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I INTRODUCTION

An essential feature of effective research is good coumiinication. For

coimmanication to be successful it has to be unambiguous, and both attractive and
understandable to the ‘recipient’. One wonders how much good work has been
largely wasted not because it has not been reported clearly but because those

who could have made good use of it have been deterred by approaches which were

strange to them and which they could not easily relate to their own experience.

Several different groups of aeronautical research scientists have been led
-

~ 

- 
- to investigate the dynamics of aircraft taking some account of their flexibility.

These groups include those whose primary concerns are active control, stability,
ride control, structural loads, flutter etc. In this particular field — the

dynamics of deformable aircraft — it has long been recognised that there are

serious coulnunication barriers. In a recent paper1 Taylor and Woodcock each

independently sought to provide a clear statement of the fundamentals of this

subject. The present paper is intended as a sequel to that paper1 and in

particular to Part II of that paper1 .

The objective of this paper is to study in detail various forms of the

equations of motion, for small perturbations from a datum motion, establish the

relationship between them, and, if possible, demonstrate how one can transform

from one form to another.

To study the dynamics of deformable aircraft we need the concepts of datum

motion of the aircraft, and the undeformed state of the aircraft, where through—

out the datum motion the aircraft is in the undeformed state. Departures from

the datum motion are called perturbations. Departures from the undeformed state

are called deformations. Consequently we need two frames of reference — a

datum—motion frame of reference and an undeformed—state frame of reference —

which are such that, if there are no perturbations the aircraft is at rest rela—

tive to the datum—motion frame of reference, and, if there are no deformations

the aircraft is at rest relative to the undeformed—state frame of reference*.

The perturbations comprise therefore (a) the translations and rotations which are
necessary to make the datum—motion frame of reference coincide with the undeformed—

state frame of reference, and (b) the deformations.

* One could of course treat all perturbations in the same way as the deformations,
and use only one frame of reference in their description, but from several
points of view, and in particular consideration of large perturbations, the
above procedure seems to be the most attractive.
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We restrict ourselves to Lagrangian methods. Of these there seam to be

three possible types of approach:

(i) The use of Lagrange’s equation for an inertial frame which is taken as

the datum—motion frame of reference.

(ii) The use of Lagrange’s equation for a non—inertial frame (the undeformed—

state frame of reference) in conjunction with the principles of momentum
equations for the whole aircraft.

- _ 

I 
(iii) The same as (ii) followed by some coordinate transformation.

With the first approach there is usually little doubt as to which is the most

appropriate choice of axes within the reference frame. The axes, within that

frame, which coincide with a particularly significant set of body-fixed axes,

such as the principal axes of inertia, during the datum motion, would be a

suitable choice.

When the second approach is used there is something to be said for taking
a non—inertial frame whose position etc is of interest in itself. We have there-

fore taken a certain set of body—fixed axes to define the non—inertial frame.

To do so involves imposing certain minor restrictions on the modes of deforma-

tion. The third approach can be thought of as a way of removing, to all intents
and purposes, these restrictions at the expense of a loss in the significance of

the body—freedom generalised coordinates.

The notation and nomenclature used is consistent, apart from one or two

noted exceptions, with that of Part II of Ref 1 , and therefore also, to the same
degree,vith that of }lopkin’s comprehensive scheme2. Attention is drawn to the

Glossary of terms and List of symbols at the end of this paper. We confine our—

selves to dimensional forms of the equations of motion and leave any normalisa—

tion or non—dimensionalisation to the reader. A further paper16, which is
essentially a particularisation of the present work for the case of sysmietric
perturbations in heave, pitch, fore and aft translation, and one deformation mode,

does however also give suggested non—dimensional forms of the equations.

2 DATUM MOTION

We postulate a datum motion, with respect to which the dynamics of a

deformable aircraft are to be investigated. One particular type of datum motion

is considered: straight flight, not necessarily level, with the aircraft having

constant linear velocity and zero angular velocity. It is assumed, as desired,

that no deformation of the aircraft takes place during the datum motion. This

077 
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implies that all the forces acting on the aircraft are constant* and in particu—
lar, therefore, that the atmosphere is uniform. The only forces acting on the

aircraft are assumed to be the aerodynamic and propulsive, gravitational and
structural forces; with the addition, in the case of ground contact, of what we

call upholding (or support) forces.

As a basic frame of reference a constant-velocity axes system is used with
• origin at the aircraft centre of gravity in the datum motion and axes parallel to

its principal axes of inertia in the datum motion. They are therefore body—fixed
• axes during the datum motion; in fact the axes which Hopkin2 calls datum-attitude

earth axes. Throughout this paper we will use the term constant—velocity axes

for these particular axes. The subscript f is used to denote values of

quantities during the datum motion.

3 DEGREES OF FREEDOM

The aircraft is assumed to be semi—rigid, ie having a finite number of

degrees of freedom in addition to its six body freedoms . T’o representations of

any possible perturbations are used. They are not exactly equivalent but to

first order they agree.

The first, chosen for convenience in derivations using the constant—

velocity axes (alias the datum—attitude earth axes), can be visualised as

follows. The transformation of the aircraft from its datum motion position at

any instant to its perturbed position and shape at the same instant can be

achieved by the following successive steps:

• . . . . (c) (c) (c) .U) Translations, as a rigid body, x1 , y 1 , z 1 in the directions
of the respective constant—velocity axes.

(ii) Successive rotations, as a rigid body, 
~~, 

0, $ about the carried
axes~ Oz, Oy, Ox where Oxyz are body—fixed axes, with origin at the particle
(reference point) which is coincident wi th the aircraft centre of gravity during
the datum motion, whose orientation is fixed in a small portion of the aircraft

which includes the reference point , which is either essentially rigid or other-
wise such that the axes will always remain mutually perpendicular. The orienta-

tion of the axes is chosen so that they coincide with the constant—velocity

axes during the datum motion. A frame of reference which coincides with the

* We are assuming also that the aircraft’s mass and mass distribution are con—
stant and so neglecting the changes produced by fuel consumption.

** By carried axes is meant the position of the axes following the previous rota—tions. It is important to remember that the order of these rotations is not
077 coumnitative in general.
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body-fixed axes after this step will be called the no—deformation—body—fixed axes.
The bracketed superscript n is used to denote reference to them. They are, as
will be seen, in general only body—fixed as long as the aircraft is undeformed

from its datum shape. It should be noted that their relevance is limited to this

first representation of the perturbations.

(iii) Deformation such that the position of a particle relative to the

origin of the no—deformation—body—fixed axes, and referred to those axes is given

H by
• - 

— x + R q  (1)n f I
• (U) .• y

~ yf

(n)z z qn f n

where there are n deformational degrees of freedom represented here by the modal

matrix R whose elements are functions of the particle being considered and are

independent of the datum motion. For a given datum motion R will be a function
of (xf~YfPzf). The function R is also constrained to be such that for small

• perturbations the body-fixed axes remain mutually at right angles. Writing

R a3 ... a (2)

b1 ... b

C ... C1 n

the direction cosines of the body—fixed axes, in the O x y z  (no—deformation—
body—fixed axes) reference frame, are proportional to

(~ + 
(~~&)q~ 

, ‘ ~(.~~ )qj) ‘

(
~(~~ )qj 

, I + ~(.~ i)q1 ~~~~~~
q
j)

and

I ÷ 
~(~~~)~~i)

077 

~~~~ • _
~~ ~~~~~ • . _ _  • • ~~~~~~~~~~~~~~ -~~ ~~~~~~~~~~ •• ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~



r ~~~ 
~~~~~~~~~~ - ‘~~~~ — 

~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~ -—-- ~~~~~~~~~~ —

respectively; and so they remain mutually at right angles for small perturbations

provided that

1~b.
I i i  1 3.

0 0

ab. ac.
(i;.~) 

— — (~) for all i . (3)

~-
1.~~~

• - A more complicated deformational representation than that of equation (1), or
further constraints on the modal matrix R in addition to (3), would be

necessary to ensure that the body—fixed axes remained mutually at right angles

for larger perturbations.

Thus, with this first representation of the perturbation, the position of

a particle relative to the origin of the constant-velocity axes and referred to -

those axes is (of. Appendix A of Part II of Ref I)

+ 5T (n5 -(4)I

(c) (c) (n)yc Y1

(c) (n)
C 1 n

where S , a function of the angles •, 0, ~i , is the axes transformation matrix
(or attitude deviation matrix) of Ref s I and 2. Since

S ~ I
~~~

A
~ r

where* A
. 

— 10 —, °1 (6)

1 *  0 
~~~~~~~~

L-° • oJ

* Following Ref s 1 and 2 the symbol A is used to denote a particular skew—
sysmetric matrix formed from the elements of a column matrix whose leading

077 element is used as a subscript to A .
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equation (4) can be written, for small perturbations

~ xf + ER I A
~ 

q1 (7)

(c) .yf

(c)z q~~6

where q
~~1, ~~

••
~~ 

are body freedom coordinates:—

q
~~1 

— (8)

• (c)
• • q

~~2

(c)

— •

0

*

However a better approximation, (54), than (7), is required for certain purposes

in the derivation of the equations of motion for small perturbations.

The alternative representation of any perturbations from the datum motion

condition is to define the deformation relative to the body—fixed axes (see

Glossary of terms) such that the position of a particle relative to the reference

point is given by

x — Ixf + (R - R0 + Ahxf
Pq) ~l (10)

y

[zf

where R~ is the value of R at the reference point, and (of .  equation (2))

Pq 
— (k 1 /aY f )0 (3C

J~Yf
)0  . (11)

(~a1 /azf)Ø

(ab )/axf)0 077
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Remembering that the elements of R satisfy the condition (3), it is easily seen

that equation (10) always represents a perturbation which is precisely a deforma-

tion relative to the body-fixed axes — the displacement of the body—fixed axes is

zero. The position of a particle relative to the origin of the constant—

velocity axes and referred to those axes is therefore given by

- 

~
(c) 

— ~~c) + xf + (R — R0 + AxfPq) ~ 
(12)• .E:] 

- 

[:
~
]}

- ,  where (~(c)~~(c) ;(c)) are the translations, and (3, ê ,~) are the rotations
(according to the standard Euler procedure) which transform the constant—velocity

axes into the body—fixed axes. Thus for small perturbations this second represen-

tation gives

~
(c) 

~ xf + [(R — R0 + AxfPq) I ~~~ q1 (13) -
•

(c) .
Yf

(c)
Z Z

f 
Cl

6]

where 
~n+I 

— ‘(c) (14)

• ‘(c)
- • - - 

‘1n+2

• ~(c)q
~~3

• 

• — 3 . (15)

q~~5 0

%+6 *

• - It will be seen therefore that the two representations agree for small perturba—

tions (equations (7) and (13)) when the relationship between the two sets of

077 generalised coordinates is
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q 1 ~ 1 0 0

• : —R0 1 0

q
~~6 ~Pq 0 I q

~~6

= I 0 0~~ 
~i . ( 1 6)

R0 I 0

P 0 1  4q n+6

There is however , no relationship between the two sets of generalised coordinates
which will ensure agreement of the two representations when the perturbations are

not small (le agreement of (4) and (12)).

4 EQUATION S OF EQUILIBRI UM

• The constant—velocity axes (datum—attitude earth axes) are an inertial

frame, since the datum motion has zero angular velocity. Consequently the

equations of motion can be derived from the inertial frame form of Lagrange’s

equation:—

d(aW \ 3W —
~ vci ~~~ 

= Q. ( 1 7)

where W is the kinetic energy relative to the frame of reference, and the Q.

are the total generalised* forces in the degrees of freedom obtained by the

principle of virtual work. With the freedom specified by equations (4) and (7)

it is easily seen that, for small perturbations, W is a quadratic form in the

• time derivatives 4. of the generalised coordinates. Consequently the existence
of the datum motion requires that each of the total generalised forces* satisfies
the condition

(~~) f = 0 ( 18)

as regards their unperturbed values. Now from (7)

* We have referred to the ‘total generalised force’ since subsequently we describe
the various constituents as ‘structural generalised force’ etc. 077
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— (c) (c) (crax 3y az
C 

_____ 
c 

~ R ( 19)

Aaq2 X
f

since

F AT — — A  (20)
— X

f 
X
f

and so the virtual work done by a distribution of force vectors (f~?f~~f)
referred to the constant—velocity axes, acting on the particle whose location is

• (xf~yf~zf), is, in the datum state,

E6q 1 ... n+61 (~ 3)f = 16q 1 
... 

~~n+6
1 ~ RT (21)

I

~~n+6~f 
Axf E~J

Thus — —

~~I~f 
= ~R e

f 
= ~R

T ef (22)

ff ff

(
_ 

) 
Sf Sf

n+6 f
- 

~

ff Yf
~~~

. 
Zf

Lf

~ff

Hf
-

• 
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where (If~
1i

f~~f )~ (~f~Rf~Nf) are respectively the overall forces and moments
produced by the above mentioned distribution of force vecto:~~. In flight the

force vector on any particle may include aerodynamic, gravitational, propulsive
and structural constituents. Other constituents such as the magnetic forces may

be present but they are considered to be negligible as regards our present

purpose. Thus the equation (18) can be rewritten as the matrix equation

(— (Q.)~ + (G.)~ + (P.) f + (E.)fJ 
= 0 (23)

• • where the expression in the [ I is the element in the ith row of the matrix and
the individual terms are respectively the aerodynamic, gravitational, propulsive,
and structural contributions to 

~(~j)f . Expression for these, derived follow-
ing (22) and with the assumptions of section 3.1 are given in Table I. The
structural generalised forces in particular merit some connent. The structure

• cannot exert any overall force or moment on itself — this is intuitively true and
moreover is demonstrated to be so in Appendix A for the particular case of an
isotropic elastic body. It follows therefore that

• 
~~~~ 

— 0 for 1 (n+I),...,(n+6) . (24)

With body—fixed axes we can as demonstrated in Part II of Ref I derive the
equat ions of motion using Lagrange’s equat ions referred to a non—inertial frame
in conjunction with equations based on the principle of momentum. These equations
are respectively

(25)

where is the centrifugal potential function, W is the kinetic energy
relative to the frame of reference, G1 is the gyrostatic force, .J~ is a
certain coupling force between rotational body freedoms and the deformational
freedoms, and the are the generalised forces obtained regarding the frame of

reference as stationary during any virtual displacement (of. Ref 1 , Part II) ; and

X — ~6m ~
l
m 

+ A U (26)

Y Vm in

.
Z w w

- - Di in 077 
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L U + A~ 11rn (27)

in in

a S

N w w
11 in

where X etc, L etc, are respectively the resolutes along the body—fixed axes

of the total applied force and torque about the reference point, and u ete,
- are the resolutes of the velocity of the particle at (x,y,z). For perturbations

from our assumed datum motion the angular velocity of the body-fixed axes is

given by (see Part II , Appendix A of Ref 3)

H p — Q~~ + (28)

Cl 0 0

r 4.

- • 
~

- The perturbed position of a particle will be taken to be given by equation (10)
which satisfies the condition, necessary for the application of equation (25),

• that the position of the reference point and the orientation of the body—fixed

axes is independent of the degrees of freedom q. (i — I~ ... , n).

Since the linear velocity is constant and the angular velocity is zero

during the datum motion it is found (see section 6.3 of Part II of Ref 1) that

all the terms on the left—hand side of equation (25) and on the right—hand sides

of equations (26) and (27) are zero when there are no perturbations. Conse—

quently the datum motion equilibrium conditions are

(~j)f 0 1 I ,...,n (29)

X
f 

— 0 (30)

Yf
Z
f

— 0 . (31)

M
f 

~

N

fJ
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It is easily shown (of. equation (10)) that

(Q
I)f] 

— ~~~(RT — — P~A.~f) f1 (32)

: I ~fI- 1
which can be alternatively written as

(~~)~~ - - R~ Xf 
- P~ Lf . (33)

: 1  
•

• ~V~J L~f 
Zf Nf

We can as before express these generalised forces as a sum of aerodynamic,

propulsive, gravitational and structural contributions. Expressions for these are

given in Table 2.

- 

- Finally we note that the second form of the datum motion equations (equations

-

• • (29), (30) and (33)) is merely the first form (equation 08)) pre~ iltiplied by

the matrix

-R~ 
_P
~

] 

. (34)

5 APPLIED FORCES

5.1 Assumptions

The primary object of this study is the aircraft in flight well away from

the ground. When the aircraft is flying near the ground certain assumptions in

respect of the form of the aerodynamic forces cannot be made, while when it is

actually in contact with the ground additional upholding (or support) forces have
to be taken into account. These two cases are considered in Appendices B and C

respectively while here we restrict ourselves to situations where there is no

effect at all of the near presence of the earth other than gravity and the fact

that the flight is atmospheric.

5.2 Aerodynamic

The atmosphere is assumed to be uniform, and the aerodynamic forces are

assumed to have no hereditary constituent. Both of these are obvious departures 077
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from the truth. The first will rarely produce much error provided the ‘uniform’

atmosphere has the same properties — density etc — as the actual atmosphere at
some mean altitude of the aircraft’s motion. For a perturbation which is a

maintained oscillation the second assumption is in effect eliminated by allowing

the aerodynamic coefficients to be functions of the frequency of the oscillation.

Moreover Woodcock and Lawrence have shown4’5 that a good approximation to any

calculated oscillatory motion (decaying, maintained or growing) is obtained pro—

vided the aerodynamics used is for maintained oscillations of the same frequency.
In such cases one assumes a frequency for the aerodynamics, calculates the motion

and then repeats the procedure until the assumed and calculated frequencies are
• - in sufficient agreement.

- - The boundary condition to be satisfied by the air motion at the surface of

the aircraft involves the velocity of the surface normal to itself. With the

perturbation representation of equation (10) the slope vector of the body surface,

referred to the body—fixed axes, is a function only of the generalised

coordinates ~ ~~~~~ 
4n Also the velocity of a particle, referred to the body—

fixed axes, is (see Ref 1 , Part II, section 6.2 and Appendix A)

— (R — R0 + AxfP~) ~~~ 
+ 

~~ 
+

~(c)V V
f ~

‘1 
-

w ~(c)m n f I

- 

(
~A~~~~

T 
+ A)Q~ ~ 

- 
~~ 

(c5 (35)

~(c)

- 

(c)

where the angular velocity vector of the body—fixed axes is

1~
1i Q[] 

(36)

L~J
and (x ,y, z) is given by equation (10).

•

~

•

~ 

- -
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Thus, for small perturbations (where S ~ I 
— A’, Qa ~~ I + 0(3)) , the

a a ~ + ~normal vash* will be a function of (q3, ..., q~), (q 1, ..., q), (3,e,~), and

A + ~(c)
u

~(c)

~
(c)

Consequently, having assumed no ground and no hereditary effects, the local

aerodynamic force vector, referred to the body—fixed axes, will have the form,
for small perturbations:

e ~ ef + e. q. + e~~1 .•.  en ;  [r~+: + A 

I ~~+2 ~n+5

g gf 
- [

%+3

+ c .;.4 ~~~~~ 
e .;6 

~~~~~~~~~~ 

. (37) 

a 

Similarly we find that with the alternative representation of the deforma—

tion the local aerodynamic force vector, referred to the constant—velocity axes, -
•

will have the form, for small perturbations:

* Terms such as downwash, sidewash are cosmonly used. This is a generaliaation
to suit any surface. 077 
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r 
-

~ 

- _ _ _ _

~~ + e. q. + en~3 ... e~~~ L1 + Au n+4

f f f f~ f~~ ~n+2

(c)

-

— A 
~n+4 

+ e .;.4 e .;~5 e .;~6 4n+; (38)

q
~~5 ~~~

- 

~n+6 ~~~ ~
3fl4~~

Note that the coefficients &~, e .;1, ~~ e .;1 etc in the above expressions (37)

and (38) are in general differential operators (polynomials in the differential

operator D d/dt).

-
• 5.3 Gravitational

One can, for all intents and purposes*, assume the gravitational force
acting on a particle of mass ôm to be a constant force 6mg acting in the z

0
direction (vertically downwards) of the normal earth—fixed axes2. The orienta—

tion transformation from these axes to the constant—velocity axes can be

achieved by a standard Euler sequence of successive rotations ‘l’~, 
~~ 

about

carried axes. Thus if we denote the last column of the axes transf ormation
matrix S by the symbol , then the local gravitational force vector
referred to the constant—velocity axes is 6mg14,f where

= - sin . (39)

51fl 4)
f 

COS

cos 4~f cos 0f 
-

Referred to body-fixed axes the vector components are not constant but have some

terms which depend on the perturbations. Thus we have

077 * The rate of change of g with location is extremely small almost everywhere.
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/ 

— 6mg~L~ 6mg 

{L

~ +

n+6

- • 
— (say) egf + 

~~~~~ ~gj]6j . (40)

j—n+4 t . Igf gj1

• ~gf 
ggjj

- 5.4 Propulsive

A very simple model of the propulsive forces has been assumed. Time no

- - 
doubt will tell whether a more sophisticated one is required. It is assumed
that the propulsive force acting on any particular particle has constant compo—

-
- nents (e f , f f,g f) in the direction of the body—fixed axes.

Since the modal matrix R (equations (1) and (2)) satisfies the condition
(3), we have

- 
• ( 3R\ f a R \ I3R\

-: 
X

fL~y )  
+ YfI~5~~) 

+ Z fç~__)

-‘ faa \
= — A  P + x 0 o l  I~~-~-) ... (41)X

f 
q f \~axf/0

0 Yf 0 !  (ab 1\
O 0 zd kay )

(ac~\
- \3Z f ~l0 

•
~~~

• - :

where Pq is given by equation (II); and so, with the deformation of equation (1)
- 

* the position of a particle relative to the reference point (the origin of the
body—fixed axes) and referred to the no—deformation—body—fixed axes is, for
(xf~yf~zf) small ,

077
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~~~~~~~~~~

• •

~~ r•~.’ -- ~~~~~~- - Vf lw----~~~---

: ~~~~
~ 
(ii ) 5 (n) 5(n) 

0 
0 0 1 (~)~ 

. —

- — A P  q1 . (42)
xf q

Thus, for small perturbations, the orientation transformation from the body—

fixed axes to the no—deformation—body—fixed axes is achieved by the rotations*

~~Pq 
q1 

. (43)

q
~

- The last term in (42) is the first approximation to (S — I) x where S is
y

the appropriate transformation matrix (of. equation (5)). Consequently the

orientation transformation from the body-fixed axes to the constant—velocity

axes is the result, for small perturbations of the rotation

— — Pq [
~
] 

— — EPq 0 Ii . (44)

077 * The order is iTmnaterial since the rotations are small.
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We find therefore that the local propulsive force vector, referred to the

constant—velocity axes, has, for the deformation of equation (4), the value

~ e~; - 
— A E P  0 II q 1 . (45)

j
(C)

p pf

g(c)

5.5 Structural

On a particle of the aircraft it is assumed there is what we call a

structural force produced by the stresses in the material and possibly also

other causes such as friction. This structural force is taken to be entirely

determined by the current shape of the aircraft. Thus the two forms of the
structural force vector, referred respectively to the constant—velocity axes and

- 
i to the body-fixed axes, that we will use are:—

~ 5T e f + e 1 ... e q 1
- • 

f(c) f f
- • sf

(c) 
_
gs 

-

~ e + e ... e 0 —A q (46)sf sI sn e 1

f f
Sf si

g8f 
- 

g5 
— ~n+6

e5 ~ e f + e 1 e . (47)

• 
f5 f5f

gaf
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The various coefficients in the above expression are taken to be constant.

That is we are assuming there is no structural damping. No really adequate

theory of the damping of aircraft structures has been developed. One either

neglects it and assumes that by doing so one will be ‘on the safe side’ — and this
seems to be at least nearly always so; or else one includes coefficients in the

final equations based on ground resonance test measurements and primitive theory.

It may well be that for most, if not all, aircraft dynamic studies one or other

of these procedures is adequate. It will be noted that we could here fairly

easily introduce a simple representation of structural damping by replacing the

constant coefficients of equations (46) and (47) by differential operators.

• What exactly is meant by the term ‘structural force’ is perhaps made clearer

by the analysis of Appendix A for an isotropic elastic body. Intuitively one

knows that the structural forces on the aircraft will not produce any overall

force or moment on the whole aircraft (of. Appendix A), but there may well be

forces tending to deform the aircraft.

It should perhaps be emphasised that the structural force coefficients e .,

etc of equations (46) and (47), in addition to the datum motion structural

force, will in general depend on the chosen unperturbed condition (cf equation
(A—13)). Thus, for example, the coefficients for the ground resonance test

situation will be different from those for the aircraft in level flight at a

given speed. Nevertheless one will often have to assume, particularly when

structural force information is obtained from experiments on the ground

(of. Appendix C), that the structural force coefficients are independent of the

chosen unperturbed condition. In such circumstances there is usually little hope

of doing anything better.

6 DERIVATION OF THE EQUATIONS OF MOTION FOR SMALL PERTURBATIONS

6.1 Equations of motion using constant—velocity axes

With our chosen constant—velocity axes the equations of motion, as already

pointed out in section 4, can be derived using the inertial form of Lagrange’s

equation:

*(~~) k - . (48)

The kinetic energy W , relative to the frame of reference, is, using (7) given
by

077 
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V ~~ ~~
6m[41 . -- %~~j F~1 

ER 1 ~ 1~ 1bcfj L~n+J
and so

= (50)

~

H

~
- 1=  ~6m R:R P~ 

-

~~~~~~~~~~ 

q~ . (51)

A
~~

R A
~ 

-(A )2 q
~~6

Since, during the datum motion, the reference point is the centre of gravity

- - 
and the constant—velocity axes are the principal axes of inertia, we have

0 (52)
X
fand

— 
~
&m (AXf)

2 diag{I
~ ‘y 

I
~

} = I
n 

(53)

where I~ 
~~~~~ 

1~ are the principal moments of inertia.

To determine the virtual work, and hence the generalised forces, we need
to take a better approximation, to the expression for the position of a particle,

than that (equation (7)) which sufficed for the unperturbed state. From equation —

(4)

x~ ~ xf + ER I 
~
Axf J q 1 + A

,
R q 1

~(c) yf :

5
(c) 

Z
f q

~~6 
q
~

+ B~0 xf (54)

Yf

Z
f - 0 7 7
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where S ~ I — A
~ 

+ B~0 (55)

with*

B~0 — _
~(*

2 
+ 02) 0 0 1 . (56)

-• +0 ~~(,2
+ * 2) 0

0* _~ (,2 
+ 0 2

?]

•1 

. It can be shown that, for any vector

[X
f Yf

Z
f J ~(c) 

— A— (c)A +

~~f Yf Z
f 

:
~~: 

~~~~ 

~

X
f Yf

Z
f

] 
~~

4,

+ KTA 
-(c) (57)

~(c)

— (c)

where = r 0 -

~~ 01 
. (57a)

1 *  0 0

L—o 0 0

* We have B
.0 

— ~(A~ + A0~) where the subscript 0~ denotes the A matrix

formed from the elements of {0* —*s se}(_ ~c.[]) 
-
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Consequently,

____ 

~~ 
[~~~] 

~!gE]
C

n+6

+ q~~6
j [0 0 _A

a ]
T ~(c)

Eo 0 _A
a2] T ~ (c)

—(c)

Eq 1 
... q~~6

j 
~ 0 —As

] T

0
0
0

Eq 1 q~~6
j ER 1 

0 T 1
]T

Ei

~ 

0 T2I T

ER3 0 T3I T 

— 

(58)

where a., b .,  c. are elements of the modal matrix R (equation (2)), and

R 1
= 0 0 ... 0 — 3-~~~R (59)

—c —c1 n
b b -1 n

077 
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R2 - 

aA 

(60)

R3 b1 —b2 ... —b~ — -~~
t R (61)

a a
n

0 0

T
1 0 Yf z.fl (62)

—y f 0 01
Z
f 

0 oJ

T
2 

= yf ~~Xf 
0 (63)

0 0

0 Z
f 

0

T
3 

— 0 _x
fl 

- (64)

10 Z
f 

yfj
Lo 0 oJ

With

;(c) 
— e

f1 
+ ... e~~f~ q1 1 (65)

~(c) 

~
f1 ~I • I

~ (c) 
—J 

— 

the generalised forces are therefore, using the principal of virtual work,

n+6
— + 

~~~~~ (66)

j—1
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t
where the expressions for the (~j)f have already been given (equation (22))

and where

— 1R
T[

~I 

::::::::] 
—

~~ 

...
I f

Ii ’
Z Ax;[e1

+ ~ [e~ Pf gfl [0 0 AajJ . (67)

f ] E o o —As
]

0

O
I

~ f ~~ gf l ER 1 0 T 1]

[.....-....) ER~ 0 T
21

(. 3 ER3 0 T
3J 

-

This expression can be simplified for

1E f f f gf l R
11 

— — A~~R (68)

I[ ) R2 1
IJ~ • • • • • 3 R3J

— lef f f 8f1 A~~~
1 

— RTA; (69)

( 
~~ 

Aa~ 077
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and (of equation (57))*

~~ 
~~ ff 8f l T11 — A~fA~f + C~fXf (70)

~ 
[... .1 T2~
[[.. 3 T~J

where C is the lower triangular matrix , with zeroes on the principal diagonal ,
such that

Cex 
— C~~ — Ic gi — [

~I~ 
Ix y a]

- A A- A A  . (71)c x  x e

— It is easily be seen that

— 

~ 
N~ Mf] (72)

10 0 _Lf I• 
- Lo o oJ

and so the matrix of the generalised force coefficients (equation (67)) can be
rewritten as — —

• 
— ~R

T 
e~ .. e +61

F t  j 
e +61

L!1 Jg -

~AXf1 I ...

— ~ :::::::::I- 
0 0 ~RTA~f 

- 

(73)
0 0 0

-)A~fR 0 ~A~f Axf + 

~
0 ~~N

f M 1
10 0 _L

fI 
•

- L° o oJ 
—

-

* It can be shown that Ic f g]A I~ — — 1+ 0 *1c
077 x~ cx 
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Certain of the above terms can be expressed in terms of translational and
rotational force coefficients. The overall translational forces on the aircraft,
referred to the constant—velocity axes, produced by the distribution of local
force vectors {;(c) j(c) ~(c)} is given by (of equation (65))

~(c) 
— ~ ;(c) 

— (say) Xfl + ~~c) 
q. (74)

~ (c) 
~ (c) j .1 

~ (c)

~(c) 

~J ~ (c)

where ~ (c) — (75)

~ c)

• The overall moments about the constant—velocity axes produced by the same force
distribution are* (of equations (7) and (65))

- ZA (c) 
~(c) = - 

~A (e)  ~~~~~~
X
c ~~(c) e 

~~(c)

- ~A~4x~] 
- ~A~f(R I _A

xf]~~~ I 1 - -
~I~ I : 

~Lad L~+€J
+ ZA

xf[
i : :: . - 

~ 
[ ~ 

6] .

n+6

— (say) Lf] + j (c) 
q
~ 

(76)
j 1  j~(c)

f i  j

3
* A subscript c La required with the symbo l for the overall moments but not for

the overall forces since only the former depends on the position as well as the
orientation of the constant—velocity axes. 077 •
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where j (c) 
• •  - [_~A~f R A~

~ (c)

~ (c)
I

+ ~AXf e1 ~~~ 
en+6 - (77)  

At this point it is worth noting that the perturbation in the moments is not just
the moments produced by the perturbations in the local forces, that is not just
the second term in the above expression. It should also be clearly understood

that the moment we are considering is the moment about the origin of the constant—
velocity axes and not about the reference point — hence the use of the subscript

c in the symbols for the resolutes of this moment (eg (76)).

• Thus finally we have
- 

— —
IQ1~

1 — ~R
T e~ ... e

n+6

f
i

g

~(c) ~ (c)
I n+6

~(c)
— 

~ (c) 
- -

~~

j(c)
1 n+6

— 
jj(c) 

—

+ 0 0 ~RTA~f 
- 

. (78)
0 0 0
0 A! 10 _if M

f]
10 0 _L

f I
- Lo 0 oJ 
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-

Equations (50) (51) and (78) along with (48) provide the means for writing

out in full the equations of motion for small perturbations from the datum motion.
These are given in Table 3. The various contributions, aerodynamic etc, to the

generalised coefficients , have been obtained using the local load vectors given

in sections 5.2 to 5.5 (equations (38), (39), (45) and (46)). One may be

surprised that the expression for the propulsive matrix EP~~~~J given in Table 3

involves the constant matrix P~ (see equation (II)). This is a consequence of

our assumption that the propulsive force acting on any particular particle has

constant components in the direction of the body—fixed axes.

6,2 Eguations of motion using body-fixed axes

Initially we will derive the equations of motion, using body—fixed axes,

from Lagranges equation for a non—inertial frame (equation (25)) and the equations
- 

- based on the principle of momentum (equations (26) and (27)) given in section 4.

The perturbed position of a particle relative to the body—fixed axes is that given

in equation (10), and for the body freedom coordinates we take the translations
1cc
(c) ~(c) ~(c)1 and the rotations (3,ê ,i~) (of equations (14) and (15)). With

- 
- this representation the deformational freedoms are deformations relative to the

body—fixed axes, which we will call encastr~ modes. Thus the initial derivation

can be described as for:

(i) encastré modes and displacement body freedoms.

In the equations thus derived we can make coordinate transformations which

will give different meanings to the generalised coordinates, and so from the
initial equations we derive the equations of motion in terms of:

(ii) encastré modes and velocity body freedoms;

( iii) free—free modes and displacement body freedoms ; and

(iv) free—free modes and velocity body freedoms .

6 2 . 1  Equations of motion in terms of encastré modes and displacement
body freedoms

The determination of what we call the ponderous terms, those not resulting

f r om any force* but from the fact that a system having mass is moving, has been
considered in some detail in Ref I (Part II). It is there shown that the

ponderous dampings and stiffnesses will all be zero if the angular velocity of

the aircraft is zero throughout the datum motion. Indeed, fo r our chosen datum

• 
* One does of course speak of such things as inertia forces, centrifugal forces,

Coriolis forces but these are not really forces but merely a convenient
analogy arising from D’Alembert’s principle. 077
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motion , in the non—inertial form of Lagrange’s equation (see Ref 1 , Part II or
Ref 15) ,

—

there are no first order terms , in the generalised coordinates, arising from
or

The linear velocity of the ref erence point and the angular velocity of the

body—f ixed axes are (of Ref I, Part II section 6.4) given by

— S U
f 

— 

~A (C)~
TQ313 + — A~~ (80)

V v
f 

~(c) ~ (c)

w w
f L~ 

~(c) - (c)

— Q~ . (81)

• 
1 .

rJ *

Thus, with a particle position relative to reference point defined by equation
( 10), the velocity of the particle is given by

U
m 

U
f 

+ (R — R
0 

+ AXfPq) q1] + Auf • — Axf
v
m 

v
f 

~I
w w

f

+ ~~c) (82)

~ (c)y l
~ (c)

To the same order of approximation the velocities of the reference frame
(equations (80) and (81)) are
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~~ + ~ (c) 
+ A

~~ 
6 (83)

V v~~ ~ (c)

w 
~J 

~(c)

p 
~~ 3 . (84)

q

- 
r

The centrifugal potential function V0 is therefore for small perturbations,
given by

. S •
V
0 ~~~ 

— ~ [6 § *1 I~ 6 + ~6m [$ 0 *1 Au (R 
— R0 + AXfPq

) F(111
L~J

+ ~6m I~ ... ~ J (RT — R~ 
— PTAXE) Auf • + ~(c)

~(c)

~(c)

— 

~ [6 01 In 3] + ... ~ 1 ((~6mR~) — mR~) 
~~~ (85)

~
(c)

4’_j a1

and so _  —

~ 

((E6~ T)_~~

)[

~
Lc1 

. (86)
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The terms are given by

3~ — ~~m~RT 
— R~ — P~AXf )Axf •

I
Jn 

-

— ( 
~~~~ 

— I~qIn) 
$ (87)

The kinetic energy relative to the frame of reference (the body—fixed axes) is

4Z6m [t
~
1 ~ ] (R~ — R~ — P~Axf )Ot — R0 + AXf Pq) 

[
~
] 

(88)

• and so

~~~~~ 

-

~~~~~
-— - [I —R~ 

_~T1 ~~mRTR ~6InR
T 

~~6mR
TAxf [i . (89)

~6mR ml 0 I~ o
~6mA x R 0 q

The above equations (86), (87) and (89) suffice to give the ponderous inertia
coefficients for i = 1 + n and all j (see equations (14) and (15)).
Details are given in Table 4.

The equations based on the principle momentum are, from (26), (27) and (82)

X ((E6ml~) 
-mE

O) 
~11

+ m i

~~~ 

(90>

~(c)
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- ((~6~ xfR) - inPq) [
~
] + ‘n (91)

and so the expressions on the right of these immediately give the other ponderous
inertia coefficients (of Table 4).

Due to the force vector

n+6

= e
f] 

+ &. 
~i 

(92)

• 
~fI 

~ =‘

~J
it is easily seen that the translational force and moment about the body—fixed

axes are, respectively

X = ~: e
f] 

+ el e
+6 q

1

Y 
~ f l  

f 

g 

= (say ) Xf + ••  ~~~6 
q 1 (93)

Yf
Zf Z q~~6

and
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i

~ Ax~ ~~~~ 
+ Ax~~ 

~~ 
• - •  

~ 
- A~ (R — R0 + AXfPq) 

~
f f
gf g . .  

~n+

— (say) L
f] 

+ +6 -

MfI N 1 .........

NJ N
1 

•~~~• n+6

Details of the separate contributions (aerodynamic etc) to these forces, obtained
using the different local force vectors (equations (37), (40), (47) and section

5.4), are given in Table 9. As pointed out in section 5.5 and Appendix A, there

will be no structural contribution.

For the deformational freedoms the generalised forces resulting from the

local force vectorq (92), are, using (10) and remembering that the frame of

reference is regarded as stationary in the assumed virtual displacement used to

calculate the virtual work,

n+6

— 

~~i
> f + 

~~ ~~~~~~~~~ 

(95)
j—I

where — ) ( R
T 

— R~ - P~Axf ) &. . 
- 

(96)

: I f.
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The individual contributions (aerodynamics etc) to these generalised forces,

obtained using the different local force vectors (equations (37), (40), (47) and

section 5.4), are given in detail in Table 4.

We have therefore obtained the complete set of equations of motion for

small perturbations of the datum motion. The ponderous terms come from

equations (86) , (87) , (89) , (90) and (9 1 ) ,  and the various forces from equations
(93), (94) and (96). Table 4 gives the equations written out in full.

It may be remarked that anybody coming to use the expressions of Table 4

may well not know the individual matrices R, R
0
, P

q 
but only the complete modal

matrix (R — R0 + AxfPq) (of equation (10)). The constant matrices R
0 

and P
q

are, however , in a sense arbitrary. They have only been introduced to ease the

understanding of the relationship between one form of the equations of motion

and another. Thus if constant terms are added to and P
q 

and correspond-

ing changes made to R so that the new matrix (R — R0 + AXf
P
q) is exactly the I -

same as the original one, the new matrix R will still satisfy the condition

(3). To set up the equations of motion using Table 4 therefore one might as

well take Pq and R
0 

to be zero, but it must be remembered that R must then,

of course, be a matrix of encastr~ modes.

6.2.2 EQuations of motion in terms of encastr~ modes and veloci ty body
fr eedoms

The linear velocity of the reference point and the angular velocity of the

body—fixed axes are given by equations (80) and (81). Taking the perturbation of

these components from their datum motion value as new generalised coordinates for

the body freedoms we have

= -

(q~~2 1  Ni (v f

L~+3J Lvi L~’f

— (~ 
— I) U

f 
— SA (f)~

T
Q
6 

~ + ~ ,‘~(c) — A S  ~(c)

v
f 

X~ 
~(c) --(c)

~(c) ~(c)w1 4’ z1 a1

~ [~!n+1l 
+ Auf [~n+41 ‘

1 ~~~~
L4n+3J L~n+6J 077
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and

q
~~4 

— 6 
~~ ~n+41 

. (98)

~n+5 
0

Lr b Li
The generalised coordinates for the deformational freedoms are kept the same as

those used in section 6.2.1 and so all together we have the coordinate

transformation

• 
~ 1 ~ 

~ ~ 0 
~

-i

- 

• 
0 ID Au1

~n+6 
0 0 ID

which can be inverted to give

~ I 0 0 ( 100)

0 ID 1 —A
~1D

2

q
~÷6 0 0 ID

_ I 

~n+6

since both sets of coordinates will be zero in the unperturbed state.

• One could start afresh and obtain the equations of motion, as in section

6.2.1, using the new coordinates. It is obvious however that the same result is

achieved if the transformation (100) is applied to the equation of motion for the —

case (encastré modes, displacement body freedoms) of section 6.2.1 and Table 4.

This has been done with the outcome shown (however see below) in detail in

Table 5. It will be seen that the ponderous inertias now give rise to ponderous

dampings and ponderous stiffnesses - One would similarly expect

terms in IT1 and D 2 from the various generalised force matrices. However

because of the form of these matrices, and in particular the form of the aero-
dynamic matrix for flight well away from the ground, the only negative power of
the differential operator D is that associated with the gravitational force
(see Table 5).

It may have been considered desirable to have a symmetric inertia matrix.

However this is not possible — to make it syssnetric one finds that one has to
077 premultiply the equations of motion by a singular matrix and so would just throw
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• away some of our information. The submatrix which is the inertia matrix for the

degrees of freedom I - -  n (the deformational freedom) will however be symmetric .

• in Table 5 some new symbols are used resulting from writing the local aero-

dynamic force vector (equation (37)) in terms of the new generalised coordinates

(equation (99)) ,  ie

e ef + + 
~~

. Q• (101)

-

• 

- f f f ~~~~ 
j=n+1

g gf

where . = - . i = I ... 6 - (102)
n+i. n+1

n+J_ n+]_

In the use of Table 5 one can, as pointed out at the end of section 6.2.1 ,

take the matrices P and R to be zero and R to be a matrix of encastré
q 0

modes. The form given there is consequent upon the consistent use of R through—

out the paper for a matrix of free—free modes.

6.2.3 Equations of motion in terms of free—free modes and displacement
body freedoms

As already pointed out, the use of the non—inertial form of Lagrange’s

equation (equation (79)) necessitates the choice of coordinates for the deforma—

tional degrees of freedom such that the position and orientation of the reference

frame (the body—fixed axes in our case) are independent of these coordinates .

However one may often prefer to have deformational freedoms which involve some

movement of the body—fixed axes, as, for example, when one desires to use normal

modes as some of the degrees of freedom. This difficulty is simply overcome by

applying a coordinate transformation to the equation of motion obtained in

section 6.2.1 .

If we put

= I 0 0 ( 1 03)

R
0

1 0

q
~÷6 

P
q 

0 I 077
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— I 0 0 ‘li 
(104)

R~~~I 0

%+6 Pq 0 I 
~n+6

then the total perturbation can be thought of as made up of the successive

perturbations:

• (i) Translations, in the directioi’ of the constant—velocity axes, as a rigid

body: -

• s.(c) 
— [a I 01 q 1 • (105)

~(c)

~(c) —
‘-I

(ii) Rotations as a rigid body, according to the standard Euler procedure:

6 EPq 0 ‘1 . ( 1 06)

o

(iii) Deformations:

X — X
f 

= [
~ — it0 + AxfPq 0 01 

~~ 
. (107)

- y Yf
Z zf q~~6

The position of a particle relative to the origin of the constant—velocity axes —

and referred to those axes is therefore, from (12), for small perturbations:

x~~ ~~ x11 + ER I ~Axf J 
~ 1 • (10 8)

~(c)

a1]
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• Each of the generalised coordinates + is a measure of perturbation just
in an unconstrained , or free—free mode — there are no restrictions* on R as
distinct from (K — + Axf Pq)•

As well as making the coordinate transformation (103) we premultiply the
equation of motion by the matrix

• R~ (109)

0 0 I

so that the symmetry of the ponderous inertia matrix will be preserved. The
resul tant equation of motion ic given in detail in Table 6.

The local aerodynamic force vector , in this case, is written as (of
equation (37))

e ~ ef + e. q. + en~I ~~ ~~~~ 

- 

~~~ + Au1 q~~4
f j—I~~~ 1 ~

- —
I j  n+1 %+2

g gf 8n+! • 
~fl+3 

q
~~6

+ e~~4 %..6 q
~~4] (110)

~ I
~n+4 %+5I

4-gn~4 - 
~~~ +

where the aircraft is well away from the ground.

6.2.4 Equations of motion in terms of free—free modes and velocity body
freedoms

To change from displacement to velocity generalised coordinates we made the
• transformation (99). To change from encastré modes to free—free modes we made

the transformation (103). To make both these changes we do the latter followed
by the former and so we put

* Apart of course from the general restriction that we have imposed throughout• that it is such that the body—fixed axes always remain an orthogonal frame. 077
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— I 0 0 I 0 0 ( I I I )

O l D  Auf 
~~~ 

1 0

0 0 ID _P
q 

0 I

ie
• q

1 
= I 0 0 I 0 0 . (112)

I 0 0 ID 1 
~AufD

2

P
q 0 I 0 0 ID 1 

~n+6

The linear and angular velocities of the body—fixed axes are therefore, from

(97) and (98)

[Ui ~~ U
f 

+ [R
0

D + AUfPq I 01 (113)

~vI 
vf

Lw] w
f

P ~ [P
q
D 0 II . (114)

q -

r
n+6

Thus the coordinates are the components of the linear and angular

velocities of the body—fixed axes relative to their values due to the deformation

in the free—free modes.

The position of a particle relative to the origin of the constant—velocity

axes and referred to those axes is from (12) , for small perturbations :

~ [x:] 

+ [R 1D 1 (AxfD~ +A ufD
2

)][

~ I 

] 
(115)

Z Z
f

whereas with the encastré modes of section 6.2.2 it was, f r om equations ( 1 2) and
077 (100), it was:—
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+ - R~ + AXf Pq 1D 1 -(~~1D~~ + AU1D
_2
)]

(116)

In the present case therefore the generalised coordinates + measure
perturbations in unconstrained (free—free) modes, in contrast to the ‘encastré
modes’ which were constrained to have zero displacement and slope at the
reference point.

• It is desirable that, for the deforinational freedoms alone, if not for all
the f reedoms , the inertia matrix should be symmetric . This is so for all the
previous developments and we arrange it to be so now by premultiplying the
equations of motion by

[I 
~~ (117)

in addition to the coordinate transformation (112). The resultant equation of
motion is given in detail in Table 7.

In terms of the current coordinates the local aerodynamic force vector is

written as (see equation (37))

n+6

e ~ ef + (118)

f f f f~

g gf

• where %+i ~~~~~ 
i — I ... 6 (119)

1 . n+~

the aircraft oeing veil away from the ground . 077 
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7 RELATIONSHIPS

7.1 Between local force vectors

In the derivation using constant-velocity axes we have written a typical
force vector (referred to the same axes) as (equation (65))

;(c) 

~~ 

;
f
=1 + ... q 1 (120)

~
(c)

~ (c)

- 

• 
. while in the body—fixed axes derivation the typical force vector is variously

written as* (equation (92))

~ + [~ ~~ 
en+6 q

1 1
f1~ 

I~~~~~
i

~J L~ 

- ef]+ e~ ~n+6 ~I 

g1

— ef + en+6 q 1
f
f T~ 

— ef + 

~n+6 
q 1 (121)

ff £ 

g 
~~~

* The dressings ~, ~~~~~, ~~~, refer respectively to the cases encastré modes—
displacement body freedoms, encastr~—velocity, free—free—displacement, and

077 free—free—ve locity .
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Referring the latter to the constant—velocity (ie datum—attitude earth) axes
we have

;(c) ~ — A; q~÷4
•] (122)

~(c) ~ c+51
~(c) 

~n+J

where, from equations (98), (104) and (112)

~ D
1 

~n+4 ~ EP
q 
0 ii 

~~

q~~6 %+6

~ 
[P

q 0 1D 11 
~ I (123)

~n+6

If the typical particle position vectors, relative to the origin of the constant—

velocity axes and referred to the same axes are, to first order of smallness, the
same in each derivation then the force vectors will be the same, to first order,
in each derivation. Thus if (of equations (7) and (13))

~
(c) 

~ xf + ER I Ax1] q 1
~(c) Yf

~
(c) z~ q

~~6

~ X
f 

+ ER — R
0 

+ AXfPq I ~AX~] 
~~~~ 

(1~ 4)
.Yf

Z
f

then the corresponding force vectors will be equal for small perturbations.
Equation ( 124) is satisfied if

077
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• cl
i] 

— I 0 0 q 1 (125)

Ro b

Pq 0 I q~~6

and so from (120) and (122)

e 1 —  I 0 0 - A;EPq 0 I) - (126)

• K0 I 0 

.. Pq 0 I

For the other sets of generalised coordinates (124) is satisfied by (see
equations (99) , (103) and ( I I I ) )

— I 0 0 
[q 1 

(127)

R
0
D + AufPq ID Auf 

-‘

PqD 0 ID

or

cl
ii  

— 

1q
1 1 ( 128)

~
n+6] Lcl~+6j

or

— I 0 0 q 1 . ( 1 29)

O I D A,J1

4n+6 0 0 ID q
~~6

Consequently we f ind that
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e 1 - . .  en+6 = ... %+6 I 0 0 — A; (Pg 0 II

f .  f .  ROD + A u1Pq ID Au1

PqD 0 ID

—A — [P OI lI n+6 e
f

q 

~

i I ~ 0 - ~~
f

EPq 0 11 (130)

0 ID Au1

0 0 ID

Equations (126) and (130) are the required relationships between the various

forms of the local force vector. Putting them another way they are

e1 e~~6 
= en+6 

I 0 0 + A- [0 0 II

f f —R
0 

I 0

~

P
q 

0 I

= ... 1 0  0n+6

0 ID Auf

0 0 ID

= e ...~~~~~~~~ I 0 0
n+6~

—K0 I 0 

J —P~ 0 I

= - .. 1 I 0 0 - ( 13 1)
n+61 

~ 
(R0D + AUf

Pq) ID Auf 

j  _P
q

D 0 ID 077

& - —•
~~~

- --
~~ ~~

-- -- - ~~~~~~~~~ -- ~~~~-~~~~~~--- •~~ -~~~~~~~~~~~~~~ ---— --- ~~•--- ~~~~~~~-•



— - - - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,—,-, ._ _r _ _ ---- ,, -~ • ,  •

~~~ - r -- - 

• 49

7.1 .3  Between local aerodynamic force vectors when well away from the

For an aircraft in flight well away from the ground , as in the assumption
throughout the main part of this paper , it can reasonably be assumed that an
adequate approximation to the local aerodynami c force vector has the form given
in equation (37) (for body—fixed axes, encastr~ modes and displacement body
freedoms) or (38) (for constant—velocity axes). That is, with expressions of
the forms given in equations (120) or (121), certain coefficients have the
following character:

• 
en+I en+3 en~ I en~3 D ( 1 32) 

—

f

g
n+ g~~, 

- en~ I ~~~~ 
Au~ + en~4 en~6 D (133)

~n+4 ~n+i ~~~~
5n+4 g~ . . • g _4

• e
+1 ... e~3 — e~~ 1 - • .  e;3  (134)

1n+1 1n+I
g 

~~~....... g • .. • . . .n+I ni l

e~~4 e~~~ - ... e~3 Au1 + e~4 ... e~,6 D — Aef (135)

1n+4 1n 1n.-~

~n+4 
g
~~1 ... . g~~,4
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It follows from (126) that

e1 ~~~~• e~ — 
~ fl 

—

f 

+ en~I •~~~• e~~3 (R0D + Au1
P
q) + en~4 

en~6 
P
q
D

gn+ g1~ 4 

(136)

and

e~~ . - i — 1 -~~ 6 - ( 137)

f • .n+~. n+i

gn+i

F With the other sets of generalised coordinates we have (of equations (101), (102),
(110), (118) and (119))

= 
~~ 

=

1’ 

— .

+ en~I  ~~~~~~ 
(R
O

D + AufPq) + en~4 ~~~~
. e~~6 PqD

fl+ fn-;.4

g

~

.;.4 

(138)

“ 
~n 

— 

~i ... 
~n 

(139)
a 

f 

g 

077

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~ ~~
• .  

~~~~~~~~~~~~~ 
~~~~~~~~~~~ •~~~~~• •~ ~~••~~~• •- 



~~~~~~~~~~~ ~~~~~~~~~~ r - ~~~ —•, —- —? 
~~~~~~

51

[~n+i 
— 

~n+i ~n~-i 
i I .. .6 (140)

- .
n+1 n+1 n+1

~n+i 
in-i

— ~~~~. ~~~~
• D (141 —

n+I n+3 n+l ~~
“ n+3

. 
n+I n+1

• V

and

= en~ I e
n~3 

Auf + D - (142)

~n+4 ~n+ ~~+4 -

•

~

It will be noticed that the relationships (139) , ( 14 1) and (142) have already
been substituted in equations (101) and (110), as appropriate, and the symbols

~. (1 1 + n) and ~ - (1 = 1 ~ 6) are not used outside this section.
1 n+1

Equation (138) gives the relationship one would expect between the two cases

where one has free—free deformation modes (the and the ‘); (139) what is - •

expected for the two cases with en~astré modes (the and the ‘) ;  (140) what is
expected for the two cases with velocity rigid body coordinates (the and

the ~ ); and (141) what is expected for the cases with displacement rigid body

coordinates (the and the ). Finally it is interesting to note that, from

• (136) and (138),

— ... = e1 ... e~ + AefPq 
043) 

• f 

g 

This relationship could, of course, have been immediately obtained from (130).

Equations (139) and (143) are in fact independent of the particular form of the
aerodynamic forces consequent upon remoteness from the ground .
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7.2 Between overall force and moment vector coefficients

• From the expressions for the overall forces and moments (equations (74),
(76), (93) and (94)) and the relationship (131) between the local force vectors

it is easily seen that we have the following connection between the coefficients
for the constant—velocity axes development and those for the basic body—fixed

axes (encastré modes displacement body freedoms) development:

= j~(c) i 0 0 + [0 0 Ax
] (144)

~

(c) —K0 I 0

~

(c) —P 0 ~I I q

£n+6 I 0 0 + [0 
~~ 

~~~] .  (145)

: ::::::::: 1~ ::::::::: :; ~
- - Using the relationships between the various sets of body—fixed generalised

coordinates (equations (99), (103) and (111)), we also immediately f ind tha t:

~~ — X l . X
6 

I 0 0

• 0 ID Auf
2 . 0 0 ID

= “ I 0 0

—R
0 I 0

~

P
q 

0 i:

= 
“ x +6 i 0 0 ( 1 46)

~ ::::::~.:: 
_

(RoD uf~q) m
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and

~~
• — - I 0 0

0 ID Auf
N

1 
_ N 1 . . 0 0 ID

= I 0 0

. —R
0 

I 0

—P 0 Iq

= ii I 0 0 - (147)

(R
O
D + Au1~q

) ID Auf

N —PD 0 ID1 q

7.2.1 Between overall aerodynamic force and moment vector coefficients
when well away from the ground

With the particular f orms of the local aerodynamic force vectors
appropriate to f l ight where there is no ground effect (equations (37), (38),
(101), (110) and (118)) it follows that certain coefficients have particular

forms (of Tables 8 to 12)

= ~~
c) D ( 1 48)n+3 x z

~ 
(c)
n+I x

~
(c) 

~~•n+1 x

- x~~ A~~ + xr D - Ax

~

c) ~tc) 
~~~ ] 

(149)
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= ~~~ ... ~~~ D — Axf 
(150)

M(c) M (c)
n+I x
N(c) ~~~ -n-il x

= L,~
c) ... ~~~ Auf + ~~~ ... L~~~ D — AL 

(15 1 )  

M~
c)

N

~

c) N~
C)

and similarly for the and coefficients except that the term AX1, ALf
are absent. For the a coefficients (and similarly for the “ coefficients)
we can simply write Xn+I 

= ~Cu~ 
Xn+4 

— X etc. It is then easily seen

(of section 7.2) that

(c) “x . = x— a !— = x = xx x x U u

(c) ‘- ., hdx~ = x. = x- = x = x• • • p p
( 152)

= = = =x x x u u

(c) _

Le L = L = L = L etc.
• + 4, p p

x l ... = x~ ~ (c) 
- ... x~ (R

O
D + AufPq)

Y
l 

~(c) ~(c)

j

— x~ - .. ~~~ P~D + 
Ax 

P~

~~c)

~~
c) 

•~~~• 

-

= 1!’  , (153) 4
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• -i

= L~
c) ... L~~~ - 

~~~ ... L~~~ (R
0P +A uf

P
q)

M(c)

N 1 N~
C) 

. N~
c)

— L~~~ ... L~f,
’
~ P

q
D + Axf’~o 

+

M~
c)

4,

.• . .• . . ..+
= L 1 ... 1’n (154)

- 

~;I  

+ A~~P~ = Xn 
= 

~~
••  Xn (155)

y(C) I 
_

~1

z~~ j  
~

_

1 z1

L~~~ + Ax1Ro + AL11’q = L1 L~ = ...

• N~
c) 

~ l 

(156)

-S

The above relationships can be confirmed f rom the expression of Tables 8 to 12
using the rela tionships between the local aerodynamic force vectors given in
section 4.1.1. Anybody with prior knowledge of relationships between aero— - 

-

dynamic derivatives may well be surprised by the equations (152). They are used

to relationships such as (see eg Ref 2, section 22), for our case of zero
angular velocity during the datum motion,

Z3 = Z + w
1
Z — V1Z . ( 157)

It must be emphasised therefore that our terms are not derivatives. In

077 
general they are differential operators. Thus we could write (the notation is
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z~~+ z ~D + ...
(358)

2 = z + z•D + ...p p p

and then, making use of (97) and (98), we find that the coefficients of 3 in
— I and ~ are respectively

+ Z..W~ — zRvf
and ( 159)

a + zw — zvp v f  w f

The former term is commonly called Z
; 

since it has come from a Taylor expansion
in terms of the displacements; while the latter term is written as the linear

combination (Z + Zw — Zv ) of three derivatives since a Taylor expansion inp v f  w f
terms of velocities was first used before transforming to the displacement

coordinates. Equating these two expressions then gives (157) which contrasts

• with our relationship

= ( 1 60)

- • 

where the quantities involved are not derivatives.

7.3 Between coefficients in perturbation eQuations of motion

In the constant—velocity axes derivation a general expression [Q. .J for
any of the matrices, EQ..], —[E~~J , —tP~jJ . — [G..] was obtained in equation

(78). The corresponding general matrix [~ ..] for the body—fixed axes derivation
using encastré modes and displacement body freedoms is given by equations (93),
(94) and (96). From the relationships between the local force vectors

(equation (131)) and between the overall forces (equations (144) and ( 145)) we
then find that
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= I -R~ -P~ ~~~ 
I 0 0

0 1  0 —R0 I O

0 0  I •~Pq O I

+ I —R~ —~1 
— 

()~R
TAef)Pq 0 0 

—

0 I 0 0 0 A~

0 0 I j  Ax 0  + -N~~ Mf]Pq 0 10 0 01
10 0 _L

fI ~ 9
— 

Lo 0 oJ L_Mf Lf oJ

+ 

[P

~
{
~i Ro 

— 
~A;R 

— (~A;Ax)Pq} 
0 0~ . (161)

In addition we have the relationship between the ponderous inertia matrices

(of Tables 3 and 4)

(A1~] = I —R~ —P~ [A.~] I 0 0 . (162)

0 I 0 —R0 1 0

0 0  I —P 0 1q

The three other forms of the perturbation equation of motion that we have con-

sidered were all obtained simply from the equation for the body—fixed axes,

encastré modes, displacement body freedoms, case by a coordinate transformation

and possibly also a matrix premultiplication (see sections 6.2.2, 6.2.3 and

6.2.4). Thus we have

= I .0 0 1 (163)

0 ID 1 
AufD

2
~

0 0 ID ’J

077



~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

— -

~~ 

—•

I1i~1 — I R~ P
~]E~~3

l I 0 0 (164)

0 I 0 1  R0 1 0

0 0 iJ Pq 0 I

(~~ 1 = I R~ P~ (
~~
] I 0 0 (165)

O I 0 R0 ID 1 AufD
2

0 0 I Pq 0 10 1

where each of these matrices may be a Q. ., —E.., —P.. , or -6.. (or —C .. —

— 13 13 13 13 13
G~J

D )  matrix with the appropriate dressing. Similarly for the ponderous

matrices we have

— 

~~i~’ r’ 0 01 (366)

J O  0 0

Lo 0 0

= [A~
] 10 0 01 (167)

J O I

Lo o iJ

= EA~ I [o 0 0 1 (168)

10 0

L °° oJ

IX~ I = [A1~] ( 169)

— IA .~~~] II 0 0] (170)

10 0 0

L o o o

r~jj l = IA~JI 10 
0 o] (171)

10 I 0

Lo 0 I
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= 

~~
j .i [o 0 0 

1 
• ( 172)

1 0 0 Auf1
• L o o  oJ

The various quantities required, in addition to the coefficients in the original

form of the perturbation equation of motion, to transform to another form of the

equation are summarised in Table 13. The transformations between the various

forms derived using body—fixed axes, require, when there is a change between

encastrd and free—free modes, some modal information in the form of the matrices

R
0
, P

q 
In addition certain information on the datum-motion forces is required

when transforming to or from the constant—velocity axes form. For example

~AefAxf is required with Ae1 replaced in turn by Ae1, Ae f’ Ae5f and

Ae8f 
(~ g6inA~~, ) .  The sum of the forces on any particle during the datum motion

will be zero* a~td so, for example

+ A  + A  + A  ~1A = 0 (173)
e e e J x£ pf Sf gf f

though

~A A i~ 0 - ( 174)
ef Xf

One can therefore assume, in transforming to or from the constant—velocity axes

form, that all the individual datum motion forces are zero. The result will be

an equation which has the right solution though the individual terms are in

general wrong , being differ ent from those obtained when the equation is derived
directly. Thus, for example, for a rigid aircraft (ie n — 0)  in a vacuum, since 

-

from the equilibrium equation (Table I or 2) we then have Axg1 — Ax~1 ~
have (of Tables 3 and 4)

[G~~I 
[0 0] 

= [: ~AXg1~ (175)

and
= 10 —Ax~f] , [P..] = 10 °1 (17 6)

L° o J  Lo oJ

* This, of course, is more than is said by the datum motion equations for it is
inconceivable that the degrees of freedom should be as numerous as the particles

077 of the aircraft.
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in the constant—velocity form and body—fixed form (displacement body freedoms)
of the perturbation equations respectively. However, if we transform from- one to
the other, using equation (161), and in the transformation assume the datum motion
forces are zero, then we find that these gravitational and propulsive matrices
are unchanged.

7.4 With certain other published equations

A number of authors (Milne6, Etkin7, Taylor ’, and others) have suggested
the use of mean—body axes in the derivation of the equations of motion of a

deformable aircraft. In our derivations of sections 6.2.3 and 6.2.4 a frame of

reference, occupying the- location the body—fixed axes would have if there were no
deformation (ie if the first n generalised coordinates were zero), can be
thought of as mean—body axes provided the modal matrix R satisfies the

conditions* for mean—body axes, viz:

~t5mR = 0

(177)

~6MXfR 0 -

The equation given in detail in Table 7 does not agree , for example , as regards
individual terms with that obtained by Etkin7. Like us he used Lagrange’s
equation for a non—inertial frame in conjunction with body freedom equations
obtained by the principles of momentum. However he naturally considered the
components of the momentum referred to the mean—body axes rather than the body—
fixed axes. It is easily seen that the mean—body axes become coincident with
the body—fixed axes if they are given translations

S 

K0 ~~~~ 

( 178)

c
and rotations

P
q ~ 

(179)

~n

-* A way , but not the only way, of satisfying (177) is to take as modes a set of
the free—free normal modes in the absence of gravity. 077
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(of equations (115), (2) and (11)). If we denote by superscript (in) quantities

referred to the mean—body axes* we can write, using (5),

~ X — A~~Pq ~ 
- ( 1 80)

~
(m) l

- i(m)j

and
• . j~(m)] ~ - (A1~R0 + ALfPq) ~ (181)

where X, L etc can be written in terms of the 
~~~

. using equations (93) , (94)
and (112). Thus if we add**

0 0 0  ( 182)

AXgfPq 0 0

A~~1R0 + ALgf Pq 0 0

to [C. .1, and apply the conditions (177); and similarly with the matrices [P. -]
— and F-~. .1, we should , and indeed do, get the body—freedom equations given by

Etkin . He, incidentally, follows the fairly common practice of including the

propulsive terms in the aerodynamic matrix; and he also chooses his modes to

sat isfy the normal mode condition , that 16~~
TR is diagonal, in addition to (177).

S It also can be shown tha t our deformation f reedom equa tions of Table 7 , -

subject to the mean—body axes condition (equation (177)) become identical with
Etkins7, in their non—concise formt, if a term (of equations (16 1) and ( 1 63))

* Thus j~m), ~j(m) j~(m) are typical moment components about the origin of the
mean—body axes (hence the subscript) and referred to those axes (hence the
superscript).

** In fact ALgf — 0 ; and there also is no change to [E~~J since the structure

cannot exert any overall force on itself.
t In the ‘non—concise’ form they had before division by an appropriate mass or

077 moment of inertia.
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P
~(Axgf

R
0 

- 

~Aegf 
K — 

(~Ae Ax )P q) 
(183)

is added to [a..] in the 11 submatrix position, and similar additions are made to

~~~~ E~~J
I and [—n..] . Some of these additional terms are of course zero as a

consequence of the characteristics of the gravitational and structural forces

(sections 5.3 and 5.5) and of the conditions (177).

Sun-sning up, therefore, we see that we can transf orm, from our perturbation
motion equation obtained using body—fixed axes, free—free modes, and velocity

body freedoms (Table 7 and section 6.2.3) with deformation modes satisfying the
conditions (177), to equations obtained using mean—body axes and similar free—

doms by adding

pT(k R - 
~A R - (~A A 0 0 (184)q

~ Agf 0 egf \ egf Xf/ q

A.. P 0 0Agf q

- 

Axgf
R
O 

+ ALgfPq 0 0

to [~..1 and making similar additions to [~..J , EL.I and [—~..I. Since , as
noted in section 7.3, the sum of the forces on any particle dur ing the da tum
motior. will be zero, it follows that the sum of these additions will be zero.
The resultant equations are given in detail in Table 14. Note that the aero-

dynamic overall force and moment about the origin of the mean—body axes, referred
to the mean—body axes, are (of equatior~ (155) , ( 156) , (180) and ( 1 81))

~
(m) 

= 

- 

X~
C) ... x~~ x 

~w ~p ~r 

- 

(185)

~ (m) ~(c) I
~

(c) z Z
p

L~
m) 

= ~~~ ... L~~ tr . (186)

M ~ c) 

~u

N~
c)  t

~u ~n+6
— 077
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Though considering the use of various frames of reference — mean—body axes,

body—fixed axes, principal axes Milne (Ref 6, Par t I , Appendix 1) states the
perturbation equations of motto~. a concentrated form appropriate to any type

of body axes. Thus his equations, when the perturbations are small, with the body

axes chosen to be coincident with the principal axes of inertia through the air-

craft centre of gravity during the datum motion (ie equations (52) and (53) being

sat isfied) , are identical with our s for body—fixed axes , free—free modes and
velocity body freedoms (Table 7 and section 6.2.3) when the matrices (184) etc
are added to our constituent matrices of Table 7.

For a rigid aircraft it is usual to reduce the perturbation equations of
motion to what Hopkin2 called ‘a concise form’ by dividing each force equation by
the mass and each moment equation by the appropriate moment of inertia. Etkin7

and others (Ref 8 for example) have similarly set up a ‘concise ’ form for the

equations of motion of the deformable aircraft. Thus their final form7’8 is
that given when the equation of Table 14 is premultiplied by

- 
~~~~

TR 0 °1 ~ . (187)

0 ml 0 1

0 0 I

Finally we would just mention that various other authors (Refs 9 to 13 et al)
have derived or quoted the perturbation equations of motion for a deformable air-

craft. For the datum motion that we have considered it is believed that their

forms are all included in the cases we have already considered though the nota-

tion and/or assumptions used are not always clear.

8 CONCLUDING REMARKS

• We have been able to develop in detail various forms of the perturbation

equations of motion of a deformable aircraft and present them in the attached

tables (Tables 3 to 7 and 14). These relate to small perturbations from a datum

motion which is straight flight with constant linear and zero angular velocity .

The relationships between the various forms were established and stated, and the

requirements for transformation from one form to another listed (Table 13). A

particular feature of the work ha8 been the care with which account has been

taken of the various forces (structural etc) which were already present in the

unperturbed state. To make use of the equations the reader will of course have

to call in the help of the aerodynamicist and the elastician (or make use of

_____  -— -- ~~
——- - ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
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the results of a ground resonance test as in Appendix C) and possibly others
as well.

There is room for further development: different unperturbed conditions,
better representation of the propulsive forces, more realistic model of
structural damping, more accurate representat ion of the hereditary nature of the
aerodynamic forces , etc — but the need for such refinements has yet to be con—
vincingly demonstrated.

S
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Appendix A

STRUCTURAL FORCES FOR AN ISOTROPIC ELASTIC BODY

The meaning of the term ‘structural force’ on a particle or element is

perhaps better understood when it is defined in terms of stresses for an iso-

tropic elastic body with no structural damping. Then (of eg Ref 3) the structural
force is given by, for the unperturbed state

= 
j  

+ _ _ _ _  + ::;z) dxf dyf dz f
I~ I element
l eft

LcfJ .p (::~ + ____ + dxf dYf dz f
element

I (::~~
X 

+ :;;~ + ~~;z
)
dxfdyfdzf

element

— (a ~~L + a m  + a n)d(surface) (A—I)

surface

f (a~,~& + a~~m + ayzn)d(aurface)

surface

(a P. + a in + a n)d(surface)
- J zx zy zz

surf ace

where o~~ etc are the stress components (a~~ = a etc)

f means the integral over the free surface of the element
surface
£,m,n are the direction cosines of the outward drawn normal to the

surface .

The first term is the structural force there would be on an entirely internal

element of the body , and the second is the reduction consequent from the fact that
there is no structure to exert a force on the free surface of an element. It is

077
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66 Appendix A

immediately obvious, using Green’s formula relating surface and volume integrals,
that the sum of the above structural forces over the whole body is zero and so

X5f 
= ~ e

f 
— 0 . (A—2)

I,

-

~~ ~f 
g
8f

We also have from Green’s formula, with S enclosing the volume V

f (Yf 
~~ 

- a )dV J niy
~a d S  (A—3)

and

f (xf ::~ 
— a )dV = (Rx fa d S  . (A—4)

Consequently, since a = axy yx

~~ ~~ 
- Xf 8 f)~~ 

= f (~~~O~y — 
~
xfaYX

)dS (A—5)

and so

___ + ___ + ___  dV

- ___ + :-;~ 
+ ~:;z)dV 

-.

a 
~~~~~~ + ma + na )dS

— Tx (P.o + ma + no )dS . (A—6)
J f yx yy yz
S

Using this and similar relationships derived in the same way we find therefore
that :1
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Aôpendix A 67

L5f 
= ~Axf e8f — 0 (A—i)

M8f 
f
5f

N
8f g8f

where the summation is over the whole body.

In the perturbed state described by equation (4) the structural force on a
particle will have the form, referred to the constant velocity axes:

t 
~~ s~ [EE] + e ] [:J (A-8)

since the structural force, referred to the body—fixed axes, will be unr hanged

for any perturbation without any deformation. The above analysis can therefore

be repeated using this force vector and replacing (xf,yf,zf) by ~~~~~~~~~~~~~~
Consequently we find that

- 

e 1 ... esn 
= 0 (A—9)

fsi 

~
A (c) e~~~ 0 . (A—JO)

c f Cc)

(c)
g5

Expanding the latter equation in terms of the generalised coordinates (see

equations (5), (7) and (A—8)) and using the fact that

A (c) e5~~ 
= — Ae f  x~~ (A—Il )xc 

~ 
I (c)

Sf ~
‘c

gJ ~(c)
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we get from the first order terms the relationship

~ Axf e
81 ... e 0 AxfAe5f = 

~Ae5f ER I Axf
l (kI2)

fsl 

and so

~AXf 
e51 

... e = 
~Ae f

R (A’13)

f
SI 

I(AxfAe f 
— Ae f

Axf) = 0 . (k14)

The latter equation is of course equivalent to (A—7) . Now the general expres—

sions for the overall forces and moments, referred to the constant—velocity
axes, (equations (74) and (75)) give, using (A—B) or (46), structural contribu-

tions due to the perturbations:

x
~
)1 — Xsfl ~ ~ 

e51 ... e 0 ~~Ae f q 1 
(A-IS)

~ (c) 
Y
5f ~~J

Zr)] Z5fj  gal q
~~6

— 
~~~ ~ ~Axf e51 ... e5~ ~~Ae f

R Ax5f 
- 

~Ae 5f Axf~~~~xfAe5f q 1
Cc) H f

• N~~ S q 6 

(A—16)

Consequently from (k2), (A 9), (A 13) and (A—14) all these contributions are

zero.
The above expressions (A—IS) and (A—16) are of course independent of the

assumption of an isotropic elastic body; and so if we assert that a structure

cannot exert any overall translational force or moment on itself we i=ediately
077 
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find that the relationships (A—2), (A—i), (A—9), (A—13) and (A—14) are true in

general.

So far we have taken no account of the relationships between stress and

strain and displacement. The strain components are simply related to the first

derivatives of the displacements; and for our ‘isotropic elastic body’ the stress
and strain components are linearly related by Hooke’s Law. Consequently it can be

shown that the strain energy of a deformed elastic body is a quadratic function

of the first derivatives of the displacements (of Ref 14). Thus, in our case,

the strain energy E is a quadratic function of the generalised coordinates

E — E
0 

+ E ( E i ) f ] q 1 + ~[q1 
... q~~6J EE . . 1 q 1 (A—li)

-

‘ q
~~6

where, without any loss in generality, [E..] is written as a symmetric matrix.

From the fact of the existence of such a potential function it immediately

follows that the matrix of the generalised structural force coefficients, in the

- - 
perturbation equation of motion, is, as we have already indicated by our notation,
[E
1~] which is syninetric. Thus from the form already deduced for this matrix

(Table 3) we see that

~R
T 

e51 . . .  e is symmetric

fsI
g8 

S

ie ~ e51 
f
51 g81 R — ~R

T 
e51 

... e5 . (A—18)

: : f
- . si 
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Appendix B

PERTURBATION EQUATIONS OF MOTION NEAR ThE GROUND

For an aircraft in flight close to the ground the boundary condition to be

satisfied by the air flow at the surface of the ground has an important effect on

the air forces applied to the aircraft. Consequently the forms taken, in the
main part of this Report, for the local aerodynamic force vector at the surface
of the aircraft (equations (37), (38), (101), (110) and (118)) are no longer an

adequate representation of the truth. It is necessary then to write the local

aerodynamic force vector in the appropriate one of the forms we have taken for

the typical local force vector (of for example equations (120) and (121) in
section 4.1). The matrix of generalised aerodynamic force coefficients, for the

constant—velocity axes derivation, is consequently given by equation (78) with

the ‘— ‘ dressing omitted. Similarly the other forms are obtained using the

relationships (161), (163) , (164) and (165) — again omitting the bars — , and
put in terms of the desired local and overall aerodynamic load coefficients by

the use of equations (126), (130), (144), (145), (146) and (147). The resultant

aerodynamic matrices are given in detail in Table 15. For the various body—fixed

axes cases the local aerodynamic force vector has been written as (of equations
(100), (104) and (112))

n+6

e ~ ef +
~~~~~ 

e.~~q.

f j=I ~
f .i

g g
f 

*

~ ef + 

~ j  + 

~~ ~] 
(D 1

~~ 
- AufD~~~J~ 3

)

f 3=1 
~~~ 

j n+ 1 
~~~f i i i i

gf gj

n+6

+ ~~~~

.i—n+4
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~ ef + 

~i: e.1 q. + 
~~ 

e
j i ~~j=1 fl j—n+I 
~f ii it

gf i~J g
jj

n n+3 n+6
ef + 

~ ~ ~~ 
+ ~~~~~~~~ 

— A~Jf D q . 3 ) + &. D ’
~~.

i— I  j —n+ 1 - J =n+4 L

$ 

gf 
~jJ 

(B—I)

where ... = e1 I (B—2)

R
0

~

I P
q

and the coefficients 
~~
., etc are, in general , differential operators.

Similar expressions hold, and have been used , with the subscripts ~~~~~~~~~~~~
replacing (n+1 ,. - .,n+6), for the overall forces and moments. Comparing (37) with

(B—I), and so on, we note that

~ e
n~ l en 6  [D Au~1I f • . JO Dn+1 n+1 L

~ 

etc, as the distance of the aircraft from the ground becomes large.

B.1 Upholding, forces

When there is contact between the aircraft and the ground, as , for example,
during the take—off run, additional forces are obviously felt by the aircraft.

These we will call upholding , or support, forces. We will assume the normal

earth—fixed axes 00x0y0z0 have been defined such that during the datum motion
the aircraft has zero velocity components in the directions 00y0 and 00z0 .

Its velocity u0 in the direction 0
0x0 will be constant, in accord with the
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72 Appendix B

assumption throughout this Report that any datum motion considered is one of

zero angular velocity and constant linear velocity. One case of certain particu-

lar interest (of for example Appendix C) is that for which u
0 

is zero. We also

assume the earth surface, when under no external load, is given by

= ~~~~~~~~~~~ (8—4)

and that the earth behaves elastically* such that when displaced to

z0 = z~
0
~(x0,y0) it exerts a force

— d~
0
~ (x0,y0)1~ 

~ 1 (~~5)

I (0) 
— 

(0) 1Z~~~~j

(0)
at (x

0
,y0,z ) ,  referred to the normal earth—fixed axes.

Transformation from the normal earth—fixed axes to the constant—velocity

is accomplished by

(1) translations (u
0
t,O,O) in the direction of the normal earth—fixed

axes;

(ii) rotations (4f~8f $ ’I’f ) in the usual Euler order about the carried axes.

Thus we are assuming that the reference point coincides with the origin 0
0 

of
the normal earth—fixed axes at the instance t = 0 during the datum motion.

Writing

-

~ S = [j
~~

, 
~~~ 

t,] (B—6)

we find that a particle on the outside of the aircraft, which was at the point

(Xf~Yf~Zf) in the unperturbed state, is in contact with the ground at an instant
during small perturbations of the datum motion provided that

(0) 
~ 

(0)

$f 
+ [. :~ — _____ , 

~ ;~ : :1 > 0 (B 7)

_______ 

z
(c)

_ zJ
• _ _ _  

f c

* If desired a more general representation could be used with taken to be
a differential operator. 077
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where is given by equation (39) , and its derivatives are evaluated
f p

at
(x0,y0) — 4 ~~ + u~t k~ X

f (B—8)

y
f 1  Yf
Z
fJ 

Zf 
-

and from (B—6),

i~ = cos cos (B—9)

— cos 51.fl + sin cos sin

5]•fl 4
~f 

S1~fl ‘l’~ 
+ cos cos sin

k~~, = cos O
~ 
sin ’Pf • (B—b )

f
cos cos + sin sin sin

— 
— sin $f cos + cos cI~f sin sin ef

Consequently, provided (B—i) is satisfied, the ground exerts a force on that
particle of the aircraft which, referred to the constant—velocity axes is given

by the vector

( 
— ~

(0)

z {  

“i 
— (0)

S g(c) 
zJ

~~(O) 
a6~

0
~

+ 

((&
~

[x
~ - z~

0)) [x~ 
, ,

+ _____ 

‘ 
- 

8y~ ‘ ~] s

~~
r(c) = :1 -
I (c) —077 L
z Z

(B—il)

* - - -  _
~~~~~~
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74 Appendix B

where 6 (0) 
Z~°~ and their derivatives are evaluated at the point given by

(B— B).

Now during the datum motion these forces must be constant and so we must
have either

u
0 

— 0 (B—12)
or 

~ (o)
= 

U 
— 0 everywhere . (B—1 3)

0 0

With either of these conditions satisfied we can write, at the point given by

(B—B),

— z ( x f ,  yf ,  zf) (B—I4)

• 6
(0) 

= 6~(~c1, Yf~ Z
f
) (B—IS)

• and -

t 0){~
.~~

[x] 

— z
(0)} 

= — g~~~(x f ,  yf ,  zf) . (B—1 6)

Thus (B—Il) becomes, remembering that S is orthogonal

~~~ 

g(O)~ - 

{
~U~~f~~f 

- S~~~~~f [~~~
‘ 

~~~~~~~

‘ 

~
]

g
(c) 

- 6
~
t
~ [9xf ayf 

az
f]} :~ = - (B — l i )

(c)
Z Zf

Note that, from (B—14),

9z fax — j. + k (B—18)p f ax0 W
f ~~~aZ~/ a Yf

aZ~/aZf
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and so

S~ azP/axfl — az~
0
~/ax0 • - • (B—19)

- 

az~ /aY f az~°~/ay0
az~/az1J 0

- - Similarly

s, a6 U/ax
fl 

— a6~
0
~ /ax0 . (8—20)

: 1  ~ a6~/ayfj  a6~°~/ay0 - - -

. a6 U/ azfj o

- - Thus the functions 6 , z must be such that-: U p

~~~~~ ~~~~~~~~~~~~ (8-21) 
-

and

~ a-3~ 
= 0 . (8-22) 

- 

-

In addi tion, if the condition (B—13) is the one which is satisfied during the

datum motion, then these two functions must also satisfy

• 
. [.

~ 
~~~~~ 

~~ 
= 0 (B—23)

and
ra~ az ~~ j — 0 . (B—24)

- Laxf aYf azfj cI~f

Expressing the perturbation in terms of the generalised coordinates used in
• the constant—velocity axes development (equation (7)), equation (B—li) becomes
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76 Appendix B

— g (O)
;~, — - ~~~~~~ [

~ 
, ~~~~~ , .

~
]

g
(c) 

3z a~ az 1U — &
U
&
4f 

‘ ER I ~Ax1
) q

1

• q
~~6

= (say) + 

~~~~~ 

q
~ - (B 25)

The resultant overall forces and generalised forces can be obtained, as in the
other cases, from the general expressions (74), (76), (22) and (iB) . We will

write a generalised upholding (support) force as

n+6 1
— (S.)1 + ~~ ~~~~~ (B—26)

i_ I J

and the perturbation equation of motion will then be

{EA. .1D
2 

+ [S..J + [G.J I + [P..I + EE 1~ I — EQ33 1} q1 
= 0 (B—27)

q
~~6

where the S.. are obtained as above, the aerodynamic matrix is given in
Table 15 and the other matrices are given in Table 3. The equation of equilibrium

(Table I) can similarly be modified.
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Append ix C

PERTURBATION EQUATIONS OF MOTION IN THE GROUND RESONANCE TEST SITUATION -

During a ground resonance test it is reasonable to assume that there will
be no aerodynamic or propulsive forces, and the constant—velocity axes are
stationary and such that Ofyf is coincident with the normal earth—fixed axis

O
0
y0 . Thus the two attitude angles ~~~~ of the undisturbed aircraft are zero.

There will of course normally be some excitation forces but as throughout the
- - . rest of this Report we will assume them to be zero. It will be a simple matter

for the reader to include them if desired. We will also assume that at each

support point the ground profile and stiffness are both stationary. Hence from

(8—25) the upholding (support) force vector* is, referred to the constant—

velocity axes

e~~~ = g~°~&~ 
— I —Axf] q1 (C—I )

f
( C )

(c)

where, in this ground resonance test situation

= 1— sin e~~ . (C—2)

1 0

[ COS 8~~

From the equilibrium equation (of Table I)  we immediately find that

— ~g
(O1

R
T
~~, = g~6mRT~~, + ~RT 

[esf] 
(C—3)

g
8f

• 
- ~g

(O) 
= mg - (C-4)

and 
uf

0 (C—5) 
- 

-

Uf f f

* We are continuing to assume that the support forces are purely elastic. For
the soft suspension desirable for a ground resonance test it may be necessary
to take account also of the effect of the mass of the suspension on these

077 support forces.
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78 Appendix C

and so, using equations (75), (77) and (78) along with (C—I), the upholding
(support) matrix is given by

— Es~~J — — X6
[RT1L

~~&~~ [R I Ax11

bJ
+ 

- 

0 o _g(~ 6mRT)A~~~ — )RTAe51 (C 6)

0 0 0

gA~ ~ t5inR + ~Ae51R 0 0
• - I

where we have made use of the argument:— (C—3) is true for any R and in

particular for RT = RTA~ where A
~ 

is an arbitrary constant skew—syimnetric

matrix of the type of equation (6), and so

(_ ~(g~~~ + g6m) RT)A,~ 
[t] 

= (~RTAe f )

[
cL] 

(C- i)

which gives since (a . . . } is arbitrary

— 

(
~g

(01
RT)A~~, = ~RTAeS1 + g(~6mRT)A9~, . (c 8)

The gravitational and structural matrices are given in Table 3, and so

(s~ I + + — !6~ FRi 2
~i,

9
~ ER I

L~~~
fJ

— ~R
T 
Psi 

... e~~~ 0 _
~RT

AeSf
If
I si

L~8 
0 0 0

~Ae5f R 0 0
— ..... (C—9) 077
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The equation of motion for small perturbations is therefore

([A . .]D2 + [S.J I + [G. .] + [E..I} ~~~~ 
— 0 (C—lO)

I ~

where the inertia matrix is given in Table 3 and the other terms come from the
- - above equation (C—9). It is normal practice in ground resonance tests to make the

support stiffnesses (the 6
u~ 

as small as possible so that the first term in
(C—9) can generally be ignored. We can also replace the terms involving the

datum values of the structural force vectors by terms involving the coefficients

in the expressions for the perturbations thereto. This is done through the

relationship

~Ae51R = 
~Axf Psi • . .  e~~~ (C—Il)

I f

L~5 
which is a consequence of the fact that the structure cannot exert any overall

moment on itself (of the particular demonstration in Appendix A). It also should

be noted that for most structures (of Appendix A) the submatrix in (C—9) —

~R
T lesi ... e~~~

I ~ 
~~ 

can be taken to be syuunetric.

The main objective of a ground resonance test frequently is to gather

information about the structural forces. If the function R represents the

normal modes measured in such a test which are not predominantly body freedom

modes, and the suspension is sufficiently soft then we see that to a good

approximation

is diagonal (C— 12)

~6mR — 0 (C—13)

H 
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80 Appendix C

X6mAx1ft = XAxf 

~~ 
:::..~ } ~

RT
1; i :::..

~~1 

-I 

(~~~~
T
R)

L~ J L~5  
(C—b4)

and 

~R
T

[e
1 ::: e

sfll is diagonal. (C-l5)

L~si j

Thus knowing the frequencies of these normal modes we can immediately find all

the elements in the second term in (C-9), or in the structural matrix of Table 3,

for these particular degrees of freedom and this particular datum motion. That

is we have

~

R
T

Fe
s) 

~~~~ 
~~ 

(
~~~~TR)diag{w

2 ... (C 16)

Lg51 J

ZAx
IF; 3 :::. e l  

~~ (~
6metx1R)diag(w~ ... (C 1 7)

L ~ 8 j

where w. is the circular natural frequency of the ith mode. We would emphasise

that these values of the structural coefficients strictly apply only to the
ground resonance test situation. For other stress states during the datum

motion it is obvious from (C—Il) or (A—13) that 1e51 ... e l  will be different

IfI sl

~ even if the modal matrix R is the same. Nevertheless, being devoid of hope of

doing anything better without excessive effort, it will often be assumed that

these coefficients, e5~ 
etc, in the components of the local structural forces,

are independent of the chosen unperturbed condition.

To obtain the structural matrix in the perturbation equations of motion

using body fixed axes is a little more difficult (of Tables 4, 5, 6 and 7). We
have from (131) and (46):
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IRT 

1~:: :::..~] 
— ~R

T 

F:: :::..~] 
+ (~R

TAesf)
P
q

L~sl I_ga J

which, for normal modes, can be evaluated from (C—Il), (C—l6) and (C— I l). The

other terms (of, for example, Table 4) comprise one , PT~~.e f
R , which similarly

can be easily evaluated, and one P
q(~Ae5fAxf)Pq which sets a problem. To be

able to evaluate the latter it appears that one will also require measurements of

the unperturbed values of the upholding (support) forces. When using constant—

velocity axes it was remarked above that one may often have to assume that

Ps~ 
e51, and hence (of, for example, (C—Il)) the weighted sum ~Ae5f

R are

If
~ 

sI

independent of the chosen unperturbed condition. Similarly with body—fixed

• axes one may have to assume that 

[:1 

and ~Ae5fR + (~Axf Aesf)Pq are 

independent of the unperturbed state.

In section 7.4 we considered also the use of mean—body axes. It is

however rather more difficult to relate the structural coefficients there

derived (of Table 14) to the results of a ground resonance test, for the normal

modes obtained in a ground resonance test do not satisfy the two conditions

(equation (177)) for mean—body axes (of equations (C— Y~) and (C—14)). We will

not therefore pursue the connection.

This consideration does however highlight the fact there is in general

some inertia coupling between the normal modes measured in a ground resonance

test and the rigid body rotational freedoms. How large this is it is d i f f i cu l t

to tell. No doubt, for an almost two—dimensional structure, such as an air-

craf t, it could certainly be made small by the use of a continuous* soft support —

from (C—Il ) and (C—14) it clearly will be small if the structural forces in the

unperturbed state are small. In practice the cross inertia couplings between

the measured modes and the rotational body freedoms have rarely been calculated .

I~breover , if they had been, one would not know how much was the ‘true ’ value,
how much was due to experimental error (it is not unusual to find large inertia

couplings between two measured ‘normal’ modes) , and how much was due to

* Continuous in the sense that every point on the underside of the aircraft is
077 supported .
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82 Appendix C

inadequacies in our mathematical model of the suspension (massless, elastic,
and infinitely soft). All this, along with consideratioi~ of structural damping

and friction, suggests that measured normal modes should be used with caution,
and that one should regard ground resonance tests primarily as a fair check of

- - theoretical predictions rather than a source of data.

.

I 
-. 

-
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Table I

DATUM MOTION EQUATION USING CONSTANT-VELOCITY AXES

Equation

[— ~~~~ + (G
i
)f + (P.)

1 + (E.)
f] 

= 0

Constituent matrices

• 
Aerodynamic Gravitational Propulsive Structural

- 

[(Q.)
f
] — [(Gi)f

] — [(P.)
1
] — [(E i) f]

~

RTr1L8~d L~5d

1xf1 1
~~~~f 

rxpf.1 0

1~ I
LZd LZ~d

ILfi 0 rLPfl
I M f I 1M Ph
LNfJ LNpd

Overall forces

Ixfl - 

~1ef1 ILfi = 

~
Axf1ef1 etc.

I’!f I I~f I IM fI l~f I
L~J LNd L~J
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Table 2

DATUM MOTION EQUATION USING BODY-FIXED AXES

Equation

~ 
+ 

~~i~ f + 
~~i~ f + (

~ i)
f] 

= 0

Constituent matrices

Aerodynamic Gravitational Propulaive StructuraL

I(6~
)fI 

— 

— [(~~*~I 
— 

— 1~~ )f I — I~ jfI

I ( R
T - - PTAXf )Iel 

- mR~}L4
. - - P~Axf )J e~~~ ~RT

[;
if

JL5fJ 8,

Ixfl rxPfl 0

I~ I I~
pf I

LZIJ LZpd
ILfl rLPfl o
IMf I IMpf I
L”tJ LMpfJ

Overall forces

See Table I

Note: For the purpose of this table equations (29), (30) and (31) have been

combined into one matrix equation.
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Table 3

PERTURBATION MOTION EQUATION USING CONSTANT-VELOCITY AXES

Eq~at ion

(EA I~JD
2 

+ 1G..] + EP
~~

J + EE1~1 — EQ1~]} q1 — o

Constituent matri ces

(i) Inertia (ie ponderous inertia)

• 
- [A ..) = ~ ~~~~~ ~~T _

~~~~
TA

~ âmR ml 0

~6mAXfR 0 In 
H

(ii) Gravitational

[G.~] = — g 0 0 
(~~

niT)AL

_A
~~~(~SmR) 

: :
(iii) Propulsive

= 

- 

(~R
TAepf)Pq 0 0

AXpfPq 0 Ax~f

~(AXf Aepf Pq + AepfR) 0 r ~ 0I N  0 0
pf

I-M L
_  L P~

H 077 
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• 
Table 3 (concluded)

Constituent matrices (concluded)

(iv) Structural

EE .J ] — ~R
T

[e
s1 :::..

~i 

0 0

-

0 0 0

- 0 0 0

(v) Aerodynamic

— [~~~J = — ... • ~ ~~ • • •  

—

f I V—’ 
a
’ ‘-• J L~ 

a ) ~ X~~ - — * 14~ ~ * x~ x~ 4C’)D
y 4 C)  I’~ 

y~ C)

~(c) J Lz~ ~4c)

1L~ • ~~ 1’~’~ L~~
’ L~~9D 10 0 01 * 1i~ ~~~~ * 1i~ 1çc)

I ~~ I o 1 l’~ L,
~ J J E”~ 

if oJ ~~ J L’4~

Overall aerodynamic force coefficients

See Table 8
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Table 4

PERTURBATION MOTION EQUATION USING BODY—FIXED AXE S IN TERMS OF ENCASTR~ MODES 
—

AND DISPLACEMENT BODY FREEDOMS

Equation

+ E~ ..1 + [~~] + [ç~I — [
~..]} q

1 
= 0

Constituent matrices

(i) Inertia (ie ponderous inertia)

[A~~1 = I -R~ ~T ~~~~
T
R ~~~~~ ~~~

T
A I 0 0

0 I 0 ~tSmR ml 0 —R
0

I O

- - 0 0 I ~6mAxf
R 0 I~ —P~ 0 I

(ii) Gravitational

[â. .1 = 0 0 _g (~~~~T)A2. + R~AXgf
0 0 ~AXgf
- AXgf R0 0 0

(iii) Propulsive

0 0 013

~Ae~fR 
- AXPf

R
: 

+ 
(~~~pf~~f)~ q : : —

077
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Table 4 (concluded)

Constituent matrices (concluded)

(iv) Structural

— 
_
~RT[•~:l 

~~~ 
+ P~~Ae8fR + P

~(~
Aesf Axf)Pq 0 0

L._~51 .......J
0 0 0

— 0 0 0

(v) Aerodynamic

— — ~ ~~~~ ...~ j IRT~ a~, ... 11T 

~~~~ 
... ~~~JD

10 0 c•~ I I~e~ Ibo~4 
1 0 0  ‘i L~ J J L~ Lc.~ 

1~ 
t; 1J D  ~ 

I

; 
zj~AJj + fr • 1~ j~~D

If I I~ I I~; Li 
~ J 1z~ J ~

[
~ 

LI [
~ 

~~
:

L

~~

0 

[
~ ~!:::~

]~
‘ [
~ ~

‘:~
]‘

- 

~~~~~~~~~~ : :
0 0 0

• 3verail aerodynamic force coefficients

See Table 9
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Table 5

PERTURBATION MOTION EQUATION USING BODY—FIXED AXES IN TERMS OF ENCASTR~ MODES
AND VELOCITY BODY FREEDOMS

Equation

+ [S. .J D + EL .] + [~~] + E~~~] + EL .] - [~ ..] + Ec*.]n } q 1 
- 0 —

~n+6

Constituent matrices

(i) Ponderous

= I -R~ -P~ ~~mRTR ~6mR
T _

~6mRTA~1 I 0 0

0 I 0 ~~mR nil 0 —R
0 0 0

0 0 I ~6niAXfR 0 I
n ~Pq 

0 0

[3..i - I —R~ ~~ o ~~~~~ _
~~~~

TA

0 1  0 1 0  nil 0

0 0  I t O  0 I
J n

Iv.. ) = I —R~ 
...~T 0 0 — (~ 

~~~T) Auf

O I 0 0 0 ~niAuf

0 0  I 0 0  0

(ii) Gravitational

= 0 0 0

H 0 ~~O 0

— AXgf Ro 0 •0

E
~
* I  — 0 0 ~~~~6~~T)A + R~A~~f —

0 0 A~81
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Table 5 (cont inued)

Constituent matrices (continued)

(iii) Propulsive

0 0 01)

— A
~~f

R: + 
(~
Aepf Axf)Pq : :

(iv) Structural

= ~R
T[

~~ 
~sn] 

+ P~~Ae~fR + P~(~AegfAxf)Pq 0 0

(v) Aerodynamic

— = I R~ 1’~ ~~~  IRTJI~ .,4 ...
o i 0 f f 

0 0 i 5 + 

in ~u ~v ~v ~p 1q Zn
cu II Lu zp J

- - 
t £ £~ tq t~

—~~ 
~u J ~

p 
—

- - (~Aef Azf)Pq) 

~ 
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Constituent matrices (concluded)

Overall aerodynamic force coefficients

See Tables 9 and 10 -
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Table 6

PERTURBATION MOTION EQUATION USING BODY-FIXED AXES IN TERMS OF FREE-FREE MODES
AND DISPLACEMENT BODY FREEDOMS

Equation

! IL~]D
2 + + + [1..) — 

~~~ 
— o

• 
I!n+6

Constituent matrices

(i) Ponderous inertia

= ~~~~
TR ~~T _

~6mRTAxf

~5mR ml 0

~6lflAxf R 0 I
n

(ii) Gravitational

= ~jP~ARe~f(~6mR) 
— 
(
~~mRT)ALc1IPq} 

— P~AXgf R0 o _g(~6inP~T)A~,~

~AXgf
P
q 0 ~AXgf

- 

— Ay~1
R
0 0 0 

• -,
(iii) Propulsive

- ;:{~~~~f R + 
(~

è.e cAx1)P - AXpf
R
O} 

:
~Ae fR + 

(~Ae fAXf)P - AX fR0 0 0

077

Iii.. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~  ______



W’fl, r~~~n,.w* .r •~ ! - ‘ ‘ “r --,- .,,--r• ~~* ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- - - - ———- --
~ •

Table 6 (concluded)

Constituent matrices (concluded)

(iv) Structural

r~ij ] = :~RT1~51 ••

~~ 

+ P~{~
Ae5~R + (~Aes~itx1)Pq}

L~’ :::::::]
0 0 0

— 
0 0

(v) Aerodynamic

— = — ... n~3~ ...
~ fl+ 

I 

~~ 
f~ 

1; ~9D fi; i, i.1AU1 + fx; i~ 1~ Di I ~; I I I I ~; J J [i; 

~~~

Jif J M  JLa; La; L~ i
- 

[P

~ (AX(RO - I - 
~~~~~~~~~~~

0 0 0

Overall aerodynamic force coefficients

See Tab les 9 and I I
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Table 7

PERTURBATION MOTION EQUATION USING BODY-FIXED AXES IN TERMS OF FREE-FREE MODES
AND VELOCITY BODY FREEDOMS

Equation

fr~ JID 2 + [S..]D + EL.) + [~ . .) + + ~~..) — I*.j ] + E~~ 1D ’} —

- - 

En+6J

Constituent matrices

(i) Ponderous

= ~~~~
TR 0 0

0 0

Z .~XfR 0 0

~ ~~~~~ _
~~~~

T
AX1

0 0 I
n

= 0 0

O 0 —mAu
1

O 0 0

(ii) Gravitational

— 
~
{
~~M,( ~) — ~~6mRT)AL~~P

q} 
— P

~Ax8f R0 0 0

~AXgfPq 
. 

0 0

- A71f
R.0 0 0
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Table 7 (continued)

Constituent matrices (continued)

(ii) Gravitational (concluded)

E~* I  — ~ ~ —g 
(~~~~T)At

0 0 -A~~1

O 0 0

- 
- 

(iii) Propulsive

E~~~) - P~~~Ae~fR + (~A~pf Axf) Pq - AXPf RO) : :
~AepfR + (~Aepf Axf)Pq 

— Ax~f
RQ 0 0

(iv) Structural

= ...~RT[~5J ... 1
~1 + P~{~

Aesf R .1. 
(~
Aesf Axf)Pq}

L~:~ 
::::::]

0 0 0

. 0 0 0

_ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _  

I

_ _ _ _ _ _ _
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Table 7 (concluded)

Constituent matrices (concluded)

(v) Aerodynamics

- - - ... ~~ ~n+I ~n+3] 
~~ 

~~~
I 15~ I 1fl44

~

n+ j  
~+4 

~~ ~E ::::::] ~
ç L~ L~ ~ 

L~ £q £ J
- 

M ci
I~I i~u :1

- 

— P~(AxfRO 
- ZAe~R 

— (Z~~fAxf)Pq)

o 0 0

0 0 0

Overall aerodynamic force coefficients

See Tables 10 and 12

S 
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Table 8

OVERALL AERODYNAMIC FORCE COEFFICIENTS - CONSTANT-VELOCITY AXES -WELL AWAY FROM GROUND

— e ... e2 n I
y (c) 

f

2~ c) 
81 • 

L
(C) 

~Azf e1  e — 

~Aef R

M~
C) 

f 

N~
C) 

81

x~~ ~~~ x’~~ x~~ x~~ x~~ Dx y z x y z
y (C) ~(c)

z~~’

x~~ x~~ x~~ - Axf 
+ ~~~

C) X~
C) 

A.df + xr x~~ 
c) 

D

~(c) ~~c)

Z

~

C)

L~~~ ~~~ ~~~ 
— A + L~

C) 
L~~~ L~~~ Dx y z f x y z

M~
c) 

M~
c)

N(~
2) 

N~
C)

~~~~ ~~~~ L~’~ — ALf + 
c) L~~~ L~C1AUf + ~~~ L~~~ L~

’
~ D

M~
C) 

M~
C) I M~

C)

N~
C) 

N~
C) j N

~
’
~
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Table 8 (concluded)

wt ere 1~c) 
~e~~ 1 —

— 
~Axfe~.~1 — ~Az~e~~ etc.

NB: , for exau~le, is not a derivative in the usual sense
2. All the above

terms such as i~~~, ~~
c) are in general differential operators, and thus there

will be contributions to the X• derivative from x~~, ~~~ andy z

077
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Table 9

OVERALL FORCE COEFFICIENTS — BODY-FIXED AXES - ENCASTRá MODES
AND DISPLACEMENT BODY FREEDOMS

Gravitational

Xg ~g ,n+6 — [o 0 Ax~fl

Ygi

2 . .gi

[~: ::::::::::] 
- 

EXEf’(() 0 0]

gi

Propulsive

[i
~~ 

XPfl+

6] 

= 0

[ià
~i 

~~~~~ 

[AXPf RO EAepfR + (E~ep~ &xf)1’q 0 0]

Aerodynamic — well away from ground

xl ... en
,~~ .......I
11 I 

~l

077
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Table 9 (concluded)

Aerodynamic (concluded)

[~ i — ~Axf~~1 •• I  C ~~~Aef R + A X fRo _ ( Z Aef Axf)Pq
f1 • • • •

I...... .......

1~ 
1;

~, ~e - X X. Au~~+ X; X~ X~ D

‘2- i ....... .......

~~ - r~. ~~
. 

~~~
. DX y z , ~~x y z 

•I 
.1 I~.X J LX

L, Le £
* 

- f~ i~ £; A.Jf + i~ £~ £~ D
it, ..

N .....~~~.

where 1~ — , 1; — ~e~.;4 ~
— 1A~fe~~.1 , — ~A~f e~~4 , etc.

NB: , for example , is not the usual2 derivative. All the above terms

such as 1;~ 1; are in general differential operators, and thus there will be

contributions to the X• derivative from X~, X. and X’y z

077
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Table 10

OVERALL AERODYNAMIC FORCE COEFFICIENTS FOR VELOCITY BODY FREEDOMS -
BODY-FIXED AXES - WELL AWAY FR(~( GROUND - -

~

X~ Xv Xv - - Z e n+i
Y
n t .u x n+ 1
2u .•..... 

~n+ 

X~, Xq X~ - 

~ ~ô 1~, - 

~n+~

~n+4 

L L~ L~ = L L; = 
~~~Xf %+ I• •  e

fl~3

it.
. 

~p ~q tr - 
~~~ 

- 
~~~ e~~4 en+6

M

• 1
~p

—

(of equat ions (10)) and (102), and note to Table 9)

077
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Table 11

OVERALL FORCE COEFFICIENTS - BODY-FIXED AXES - FREE-FREE ?I)DES
AND DISPLACEMENT BODY FREEDOMS

Gravitational

Xg,n+6 EAXg~Pq 0 Ax~f J

~Ygi

E•~~g1

Lgj ... i~ , ..
~~~~ 

- [AX8f RO 
- 8A&~ ~6mR o o] 

N

Propulsive

~~~~~~

Lp,~~

6] 

- 
[AXPf RO 

- 
~Ae~f R + ( Z e p~~~xf)”q

Aerodynamic — well away from ground

~~

.. 
~n 

— 
~~

• •  C

....... 1) I ......

077 

,- ----- - -- - —----—-------—-‘-- - ~~—-~ -~ - - —— - -—-  -~~~~~~-~~ -- - .  ~~~~~~ —.-- __F
__

~_ ______ __ —~~~~---~~~~.--- ~-‘ - --—---~~~~~~~~~~ --



u~~WI-’
- ~~~~~~~~~~~~~

103

Table 11 (concluded)

Aerodynamic (concluded)

L - ikXf e 1 en 
- ~Aef R + Ax1R0 

- 
(~

AefAx~)Pq .

~: :::::::
For the other aerodynamic coefficients see Table 9 since X — X~, X~ — etc .

077 
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Table 12

OVR~A111 AERODYNAMIC FORCE COEFFICIENTS - BODY-FIXED AXES - FREE-FREE MODES -VELOCITY BODY FREEDOMS - WELL AWAY FROM GROUND

- 

X1 ... x
11 

_ 

~~~ ~n I •• .._I
••• - ~~A~~~e1 .

~~~~ 
e~ 

_
~~~~fR + A XfR~~_ (~~~~~ f)Pq 

I.

For other aerodynamic coefficients see Table 10 since — 
~~~~

‘ 
, — etc .
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Table 13

TRANSFORMATION BETWEEN DIFFERENT FORMS OF THE
PERTURBATION EQUATION OF MOTION

To transform from one form of the perturbation equation to another one

requires, in addition to the coefficients in the original equation, the following

quantities (of section 4.3):

Body— f ixed

S 
~~~~~~~~~~~~~~~~ Po~~ 

Encas::é

Dr.uing

Forii ‘N, Dressing A

‘ P
Body— Encas t rd 0

fixed displacem ent ~~ 
e C 46

I1~ fR~~~Aef Axf ,2
~~~~~

__ 

~~~f R .~~~~;Axf 

Ro. Pq 

Ro I Pq

R

~~~

Pq Pq 
Auf

No tes: (i) Auf should always be known.

(ii) Need information about deformation modes going from or to to deduce

R0~~Pq •

• (iii) Entries in the table of a typical force vector indicate the complete
set of these (aerodynamic, propulsive etc) are required.

(iv) In transformation from or to the constant—velocity form the datum—

motion forces could be considered zero. The result would be an

equation with the wrong constituent coefficients but the right

solution.
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.~~le 14

PERTURBATION MOTION EQUATION USING MEAN-BODY AXES IN TERMS OP
FREE-FREE MODES AND VELOCITY BODY FREEDOMS

Equation

• {1~~ 1i~
2 + E3..~D + + IL ..I + — + I~1I .JD 1} —

Cons tituen t matrices

(i) Ponderous

— diag
{~6mRTR o o}

dia~{
O ml

E~ij J = 1 0  0 0 1
O

Lo o o J

(ii) Gravitational

~~ — 1 0  0 o ]
10 0 _A

~~f I 
- •

L 0 O  o J

(iii) Pr~ppu1sive

L~1~
] a

~~~~~ 

0 0 0 1

+ 
(~ AxfAepf) Pq 0 0]
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Table 14 (ConC luded)

Constituent matrices (concluded)

(iv) Structural

— Z’(T[~8I “ ~sn1 0 0
I f  • 

~ 
si

• .

0 0 0

0 0 0

(v) Aerodynamic

~~~ij~ :::..~ 
ZR

T [ :  :::..~:] 
~RT~~~~4 :::.~

~ 
• 

~n+ 

... n u v •w  p q r

~(c) Y c 
z~

c) 
~u

~~ ~v 
tw tp £q tr

N~
C)

NB: In the above equations the modal matrix R has been chosen such that

-
• ~6mR 0

• Y6mAXfR — 0

These equations of motion have not been derived directly in the present paper but
in section 7.4 we have mere ly shown that they are equivalent , for a modal matrix

077 satisfying the above conditions, to the equations of Table 7.
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Table 15

AERODYNAMIC MATRICES IN PERTURBATION EQUATIONS OF
MOTION WREN NEAR THE GROUND

Constant— velocity axes

— EQ1~I — — 1RT151 ... e ~~~ e~~ 1 e~+3] !R T 

f~n+4 ... 
~~~~~ 

+ £~~ 

—

• ~~+ I ~~~~~~ 

j
~

(c) 
~(c) 

• ~~~ ~~~ x~~
~~c) 

( 
.~(c) y (C) 

J Z~~ j z~~

L
(c) 

L~~~ L~~~ + Axf 1L~ 4c) L~~9 
+ lo _st Mf

~4c) ~ (c) IM, I 1° 0 ~Lf
B
(C) 

LN, J Lo 0 0

*Body~_fixed axes , encas tr~ modes, dis placemen t body freedoms

— — t —R~ —P~ ~RT
~~ 1  ~~~ ~~~~~~~

o I 0 f I ~~ + ~~~ 
o o x :1 ~n+ in+4

*1 •.. X
nl Xx ~y 21 *6 ~o 

I ~x

I J J 2,

1~. ~ I ~x Iu,  
J J L~. 

077
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Table 15 (continued)

*Body—fixed axes, encastr~ modes, velocity body freedoms

— r~. .1 — — 1’ ~~ ~f1 ~11T~ ‘.1 zsY~ .. ;~~~~ -l !I
~Tfr ~~~~~~~~~~~~~~ 

.

••~~~~~‘3 1° ‘ 0 1 1~ I I’~+ I II’ 1 I’..~ L ° °  x J ~ J j  1L~ J L’~ 
L
I ~ 

— 1~ 
• ~~

• a I I ~ I I~• J L~• J L~ J L~. - - - . 

•f i 14 L.1A.czm_2 .IL. £, L,1l
_ 1 

I I lN~ I ~~~~-~ L~ 
] J L’~ J L~.

*Body— fj xed axes~ f ree—free modes, displacement body freedoms

EQ1~] = ~RT 
~~ 

... e ~RT e~~~1 ... e~~ 3 ~RT 
~~~4 ... ~~~~ — [&J

• 1 +4  

J mn+ in+4

X l I 1y X ~s Xe X~,

Y •
~x 

j Z

£ Ly £ 

~ 
~e ~~

M Mx 1 M ,
N J L~.

077
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Table 15 (concluded)

*Body—fjxed axes, free—free modes, velocity body freedoms

— t~. .1 — — - - 
~~~ 

zt (L - - ~i f~’ - - - - - b~~
I 

- 

- w
I I I” I ~ I~ I I” L~ J L~. J [Li.. j Lc~ r~t 

... ~ - i~
-
~• ~ 

• 

I Ic I I~ I I~ I
L J L~ j L’s J J
[L1 - . - 

[i5 I.
, 

— 

~~ 
L, L~}i~~ . fi, L

fx Ic I I~ I IN. L~ J ~ J J L~• 

* In the above expressions:

L&J P
~(AxfRI~, 

— 
~Aef R — (L~ef Axf) Pq) 0 0

0 0 0

0 0 0

077
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GLOSSARY OP TERMS

(i) Fundamental terms

degree of freedom a system is said to have n degrees of freedom
• if its position and shape can be uniquely specified

by n parameters, but not by less than n
semi—rigid a body is said to be semi—rigid if it has a finite

number of degrees of freedom in addition to any
body freedoms

body freedom a body is said to have n body freedoms (n ~ 6)• if its position, with a given shape, can be
uniquely specified by n parameters but not by
less than n

• perturbation a disturbance from a datum state
deformation a perturbation in shape

circular frequency the frequency of oscillation multiplied by 2w

natural frequency a constant frequency of free oscillation of a
system

generalised coordinates the set of parameters used to specify the position
• and shape of a system

• • generalised force the coefficient of the increment of a generalised
• 

• coordinate in the expression for the virtual work
• of a system

(ii) Types of force

aerodynamic* exerted by the air on the external surface of a
body

• propulsive* produced by the operation of a propulsive unit
such as a jet  engine

gravitational resulting from the gravitational attraction
• between each particle and the earth

structural resulting from the stresses in a body

upholding (or support) resulting from contact between a body and the
ground

ponderous a reversed effective force consequent to a system
having mass

• inertia a force which is proportional to the second
derivative, with respect to time, of a generalised
coordinate

dan~,ing a force which is proportional to the first
derivative, with respect to time, of a generalised
coordinate

* The distinction between aerodynamic and propulsive is not entirely clear—cut.
077
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GLOSSARY OF TERMS (continued)

(ii) (concluded)

stiffness a force which is proportional to a generalised
coordinate

(iii) Frames of reference (all right—handed orthogonal* cartesian)

normal earth—fixed axes axes fixed relative to the earth with the z—axis
vertically downwards

constant—velocity axes axes having constant linear and angular velocity
relative to an inertial frame. (The ones used in
this Report have zero angular velocity.)
(For the da tum motion considered in this Report
these are always taken to be coincident with the
datum—attitude earth axes — see below.)

body—fixed axes axes whose origin and orientation are fixed in a
small material portion of the body which is such
that the axes always remain mutually perpendicular.
(The ones used are such that the origin coincides
with the centre of gravity of the body, and the
axes are parallel to the principal axes of
inertia, during the datum motion.)

mean—body axes axes, with origin at the centre of gravity, of
the body, orientated so that the kinetic energy
relative to the axes is a minimum.

no—deformation—body— an axes system, arbitrary except iirso far as it
fixed axes is of the same order of nearness to the body—

fixed axes and the datum—motion—body—fixed axes,
with respect to which it is assumed, in the
constant—velocity axes derivation, that the posi-
tion of any particle of the body is given as a
linear function of deformational generalised

• coordinates.

datum—attitude earth axes with which the body—fixed axes coincide
axes during the datum motion. (These are not in

general body—fixed axes. They are earth—directed
not earth—fixed.)

(iv) Orientation

• angle of inclination angle between the x—axis of the body—fixed axes
and the horizontal plane

angle of bank angle between the z—axis, of the body-fixed axes,
and the vertical plane containing the x—axis of
the same frame

* With one of the assumed forms of deformation (equation (1)) the body—fixed
axes only remain mutually at right angles for small perturbations of the datum
motion .

077



• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~ 
_
~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ • ••_ . ,- - •~~~~~~

113

GLOSSARY OF TERMS (concluded)

(iv) (concluded)

nose—azimuth angle angle between the projection of the x—axis , of
the body—fixed axes, on the horizontal plane, and
the x— axis of the normal earth—fixed axes

(v) Deformation

free—free modes unconstrained modes of deformation — actually a
slight constraint has been imposed in that the
body—fixed axes are kept orthogonal during small
deformations

• encastr4 modes modes of deformation constrained to have zero 
-

values and zero slopes at the reference point

• I

V

t

077
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LIST OP SYMBOLS

In this list i, j  are used as typical duiimiy subscripts.

etc skew-symsetric matrices involving •, 0 , * , etc (see equation (6))

A
11 ponderous inertia coefficient

B,e lower triangular matrix involving •, e, * (see equation (56))

C lower triangular matrix involving e, f, g, x, y, z (see equation
CX (71))

D differential operator d/dt

strain energy when no perturbation

—E. generalised structural force

E.. structural stiffness coefficient1-i
—C. generalised gravitational force

c I  C. gyrostatic force

C.. gravitational stiffness coefficient
‘3
C*. gravitational ‘build—up ’ coefficient (of for example Table 5)

I unit matrix

I ,I ,I principal moments of inertia of undeformed aircraftx y z

I = diag{t I I]n x y z •

a certain coupling force between the rotational body freedoms and
the deformational freedoms in Lagrange’s equations referred to a
non—inertial frame15

J., . ponderous damping coefficient

etc matrices formed from the elements of {+ 0 4,) etc (see equation
(57a))

L aerodynamic rolling moment

L total rolling moment

LgPLp~
Lu gravitational, propulsive, upholding (support) rolling moments

~~~~~~~
L;~L~~L aerodynamic rolling moment coefficients

etc

H aerodynamic pitching moment
II total pitching moment

077
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LIST OF SYMBOLS (continued)

gravitational , propulsive, upholding (support) pitching moments

aerodynamic pitching moment coefficients

etc

N aerodynamic yawing moment
N total yawing moment

N
S
PN
PPNU gravitational, propulsive, upholding (support) yawing moments

• N;~N~~N j  aerodynamic yawing moment coefficients
etc J

0 position of reference point (particle), origin of body—fixed axes

01, position of reference point when perturbations involve no deforma—
• tion, origin of no—deformation—body—fixed axes (of section 3)
• Oxyz body—fixed axes

OcXc
yczc constant—velocity axes (identical with datum—attitude earth axes)

O x y z mean-body axes
• m m - m m
• O1,x1,~1,z~ no-deformation—body—fixed axes

00x0y0z0 normal earth—fixed axes

• 
—

~~~~~ 

generalised propulsive force

Pq matrix of modal slopes at reference point (equation ( 11))

- • 
P1~ propulsive stiffness coefficient

• generalised aerodynamic force

total genera].ised force

Q
• 

matrix relating angular velocities and orientation (of equation (36)),
see Ref I (Part II) or Ref 2)

Q1. aerodynamic coefficient

R modal matrix (equation (2))

value of modal matrix at reference point

R 1, R2, R3 certain matrices, see equations (59) to (61), formed from the
modal matrix elements

S axes transformation matrix (of equation (5), see Ref I (Part II)
• or Ref 2)

077 S~ S where necessary to designate arguments — in this case 4~, ef~ 1Ff
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LIST OF SYMBOLS (continued)

—S~ generalised upholding (support) force

S.. upholding (support) stiffness coefficient

• T1
,T2,T3 certain matrices whose elements are particular datum motion

particle coordinates (see equation s (62) to (64))
V0 centrifugal potential function used in Lagrange’s equations

• referred a non—inertial frame ’5
ponderous stiffness coefficient

W kinetic energy relative to reference frame

x overall aerodynamic force resolute

X total overall force resolute a

X ,X ,X gravitational, propulsive, upholding (support) overall force
S P U resolutes

X;~X~~X~ aerodynamic force resolute coefficientb

etc

Y overall aerodynamic force resolute

total overall force resolute

• Y ,Y ,Y gravitational, propulsive, upholding (support) overall force
~ 

p resolutes

Y ,Y ,Y,,1
Y;aY~~

Y ~I aerodynamic force resolute coefficients

etc J
Z overall aerodynamic force resolute

total overall force resolute

Z ,Z ,Z gravitational, propulsive, upholding (support) overall force5 p u resolutes
Zx,Z. P Z ,,1
Z.,Z ,Z~, ~1 aerodynamic force resolute coefficients

etc J

a1 x—component of modal function (equation (2))

y—coaponent of modal function (equation (2))

C1 z—component of mod*l function (equation (2))

e x—coiuponent of local aerodynamic force vector

• e. coefficient in x—component of local aerodyna mic force vector when 077near the ground

~~~iir.L — - - . _ _  _•~~~•• • __ _•• ~~&_ _•~&~&•__.____ •_~_•.&_h•~~~_•_• •_ • — ~~~~~~~~ • ~~~~~~~~~~~~~~ - ~••“ • •~J•• •~ ••• ••‘~~~~~ •~~ ••S••L• — — • ~~~~ — ~~~~~~~
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LIST OF SYMBOLS (continued)

ej coefficient in I—component of local aerodynamic force vector when
• well away from the ground

eg~
ep etc x—components of gravitational, propulsive, etc local force vectors

• e .,e . etc coefficients in x—components of gravitational, structural etcgi Si local force vectors

f y—component of local aerodynamic force vector
coefficient in y—component of local aerodynamic foree vector when

- 
near the ground

f~ coefficient in y—component of local aerodynamic force vector when1 well away from the ground
etc y—components of gravitational, propulsive etc local force vectors

• f .,f etc coefficients in y—components of gravitational, structural etc81 local force vectors

J g acceleration due to gravity
g z—component of local aerodynamic force vector

• 5~. coefficient in z—component of local aerodynamic force reactor when
• near the ground

coefficient in z—cowponent of local aerodynamic force vector when1 well away from the ground

etc z—components of gravitational, propulsive etc local force vectors
• g .,g 

~ 
etc coefficients in z—components of gravitational, structural etc

S local force vectors
• j~~ first column of 54)f (equation (B—9))

second column of S,~ (equation (B—b ))

£ direction cosine of outward drawn normal to surface
third column of S,1, (equation (39))

• J m direction cosine of outward drawn normal to surface
m mass of aircraft

n direction cosine of outward drawn normal to surface
• 

n number of deformationa]. degrees of freedom

p angular velocity resolute

q angular velocity resolute

q1 generalised coordinate

r angular velocity resolute

t time

u linear velocity resolute

Urn particle velocity resolute

_ _ _ _  -•~~~~~~~-— --•- •- ••~
-• • - - •- - •-• - • - -~~• • •- - .• -• - • - --•-• •••-- • • • - • - • •-~- ‘-- • • ••~ -- • - - --• --



r 
-

118

LIST OF SYMBOLS (continued)

v linear velocity resolute
V part icle veloci ty resolute

w linear velocity resolute
Wm particle velocity resolute

z particle position resolute
• x~ resolute of reference point position relative to its position in
• datum motion

particle position resolute relative to origin of constant—velocity
axes

X particle position resolute relative to origin of mean—body axes

1 particle position resolute relative to origin of no—deformation—
• body-fixed axes

y particle position resolute

resolute of reference point position relative to its position in
datum motion

particle position resolute relative to origin of constant—velocity
axes

particle position resolute relative to origin of mean—body axes

y particle position resolute relative to origin of no—deformation—
body—fixed axes

z particle position resolute

resolute of reference point position relative to its position in
datum motion

z particle position resolute relative to origin of constant-velocity
axes

Z
m 

particle position resolute relative to origin of mean—body axes

particle position resolute relative to origin of no—deformation—
body—fixed axes

Z~ (X f~Yf~ Zf ) — ~~~~~~~~ 
•

value of z0 at the surface of the ground when under no externalp load

0 angle of inclination

• angle of bank

‘I’ nose—azimuth angle (also known as the heading or heading angle)

077
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LIST OP SYMBOLS (continued)

• &u(1f,yf,xf) — 6~
0
~ (x ,y )

earth (or support) stiffness coefficient

6m mass of a particle

0 orientation angle of body—fixed axes relative to datum motion

o etc stress components

$ orientation angle of body—fixed axes relative to datum motion

• 
• 

* orientation angle of body—fixed axes relative to datum motion
Wi circular natural frequency

& see Table 15

Dressings

U) Subscripts

Absence of subscript , in appropriate cases, denotes values relative to or
about the origin of the body—fixed axes.

c denotes value relative to or about the origin of constant—
velocity axes

f denotes values during datum motion

g denotes gravitational

• m denotes value relative to or about the origin of mean—body axes

n denotes value relative to or about the origin of no—deformation—
body-fixed axes

p denotes propulsive, or (in Appendices) ground profile

s denotes structural

u denotes upholding (support)

0 (nought) denotes value relative to or about the origin of normal earth—
fixed axes

(ii) Superscripts

Absence of a bracketed superscript to a resolute indicates that it is the
value of the resolute along the body—fixed axes.

• (c) denotes value of resolute along the datum—attitude earth axes
(ie the constant—velocity axes). This is a change from the (f)

• of Ref l

(a) denotes value of resolute along the mean—body axes
• 077
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LIST OF SYMBOLS (concluded)

(n) denotes value of resolute along the no—deformation—body—fixed axes

T denotes the transpose of a matrix

(0) (nought) denotes value of resolute along normal earth—fixed axes

(iii) Suprascripts

• (dot) denotes derivative with respect to time
— (bar) denotes total or typical

(circumflex) refers to body—fixed axes, encastré modes, displacement body
freedoms

(cap) refers to body—fixed axes, encastré modes , velocity body
freedoms

(tilde) refers to body—fixed axes, free—free modes, displacement body
freedoms

(dip) refers to body—fixed axes, free—free modes, velocity body
freedoms

— (double bar) refers to mean—body axes, free—free modes, velocity body freedoms
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