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METHOD OF CALCULATION OF NONSTATIONARY
AERODYNAMIC CHARACTERISTICS OF A LOW-FLYING

WING WITH A CYLINDRICAL FUSELAGE

L.G. Tsvetkov

Department of A~nlied and eomnuter Mathematics

The article gives an account of the method of calculation

of nonstationary aerodynami c characteristics of a low—flying

wing of complex configuration with a fuselage in the form of an

infinite cylinder taking into account the nonlinearity caused by

the effect of the setting angle of attack of the wing and the

movement of ooint s of the surface of the wing with resoect to the

wing with nonstationary motion of the complex.

Let us examine the motion of a wing with a fuselage in a

nonviscous incomnressible fluid with a constant speed u0 in

oarallel to the  reference surface. Let us assume that the corn—

nlex accomolishes harmonic vibrations with low relative frequency

made up from the translational vertical movement and rotation

around the OX and OZ axes of the bound coordinate system OXYZ

(see the figure). Vibrations of the complex are accomplished

with resoect to the average position at which the axis of the

fuselage is parallel t’ the reference surface and is distant from

it by the magnitude ~~~~~~ , where B is the root chord of the

wing.

Let us reoresent the thin , slightly curved wing of complex

configuration in the form of a combination of olates and plans ,

and let us assign the geome try of the comolex by means of ,
~~~~~

-

asnec t ratio , i~~ — taper , ~~~~~~
— set ting angle of attac k, ~~~~~

-
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sweep angle of the leading edge , ‘y , - deadrise angle of the kth

olan of the wing , E :j — _  relative rise of the point of inter-

section of the root chord above the axis of the fuselage and

R:j - _ the relative radius of the fuselage .

Let us oresent the coefficient s of aerodynamic force and

moments of the lifting wing by coefficients of rotating deriva-

t ives In the form

t~~ tsçt.v , in1_m 1ç r n1v , ~~~~~~~~~~~~~~~~ (I )

where ~~q~t) Is the small increase In the trim angle of the

comp lex , ~~ Mt)- increase in the flight altitude , ~~~~(t) —

small increase in ~he bank angle .

The streamline flow around the fuselage , which has the form

of an infinite cylinder , vibrating above the screen , is modeled

by the system of dipoles with a constant (along the OX axis) in-

tensity with vertical vibrations and with an intensity changing

according to the linear law with rotating vibrations with resoe~ t

to the OZ axis. The position of the dipoles and their intensity

are determined by the principle of inversion with respect to the

cylindrical surface and the principle of mirror image with respect

to the screen , assuming in the first approximation the intensities

of the dinoles to be the same as those with vibrations of the

cylinder in an infinite medium .[l].

We find the speeds caused by vibrations of the inherent

fuse lage above the scr een at point ~~~~~~~~ ~~~~~~~~ of the bound
coordinate system by the method of successive approximations

according to the following equations in which all the linear

dimensions belong to the roo t chord of the w ing :
u1(t) — with translational vertical vibrations with velocity

W*i
_ o , w~1=~;~u~(t) , W 1~= e~~ u,~(t) , (~)
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with rotational vibrations with the angular velocity 21(t)

~~~~~~~~~~~~ v11=~~~IR 1(t ) ,  ‘w1~=i .b9 ,(t) , (3)

where -

~~ 
~~~~~~

. (i~~-i~~), =-Rt
~~ ~~~~ 4ç~_ (1j~_11T)~; 

-

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~

i;:&c~~ ( ’~~~a(IIa_ 1
~ ), p

~~= ( _ ~~~~
)

Z
+;~

The quantities and 17
~ 

entering into the velocity

exoressions are connected by the dependences

m~:—i n~ , m~
’
~~ . 1l~

: —(2k . rt~~), ~~~~~~

In the first approximation (y = 1) we must assume that

Th
41

4
1. I, i

~
1
1 — 0.

We model the vortex surface of the wing by the system of

oblique horseshoe—shaped vortices , and we assume that the free

vortices are are first located in the olane of the wing and

behind the trailing edge according to the velocity of the non—

disturbing advancing flow in parallel to the reference surface.

According to recommendations of work [2], we produce the location

of the horseshoe—shaped vortices on each plan of the wing and the

selection of the check points in which the boundary conditions on

the wing are satisfied. The numbering of the check ooints is

continuous for the whole right half of the lift wing ; the reading

is conducted in each olan , beginning from the first , along the
snan from the root to the end chord of the olan and along the

chord from the leading edge to the trailing edge , where Nk is
the number of vor ti ces locat ed along the span of the p lan, nk 

—

~~lL 
3
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the number of vortices along the chord .

To fulfil the boundary condition of sealing on the reference

surfac e, the - vortex system of the wing is mirror reflected with

resoect to the plane of the screen with opposite signs of the

vortices.

The fuflirnent of the condition of sealing on the cylindrical

fuselage with retention of the boundary condition on the refer-

ence surface is ensured by the successive inversion of each ~th

transformed horseshoe—shaped vortex and its image relative to the

screen with respect to the cylindrical surface and mirror image

relative to the reference surface [3]. The transformed horseshoe—

shaped vortex is obtained by the projection of the initial ith

vortex of the wing onto the plane which is parallel to the axis

of the fuselage and passes through the trailing edge of the plan .

As a result of a similar image within the fuselage , there is

available a number of horseshoe—shaoed vortices of the same in—

tensity as that of the ith vortex of the wing but having dif-

ferent parameters . Replacement of the initial horseshoe—shaoed

vortex by the transformed vortex with use of the method of suc-

cessive inversion is admissible in view of the small setting

angles of attack of the wing .

Parameters of the inherent jth transformed vortex C —

semispan , f~ — deadrise angle , ~ — sweep angle of the connected

vortex , ~ ‘ ‘Ii ~~~i-  — coordinates of the position of the vor-

tex In the bound coordinate system) are calculated In terms of

the initial geometric parameters of the complex in the following

way :
— 

a (4.~~)
I £ - ~~—~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t t ~~~~S~ j~+ X t ,tsS,, ,
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where

= + ~~~~~ , t~~ 
.L;(1~ ~~

p.’ p p.. : 
-

f~, tz~ k’~
4 

i ( 4 ) 
[It tAj ] , A~~~-(i—1 —En~N~), (4)

( 1Rz
~~

1
~ i,4w. ~~~ B ,

I 0 • W.&L4”~ I e ) ~ - R ,

when k = 0 we must assume that ~ — 0 a~J.. N.~ - 0; g — operat ion of
the separation of the fraction part ; (3 - operation of the

separation of the whole part of the number .

The conformity between the number of the vortex ~ and the

number of the nanel k, on which this vortex is located , is found

from the condition of the fulfilment of the equality

~~~~~~~~~~~~~~~~~~~~p rS

For an account of the change in velocities at the check

points of the surface of the wing owing to movements of

the latter with resoect to the vortices reflected relative to

the screen with nonstationary motion of the complex , the veloci-

ties induced by these vortices we expand in Taylor series with

resoect to the small narameters of the movement s and
and let us be limited to terms of the first order of smalln~’ss ,
so that in the case of the constant (in time ) circulation of

the horseshoe—shaped vortex (r,L(t) — u~Sr~ — cinst ) the value

of the velocity is determined by the equation

W -  Ui!j 
~~~ ~~~~~~~~~~~~~~~~~ . £~.!~ L) . (5)

With the harmonic law of the change in the circulation o~’

the vortex with time , the increase in velocities at roint.s of

the surface of’ the wing owing to their sn~n ll movements has a
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higher order of smallness , and the value of velocities is deter-

mined by a well—known manner (at values of the Strouhal numbers
tending to zero , ~—~ --.-0):

— with the sinusoidal law of the change in circulation of

the vortex

(6)

— with a change in the circulation according to the cosine

law (r,.(t)=u~~ r~~~s yt)

-. ~~~~~~~~~~~~~~ sLn pt . w. cos pt). - (7)

With the harmonic law of the change in kinematic parameters

of motion of the complex

~(t) j ~
’sa.n p, t , ~(t) ~& s~.n p2t , ~(t)= e~An p1t

the increase of the coordinates of the check roint in the coord~i-of the wingnate system connected with the horseshoe—shaped vortex refiec~ ed

relative to the reference surface have the form

M. fr ’( z .  S. L~
(’
~•V~ 

V.,)b~ç ~~~~~~~~ )tqt4 s~n fltos~~sut p4tt

.ah~tos 4~ si’t ~~~~~~~~~~~~~~~ k,)sui ~ L~p~t~ os~~ , (8)

c *(c .~~~in~j~s~np 4t+ Z ft Si.n ~j P~ SLIt p2t —

+

the increase in the coordinates of the cheek point in the

coordinate system of the vortices , which are a mirror image

with resnect to the screen of the vortices located within the

fuselage , has a s imple form

A Tj~~ ~~~ 51.11 p41. +2 &‘sl.n p~t)cos ~~ — 0 (;cos ~. v~ ~tn gn 1
u.” p~t ‘2~t’s~np 2t)si.u ~~ ~~~~~~~~~~~~ 1~~COS ~‘~

‘
) ~~~ p3t. f ~

Ii
-- ‘ •

~

-

~
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The coordinates of the check oolnts entering into these
expressions are comouted in terms of the initial geometric param-
eters of the complex

~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~p

= ~~ + - (~~ . -~~ )tos ip~lj  c~~

‘t + L,~ cos ‘p~ 
e c~5 If . + (

~~
_ 

~~~
. ) s in ~~ •

In turn

~~~~~~~~~~~~~~~~~~~~~ p~[t~~~+ ~ f1~ } ,

where and are computed according to equations (~~~)

with the replacement of i by ~

Renresenting the dimensionless circulatIons of the vortices
in the form similar to the exoansion of (1), using the deoendences
( 2 ) ,  ( 3 ) , ( 5 ) , ( 6 ) ,  ( 7 ) ,  ( 8 ) ,  and ( 9 )  and sa tis f .-~ing at the
check noints the boundary condition , which , taking into account
the nonlinearity according to the setting angle of attack , has
the form

— U,SLTI ~~ — U11f tOSCC
1 
t us sin ?4t t pa~ PL CO5~~ tO S ‘j

~ ~ 
tO5~ at

+p, ’(~~~~~~~ s cosc~~ os ~ )tos p4t — p~ n’(ç4 cosu1,~+ ~ sui ~p4)co s~~tusp~t ,

we obtain a number of systems of linear algebraic equations for
de t e r min in c~ the in t e n sit i es  of the  horseshoe—shap ed  vor t ices  of
the  wing

• - 

- • ... ~~~~~ • •- 



= — ‘~~~~~~~~~~ ,

+

+ ~~ ~ ~~~ +(i +i +2~i0)tqc~co 
~
+(
~a

_
~
)t
~ 

sin ~1]R1ç(; 
~~~~~~~~~~~~~

I ~

I~
I.S . I . ~ z~ I r [(R.~s&~+ U5.B. )ç~÷(i1. ÷ft ,)(R~-I~5~ + 

~
) , ~ (10)

Y r ~ F~~
=A.X (CUS

~
Ii~~

1J J
’) ~~~~~~~~~ , 

*

~ ~~~~~~ . .

where

~~~~~~

R~~ i. .tOS ~ s~~~~ toS~~j~ , ~~ ~~Si.n ç +~i

~~~~~~~~~~~~~~~~~~~~~~~~~ & =
4
siTIij~ + 

4
S~~1.~~Ifj  ;

u~~ a~~i~4 —E~~•~ , ~~~~~~~~~~~ 
+ bi~ ;

L4_ 4 tC5If~~*~~sLTt~f1 ;

B 5 + ~ 6. . ;

8
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In turn

tDS(C(. —cc ,)
— _%c~ILn(If~

_ lfj_ .

• 
— E [~o~tos(Ip~ - ~~ 

1O
•
~SLn(Ip

4 q)
~~

)] + 

~~~ 
~o’~cn3(ij~. -~p~~

- t~stn (~. - ‘f’~)],

~ .= j__ tos(’~ _ ’ p~,) 
~~~~

- ~~~
_
~ _L 

~Lfl(~9~4 - ‘I’~)I1~~~~ 
C 

~~(‘V~~~~~~~I
’ s’.ii(~ ~~

3,

i~~ ~~~~~~~~~~~~~~ 1sLn i~,f)cos(ip~ _ )-(i1cos*V+ -
~~~~~

- s~nsy~ )si.n(ip~ -

— ~~~~~~cos~~ + ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ?

- 

>~~[(~_~
T
:: -

_
~~~~[(~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— cos(~ -~~.) ~~ —

~~ cos (~p~— t p~) + f_ s~n(ip _ ip j ,  -

- - 
- 

- toS(
~A~~ I) L • 

- 
-p~~— — - cos (i~ ~ 

4 s~n(~ ’ ~~).

We determine the quantities 
~~~~~~~~ .9 ,  ~~ etc. by the

same eauations (11), having replaced the parameters of the ~th
vortex ~~~~~~~~~~~~~~~~~~~ by parameters of the vortices

• ~~~~~~~ ~~~~~~~ and so on.

The narameters for the calculation of velocities induced
by the ~ntrinsic ith vortex of the ~-i~ibt half of the ~ing , the
vortex symmetric to it relative to the win~~, and also vortic s

of the left half of the wing can be determined by coord~ nates of 
—

the check n~ int and parameters of the transf~~rmed vortex h. the
followino manner :

_ _ _ _ _ _ _ _
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~~~~~~~~~~~~ 
~~~~~~~~~~ ~~~~ “tY ‘f’~~ ~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ ~
=[(i~ +i~. 2fi~)cos~.t(ç- ~~~~~ ~~cos~~— z , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~,

, ~~~~~~~~~~~~~~~~~~~ ‘p~ ,
V~i~.~[(ij.+ T7~t 2?i~)cusqi._ (~. + ~.1)si.n ~sjcosiç-z, ~~~~~~(T~~+ T~~. 2~~)sinlf1s(~4

. ç1)cos ~~~~~

cc 1

Parameters for the calculation of velocities under the sum

sign with resoect to y are determined by equations

~~~~~~~~~~~~~~~~~~ z~~ J=—~~~~a~c silt

- =-ffq~~~~~:~-att ~iit ~~~ t~~ +~Q T )
2
+(t T

~~~
7
)
z

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~=(c.1— ~ +d T
) + ( ~~~~~

T
)$Lfl ,~

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~ (12)

~~ )sinsp~, ~~~~~~~~~~~~ ~ 
r
~~)S~I~ If~~,

~~~~~~~~~~~~~~~~~~~~~~~ ~~ çt-~ -~)cn5’pf.(1~-- ~~~~~~~~~~~

where

~,4 • ~~~ ~T~ a 
~ •4 E~R

2 
_________= (-r )z (~1 )a = (~T)

z.(aTf’ (~T)Z4~ ~~ 
d = 

~ (13)
jTi ..(Zk~.pQT), ~

T t7 
~~~_(Zlt,+5 T), aT=d T .

We compute the quantities a ’ , b’ , c ’ , and d’ , which corres—

nond to the first aooroximatiori (Y = 1), accordinr to equat~ ons

( 13) ,  havlng assumed here that

S —. a
~ =l1~’.L ,5~.np~, I~~~— L~SI1%(p~, C +~~ COS4f ~ , d = — l 1 cos Ip~

~‘1e compute the parameters for the calculation of velocit1 es



under the sum sign with respect to A according to the same

eauations (12), having assumed in the first aporoximation (A = 1)

that :
• 1’ —(ZPt,+i~)- ~sin~~, j’~ — ( •

pq,),t1si.n ~~~ , ~~~~~~~~~ t.tuss~., ~~~~~~ cos~,1.

We comnute the velocities ~~~~~~~~~ and derivatives of
• velocities according to theStrc’uhal number according to equations

of work [Li], oroducing oreliminarily a demeasuring by means of

the root chord of the wing; derivatives of velocities
• ~~~ 

‘
~ ~

can be obtained by means of differentiating with respect to n and

~ of exoressions for the appropriate velocities.

After solving the system of algebraic equations (10), it is
nossible , by using the Zhukovskiy formulas , to determine the to—

• tal aerodynamIc characteristics of the lifting wing with a

cylindrical fuselage :

V
V 2K ‘

~~c~= ~~ 
~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~

“
~
= :- ~~~~~~~~~~~~~~~~~~~~~

where S is the area of the orojection of the cantilevers onto

the olane XOZ determined by equation 

• - --—•-~~~~~~~~~
—-.- - •• -—~~

-
~~~~~~~~~~~

• - -—
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-
~~~~~ Division of the wing into plates and plans and the location of

• horseshoe—shaped vortices on them.

_ _  
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