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CHAPTER I

INTRODUCTION

During the past fifteen years, there has been considerable

effort expended to apply engineering knowledge and techniques

to investiga te the func tions of biolog ical systems and specif icat l y

those of the human bod y. This work spans the spectrum from

attempts to improve atheletic performance to the development

of highly sophisticated medical technology . The work described

in this paper is an attempt to app ly an engineering approach

to the investiga tion of the dynamic response of the cervical—

thoracic transregional joint of the human spine.

The spinal column has received significant atten tion in

the biomechanical area due to the seriousness and high incidence

of injuries resul ting from athle tic , au tomobile and mili tary

operational accidents and from aircraft ejections by military

pilots. Efforts have been made to measure mechanical response

during tests using both cadavers and human volunteers such

as the work by Clarke et al. (1971), Mertz and Patrick (1971),

Gadd , Culver and Naham (1971), Clemens and Burow (1972), Lange

(1971) , and Bhalla and Simmons (1969) Other work has been

conducted to develop mechanical necks for test simulation such

as reported by Melvin, McElboney and Roberts (1972) and

Calver , Neathery and Mertz (1972). StIll other investigators

such as Nachemson (1960, 1963), Kazarian (1972), Kazarian,

Boyd , and Von Cierke (1971), Farf an (1969, 1971), Nachemson

and Evans (1968), Tkaczuk (1967), and Markolf and Morris (1974)
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have attempted to describe and explain the functions of the various

spinal components. In addition to the above experimental efforts,

the spine has been modeled with varying degrees of sophistication

starting with simple mass—spring models, con tinuous elastic

and viscoelastic beam riodels , lumped—parameter models such

as tha t developed by Toth (1967) using a series of springs

and dashpo ts, and f inally the discrete parameter model developed

by Orne and Liu (1971). This last model represented the spine

with a series of rigid bodies representing the vertebrae separated

by viscoelastic discs. A later lumped parame ter model was

developed by Hop kins (1971) , and there have been more sophis ticated

continuous model s developed by Li , Advoni and Lee (1971), Krause

and Shirazi (1971), Shirazi (1971), and Rybicki and Hopper

(1971). Soechting and Pasley (1973) also used a continuous

model bu t incorpora ted muscular loads using a viscoelastic

model for the muscles, and in another effort to consider muscle

loads , Thurston and Fay (1974) used a constant torque in the

rotating joints to represent these influences. In this last

e f fo r t , a mechan ical neck was also developed,wh ich included

members fabricated from shock cord to simulate muscles.

These models are adequate, in varying degrees, to predict

the gross response of the spinal column or neck, and to answer

the questions for which the models were designed . However ,

if one wishes to investigate local response of spinal column

componen ts, and to predict failures and failure modes, the

above models are i iadequate because they do not include local

geometry and material properties. Because of a specific interest
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on the part of the Aerosnace Medical Research Laboratcrv , Wri ght—

Pa tt erson Air Force Base , Ohio , the following attemp t w~ s made

to develop a micro—model of the human spine.

The approach is to take a single joint consisting of two

vertebrae and the intervening intervertebral disc , incorpora te

the local geome try and cons traints in to a kinematic model , and

solve th e governing equations of motion. Forces are derived

from constitutive equations for the disc and ligaments. The

ver tebrae are trea ted as r igid bodies since the deforma tion of

the bony ma terial was assumed to be insign if ican t with respect

to tha t of the viscoelastic disc and ligamen t ma ter ial , and mo tion

is res tric ted to the sag ital p lane , therefore keeping the model

two dimensional. The latter assumption is not dictated by the

appr oach and the model could be three dimensional with add it ional

effort.

The most difficult part of this approach is to establish

constitutive equations for the disc and ligament materials. The

complex ities of this problem are d iscussed by Fung (1972)

and Kazarian (1972), but there is only a limited amount of materLil

property data published in the literature. There has been considerable

effor t to describe the func tion and response of the in terver tebral

disc and work continues in this area . Data reported by Markolf

and Morris (1974) and lomada and Evans (1970) are used to derive

a constitutive equation for use in the present effort. However ,

ma terial proper ty data (stress—strain , load—deflec tion , creep

or relaxation) on the spinal ligaments is extremely limited ,

and the data that are available have been generated from specimens 
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L d h c n  onl. y t rLs~ he lumbar  r e c k o n  of t h e  sp ire . k n ee , the  e~ p e: ii~ eu —

t~~1 N ~~~ s;~ i i~~sed j un  (hartcr 111 ‘~~.s c~~nduc t~ d to p roduce  a taininum

s t r e u nt  of  l r n d — i e t lo tion do t~ from w h i c h  to develop u o n st l t u t i v e

t o n s  f or  the  o r t e r l o r  ;in~ pos te r io r  long itu d  ina ~ l i g a m e n t s .

T nt  t he  t c .I toS ~ n t ~~ h i s c n t c s i o n S , t h e  model i s  a p p l i e d  to the

l .one t  o~. k where  t h e  spine t r a n s i t i o ns  f rom t h e  cervical to the

r c ~r a c i .  r e g t o n . This  is sneru l u r e d  to be a r ecion of h i oh

i u c i i e n e of  Air Force opera t ional  i nj u r i e s  (Kazar ian , 197~~) ,

~3 i ~i t h n ~~ t is iso a rad ica l  chango in o r o m - t .r v  as described

N 1973) .  In Chap tec  V , the model is used to invest i b a t e

t h e  o t l  o c t  or a r t  iculate ~o~~)k.t ry on the j e .i e t  m ot  ion and the

L!jsr rihutlc ,n of b u d s  bet . :c ’en t h e  a f l t o n . m r  and p o st e r i o r  column .

to I n t  i o i n s  t h e  r. doling tee h n i qu e  ar  ~oci 1 as a reas  of ~ x ; jn I e l

I n ’ c t n  t md app li ca t  i on are di  so l s s e I  in C h a p t t  r V I
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CHAPTER II

JOINT MODEL

2 .1 Anatomical Considerat ions .

The sp inal column consists of 24 a r t icula ted  ver tebrae s t a p a r u t e n

by intervertebral  discs , and cons t i t u t e s  the pr imary load—car ry ing

structure of the human body. The motion of the vertebral column ,

as well as that between individual vertebrae , is a function of

external loads, the ver tebra e geome try ,  the load transmitted by

the discs , and the loads exerted on the column N l igaments  and

muscles. Of particular interest here are the vertebrae geometry ,

the disc and major ligaments associated with the joint between

the seventh cervical (C7) and the f i r s t  thoracic (Tl)  ve r t eb rae .

The vertebra is composed of a cancellous bone material and

i ts geometry  changes wi th  t h e  spinal level. Fig 2 .1  shows a typ ica l

vertebra from the C7—T1 rc~~ion . The ve r t eb ra  i s  made up of a bod y

and the posterior arch which is joined to the body on either side

by a ped icle. At the junction of the arch and the pedicles are

the superior and inferior a r t i c u l a t i n g  f ace t s , which when mated

r e s p e c t iv e ly  w i t h  the  in fe r io r  and super ior  f a ce t s  of a d j a c e r ~

ver tebrae , f o r m  synovial  j o i n t s .  In the ce rvica l  s pin e , t h e

articulating facets of a given vertebra are j o i n e d  by well d e f i n e d

columns which also form the junction between the pedicles and

the pos te r ior  a r c h .  The respective orientations of the superior

and i n f e r i o r  f a c e t s  are  c ran ia l  and caudal .  As the spine t r a n s i t io n s

to the thoracic region , the facets change to a posterior — anterior

orientation , and the column between the two tends to flatten out and 

- - -- .-.
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becomes less well defined . Projecting dorsally from the cen terl ine

of the arch is the sp inous process, and there are two transverse

processes which projec t la terally from the vertebral body. Thes e

later processes affect lateral motion and are not given further

consideration here since the motion of the model will be restricted

to the sagital plane.

The ver tebral bod ies are bound toge ther by the intervertebral

disc , and the anterior and posterior longitudinal ligaments.

The d iscs are no t unique in the different levels of the spine,

as are the vertebrae , except for their size. Four elements make

up each disc : the annulus fibrosus, the nucleus pulposus , and

two car t iloginous end plates. The annulus fibrosus is a series

of fibrocartiloginous bands , which run circuinferentially around

the disc and encloses the soft nucleus. The bands of the annulus

attach top and bottom to the cartiloginous end pla tes , which

in turn attach to the inferior and superior surfaces of adjacent

vertebrae bodies. This arrangement constitutes a load carrying

elemen t , the rheology of which is still a subject of much discussion .

The an terior and pos terior long itudinal ligaments are long

bands of fibrous tissue which extend along the length of the

spine and are attached to the respective surfaces of the vertebral

bodies. In addition to the longitudinal ligamen ts, other li gaments

tie together the posterior arches and spinous processes of adjacen t

vertebrae. For a more detailed discription of the spinal column

anatomy as well as the functions of the various elements see

Cray (1973), Kazarian (1972) and Englentark (1959). 
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Vertebral Body

0 0

A r t i cu l a r  Facets

Spinous Process

Supe r io r  A r t i c ul a r  Facet

Ped jcle

Inferior Articular Facet

Ver tebra Body

FIGURE 2.1 - SEVENTH CERVICAL VERTEBRA
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In formulating the model , an attempt was made to incorporate

the 3natemv discussed above . The first assumption made was that

tine articulating facets constitute a kinematic constraint. In

the nodel . , the facets are expressed as curved surfaces which

remain in contact; however , bo th slid ing and roll ing mo tion is

p e r m i t t e d . This cons t r a in t  is discussed further in 2.2 below.

The vertebra e ar e cons idered to be rigid bodies since it

is assumed tha t their deflections will be small compared to those

of the so f t  t issue of the disc and ligaments. This assumption

is  supported by data of Yamada and Evans (1970) that show

the s t i f f n e s s  of ver tebrae  to be an order of magnitude greater

than the  s t i f f n e s s  of the intervertebral disc . Therefore, the

model of the C7— Tl j o i n t  consists  of two ri gid bodies , each wi th

a curved su r face  represent ing the articulating facets, and the

n o t i o n  of the ri gid bodies is constra ined by the requirement

t h a t  the a r t i c u l a t i n g  sur faces  remain in contact .  The disc and

‘igamen t material are considered to be viscoelastic , and the

loads nhe ’: app ly to the ri g id ver tebra are represented by a function

of the deflections and deflection velocities. Equation 2.1 is

t i n e  t unc t .ion used to represen t  bot h the disc and the li gamen t

m at e r i a l  w i t h  d i f f e r e n t  sets of constants used for the differen t

Force A
1 

+ A 2 
X + J~ ~ x3 + A

5
X ~ (2.1)

= c o n s t a n t s

x = deflection of the element , I.e., disc  or ligamen t

x = deflection velocity of the element



elements. The choice of this function and the selection of lit ’

constants is discussed in Chapter IV.

One further assumption was made in formulat 1mg the mode]

The mass of the joint itself was considered to be small c ompared

to that of the head and neck above the C7 level .  Liii et t i .

(1971) report the mass of a slice taken through the neck at

the C7—Tl level to be U. O O L +8 ih—sec 2/in , and the mass of the

neck above that level to be 0.00833 lb—sec~ /in . The mass of

the C7—Tl slice includes that of all the  s o f t  t issue of t i n o  nec- k

as well as tha t of v e r t e b r a l  column segnrent , and the author reports

F distortion of the cadav e r  w !ifth would cause ti ne r e s u l t s  of the

C7—Tl slice to be t j o h .  In addition , Clauscr et al. (l~
(
~~)

head masses to range from 0. 02 14 to fl.0305 lb-sec h o .  Thou .

F figures support the above cissuiimtion , and hence , the mass of

the joint is neg l e c t e d  in the model. The inertial . eff ects of

the head and neck are I tnc~ uded. however , ulnent  i n p u tt i n g  I oiot ’s

and moments into the rigid body representin g the C7 vertebra .

T h e r e f o r e , the  model is s t u n  ic- at any point in t i n e , h u t  he

response at  t h a t  t i m e  i s  dependent on tine i n e r t i a l  effects included

in the model l e n u t s , and on the r e s p t n n s e  h i s to ry  pr ior  t~~ t ha t

t ime .  The dependence on t h e  p r i o r  respon se h i s t o r y  i s  a r e s u l t

of the v i sc e e l n is t ic  n a t u re  of t u e  i nt er v e r t e b r a l  disc and t i~c

var ious l ig am e n ts .

The fo l lowing sections of t h i s  chapter  show the d e r i v a t i o n

o.f the kinematic constra int associated with the articulating

f ace t s , and the g ov er n in g  equa t ions  fo r  the  m o d e l .  The r e s u l t i n i c ’

equations are non ]  Inear  dine to the geometry and m a t e r i a l  responses,
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so Newton ’s method is used to generate a series of linear equations

which can be solve.l in an iterative process.

2.2 Kinematic Constraint.

Since the curves representing the articulating facts must remain

in contact , the outward normals to the curves are expressed by the

functions f (% , ‘~~~ 
) and f ~~~~~~~ 

“
~~~ a. ’

)  ; the outward

normals can be determined by taking the gradient of the functions as

discussed by Wy lie (1966). The constraint can then be expressed as:

(2 .2 )
—

~~~~~~
-
$ = v .~.2.

where K is constant. Referring to Figure 2.2, the curves are now

expressed as polynomials.

~~ 
(a , . ,~~

,
(4(-l~~

) 
~~~~~~ 

~ o

~~~~~~~~~~~~~ 
(
~~~L ~~~~~-i)

) —

The gradients of t 1 and f
2 are:

-~~~~~ (A— ~’) \ .~ -~~~

Vf 1 (L .(i-i a~ ~~~~
. 

—

= (f (A-~) &~~ ,x~~~
’_ 2

’O Z..
_ I

A T /
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f
1

(x1,y 1)

—~
~~

f
i

(xi,yi)

x 2 
X
1

FIGURE 2. 2  — KINEMATIC CONSTRAINT



r 12
The gradients  are in two d i f fe ren t  coordinate systems , thus it

becomes necessary to transform one gradient to the other system,

i.e., transforn1. V.9 (
~~~4a~~

to the 
~~~ ~~ 

coordina te system using

equation 2.3.

( A~~~~~~) [ 
(2.3)

~s~ ’ ~ JL ~i

The gradien t of f 2 then becomes :

~ 
) 

~~~ ]

+11 
~A~~ / 

~~~~~~~ ~ C4-~ X

If the gradients are now substituted into equation 2 . 2 , the vector

equation yields two algebraic equations.

K (
~ 

( a  ,~~ t %

1 ( A_ l
’

)) = ~~~~~~~~~~~~~~~

— K
gv - a.~ .

~~~~~~~~~ 
— Cr4. I

Multiplying the second equation above by ( ()..— i )  a..~1 ,~. Z)
.4 ~~~adding the two equations and dividing by Cos ) yl?lds the constraint

equation 2.4, which relates the variables x
1
,x2, and

j
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T~-~-X (~~~~~s~c&~ 
_

~~~~
j
(~~ _ % )  

~~~~~

14- ~ ~~~ ( A 1)( k_ l) ct,,, ~~~~~~,~~
(4’

~~
L)

,,L
_ L)

d 4/

2.3 Kinematic Model.

Fig 2.3 shows the free body diagrams for the r i g id bodies

representing the C7 and Tl vertebrae . The ( ‘
~

‘ - ,,1L3) and the

~~~~~~~~~~~ coordinates are fixed to the Ti and C7 vertebrae ,

respec tively, and the curves representing the articulating facets

are expressed in these coordinate systems . The ang le ~~, de f ined

in section 2.2, is the angle of rotation between these two systems.

The (
~~4L) coordinate system is the inertial system in which

Ti is fixed , and the (4~3 3 ~) sys tem transla tes wi th C7 but does

not rotate. The input moment as well as the input transverse

and longitudinal loads are expressed in the (.~~3 t~~3 ) system .

The loading of the vertebrae by the disc is simplified and

represented by two point loads, F3 and F4. The anterior and

posterior longitudinal ligaments are represented by F5 and F6,

and the ligament loads on the posterior arch are represented

by a single force F7. F8 is the contact load normal to the articulating

facet. (Since the facets form a synovial joint, which is well

lubricated under healthy conditions, the transverse load between

the facets is assumed to be small , and hence is ignored.)

The vertebra geometry is incorporated in the model by establishing

the coordinates of the load application points, and of the origins
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FIGURE 2.3 - FREE BODY DIAGRAM
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of the coordinate systems in which the articulating facets are

described . For Ti, the load point coordinates and the origin

of the system are established in the (
~~~~~~~~~~~ ) system,

and for C7, the load points coordinates are established in the

(~c~~~ ~~~ system.

If the model were to be expanded to three or more bodies

representing two or more vertebral joints, the top and bottom

vertebrae would be identical to Fig 2.3. Any intervening vertebrae

would have two coordinate systems, fixed to the body, in which

the articulating facet curves would be established . The load

application points, as well as the origin of the superior coordinate

system ,would be defined in the inferior system.

The remaining kinematics required are the vector t ransformat ion

between coordinate systems and the expression for the vector

between points of adjacent bodies. The vector transformation

is the same as equation 2.3, with appropriate subscripts and

angle ~~~ . The expression for the vector between points on adjacent

bodies is shown in equation 2.5. Terms of the form x(i,j) and y (i ,j)

(2 .5)

~~~ =[-~~~i,~~~÷ ~~(I ,z) +

— S.4~ ~ ~~~~~~~~~ — - ~~f ) 
~~~.

- 
~~~~~~~~~~~~ 

(~~~~~~~~~~
#

~~
. A a (1,~~~ # 1(Qt )

~( C._t~
,4 + (~~)L (&4 t )~~~ ~~4~I )  ~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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where : 1 — inferior body

k - superior body

m — poin t on inferior body

n — point on superior body

— angle between coordinate systems fixed to the

inferior body

— angle between coordinate systems fixed to

adjacen t ar ticula ting facets.

are the x and y coordinate, respectively, of point “j” on body

“i”. The Xij and y~~ terms are the coordinates of the contact

point in the appropriate coordinates fixed to the bod y. The

derivation of equation 2.5 is shown in Appendix A.

2.4 Governing Equations.

Since the mass of the vertebrae is being neglected , the governing

equations can be derived from the vectors equations in which the

sum of the forces and moments equal zero . These vector equations

result  ir. six algebraic equations shown as equations 2.6 through 2.11.

The f i r s t  subscript on the force terms designates the x or y component

F~3 # F 1~ -F,~ — F 1~ — F17 — F I~~ + F(I , z )=  0 (2.6)

— F 13 — +F15 4-F1~~1-F~ 4-F1~~ + F( I~~3 ) O  (2 .7)

F~~+F~~ *F~~ .- F,~~ 
— e- F(i,~~ 0 (2 8)

F~3 .~- - F~~- 
- - Fj7 +F~~ +F(aM 0 (2 .9)
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V\ ,~ +~~~~~ ‘~~~~~~~F — 

~~ ) - ~.) F; ,I:~Il +(-,~~~~, 2.. ’) 
‘~~23

— 

~t i~ 3 ~~~ ~<) ~~~~ 
- (

~~ u , a ’) +. ‘,c~ 3 ~~~~ c)( f 
~~ 

C~-~ 
c~ .) F~ ~

= 0

(2.11)

M3 ~~~ C~~(~ ~~~~ - 
~~~ 5~~~(~~~~~)) F~~ — (~~ ~~~~~

— 

~~~~~~

‘ (~ 4 ~ y y 
~ 

-= o

WN~~~ E:  X)( , ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

X)( 8 = —

~~~‘3L ~J2.., L)

_____
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of the force in the inertial coordinate system. A “1” subscript

designates the x—coniponent and a “2” subscript designates the

y—components.  The notation convention for the other terms is

the same as used above .

Two more rela tionships can be derived based on the fact

that the direction of the contact force (F8) is normal to the

ar t iculat ing face t  curve; i .e .  F8 = F
8 ~~~~ The vector

equa tion yields the two algebraic equations shown as equations

2.12 and 2.13 after they have been transformed to the inertial

coordinate system .

(2.12)

F,3 (,
~

—,) ~~~

~~~~~~~~~~~~~ 
~~L

(2.13)

F~9~ F8[(~~~~~(4
’—1 )~~t j~~ 

(~~~a’)
) ~~ — I

L ~~~~ ‘IIi ~~~~~2 3 )  
÷~
] ~

/=/

________________________
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Equations 2.6 through 2.13 along with the constraint equation

2 .4 , the two functions defining the ar t icula t ing facet  curves

Cf 
~ 
and f2) ,  ten component force equations (using equation 2.1)

and ten component displacement equations (using equation 2.5)

constitute a series of thirty—one simultaneous , nonlinear , algebra ic

equations. There are also thirty—one variables, which are listed

in Table 2 .1; therefore, the above set of equations is sufficient

to determine the response of the joint model at a given point

in time.

Table 2.1

List of Variables

X23, y23

X32, y3~

F( 1,2 ) ,  F(2,2)

M2

F8

(1 = 1,2 ; j  = 3, 4, 5, 6, 7 )*

F1~ (i = 1,2; .1 — 3, 4 , 5 , 6 , 7 , 8)

are the displacement using equation 2.5.

2.5 Linearization and Solution of Equations.

The set of equations derived above is not only large, but

also nonlinear and therefore difficult to solve. The first sitnplifi—

—~~~
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ca t ion  comes from the assumption tha t ~ is small , and hence , 20

t h e  small angle approximation can be used ; i.e., Sin ~ =

Cos = 1 and Tan = . This assumption is supported

by data  reported by Bhalla and Simmons (1969), in which they

show the max imum rotat ion , in the sagital p lane , of the C7 and

Ti ver tebrae to be less than 10 degrees. The small angle approxima tion

el iminates  the nonl inear i ty  resul t ing from the t r igometric funct ions .

Following this  simp l i f i c a t i on, Newton ’s method is app lied

to the  equat ions.  Each variable is rep laced by an ini t ial  guess

af the variable value p lus an error;  fo r  example , x23 is rep laced

by x 23 + ~~x23. If the assumption is made that ~ is small ,

and a l l  the  other ~~ variables are small , then all second and

hi g her order delta terms can be neglected . The equations can

then be rewritten to solve for the delta variables. The force

equations can be written :

(2.14)

L F.~~ —i: ha~~ + b~~ (~~~~~3b )1L~~~

= — -+- 
~~

- ( -
~
-

•1- b3~ ( C ~,~~~)I- 
~~3~)

where: i = 1, 2

j  = 3, 4, 5, 6, 7



-~ .

21The func t ions defining the curves representing the articulating

facets become :

(2.15)

~~~ ~~
(
~ -~))~~~ ~~~~ =

~~~ %
(
~~

_
~~ ) 4 A ~

1=’

wher e : x = x 3  or x 32 ~~~~

Y Y 3 or y23 ~ ~~~~~ t I v e l y

I = 1 , 2

The constraint equation becomes :

(2.16)(i#si)~~~ (s~~) — ( S 3 - 5~t)

4(i~ s i)—~ (4-’) a,. ~~-i.) 
~~~~~~~~~~~ ~~~32~

where: 

~~~~~~~ ~I

S2 ~Z c~~-’ )(~~-’) ~~~~~~~~

, a2~~ ~~~~~~~~~~4=’

+(~~~
-2)

~~~2~~~~~~
’)

~~~ ~~ 3~~~) 
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S3 ~~~~~~ (4’ - 1) ( ~~~-2 )  a-,~ L 1i~2..3

S’t

The resulting x—displacements are shown by equation 2.17, and the

resulting y—displacements are equation 2.18.

(2.17)

— ~~~ c~( ) L ~ / .9- (~~~~~~~~~~~~r~~~ ÷ £1~~c 3L

+

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— ~~~~~~~~~~~~~~~~~~~~~~ 
~~~L.3 — (‘~~~~- ,%(.2A)~ Q (~-)

— II # ~ 
— 

- . -- . 
-~~~~-—~~~~~~~~~~-
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(2.18)

- (s-~~~)il~~ 3 — (~~~~~)L112.3 ~(1) 
~~~~~~~~~3L

Q(i) ~~~~~~~ 4.[(%(2,~~) # .
~c~~~~~~) ~~~~~ ~ (~~~~& ) --b )  s ] i~~=

~~~~~~ ~~
) ~x~3 4- ( c .~~~) ~~~ — ( c ~~ — 1 (~~ ~ Q (~)

- (-~~~~~~~~~ 2~~))c~(~ ) — 

~~(~~~) 
~~~~~~~~~~

IL)~

where: d1i. = ~c displacement

= y displacement

Q(1) = Sin 0~

Q(2) = Cos ~
( — ~ Sin C~

i = 3, 4, 5, 6, 7

The equations for the x and y components of normal contact force

on the facets are equations 2.19 and 2.20 respectively.
(2.19)

~~ 
(ss ) - F~~ ((sc) c~~~-o 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

z ( s ~~~~~~~ d~~~~~~~~~~~ ( ~- S !~. )L 1 r~- =

~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 4-
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(2.20)

[F~~ ~~~ - F~~ ((~ s) ~~~~~~~~~o( — ~~ ~~~~~~~~~~~~~~ £~~~~c~<

~~~~~~~~~~~ f~~~ S6) ÷ 1) t1 F~~~ — ..Z F~ ((st) s~~~~~& —

~ (~~ ) ~~~~~~~~~~ S~~~~~~ o< ÷. C~~~~o )  /..~ F~. =

- F~~ ((�~~~3 s
,
) ~ F~~ ( sc) ~~~~~~~ -

2. C� 
~
) 

~~~~~~ 
c~~ -~~ ~~~~~~ i-

Cc )  - (~ ~~~ -,
~~/

~~~~~~~~~~
S (4’-I)(~~-I) a,~ ~~~

.~ir= ’ /

~s (~ ) ~~~~ (~‘-i) ~~~ 
(
~‘ -L) .~~ Li “~~

5(8) (.~
‘ - I) 

~~~~ 
~~~~~~~~ ~~
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The remaining 6 equations are those derived from the sum of the

forces and moments on each body. Equations 2.21, 22, and 23 rela te

to body 2 and equations 2.24, 25, and 26 relate to body 3.

(2.21)

~i~1F,~) — Lfl- ,~

— ro, 2 )  
~~ 

- 
~~~~~~~~

- -
~~~~~~ 

-
~~~~7 -

( 2 . 2 2 )

4 F(i ,z) - ~~~~~~~~di ~~ ~~~~~~ t’ 4 #~~~ ~~~~~ F~~7 =

~~~~ ~~~~~~ ~c) ç 
~~~~ 

—

( 2 . 2 3 )

3~~~~~~ 
~~(i~~ç) ~~~~~~~ ~~~~~~~~~~ ~~~~

~~àF~~ ~~C ( l , ç)) 
— ~~~~~ ~~~~ ~~~~~~~~ ~~~~~~~~

~~~i3 ~~~~~~ ‘~ FL~’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
L14aL3

7
F~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

4- — (~~~ a , L )  #
~~~~ 3

_ _ _  ~~~~~
.__________

_ _ _ _ _ _ _ _ _
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F1~~ +~~ F~~ +~~~~~~ 4~~ F17 +~~ F1~ 

(2.24) 
26

— F(~ 3~-{_ F~3 F~, + F%5. +I~~ + F17 +F~~]

(2.25)
L~ F23 ~4- —

~~~F~~ liFL~~~ ~~F~7 1- ~ F~~

— 

~ 
(
~-~~ - + - 

~~~ 
— - F27 +F~~]

7 (2.26)E (s 9~ F~ 4- SLO~ t~F~~ ) —
~~~~~~~ 

(s~~~~F

~~~~~~~~~~~~~~~~~~~~ + (xx t Q(z)-yy~q(1))~~ F~

- Q(~t)F~ ) L~ ~~~~~~~ 
— (Qu F~ ~~~~~
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~~~~~~ 

~~~~~~~~~~~~

• 

~~~~~~~~~~~~~~~~~~~~~~~~~~
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-
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-
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If the 31 equations generated from equations 2.14 through 2.25

are put into matrix format , Gaussian elimination with pivotal

condensation and back substitution can be used to solve for the

delta variable values. The initial guess at the variable is adjusted

by the del ta value and the process is iterated until the delta
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value becomes small. When the ser ies of iterations is completed ,

the input values are incremented for the next time interval

and the whole process is repeated for as many time intervals as

desired . The initial guess can be obtained by solving the static

problem at time equal to zero, and the solu tion for the last

time interval is used as the initial guess for the following

iterations.

A l ist ing of the computer program to carry out the i terative

solution is included at the end of this dissertation .
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CHAPTER III

EXPERIMENTAL CHARACTERIZATION OF LIGAMENT MATERIAL PROPERTIES

3.1 Background .

As stated in Chapter I, there are very limited da ta published

which descr ibe the mechan ical response of the human sp inal ligamen ts,

and the data that are available deal only with the lumbar reg ions

of the spine. Akerblom (1948) ran some experiments in which

he r emoved the pos terior arches f rom a series of lumbar ver tebrae

such tha t the arches and spinious processes were a ttached only

by the intersp inal and suprasp inal ligaments. The series of

arches was then suspended and loaded with a series of weight

up to 40 kg and the resultant deflections recorded . He concluded

that the ligaments are nonlinearly elastic up to 20 kg of load ;

however there is no t ime informa tion recorded , so in essence,

what is reported are the end points for a series of creep tests.

In addition , no d imensional informa t ion on the test specimens

is reported and therefore this data was of no use in the present

effort. Nachemson and Evans (1968) conducted experiments again

using the ligaments of the posterior column between the third

and fourth lumbar vertebrae . They report a nominal stress vs.

strain plot which is of similar shape to the data I generated .

Two problems exis t wi th these da ta: the lack of any d imensional

data on the test specimens and the ambiguity in the strain

rate used , whi ch is repor ted to be “+0.33 m m . ” and “0.33/mm .”

Either the authors neglected to report units or the 0.33 m m .

was the time period during which the load cycle was app lied in

L ~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



which case the claim of a constant strain rate is erroneous .

The best data found in the l i tera ture  were reported by Tkaczuk (1968)

concerning his investigation of the tensile properties of the anterior

and posterior longitudinal ligaments of the human lumbar spine.

He conducted tensile tests with both intact ligaments and identical

test  specimens cut from the whole ligament wi th  a cross sectional

area of 1 mm2. He reports test specimen dimensions , yield and

failure loads , as well as load vs deflec tion da ta for  tests run

at a constant loading rate in which the specimen was cycled from

0 to 500 gui in 35 sec. His curves are similar in shape to my

results and a comparison will be made later in this chapter.

3.2 Experimental Approach .

Because of the very limi ted da ta on spinal ligament response

properties, an experimental effort was conducted to generate

some experimental results on test specimens taken from the C6—

C7—Tl region of the sp ine . Onl y the  an te r io r  long i tud ina l  ligament

(A.L.L.) and the posterior longitudinal ligament (P.L.L.) were

tested .

The initia1, approach was to conduct relaxation tests with

the hope that a relaxation modulus could be established. With

these data, linear viscoelasticity theory such as presented by

Flugge (1967) could be used to characterize the ligament dynamic

response. Three specimens (C6—C7 A.L.L.; C6—C7 P.L.L.; C7—Tl

A.L.L.) were used in a series of nine relaxation tests ;  the results

of which were totally confusing. The load vs. time p lots were

typical for a viscoelastic material, however there was no correlation

in the data for a given specimen tested at d i f fe ren t  magnitudes 

. -..--- - . -~~~~~--.. .
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of deflection or for different specimens tested identically.

At the time , the reasons for  the confusing results were not obvious ,

and it appeared that to continue with this approach, a much more

extensive test series requiring a large number of test specimens

would be necessary. The required number of test specimens was

not available and it was decided that such an extensive character-

iza tion of ligamen t mater ial proper ties was beyond the scope

of this e f f o r t . Hence an alternative approach was taken.

Since most neck injuries occur during accidents where the

loading is app lied over a t ime interval lasting only 100 to

200 millisec. ,  it was decided to conduct tensile tes ts  using

relatively high loading rates.  In doing so , the resulting data

are restr ic ted to this loading regime , and any model in which

it is used is likewise restricted . With this approach, it was

hoped that  the response of the ligament , both during loading

and unloading, could be charac ter ized , and tha t the e f f ec t of

the loading ra te, if any , on the response could be determined .

From X—rays of the author ’s neck , the deformation of the

anter ior  and posterior longitudinal ligaments during normal motion

was determined to range up to 0.1 in. From this fact , and usin~

the 100 to 200 mullisec. t ime interval, which was determined

from a perusal of reports dealing with human volunteer tests,

the loading rates were chosen . Referring to Fig 3.1, the load

was app lied in a triangular pulse where ~~e varied from 0.03

in. to 0.10 in . ,  and ~~t was set to g ive the desired loading

rate. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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z
0

H

~~~ At  TIME

FIGURE 3.1 — SHAPE OF LOADING PULSE

The following procedures were followed throug hout the tes t ing

program . The n ight  before  a test , the sp inal segment , f rom which

the  specimen would be removed , was moved f rom the storage f reezer

to a r e f r igerator  to thaw o u t .  In the  morn ing ,  the segment was

X—rayed and the specimen was prepared as descr ibed in Sect ion

3.3 below , and loaded in the ~~~~ f i x t u r e  which is described

in Section 3.4. The fixture and specimen were then wrapped in

mo ist gauze and sealed in a plastic bag to prevent dehy dra t ion

of the specimen. Following the  above procedures , which were

conduc ted at the Aerospace Med ical Research Laboratory, WPAFB ,

the test fixture was then taken to the University of Dayton Research

I n s t i t u t e, where the ac tual  t es t s  were conducted .

~ 

---~~~
--

~~~~~~~~. . .  . ~~~~~~~~~~~~~~~~~~~
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In the following sections of this chapter is a description

of the specimen preparation, the test fixture used to hold the

specimens and finally a de tailed descr ip tion of the test parameters

and resul ts .

3.3 Test Specimen Preparation.

Afte r  the thawed spinal segments had been X—rayed (Figures

3.2 , 3.3 , 3.4 and 3 . 5 ) ,  the poster ior  arches were r emoved by

cut t ing through the pedicles of each vertebrae with a band

saw , as shown in Fig 3.6 , cuts 1 and 2. A f t e r  extraneous material

was removed f rom the top and bottom of the segment , a lateral

cut was made throug h the vertebrae bodies shown in Fig 3.6 as

cut 3. Following this cut , the intervertebral disc and any other

remaining sof t t issue was surgically removed using care no t to cu t

either of the longi tudinal  ligaments .  This procedure produced

cut #1 cut
I

\ /z~~3~~~\ /
— cut 113

°

~~~~~~~~~i~~~~~~~~

’0

FIGURE 3 . 2  — SPECIMEN PREPARATION - SAW CUTS
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F1 ;URE 3.3 — X—RAY —- SPECIMEN 1IX ANT) 12X 
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FIGURE 3 .4 - X-RAY -- SPECIMEN 13X ~~~~ l4X 
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I,
FIGURE 3 .5 — X—RAY -- SPECiMEN l5X AND 17X 

- .. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~-
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FIGURE 3.6 — X—RAY —— SPECIMEN l8X , l9X , 20X AND 21X 

~~~--, -- --~~~~-- --~~~~~ --—,~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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two specimens consisting of either the anterior  or posterior

sections of two adj acent vertebral bodies connected by the anterior

or posterior longitudinal ligament respectively. Fig . 3.7 shows

both an anterior and posterior specimen prior to having the inter-

vertebral disc r emoved .

3.4 Test Fixture and Equipment.

The test f ixture developed and used for these tests consisted

of two aluminum blocks milled to have a lip along one side; parallel

to each lip was attached a semi—circular bridge which was drilled

and tapped for four screws at various angles. A sketch of a

single block is shown in Fig. 3.8. The two blocks were positioned

such that the sides with the lips were butted together and the

blocks were held in position during handling with straps bolted

SB
~~~ a

~~~~~~~~~~~ ,.e.,.?.~

FIGURE 3.7 - TEST SPECIMEN PRIOR TO REMOVAL OF DISC 



_ _ _  _ _  -....~~~~~~~~~~~~~ -.

39

_ _ _  _ _ _ _ _ _ _  

__Ji. 0.10 in.

~~~
[ N i i i  

_ _

VIEW A-A

FIGURE 3.8 — TEST FIXTURE
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along the sides. The ligament specimen was posit ioned in the

j ig  with the f l a t  sides of the ve r t eb ralbod ies  agains t  the block

and under the brid ge with the lips pro truding be tween the two

body segments. The specimen was then clamped between the blocks

and four  aluminum pads which were t ightened down with four of

the screws in the brid ge. The surfaces of the pad s as well a~

the contact  sur face  of the blocks were knurled to prevent  slippage .

Fi g . 3. 9  and Fi g .3 . lO  show the j i g wi th  a specimen , loaded in

the tensile machine. A f t e r  the j i g was loaded in the machine

by means of two bolts in the back of each block , the straps wer e

lossened and the f i x t u r e  and specimen were sealed in a p l a s t i c

sleeve as shown . Though not pic tured , the specimen and f i x t u r e

were wrapped in damp gauze to ma in ta in  a high h u m i d i t y  e n v i r o n m e n t .

The test  equipment used is l is ted in Appendix A. The displacement

vs. time data during the pre—test calibration and the  load vs.

time data  dur ing  tests  were recorded on the Biomation Transient

Recorder then played back on the X—Y recorder. The osc i l loscope

was used as a back—up data system .

3.5 Test Results.

The true loading rate was not a perfect triangular pulse

as shown in Fi g. 3.1 due to limitations of the ‘IT S machine used :

however , prev ious to each day ’s tes t in g the mach ine was calibra ted

and deformation vs. time curves were recorded . The top of the

triangular pulse tended to be rounded off. Table 3.1 pr ov ides

the i d e n t i f i c a t i o n  and the dimensional data fo r  each specimen ,

and A ppendix B l i s ts  the parameters  fo r  each t est .

-.4
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I

FIGURE 3.9 — SPECIMEN LOADED IN FIXTURE

1•

FIGURE 3.10 — FIXTURE IN TENSILE TEST MACHINE

L _ _ __ __ _
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Table  3 .T

Spet imen I d e n t i f i c a t i o n  and irlensit zis

Specimen Li gament Width* Depth* Length** Int€ rv t rt e r,i .1
Number ( i n . )  ( in . )  ( i n . )  Hei ght  a t

______________________________________ Cut ( in . )***

llX C6—C 7 , A . L . L .  0 .669  0.110 0 .27  0.14

l2X C6— .7 , P . L . L .  0.384 0.140 0.26 0.14

13X C7;1 1 , A . L . T . 0.638 0.089 0. 26 0.17

14 X r7_ T 1 , P . L . L .  0.409 0.095 0 .21 0.17

i5X C7—Tl , A.L.L. 0.402 0.059 0.23 0.18

l7X C7—Tl , P.L.L. 0.337 0.087 0.22 0.18

1SX (:6— (:7 , A .L.L. 0.551 0.067 0.31 0.23

19x C7-rl , \.L.L. 0.630 0.055 0.26 0.14

20X C6—C7 , P.L.L. 0.260 0.055 0.24 0.23

21X C7—T1 , P.L.L. O.36f~ 0.057 0.21 0.14

* Mea surements were made ~•,‘ith a caliper at the time of specimen

preparation , and since the t i ssue being measured is sof t , the r e su lt  i n~

measu remen t s  a re  subjec t  to some v a r i a t i o n  in measurement  t e c h n i q u e .

** Measurements were made on X—rays of spec imens taken prior to

specimen preparation , and a re  nominal  l e n g t h s  measured between

the prominent margins of the vertebrat .

*** Measu remen t s  a re  taken from ~ —r a ’s at t li ~ p o i n t  where t h e  l a t e r a l

cut was made d u r i n g  specimen p r e p a r a t i o n .

A~ s t a t e d  in 3 . 2  above , the deflection of the longitudinal

l igament  ~
- dur  I ag norma l not ion wa d& t ~rmined to h~ a;~prox I nat ~ 1 v

0.10 In .  , and t a i s  was used as the a~, ru in t h i  I ~~~t ion  during



r h o  e a r ly  t e s t s .  I t . was uiscovertd ;t te r the first se.~ i- ;il t2 sts

that vf~ lding was o c cu r r i n g  w. 11 hel. ;i, La 0.1.0 1 .

In foct , v ±1 d n~ occurred t ext en i ang bet~;een 0. 5~) and 0. i

in .  in t ’ e 15X specimen t h e  in i t ia l ~xtension was 
I) ,50  in. ,

and in all fo l lo w ii i g  t ests  the i n i t i a l  ex t e n s i o n s  wer e  0 .30 i n .

Therefore, data r em specimens lIX through 14X art not used except =
in compar ing y ield load s and stresses with those of Tkaczuk (1968).

However it should be noted t h a t  tests conducted after yielding

occurred , and at maximum extensions equal to or less than those

in which yielding occurred , gave v e ry  r epea tab le  r e s u l ts .

Another p henomenon was i l  so d i s c o v e r e d  durine the analysis

of the test data , and  fo r  illustr ati on , Fl g. 3.11 Lan oug li 3 .16

show load vs. deflection curves for tests using specimen 17X. Fig. 3.11

shows good repeatability her.ee n t e n  identic a l tes ts which were

conducted at the hi gher de~ lict ion rate of 1.0 in./sec . Fig.

3.12 shows a comparison between tests at two differ e nt loading

ra tes  which  r e su l  t in d i  f f r t n t  c1iap ~ cu rves .  The J owi r ex tens ion

rate of 0.5 in ./ sec . appears  to h . i v &  less  h y s t e r e s i s  in i t s  response ,

as well as a lower magnitud e dur ing t~ e positive loading portion

of the load cycle . The curve at the lower loading rate is also

r e ge a t a b l e  as shown in Fig. 3.13. h owever in t h e  fol lowing test ,

number 175 which Wa S at th e hi gher r a t e , t he  loading curve fo l lows

the loading curve of the p r e v i o u s  tes t  which  was a t  t he  0 .5  in ./ sec .

r a t e .  See Fi g. 3 .14.  Similar  response is seen aga in  in the  fo l lowing

tes t s  shown in Fi g. 3 .15 and 3.16. I t  is concluded tha t some

permanent damage must have occurred during the lower load ing

r a t e  t e s t s  f rom w h i c h  t h e  specimen d i d  not  r ec o ver , and t h e r e

—.4
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r i d s  I d e e re dit io n in the sp irue n  c h n i r i r ~c :1 s r  ie s  et

t s t ~ as sr i  b ~ ci ii b~ . r l p i i r i n r  ~ . 3 .11 and 3 .1 ~ . ib is ~ecueiice

‘i r e sp en s e  was t v p i . a i . duriug all tests in ’ th e l a t t e r  i r t  ion

f the t e s t  er o c i n n i .

1I,l es 3.2 , .3 .3 ar i d  3 .5 show ii b r i e f  compar i son  between

d at a  g e n e r a t e d  in th is effort and these of fkac:~u< (l9be . . As

wo u l d  he e x p e c t e d  , I he I ig r nin& ni ts Tlwi zuk used from the lumbar

sp ine are I ~i rger , 
1now eve r , his vi eld loads are  soruewha t lower .

t is difficult to cal culate real yield n r sses , t h o u g h  a c rude

, i l c u l i t i o n  does y ield stresses w h i c h  a r  ‘t t i e  sarr i order of

w a g n i t u d e  . In a c u r s o ry  compari son o f l o a d — d e f l e c t  ion d a t a ,

m t  I unihar i i  r am e n  t s apses r to c l eS S  st i f f t. r a n  I be se f r o m

t he c e r v i c a l  sp i n e  t~~~ t e d  in t h i s  e f f o r t , h i n t  a i l l  of t h e  satin

or d e r  of ma n ’n i t u d c .  Th is  f o l  lows log ica l ly f rom the  y i e l d  1 ad

compa rison above h o e r v r , there ire  too many va riab les arid in-

s u f f i c i e n t  d a t a  to e s t a b l i s h  t h i s  as a d e f i n i t e  c o n c l u s i o n .

Ta bl e  3 .2

A v e r a g e  P i n t n s i o n  f o r  Longi  tu d  inal  L i g a m e n t s

__________________ _____________ 
\~‘i d t h  ( i n . )  T h i c k n e s s  ( i n . )

Tkaczuk (1968) A n t e r i o r  0. 302 0.064

Poste rior 0.525 0.047

Current Effort Anterior 0.528 0.060

P o s t e r i o r  0 . 3 2 1  0.066
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Table 3.3

Ligament  Y i e l d  l oads

Test Number 
— — 

Ligament 
______ 

Y ield Load (ib)

111 A .L.L . 13 2

121 P . 1 . 1 .  98

132 A . L . L .  168

141 F.L.L. 95

179 F. i ..L. 96

187 A .L.L. 134

204 P.1 .L. 8f

217 P.L.L. 98

Average ,\.L.I. 138

Average P . L . L .  94 .6

Table 3 .4

Comparison of Average Y i e l d  l oads

Yield l oads (Ib)

P.L.L .

Tkaczuk  (1968) 5 7 . 3  36. 2

Cur ren t  E f f o r t  138 94 .6

In concluding this chapter , two observations should be

mad e. First , t he  l o n c ’ i t u d i n a l  l i g a m e n t s  in v ivo are long ,  c o n t i n u o u s



52
bands of f i b r o u s  m a t e r i a l .  This  condi t ion  was not maintained =

d u r i ng  t h i s  e f f o r t , In tha t t he  ligament was severed on both

ends of the  specimen . Pr ior  to tes t ing the. ligament , bundles

app eared tig htl y pa cked and allowed v er y  l imited lateral  or a n t e r i o r —

posterior motion between the two vertebrae body segments. In

c o nt r a s t , a f t e r  t e s t s  had been comp le ted  on a specimen , the ligament

was looser , appeared to be t h i n n e r , and considerably more mot ion

was poss ib le  between the  bod y segm e n t s .  This  observat ion is

not  su rpr i s ing  in tha t y ie ld ing  had occurred and hence the ligament

should appear s t r e t ched . However , the  p o s s i b i l i t y  also exists

tha t t he re  is f a i l u r e  in the adhesion between f i be r s  w i t h i n  the

l igament bundle p a r t i c u l a r ly  a t  the  t r i ma r y  a t t achm ent  points

on the  ve r t eb rae  bodies.  P r io r  to any f u t u r e  t es t s , t h i s  problem

should be investigated and a possible a l t e r n a t i v e  to sever ing

the ligament considered . The second ob se r v a t i o n  tha t should

be made was on specimen 1lX. Fo l l owing  t e s t i n g  of t h i s  specimen

and removal from the jig, a failure was discovered and is shown

in Fig. 3.17 and 3.18. The ligament was severed at approximatel y

the center of one vertebra hod~’ and t e  attachment to the hone

was sheared between the point of failur e and the marg in. It

was impossible to determine ~‘hIch failure occurrred first , and

it was the oni y time during the testing that such a failure was

observed . Since the d e f l e c t i o n  in  test 118 was 0.15 in., which

was the  onl y time th is  large a def lec tion wa s used , it is

concluded tha t  the  f a i l u r e  occurred d u r i n g  the final test on

this ligament. The oscilloscope trace shows the load to peak

pr ior to the maximum deflec t ion; however , there is no sudden 

— —
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drop in the  load curve as would he expected fr o m  the observed

f a i l u r e .  T he r e f o r e , it is concluded t ha t  the  fa i l u r e  In i t i a t e d

at  an ex t e n s i o n  of 0.13 to 0.14 in .  and occurred over a period

of 10 to 15 rnillisec .
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CHAPTER IV

CONST I TUTIVE EQUATIONS

4 .1 A n t e r i o r  and Poster ior  L o n g i t u d i n a l Ligament  Response .

Following the experimental effort discussed in Chapter III,

the next effort was to express the ligament response by some function.

The first approach was to use a h e r e d i t a ry  in tegra l , as is used

in classical viscoelasticitv , with an assumed series of exponentials

for the relaxation modulus. This approach p~~ supposes tha t the

material is linearly viscoelastic , which was no slieved to be true.

Therefore , a th i rd  order pol ynomial was superimposed on the  h e r e d i t a r y

integra l , to  at least account  fo r  nonlinearities in the response as

a func t i on  of deflection. A least squares  curve fit , as discussed

by Homniing and Feigenbaum (1971) and McCracken and Dorn (1964),

was then app lied to each set of test data to determine the values

for the arbitrary constants in the response function .

Th e func tion s wer e then p lotted and compared to the test data.

The representation of the response in a iziven test by the function

whose constants had been derived from fitting that particular set

of da ta was excel len t ; however , difficulty arose in choosing a

representative set of constants. There was no obvious trend in

the constants even when test data from different tests on the same

specimen were used .

As a resul t of this d i f f i cul ty, the function expressed in

Chapter II as equation 2.1 was investigated . The third order

polynomial would account for the nonlinear responsE , dependent

on the magnitude of the deflec t ion , and the (xx) term prov ided a

velocity dependence , which is characteristic of viscoelastlc materials.
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If the 3 isp I : l c i r I c s  t was a p e r f e c t  I r i s i ren i i  r pulse as shown in

[‘ig. 3 .1 , l i i i  r e sp o t i s i  o f  t ine t i n t 0 would he as shown in Fi g. 4.1.

If tine apex of t h e  load i r i g i)ulst is rounded  o f t  , as was t i l e  ca se

dur ing  the experimentaL work , ti r e p o i n t s  of t i n  response curve would

also be rounded as shown by the dotted tines in Pitt . 4.1. This

shape curve sl owed pot eat  Li i  for Sc I i e s5t1 t ing t i c  x i s  r imen ta  1

results.

—.~

D L I I  l i  I I

I I CURE 4. 1 — g i S t  Ni ~ I I t t  TR I AN ~~t 1 i A R  iA)Af) PULSE
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The ar b i t r a r y  cons tan t s  were again de t e rmined  by us i ng a

least squa re f i t  o f t he da ta , and fo r t h i s  funcnon t h er e  was a

definite trend in the resulting numbers. Hence , i t  was decided to

u se equa t ion 2.1 in the model , as was done in (hapter II. The

problem then arose of just which set of constants to use , since there

was variation in the actual numbers resulting from variations in

the experimental results , which were discussed in Chapter III. It

was decided to arbitrarily choose four tests , one for each ligament

and at each loading rate , which gave numbers f r r  the constants that

were representative of the general trend . Tests 173 and 175 were

choosen for the posterior longitudinal ligament and tests 184 and

185 were chosen for the anterior ligament. Table 4.1 shows the

values of the constants derived from each set of test data , and the

average values for the P.1.1. . and A . L . L .  which were used in the

model.  Fi gures 4 . 2  through 4 . 5  show the comnarison between the

fitted function and the actual test data. The functions plotted in

these figures use the constants derived from that specific set of test

da ta .

Table 4.1

A r b i t r a r y  Co n s t a n t s  for  Ligament  Response Funct ions

Test A1 A 2 A3 A 4 A 5

A.L.L. 184 2.37 541.91 17791.86 —22947.06 176.01

185 2.51 437.51 18645.61 —26515.03 303.44

Average 489 18218 —24731 239

P . L . L .  173 7 .94  1209.3 30350.37 —219646.08 190.76

175 7 . 2 0  1153.68 21468.22 —200416.12 335.34

Average 1181 25909 —209831 262

k ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ .. 
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4 . 2  I n t e r v e r t e b r a l  Disc Respon se.  
62 

=

The same func t ion  used for  the ligaments is also used to char-~

ac t er i z e  the  response of t h e  i n t e r v e r t e b r a l  disc . This was f e l t  to

he a reasonable  a por o a c h  s i n c e  the disc  is considered , in the

l i t e r a t u r e, to be v i scoe las t i c, and the data of Markolf and Morris

(1974) show the response to be non l inea r .  A least square f i t

of the da ta  ~.‘as used to e s tab l i sh  the  cons tan ts  in the disc response

func t ion and those  numbers are l isted in table 4 . 2 .

Table 4 .2

Cons tan t s  for Disc Response Func t ion

Constant  Value

A 7 .52
1

A —4 34. 23

A 296913 .79
3

A —768274 .25

A —
5

Markolf  and M o r r i s ’ s d a t a  do not include a hysteresis loop

as was c h a r a c t e r i s t i c  of the  l igament response , t h e r e f o r e , no value

fo r  A 5 is d e t e r m i n e d . Wi th  h igh s t r a i n  ra tes , wh ich  are assumed in

the present effort , i t  is f e l t  t ha t  the c h a r a c t e r i s t i c  hysteresis

loop w i l l  also occur in the disc  response , and t h e r e f o r e  the value of

~~~~ der ived fo r  t h e  p o s t e r i o r  long i t u d i n a l l igament  is also used in

the d i s c  response f u n c t i o n . Since the  disc s t i f f n e s s  is higher

than  t h a t  of t i n e  l i g a m e n t s , t h i s  shou ld be a conserva t ive cons tan t

fo r  t he  v e l o c it ;  dependent  t ern ’ . When the f u n c t i o n  for the disc is

inpu t to t h e  model in C h a p t e r  V , the  c o n s t a n t s  are also ad jus ted  to
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account fo r  the f ac t  tha t they are based on da ta  fo r  the  discs  of

the lover thoracic and lumbar sp ine. In thi s region of the spine ,

the discs are considerably larger than at the  C7— Tl level , and a

rationale for  ad ju s t i ng  the values of the cons tan t s  is pr v ided in

Chapter  V .
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CHAPTER V

PARAN ETRIC LFSUI. ’fS

5.1 initial Solution.

In order to start the iterative solution discussed in Section 2.5,

an i n i t i a l  guess must  he made f o r  the 31 va r i ab l e s .  The values for

t he  i n i t i a l  guess were determined by solving the static problem at

t ime equal  to zero .

The ve r t eb ra  g e ox r e t r v  and i n i t i al  i J irp lacement s were de te rmined

by measurements  mad e on a l a t e r a l  x—ra y  of the  author ’s neck , and the

app l ication of the appropr ia te  m a g n i f i c a t i o n  f a c t o r  to the measured

values.  These measurements  r equ i red  the  f i x i n g  of the appropr ia te

coordinate systems to the C7 and Ti v e r t e b r ae .  Nex t , a c o n ta c t  point

between the articulatin g facets was assumed and the position of that

point was established . The x—ray does not clearly show the

contact  point , and t he r e fo r e  it had to be assumed . The variables

X23, Y2 3 , x32 , Y l 2 , ~~ and all the component disp lacements between

the a p p r o p r i a t e  p o i n t s  on the two bodies are now known.

At th is  point , some assumpt ions  had to be made.  F i r s t  a

preload of 5.0 pounds was assumed in all the  li gament e lements

of the model , and second , pa rabo l ic  cu rves  were assumed f o r  the

a r t i c u l a t i n g  f a c e t  s u r f a c e s .  Also , a v e r t i c a l  load of 12 l b .

and a moment of 8 in. lb. were app lied to C7 to r ep resen t  the

static loads of the head and neck above C7. Data of Clauser

et al. (1969)were used to make these estimates. W i t h  t h e  known

d i sp lacements , the components  of f o r c e s  F5, F6 and F1 can be determined

as can the directions of F~ F and F4 8. t.n th these assumptions

and the above geomet r ic  data , values for  a l l  the  var iables  are known , 

~~~~~~~~~~



except M2 and the  magn i tudes  of F3, F4 ,  F8, F ( l . 2 )  and F (2 . 2 ) .  
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Values of these remaining values can be de te rmined  f rom a s t a t i c

force  and moment balance.

Table 5.1 show the parameter for the first case investigated

and Table 5 .2  g ives parameters for  the second case. The second

case is ident ical  to the f i r s t  except the ang le ~~.. is rota ted

from —22 ° to —35 ° .

Table 5.1

In i t ia l  Condit ions:  — 22°  
___________________________

F5 = F 6~~r F 7~~. 5 l b

= 0 F8 = 6.843 lb . *

F3 = 9.257 lb. * M3 = 8 in. lb.

F4 = 11.003 lb. * M 7 = -13.495 i n . l h .

* Calcula ted  value

Table 5 .2

I n i t i a l  Condi t ions :  — 35°

FS = F € F 7 . . s lb

0 F3 = 6.2 lb.*

F3 = 7.531 lh. * M 3 = 8 in.  lb.

F4 14.44 lb .* M2 13.505 irn.lb. *

*Calculated values 
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The pa ramete r s  l i s t ed  in Table 4.1 were used in the  f u n c t i o n  fo r

the an te r io r  and pos t e r io r  long i t u d i n a l  li gaments (F 5 and F6) .  The

pos ter ior  longitudina l ligamen t constants were doubled in the

represen ta t ion  of l igament loads on tine pos ter ior  arch and sp inous

process (F 7 ) .  The i n t e r v e r t e b r a l  disc elements  were represented

using the cons tan t s  l i s ted  in Table 4 . 2 ; however , these values were

ad jus ted  based on d isc  cross sec t iona l  area data  publ i shed  by Yamada

and Evans (1970). The ratio of tine area of the cervical disc to the

area of t he  d i scs  f rom t h e  lower th o rac ic  and lumbar sp ine is 0.38.

The c o n s t a n t s  in table  4 .2 were  m u l t i p l i e d  by t h i s  f a c t o r , and then

divided by two since the disc is represen ted  by two loads in the

model.

5 .2  V e l o c i ty  E f f e c t s .

Fig .  5.1 shnm s t h e  loads  and moments  used as input to the model.

In the  f i r s t  case where O~ = — 2 2 ° , t h e  model was run both with and

without the x~ tern’ in t h e  functional representation of the ligament

and disc response .

Fig. 5.2, 5.3 and 5.4 show the results with and without the

x~ t e rm s .  There is v e ry  l i t t l e  change in the ang le of r o t a t i o n , but

there is a marked differ .~nce in the  r e l a t i v e  m o t i o n  between the

a r t i c u l a ti n c  f :~ce t  s u r f a c e s .  These r e s u l t s  d e m o n s t r a t e  t h a t  the

v e l o c i ty  dependence of the  l igament  and d i sc  response does have a

s i c ’n i f i c a n t  i n f l u e n c e  on the  r e l a t i v e  mo t ion  w i t h i n  the  j o i n t . It is

surpr i s ing  tha t  the ang le of r o t a t i o n  i s  not i n f l u e n c e d  more;  however ,

it should he noted that the magnitu d e of the r o t a t i o n  is very small.

This small ang le of rotation is partly due to tIne assumption made

when selecting the constants for F7 ,  whico represents the loads

—— , — . ~~~~-~~~ —~~~~~~~.-~~~ ‘ - —- .- - ~~~~~~ — - ~~~~~~~~ —~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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app lied to the posterior portion of the vertebra . If the values

of these constants  fo r  R 7 are too high , it could have a sign i f i can t

effect on the overall joint model. Therefore , the response of the

ligaments of the posterior  arch and spinous process remains an area

requi r ing  f u r t h e r  investigation.

Note that the resulting velocities and disp lacements of the

ligaments are similar in magnitude to those used in the experimental

work discussed in Chapter I I I .

5.3 Ar t icu la t ing  Facet Geometry E f f e c t .

Figures 5.5 and 5.6 show results  from the second case where O~

was ro ta ted  from — 22°  to —3 5 ° , and the constants for  the veloci ty

terms were set to zero. A comparison of Fig . 5.6 and 5.3 shows tha t

the relative motion between the a r t i cu la t ing  surfaces is of the same

general nature , i . e . ,  the curve shapes are similar ; however , the

magnitude of the relative motion is greater in the —35° conf igura t ion .

A comparison of Fig. 5.5 and Fig. 5.2 shows that the magnitude of the

ang le of ro ta t ion  is again small. tI p to 80 milli seconds the slope of

the ro tation ang le vs. time plot for the —35° case is slightly steeper

than in the — 22°  c;~se , and bo th  curves are nearl y linear . At

approximately 80 mil l iseconds the  curve for  the — 35 ° case s t a r t s  to

f l a t t e n  out which does not occur in the other case. Th i s  f l a t t e n i n g

of the curve would indicate that the more vertical orientation of the

artic ulating facets tends to limit the angle of rotation. These results ,

along with the results discussed in section 5.2 above, demons t ra te

the ability of the model to predict variations in the joint motion as

a f u n c t i o n  of geometric and material response parameters. Other

parameters which could be investigated by the model would include the 
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input loads and moments , the shape of the a r ti c u l a t i n g  face t  surfaces

and the f u n c t i o n a l  r e p r e s e n t a t i o n  of the ligament and disc response.
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two d imens iona l  model t o  three dimensions. 1 n a three dimensional

model , s u r fac e s  r a the r  tha ’ curves cou ld  be i n c o r p o r a te d  to realis-

t i c a l l y  r ep resen t  the  a r t i c u l a t i n g  su r faces , and the  a sy m m e t r i e s  im ~

the v e r t e b ra e  cou ld  also be con s i d e r e d .  ‘l ime same k i n e m a t i c

c o n s t r a i n t , as e x p r e ss ed  by e q u a t i o n  2 . 2 , would  be . used and r u t :

t h re e dimensional model would be similar to the  two d imensional

model excep t  the number of var !  eM , ‘.z and the rorrl’sllohldi, nh mmumrls . r

of equations would increase.

The one i n f l u e nc e  on th e  j o i n t .  moti mu which is n i t  cons i d e n  cd

in the model is t hat  of the  musc les .  M u s c u l a r  i n f l u e n c e s  wt - r e

not  i nc luded  because of the  d i L i c i i ] t y  of c l i a r a c t e r ! e in g  n m u s c l e

r e sponse.  A muscle response model , such i ;  I i  vi l op e d  by ~c o u t  in~

and Mains (1971) or Crowe (1970) ,  c o u l d  h o v e  h ’ t ’ :i i ncorpora ted  in the

model , bu t  the  muscular  i n f l u e n c e s  were c o n s i d e r e d  to  h~ beyond

tine sco i>e of this effort.

Though only the  C7—T 1 j o i n t  is cons ide red  m i c r o , t he  mode l is not

r e s t r i c t e d  to t h i s  one J o  j i l t , and i f  des !  ro d , eo.ild be used t i m  s tud y

o t h e r  levels of th e  spinal  co lumn . ‘ 1 1dm ; model or an analogous th ree

dimensional model provides a useful tool for tin e pnramo’t.ric study

of effects of the a n a t o m i c a l  e l e men t s  on the overal l motion of tine

human vertebral joint.
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APPENDIX A

Vector  Between Po in t s  On A d j a c e n t  Ver tebrae

The vector  between po in t s  on ad j acent  ve r tebrae  can be expressed
1kas Rmn where fl~~~II is the inferior bod y, “k ” is the  super ior  body ,  and

“rn” and “n” are the points  on the in fe r io r  and s up e r i o r  bodies

respectively. Coordinates of point .~ on the inferior body arc in

the (x 1,y1) coordimnate system , and points on the superior system

are expressed in the 
~~~l’~~kl~ 

coordinate s y S t e m .

Refering to Fig A .l , t can be written in the vector equation

as:

_ (A. 1)

wh ere~ r1 = vector from point (l,m) to tine contact point

between the vertebrae

~~ , = vector from the contact point to point (k,n)

Vec tors r and r
L are written:

(A .2)

~~~ ~ ~~~~~~ ~~~
-2

~/A

(A . 3 )

~~~
= C- 1

~A! ~~ ~~~~~~~~~~ 
(—  ~~~~~ ~~~ ~~~~~~‘

wher e ; ~~ . = ang le mt ’tween coordinates  f ixed  to t i n e  i n f e r i o r  bod y
(x ( l ,2),v(l ,2))=r origin of the (xlk ty lk

) coord inate system.

If is the angle between the (x lk ,y lk
) and the  (x kl~

ykl)
coord ina te  systems , can be express as:

-

~~ ~~~[(~~~‘)~j 4 j  ~~~~~~~~~~ (~~
÷
~~) 

( A . 4 )

+ (-
~~~~~+~~~( )) (~~~~~ (~~~~~f~~~~))]~~~~~ 
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APP}”JhI IX B

Test E qui pment

Loading Ap p a r a t u s

MTS Model 810 Ma t erial ‘res t  System , Including:

a. Model 311. 2 1 Test  J’ rn r n~’

b.  Model 204 .51  Hy d r a u l i c  A c t ua t o r

c. 1.ehow I lcm de l 3116— 103 Load Cell  Serial 986

din~~j~,is t rumon  L~ t i o n

Load Data

a. Preston Scientific t’ideband Floating Differential

Amp lifier Serial AC1693

b. B iomat i or ,  T r m i n s i e r m t I~ecorder Model  802 Serial 1621

c . H e w l e t t — P a c k a r d  M o d e l  136A X—Y Recorder  Ser ial 820— 0 1235

Load and Di sp lacement  ) a ta

Tek tron ix Type 164B S to rage  Oscil loscope Serial  B090125 , I n c l u d i n g :

a. ‘t ype C l ?  Osc 11lo~ c m t mt Ca me ra Se r Ia l  018315

b. Type 384 TIme I~ase Serial 005386

c. Type 3A72 Dual  T m - a ce  Amp l i f i e r  Ser ial  011431 

~~~
_
~

,_
_ —
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A J , P E i C J I X  C

1’~- mi t P:n rame ter s

Test e* t~ (Pro—stress) Initial Set**
Number (in.) (m. sec.) (lb.) (in.)

111 0 .10 100 22 0 .177

112 0. 10 100 3 .9

113 0. 10 100 2 .4

114 010 300 1. 7

115 0.10 300 0. 0

116 0. 10 100 0

ll i  0 .30  100 3 .7  0 .195

118 0.15 130 3 .9  0.!0O

12 1 0.10 100 0 . 1

0 10 100 I’ i~

1° 3 0 10 Ti S

124  0.10 100 . 2

125 0. 10 300

( ( . 1 0  300 4 .0

127 0 .10 50

128 0.10 50

131 0.10 100 6.8 0.103

132 0.10 100 7 .4 0.12

133 (1 .10 100 5 .0

134 0.10 100 3 .0

135 0.10 100 0

13n 0 .10 300 0

137 0.10 300 0

141 0.10 100 8.1

* For defi ni tiun , ~er F i g .  3.1.
** The I:.ii 1 set is equol to the t h i c k m ~ ss  of the  l ips on the t e st

fixture (0.14 in.) plus thc sep.m~ .-t r . ion between the halves of the
fixture bef ore t (,i t~~~~~.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _
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i c : l tit t ial St
- (in . (, .m .  m c (Th . ) ~i u .  1

0 . us on ~~~.

I ~ 3 0. 05 3 1  3

144 0 . i(  100 0

14~ 0,) 0 LOt’ C

0.1(1 (j o 1)

0.10 JOe 0 1

148. 0 10 300

0,U3 50 / .~~ 0.110

151 0.05 50 3 .6

153 0 .05  50 2 .!

154 0. 15 ‘00 2

0. 10 .0 2

157 0 .06 60 2

158 0. (10 120 1

159 0.07 70 1

160 0.07 140 1

0 1 0 .08 80 1

162 0.08 1,40  1

163 0.05 50 1 I t

164 0 . 13) 100 1

165 1 • 53 50 1

166 0.10 100 1 It

171 0.03 30 9 3  0. 140

17 2  0 03 30 ~ 9 U

173 (1 .03 ( 0  9 . (-

174 0.03 60 11.6 0.142 

-———,-- ‘



Test e* t~ ( P r e — st r e s s )  I n i t i a l  Set** 83
Number ( in . )  (m . sec . )  ( l b . )  ( i n . )

175 0.05 50 10. 6 0.142

176 0.05 100 8 .2

177 0.05 30 7 .9 It

178 0.03 30 7 .6 I t

179 0.10 100 7 .5

181 0.03 300 6 .3 0.159

182 0.03 30 4 .1

183 0.03 60 3.8

184 0.05 50 3 .5

185 0.05 100 2.8

186 0.07 70 2 . 3

187 0.07 140 1 5

188 0.10 100 1 I t

191 0.03 30 4 8 .4  0. 142

192 0.03 60 34 .8 It

193 0.05 50 30.4 It

194 0 0 5  100 2 1 8  II

195 0.05 100 19.1 I’

196 0.10 100 16.6 II

201 0.03 30 4 .5 0.163

202 0.03 60 2 . 7  II

203 0.05 50 2 . 5  II

204 0.10 200 0

211 0. 03 30 9.5  0.142

212 0 .03 60 7 . 0  It

213 0.05 50 6.6
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84Tes t e* t~ (Pr e—stress)  In i t ia l  Set**
Number (in.) (m.sec.) (lb.) (in.)

2 14 0.05 100 4 . 6  0.142

215 0 0 7  70 4 0

216 0 0 7  140 2 8

217 0.10 100 2 .4 II 

------ ~ ~~~~~ -—- -‘ - -—---- - ‘ ~~~~~~~~~~~_ _ _
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