aka mtten~ ~that 4hot~Ld be a444gned
h.~Lgh vaLueo ion. economy and 4edu~ced when d~cven.gence occu44 .

The effect of the ~ convergence control parameter is illus-

trated in Fig. 7.6 a & b for the 10 bar truss defined in Fig. 4.5.

It is recalled that all the constraints , including therefore those

on the stresses ,are exactly linearized in this problem. The in-

crease in convergence speed for an increase of the number of

steps t is very significant , especially using the conjugate gra-

dient algorithm . For i~ ~ 50 (or t ~ 4 in the NEWTON ’s method)

the problems L are exactly solved and the performances become

similar , as it corresponds ,in fact ,to that of the generalized

optimality criterion , which has been presented in the chapter

dealing with dual formulations. The table 7.7 gives the values

of the weight and of the scaling factor using the conjugate gra—

di.nt algorithm for r • 1,5 and 10. It shows that the scaling

factors remain closer to unity when ~ is small , and also that

the scaling remains moderate for ~ — 10, which indicates that

the exact constraints are not seriously violated after 10 steps.
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73. Extension of the mixed method

In chapter 5 we have considered a sequence of problems L ’

to approximate the problem R. The problem L’ defined in (5.10) in

the inverse design space ,corresponds to the problem A ’ defined

in (4.1) in the direct design space. These problems have been

shown to correspond to the hybrid optimality criteria , introduced

in section 3.6, and characterized by the use of zero and first

order approximations of the constraints. It is recalled that a

first order approximation of all the stress constraints can

reveal very costly for the analysis, due to the need to incorporate

a large number of virtual loading cases. The zero order approxima-

tion of the stress constraints by F.S.D. does not introduce any

increase in the analysis cost.

Indeed the zero order approximation for the stress constraints

can reveal satisfactory if the conditions (3.38) are met. These

conditions were proposed as a basis for selecting the potentially

critical stress constraints requiring an exact linearization in

the context of the generalized optimality criteria approach.

In the preceding section , it has been shown that the possible

divergence of the various algorithms considered is related to

essentiall y two factors

— the quality of the explicit approximations of the constraints;

— the number i~ of minimization steps achi.eved with a given set

of approximate constraints.

This implies that ,in the search for the most efficient minimiza-

tion al gorithms , these two factors should be taken into account.

It suggests to consider the partial solution of the problem L’

using the same concepts as developed in the preceding section.

Doing so the method become s mixed in two senses

— zero order approximations are used instead of the first order

required by a strict app lication of the projection methods to

the problem R;

_ _ _ _ _ _ _  
_ _ _ _ _ _
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— more than one step of minimization is achieved with a given

set of approximate constraints.

The benefit expected from such a technique is to reduce the

analysis coat by avoiding many , if not all , the virtu al loading

cases associated with higher quality approximations. Th. draw-

back is a possible reduction of the number k of steps that can

be allowed and still avoids the divergence. The situation is

evidently less critical than in using the various optimality

criteria as the problem L ’ is not necessarily solved in the mixed

method. The relations between the various methods (linearization ,

mixed or by optimality criteria) are illustrated in fi gure 5.1.

An example is given in figure 7.8 where the 10 bar truss

defined in fi gure 4.5 is used again. The stress constraints are

all treated by F.S.D. while the disp lacement constraints are

still necessarily first order approximated.

The convergence has been investigated for various values of the

convergence control parameter , using the first and second order

algorithms (conjugate gradient and generalized NEWTON). The effect

of i~ is striking. For ~ unlimited (kr> 100 or k2 ~ 5) the instab i-
lity observed when applying the classical optimality criteria re-

appears (compare with figure 7.3). Limiting k to • 40 or — 2

brings back the monotonous convergence. It is however important

to note that the generated design corresponds to a weight of

5076.7 lbs which is slightly heavier than the best known optimum

of 5060.85 lbs obtained in figure 7.2 and in figure 7.6.

It indicates the presence of a local minimum close to the global

one. As is veil known , there is no way of insuring to reach the

global minimum and the convergence of one alg3rithm or the other

to a local minimum can be due to a specific peculiarity of the

problem.

7.4. Controlling, the convergence

If the ~ convergence control parameter allows effectively to

insure the convergence when a sufficiently small value is taken,
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the determination of its highest admissible value , that still

yields to convergence , is not possible a priori. When divergence

occurs , the norma l procedure is to restart the last minimization ,

with a reduced number of allowed steps. This is an a posteriori

measure ,which is closely related to the concept of “intermediate

design vectors ” introduced by KHOT ( 1(10 J

The limitation of t would be a better procedure if applied as

an a priori measure.

The intermediate design vector technique proposed in I KlO

considers two design points a0 and a1 corresponding to the results

at two successive steps. If the process diverges

W(a1) > W(a~,) (7.5)

The illustration of figure 7.8 (a) suggests that between the

scaling lines D(a0) and D(a1) there exists an optimal scaling

line D(a ) such that

W (a*) < W(a ) c W(a1 ) (7.6)

One such point ,denoted i~ is obtained by determining the interme-

diate scaling line D(a) as a normalized average between D(a0)

and D(a1), and next by computing the intersection of D(i) with

the exact composite constraint surface. This procedure is applied

in the direct space by KUOT [ 1(10 1 each time the weight increases

in two successive steps. It was proposed in the context of the

classical optimality criteria. It relies on the implicit assump-

tions that the composite constraint surface is convex.

The same technique can be app lied with advantage in the

inverse design space , in conjunction with the mixed method and is
illustrated in figure 7.8 (b). Starting at an admissible point x0,

the solution of the linearized problem yields x~ such that

W(x1) < W (x 0). After scaling the admissible point x2 is generated

_ _ _ _ _  

~
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and it could happen that W(x2) > W(x ) which leads to divergence .

A family of intermediate design vectors can be generated in the

space containing D(x0) and D(x1). It is written

— x0 + t (x1 
— x )  0 < ~ 1 (7.7)

and produces the restored design points

x

H where f is the scaling factor.

A simple procedure would be to transpose in the inverse design

space the procedure of KHOT [ 1(10 1 and write

x + xo 1
X 2 (7.8)

A better procedure is to achieve a linear search along the direc—

tion (x1 
— x0) for determining the optimum intermediate design

vector. it is written

mm W(t) — f(r) W(r) (7.9)

Suppose first that the same constraint u — u remains active

for all the ~ possible intermediate desi gns. Use can be made of
the knowled ge of the gradients of the constraints at both x0
and x1 points. The sc~ ling factor and its derivative are given by

f() — 
ulx(-v)J

ax. 

(7.10)

f’(r) — E -
~~
.
~~-- —k — .

~~ £ ~~~~~
— (x 1 

— x”)
— . 3x at — . ax. tu i  i UI. i.
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We have however

0 0 0  1 I lu •E C . x. u — E C . x.
I. 1. I.

C? — .! ~ .— (7.11)]. 3x. 1 3x.
0 1x x

and therefore

0 1— f(o) — .~L_ • 1 f1 — f(l) —
from which we derive

— — u0.) — 0

as x0 and x~ satisfy the lineari.~ed constraint

0 —
E C. x. — u
i

l l  
.

and 
-

1 1 l o  -f — — (u — £ C. x.)1 — . 1 1
U 1.

The function f(t) can b.c approximated by a cubic pol ynomial

f(-r) . (f~~•
— 2 f 1 +2 )

• . 
- (7.12)

.+(3 f1 
— f~ — 3 )  + I

which is, in practice , a very accurate represent ation for such a
function. For practical applications , one has to take care that
the same constraints do not necessarily remain active between x0

and x~ and that , consequently, the scaling factor has to be written
as the envel ope 

_ _ _
~•i_ __ _ 
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f ( r ) — max [ f .(T) I j  • 1, flf (7.13)
3 3

taken over the nf imposed constraints. In addition when a comb i-

nation of zero and first order approximations of the constraints

are used , polynomials of lower degree have to be used for f ( r )

in (7.12) when the gradients (7,11) are not known at one or at

both ends of the segment.

This more sophisticated procedure for selecting intermediate

design vectors in the inverse space has been app lied to the 10

bar truss defined in 4.5. Cubic approximations of f(T) have been

used for the flexibility constraints , while linear ones have been

taken for the stress constraintS which are all treated by F.S.D.

The results are compared to those obtained by KHOT I 1(10 1 in

f i gure 7.9.
The proposed procedure had to be applied only once , between itera-

tions 7 and 8, and reveals very efficient as the minimum of

5076.77 lbs was obtained rapidly without any additional search

for intermediate designs. The advantage is important over the

more intuitive procedure in the direct space.

It remains however that the use of intermediate design vectors

is onl y a palliative measure. A better answer would be given by an

a priori estimation of the maximum number of steps ~ that can be

achieved in the coming iteration. It seems that such a forecast

could be achieved on the basis of an extrapolation of the scaling

factors affecting the various constraints. It certainly deserves

further study .

I
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_ _ _ _ _ _  _ _ _ _ _ _ _ _

I •i~— s
iteration WEIGHT SCALE WEIGHT SCALJ.~ W~ IGk*T SCALE

(ibs) FACTOR (ibs) FACTOR ( 1s ,~ ) FACTOR

1 3266 1.0 8266 1.0 9266 1.0
2 6321 0.9996 6337 0.9926 62 )3
3 6626 0.9993 6153 0.9907 Y)70
4 6541 0.9993 6060 0.997~ 0 .9923
5 6497 0.9995 5939 0.9974 5Th b ‘).9925
6 6456 0.9994 5939 0.9935 5651 0.9925
7 6425 0.9996 5894 0.9905 5492 0.9364
3 6396 0.9996 5353 0.9988 51% 0.9920
9 6373 0.9997 5810 0.9972 5306
10 6349 0.9997 5791 ‘)•V)993 525~
11 6329 0.9997 5772 0.9990 51 13
12 6307 0.9908 5756 0.9999 5111 1.0035
13 6233 0.9997 5736 0.9999 5036 l.~)000
14 6260 0.9997 5719 0.9999 5035 1.000’)
15 6239 0.9997 5693 0.9996 5035
16 6157 0.9972 5675 0, 9999 505 1 1. 000()
17 6121 0.9995 5641 0.9937 5077 1.000’)
13 6036 0,9932 5625 0.9999 5077 1.0)0’)
19 6073 0.9999 5597
20 6053 0.9996 5573 O.9°93
21 6041 0.9999 5567 O.99Q2
22 6036 0.9998 5530 0 .9994
23 6031 1.0000 5510 0.9996
24 6027 0.9999 5504 0.9905
25 6023 1.0000 5491 0.~ 992
26 6019 0.9999 5485 0.9993
27 6015 1.0000 5464 0.9937
28 6(111 0.9999 5458 ~.0993
29 6006 1.0000 5455
30 6002 0.9999 5453 1.0000
il 5993 l.O’)00 5450 1.0000
32 5993 0.9~ 99 5443 1.0300
33 5937 1.0000 5436 1.000’)
34 5932 0.9999 5427 0.9993
35 5972 o.099’) 5421 1.000)

10 BAR TRUSS

EFFECT OF THE K CONVERGENCE CONTROL PARAMETER

(First order algorithm)

Table 7.7

- 

-
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8. NUMERICAL APPLICATIONS

The app lications have been divided in 3 groups. The first one

concerns trusses,which have the advantage of y ielding rather pure

problems for which the optimization results are not influenced by

the modeling technique . The second group of app lications contains

box beam problems and the third )more complex , near to indus trial -

problems .

Two differen t programs have been used. One is an experimental

program using only bar elements and working in core. It is denoted

OPTBAR. It allows to use all the algorithms described in this

work , that are based on primal or dual methods , using first or

second order minimization techniques. It a lso  a l l o w s  to se lec t

automatically the most critical stress cons t r a i n ts , according to
test (3.38), by specifying two tolerances C l and c2 corr esponding

to the two parts of th. test.

The second program is the optimization module , named OPTIM ,

that has been written for the SAMCEF general purpose finite ele—

men t program [ S19 I . It allows also for primal and dual approa— -

ches , using first and second algorithms , but does not include the

automatic selection of the critical stress constraints. For compa-

rison purposes , the envelope method of GELLATLY [ G13 I is a l s o
incorporated.

The following abbreviations are used

— C.O.C Classical optimality criteria , as proposed in the

litterature;

— G.O.C Generalized optimality criteria. It implies that

all the active constraints are linearized and that

the corresponding problem L (or Al) is solved

exactl y by a primal (or dual) method ; 

- -  

- 

- -I
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— H..O.C Hybrid optimality criteria. It implies that a

limited number of stress constraints are linearized

in addi tion to the flexibility constraints.

The approximate problem L’ (or A ’) is solved

exactly by a primal (or dual) method;

— S..O.C Simp le optimality criteria. All the stress cons-

traints are zero order approximated by F.S.D. while

the flexibility constraints are linearized.

This corresponds often to what the C.O.C claim to

achieve . The corresponding problem A ’ (or L’) is

however solved exactly by dual (or primal) methods;

— MMI (k—xx) The mixed method is used with first (MM1) or

— MM2(~~ xx) 
second (MM2) order projection algorithms . These

abbrevia tions can follow G.O.C , H.O.C or S.O.C.

It means that the corresponding problems (L or L’)

are not solved comp letel y and therefore the method

is no longer equivalent to an optimality criteria

me thod. The convergence control parameter has been

fixed to — xx and the approximations of the cons-

traints are those defined by the abbreviations G.O.C,

H.O.C, S.O.C.

Unless otherwise specified , the starting point corresponds to a

uniform distribution of the design variables.
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8.1. Truss problems

8.1.1. Simple cantilever 10 bar truss

This simp le and classical example has a L r e q d y  b e e n  m e n t i o n —

ned to illustrate various aspects of the method s-~
’
~ toposed in the

preceding chap ter. The geometry is defined in figure 8.1.

!t!e.!.s. c2.n!tLa!nls_o.alz (Problem l.A) .
~~

This problem has been examined in chapter 4 and results illustra—

ted b y f i gure 4.6. It is recalled that when the ç~ ress limi t is -

25000 psi in all the bars , the F.S.D. yields the optimum .

When the limit in bar nbr 8 is increased , the F.S.D. reveals unable

to yield the optimum from — 36,800. Between 36,800 and 45,000 psi

the F.S.D. does not converge in a reasonable number of steps.

When the linearization of stress constraints is introduced , the

op timum is easily obtained for any value of the limit.

Problem l.b

The loads and the constraints are -

F at nodes 2 — — 100 Ky - -

3 • — lOO K

Iu y I at all nodes ~ 2.in - ,

The resul ts obtained for this problem are eummari~z1e4 in tables

8.2 and 8.3. Convergence curves have been presen ted

— for the G.O.C in figure 7.3; 
-

— fo r  the MM2 (~~~2) in figure 7.6 where cer tain results extracted

from the litterature on C.O.C have also been p lo tted ;

— for the S.O.C using the intermediate design vector technique ,

in figure 7.9.

-- - - -—_~~ - - -  - - - -
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The essential difficulty in this problem come s from the element

nbr 6. The stress constraint in this element is the onl y one

that reveals critical and its linearization is necessary to obtain

the lowest weig ht (5061 ibs).

This solution has been obtained by a H.O.C, that is by using F.S.D. 
- -

for all the elements , but element 6. It seems that this desi gn -

can not be reached by the other methods which converge to the local

optimum existing in -the neighborhood (5076 lbs).

Problem 1.C

The constraints are identical , but the loads are

F at nodes 2 — — 150 Ky
3. — — 150 K

4 m + 50K

5 — + 50K

The stress constraint in element 6 is more critical than in 
-

the preceding problem ,which leads to a more severe divergence

of the C.O.C and of the S.0.C and in fact for any method rel ying -

on F.S.D in element 6. Convergence curves are given

— for the S.O.C, using MM2(k — 1,2 and • ) ,  in figure 8.4;

— for the H.O.C, using stress constraint linearization in element

6 only, for the envelope method of GELLATLY [ G13 J which is -

also available in the SAMCEF program , and for various reference

works , in figure 8.5.

The results are presented in tabular form in tables 8.6 and 8.7.

The best results are those of the H.0.C closel y followed by those

of SCHMIT ( Sl8 I

Problem l.D

The loads are app lied in nodes 2 and 3, as in problem 1.B, but

equality constraints are imposed at nodes 4 and 5

u • — 2. in at node 4

u — — 1. in at node 5

~

- - - -—-_— - -~~~~~---- - ~~~~~~~~~~~~~~~~~~~~ -
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The problem has been solved by the H.0.C using a linearization

of the stress constraint ,only in the element 3.

Note that the procedure of automatic solution of these

stress constraints that require linearization 1 has been used

and the two tolerances 
~i. ,c2 for the test (3.38) are given

on the figure.

The results are given in digital form in table 8.8.

It is observed that the convergence is obtained in 8 iterations

and that the equality constraints are satisfied at the last ite-

ration onl y~while the stress in element 3 has reached its upper

limit. This problem was suggested by VENKAYYA ( V7 I but no

reference solution was found in the litterature. 



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

8.1.2. Double cantilever 22 bar truss

As mentionned in chapter 3, the FSD l eads  to po or res u l t s
w h e n  all the structural components do not have the same stress

limit , which is the case when different materials are considered.

BERK E ( 315 1 proposed a special problem to illustrate the diffi-

culty. I t  is made of t w i c e  the  10 bar  t r u s s  of s e c t i o n  8.1.1 , -

connected by two bars as indicated on figure 8.9. The data and

the constraints are given in table 8.10. Three cases have been

e x a m i n e d .

Problem 2.A

A l l  t h e  e l e m e n t s  have t he  same mass  d e n s i t y  (0 . 1  l b s/ i n 3) .

The s t r e s s  l i m i t  is the  same f o r  a l l  the  e l e m e n t s  (~~~~ 
— 25000 p s i )

bu t  for the 2 bars connecting the 10 bar  t r u s s e s  to the load , for
w h i c h  e stress limit of S00000psi is imposed.

In t h i s  case the FSD yields the optimum in 46 i t e r a t i o n s .

U s i n g  t he  G . O . C ,  does not  improve  the  c o n v e r g e n c e .  The t a b l e  8.11

p r e s e n t s  the d e s i g n  o b t a in e d ,whi l e  the t ab l e  8.12 c o n t a i n s  the

e v o l u t i o n  of the w e i g h t  f o r  v a r i o u s  c o n f i g u r a t i o n s  and m e t h o d s .

P r o b l e m  2 . B

The s t r e s s  l i m i t  in the  l e f t  p a r t  o~ the truss is increased up to 
-

50000 p s i .  The o p t i m u m  d e s i g v  in t h i s  case is not FSD and the -

stress ratio al gorithm diverges. Using the H.0.C. with automatic

se 1e ct i~~n of the  e l e m e n t s  r e q u i r i n g  s t r e s s  c o n s t r a i n t  l i n e a r i z a t i o n  -

a c c o r d i n g  to (3.38) leads to the linearization of 10 stress cons-

train ts. This number could probabl y be red uced b y us ing mor e sev ere
t o l e r a n c e s .  The o p t i m u m  des i git o b t a i n e d  by the  H . O . C .  is g iven  in -

table 8.13 and corresponds to a wei ght of 654 lbs. It differs dras— -

t i c a l l y  f r o m  the  h e a v i e r  ( 1044 ibs)  FSD in which the larger sec—

tions are given to the wrong side of truss. The evolution of the

weight is recorded in table 8.12 and illustrated in figure 8.14 (a). 

~~~~--- -~~-- - - - -
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P r o b l e m  2 .C

Thi s  case  d i f f e r s  f r o m  case B by a h i g h e r  ma ss de nsi ty in th e
l e f t  p a r t  (p — 0 .4  l b s/ i n 3) w h i c h  a l so  has  t h e  hi gher  s t r e s s

l i m i t .  The d a t a  a re  g iven  in t a b l e  8.10. In t h I~ F . S . D .  approach ,
the sections in the left part are assi gned sm a l l e r va l ues due to

th e i r  hi gher allowable stress. So the F.S.D. brings the material -

b ack  to t he  l e f t  s ide , bu t  i t  does t h i s  f o r  a w r o n g  r e a s o n

The r e s u l t s  o b t a i n e d  by S . O . C .  and by H . 0 . C .  are  p r e s e n t e d

in t a b l e  8.12 and in f i gure 8.14 (b). The optimum is a F.S.D.

b u t  i t  is o b t a i n e d  much more  r ap i d l y  b y t he  H.0.C. than by the

s i m p l e  F . S .D .  used  in the  S . 0 . C .  N o t e  t h a t  a l l  t h e  e l e m e n t s  r e a c h

e i t h e r  the  maximum s t r e s s  or the min imum s i z e  and t h a t  t he  d e s i g n

is c o m p l e t e l y reversed from that obtained in case B. The final

des i gn is d e t a i l e d  in table 8.15.

~ 

~~~— - ~~~~~~~~~~~~
- .
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8. 1 .3 .  200 bar planar truss

Thi s  c l a s s i c a l  p r o b l e m  [ V2 I is defined in f i g u r e  8 .16

and  in  t a b l e  8 .17 .  The s y m m e t r y  of the  p r o b l e m  is used  to r e d u c e

the number of design variables to 105. Each design variable cor—

responds to a group of two bars.

Problem 3.A

No stress constraints are imposed. The S.0.C , H.0.C and G.O.C.

are identical in this case. They differ from C.0.C. by t h e i r

rigorous treatment , by dual formulation , of the explicit problems

~enera ted after each analysis. The figure 8.18 p r e s e n t s  t he  c o n —

vergence of the wei ght ,given in digital f o r m  in t a b l e  8 .19 .  T h i s

table also contains the computing time for t h e  e n v e l o p e  m e t h o d

Gl3 and the second order dual algorithm. They have bee n ob-

tained for a programming that presents the same level of sop his-

tication in both cases. It shows that the more general and ri go-

rous dual methods are not significan tly more cos tly than the simple

and intuitive envelope method. The optimum design obtained by the

11.0.C. is p r e s e n t e d  in t a b l e  8 .20 .  I t s  w e i g h t  (29037 lbs) is

smaller than that rep orted by VENKAYYA [ V2 1 (31020 i b s ).

Pro b lem 3 .B

Stress cons train ts ( ‘
~ ~ 10000 psi) are added to the preceding

problem. The S.0.C. is now less efficient than the H.O.C.

The resul ts are illus trated in fi g u r e  8 .21 and in t a b l e s  8.19

and 8 . 2 0 .  Note that the final design wáights 29163  lbs  and is

not very different from the preceding one .
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8.1.4. Wing carry through box (63 bars )

This problem is also cla ssical F B8 I . I t  is defined in

f i g u r e  8 . 2 2  and t a b l e  8 .23.  Two cases  are  e x a m i n e d .

Prob!e rn  4 . A

Stress constraints only are imposed. The S.0.C.,which reduces

here simply to F.S.D.,leads to instability in convergence. The 
-

11.O.C. leads to the linearization of 58 out of the 126 constraints

and is therefore close to the G.O.C. It converges quite rap idly

to a design that has also been found by SHMIT [ S18 I . F i g u r e

8 . 2 4  i l l u s t r a t e s  the  convergence ,w h i c h  is d e t a i l e d  in t a b l e  8 . 2 5 .
The final desi gn (4975.1 lba) is presented in table 8.26.

It is evident that , for this problem , the linearization of the

stress constraints is an essential ingredient for fast convergence.

The m e t h o d  of SCHMI T S18 I is , in this case , very close to the

G.0.C. as it solves almost exactly the problem L generated after

each a n a l y s i s .

Proble m 4.B

The rela tive displacement at nodes 1 and 2 is limited to 1.0 in.

Again the S.0.C, using F.S.D. for the stress constraints , exhibits

poor and unstable convergence (6159 lbs in 50 iterations) while

the G.O.C. converges very rap idly (5120 lbs in 12 iterations)

just as the SCHMIT I Sl8 I algori thm (5121 lbs in 13 iterations)

which is closely related. The results are displayed in figure 8.27

and in tables 8.25 and 8.26. The performances of the G.O.C. is

obtained at the expense of a large number (126) of virtual loading

cases corresponding to each linearized stress constraints. An -

investigation has been done using the automatic selection option

of the program OPTEAR for the stress constraints that are most

critical , as based on the criterion (3.38). The tolerance for the

selec t ion has been made more and more severe , corresponding to

0, 6, 7, 10 and 27 linearized stress constraints so that a progres-

sive transition from S.O.C. to G.0.C. is achieved.

~
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The r e s u l t s  are  i l l u s t r a t e d  in f i g u r e  8 .28  as a function of the

n u m b e r  of r e a n a l y s e s  and in f i gure 8 . 2 9  as a f u n ct i o n  of the total

Cpu time . It appears that the economic o p t i m u m  is obtained when

the 10 most critical stress constraints are linearized. This inves—

tigation indicates that the generalized use of the selection crite-

rion (3.38) for the stress constraints is strong ly recommended.

I
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8.1.5. Four level 72 bar space truss

This problem has been investigated by many authors

L T3 , Gl3, V3 , B8, S8, Sl8 I . It is defined in fi gure 8.30

and in table 8.31. Two loading cases and four flexibility cons—

traints are specified. The stress constraints are uniform at

— 25000 psi  bu t  reveal not very critical. The optimum is obtained

in 5 iterations by the S.O.C. and is identical to the solution 
-

obtained by TALC 1T3 hvhich is quite understandable as in both

cases the same explicit problem A is solved exactly at each itera-

tion. The convergence is illustrated in fi gure 8.32 and in table

8.33. The final design is given in table 8.34. The results obtained

by various authors are also presented. It appears clearl y that this

example is well adapted to the F.S.D. approximation of the stress

constraints. Any additional sophistication increases the cost of

compu tation without improving the global efficiency .
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8.1.6. Transmission tower

This example is very popular in the structural optimization

li tterature I P27, Gl2 , M9 , V2 , D5 I . It is d e f i n e d  by the f igu re
8.35 and the table 8.36. Using the symmetry of the problem 25

des i gn v a r i a b l e s  a r e  n e c e s s a r y .  Two l o a d i n g  ca ses  and two flexibi-

li ty constraints are specified. The s t r e s s  l i m i t a t i o n s  a r e  g iven

differen t values in traction and compression. The stress limits

used  by GELLATLY I Gl3 I and SCHMIT I S8 , S18 I have been used.

They d i f f e r  s l i gh t l y  f r o m  those  m e n t i o n n e d  b y V E NKAYYA I V3 I
b u t  t h i s  d i f f e r e n c e  does not  seem to influence the results.

In figure 8.37  and t a b l e  8.38 a r e  compared the performances

ob tained by using the S.O.C. and the H.O.C. In the 1I.O.C. the stress

constraint in element 20 for the second loading case , is the only
one linearized. It leads to a moderate improvement. All the al go—

ri thms proposed in the litterature y ield almo st ident ical desi gns ,
which are given in table 8.39. 

- --~~~--- -~ — ---- -- -~~~-----~~~
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8.1.7. Simplified airbrake structure

Th is problem reproduces on a very simple equivalent truss ,

the essential difficulties met on a more complex airbrake struc-

ture which is examined in section 8.3. The problem is reduced

to the hyperstatic 57 bar truss illustrated in figure 8.40 and

precised in table 8.41. Only one loading case is applied.

The difficulty comes from the flexibility constraints which impose

that the differenc. of the w displacements , along the z axis ,
— between three couples of nodes 1, 2, 3 should be less than 0.5 mm.

This is equivalent to specifying that the trailing edge of the

airbrake has to remain straight. A maximum stress is imposed as

well as a minimum cross section.

All the optimality criteria failed on this problem.

The solution was obtained only by using stress constraint lineari-

zation and the mixed method with limitation of the number i~~ of

steps. The results are illustrated by the figures 8.43 and 8.44

(note the difference in the scale for the wei ght) and by the tables

8.45 and 8.46.

Consider first , in figure 8.43, the results obtained by

using the F.S.D. zero order approximation for the stress constraints.

As an example of C.0.C., the envelope method I G13 I is used and

diverges immedia~dy,yielding designs that remain more than 10

times heavier than the best found subsequently.

The S.O.C. is used via the primal (~ 
— • ) and the dual methods.

It reveals uns table ,but converges after 20 analyses to a design

wei ghting 20.5 kg, which is still far from the best design (15.6

kg). Using the same P.S.D. approximation for the stress constraints

but limiting the number of steps ~ improves the speed and stability

of the convergence , but still does converge to the same non optimum

design . The number k was limited to 57 using the first order primal

algorithm. The results are denoted SOC—MMI (i~ • 57). Using the

first order algorithm , it seems that a good estimation of the

number of steps k is given by the number of elements , which is 57

here.
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Consider now , in figure 8.44, the results obtained with

linearization of the stress constraints. If all of them are

linearized , the exact solution of the corresponding explicit

approximate problem corresponds to a G.0.C. The convergence

of a sequence of such problems is still non monotonic ,bu t y ie l d s
in 20 analyses a design wei ghting 15.6 kg which is the minimum

found for this problem. During the next 10 to 15 iterations the

results oscillate slightly around this desi gn. Linearization

of all the constraints being costly, the LL .0.C. has been inves-

ti gated using the autoratic selection algorithm of the program

OPTBAR (c 1 
— 0.8, 

~2 
— 0.02). Indeed the algorithm leads to

linearize only one of the five stress constraints which are

active at the optimum.

The corresponding H.0.C. is therefore cheap to apply.

If ~ is unlimite d however , the behavior is similar to using

F.S.D. as in figure 8.43 (S.O.C.). If the mixed method is app lied

(H.O.C.—MM I, ~ — 57) the algorithm converges very rap idly to a

near optimum design (17.32 kg) in 7 analyses. During the next

10 to 15 analyses the design is only slightl y udapted and the

wei ght reduces to 15.57 kg. After the 7th reanal yses , the limi-

tation of i has been suppressed (H.O.C.—MM 1 , t — after 7th

step). This change reintroduces two large oscillations of the

weight but leads to an identical final desi gn weighting 15.57 kg.

In this example , the 15.6 kg design was obtained only with

stress linearization. It illustrates the need for an automatic

algorithm for detecting the critical stress constraints. If all

the constraints are linearized (G.O.C.) the optimality criterion

converges to the lighter design but is very expensive. The comb i-

nation of one stress constraint linearization and of the mixed

me thod yields a faster convergence at much cheaper computing coot ,

as show n in the table 8.47 which summarized the computing times.

Note also that the 2 designs obtained by S.O.C. and by H.O.C.

(or G.0.C.) are compared in figure 8.46. Although the wei ghts are

quite different (20.5 kg and 15.6 kg) as well as the design van e—

bles themselves , the same constraints are active . They are the

two flexibility constraints and 5 stress constraints.
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8 .1.8 .  C o m p u t i n g  t imes

— The execution times for most of the truss problems inves-

ti ga ted in this chap ter , are recorded in table 8.47.

The method8 and the program used are indicated. It is recalled

tha t OPTEAR is a simp le , experimental , all in c o re progra m us ed
for research essentially, while SAMCEF is a g e n e r a l  p u r p o s e  pro-

gram with much larger analysis capabi lity ,but which is evi dentl y

less efficient in small scale , academic applications.

The execution time s are split in preprocessing, which exists

only for the SAMCEF program , in analysis ,including eventually the

computation of the gradients , and in minimization time . The time is

I — t  + n .  (t . + 1 . .  ) .tota l preproc. iter. analysis minim.

This sp litting allows to appreciate the increase of computing

time due to the use of more sophisticated minimization methods.

In some cases , especially with the G.0.C. where all the const raints

are linearized , this increase in minimization time is clearly pro-

hibitive , as it is not counterbalanced by a sufficient reduction

of the number of iterations .

The comparison of the computing times obtained for the

various me thods reinforces the conclusion drawn from the examina—

t i o n  of t h e  c o n v e r g e n c e  p r o pe r t i e s , w h i c h  is , t h a t  t he  H . 0 . C .
appears as the best compromise ,especially if the selection of the

critical stress constraints is achieved automatically and if the

mixed method limiting t is used.

----4
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8 . 2 .  Box beam s t r u c t u r e s

8.2.1. Simple wing box

The simp le box beam illus trated in figure 8.48 is a clas-

sical test case proposed in the litterature I G 12 , G 13 . Sl8 I
A de tailed statement of the problem is given in table 8.49. =
Two load cases are c o n s i d er e d .  Max imum a l l o w a b l e  s t r e s s e s  a re  -

g i v e n  f o r  the  ba r s  and m e m br a n e s  e l e m e n t s  w h i c h  a re  g r o u p e d  as

i n d i c a t e d  in t a b l e  8 .49, so that only 16 d e s i g n  v a r i a b l e s  a r e  invol-

v e d .  M i n i m u m  v a l u e s  a re  a l so  s p e c i f i e d .

By s y m m e t r y ,  only one half of the structure is  m o d e l e d  in

f i n i t e  e l e m e n t s .  S i m p l e , c o n s t a n t  s t r a i n , c o n f o r m i n g  d i s p l a c em e n t  -

e l e m e n t s  have been used , yielding to 45 D . 0 . F .  In  t he  m e m b r a n e

elemen ts , the von MIStS equivalent s t r e s s  is l i m i t e d .  The lineari-

zation of these constraints has been achieved according to the

m e t h o d  p r e s e n t e d  in (3 .35) .

The S.0.C has been app l i e d .  It  r educes  h e r e  to  t he

straightforward F.S.D. The c o n v e r g e n c e  is rather fast and monotonic ,

as illustrated in figure 8.50 and in tables 8.51 and 8.52.

When the  C . 0 . C  is app l i e d , one r e a l i z e s  t h a t  t h e  o p t i m u m

is no t  a F . S . D  and t h a t , w i t h  t he  l i n e a r i z e d  s t r e s s  c o n s t r a i n t s,
t h e  c o n v e r g e n c e  is much  f a s t e r  and l eads  to a signif icantly li ghter
des i gn .  C o m p a r i n g  t h e  r e s u l t s  in t a b l e  8 .52  i n d i c a t e s  t h a t  t h e  two 

-

d e s i gns d i f f e r  a l s o  s i g n i f i c a n t ly .

The c o m p u t i n g  t i m e  f o r  t h i s  problem , using the SAMCEF pro— -

g r a m , are  as f o l l o w s

S . 0 . C  20 iterations preprocessing 12.0

a n a l y s i s  8 .8

m i n i m i z a t i o n  0 .5

t o t a l  198 sec.

G.O.C 10 iterations preprocessing 14.1

analysis 36.9

~
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minimization 0.8

t o t a l  390 sec .

I t  i n d i c a t e s  a g a i n  t h a t  t he  l a rge  n u m b e r  of v i r t u a l  load cases

and t h e  a d d i t i o n a l  c o m p u t i n g  cos t  induced  by t he  G . 0 . C  lead to

a l m o s t  doub l e  the  c o m p u t i n g  t ime  a l t h o u g h  the  n u m b e r  of i t e r a t i o n s

is j u s t  h a l f .

The H . 0 . C  shou ld  b r i n g  a more  e f f i c i e n t  way of r e a c h i n g  t h e
200 lbs  desi gn , b u t  i t  was  not  used  h e r e .  The r eason  is t h a t  t he

c o m p a r i s o n  of t he  r e s u l t s  w i t h  t hose  p r e s e n t e d  in t he  l i t t e r a t u r e
is r a t h e r  d i f f i c ál t  as the  f i n i t e  e l e m e n t  m o d e l s  u sed  b y the
v a r i o u s  a u t h o r s  are  not the  same . In such  a s i m p l e  model  the  d i f f e —
rences  due to  u s i n g  one e l emen t  or a n o t h e r  a re  q u i t e  i m p o r t a n t  and
make the  compar i sons  non s i g n i f i c a n t .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - --4



8.2.2. A composite box beam

The simp le box beam illustrated in figure 8.53 and detailed -

in  t a b l e  8 .54  has been p r o p o s e d  by KROT , V E N K A Y Y A  and B E R K E  K 15 I

as an e x a m p l e  of c o m p o s i t e  m a t er i a l  d es i g n .  The u p p e r  and love r

s k i n  e l e m e n t s  a re  supposed  to  be made of c o m p o si t e  m a t e r i a l  ( b o r o n —

e p o x y  as d e f i n e d  in t a b l e  8 .54)  w h i l e  the  t r a n s v e r s e  m e m b e r s  and

the  r e i n f o r c i n g  b a r s  are  in a l u m i n i u m .  The t r a n s v e r s e  members  a re

i d e a l i z e d  b y shea r  pane l s , w h i l e  the  sk in  e l e m e n t s  a re  o b t a i n e d  b y
s u p e r p o s i t i o n  of 4 constant strain displacement finite elements.

E a c h  of them c o r r e s p o n d s  to a d i f f e r e n t  o r i e n t a t i o n  of t he  f i b e r s ,
t h a t  is 0 , 90 , + 45 ’ and — 4 5 .  The s u p e r p o s i t i o n  of t h e s e  4

l a y e r s  y i e l d s  a u n i q u e  d e f i n i t i o n  of the  d e s i g n . The m a t e r i a l  p r o —  -.
p e r t i e s  in each l aye r  are orthotropic and c o r r e s p o n d  to a u n i d i r e c -

tional reinforcement of the resin. The tickness of each layer is

a desi gn variable.

In the desi gn of composi te s truc ture , a frequen t probl em
is to limit the displacement or to tailor the flexibilitie s accor-

ding to given laws. Consequently, no stress limitations have been

introduced in this problem which is governed entirel y by two diffe-

rent flexibility constraints. —

.!~
i!i!a!i!n_i.E bendin1 (Problem 2.2.A)

In t h i s  case 4 t i p  loads  a re  app l i ed  s y m m e t r i c a l l y  at nodes  1, 2 ,

3, 4 and t he  d i sp l a c e m e n t s  at each  of t he  36 nodes  are l i m i t e d  -

( t a b l e  8 .54 ) . The d ou b l e  s y m m e t r y  of the  p r o b l e m  has  been u s e d .

It  a l l o w s  to reduce  the  number  of des i gn v a r i a b l e s  to 45 and the

number  of c o n s t r a i n t s  to  9.

The  S . 0 . C  has  been used  and , as t h e  number  of f l e x i b i l i t y  cons-

traints is rather large , the primal method has been selected with

the second order (NEWTON) minimization algorithm. The convergence 
-

is i l l u s t r a t e d  in f i g u r e  8.55 and t a b u l a t e d  in t a b l e  8 .56  where  i t

is c o m p a r e d  w i t h  t he  r e s u l t s  o b t a i n e d  b y KH OT [ 1(15 1 . The s l i ght
d i f f e r e n c e s  in t he  f i n a l  des i gns , p r e s e n t e d  in t a b l e  8 . 5 7 , are due -

to t he  d i f f e r e n c e s  in t he  f i n i t e  e l e m e n t  m o d e l s .

______________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Limi tation in torsion (Problem 2.2.B)

The loading is now asymmetric and induces primarily bending

d e f o r m a t i o n s  b u t  a l so  a l i m i t e d  a m o u n t  of t o r s i o n .  The li znita—

l i o n s  in d e f l e c t i o ns  are  14 i n c h e s  at  n o d e s  I and 2 where  t h e

loads  a re  1000 lbs  and of 15 i n c h e s  at  nodes  3 and  4 w h e r e  t h e

loads  are  975 l b s .  These l i m i t a t i o n s  r e q u i r e  e v i d e n t l y a non

s y m m e t r i c  d e s i g n . As t he  t i p d e f l ect i o n s  a r e  t h e  onl y one l i m i t e d ,

the  s h e a r  webs keep the  same t h i c k n e s s  a l o n g  the  span . This  a l l o w s

to r e d u c e  t he  number  of d e s i gn variables to 30.

The S . 0 . C  has  been  used and t h e  results are presented in
f i g u r e  8 .55  and in t a b l e s  8 .58  and 8 .59  t o g e t h e r  w i t h  t h o s e

o b t a i n e d  b y KNOT [ 1(15 1

In b o t h  p r o b l e m s  ( 2 . A  and 2 . B )  t h e  c o n v e r g e n c e  of t h e

process is monotonic and significantly faster tuan reported by

KH OT I K 15 I . The c o m p u t i n g  t ime s are  the  f o l l o w i n g ,  u s i n g  t h e

SAMCEF p r o g r am s t il l  on IBM 370 /158 .

p r o b l e m  2 . A  10 i t e r a t i o n s  p r e p r o c e s s i n g  3 4 . 3

ana l y s i s  5 7 . 3

m i n i m i z a t i o n  1.1

t o t a l  617 sec .

p r o b l e m  2 .B  10 i t e r a t i o n s  p r e p r o c e s s i n g  34 .9

a n a l y s i s  2 7 . 4

m i n i m i z a t i o n  0 . 9

t o t a l  317 s ec .
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8 .3 .  A i r b r a k e  s t r u c t u r e

The a i r b r a k e  s t r u c t u r e  i l l u s t r a t e d  in f i g u r e  8 .60  has  b e e n

u s e d  in an exerc ise  to de termine the capabili ty o f the me thods
p r o p o s e d  in the  SAMCEF p r o g r a m , when app l i ed  to a p r o b l e m  w i t h  a

number of desi gn variables and of degr ee s of f reedom larger than
those met in the classical tests extracted from the litterature

on o p t i m i z a t i o n .  Moreover  t he  f l e x i b i l i t y  c o n s t r a i n t s  r e v e a l e d

r a t h e r  d i f f i c u l t  to t ake  i n t o  a c c o u n t  in the  c l a s s i c a l  a l g o r i t h m s ,
a l t h o u g h they  c o u l d  be f req uently encoun tered in practical problems .

O n l y  the  e s s e n t i a l  resul ts ob tained for this proble m ar e p resen ted
h e r e .  A more detailed description has been giv en by FLEURY in
I Fl8 , P29 1

The s t r u c t u r e  illustrated in fi gure  8 .60  is c l a s s i c a l ly

des igned  in li gh t  a l l o y  a l u m i n i u m  s h e e t .  The m a i n  ( fr o n t )  s p a r

and the  s econda ry  spa r  a re  j o i n e d  by twelve ribs and cov ered by

two sk in s  r e i n f o r c e d  by s t r i n g e r s .  The a i rb r a k e  is h i n g e d  at t h r e e

p o i n t s  and a c t u a t e d  at  one , in t h e  m i d s p a n .

The loads  c o n s i s t  in pressure distributions on both faces ,

c o r r e s p o n d i n g  to two f l i gh t  c o n f i g u r a t i o n s .  In one of t h e m , a

f l e x i b i l i t y  c o n s t r a i n t  is imposed which s tipul ates that the trai—

lin g edge has to remain strai ght within a tolerance c — 0.5  mm

to i n s u r e  a e r o d y n a m i c  e f f i c i e n c y .

S t r e s s  c o n s t r a i n t s  a re  imposed and take different values depending

of t he  m a t e r i a l  used  and of o t h e r  t e c h n o l o g i c a l  c o n s i d e r a t i o n s .

For membrane elements , the von Mises eq uivalent stress is used .

M i n i m u m  t h i c k n e s se s  are  a s s i g n e d  w h i c h  a l so  d i f f e r  f r o m  p l a c e s  to
p l a c e s  d e p e n d i n g  of manufacturing considerations.
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In a finite e lemen t model , as ill ustrated in figure 8.61 , t he

f l e x i b i l i t y  c o n s t r a i n t , as i n i t i a l l y  s t a t e d , has to be wri tt en

I w~ 
— w k ~ 

c j — I , N — I  (8.3.1)

k — j + l , N 
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were v
J
, V

k 
are the transverse deflections at any node j or k

a l o n g  the  t r a i l i n g  ed ge.  If N is the  number of nodes along the

trailing edge in the finite element model , the to tal number of
cons traints is

N (N - 1) / 2

which is p r o h i b i t i v e, when it is considered that 10 to 12 nodes

are to be used along the trailing ed ge. After having solved the
p r o b l e m  u s i n g  a s imp l i f i e d  mode l  w h e r e  N — 5 , i t  was r e c o g n i z e d

and c o n f i r m e d  b y ph y s i c a l  i n t u i t i o n  t h a t  t he  c o n s t r a i n t s  ( 8 . 3 . 1 )

could  be replaced by the reduced se t

I w1 w~1 I ~~c I W~J 
W
}f 

< C

(8.3.2 )

I V 1
W
MC I < C  I w N wM* (< c

where M and Mt are two nodes selected so that the distances (1—M) 
-

and (M t — N )  a re  a p p r o x i m a t el y  t he  same . E v e n t u a l l y a certain number
of couples of nodes (M—M t) could be selected. It was verified a

pos teriori tha t , u s i n g  the  r educed  set of constraints , a l l  t h e

i n i t i a l  c o n s t r a i n t s  (8 .3 .1)  are  s a t i s f i e d .

Firs t 
~
i
~ p!i!i~

d_m.2.d~j 
(27 elements)

In order to determine the behavior of the algorithms in the

p r e s e n c e  of t he  f l e x i b i l i t y  c o n s t r a i n t s  ( 8 . 3 . 1 ) ,  a v e r y  s i m p l e

model illustrated in fi gure 8.62 was buil t up. I t  c o n s i s t s  in 26

membrane elemen ts , pl us one bar used to model the control , which
leads to 43 D.0.F. Five nodes are taken along the trailing ed ge

and the  10 e x a c t  f l e x i b i l i t y  c o n s t r a i n t s  ( 8 . 3 .1)  are  imposed ,
b u t  no s t r e s s  c o n s t r a i n t .  -

Thi s  p r o b l e m  reveals the obvious need to limit the g l o b a l

deflec tion of the trailing edge.

v, < j — I , N ( 8 . 3 . 3 )  

~~- - -- _--- -_ _ _ -— -- 

_ 
—---

~~~~~~~~~~



-~~~---~~~~~~~~~- -~~ - ~~~~-~~~~~~~~~~~~~
---—-- --~~~

_
~~~-~~~~ ~~~~~~~~~~~~~ 
-

I n d e e d , if one c o n s i d e r  a d e s i gn y i e l d i n g  a p e r f e c t l y  s t r a i g h t  -

d e f l e c t e d  t r a i l i n g  ed ge , the  a p p l i c a t i o n  of s c a l i n g  f a c t o r  does

not affect the satisfaction of the constraints ( 8 . 3 .1) .

Th us the process converges to a zero wei gh t design with a very

l a r g e r  d e f l e c t i o n .  Th i s  h a p p e n s  b e c a u s e  t h e  s t r e s s  c o n s t r a i n t

are  not  t a k e n  i n t o  a c c o u n t  in t h i s  s i m p l i f i e d  p r o b l e m .  Howeve r

i t  was  f e l t  i n c o n s i s t e n t  to leave the  l i m i t a t i o n  of t h e  g l o b a l

d e f l e c t i o n  to t h e  s t r e s s  c o n s t r a i n t s, as it is not known a

p r i o r i  w h e t h e r  they beco me a ct ive b e f o r e  r e a c h i n g an u n a c c e p t a b l e

large deflec tion. Therefore a set of five constraints (8.3.3)

was added  to t he  p r o b l e m , w i t h  w — 10 mm.

The envelo pe me thod I Gl3 J has been applied as an exam ple
of C.O.C. Nex t the S.O.C has been used , whi ch is here equ ivalent

to a G . O . C  as a l l  the  c o n s t r a i n t s  are  f l e x i b i l i t y  c o n s t r a i n t s,
and thus are exactly linearized. The results are presented in

f i gu re  8 .63 and r evea l ed  e x t r e m e l y  poor  ( i f  a n y )  c o n v e r g e n c e .

Th i s  imp l i e s  t h a t  t h e  constraints (8.3.1) a r e  v e r y  non l i n e a r ,
even in the inverse desi gn space. Using the mixed method (MM1),

even with ~ b e i n g  small , did not improve significantly the conver—

gence. Looking more carefully at the optimization process , in the
mixed method , i t  a p p e a r s  t h a t  the  d i i i i c ul t y  a r i s e s  f r o m  t h e  f a c t

tha t , at each iteration , the algori thm se lec t s a design where the
maximum deflection constraint (8.3.3) is active . After reanalysis ,

the differe ntial constraints (8.3.1) are seriously violated and

t h e  s u b s e q u e n t  s c a l i n g, w h i c h  has to satisfy them ,leads to increase
t h e  wei gh t  in such  way t h a t  t he  d i v e r g e n c e  s t a r t s  ( see  t he  commen t s

of fi gure 7.5).

It suggests the introduction of a kind of move limit in the

f o r m  of a limitation to the increase of global deflection between

two iterations.

_ _ _ _ _ _ _ _  _ _ - - -- _ _- - -~ - _ _ -~~~~~~ _~~~~~~~~~ _ _  
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w . < min (w t , )  j 1 , N

w i t h
— 6 max ( w . )

j — l , N ~

w h er e  6 is a c o n s t a n t  close to unity. In this way the deflection

c a n n o t  exceed 6 t imes  the  v a l u e  obtained after the current ana—

lysis and scaling cycle. The constant 6 d e f i n e s  the  a m p l i t u d e  -

of the “move ” that is allowed in the deflection.

The move limit parameter 6 and the convergence control para-

meter k can now be use to improve the convergence behavior of

the problem. Taking ~ — 20 in the MMI for 20 iterations and then

— 10, and allowing 6 — 1.1 brings a nice convergence as indicated

in figure 8.64, which also contains the history of the global de—

flection ,and that of the trailing ed ge deflection. Note that 40

i t e r a t i o n s  are necessary to stabilize the wei ght. The change of i~~

at iteration 21 was introduced after a beg inning of divergence

was detected. This weight should no t be compared to tha t of the
f i n a l  model  s ince  no a t t e n t i o n  was payed to a s s i g n i n g  m i n i m u m

va lues  f o r  t he  desi gn variables which are consis tent with the

full scale problem.

The investigation on this first simp lified model revealed

the need of a careful con trol of bo th the number t of s teps in
t h e  m i x e d  m e t h o d  and of the move limit 6. The optimality criteria ,

even in the sop his ticated form of the G.0.C, f ail ed comple tely.
It also revealed that the set of constraints (8.3.1) can be repla-

ced by the reduced set (8.3.2) with only one co uple of points

(M.M’).

!e~o!d_s.Lmjl!f!e.~ mode! !l~ 5_e!e!e~ t~~

A second , still simple model was used , which is illustrated

in figure 8.65. 42 membrane elements and 83 bars are used leading

to 103 D . 0 . F .

The flexibility constraints are written 

-- - - - - 

-
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I w1 
- v3 < 0.5 mm j w1 

- w4 < 0.5 mm

I v3 
- w6 < 0.5 mm I w4 

- ~~ I ~ 0 .5  mm

w1 < 10 m r  10 mm

The stress constraints and the minimum sizes of the full scale

problem are taken into account. The stress constraints are

treated by F.S.D.

The mixed  me thod  (MM 1) has  been app l i e d  w i t h  k — 40 up to

t h e  s i x t h  iteration and unlimited after. The moqe l i m i t  on the

g l o b a l  d e f l e c t i o n  was s t i l l  defined by 6 — 1.1. The i n i t i a l

d e s i g n  was o b t a i n e d  from the first simp lifiec’ model. The conver-

gence  cu rves  a re  i l l u s t r a t e d  in f i g u r e  8 . 6 6 .

N o t e  t h a t , due to  t he  i n t r o d u c t i o n  of the stress constraints

t h e  d e f l e c t i o n  does not reach the maximum value of 10 mm but flat-

tens at 3.6 mm. However the move limit is still necessary to avoid 
-

the divergence. Although the convergence is rather fast (9 itera-

tions) it is felt that even faster convergence could be obtained

by a larger value of k, around 100. Note that the second order

algorithm (MM2) was not available at the time of the investigation.

It should also be pointed out that the wei ght canno t be
compared with those obtained by the other models as no attention

was payed to the exact equivalence in the  s t a t e m e n t  of t h e  p r o b l e m

and , m o r e  p r C c ise l y ,  of the  s t r e s s  and m i n i m u m  s i z e  c o n s t r a i n t s .

The f i n a l  model ~~~~~~~~~~~~~~~~

The final model is illustrated in figure 8.67.

It is made of 378 membrane elements and 249 bars. Second degree

disp lacement fields are used , leading to 2300 D.O.F. The sizes

of all the elements have been lef t f ree , yielding 627 desi gn
v a r i a b l e s .  In practice a certain number of elements should have

been given identical sizes. This is achieved in the SAMCEP
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p r o g r a m  by defining groups of elemen ts,vhich are assigned the

same d e s i g n  v a r i a b l e s .  It  has  the advantage of reducing the

number of design variables and of yielding more realistic desi gns.

However , the present problem being essentially an exercise , it

was decided to solve it with the maximum number of design variables.

The results obtained by grouping the elements according to various

- :  design options are reported in I P29  1

The 6 2 7  s t r e s s  constraints are treated by F.S.D while the

f l e x i b i l i t y  c o n s t r a i n t s  are written

I w 1 
- w6 < 0 5  mm I w 1 

- V
7 

< 0.5 mm

w 1~ — w6 I < 0.5 mm I w 12 — w7 < 0 .5  mm

< 10 mm V 12 < -10 mm -

As expected from the experience gained on the simp lified pro-

blems , a good convergence was ob tained with the mixed method MM1,
using the conjugate gradient algorithm , by setting 6 — 1.1 and

— 500, tha t is slight ly below the number of de sign variables.
The cho ice  of t was guided by the fact that the convergence of

first order minimization algorithms is achieved in a multi ple

of the number of unknowns and hence the same ratio between k

and t h e  number of design variables was kept as in the previous

proble ms.

The evolution of the wei ght is illustrated by the fi gure

8 .68 .  A g a i n  the  c o n v e r g e n c e  is ve ry  s a t i s f a c t o r y  in 10 to 12

iterations. The maximum deflection of the trailing ed ge ii no t

reached. The satisfaction of the exact constraints (8.3.1) can

be verified a pos teriori. The initial scale up of the wei ght is
due to the fact that th. ori ginal design of the airbrake did

not satisfy the flexibility constraints.



- 
- - - --

~
.-- -—

~~~~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The comp uting times for this final app lica tion are , on
IBM 370/158

preprocessing 282.

(analysis 813.
13 iterations I . . .

~ 
minimization 196

+ total 13 203 seconds. 

~~~~~~ - -- -~~~~~~~~~~~- - —---~~~~~~~~~~- - -•- -~~~~~~~~~~--
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DATA

E — LU~ pu
p — 0.1 lb/in 3

- 25000 psi
. 2

a. — 0.1 in

4Y initial values a 20. in 2

360” 360”

I 7 10

(t;) (4~~ 
360”

/

10 BAR TRUSS

FIGURE 8.1

_  
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10 BAR TRUSS - PROBL E!’ 1.C

WEIGUT CONVERGENCE

Weignt (ibs)

H iteration SAMCEF 1 Schrnit Sclimit
___________ ___________ ___________ 

V0’nkayya
- & F3rsl~1 & “ iura

ROC SOC envelope ‘ Vi I 313J

1 3417.7 3417.7 8417.7 8417 .7 133 15.7 793.J•3
2 6072. 4 6126 .7 6200.5 6565.2 92i4.”~ b732.
3 5553.7 5696.3 5635.1 6242.3 9455.0
4 5217.3 5372.2 5134.1 6031.6 3)19.2 ~427.2
5 4Q25.S 4916.0 6719.2 5935.4 71)65.2 5054 .3
6 46S4.() 6942.1 6764.4 56 36 .3 724 1.”) 5034. 7
7 4b 76. 9 6737.7 6517.3 5505.2 6755. 1) 470o.1
3 6749.4 6301.3 5354.9 6694.1 463o.3

6473.4 6147.1 p220.2 6143. 7 46 17.1
10 5744.0 6045 .4-) 5099~~) 59 15.3 41)17.0
11 5236.0 5931.3 490 1.4 5377 .
12 5079. ’) 5941.7 4395.6 52b 4-’.7
13 5049.5 5916.6 5096.7
14 5037.1 5101.0 4Q36.3
15 5033.6 5391.3 4~64.1
16 5030.9 5335.5 4332.1
17 5029.3 5382.1 4326.-i
13 5023.3 5330.2 473b .b

5027.9 5879.4 4722. 3
20 5027.8 5379 .2 4706.1
21 5028.1 5379 ,4 463b .5
22 5023.2 5379.3 469 1.3
23 5023.1 5330.4
24 5023.’) 5381.0
25 5023.() 5331.1)
26 5027.9 5332.2
27 5027.9 5332.7 —

23 5027 . 9 5333. 2
2’~ 5027.9 5333.7
30 5027. 9 5334.2

TABLE 8.7

3
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10 BAR TRUSS — PROBLEM 1.D

FINAL DESIGN

e lement section element section

1 21.579 6 0.100

2 3.434 7 14 .545

3 0.109 3 12.695

4 1.401 1.932

5 22.663 19 11.928

WEIGHT CONVERGENCE

Weight imposed d isplacements stress
iteration (psi)(ibs) node 4 node 5 t ’1i~mei t 3

1 7963. 06 2.0 0.3324 — 2114

2 5141.56 2.0 0. 9:362 — 14223

3 4955 .10 1.334 1.0 — 13792

4 4319.40 2.0 0.9475 — 21470

5 4371.69 2. 0 0.3335 — 15979

6 4069.00 2. 0 0.94-125 — 24407

7 4051.33 1.9~ 4-) 9.999 5 — 25001)

3 4043.96 2. 1) 1.1) — 251)90

‘eABLE 8.8

-4

~ 
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DOUBLE CANTILEVER Z2 BAR TRUSS

GENERAL DATA

E . l O 7 psi -

a — 0.001

1.0 in (initial design)

Load ing : node 13, component Y , — 100 000 lbs

ALLOWABLE STR1~SS LIMITS AND MASS DENSITY

prob lem elements a (ps i )  p (1~ / i u 3 )

2A 1—20 25000 0. 1

21,22 50000() 0.1

2B 1—1’) 5’)00~) 0.1

11—20 25000 0 • I

21,22 5000:)’)
_ 

0 .1

2C 1— 10 50009 0.4

11—2() 25 )0 ) 0.1

21,22 5010~)0 (Li

TABLE 8.10 

-



.T
~~~~~
:-

DOUBLE CANTILEVER 22 BAR TRUSS - PROBLEM 2.A

FINAL DESIGN

FSI) G-) C
ele t s sect i,on Stress sect~ on Stress

( in ) (psi) (in ) (p s i)

1,11 2. 00069 — 2500’) 2 .01023 — 251)0’)

2,12 1• 99937 — 25000 1.99038 — 24000

3,13 0.00100 15S13 ) .1)1191 20733

4,14 0.00109 15818 0.01191 2o73~
5,15 3.9Q932 2501)0 3• 991)94 24~~ 3

6 , 16 0.00100 — 1374 0.0010’) — ~3 13 1

7 ,17 2.32745 — 25000 2.31506 — 24990

3,13 0.0010”) 24313 0.01731 20.396

9 ,19 0.0011)0 — 2237 ’) 0.01634 — 2o73~
10,20 2.32753 25090 2.31553 2499’)

21,22 0.10(X)’) 500000 0.10 )’)2 499903

Weight (lbs 1224.135 1226.031

number of 50 3,)
analyses

TABLE 8.11

- -  - - -  ~~_ 
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- ! TABLE 8.13

DOUBLE CANTILEVER 22 BAR TRUSS — PROBLEM 2 .B

FINAL DESIGN

FSL) HOC

elcments SeCtion stress seCt~ ofl stress
(in ) (psi) (in ) (psi)

1 0.90980 — 46524 1.990b9 — 50w’)

2 0.72350 — 48127 1.~ 3937 — 500n0 -

3 0.1)9297 40234 0.1)t)11)~) 11b61

4 O. 092~ 7 40234 ‘)~~)‘) 1~
) )  31~ 61

5 1.53960 47654 3.97~ 31 5003’)

6 0.00103 — 16756 0.00100 — 2375

7 1.92267 — 1-3 127 2.81331 — 500(Y)

8 0.13194-) 40314 0.001’)’) 43563

9 0.13148 — 40284 0.001~))  — 4477 6

10 1.02313 43 127 2. 31339 50300 
-

11 2.78963 — 2416 7 ‘) .0296fl — 25 0 ) )

12 2.21850 — 25’)’)’) 0 .0 1937 — 250- )-)

13 0.23533 20930 3.0) 13~) 15313

14 0.23533 20930 - 0.00 1-9’) - 15~313

15 4.72201 24754 0.c)393 1 25900

16 0.03103 — 3720 0.00103 — 1374

17 3.13690 — 25003 0.02731 — 250iX)

13 0.40411 20934 i) . ’)J 10~) 24313

1’) 0.40353 — 20930 0.9310’) — 2 2 3 7 )

2’) 3.13744 2509() 0.02739 25’~’IO

21 0.03165 47234 0 0. 2)72 9 4~~)90-)

22 0.12519 49071’~ 0.0) 100 50 )00()

We igh t (lbs 1044.62 654.069 (rn-rn FSL))

number of 13
ana1yses~ ’

—-- -“

~

—-- -- -

~ 

-- ---~~- - --
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TAL~LE 8. 15

DOUBLE CANTILEVER 22 BAR TRUSS — PROBLEM 2.C - FINAL DESIGN

FSU HOC

s’lements secti,on stress sect~On - stress
(in ) (ps i) (in ) (ps i)

1 0.27941 — 48151 0.01029 — 5000()

2 0 .27813 — 48144 0.00397 — 53,)’)’)

3 0.00101 30661 0.001C)() 31~ 35

4 0.00101 30461 0.00100 31635

5 0.55632 43146 0.01351 I 50900

6 0.00101 — 2645 0.00100 — 2748

7 0.39326 — 48144 0.01260 — 5030’)

8 0.00101 46819 0 .0010’) 48626

9 0.00101 — 43078 0,00100 — 4473 9

10 0.39333 43144 0.01263 50-X)0

11 3.46404 — 24999 3.93149 — 25’))’)

12 3.46255 — 25000 3.98017 — 2~~k)’
)

13 0.00101 16175 0.’.)OIOO 16477

14 0.00101 16175 0.00100 16477

15 6.92560 25003 7.96091 2500’)

16 0.00101 — 31’)’) 0.00100 — 4553

17 4.89656 — 25000 5.62~ 73 — 25’)’)’)

13 0.00111 23451 0.00100 24313

19 r)~~ç~Q~~’)j — 22875 0.001’)’) — 22 370

2(3 4.89679 25000 5.62331 2530’)

21 0 .02737 481476 0.’)) lO’) 43- ) )~39

22 0.17316 499993 0.1’~)’)4 
5())-))~)

~1eight (lbs 1391.37 123’).;)) (F~~i )

number of 
~~~~ 27

analyses

--

~ 
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TABLE 8.17 155.

200 BAR PLANAR TRUSS

General data

E 3 10~ psi

p 0.233 lb/ in 3

a 10000 psi (in problem 3.8)

2
— 0.1 in

10.0 in2 (initial design)

Multiple loading case

Load load components (ibs)nodes 
_________ _________ _________

cases

1 1,6,15,20,29 ,34 ,43 ,48,57 ,62 ,71 1000 3 0

2 1 , 2 , 3 , 4 , 5 ,
6 , 8 , 1’) , 12 , 14 ,
15 , 16 , 17 , 1-3 , 19 , 0 — 100)0 020 , 22 , 24 , 26 , 23 , -

I . .

71 , 72 , 73 , 74 , 75

3 load cases 1 plus 2

Flexibility constraints (max. values)

components (in)
node -

x y z

1 0.5 - 0.5 /
2 0.5 0 .5 I

1 0.5 9.5 /
4 0.5 0.5 /
5 0.5 ‘), S /

_ _ _ _ _
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WEIGHT (10
3 1b) -
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38- CASE A

~ =3O 000 psi

0 S O C  (dual method)
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30- O~~~
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TABLE 8.19 157.

200 BAR PLANAR TRUSS — WEIGHT CONVERGEN CE

We ight (lhs)

iteration case A :  a — 
~ase 

B : a — 10- )-- ) )  ps i

SOC 
- 

envelope SOC HOC

1 - 76082 76082 144770 14477

2 3816’) 38043 42372 42 56

3 32449 32249 49351 3G 1-)2

4 31)134 30934 35262 10351

5 29513 30595 29546 2 9547

6 29343 33216 - 29343 29l4’~
7 29252 32612 1’)375 2’) 244

3 29176 32077 10116 19163

9 29117 29495

10 290~0 29203

11 2007 1

12 29053

13 29037

EXECUTION TIMES

CPt’ (sec)
Nbr of iterations IB’) 37 ’)—13 8

optimization method ‘nuthod

cycle
- 

dual envelope dua l envelope

1 3 3 2 .2  1.2

2 4 3 1.4 1.3

3 6 3 1.9 1.4

4 6 3 
- 

1. 7 1.5

5 3 3 1.5 1.5

6 4 3 1.6 1.3

7 5 3 2. 0 1.3

8 4 1. ”
7 3 1.4-)

3

11 3 1.3

12 1 1. 3

-- -~~--- --~ - - - - -
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TABLE 8.20

200 BAR PLANAR TRUSS — FINAL DESIGN

section ( in 2 ) section (in ) s ec t i on
bars bar s b~’irs

case A case B case A case B case A case B 
-

1,4 0.147 (3. 159 66 ,74 -3.741 1.13’) 133 ,133 0 .177 (3 .274
2 ,3 0.109 O;100 67,73 4.975 4.370 134,137 0.177 ).274
5,17 4.333 4.872 63,72 0.251 0.216 115 ,136 0.241 0.315
6,16 0.230 0.327 69,71 0.316 0.327 140,152 I’).046 ~ .6 13

- 
: 7 ,15 0.100 0.100 70 5.525 5,520 141 , 151 ) .[~~3 ~.270

3,14 2.241 2.021 77,30 0.341 1.019 142,15’) 2.705 2.9)’~
0,13 0 .100 0.100 78 ,79 0.373 0.242 143 , 14’) 9 .365 10 .514
10,12 0.103 0.115 31,93 9.273 8.94) 144, 143 0.671 0.615
11 2 .77 7  2.795 32 ,92 1.441 1.735 145 , 147 ‘) . S-Y ’  s)•5’)3
13,25 0.100 0.100 83,91 0.10’) 0.1(Y) 146 7.47 ) 7.334
19 ,24 0.100 0.100 84 ,90 6.527 6.321 153 , 156 2.46 ’) 2 . 4~ 5
20 ,23 0.100 0.100 85 ,39 0.443 (3. 441 154 , 155 0 .766 (1.642
21 ,22 0.100 0.100 36 ,83 0.403 9 .367 157 , 16~ 7. 639 7, i)45
26,33 6.363 6.965 37 6.009 5.945 153,163 4.’)l’) 4.145
27 ,37 0.100 0.100 94,101 0.100 0.100 15’),167 0.1’l) 0.10)
23,36 0.313 0.437 95,100 0.150 0.196 160,166 13.133 13.~ 37
29,35 3.137 2.371 96,99 0.150 0.196 161,165 1.647 1.46-3
30,34 0.133 0.133 97,98 0.205 0.227 162,164 0.591 0.722
31,33 0.144 0.125 102,114 10.266 9.354 1b3 7.753 7.554 -

32 3.981 4.009 103,113 0.169 0.208 17t),171 0.1(X) (3.10(3
39,42 0.332 0.573 104,112 1.586 1.913 171,176 0.13’) 0.256
40,41 0.210 0.256 105,111 7.097 7.402 172,175 0.13() 0.256
43,55 7.960 7.806 106,110 0.415 0.339 173,174 0.169 0.274
44,54 0.640 1.015 107,109 0.470 0.470 173,190 3.329 7.743
45,53 0.100 0,100 103 6.626 6.560 179,189 0.133 0.231 —

46,52 4.323 4.244 115,118 1.511 1.571 180,138 4.199 4.342
47 ,51 0.291 0.308 116,117 0.523 0.394 181,137 13.6/46 14.464
43,50 9.234 0.210 119,131 9.230 8.733 132,186 0.62’) 0.301
49 4.754 4.749 120,130 2.548 2.675 133,185 1.702 1.557
56,63 0.100 0.100 121,129 0.100 0.10<) 134 8.240 3.540 -
57,62 0.10<) 0.111 122,128 9.326 9.962 191,194 5.345 5.343 -

53,61 0.100 0.111 123,127 0.473 0.543 192,193 3.549 3.015 -

59,60 0.100 0.147 124,126 0.654 0.576 195,20’) 10.657 9.367
64 ,76 9.239 9.124 125 6.031 6.846 l%,l~~ 17.723 13.313 -

65 ,75 0.100 Oil22 132,139 0.100 0.100 197,198 7.745 7.330 -

stress number of
case limit ( i )  method Final ;‘eight analyses

A / SOC 29037 13
3 100(30 HOC 29163 8 
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200 BAR PLANAR _ TRUSS — PROBLEM 3 . B

FIGURE 8.21
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TABLE 3.23

- - 
WIN G CARRY THROUGH BOX

General data
— 1.6 10~ psi

— 0.16 lb / in 3

a = 10(300< ) psi
2a = 0.01 in—o 2a — 50.0 in

Nodal coordinates

coordinates (in) coordinates (in)

nw~es nodes 
- _______ _______

1 0.’) 140.0 20.0 10 30.1) 30.0 — 3.0

2 0.0 140.0 0.0 11 — 30.0 40.0 55.0

3 — 39.0 120.0 21.0 12 — 30.0 40•() — 5. 0

4 — 30.0 120.0 — 1.0 13 30.0 40.’) 55.0

5 30.0 120.0 21.0 14 31.0 4-1.0 — 5, ()

6 30.0 120.0 — 1.0 15 — 30 .1) 0 ,0 60. 4 -)

7 — 30.0 30.0 30.0 16 — 30.0 0.0 — 7. 0

3 — 30 .0 80.0 — 3.0 17 30.) ‘7 .’) 69.1)

30 .1) 80.0 30.0 13 30.0 0. ) — 7. )

Loading cases (multiple)

Load load components (Kips)
nodecase x y 2

1 1 2500 — 5000 250-)
2 — 250(3 5(10-:) 250)

2 1 5000 — 2500 250’)
2 — 5000 2500 2500

CCont inuc)

- - 

~~~- -~ - - -~ -- - --~ -j
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TABLE 8,23 (Con tinued) 162.

Flexibility constraints

The relative displacement of nodes 1 and 2 in x direction is limited

to 1.0 in.

E1e~ ent definit ion

clement nodes element 
~~~~ 

ele’nent nodes 
—

1 1 3 22 12 14 43 1 4

2 2 4 23 1 2 44 5 2

3 1 5 24 3 4 45 3 2

4 2 6 25 5 6 46 5 10

5 7 3 26 7 3 47 1 U

6 3 4 2? 9 1(3 43 9 6

7 9 5 23 11 12 49 7 4

3 10 6 29 13 14 50 9 14

9 11 7 30 3 9 51 7 12

10 12 3 31 4 1() 52 13 10

11 13 9 32 5 7 53 U
12 14 10 33 6 8 54 11 1

13 15 11 34 7 13 55 11 lb

14 16 12 35 8 14 56 17 14

15 17 13 36 4-) 11 57 15 12

16 13 14 37 10 12 5’~ 5 4

17 3 5 33 11 17 51) 3 6

18 4 6 39 12 18 6’) 9 8

19 7 9 40 13 15 61 1 Ii

20 8 10 41 14 16 62 13 12

21 11 13 42 1 6 63 U 14

-

~

- --- ------- ~~ - - - - - -



-~~ - -- — ~~~~~~~~~~~ r -~~~- -~~~~~. 
-~~~~~~~~- 

163.

WE IGHT (i0~Ibs )
75

L

70 CASE
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a SchmLt $ Mi.ura [sie]
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W I N G  CARRY THROUGH BOX — PROBLEM 4.A

FIGURE 8.24 
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TABLE 8.25

W ING CARRY TH~0UGH ~0X

WEIGHT CONVER(~~~CE

Weight (ibs)

case A : no flex.-constr. case B: ~ itt f lex .  const.
iterat ion 

_________ _________ _________ _________ _________ _________

A’ ‘F Schmit lierke Schtnit BerkcS -ICE [ ~]•3J [ B8J SA(ICLF i si~ i 1 1131

1 30214.3 14264.3 30214.0 3(3214.3 1 1022.-i )o214.o
2 7211.6 9352.6 6360,0 76S’).l 3550.6 7577 .~’
3 5389.7 7079.7 5386.0 659(1.6 7544.2 6334.’)
4 5230.3 5997.6 5615.0 6398.0 6306.3 6) 2 3 . 0
5 

- 

5090 .2 5433.4 5335.0 6269.9 6456.7 63(31.’)
6 5063.5 5230.2 5262.0 6246.4 b2f14.9 66(70.0
7 5050.7 5104 .6 5255.0 6199 .1 &2 0l .~ 6473. 1)
3 5012.3 - 5042.2 5284.0 6158.5 6160 .4 6333. 0
9 4992.6 5009.3 5272.0 6126.2 6159.9 6333.0
10 4984.5 4992.5 5239.3 6123.1) 6140.6 6292.5
11 4980.7 4983.1 5201.1 6121.0 6123.3 6262.6
12 4979.0 4932.2 5164.1 6119.8 6120.9 6240.5
13 4977. 9 4978.4 5131.8 6119 .0 6230 .7
14 4976.6 5104.6 6113.4 6215.7
15 4975.1 5082.3 6117. 9 622( 1.1
16 5064.1 6117.6 6253.7
17 5049.3 6117.5 6236.3
13 5049.7 6300.4
19 5051.5 6301 .7
20 5053.2 6296 .0
21 5054.3 6236 .1
22 5056.2 6273.9
23 5057.4 6261.1
24 51)53.4 6248 .4
25 5059 .2 623 6 .5
26 5059.3 6225.7
27 5060.4 6216.2
28 5060.3 b2 07 .7
29 5060 .0 6;?u ’.4
39 5059. 7 6 194 .1... I . .  I . .

45 5042.8 6160.9
46 5041.1 6160 .5
47 5039.5 6160.2
43 5037. 9 6 153 .3
4~ 5036.2 6159 .6
50 5034.5 6159.1

- ~~~- - 

- 

-j
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TA11LE 8.26

WING CARRY THROUGkI BOX — ~IrJAL 0ESI-;~

cross sections (in2)

element case A: no flex. constr. - case B : with flex. constr.

SAH CEF 
3chtnit l3erke S\’l( ’EF - ;c l i ra t t  11’rk v

— I S 13] 1 113J ‘ I - ; 13 1 1

1 38.232 33.23 38.78 37. 629 37.55 36. -~b

2 35. 913 35.93 36.4) 16.336 3~~.4’) 36. 9 )
3 51.630 51.69 52.38 52.535 52.oô 53 .33
4 54.487 54.49 55.04 51.302 53.76 53.31
5 24.994 24.98 25.44 23.672 23.79 24.13
6 23.443 23.46 28.69 28.965 23. 95 27 .32
7 17.624 17.64 17.73 17.255 17.26 17.35
8 20.547 20.52 20 .75 21. 231 21.49 22. X)

25.173 25.21 25.32 26 . 1)0 26 . 16 23 .42
1’) 26.344 26. 82 27.49 25.126 25.15 25 .~~5
11 7.526 7.535 7.62 8, 794 3 .734 9 .44
12 8.772 8.8~~l 8.32 9.907 S .~ 66 9 .32
13 24 .293 24.21 24.62 23.422 23. 43 22 .37
14 20.630 20 .63 2-1.93 1~~.514 )3~57
15 4 .097 4. 123 4.16 5.172 5.165 5.7’)
16 2 .454 2 .405 2 .38 2. ’~43 2 . 956 4 .47
17 37.05 1 37. 1)7 37.53 37.121 37. 07 36. - ;’)
13 37.133 37.14 37.65 37. 345 3 7 . 3 )  37 .52
1’) 0.010 0.010 0.01 0.01) 0.01’) :1 .01
20 0.01’) 0.910 0.01 ().‘)l’) 0.01’) (1 .01
21 0.139 0.151 0.07 0 ,099 1 .213 (1.15
22 0.103 0.067 0.01 0.061 0.17) 0.01
23 0.132 0 .137 0.18 0.010 0. 0 1) 1 .01
24 1.100 1.035 1.22 0.01’) -).‘)1~)
25 0.052 0 .065 0.07 0. 01’) 0.01’) 1 .01
26 2.592 2.574 2.83 4. )42 4 . 19 1 b.11
27 0.797 0.3-34 0.31 1,911 0.335 -1 ,01
23 4 .637 4.532 4. 37 3.25 1 3.235 4. 43
2’) 0.641 0.670 0.51 0.011) 0.11’) 1,15
30 2.630 2. 651 2 .69 3. 263 7 .361
31 2 .563 2.530 2.70 8.164 7 .799 9 .76
32 5.345 5.829 5.39 3.394 3.300 11.03
33 5.345 5, 33’) 5.32 3.93 2 ‘) .220 S. -) ’)
34 6.13’) 6.122 6.19 9.142 fl .7b9 11.59
35 5.345 5,339 5.32 3.931 3.23-)

(continue)

I

_ _ _ _ _
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TABLE 8.26

(cont inued)

cross sections (in2)

clement case A: no flex, constr. case B: w ith flex. constr ,

SA1~CEF Schmit Uerke . $c)~~it Herk4’
I sial 1 113) 

jAj1CI~F s I l J  I Is31

36 2.762 2.733 2.32 3.679 3.257 7.39
37 2.568 2.579 2.70 8.066 7.301 9.77
33 2 .704 2.705 2 .71 8.133 7.33 1 6. ’)3
39 2 .604 2.603 2. 70 3.034 7 .352 9 . 7 7
40 5.731 5. 736 5. 33 8.934 ‘) .134 10.92
41 5.314 5.321 5.30 a.%8 3.13 1 -3 .09
42 1

6
.437 16.45 16.63 25.473 25. 23 24.61

43 13.734 18.80 13.99 27 .3 1o 27. -)7 24.54
44 10.936 11.01 11.25 19~047 10 .35 19.73
45 13.38 1 13.40 13.66 20.098 21.13 2 1,u3
46 11.434 11.42 11.60 l6.5’~3 16 .81 17.19
47 5.948 5.961 6.03 12. 462 12.65 12. 98
48 12.148 12.16 12.24 18.732 13.55 18 .0’)
49 14.266 14.25 14.40 20.089 13 .91 19.67
50 7 . 2 2 3  7 .24 1) 7 .26 6.666 u.6 3 ) (‘ .73
51 7.451 7.416 7.35 5.636 5.753 7.4’)
52 5.51’) 5.501 5.62 8 . 1)2  3.123 9,50

53 0.497 0.566 0.01 3.310 3.642 ‘1 .91
54 3.639 3.639 3 .67 5.946 5.336 6 .79
55 9.636 ‘3.631 9 ,97 11.Q66 11.~ 3 8. 9()
56 4.392 4.375 4, 54 5. 377 5.343 3. 11
57 0.245 0.319 0 .03 1.~ 93 1.69 1 3 .33
5-3 0.127 0.951 0.01 0.019 0 .0 1)  0.01.
59 0.129 0.125 0.~)1 0,010 0.010
60 0.010 0.010 0.01 0.010 ‘) .91) ) .‘)l
61 0.010 0.Ol() 3.11 0.910 17 .011) 0 . )1
62 0.010 0.010 0,1)1 0.010 0.010 9 .1) 1
63 0.010 0.015 0.01. 0.01(1 ‘) .91() 0.’) 1

We ig I~t
4975.1 4976 .0 5034.5 6117.5 6120 .9 6159 .3

(ibs)

nbr. of 15 14 50 17 13 51)
an~ lyscs



- --~~ 
-

~~~~~~~
-—-

167.

- W E I G H T  (102 Ibs)

85

CASE B

80 limited t w l b t

75 A samcef - GO C
o Berke & Khot [B8J
a Schm~t & Mtura  [sie]

70

65

60 N br  ANALYSES
~~~~~~~ I —___..J._ .___ — -t _L I _ _ _L_ ~~ L. ...____ _L .  I
0 4 8 12 16 20

W I N G  CARRY T H R O U G H  BOX - P R O B L E M  4 .B

F I G U R E  8 . 2 7
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72
’ WE IGHT (lO 2Lbs)

70

CASE B

l i m i t ed  t w i s t

68-

Ph

1~1 C2 OaO G O C

66 ~~ E2 0,05 
H O C

- 

~ J C~~~ o,1

W 
~2 1,0 SOC

EX ECUTION TIME (SEC.CPU-IBM -370 -- 158 )
0 50 

I

FIGURE 8 . 29
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-

element numbering

(first level)

72 bar s  13

64 D.O.F. 60 ’

16 desi gn v a r i a b l e s  g

S

1

FIGURE 8.30

FOUR LEVEL SPACE TRUSS
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FOUR LEVEL SPACE TRUSS

General da ta

E 10~ psi
= 0.1 lb/in3

a — 2500’) psi
2

— 0.1 in
o 2a — 1.0 in

load ing cases -

load load compon en t (ibs)
node

cases X y Z

1 17 5000 5000 — 500’)

2 17 0 0 — 5000
18 0 0 — 5000
19 0 1) - 5000
20 0 0 — 5900

Flexibility constraints

max. allowable displacements (in)

node 
-

x y z

17 0.25 0.25 /
13 0.25 - 0.25 /
19 0.25 0.25 /
20 0.25 0.25 /

TABLE 8.31

— - - 

-
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W E I G H T  (102 Ibs )

A _
8~~~~ _

k 0 samcef ( s O C)

\ V oeiiatiy & Berke [013]
S Venkayya [v3]

6 
o Berke & Khot [B8]

• Schmit & Farstii [SB]
a Schmtt & Mtura [SiB]

S

4

5 5
Nbr

ANALYSES
~ I —— I _! I - - ~~~~~~~~~~~0 1. 8 12 16 20

FIGURE 8.32 

-~~~~~~-- - - - -  -_ _--~~~~ 
__ ~~_ _ I__ _ _ 

-
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TABLE 8.33

FOUR LEVEL SPACE TRUSS — WEIGH T CONVERGENCE

Weight (ibs)

iteration SMtCEF, Gella tly Berke Scizn,It
Taig & & Berke Venkayy a & Khot & Farshi & ~11ur,i

Kerr( T3) [ G131 1 1181 [ 53) 1 S1~l

1 656.77 656.77 656.3 656.77 309.12 731 .15

2 337.25 416.07 478.6 337.01 333.0’) 477 ,95

3 379.78 406.21 455.0 379 .67 796.16 337 .41

4 379.68 399.06 446.9 370,37 761.bl 1 3 .27

5 379.66 3%.:12 445.5 736.6’)

6 396.25 445.4 - 716.63 373 .3t~ 
-

7 396.02 401.7 703.77 379.63

8 395.97 391.5 645.17 37’).64

9 
- 

333.6 61o.97

10 321.6 525.29

11 331.2 4’)t.96

12 463.o9

13 450.22

14 433.77

15 423.34

16 413.65

17 404.1)8

18 397.43

19 393. 33

20 
- 

333.14

2 1 333.61

I

~

- ~~~~ - - _ - -
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TABLE 8.34

FOUR LEVEL SPACE TRUSS — FINAL DESIGN

Cross sections (in~ )

elements SAMCEF, Gellatly Berke Scl i r mi t  Sc !imit —

Taig & & Berke Venkayya & Khot & Farshi ~ ‘Tiura
Kerr( T31 t (~13J 1 88) 1 S3J I S1~iJ -

1—4 1.8973 1.4636 1.813 1.0931 2.0734 1.335 3
5—12 0.5158 0.5207 0.523 0.5171 0.5)34 0.5125

13—16 0.1000 0.1000 0.100 0.1001) 0.11)00

17, 13 0 • 1000 0,1000 0.100 0 • 1090 0 • 1909 0 • 11)0’)

19—22 1.2801 1.0235 1.246 1.2703 1.1067 1.267

23—30 0.5143 0.5421 0.524 0.514’) 9.5732 9.5113 
- 

-

31—34 0,1000 0.1000 0.100 
- 

0.1000 0.1010 0.1-yb

35,36 0.1000 0.1000 0.100 0.1003 0.100’)

37—40 0.5067 0.5521 0.611 0.5032 (3.2643 0.5233 
-

41—48 0.5200 0,6034 0.532 0.5196 0.5690 9,5171

49—52 0.1000 0.11)00 ‘3.100 0.1000 -1.10)1)

53 ,54 0.1000 0.1000 0.lOt) 0.10)1 ‘).l50’~ 0.10- )- ’

55—58 0.1571 0.1492 0.161 0.1571 0.1535 0.1565

59—66 0.5356 0.7733 0,557 0.5335 0.5936 0.5453

67—70 0.4099 0.4534 0.377 :1.4156 0.3414 0.4105

71,72 0.56Q0 0.3417 0.506 9.5511) 0.6076 3.5690

Weight (lb.) 379.66 395.97 331.2 379.67 333.03 379.04

number of 8 11 4 22analyses
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TRANSMISSION 1~)WER

General data :
7E :11) psi

p = 0.1 lb/in
3

2
— 0.01 in

o 2a — ‘.0 in

Allowable stresses

stress l imits (psi) - stress limits (ps i)
e lements elements

traction compression traction co’iipress Ion

1 40000 — 35092 12 , 13 40990 — )5o o 2

2—5 40000 — 11590 14—17 40900 — 6751)
6—9 40000 — 17305 13—21 4091~

) — 6950
10,11 40000 — 35092 22—25 4000-1 — 11o~-2

Load in& cases

load component (ibs)
m ad  __________ __________ _________node
case Z

1 1 1000 l00~X) — 5900
2 0 10009 — 5000
3 500 0 0
6 500 0 0

2 5 0 20000 — 5000
6 0 — 20’)OO - 5000

Flexibility constraints

max. 4isnl*cement (in)
node

x y z

1 0,35 0.35 /
2 0.35 0.35 /

- -- - - — ------- -~---- --- -- - - -- -~~~~~~~-- -~~~~~~~~ - _~~~ 

-
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WEI GHT ( Ibs )

650~ 

‘I

o samcef ( SOC )
600 I

I A samcef ( H OC )
V Gellatty & Berke [013)

- I • Venkayya [V3)
s Schmtt & Farsln [SB)

- a Schmtt & Miura Es 18]

550 -

ANALYSES
1 I I 

_ _ _  I

0 5 10 15

F I G U R E  8 . 37
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TABLE 8,38

TRANSMISSION TOWER — WEIGHT CONVERGENCE

- 

- r Weight (lb.)

iterat ion SA!ICEF Gellatly Schmit Schrnit
__________ __________ 

Venkayya .& Berke & h arshi ~tiur~ -

SOC HOC ( cl31 V 1 s31 I S131

1 734.38 734.38 734.33 734.4 1060 .1 133. 7)  -

2 5 6 5 . 0 2  5 6 5 . 3 2  5 5 5 . 7 2  539.2 1073.1 609.72

3 555.83 546.82 549.08 573.3 1010.0 564.42

4 549.70 545.76 546.54 577.3 906.53 552. 07

5 547,40 545.40 545.92 555.6 364.06 547.36

6 546.08 545.23 545.45 545.5 748.64 546.92

7 545.42 545.16 545.36 666.63 545.3’)

3 545.31 6~4.49 545.22 i -

9 545.24 531.75 545.17

10 545.21 564.95 - -

11 550 . 1 3

12 55 1.o7

13 543.3’)

14 545.22

15 545.23

16 545.23
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TABLE 8.39

TRANSMISSION TOWER — FINAL DESIGN

Cross sections (ins)

- - elements SAMCEF Gella tly Sch’uit Schmlt
& Berke Venkayya 

~~ ~~~~~~~~~~~~~~~ & ‘Ifura
SOC HOC [Gl3) ~~ 1 33) I 3131

1 0,0100 0.0100 0.0100 0.028 0.011) 9.010

2— 5 1.9 7 6 1  1 .9863 2 . 0069 1. 94 2  1. 964 1. f l15

6— 9 3.0108 2.9946 2.9631 3.031 3.033 2.996

10,11 0.0100 0.0100 0.0100 0.910 0.011) 0.019

12,13 0.010’) 0.0100 0.0100 0.010 0.01’) 0.~)1’)

14—17 0.6843 0.6840 0.6376 0.693 0.67’) 9.614

18—2 1 1.6786 1.6770 1.6784 1.673 1.030 1.677

2 1—25 2 . 6 5 6 5  2 .6618  2 .6 6 3 8  2 .62 7  2 . 6 70  ~~~~~~~~

lileight (lbs) 545.21 545.16 
- 

5 4 5 . 3 6  5 4 5 .49 5 4 5 . 2 3  5 4 5 .1 7

number of 1(1 7 7 17 1)
analyses

~

- -
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TABLE 8.41

SIMPLIFIED AIR BRAKE

General data :

E = 7 2 )  hh

p 2 . 3  10
6 k /

1

-~ hh
2a = 1.1) mm

o 2a = 1~) 0 m m

Nodal coordinates

coordinates (sin) coordinates (mm)
nodenode

x - y z x y z

1 25.0 41.18 9.0 9 1250 .0 266. 41

2 636.5 21.18 0.0 10 25.1) 516.91 — 53.30

3 1259.0 0.32 0.0 11 036.5 514.75 —

4 25.0 284.76 — 29.91 12 1253 .0 513.47 — 02,5

5 o36.5 274.69 — 31.13 13 25.0 543•~)() 0 ,0

6 1259.0 264.43 — 3 2 . 3 7  14 6 3 6 . 5  5 4 8 .90 1,0

7 25.0 286.59 0.0 15 1259.0 543,’)’) 9,0

3 636.5 276.59 0,0 16 63b.5 00).t l i )  —

~~~~~~~case

I~oad cornponent - (dan)

node
x y z

1 (3 0 22 1)

3 I) 0 22’)

S~pport : displacements at nodes 13, 14, 15, 16 equal zero

k. - _ 
- _ - - _ _ _ _
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TABLE 8.42 182.

Flex ibil ity constraints

max. d i f ference in deflect ion
nndes

x y z

1—2 / / 0.5

3—2 / / 0.5

1—3 / / 0.5

Element definition

= clement nodes element nodes eleme nt node s

1 1 7 20 4 11 3’) 3 9

2 1 4 21 5 10 4-) 5 6

3 4 7 22 10 11 4 1  6 3

4 7 13 23 19 14 42 5 9

5 4 10 24 11 13 4~) 3 15

6 7 10 25 2 -S 44 3 14

7 4 13 26 2 5 45 5 12

3 11) 13 27 5 3 46 6 11

‘3 1 2 23 3 14 47 11. 12

10 1 8 29 5 11 48 12 14

11 2 7 30 8 11 49 11 15

12 1 5 31 5 14 50 3 ‘3

13 2 4 32 11 14 5 1  3 0

14 7 3 33 11 16 52 6 0

15 4 5 34 2 3 53 ‘3 15

16 4 3 35 2 ‘3 54 6 12

17 5 7 36 3 8 55 9 12

13 7 14 37 2 6 50 0 15

19 3 13 33 3 5 57 12 15 

--~~~~~~~~~-—--- - - 

_
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W E I G H T  ( k g )
1000

• J MU H k = 57 )

~~~~
$ 0 C

o $ O C (k : co )

v envelops

~°° 
V 

Nbr
- -~ _______________________ ANALYSES

0 b _ _ _ _ _ _

0 5 10 15 20

Simplified Airbrake

W e i g h t  c o n v e r g e n c e  u s i n g  F . S . D .

--F I GURE 8 .43

_ _
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WEIGHT (k g)

150~

- 

1
:

1
1 1100 - 1’ o O O C

- 

r~\ 
I 

~ 
I iM1(E~:O,O2;k 57)

I \ I t  ; h o c
- \~ / - 

~~6-” H0C( E~ 0~02;k:co )
- I

50~

\~~~ I k
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

N b r
10 ANALYSESI I I I I I. __________

0 5 10 15 20

FIGURE 8.44

Simplified Airb rake

Weight convergence using first order approximations

_ _  _________  - -- -~- ~-~~~~~~~~ - - - -
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TABLE 8.46

SIMPLIFIED AIR BRAJ(E — FINAL DESIGNS

section (mm 2) section (mm2) sect ion (mm2 )
clement c lement - element

SUC h OC SOC HOC SOC HOC

1 367.13 1010.43 20 1156 .1-8 1341.36 39 1.9’) 1.0’)

2 377.25 1016.70 21 1.00 1.0’) 40 1.1’) 1.0’)

3 1.0(1 1.00 22 1.00 1.0’) 41 1.0’) 7.64

- 

- 

4 364.16 1006.72 23 1.00 i,oo 42 68.2!) 1.0’)

5 1.0’) 2.59 24 1.00 1.00 43 1.00 1,0’)

6 1.23 2.59 25 39.30 28.26 44 79 .61 1.0-’)

7 1.oo 1.00 26 197.75 227.61 45 31.69 52.51

8 1.90 1.00 27 4.22 1.00 46 1169.11 1354.52

9 1.00 3.16 28 62.50 1.00 47 1.’)) 1.’))

10 390.03 1.00 29 262.04 232.51 48 75.53 43.54

11 1.0) 1.00 30 20.07 ~.44 49 1.0-) 1.0’)

12 391.-)4 4.23 31 1.’)~ ~~~~~~~~~ 5~ ‘114.76 1-)lb.74 
-

13 1169.’)’) 1349.89 32 oI.03 62.~’i 51 ‘126.11 1025.11

14 1.0*) 1.00 33 47~~73 4fl.33 52 1.0’) 1.3’)

15 1.00 1.00 34 1.00 1.00 53 346.30 1012.00

16 9.65 16.66 35 1.00 i.oo 54 44.04 20.70

17 1.00 1.00 36 922.3~.h 59.26 55 13.78 1.00

18 1.00 1.0’) 37 1162.33 1339.56 5t~ 1. 10 1.0’)

1’) 1.0’) 50.80 38 921.93 59.33 57 6.42 5.12

deflections (nyu) 
weight nbr of

method ‘k ~ anal s snode 1 node 2 node 3 ‘ ~“ -

SOC. 8.387 7.837 3.336 20.513 2()

hoC 3.393 7.393 3.391 15.563 1’) j

—-——-—-____a____________ —--------- ------------- — - —- - - -
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-~ WING BOX

-~ lO b a r s

20 q u a d r i l a t e r a l  m e m b r a ne s

2 t r i a n g u l a r  m e m b r a n e s

16 desi gn v a r i a b l e s

45 D . O . E .
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,P y
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189.
TABLE 8.49

WING BOX

General data : 7
E = 10 psi

v 0 ,3

p = 0.1 lb/In
3

a = 100(Y) psi

- - 2
- 0 .1 in

= 
~ ~ . 02 in

2‘~.1 In
a- 

0 .1 in

Nodal coordinates

supports at nodes 1, 2, 8, 9, 15, 16

coordinate (in)’ coordinate (in) coordinate (in)
nude node node

x y z x y z X y 2

1 1) C) 13 8 0 0 C) 15 3 -~~ — 1’)

2 100 0 3 9 100 0 0 16 1)) 0 — 3

3 0 70 10 10 0 70 C) 17 I )  7 - )  — 1)

4 10’) 70 3 11 100 7’) 0 13 10’) 7 ’) — 3
5 0 140 10 12 C) 140 o 19 0 140 — 10

~ 1’)!) 140 8 13 100 140 0 20 1’)’) 140 —

7 100 190 3 14 1 )0 19(1 0 21 1’)’) 1’~) — 3

Loading -

load component (lbs)
load _________ _________ _________nodecace

1 7 ‘1 0 11’)-))

2 5 0 0 20’)’)’)

(continue)

L .  - - 



TABLE 8,49 (Continued) 
190.

ELE?~ NT AND DESIGN VARIABLE DEFINITION

nodes elementdes ign elements — — — —. typevar iable 1 2 3 4

1 1 1 3 bar
2 15 17

2 3 1 3 1’) 3 membrane
4 8 10 17 15

3 5 2 4  h;ir
6 1 1 8

4 7 2 4 11 9 membrane
8 9 11 13 16

5 9 1 3 4 2 metnb r -ine
10 15 17 13 16

6 11 3 4 11 1’) mernhr ine
12 10 11 13 17

7 13 3 5 ba r
14 17 19 -

3 15 3 5 12 10 membrane
16 10 12 19 17

9 17 4 6 bar
18 iS 20

10 19 3 6 13 11 membrane
20 11 13 20 18

11 21 3 5 6 4 membrane
22 17 in 20 1~3

12 23 5 6 11 12 membrane
24 12 13 20 1’~

13 25 6 7 bar
26 20 21

14 27 6 7 14 13 membrane
28 13 14 2 1 20

15 29 5 7 6 mem1, r~ine
31) 19 21 2’)

16 31 5 7 14 12 membrane
32 12 14 21 iq



AD—A052 412 LIEIE UN I V (BELGIUM ) LABORATOIRE DC TECNNI*IES AERON —ETC F/s 20/11
STRUCTURAL OPTIMIZATION BY FINITE ELEMENT . (U)
JAN 13 C FLEURY. S SANDER AFOSR—77—5113

UNCLASSIFIED L.T.A.S. NSR—SA—56 AFOSR—TR—7S—O67O PM.
3 0F3

4~~ 24 r2

I

END

5—78
DDC

I

I.



191.

I WE I G It T ( (bs )

FSD

GOC

N br

200 ‘.
__ ANALYSES

0 5 10 15

WING BOX

FIGURE 8.50

I



192.

TABLE 8.51

WING BOX — WEIGHT CONVERGENCE

FSD GOC

iteration weight scale weight scale
(ibs) factor (ths) fac tor

1 723.97 1.6)46 723.97 1.6046

2 283.32 1.1091 301.44 0.9913

3 254.60 1.1166 249.57 1.0146

4 247.42 1.1570 230.29 1.0284

5 243.95 1.1822 216.48 1.)052

6 241.96 1.1993 210.21 1.0)33

7 240.47 1.2089 205.22 1.0023

8 239.41 1.2147 201.24 1.0020

9 233.30 1.2173 200.07 1.0(R)1

10 237.33 1.2172 200.03

11 236.50 1.2145

12 235.67 1.2014

13 234.92 1.1917

14 234.37 1.1784

15 233.75 1.1643

16 233.08 1.1494

17 232.37 1.133~
18 231.65 1.1133

19 230.94 1.1031

20 230.27 1.03~36

_ _ 
________ —~--—~~----
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193.
TABLE 8.52

WING BOX — FINAL DESIGN

FSD COC
design 

2variable section (in ) max. stress. sect ion (tn ) ~a*. strcss,
thickness (in) 

(j~si) thickness ~~~ (psi)

1 1 • 735 10000 0 • b c))) 10’ )~1’)

2 0.218 .139 0.23409 770J

3 0.195 — 9467 0.lO)oo — 9503

4 0.119 9175 0.13936

5 0.022 8426 0.020~)0 3341

6 0.024 9224 0.02000 92:35

7 0.109 — 3619 0.10000 — 4105

3 0.130 0193 0.16670

9 0.109 5450 0.1000 () 5975

10 0.073 0165 0.09005 ~6i1

11 0.041 9214 0.03273 10’)’)’)

12 0.022 4937 0,02000 61(16

13 0.109 — 4802 0.10010 — 5254

14 0.065 Q174 0.06235 lOfYY)

iS 0.022 0030 0, 02000 9662
16 0.049 9200 0.04222 1004)1

weight (lbs) 230.27

nbr of
21) if)

an3lyses

- -
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IflU~1F[1 1
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TABLE 8,54 196.

COMPOSITE BOX BEAN

GeneraL data

Mater!~i1 
: alu’iinium boron — epoxy

Young modu lus : Eii~ 
1.05 10

6 3.0 psi
E22— 1.05 io6 2.7 IC)6 i

Poisson’s ratio : “lf 
0 3 0.21

6 ()
Shear modulus : G 4,033 10 0.7 ii) psi

M~ss density p 0.1 0.0725 lb/in 3

M m .  cross section : 0.005 in2 /

M m .  thickness : .~~~ ~ 0,005 in 0,005 in

(per layer)
Initial cross section : 1.0 /

Initial thickness : 
a — ~ 0.1 0.025

(per layer)

Load ing

lead comuonPnt (iba)
problem node

x y z

A 1,2,3,4 0 0 — 1000

B 1,2 0 0 — 11Y))

3,4 0 I) — 975

(cont inue)

I

_ _ _ _ _ _ _ _ _

.

~~~~~ —~~~~-~~~~~~~~~~~~
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TABLE 8.64 (Continued) 197.

Flexibility constraints

max. displacement (in)
prob lem node

x y a

A 1—4 / / 7. 0

5...3 / / 6.0

9—12 / / 4.0

13— 16 / / 3.0

17—20 / / 2.0

21—2 4 I / 1.5

25—28 / / 0.3

29— 32 / / 0.3

33—36 / / 0.1 1 
-

B 1,2 / / 14.0

3,4 / / 15.0

I:

I
I

——--—-~- ___ __
~
_, __ ______ 11~

_
~

__ _ _ _~
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‘ 4 1 <  z
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199.

TA1ILL 3.56

COMPOSITE BOX BEAN — CASE A — WEIGHT O)NVERGENCE

SAMCEF (prima l algorithm) Kh ot, Venkayya & Ilerke I KI5 J

iteratton weight nodal deflection (in) weight nodal taflection (in)

1-4 9—12 29-32 
( ibs)  q 1 2  29-32

1 135.6 4.313 2.902 0.300 186.)’) 4.44’) 2.930 0.30’)

2 38.28 6.970 3.973 0.300 50.59 6.262 3.511 0.3’))

3 34.73 6.995 3.9-39 0.300 40 .01 6 .i3~ 3.514 0 .30)

4 32.90 7.000 3.997 0.300 34.65 b.0~~5 3.492 0 .3 1) I
5 31.76 6.990 3.993 0.300 32.43

6 30.73 6.996 3.994 0.3(X) 31.94

7 29.97 6.997 3.995 0.300 31.71

3 29.33 6.993 3.996 0.300 31.55 6.219 3.561 )~~):) ‘)

9 28.33 7.000 3.996 0.300 31.30

10 23.45 7.000 3.997 0.3(X) 31.23 6.25() 3 r , ~2 1.

20 2’) .48 ~ .t34 3.324 0,

23.73 6.927 3 ,’)b7 0.3’))

40 2~ .t,2 6.973 4,0)0 0.292

50 2. .b2 6.974 4.’ )0 0. 2’~9
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TABLE 8.57

COMPOSITE BOX BEAN — CASE A — FINAL DESIGNS
SAMC~ F (prima l algorithm) Khot, V~n1zayya ~ !~erkc I US]

elements thickness Z per layer thickness Z per layer
- ( in) 

00 900 + 450  
(in) 0° 9)° + 45°

1,2 0.01939 0.250’) 0.2500 0.5000 0.02197 ‘).23% 0.2363 0.47 36

3,4 0.03382 0.5590 0.1470 0,2940 0.04023 ‘).6123 0.1292 0.2534

5,6 0.05919 0.7480 0.0341) 0.1630 0.06322 0.7531 0.0322 0 .1644

7 ,3 0.08944 0.8332 0.0556 0 .1112 0 .09112 ) .3733 0 .0571 0 .1142

9 ,10 0 .1215 0 .8471 0.040’) 0 .1120 0.1218 ‘) .37 1~ 0 .0427 0.’)~ 54

11 ,12 0.1533 0.3545 0.0324 0.1131 0.1543 0.~939 0.”337 0.0671,

13,14 0.1350 0.3594 0.0260 0.11 37 0.1865 0.9163 0.027’) fl .055~~

15,16 0.2458 0.3647 0.0202 0.1151 o.2442 0.936 1 0.0213 0.0426

17,13 0.3271 0.3703 0.0152 0.1145 0.3101 0.951 2 0 ’)163 t) .O~2(,

I9,~
() 0.01917 0.02111

21,22 0.01917 0.02110

23,24 0.1)3536

25,26 0.03536 0.03234

27—30 0.03536 0.0366’)

31,32 0.03536 0.03675

33,34 0.07556 0.07325

35,36 0.07556 0.07344

37—54 0.0050 0. 00999

weigh t
28.45 2~~.b2

( l bs)

n r o f
10

analyses
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TABLE 3.58

COMPOSITE BOX BEAM — CASE B — WEIGHT CONVERGENC E

__________ - 

SA~ICEF (dual al8orithr~) KL,ot , Venk ayy -i Berke [ ( 15 1

iteration weighi nodal deflection (in) weiphi 
nodal deflection (in)

( l hs) 
1,2 

— 

3,4 1,2 [ 1,4

1 42.74~ 14.00 13.03 59.57 14.01) 13.13

2 18.31 13.85 15.00 22.05 14.0’) 13.33

3 16.62 13.93 15.00

4 15.90 13.97 15. 00

5 15.34 13.97 15.00 14.7t) 14.00 13.54

14. 33 13.98 15.00

7 14.51 13.9’) 15.00

3 14.24 13.99 15.00

9 14.05 13.99 15.00

10 13. 94 14.00 15.00 14. 76 14 .00 1 3 .  ~3

20 14.66 14 .0) 14 .3~
30 14.62 14. 0:) 14.63

40 14.60 14. 0’) 14.32

50 14.50 14.0’) 14. 9 1

60 14.58 14. 00 14. 96

70 14.58 14.00 14 • 03

150 14.58 14.0 ’) 14. ’)’)

90 14.5’S 14. 00 14. 9’)

100 14 .5’s 14.00 14 .’)”

———

~

---——-- ~~~~~~~~~ 
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- 
S

AIR E RAKE STRUCTU RE

F i r s t  simp l i f i e d  model

( 2 7  e l e m e n t s )

l bar

26 memb ranes

43 D . O . F .

FIGURE 8 . 62
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WELGHT (kg ) A I R B R A K E

20 1 first simplified model (27 el.)

15 
~=20~~=10

10

5

ANALYSES
0 10 20 30 4U~~~~

trailing edge trailing ed ge
l d e f l e c t i o n (m m )  d i s p l a c e m e n t  ~(m m )

10 ---
~~~~~~~ i~ i~~ ~~~~~~~~~~~~ 10,5ITERATION LI

8 8 -

~~~~~~~~~~~ 10,5
- I T E R A T I O N  30 7

B

4 / 4 ITERATION 20

k:20 - ITERATION 13

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
0,5

2 - 2 
ITERAT I ON 0,5

ANALYSES
0 I I I 

~~~~
. Q - I

10 20 30 40 ® ®lids u~ r

FIGURE 8 .64  
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