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SECTION I

INTRODUCTION

The sub limation of carbon may be divided into several  regime s depend-
ing upon whether the solid-vapor and gas phase reactions are in equilibrium.

None quilibrium effects for both the gas phase reactions and the solid vapori-
zation reaction are significant only at low pressures. Since the intended
app lication of this work is for high pressure  p lanetary entry calculations ,
only the equilibrium case is considered. That is , all gas phase reactions
are presumed to be in equilibrium, and the solid carbon surface is assumed

to be in equilibrium with each of the carbon sublimation species.

The equi librium sublimation of carbon has been extensive ly inve stigated

in the l i terature for various assumptions concerning the sublimation specie s
and the dominant gas phase reactions . In particular , the use of differ ing
vapor pressure  laws (for the sublimation species)  and associated thermo-
chemical data (heats of formation and free energy functions for each species)
leads to a considerable variation in predicted surface mass transfe r coeffi-
cients (B ’) .  The Bibliography is by no means comp lete but is typical of the
available work.

The one common feature of the re ferenced work (with the exception of

Ref. 1) is that the surface mass t r ans fe r coefficients  were obtained by an
iterative numerical scheme as is usually emp loyed in general  purpose equi-
librium chemistry codes such as ACE (Ref .  2) . Bartlett (Re f .  1), by

1Bartlet t , E. P., “Analytical and Graphical  Prediction of Graphite Ablation
Rate s and Surf ~ ce Temperatures During Reentry at 25 ,000 to 45 ,000 Feet
per Second , “ Air Force Flight Test Cente r , Edwards Air  Force Base ,
California , T D R - 6 3 - 4 0 , March 1964 .

2 Powars , C. A ., and R. M. Kendall , “ User ’ s Manual--Aero therm Chemical
Equilibrium (ACE) Compute r Program, ” Aerothe rm Corporation,
May 1969.

— 5 -
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assuming only one sublimation species (C
3
) and ignoring carbon-ni t rogen

reactions , obtained an exp licit , analytic solution for the surface mass trans-
fer  coefficient . For carbon sublimation in an atmosphere of elementa l car-
bon e n i t rogen , oxygen , and an ine rt (denoted by I) rnonatomic species , it is
possible to gene ralize Bartlett ’s work to include any number of carbon

sublimation species and all of the significant carbon-nitrogen reactions ,
while still  obtaining an analytic solution for the mass t ransfe r parameter
(B ’) .  Similarly, an analytic solution is possible in an atmosphere of C, N ,
0, H and I.

A pparently, it is not generally (if at all) recognized that analytic solu-
t ions are possible for the equilibrium sublimation of carbon in many atmos-
pheres  of interest . It is the purpose of this report  to present these solutions
for the ~~ rface mass t ransfe r coefficient and compare them with exact results

obtained from the ACE computer code.

Aside from their own intrinsic elegance , there exist several  utilitarian
reasons for developing analytic solutions for B ’ . First , precomputed va lue s
of B’ are valid only for a specified s t  of species the rmochemical data and
for an atmosphere of fixed elemental  composition . If the thermochemical
data or the atmospheric composition is changed, the value of B’ must be

recalculated. Analytic solutions e liminate the need to precompute B’ , there-
by allowing the rap id assessment of d i f fer ing  thermochemical data and atmos-
pheric composition upon the mass t ransfe r . Second ly, the solution of the
energy equation coup led to the surface energy balance involve s an iterative
scheme which is quite sensitive to the temperature derivative of B’ . This
derivative is difficu lt  to evaluate accurate ly from tabulated value s of B’ ,
but is easi l y calculated f rom an analytic solution.

-6-
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The analyt ic solution for carbon sub limati~ n i’~ an atmosphere of

elemental carbon , nitrogen , oxygen, and an inert species is essentially

exact and is presented in Section II. The inclusion of hydrogen int o the

atmospheric composition is treated in Section III and y ields an ana lytic

solution which is slightly less precise than that of Section II (due to the

neg lect of carbon-nitrogen reactions), but which is still in excellent agree-

ment with exact solutions .

-7-
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SECTIO N II

CARBON SUBLIMATION IN A C - N - O -I  ATMOSPHERE

As discussed earl ier , the objective is to obtain an analyt ic express ion

for the surface mass t rans fe r paramete r (B’).  The elemental composition of

the atmosphere is assumed to consist of carbon , nit rogen, oxygen , and an

inert  monatomic species (denoted by I) . This specification include s a variety

of atmospheres of in terest , such as air and a Mars  atmosphere consist ing of

N 2, CO 2 and Ar .

The independent variab les are the surface temperature and pressure

and the elemental composition at the boundary layer edge. By definition ,

the elemental mass fractions (denoted by a superscript  tilde) must sum to

unity.

KC + K0e 
+ KN + K 1 = 1 (1)

where the subscript e refers to boundary laye r edge conditions.

Since the solid carbon surface is assumed to be in equilibrium with its

vapor , the partial pressure of each sublimation species is equal to its vapor

p ressu re .  The vapor pressure s , presented in Appendix A , are known func-

tions of surface tempe r ature. It is p rec ise ly this knowledge of the pa rtial

pressures  of the carbon specie s which allows an analytic solution. Thus , in

all that follows , the partial p ressures  of the carbon species have been

rep laced by their respe ctive vapor pressures .

A number of commonly emp loyed assumptions are used to simp lif y the

problem . All the oxygen at the carbon surface is assumed to be bound up in

CO and thus is not available for the formation of C0 2, O
~~

, NO , etc. The

surface temperature is presumed to be low enough so that monatomic oxygen

and nitrogen are not present  at the wall , Ionized species are ignored .

-9-
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An a r b i t r a r y  numbe r of carbon sublimation specie s are allowed in the

formulat ion and all of the dorn n~ r.t carbon-ni t rogen reactions are inc luded .
The carbon-ni t rogen reactions may be ex pr essed in any form as long as the
system is linearly independent. Furthermore, since all the carbon sublima-

tion species are in equilibrium with one anothe r , the carbon-ni t rogen reac-

tions may be expressed  in terms of any one (or combination) of the sublima-

tion species . With these point s in mind , the carbon-n i t rogen  reactions are
expressed as

N2 + 2C—. Z CN

C2 N 2—~ 2 CN

4 C4Nj -~~Z CN + 2C

C N - ~C N + C2

Notice that no dissociation reactions involving the carbon sublimation species
are exp licitly included in the formulation. This is not necessary  because the

use of the carbon vapor p ressure  laws guarantees gas phase equilibrium
among the sublimation species .

The elemental mass balances at the wall are given by

16Ko =

— 
14 28 28 14K

N 
- KN + 

~~ 
KCN + 52 KC N  + 

~~ 
KC N  + 

~~~~~~ 
K
c~~~

—‘ _ 12 12 24 48
- 28 K CO + 

~6- KCN + 
~~~~~~ 

KC N  + 
~~ 

KC N  +

+ 
~4 KC N  +EK~

K1 = K 1 (3)
w

-10-
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where subscript w re fe r s  to conditions at the wall . The molecular weight is
given by

1 
- 

KCO 
KN KCN 

KC N  KC N  KC N  K1 
K
C

— 28 + 
~~8 + 26 + 52 + 76 + 38 + 

~cç +
~~~MC

~ (4)

Note that the inert species is characterized solely by its molecular weight
(M 1) .

The equilibrium relationships for the carbon-nitrogen reactions may be

expressed in terms of the partial pressures of the products and reactants.

This yield s

a1 ~~CN

~~~C 2 N 2 
- 2 CN

a P2
~~C4N2 3 CN

~~C2N = a4 ~~CN (5)

The a coefficient s are defined in term s of the pressure equilibrium

constants for the reactions (presented in Appendix B) and the vapor pres-
sure of monatomic carbon . The refore , the a coefficients are known func-
t ions of the surface temperature.

— 1 1a1 — 2 aZ
_

KPCK p2

Pa P

3 K  4 Kp3 p4

— 1 1 —
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The elemental mass fractions at the wall are re lated to their boundary
layer edge values and the surface mass transfer coefficient by the analogy
between mass and heat transfer (assuming equal diffusion coefficients and
Lewis and Prandtl numbers of unity). This yields

-~~ 

K OeK0 
- 

1+ B ’w

e
N~ l + B ’

~~Iw 
= 

1’~~~~

B ’ + K Ce
“C - 1+B’w

B’ m 
- (7)

~e
ueCH

The partia l pressure of any constituent is given as

PMR .
M. (8)

The set of Eqs . (3) may be expressed in terms of partial pressures by
multi plying through by the product of pressure and mole cular weight. After
this multip lication, the equations are combined with Eqs . (4) , (5) ,  and (7) to
yield a quadratic for the partial pressure of CN. The algebraic details are
presented in A ppendix C.

- 12—
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(1 +28X) (a1 +a~ 
+03 ) 

~~CN + (I  + 14A) (i  +04 ) 
~~CN +

A ~~°e 
+ ~~‘e 

- 

~~~~ 

-~~~P~~~
) 

= 0

16 KN MIKNe e

A fter the quadratic is solved for 
~ CN (use plus sign in front of radical

for the correct root), the remaining partial pressures are calculated from

Eq. (5). The mass t ransfe r paramete r is obtained from the elemental car-

bon mass balance of Eq. (3) and is obtained as (See Appendix C)

K N [( i 2÷ 2 4 04)P CN + (2402 + 48a3)P
~~N +EM C PC]

B ’ = B - K  + 
e I I

Ce 14(1 +a4)PCN + 28(a
~ +a~ 

+a3 )P
~~N

B T~~~
’
~O (10)

If it is desired to examine the relative contribution of the carbon-

ni t rogen  species , the appropriate a coeff ic ients  of Eq. (5)  may be ze r oed .
If all carbon-nitrogen reactions are deleted , the system of equations is solve d

for the N2 partial  pressure
- 

~~~~~~

~~N 2 
= 1+ 2 8X  

( 1 1 )

. 1 3-
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Thus , for no carbon-ni trogen reactions , the mass t ransfe r parameter is

K N 
( 1 .4

~
28A)

~~~
M C PC

B’ = B - K  + 
e ‘ 1 (12)

Ce Z 8 ( P -
~~~

PC )

Note that Eq. (12) is the analog of Bartlett ’s C3 only model for an a rb i t ra ry

number of sublimation specie s.

If there is no nitrogen in the atmosphere (K Ne 
= o), Eq. (12) y ields

/ * ~~I \~~~
MC PC

B’ = B ’ 
- K C + ~~~~-~~~~ - + ii—) ..

~~~
PC 

(13)

Af te r  B ’ is solve d for , the molecular weight at the wall is calculated
from the carbon mass balance of Eq. (3).

PM 
(B’ - B + = lZ (l+2a

4
)PCN + 24(az +2a3)P

~~N + 
~~

MC PC

(14)

Afte r the molecular weight from Eq. (14) is obtained, the species mass
f ract ions  may be calculated from the relationship between partia l pressure
and mass fraction [Eq. (8)].

A closing comment is in order . Notice that the solution could be
general ized by including the reduction of CO2 to CO. This would allow the
calculation of diffusion controlled recession at low temperatures. Howe ver ,
at low temperatures, the recession is likely to be rate limited , and the
diffusion controlled calculated would provide only an uppe r bound for the

-14-
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actual mass loss . Furthe rmore , the inclusion of the CO 2 reduction reaction

would yield a qua rtic to be solved for eithe r the CN or CO part ia l  pressure .
A lthough an ana lytic solution for a quartic is available , it is considerab ly
more complex than eva luating a quadratic . For these reasons , the CO2
reaction was not included .

As mentioned earlier , the results of this section may be used for

L carbon sublimation in air. For Argon free air , the following value s are used:

K0 = 0.232
e

KN = 0 . 768
e

k = 0
e

K1 = 0

B* = 0. 174

A = 0 . 01888 (15)

— 1 5—
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SECTION III

CARBON SUBLIMATION IN A C - H - O - N - I  ATMOSPHERE

In this section, the sublimation of carbon is examine d in an atmosphere
whose e lemental composition consists of carbon , hydrogen , oxygen , ni trogen
and an inert  monatomic species . The app lications of interest  for  this atmos-
phere consist of p lanetary entry cases (e.g. ,  Jupi ter )  and ab lation testing in
rocket  engine s . Since the planetary entry app lication invo lve s much higher
surface temperatures than the rocket engine environment , the analys is  is
divided into hi gh and low tempe r ature domains .

The inc lusion of hydrogen in the elemental composition is accommodated
in the formulat ion by ignoring the carbon-ni t rogen reactions . That is , since
carbon reacts pre ferent ia l ly with hydrogen , the carbon-ni t rogen reactions are
assumed to exe rt only a second-order  influence on the surface mass t ransfe r

coeff icient .

The surface temperature and pressure  and the boundary laye r edge

elemental  composition are presumed known . As before , the partial pres-.

sure s of the carbon sub limation species are equated to their  corresponding

va por p ress ur es and are then known functions of temperature. Again, the

elemental mass f ract ions  at the boundary laye r ed ge must sum to unit y

KC + KH + R
N 

+ K0 + K 1 = 1 (16)

The high and low temperature  regime s are considered below .

A. HIGH T E M P E R A T U R E  REGIME

The surfac e temperature is pre sumed to be high enough so that all

oxygen is bound in CO. Therefore , CO 2 and H 20 exist only in t race amounts
and are ignored . A lthough the surface temperature is such as to preclude the

format ion of wate r vapor , it is assumed to be insuff ic ient  to dissociate N 2 or

- . 17—



r 

. T : . :~~~~~~~~~~~~~~~~~~~

CO. Thus , monatomic ni t rogen and oxygen are not present  at the wall . The
hydroge n dissociat ion reaction is included , along with the two dominant
carbon-hydrogen reactions and an arbi t rary  number of carbon sublimation
species .

The gas phase reactions are specified as

C2H— .H + 2C

C2H2-+ZH + 2C

H 2 —4.2H ( 17)

The elemental mass balances and molecular weight at the wall are given by

K N
_ KN

OW 28 CO

R H KH + KH + ~~ 
KC H  + 

~~

= 
~~ 

K CO + 
~~ 

KC H  + 
~~~ 

K C H  + 
~~

K C

~~1W
KI 

K K K K K

M = 28 + 28 + + K}1 + 26 
2 

+ 25 + iç ~~~ Mc 
(18)

The re la t ionship between the wall elemental mass fractions and the
boundary laye r edge value s is supp lied by Eq. (7), with the exception of
hy drogen , which is given as

KH
KH

_ 
i + ~~ 

( 19)
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The partial pressures for the reactants and products of Eq. (16) are

given by

~~C2 H = 05~~H

~~C2 H2 
06~~H

~ H 2 
= 0

7
P~~ (20)

The a coefficients are defined in terms of the equilibrium constants and

the vapor pressure  for monatomic carbon.

_~~~~~~~~~~ 
~~~ 

_ _

6 KP5 P6

07 K (21)
P7

•
1 Equations (18) are mult ip lied by the product of pressure  and molecula r

weight to cast them in t e rms  of part ial  pressures .  The n, combining E qs . (7) ,
( 18), (19) ,  and (20) yie lds a quadratic for the partia l pressure  

~ H The
algebraic  operations are similar to those of Appendix C.

fl2 (06 ÷a7)P~~ +~~ l ( l+ a S)PH - (~ ~~~
PC ) K H = 0

K N 
1(
0 ~~1p 

~~~ —~ -~~-~~~~+ 16 + M 1

P
1 ~~~~~~ 

+ K He

P2 2$ + R H (22)

- 19-



After  solving the quadratic for 
~~H’ all the remaining part ial  pressures

are easily evaluated . The surface mass trans fer  paramete r is evaluated
from the carbon mass balance of Eq. ( 18) and yields

P[24a6 P~ + 2
~~~5~~H + 

~~
M
C
PC]

B’ = B~ - K + 1 (23)Ce 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V

As mentioned ear l ie r , the validity of this express ion for B’ presumes
that the carbon-nitrogen reactions [which were ignored in obtaining Eq. (23)]
are  insignificant in comparison with the carbon-h ydrogen reactions . In the
limit that the elemental mass fract ion of hydrogen (~~H ) vanishes , thi s
assumption will become progress ively worse . Howe ve~~, if only trace amount s
of hydrogen were present , it could be ignored and the mass t r a n s f e r coefficient
evaluated from the result s of Section II.

In any event , notice that the carbon-nitrogen reactions were deleted
for simp licity and not from necessi ty. That is , it is possible to include all
the carbon-ni trogen reactions of Eq. (2) along with the carbon-hydrogen V

reactions of E q. (17) and st i l l  obtain an analytic solution for the mass trans-
fer coefficient.  However , the dete rmination of the constituent partial pres-
sures  would require the solution of a quartic. Although a quartic does possess
an analytic solution , it was fe lt that the additional complexity was not wa r-
ranted for the intended app lication .

The molecula r wei ght is obtained from either the hydrogen or carbon
mass balances [E q. (18)]. The hydrogen mass balance yield s

l + B ’  1(
H = (1 +Os)PH + Z(a6 +a 7)P~~ (24)

-20-
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B. LOW T E MP E R A T U R E  REGIME

In the previ ous ~ubs ec t ion , the su r face  t empera tu re  was assumed to be

hig h enoug h so that the water  gas react ion was insignif icant . At lowe r

tempe ratures , howe ve r , the format ion of water  vapor and carbon dioxide

has a f i r s t - o r d e r  e ffect  on the surface mass transfe r. Since this regime

may be important  for ablation test ing in rocket  engines , it is considered here.

The sur face  tempe r ature is assumed low enoug h so that atomic oxygen ,
hydrogen , and ni t rogen are not present at the wall . All  the oxygen is

assumed to be bound up in H 2O, CO 2 and CO. Again , an a rb i t ra ry  number of

carbon sublimation species are inc luded , as well as a sing le carbon-hydrogen
reac t ion . The react ions are

H20 + CO -ø.CO2 + H 2

C + C0 2
-~~2 CO

C2H2
-~H2 + ZC (25)

The equ i librium re lationships relate the partial  p res su res  of products
and reactants.

~ H2O = 08~~C0~~H2

~~C02 
= 0

9~~CO

~~C 2 F12 
0

l0~~H2 
( 26)
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The a coeff ic ients  are g iven by

0
8 KP K P PC 

0
9

010 (27)
P 10

The mass balances and mole cu lar weight are given by

K = K

~~ 

1(
CO: 

+ 
~~~~ 

KH O

- 1(
H2 

+ + ~~ 
K C H  

V

KC Z8 KCO +
~~~~

KCO +~~~~
KC Hw 2 2 2  1

1 1(CO 
1(

N 2 
1(C0 2 

KH 2O 1(
H2 K 1 

1(
C 2H 2 

Kc
= 28 + 2~U~ 44 + 18 + 2 26 ~~~~~~~~~~~~~~~~~~~ 

(28)

Equations (7) and (19) relate the elemental mass fractions at the wall

V 
and boundary layer edge.

-22-
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If Eqs. (28) are  cast into p art ia l  p ressures , the system may be re-

a r ranged  to y ield a cubic for the pa rt ial  p ressure  of CO .

AP~~0 + BP~~Q + CP CQ + D = 0

A 0
8
09(S6K H + + 8A~ 

V

V B 0
8~

7
~~0e 

+ 4 A ~ + a ~ ( l +0 l0 )
~~

1l2
~~He 

+ 7K0 + 8A)

C — ( 1 + 010 ) 
~
56

~~He 
+ 4A~ +

+ 70 8 (8KH - ‘
~
0e)(~ 

- 

~~
P

C)

D 
~~~~~~~~~ 

(
~ 

- ~~ P~~~
):1 e

28
A _ K

N + M
e (29)

e I

Afte r the cubic is solved , the part ial  pressure  of H2 is obtained f rom

P = 

28
~~0e(

P -
~~~

P C) - 
( 16X + 2 8

~~0e)P CO - (3ZA+28
~~Oe)a9P

~;O

H2 Z8Ko +a 8( 16A+28K O \ P CO + 28cilO KOe e/ e (30)

The carbon mass balance is solved for B’ to y ield

B~ + ZO1O PH +a 9P~~0 + -
~~~~~

M C P
C]

B’ = - K C + 
2

2 
1 1 (31)

e 
~ C0 + 2a9Pco + 08~~CO~~H2

-23.
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It should be emphasized that the resul t  of Eq. (31) was obtained from
the assumption that the surface recession is diffusion-control led . In actual
fact , at sufficient ly low temperatures, the recession may be rate-limited .
There fore , Eq. (31) should be viewed as providing an upper bound for the
recession at low temperatures.

Afte r the calculation of B ’ , the molecular weight may be calculated
from one of the mass balances of Eq. (28) . The hydrogen mass balance
y ields

l + B ’  K H = 2(1 +a10 +O8PCO)PH (32)
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SECTION IV

COM PARISON WITH EXACT SOLUTIONS

In th is section, th e analyti c solut ions  of Sections II and 111 are compared
with exact resu l t s  obtained f rom the ACE (Ref . 2) t he rmochemis t ry  computer
code. This code solve s the g e n e r a l  heterogeneous  syste m, for a large nurn-

V ber of species , with an i terat ive nume rical  scheme and is genera l ly regarded
as the s tandard  of comparison in the r e e n t r y  community.

Ideall y, the comparisons  between the ACE resu l t s  and the present  work
should be car r ied  out using identi cal assumpt ions and th e rmochemic al dat a .
Thus , the ACE result s were gene ra ted  us ing  the option of equa l diffusion
coe fficients . Two sources  of the rmochemica l  data [Horton (Re f .  3) and

JANNA F (Ref .  4)] were used to genera te  the ana lyt ical solut ions , whereas

V only J A N N A F data are used in ACE. Howeve r , care was taken to insure  that
the data for the major  species were identical  to J A N N AF .  The slight dif-
ferences among th e se condary species are not significant enough to exert
any impact on the mixture p roper t i e s  or mass  t r ans fe r coeff ic ient .

The f i r s t  set of compar isons  is for  carbon subl imat ion in air  and for
comparison of the analytic solutions of Section II with A C E  resul ts .  The
values  of Eq. (15) were used to represent  air , and the f i r s t  three carbon sub-
limation species were included in the analytic solution . Fi gures  1 and 2 show
the mass  loss coef f i c ien t  (B ’)  as a function of surface tempera ture  for  two
pressures . The two solutions of Section II are  shown as solid line s and
indicate the influence of the carbo’- -n i t ro gen reactions on the mass  t rans fe r .
The uppe r curve  [Eq. (10)]  includes all the dominant carbon-n i t rogen  reactions

3Horton , T .E., and W . A . Menard , “A Program for Computing Shock-Tub e
Gas Dynamic Proper t ies , “ Jet Propulsion Laboratory,  Pasade n a , Ca l i forn ia ,
T R - 3 2 - 1 3 5 0 , January  1969.

4 J A N N A F  The rmochemica l  Table s , National Buieau of Standards , NBS -37 ,
June 1971 .
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and is in excellent agreement with the ACE result s . The lowe r curve [Eq.
(12)]  ignores carbon-ni t rogen reactions and is in conside rab le e r ro r . It
seems apparent , therefore , that ignoring carbon-ni t rogen reactions (at least
for the 1969 JANNA F data) is a poo r assumption . The distribution of species
at the wall is shown in Fig s. 3 and 4. The solid line s are obtained from
Eqs . (5) ,  (8) , and (9) . Again , the agreement with ACE is excellent for the
major species and good for the secondary species. As mentioned above ,
the slight discrepancy between the secondary species is due to differing sets
of the rmochemical data .

The next set of comparisons is for a carbon surface ablating in a rocket
eng ine exhaust. In particular , the RPL (Air Force Rocket Propulsion
Laboratory) rocket engine is used as the test case. The engine burns benzo-
i t r i le  and LOX , at a mixture ratio of 2. 8, and yields the following elemental
composition:

0. 012755
e

K N = 0 . 03571

KG 
= 0. 214 3

K0 = 0. 7372

K1 = 0 (33)

The surface mass t ransfe r parameter from Section III is shown corn-
pared to the ACE result s for two pressures  in Figs.  5 and 6 . Both the high

V and low temperature expressions [Eqs. (23) and (31)] are p lotted , and both
are in excellent agreement with ACE va lue s in their respective domains of

‘I validity. That is , the low temperature result of Eq. (31) (shown as a solid
line) agrees well with the ACE results for low to moderate tempe rature s , and

.28.
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the high temperature result  of Eq. (23) (shown as a dashed line) is in good
agreement for moderate to high temperatures. It is believed that the excel-
lent ag reement shown in Figs. 5 and 6 just if ies the assumption that carbon-
nit r ogen reactions may be igno red relative to the carbon-h ydrogen reactions.
Notice that the low temperature result has the correct  behavior at high
temperatures, due to the inc lusion of the carbon sublimation species , but
doe s not r ise fast enough because C 2H was ignored in the interes ts  of ob- H
ta m ing an analytic solution .

The ACE result s, in keeping with the assumptions of this report , are
all for diffusion-controlled surface reactions . Thus, at low temperatures,
whe re the reactions may be rate limited , the result s of Figs. 5 and 6 should

V be interpreted as upper bounds to the actua l recession rate .
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SECTION V

SUMMARY AND CONC LUSIONS

A new class of analytic solutions has been presented for mass t ransfe r

from a carbon surface subliming into atmosphe res of va ry ing elemental

composition. The solutions are computationally t r iv ia l , requiring only the

evaluation of a sing le quadratic equation (in the diffusion limited regime) and

are in exc e llent agreement with exact result s generated by the ACE code.

For an atmosphere of elemental C-N -0-I , a sing le analytic solution for

B’ was obtained in the temperature regime whe re the oxidation reaction is

diffusion-limited. An arbitrary number of carbon sublimation species is

included in the solution , as well as all the dominant carbon-nitrogen reactions .

Whe n hydrogen is added to the elemental composition, the analytic

solution is achieved by ignoring carbon-ni t rogen reactions and treating the

dominant carbon-hydrogen reactions. Two solutions are presented for this

case: one va lid in the temperature domain whe re the oxidation reaction is

diffusion-l imited and a second valid at lowe r temperatures  where the water

gas reaction is dominant.

The solutions should be part icular ly suited for app lications in which

the atmospher ic  elemental composition is frequently changed and in s ituations

where a knowledge of the analytic behavior of B’ with temperature is desired .
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APPENDIX. A

VAPOR PRESSURE OF CARBON SUBLIMATION SPECIES

As discussed in the main text (Section II) , the vapor pressure  of each

gaseous carbon species is assumed to be a known function of temperature .

These vapor pressures  are presented in this appendix .

The gaseous carbon species in equi librium with the solid carbon sur-

face are denoted by C
~
. The vaporization reaction is give n as V

i C  . -.~C. (A. l)solid 1

For this reaction , the third law gi ves

- E 0 (C.) fF
0.H~~\ /F0

Hg \
1~ ~~C. = RT - RT ) C1 

+ RT )solid 
(A-2 )  

V

where E (C.)  is the heat of formation of C. at 0°K and the heat of formation ofO i  1

solid carbon has been set equal to zero by convention .

The f ree-ene rgy function and partition function for the gaseous species
V are re la ted as f o ll ows:

/ 0 0
/ F - H 0( = — .ln Q (C.)  (A-3)R~. C. 

p 1

1

The f r e e - e n e r g y  function is related to the specific heat by

F0 -H~ 98 
= 

1

T 

C~ dT - 

1

T 

~~~~dT - 

~ Z98 (A.4)

298 298
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Note that the JANNA F (Ref .  4) thermochemical data uses a base
tempera ture  of 298°K. The f ree -energy  functions at 0°K and 298°K are

V~~~~~e db y

F°-H~ F°.H~~98 
- 

H~ -H~~98 (A -5)

The f ree-energy  function referenced to 298°K and the diffe rence in
entha lpies between 0°K and 298°K are both tabulated in JANNAF .

For solid carbon , the JANNA F data yields

F° 0 0 0-H 0 — 
F — H 298 252 A 6T - T + T - )

The curve fit s for specific he at in the ACE (Ref.  2) code were used to
evaluate the f ree-energy  function for solid carbon by using Eq. (A-4) .  The
final  result  is

F°-H~ 98 
= A( 1-lnT) - BT - C 

- 
D + E (A-7)

2T

T � 3000 °K:

H A = 5.861
H. B 0 . 954 x io~~

C = -0 . 7666 x io 6

D = 4323 .3
E = 35 . 235

-42-
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T � 3000 °K:

A = 4.85

B 0. 2 916 x l0~~
C = 0 . 3072 x l0~
D = 8 9 3 . 7
E = 27 . 516

where all temperatures are  in degrees Kelvin and the units of the f r ee -ene rgy
0

V functIons are cal/rriol- K.

The use of Eqs . (A-6)  and (A -7)  in Eq. (A-2)  provides  all the necessa ry

information about the solid phase.

The partition functions were used to obtain the f ree-ene rgy function for

C and C 2 and are presented in A ppendix B. The C3 f ree-energy  function was
V again obtaine d from the specific heat curve fit in the ACE code (196 9 JANNAF) .

The C 3 f ree-energy  function is identical to the form of E q. (A -7)  with the

following values for the constants:

V 
H~~-H~~98 = — 2811 cal/rnol

T � 2500 °K:

A = 10 . 223
B = 1. 0066 x 10~~
C = —0.  44592 x 106

D = 4587 . 525
E = 3 . 722

T >  2500 °K:

A = 12. 524

B = 2 . 3055 x l0~~
C = -0 . 2702 5 x io~
D = 8817 . 501

E = 19. 966

-43-
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A PPENDIX B

EQUILIBRIUM CONSTANTS

This appendix contains the necessary  information required to calculate

the pressure  equilibrium constants which are used in the main text .

The reactions considered are all of the following form:

a 1A 1 + a2A 2 —’.b 1B 1 + b2 B2 ( B - i )

V where the A~ 
are the reactants and the B. the products. The equilibrium

V constant for this reaction is defined in terms of the partial pressures as

b b

~~B ~~B
K = 

1 (B-2)P a 1 a2P PA 1 A 2

where denote s the partial pressure of A 1.
1

The equilibrium constant may be computed from a knowledge of the

partition function (or equivalent ly, the free energy function) of each species

involved in the reaction . That is

-4E 
V

log K~~ = RT + b 1log Q ( B 1) + b 2 log Q ( B 2 )

- a 1log Q ( A 1) - a2 log Q ( A 2 )

4E 0 = b 1E 0 (B 1) + b2E 0 (B 2 ) - a1E 0 (A 1) - a2E 0 (A 2 ) (B-3)

where E0 
is the heat of formation at 0°K.
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The equilibrium constant s are define d for the indicated reactions as

follows:

V K (N + 2C—..2 CN)P 1 2 
V

V 

K~~ (C 2 N2
-...2 CN)

2

K~~~(C4N2 -*2 CN + 2C

K (C N- ’CN + C)P4 2

K (C 2H-”H + ZC)

K~~~(C 2 H2~~~2H + ZC)

K~~~(H 2-’2H)

K~~~H 2O + C 0 -~CO2 + H 2)

K~~~(C + CO 2-.’Z CO) V

K (C H. -~ H + ZC) (B-4)p
lo 2~~ 2
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The heat of reaction term is defined for each reaction as follows :

5 
4E 0 / R — °K

1 -67260 . 0

2 66993 . 0
3 211521 .0
4 71143 . 0

5 138419. 0
6 195816 . 0
7 . 51984 .0
8 -4861 . 0

9 -65687 . 0
10 143832. 0

The partition functions used in this report were obtained from the data
of Horton (Ref. 3) and JANNA F (Ref . 4) and are g iven in Table B - i .  The C3
partition function may be calculated fr om the free energy functions presented
in Appendix A. Similarly, the free energy function for C4N 2 is also obtained
from Eqs. (A-5)  and (A-7)  of A ppendix A , with the following constant s .

H~ -H~ 98 - 4239 cal /mol

T � 2500 °K:

A = 28. 903
B = 0. 13659x l0~~2

C = — 0.  14872 x i0 7

D = 1. 3664 x io~
E = 102 . 664

-47-



_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _

T ? 2500 °K: 
V

A = 32 .053
V B = O . lO 9 x i0 3

C = -0. 15347 x
D = l . 7631x  ~~~
E = 124 . 171
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H APPENDIX C

DETAILS OF THE ANA LYTIC SOLUTION

The algebraic operations leading to Eqs . (9) and (10) of Section II are

presented in this appendix.

As indicated in the text, Eq. (3) is cast in terms of partial pressures
by multip lying through by the product of pressure and molecular weight.
This operation, in conjunction with the use of Eq. (7), yields the following : V

PM —

1+B’  K0 = L U  PCOe

~~~~~ 
K~~ = 28 

~~N2 
+ 14 

~~CN + 28 
~~C 2 N2 

+ 28 
~ C4N 2 

+ 14 
~~C2N

~~~~~~~~~~~ (
~ 

+i
~~ e) 

= 12 + 12 
~~CN + ~~ ~~C2N 2 

+ 48 
~~C4N2 

V

+ 24 
~ C2N + EM C PC

PM~~~~
l + B ’  K1 - M1P1 (C-i )

e

The sum of the partia l pressures must equal the mixture pressure .

That is

= 
~~CO + 

~~N2 
+ 

~ CN + 
~ C2N 2 

+ 
~~C4N2 

+ 
~~C2N + + EI’c. (c 2 )
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Substitution of and P1 from Eq. (C-i )  into Eq. (C-2) yields

~~~~~~ 
[ 

~~e +~~] = ~~ 
~~~~~~ 

- 

~~N2 
- 

~~CN

- 

~~C2N2 
- 

~ C4N2 
- 

~ C2N (C-3)

Combining Eq. (C-3) with the nitrogen mass balance of Eq. (C-i)
yields

(2 8 X+ i ) (PN + 
~~C 2N2 

+ P
C N )  

+

+ (i4A + i)(PCN +P C N) 
= P -E~ 

(C.4)

Substitution of the equilibrium relationships of Eq. (5) int o Eq. (C-4)
yie lds the result of Eq. (9).

Substitution of P~~0 into the carbon mass balance of E q. (C-i )  yields

~~ (BI  + KC - B*) = Pc~~ + 24 
~
3
C 2 N2 

+ 48 
~~C4N2 

+

+ 24 PC N + EMC PC (C-5)
2 i i

The te rm PM/( 1 +B ’)  may be eliminated from Eq. (C-5) by using
e ither Eq. (C-3) or the nitrogen mass balance of Eq. (C-i) .  Equation ( iO)
was obtained by using the latter and the equi librium expressions of Eq. (5).
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APPENDIX D

G E N E R A L I Z E D  ANALYSIS OF THE C - N - 0-I  SYSTEM

The ana lysis of Section II ignored the presence of CO2 at the wall and

assumed that all the oxygen was bound in CO. This limits the validity of

the results to surface temperatures high enough to preclude the formation of

CO2. As mentioned on page i4 , at the low surface temperatures requi red

for the existence of CO 2 the surface recession is like ly to be rate limited ,

V and the diffusion-controlled calculation provide s only an uppe r bound to the
actual recession. The re are , howeve r , situations in which a knowledge of
the upper bound recess ion suffices , and the comp lexity of the surface kinetic
reactions may be ignored. In order to obtain a reasonable uppe r bound
value for B’ , the CO2 reaction must be included in the formulation. It is the
purpose of this appendix to generalize the analysis of Section II by includ ing
CO2 in the formulation .

The analysis is considered below in two parts . In the f i rs t  part , the

problem is formulated and discussed . Since the generalized formulation
leads to a quartic equation (which is time consuming to evaluate), an approxi-

mate (but very accurate ) method of solution is presented in part 2 .

1. FORMULATIO N

The reactions include those of Eq. (2) p lus the CO2 reduction reaction

which is given as

C + C 0 2
—0.2 CO (D-1)

The equilibrium relatior’.ships include those of Eq. (5) as well as the
relation between the CO and CO 2 partial pressures.

— 2 — 1 D 2
~~CO 2 

- 

~~5 ~~CO ~~5 - PcK -

p
5

- 

;- Note that the coefficient of Eq. (D-2) is not the same as that of Eq. (21) .
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The elementa l mass  balances  of Eq . (3) have  the addit ional  te rms

added as follows:

= K CO + 
~~~~~~ 

K CO

= 
~~ 

KCO + ~~ 
K~~o + 

~~ 
K CN + ~~ 

KC2 N 2 
+

+~~~~
Kc N +~~~~

Kc N +~~~KC (D-3)
4 2  2 1

The nitrogen and inert elemental mass balances of Eq. (3) are unchanged .

The molecular weight Eq. (4) becomes

KC N  KC N  K
+ ~~~ 2 + + 

~~
- 

~~~~
Mc 

(D-4)

Equations (7), relating the wall and boundary layer edge elemental
mass fract ions , are unchanged .

In the same manner  as in Section II , the set of equations may be
manipulated to yield the following equations for the partia l pressures  of CO
and C N .

~~~i ~~~2 + 
~ 3~~~CN + ~~ + a4~~~CN = ‘6

~’l~~CO + 32A 1
a

5P~~0

K N K1
A1 

e A2 
e (D-5)

2 8 K 0 
M 1K0

e e
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(32A 2 + l)a5P~~0 + ( 16A 2 + 1
~~~CO = ~ ~~~~~C1 

+

- + a2 + a3)P CN 
- (1 + a4)P CN (D-6)

Equations (D-5) and (D-6)  may be combined to yie ld a quartic for the

partial  pressure of CO. After  the quartic is solved , the CN partial pres-

sure is calculated from Eq. (D-5) and the remaining partial pressures are

obtaine d from Eqs . (5) and (D-2) .  Following the determination of the partial

pressures , the molecular weight and B’ are calculated from Eqs . (D-3)

(recast in terms of partial pressures) .  These equations yield 
V

PM~~~i+B, KO - Lu P~~o + 3 2  PCOe 2,

~~~~~~~ 

~ 
+ K~ ) = 12 

~ CO + 12 
~~CO + 12 

~~CN + 24 
~~C N +

e 2 2

+ 24 
~ C N + 48 

~ C N +EM C PC (D-7)
2 2  4 2  1 1

This comp lete s the generali zation of the analysis of Section II to

include the dominant low temperature reaction [i .e., Eq. (D-l ) ] .

A comment is in order concerning the advisability of including O
~

among the low temperature reactions . That is , it is quite easy to add an

additional reaction specif ying equilib r ium between C , CO and 02 (or , 
V

equivalent ly, 02, CO2 and CO) and including 02 in the oxygen elemental

balance of Eq. (D-3) and the molecular weight equation , (D-4) . Inclusion of

02 in the analysis  changes only the coefficient s of the quadratic terms

involving the CO partial pressure of Eqs . (D-5) and (D-6) .  Calculations

were done with the O
~ 

inc luded , and it was found to exe rt no influence on the

results down to temperatures as low as 600 °R . The refore , it was deleted

in the above descri ption of the ana lysis.
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The limiting behavior of the mass t rans fe r parameter B’ for large
and small tempe rature s is considered next . Since °2 was ignored in the
analysis , as the temperature vanishes , only CO2 is present at the wall and
B’ approaches a constant va lue . That is

T—’O (CO 2 plateau) :

B ’ - -— K  - K32 0 Ce e

B’ = 0 . 087 for air (0-8)

where the values of Eq. (15) were used for air . In contrast, the low tempera-
ture limit for the analysis of Section II (where only CO is present as the
temperature vanishes) is given as

T—.0 (CO p lateau):

l2~~ -
B ~~~ K0 Kce e

B’ 0.174 for air (0-9)

There exists an uppe r limit temperature beyond which no equilibrium
solution exists . This limiting temperature is a function of pressure and is
defined by the sum of the carbon vapor pressures equal to the mixture pres-
sure. This yield s

~~ ~
Dc~ (T ii 

~~ 
= p (0- 10)
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The high temperature behavior of the generalized system is identical to

that of Section II and is g iven as

T—.T .limtt

‘~ -E~
~~CN = (1 + l4 A ) ( l + a4 )~~~~ °

14 B*(P ~~~CO 1 2 (l+ 14A ) I
~Ne

K N (l + l4A)
~~~

MC PC
B = —..~~~ (D-11)

14 (~ ~~
where A is defined by Eq. (9).

2 . SOLUTION

As indicated above , Eqs . (0-5) and (D-6) may be combined to yie ld a

quartic for the CO (or CN) partial pressure .  A lthough an analytic solution

exists for a quartic , it is time consuming to evaluate , and the possibility of

more than one plausible root complicates the issue. In order to avoid this

complexity, the solution for the CO partial pressure is split into high- and

low-temperature regimes requiring only the solution of a quadratic in each

reg ime .

In the low tempe rature reg ime, the carbon-nitrogen species are ignored

and the following quadratic is obtained .

a5(l + 32A~ + 32A 2 )P~~0 + (1 + 16X 1 + 16½
~~~CO +

- (~ -s ’
) 

= o (D-12)
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There is only one posit ive root , and it is obtained by using the positive
radical  in the quadratic solution .

The high temperature solution for is obtained from the result s of
Section II. That is , after solving Eq. (9) for  

~~CN’ the CO partial  pr essure

is calculated from V

K
0

CO = 
16 Ne 

[28~~~ +a 2 +a 3)P
~~N + 14(1 +a 4 )P CN (D-13)

The correct  value for  ‘~co~ 
for any temperature, will be the smalle r

of the two values obtained from Eqs . (D-12) and (D-13).  Afte r obtaining this
value for 

~~CO’ Eq. (D-5) is solved as a quadratic for the CN partial pre s-
sure , and the remaining partial pressure s are calculated from Eqs . (D -2)
and (5). The n Eqs . (D-7) are solved for B’ and the molecular weight .

In this manner , an approximate solution is obtained for the generalized
formulation without the need to evaluate a qua rtic equation. The solution is
continuous for all temperatures and is quite accurate.

The calculations of Section II for an ablating carbon surface in air
we re recalculated with the analysis of this appendix ove r a much wider tem-
pe rature range. At high temperatures, the results we re identical to those
shown in Figs . 1 through 4. The low tempe rature results for B’ are corn- V

pared in Fig. D- 1 with solutions from the ACE (Ref . 2) computer code.
A gain , the agreement is excellent .

p
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NOMENC LATURE

B* diffusion limited mass transfe r coefficient [defined in Eq. ( i O) ]

B’ mass transfe r parameter [defined in Eq. (7)]

pressure equilibrium constant

K. mass fraction of e lement i
1

K. mass fraction of specie s i

M molecu la r weight of gas mixture

M 1 molecular weight of inert specie s

molecular weight of specie s i

M
~ 

molecular weight of carbon sublimation species C~

P surface pressure

partial pressure of species i

‘ac. vapor pressure of carbon sub limation species C1

T surface temperature

Subscripts

e boundary layer edge value s

w wall (surface) values
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