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TRASANA MEMORANDUM 2-77

THEORY OF STOCHASTIC DUELS -
MISCELLANEQUS RESULTS

1.0 PURPOSE

This memorandum documents mathematical derivations that have application
in the use and further development of the theory of stochastic duels.

2.0 RESULTS

2.1 Introduction

Presented below are particular applications of various aspects of the

theory of stochastic duels that the author has accumulated during the

past 20 years. Some of the material dates back to his employment with
what was formerly the US Army Operations Research Office that operated

through the Johns Hopkins University and later with the System Develop-
ment Corporation, Santa Monica, CA.

2.2 Marksman Problem with Erlang n Firing Time Distribution

a. The Gamma probability density functicn is expressed by
tb—] o~t/2
a1 (b)

1}

f(t) , t20 a,b>0

= 0, elsewhere

If the parameter b is restricted to the set of positive integers b = n,
(n=1, 2, ...), the function is normally called the Erlang distribution

and is expressed by

n-1 -t/a
f(t)=£—"‘“—e"‘—"—,tzo;n=],2,...
n

0 , elsewnere.
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b. The characteristic function of the Erlang n is

1
I N 1)
¢(u) R (

The characteristic function of the probability density function (PDF) of
the time-to-hit for a Marksman firing at a passive target has been shown

previously to be
_ __pé(u)
@(U) T qé{u (2)

where p = marksman's fixed hit probability, and q = 1 - p.! Consequently,

the PDF of the marksman's time-to-hit is

- +

P “i()eit
h(t) —E;/m du . (3)

—00

Substituting Equation (1) into Equation (3) results in

+o -
-itu
h(t) = — . (4)
Zr (1 - iau)" - q

“he integrand of Equation (4) has n simple poles in the lower half of
the complex plane which are

“k=”;‘ (1 - gl/n e"z"k/") . k=0,1, ...n-1. (5)

Using Equation (5), Equation (4) may be rewritten as

- Lo -itu
h(t) =P——f (i/a) e : d
( v J oV Ly +ija (1 - Y0 ei2™/n)]

T (6)

Yrrevor Williams and Clinton J. Ancker, Jr, Stochastie Duels, Operations
Research, Volume &I, No. §, October 1963, pp 603-817, Equation 14.
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This may be evaluated by integrating around tne contour of Figure 1 by
using residue theory since the integral on C vanishes as R + =,

[
-

Figure 1 Contour of Integration

The jth residue is obtained by removing the jth singularity and replacing
u by uj. Finally, the residues are susmed and multiplied by -2mi since

the contour is covered clockwise. This process provides the equation

1 - .
n-1 t/a q /n 812“3/11

~-t/a
h(t) = B ) 7 5 (7)
aqa y 1 (eIZnJ/n - elan/n)

where the product in the denominator is equal to 1 for n = 1.

¢. If it is now noted that the mean of the PDF is 1/na and, fol]ow—
ing usual convention, that the rate of fire (r) is denoted by the recip-
rocal of the mean, Equation (7) becomes

1/n eian/n

~nrt nriq

- npre _ ~ E : e -

h(t) = 2 no1 [ a2e3n 2wy 0 0T Gedeee (8)
qQm j=0 Il (e - € )

k=0
k#J

Wi th more manipulation, Equation (8) may also be written

i2nj/n
n-1 . ap s 1/n e’
~nrt . J _i2nj/n nriq
h(t) = & r?/n n-1 :E:: - = : » 1= 23 (9)
(2(1 ) §=0 1 sin l‘(k‘j)/n
k=0
k#3
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EXAMPLE 1: Letting n = 1 (remembering that the product in the denomi-
nator is 1 forn = 1), then -
h(t) = p r e Prt (10) :
=
and the distributics function (DF) is g
~prt g
H(t)=fh(€)d£;=]-ep . _ (1) 3
0

EXrvoLE 2. lettingn - 2

TSRS S R B e e

ot 20/9t  -2r/At -2rt
b(t) = 2" - [e — ]: 2re ___ sinh 2r /9 t (12)
"j‘: /Ei
and the DF by n.egration is
-2rt _ %
H(t) =1 - fij;?-[sinh 2r /9t + /q cosh 2r /q t] ) (13) _%
q <

d. In passing, it is also noted that the DF of thke time-to-hit may
be given in termms of characteristic functions as

) -ty
=D ¢ (u) (1 -¢ du (14)
H(E) = 7 f i1 - q o(u)] u
t
by noting that H(t) = jr h(g) dg and applying Equation (51) of para 2.7.3 a

0
to this expression and to Equation {2). The plots of Equations (11) and
(13) are shown in Figure 2 for comparison.

2.3 Tactical Equity Duel with Erlang 2 Firing Times2

a. For half of the time, A sights B first and fires a round that
either kills or alerts B, in which case the duel priceeds as a fundamental

2rbid, p 811

A

527 g x
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duel. The other half of the time starts with B firing first. Thus?
PIA = & [p, + 0 PIADC] + 5 o PLA, (18

vhere the subscripts refer to the parameters of A and B, and P[A]f is the
probability of A winning the fundamental duel.

b. If the known result of the fundamental duel with Erlang 2 firing
times" is substituted into Equation (15), the expression becomes

] (pArﬁ - pgrg)[zri - (rlz\ + rg)pB] + Arprg(rp + rgdl2ry + (rg - radeg)d
PIAY = 3 Pp 5 (16)
(Parp - Pgrg)” + 4rpng(ra + Tg)(pprp + pprg)

2.4 Different Tactical Equity Duel

a. The duel described in paragraph 2.3 above is modified for pro-
viding a different approach. As before, each contestant fires one round
first half of the time. However, in this case, the opponent has a loaded
veapon and immediately returns the fire with one round, thus precipitating
the duel if both survive the opening engagement. From this description

PLAT = 3 {Pn + a5 PLAL | + 3 {agpy + agap PLALe)
= %-PA(I + qg) + quqp P[Al; (17)

vhere, as before, P[A]f is the probability that A wins the fundamental
duel.

b. If the case of both sides having negative exponential firing
times is substituted, the expression is

Ga%BPA"A

1
P[A] = 5 pa(1 + qg) + PATA " Pp'p (18)

3
l*.Zbid, Equation (28)
Ibid, Equation (24)
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2.5 Duel with Random Initial Surprise and Laplace Sighting Times

G,
2

RS

a. The general solution of this duel is5

AR

Y

LA = gl [op(-u) oglu) ofu) g (19)

L

%

or

PM]=1+%TJﬂbw°ﬂweM)% (20)

AT e e G Ml PR B b K

ﬁﬁf&)&%ﬁz‘iﬁ%mﬂﬁé#ﬁé&m}‘w&#%%ﬁﬁ%&&w&&&:‘i&\&ﬂiﬂ%Xé@é&ﬁ(\&\%&@;Qé@aﬂ%%ﬁ&k%&ﬁ&%%’&&&@

where Jrand Jrare the usual indented contours in the lower and upper half
of the comp]ex plane, and QA(u), @B{u), and 6(u) are the characteristic

functions of the time for A to hit, time for B te hit, and sighting time,
respectively. A pcsitive sighting time is an advantage for A, whereas a
negative sighting time is an advantage for B.

~

M o dn A NSRS A . et S E 0k o BBy e A Y vt e

b b. If negative exponential firing times are assumed for A and B, and
B : if the sighting time is allowed to be Laplace-distributed [g{t)], then
! W e
..”’ pBY‘B
- o) = 22 (22)
R B pB B~ u
:’;: . t"'d, -w < t < 4>
= 7
P H = S
%‘ g(t) = 5z e ¢ J (23)
% : o < d < 4o
- ' and
B
: ;
b ¢ idu
: o) = v (24)
é SIbid, p. 813 et seq
5
7
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c. A typical PDF for the Laplace sighting time with d = 0 is shown

in Figure 3. Note that the mean is d, and the standard deviation is v2 c. 3
sﬁ‘;
b
l‘o %
.84 %
L
:
a4 . jt-d B
Q(t) = %—Ef c '
. . 64
ey : c=l;d=0
| < .54
3
, .44
i ) 31
21
! 1
) .
: 0 3 ' ' ' — —+
' -5 -4 -3 -2 -1 0 1 2 3 4 S

Figure 3 Laplace Sighting Time Probability Density Function

, The two cases that must be distinguished are for positive d and negative d.
For positive d, Equation (20) and the upper half of the complex plane are
used. Thus,

fdu
PaTa Pgrg ©
88 531 (25)

1
PIA] = 1 + 5=
&l _u/(pArA + ju)(pgrg - 1u)(1 + c%u?) u

There are 2 simple poles in the upper half plane, at u = ipArA and u = i/c.
By applying the residue theorem, the result is

pr o PA"A Par Pa%s €

+ 1-c2pirz) 2 +1 -1
(PB"B PAVA)( c PAT'A) (PBY‘B' C) (pArA C)

PA]=1 - (26)

«»‘-H ™ . '.n [ « . ‘, . P . - ‘- . N -
AR p AR bl PR Ty o ket g 320 Ft i . ) o3I LAt M 4 P T DU PO A il p YRR Ny~
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For negative d, Equation (19) and the lower half plane are used. Thus,

idu
PaTa Dol €
%1 (pArA + 1u)(pBrB - 1u)(1 + c%u?) u
L

aﬁ.é&smm%mmwmmmmsm@mamwe}mmmﬁ’éﬁ

FLrs

There are 2 simple poies in the lower half plane, at u = -ip A and

8’
u = -~ i/c. By again applying the residus thsorem, the result is

pPprrd d/c
path € BB Pr¥n Poly ©

(Para + Pgr) (1 = €23r2)  2{pyry + D(pgry - 1)

IR R L R RS

Py

For the speciﬁ] case d = 0, Equation (26) or (28) is used for obtaining

2 1 ]
PLAD = — PATA 2lppra + ) - pgrg(p?rA + prp)lz * pyry) . (29)
- !

The plots of Equations (26), (28), and (29) for various values of the
parameters PATA® Ppigs © and d are shown in Figure 1.
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) ) 2 3 4 5 6 '] 8 s 10 2
PaTa

Figure 4 Stochastic Duels with Surprise - PyYp = 1 - .
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d. Two further simplifications may be noted. If it is éupposed
that A always has the sighting advantage and that g(t) = 1/¢ e’t/C,

t>0, c>0, and g(t) = 0 elsewhwere, and o(u) = 1/(1-icu), it is easy
to calculate as above and show that

Pa'A PA"A Pe"s (30)
(pary * Pary)(1 - pgrac) ¥ 1 1y °
AA 'B'B B'B (pArA + E)(pBrB - =)

P[A] =
c

Similarly, if B always has the sighting advantage, with g(t) = 1/c et/c,
t <0, ¢ >0, and g(t) = 0 elsewhere, and o{u) = 1/(1 + icu); then

PaTa
31
(pprp + pgrglll + Pgrgc) (1)

P[A] =

In this case, obviously, P[A] has been reduced, compared to the funda-
mental duel, by a factor of

1
T+ pgrgc

2.6 Fundamental Duel with Erlang Firing Times

a. In this application, the fundamental duel is examined where A
has an Erlang n firing time PDF, and B has an Erlang m PDF. This means

that _
n-1 -t/a
fA(t) = E;———£L~——~— ,t>0,a>0 (32)
@ n -1 o, ...
= (0, elsewhere
with ¢A(u) = 1 -
(1 - iau)
anu ,
m-1 -t/b
fa(t) = £ —8— _t50,b50 (33)
‘5' b (m “])! m=1’ 2’ s e
§ = 0, elsewhere
with ¢ (u) = —
8 Q - ibu)™

!
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From previous work, we have®

)| Pa Py du
P = . — 34)
" 2 [ [0+ o0 - g (- gl

which may be rewritten as
14m
PaPe /’ 1 . A TR
2ui Y 1ym iym Tu
1+ iau)” - ] [u + =)0 - (T ]
/| )" - qp] ftu DT - ()

1 »
There are m simple poles in the lower half plane, at y = - {1 - q;/m ei2nk/my
k=0,1, ..., m-1. Hence, Equation (35) may again be rewritten as

P[A] =

(dym
pApB ] . b . g—u.
29 111+ jau)" - % ml-lll-u + %(, _ q;/m REZIEET
‘ k=0

b. The jth singularity is now removed, and uj is substituted for

- (36)

P[A] =

all u's to get the jth residue. The residus theorem is then gseq,
multiplying by -2wi and summing over all residues. Finally, it is noted
that vy = 1/na and rg = 1/mb, Thus

n-1 .
PaPy
PlAY » To-ti/a — : . (37)
S 32,0: {[1 + am:_i(p q;/m eiz-J/r)] - QA} {z;l(eizzun . exzxk/..)} {1 . c;/m einj/n}
k#3

where it is noted that the product term in the denominator is 1 if

m= 1. One can immediately check this result by substituting m = n = 17
and by letting m = n = 2.8 Equation (37) above may be written in the
Tollowing form which may be somewhat simpler to evaluate.

A A A e s B P o N A S o T Y s AT S AL A fx&i’m&z@wf%&»e&m&ﬁ‘ﬁ

£-1
PPy [ - 1)) N23m
P = 7mmeT . : 38
(265" g;{n+3g1-§“e"d”n"-gh1-gme“”“) " s ik - ) (38)
nry £
Lt

and again the product term in the denominator is 1 ifm = 1.

-
7Ibid, Equations (14) and (20)
8Ib1id, Equation (6)
Ibid, Equation (24)
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2.7 Some Results in the Theory of Characteristic Functions (Mod1 fied Fourier
Transforms) of Positive Random Varjables

{5

AN e ot e A T e S

a. Shown below are results that may be useful in new applications
of the Theory of Stochastic Duels. Only positive random variables are
considered, i.e., PDFs such that

f(t) 20, t20

=0, t<0
and (39)
0 ' Z
/f(t) dt -
w
g
5

with characteristic function

2
¥

S

[}
o(u) = [e““‘ £(t) dt
[o]

and with inverse u real (40)

+eo
f(t) = ’;3? féwt o(u) du

2.7.1 Parseval's Theorems

Three versions of Parseval's Theorem are denoted by

S ———
e A R DA S A B S i

+o0 + 00
/ fa(t) fp(t) dt = ] f¢A( u) ég(u) du (a1)° b
-® ol %
+oo +oo g
iutf(t)f(t)dt=l—f (u-w) ¢g(w) d 10 g
e T\t Ty 7 J aluwl eglv) aw (42) -
- 00 - o0

s ) .
Titchmarsh, "Introduction to the Theory of Fourier Iniegrals," Oxford
University Press, 2d Edition, 1948; Equation 2.1.1, p 50.

10
Ibid, Equation 2.1.8, p 51
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[eiub fA(t) fB(t) fc(t) dt = 4—:5[¢A(u-w) ( f¢8(w-v) ¢c(v) dv) dw (43)

This result comes about by applying Equation (42) to the left-hand side
twice. '

N.B. These theorems do not require the functions f(t) to be pdf's. They
are general for any integrable functions.

2.7.2 Properties of Characteristic Functions of Positive Random Variables
a. $(0) =1 (44)
PROOF: From Equations (39) and (40)

L]

+(0) =fe“"’* £(t) dt = [f(t) dt = 1
[o] [¢]

b. “le(uw)} < 1., (Imaginary u > 0) (45)

This implies no singularities in the upper half of the complex plane.

PROOF: Let u = v + 7w, then

%
2
:i%
-
:
b2
5
%

[
${u) = /e“‘ e™ £(t) dt 3

o 3
> Z
‘, or %4
; : 2 %
E 1 fcp(u)] : / ™ f(t)ar , &) <1 z
b o
% 2 and
> ,¢(u) 2 / ftydt =1 ]e“"*] 1

o

forw > 0, i.e., positive imaginary u.

- co N e - . . . . ]4 P . > . .
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c. [o¢-u)] <1 (Imaginary u < 0) (46)

This implies no singularities in the lower half of the complex plane.

PROOF: Same as for subparagraph b above, with negative u where final step
depends on |e®*| < 1 for negative w.
d. lotw | < £ £(t) a differentiable (47)
] function of bounded

variation. Imaginary u« 2 0,
k = positive constant.

This implies that ¢(u) diminishes as 1/R in the upper half-plane where R
is the radius of a semicircular path of integration in the complex plane.

PROOF: Integrate Equation (40) by parts to obtain
(o]
o) < £100), 2 [ e™* (1) dt
o

This makes use of the fact that, necessarily, f(-) = 0. Now, for u complex
and t > 0, Je™* | <1 in the upper half-plane. Thus,

(=)

fo(u)} < %(;%lw* "I%T flf'(t)l dt

o
Now, assuming a differentiable function f(t) of bounded variation, then

Q0
J{if'(t)ldt is bounded; therefore, [é¢(w)] < TET- where k is a positive
o

constant and imaginary u is positive.
e. lor-w] < X £(t) a differentiable (48)
ul function of bounded

variation. Imaginary u <0,
k = positive constant.

This implies that ¢(-u) diminishes as 1/R in the lower half-plane.
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PROOF: Same as for subparagraph d above using negative u. In this case
for u» complex and t > 0, le*“tl < 1 in the lower half-plane.

0) (49)
0)

f. Jotu-w)] <1 (Imaginary u

v

tA

(Imaginary w

This implies no singularities in the upper half of the complex u plane
and the the lower half of the complex w plane.

PROOF: Let u =& + in and w = = + 7y so that

[+ <]
é(u“w) = [eilt—:)te{y-n)t f(t) dt
o

and

le(uw)] < [le’y‘""]f(t) dt
o

(<o

5[f(t)='l

o)

if y-n < 0 for all y,n. This implies y is negative and n is positive or
that Imaginary u positive and Imaginary » is negative.

g. folu-w)] < ufw f(t) a differentiable (50)
-] function of bounded
variation. Imaginary u > 0,

Imaginary w < 0, and
k = positive constant.

This implies that ¢(u-w) diminishes as 1/R in the upper half of the
u plane and in the lower half of the w plane.
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P?O?F: Integrating the integral form of ¢(u-w) by parts, again using
f(-) =0

0

g
&

S ISR

$(u-v) = iuflgO) + u’i‘w ei(u—u)t Fr(t) dt

o

DA

ey grasratonn e st abaist iy Ssbey ot Wt

g

5

Now, le"("'")tl < 1 for Imaginary u positive and Imaginary w negative.

Therefore,
0

lotuny] < B s L [re(e)] ae

fu-]  Tuew]

o)

- and again, if f(t) is a differentiable function of bounded variation

Jou-wi] < k where k = positive constant.
u-w

%
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2.7.3 Additional Theorems

a. a 400 . .
) 1 + )1 - e~
/ et £(t) dt = et f $(w “3,( e ) gy (51)
o - )

Note that for u = 0, an expression is alsec given for the distribution
function of a random variable in terms of characteristic functions.

PROOF: Using Equation (40)

a a ‘oo
eft £(t) dt = [ e (32-; f e ™t 4(w) dw) dt =

-

o,

+00 a
=%;r- [(‘)(&7} da/'ei(uﬁ’t dt
- o]
+00
t )]
=._2_3;1_:_/ @(w)(] - et(uoua) d”
A v -u
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The desired result is now obtained by replacing w with (w + w).

(-] 4+
< -twa
b. /e"‘ f(t) dt = o) - 51 /Nw + u)lgl =™ 5 (52)
a -0

Note that for u = 0, this provides an expression for the complementary
distribution function in terms of characteristic functions.

PROOF :

] o9 a
/e*'“* f(t) dt = Ie""* f(t) dt —/ei"t f(t) dt
a 0 o
+0 .
- 1 6w + w)(1 - &™)
= ¢l - o J[ v &
-0
where we have used Equations (40) and (51).
c ” F
* tut _ olu) -1
o t .

This is the characteristic function of the complementary distribution
function.

PROOF: Integrating by parts results in

o0

0
Tut =1 80w _ e(u) -1
/e (ff(g) da)dt 1. ) -1
[}
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0

f(t) ffg(i) de | dt = /"A(”" gt - 1, (54)

t

l!‘-

PROOF: Previously given.12

e. © & <o

£at)] [ fgteda] | [ro(ayan] ot
Fuef Jood [ o

t - Lt

&)
1 [NC(—M) - 1]
: - 4ﬂ2n10 K

PROOF: Previously given.12

SRR,

¢A(u - L))[éB(U) - ]]
w

& | du (55)

3t

f.

4+ 00 4

T 0 .
-fur dplu = W [on(w) - 1] _
ff’*(t)(ﬁﬁ(g) dE) dt = 43:2_1(0 o U( A b dw)du (56)

- 0
o t

PROOF: Previously given.33
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©
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. ! o ( [ fle) @) a

t

A A

o

T ERE

oo & 2

; epl- Lag ) 1] L [t ] N m)[g'B(w) -1
<«

Py

u
oo

g

1
o -
i
i

1 . .
Prevor Williams and Clinton J. Ancker, Jr, "Stochastic Duels," Operations
Research, Volume 11, No. 5, October 1963, pp 803-817, Equation (18).

2
C. Jd. Ancker, Jr, "Stochastic Muels of Liriied Iime Duration,’
CORS Jowrnal, Volwme 4, No. 2, July 1966, pp 69-€1, Equation (‘).

13
Ibid, Equation (28)
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PROOF . «

ffA(t)( ffB(c)dg) dt
t

T

= ij(t) ( ffB(s)ds) dt —ij(t) (ffB(g)di)dt
= d{above) - f(above)

h.

© () 4+ tan (~ ) ) ]
ffA(t) ( /fa(g) dg) dt = eri [e A :)[¢B( ) -1l W (58)
(o] t+a . - 0

PROOF: Lettingt =n - a,
/fA(t) (/fB(E) de) dt = /fA(n-a) (/fB(g) dé:) dn  (59)
o tta a th

the inner integral is the inverse transform of Equation (53)

e . R S T D T D S R T T A B R L e S BRI

© 400 _~tun %
. 1 e [¢B(u) - ]] K
-/fA(n—a)( w1 du) dn
a ~%0
+e 0
] [¢B(u) - ]] f -tun .
=y [ ” fA(n -a) e "'dn}du
-t a

R A . . . - o . . s ., -
L e, . N M -y (T . v, W S a 7y o A SR o B a Siae gt
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Now, let n-a = p, so the above

+ 0 0

[¢ (u) " ]] -tuflpta
=“2‘3'r? [ —5‘"7;‘—"( fale) e f ’do)du
+ 0 [ (
. ¢ (u) - 13
= z—,‘;/e“““ épl-u) —-B——;—-—- du by Equation (40),
-0 .
i.
0 o ‘e
: -3 [ep(u) - 1]
[fA(t) ( /fB(t:) dc) dt = Z]?{/e ¥ eploa) —Be = du. (60)
° at+b -

PROOF: Let t = -"7;?- , then

fror ( [awa)a o) (fuoa) e
o at +b b n

As in subparagraph h above, the inner integral may be replaced to provide

+ ¢

~ n-b ~-tun u) -
[ (@) (5 [0,
b * “

-0

+co g

Lep(u) -1 .
- 2;‘”: f B(u) ] (/;A(E&:I?_) e-tun _g_ll) du

- 00 b

21

i S NZ 3 e & ™ 7 N~ P -z - ;
e o Seah s 2 S R 0 1 aentin Kul iy P s ek

v T

.

£

A B B R N R e

%

RIS,

RS

N o




AR s e

g I S LR o R . L P

i
%
i

25
;
k
;
3

Lo

-
#
S

oy NGNS L

b

Now, let “—;l’- = p to provide

N 2:1: /[¢B(u) - 1] ffA(p) _w(wb)dp) de

-0 o]

545

and by Equation (40)

+ 0

R -/‘e'i"b opl-ad)[og(u) - 1]

5,

S

i

= u
2wt
-

u

Zeay

B

(o]

o ( f fale) e ) ot

at*b

o .,

+ +

~-1bw -
=43,z /e ( [ éplu - am) ev [e5(w) - 1] dza)du (61)

-0

PROOF: let t , then

a
t+b

[rfA(t) ( ffg(e) dE) dt=[ [B(C) a) &

at+b b

and replacing the inner integral

at +b

[0 () ([ )2

b

R N e S R e S R e et

LIS

at +b

+m[¢’ (@) - 1] - ~iun d
o [ 25 (/fk(n.a.é)e ) o

-t b
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Now, let 3—é-— p

legw) 117 F . |
"'23:1: f 8: (/fA(p) e"’"(c"*b’dp)dm

-—0 (o]

and using Equation (51)

il ]‘” [¢B(w) L il T" éplu - Zwm - €] du) o

u

vt (w)-u et o ,
41r j ”wb( - 1 epl - @) du)dm

-

which provides the form of Equation (61) if the order of integration is
reversed.

[d (=
k. [fA(t)( [fB(c) dz) dt =
' at +b s
1 T e aplan)e(w) 1]
oz ” du

1
T 4z %)

PROOF: The integral may be written as

0 0 0

0/ a0 f £50e) dc) dt - f s ( f £5(6) d:) at

at ¢+ b ° at+ b

= Equation (60) - Equation (61)

23

]eo [e—‘l-ut - ( f¢A(u - a) -wb[‘bB(w) - 1] dw) du (62)
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4
1.fe‘"‘*fA(t) (/fB(E) dE) dt - Z]?{f falunllogl) 11 0
0 : t =4 v

PROOF: First apply Euation (42) and then Equation (53) to the left-hand
side of Equation (63) to obtain the right-hand side immediately.

m. /fA(t) (/fB(C) df:)(/fc(n)[/fn(p) dp] dn) dt
0 ¢ t n
4o 30 . X
-ttt (v)-11 av v-w)[é(w) - )
=§?~.T~Ef'37<f%( J)[io Tav ])</‘ ¢ »)[¢,,n(’w) 1]0‘)62 (64)

PROOF: First apply Equation (55) and then Equation (63) to the left-hand
side of Equation (64); with slight rearrangement, one obtains the right-
hand side immediately.

(-] ;-4

n. ffA(t) (ffg(s) dt;><ffc(n) dl\)([fn(p) dp> dt

t

ey g

() - | 7 len(w-v) - 1] f"¢ (1) (e (a3 - 1]
.U D Leglo-v) - 1) at-ullep AYR M
oY [ > {-.,, (-) (_g o) d‘) ""’}d’ (65)

-

PROOF: Apply in succession Equations (42), (43), and (53) to the left-
; hand side of Equation {65), and with some rearrangement of terms, the
= right-hand side is readily obtained.
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2.7.4 Two Theorems Useful in Numerical Integration

2

A

SOt

a. The fundamental duel has a solution (see footnote 6) provided by

A

La
gt

PIAT = 5= o, (-uegu)

y du » (66)

L
The indicated contour implied by;/pcan just as well look like Figure 7
L

" as long as the indenture contains only the singularity at the origin.

VRES S e SR S Rl

e
pot
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Figure 7 Lower Integration Contour

b. The investigation of certain properties of the integrand of
Equation (66) is now desired. First, however, it is noted that ¢A(-q)¢8(u)

is the characteristic function of TA - TB where TA and TB are the random

variables time to a hit for A and B, respectively. The difference is a
random variable with range (<, +~) whose characteristic function is o{u)
with pdf f(t). Equation (66) may now be rewritten as

+co
2] ofu) , _ 1 [ du tut
PIAL = o7 iud“"‘z“;fiu fe 7(t) dt
L -cQ

L

U

M Jut
=,};ff(t) at | &= au (67)
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The substitution now made is u = = + <y which is an analytic continuation
of the real variable x into the complex plane. This substitution provides

1 o It 'yt
PIAY = 5 [ £(t) dt -—e;-%;—(dy—iclt)

T R B R R R e i e e Sty

- ) L
4+ '
1 eV [z sin =t — y cos =t)d= + (= cos =t + y sin zt)dy]
= — | f(t) dt
2% =2 + yZ
- e .i
3
A
e E
I [(= cos =t + v sin xt)d= + (v cos =t - = sin =t)&/] (68) &
x% + yZ
L

SRR BRI,

40,

c. Consider the two integrals within the brackets in Equation (68);
specifically:

SR

A A T T e e Bl S T I A R85

(1) By integrating along any line parallel to the x-axis at some y,
e.9., ¥, (which may be +, ~, or zero, thus including the z-axis), dy = 0,

and the integrand of the real part is even and the integrand of the imagi-
nary part is odd.

(2) By integrating along lines parallel to the y-axis at some fixed x,
e.g., ,, dx = 0, and the integrands are neither even or odd. However, if
two lines are considered, one at ) and one at %5 it is noted that the
integrand of the real part along -, is the negative of the integrand of
the real part along e, j.e., the integrand is odd relative to the x variable,
and the integrand of the imaginary part is exactly the same at e and T,
i.e., the integrand is even relative to the x variable.

d. The result of the above is that P[A] may be evaluated along the

contour shown in Figure 8. The property described in c(1) above means
that the imaginary part along C; is equal to the imaginary part along Cg

except that the signs are opposite; consequently, the sum is zero while
the real parts are equal. The same applies for the integrals along C3 and C,.
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Figure 8 Numerical Integration Contour

e. From the property described in c(2) above, the imaginary part
of C, is again canceled by the imaginary part of Cg, and the real parts

are equal. Thus, the only thing that must be done is to integrate the
real part of the integrand along C;, Cs, and Cg and multiply the sum

by 2 to get P[A]. This can significantly reduce the amount of numerical
integration.

f. One should also note that exactly the same argument holds for
Equation (19) or for any integrand that is a product of characteristic
functions with at least one positive argument and at least one negative
argument divided by u. In addition, one may speculate that -y, and )

should be chosen so as not to be too close to the singularity at the
origin or to the nearest singularity in the lower half-plane. This
would avoid steeply varying integrands and should reduce numerical inte-
gration difficulties. Also, one may simply continue C, to =, thus elim-
inating Cs and Cg.

2.8 Generalizations of Some Results by Thompson

Thompson has derived some results for incorporating reliability into the
theory of stochastic duels.1* However, he has not simplified them by using
characteristic functions. This has the disadvantages of leaving the solu-
tions with one or more infinite sums of weichted convolutions of pdf's to
be integrated. These operations can only be closed for very special pdf's
and thus are of limited utility. By using characteristic functions, these
sums can always be closed to a simple form, and the number of multiple
integrations to be performed is reduced by at least one. Finally, thera
exists a characteristic function for every pdf and if it is unknown, can

N S A T DA A e e Y R B e S 8 e o S R B St S R B e R B A S Y
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David Thompson, Development of Analytical Models of Battalion Task

Force Activities, Systems Research Laboratory, Department of Indus-
trial Engineering, Universiily of Michigan, Ann Arbor, Michigan,
Report Nwmber SRL19757 FR70-1 (U), Part F, Chapter 1, Editors: Seth
Bonder and Robert Farrell.
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be approximated from real data for practical applications. For these
reasons, we now simplify some of Thompson's results as follows:

a. In the case where either side's weapons may fail to function
after some period of time and no withdrawals are permitted, Thcmpson
provides the following expression for the probability that side A wins:13

t

PLA] =th(t)([rA(e) d&:)[l ~/h8(x)<fr8(n) dn) dx]dt (69)
¢ t X

0

e
B T B S A T S L s S s R i S A e M «mﬁﬁ

A A R P R AT e e

where hA(t) and hB(t) are the usual pdf's of A's and B's times to a kill,
and rA(t) and rB(t) are A's and B's pdf's of times to weapons failure.

A1l are independent of each other. We now rewrite Equation (69) in a
more convenient form for our purposes, i.e.,

4

- [ hA(w( () dE){]- h(x)< ry(n) dn) dx]dt
S ol [l

0

+th(t)(frA(s) ds)( hB(x)[ rg(n) dn> dx]dt (70)
J el [rol ]

ﬁ . We now apply Equations (54) twice to the first expression on the right-
}? hand side of Equation (70) and Equation (64) to the second expression to
4 nobtain

PN = oL /*“o,\(-u)[v,‘(u)-ll{h?l’ ]"'08(-»)[%(”) -udwl

s N R R e Ly g R O R O R 5 S A a2

T 73 *T w

o fl ( ]—"oa(-u-v)[vs(v)-n dv_])( ]"°A("~'~’)[’A(w>"] é,)@ 1)
D 2 n ) w

—cy P ~o

BT i ot TN oo S st UL K ke , N
RSk s Gerocre SR ST S RS Dl i Ay B R SR EIIIA e S L SR O S o vt RS S8 e AN B
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where o(+) is the characteristic function of h(t) and ¥(-) is that of r(t).
Since all of the pdf's are for positive random variables, we may now use

iAot
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Ibid p582, Equation 2
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the properties of positive RVs given earlier to further simplify these

results to

P[A] = .z%z_fﬁ("‘l \'A(u)du[l i T:;:_'/'Og(-w)js(w) c'u]
L

L

oo (~u-v) ¥, (v) u- w
o [ e o
v L t

The corresponding expression for a draw, P[AB], is provided by Thompson16

as
P[AB] = frA(t)[th(x) dx] dt - Y‘B(t)[ hg(x) dm} dt. (73)
t /o

0

Applying Equation (54) to each half of this product, we have

W

+ +®
P[AB] = - zi]r_f/‘ ‘PA('u)[q’ﬁ(u) - 1] du s f YB("I‘))[‘Z’B(U) - 1] d (74)

Ll 4

which is now further simplified using the properties of positive random
variables to ’

PLAB] = - - f ) B va(-w) ) . (75)

B 4772 u 15
L L

Thompson provides an examplel? where all the pdf's are negative exponentials.
When these pdf's are used in Equations (72) and (75), we check out with his
results except for an error in his expression for P[A]. He should have

added a A in the last parenthesis of the denominator.

161pid, p582, Equation 3
Y1bid, p583
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b. 1In a situation where a withdrawal, and consequent end of the duel
in a draw, occurs as soon as a weapon fails, Thompson provides!8

th(t)<th(:c) dx)< rgly) dy)< ralz) dz> dt (76)
JronJ s o<

From Equation (65), we immediately have

Fl) - 1] Flvgloo) - 13/ [ epl-udleqlu-n) - 1]
e = -l [ RO [f e ](f AL du)d»]dv (77)

Ll o4

W——
o2
‘ul

which again may be reduced by the properties of positive RVs to
() [ ¥ (w-v) [ [ eal-w)eglu-v)
N 1 A B A B
PLIAY = - 8n3i ./[ v [/ w-v \f u-w du> doj dv. (78)
L L L

In Equation (78), the u integration is indented around u = w on the real
u-line, and the » integration is indented around v = v on the real w-line.
The results!® for a draw, P[AB], are

P[AB] = rA(t)(frB(x)d.thA(y)dy)</h8(z)dz>
0 t t t
+frB(t)<frA(:v)dr><fh,\(y)dy></h3(z)dz> . (79)
0 t t
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181bid, p584, Equation (4)
r1bid, p58s
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Again, we apply Equation (65) to each term of the right-hand side of
Equation (79); thus

+% +%

+-‘
[og(v) - 1 loplw-v) -1 -u -w) -1
PlA8] = - slacf °5(: ][ / i z_: ](/"‘( )[:‘_’iu 2 ]du> d.a]dv

Rl

+> o
[eg(v) - 13 Loplo-v) = 1)/ F e (-u)ly,(u-w) - 1]
1 B A
- 8-;3:3_,./‘ v [ f v (f 8 uf‘u du) dw] dv (80)

-~ -

which again reduces to

op(v) o, (w-v)[ [ypl-u)¥p(u-w) + vo(-u)¥, (u-v)
P[AB]=-8:3i/ B (f A [f" B — B4 du]tb)dv (81)
L L

L

and the indentations are the same as for Equation (78). Again, Thompson
provides an example using all negative exponential density functions .20
When these assumed functions are inserted in Equations (78) and (81) and
are integrated, the results check with his.

c. In the next duel, we have the more d;fficult case where a duelist
withdraws when his weapon fails but only after_he discovers it, which is
on the next attempted firing. For this case,2} Thompson provides

- - t - - -
P[A] = hA(t)( rA(z)ds){/( rB(y)dy>( fB(y)dy)(i'j qgfg'(z))d:: + fB(::)dz:} at (82)
[] ;/- 0 ;/ g:x/- ot j

We note here that

© p_n* _ qB
S foB (2)dz = 6—}; hB(x)

ne}

and shall hence forward use that fact.

207pid, p586
217pid, p588, Equations (6), (7), and (8)
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Rewriting Equation (82), we obtain ;
j' [ d o -« i}%
s, %
. 38 3
| r] = 22 [ (o rA(s)dE raly)dy f fB(y)dy) hB(:)dz]dt .
0 . t x t-x ;7‘!{‘
.%\ e . ..

. + /hA(t)(frA(z:)chffB(x)d:) dt . (83)

e 0 ¢ e

3 We shall now do this one step at a time. First, from Equation (55), the

o last expression in Equation (83) becomes

[ hA(t>( f m<€>df»>< f fa(”)d”> at

} 0 t t

J
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Now, let us use Equation (61) on the inner part of tne first expression

A g rT I B T et e
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| . in Equation (83).
é § t ”» 0
£ f rgly)dy ( fB(y)dy) hg(=)dz = g
I

3 ‘f::&u‘ﬁ"?: ey
s

-tV +m"i u} - ] - g ~
_‘ili[e t_ [ fe tu [ZB( ) ]( ’/‘es(w‘u)xha(“:){/:-s(y)dy}dz> du] dv. (85)

a We now use Equation (63) on the ini';egration with respect to x in Equation
! (85) to get

; . > tvt *we.“u[g'; (u)-1] o (vru-p)[y(p)-1]
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Now, by writing out the entire first term of Equation (83) and reversing
the order of integration, we get
LHS of the first term of Equation (83) =
¢ (u)- bglotu-p)lylp)-1 tondt -
i JI ey e o
? 817 1
. {fr“t;)d&;}dt)duldv. (87)

t

The inner integral of Equation (87) is from the application of Equations
(42) and (53), therefore

| |
J oS oS DL o R S
A R St

' ﬁe-irwu)t_ e—iut)hA(t)<ﬁA(E)dE;>dt
| o z
3 |
1 2o ..]
= 23r11f [WA(Z) : “T’A('_v—u-w) - ¢A(-u-w)} dw (88)

Now, substitute Equation (88) into Equation (87) and then Equations (87)
and (84) into Equation (83), thus

% (1] [ [enfu)-1 tup) [¥5 (0)-1]
P[A]LW_[”{]‘% ](/%(v i dp>.

(_[_‘l_’f\_(?_ﬂ [q,A(-v-u.w) - ¢A(—u-w)]dw>du dv

A g e
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/‘[d)B u) ]]( féA(u-w)[:A(w) -1] w)du . (89)
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Equation (8§3) is now further reduced using the properties of positive
randsm variebles to

u)-1 u- —yey-
e 3 [ ) ke )
+4_:2_/‘ oa(-:) <f°A("‘Uz'A(U) du)du . (90)

u L

This expression again checks Thompson's example22 using all negative expo-
nential pdf's. The prior results were based on a failure mechanism that
was a random function of time. In what follows, the failures only occur
at the instants of weapon firings.

d. The no-withdrawal case?3 is identical to the author's random
ammunition-1imited duel, and the characteristic function form of the solu-
tions is given in the referenced pzper and will not be repeated here.

e. Similarly, in the same paper mentioned above, the characteristic
function form of the solution to the duel in which a contestant withdraws

the instant a failure occurs is also given and will not be pursued further.

f. The case in which a contestant whose weapcn has failed on the

n™ round but who only discovers that fact on the {n+1)st round and then

withdraws is provided by Thompson2" as

- t w
P{A] =th(t) ffB(x)dx + iqg/fg* (z) ffB(y)dy dz}dt . (91)
o t " ° t

Thompson assumes the probab111ty of failure on any given round is fived
at u and, therefore, p + q + u =~ 1. Again, noting that

ZfoB (-":)dI = "—'h (’C)

ne}

221bid, p589
23Ibid, p594
241bid, pp 597, 598
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we rewrite Equation (91) as

t

PLA] = hA(t)(/f (:)d:) dt +§-§- hA(t)[/hB(x)( ./‘fa(y)dga d:]dt. (92)
t-x

4 t [4

Usigg Equation (54) in the first integral and Equation (61) in the second,
we have

gon
P[A] = ‘é%;{ /°A('u)[¢g(u)°]] du +

u

Ldod

q ~ o ~tud
P Enz / hA(t)( fLe'T'u {
° ad

In the second integral, we now reverse the order of integration and inte-
grate out t to get

foa(um) ew [¢B(*") - L_,]du>dt « (93)

P[A] - —2‘% °A("u)[¢8(u) - ]] du

u

o +-
(utw)[ep(w) - 1]
+ p:g,z f;l_‘[ /‘03 i{; w <°A(—u-w) - oA(—w)>du]du . (94)

Now, taking advantage of the properties of positive RVs, Equation (94)
becomes

P[A] = 5oz -/(;A( -u)p (1) du/u

L
q [4p(w)-1] og (1tw) e (-u-10)
Psi“ J/. . <J/ﬁ B A d%)dw . (%)
L U
35.
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The expression for a draw?> is composed of two terms, each of which is
similar to P[A] and the development is almost identical; therefore, we
shall merely write dowvn the results, i.e.,

u u
P[AB] = B—l:g—gf¢A(—u)¢-B(u)du/u + b—ﬁ;{foB(-u)éA(u)du/u
L L

Mq [¢é(w)~1] op (utw) 0, (-u-w)
+ PAQBE;‘“Z f w ( f SR du)dw
L

U

UpQp [4‘/\(1&’)"]} °A(u+w)¢8(~u-w)
+ poA4’;2,/’ " y du>dzd « (99%)
L

u

Equaticns (95) and (96) both check with one of Thompson's examples26 where

again he uses negative exponential pdf's.

g. The remainder of Thompson's paper deals exclusively with nsgativa
exponential pd*’. from the beginning, and all the results are consequently

so specialized - that function that no further simplifications through
the use of cha. . teristic functions are possible.

h. In a paper published in the Naval Research logistics Quarterly,

Thompson extends the situation in paragraph f above {o the case vhere each
contestant has an indapendent probability distribution on the pos.ibility .
of a failure on the nth round (and thus a withdrawal on the ntlst round).2’

He provides the following as solutions:

It a5 = P [A's weapon fails on round j+1] \
By = P [B's weapon fails on round k+1]
’ (97)
and &, ) .
o = B, = 1
547 & )

2571pid, PS8
287140, rpS88, 699

27pavid E. Thompson, Stochastic Duels Imvolving Reliability, The Naval
Research Logisties Quarterly, Vol 19, No. 1, March 1972, pp 147-148,
Equations (6) through (11).
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then

nel n

PIA] = {ipAq:‘fR?t)[?ajJ}{ f fa(x)dx +
° t

t -

S f sl f fB(y)dy]dx}dt ()

t-x

and

© t ©

PLAB] =/“{ff3 (x)dx + ?:1:[:2: sk]qg f *( )[ /fB(y)dy]dx} .
6 't

¢-x

(G40

3=0

() t (-4

+f§ffA e S(E3 7l fuoele]

° "t 0 t-x

© k+1 (k1)
Z Bk P fB (t)} dt (99)
k=0

Now, if we define
hy(t) = > pAqA fA (1) (100)

and

hy (t) = i pAqA' f (£) (Z%) (101)
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we then have the corresponding cf's to be

Ppdp(u)
OA(u) = T—B—A—— (]02)
- qA¢A(u)
and reducing the double sum in Equation (101) to a single sum
1 o j 3

If we now define NA to be the random variable, the round number on which
A's weapon fails, then the probability generating function (z-transform)

of NA is _
(oo jq.]
Py (2) = Da.z (104)
Ny 3?3' J
and thus
q‘n( ) _ ( W PNA[QA¢A(34)] (]05
Au = °A u) -T;E‘—A(u) )

Similar expressions can be written for B. Then, using Equations (54), (61),
(104), and (105) and integrating out t first, we get

B Y T Al A Vﬁ

3

=

Y TRCTORED Y
PIAY = 5 [ on() [1 "‘3;\‘:':7/\“)““ [¢3<u> I

qQ o o
[ %{( [ eingle) - u) (o;(~u-u> i o;<-w>> g—}d (106)

Lol ]

This may now be reduced to final form by integrating u first using
Equation (105) and the properties ot our characteristic functions
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PN Laps, ()} %
_ _A-9a% ¢g(u) du g
.
™
3

PIAT = o [0,(-u)
L

qA¢A("u) u

G [ legw) -1 { [ hglagegliera)]
+ 4,,2[)8 f " f@B(wa) 1 - qB¢B(u+w) .

L v

p e
NyLapep (-u-0)] d_u} i . (107)

&, (~u-w}{l -
A( u-v) qA¢A(“u“U) u

Proceeding in the same fashion, we obtain the P[AB] as shown below.

1
- P[AB] = 5~ _[ PhLazen(-u)1 o5 (u) ﬁy' +

WA

P [6.6., (2tw) ]
Gg [S"B(”) - 1] _ NB‘ 873 - PN a cu-0)] du
4n2py [ w ;,/ ) agogctw) abostl T

-

e S A A B S B

+ g [ Phglagtalul] gyl e
t

p -
4.0 f Cop() = 1] /‘o e |1 - AL | P r g (o] %"-}m (108)
WPA‘ " J A a3 (ctw)
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