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1.* iNnIonIif rI'ON

Given at not in -R of form {x tAx 4a) and a linear

function ~()-Cx + c fromi to Rnwe considor the existence

and computation, in a finite number of steps, of a stationary point.

A point x* in X to defined to be a stationary point of (V¶X) if

Cx* + c inan -inward normal of X tit x*, or in other words, if

(y .- x*) a COx) is nonnagative for all choices of y In ~

The exist.ence and computation of stationary pointu in, in

particular, central to tho solution of certain quadratic programs,

matrix games, naud economic equilibrium problems. Such problems can

often be cast Into the linear complotnentitrity problem which is ~

stationarity problem CX)where IC in the nonnegALive Orthant;

Lemke's algorithm [6] offers the princ~ipal aventia for solving the.

linear complemientarity problem.

Herein we adapt. Lemnke's algorithm in order to approach tho

general stationarity problem (66,3. Towards describinig our main ro-

0sult lot x be an arbitrary point in X . We introduce constraintsa

Bx < b so that x is the unique solution to Ax < a and Dx < b.

Next define to be the let of x's such that Ax a and

Bx 4 b + Oe where e - (1, 1, *..., 1) and 0 varies over the in-

terval, t0, +w) - Also defina a piocowine linear path (X,0) to be ht

a (continuous) function (X,0) 1 (0, +M) +~ R X t0, +-) that Is.

aff in. on each of a finite number of closed~intervals where the closed luff eselm

AIfIFIOATION

3?WI8UIAV1MMCC,

I; ____

L REI



Intorvn.1 n co w r [0, 4 ,-) ' C'l rol..ow t.i ) Ltheolvi l CI,)l i r, our

pritc'ipnl Con cluLion.

Theorem: rhe algorithm computes a piacewise linear path

(X, G) such that X(O) - x", 0(0) - 0, O(p) tends to infinity as

pdoes, and X(p) it; n stationnry point~ of (~~)for all p.M

One intereatsng consequence of the theorem Is the Following.

Corn.lar.: The algorithm conpuen either a lLaionory

point x* of (Q,X) or a ray {x* + ex 0 o 0*) in X much that

•-:. x * V(x* + is) IS nogative for all 0 exceeding 0*. N

For emphiain and clarity we note that throuohout the papor

C in not assumed to be synietric, I is 1not aamulnod to lie in the1t" nonnegatIvo orthant, nnd It is not ansumed to have any extreme poetes.

Some pertinent referoncen are C'ottle [1], Lenmke (6,7], and (3,41.

M..



-..... ----

2. ALCONflTI

In Cihli section we g.ive a description of the algorithm,

S Coertain dutnils of execution ae ampl:ifed upon iin Section 3, a

complete example is executed in Section 4, and the proof or con-

vergence is elaborated upon in Appendices 1 and 2.I, * Using a theorem of the altornative it is a simple matter to

see that finding a stationary point x of i• i equivalent to

finding a solution to tho Hystc'm

Ax +s a a, CX + c + AT A- 0,
0 X>0, 8 , A, -' 0.

If x in a stationary point, then there in a (a, ( ) no that

(x, a.-A) In a noluteon, If (x, a, A) is a solution than x is

a stationary point.,

With regard to the data, A i~n an ,m x n matrix, AT is the

transpose of A, a is m x 1, C is n x n, and c is n x 1, and

for the variables, x is n x 1, a is m x 1, and A is m x 1.

___..•n_ of the algorithm In to seloct any point x0 in

In Section 3 we describe a way of executing Stop One, If it

is noted that I is a singleton, then the algorithm could be terminated

for x0  is a stationary point# however, it Is not necessary to terminate

here In this case.

-. .3. . ., .,... .++-••• -,: : +"' -•: •
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.8 oll WIwo of thi .le a o1 rltln In to ad.jIn ridd I I l ll,,a conii. rIi li lt s

Bx <. b In ordeŽr Ihll. x "N th1 inIh(jIth N01ult.O1 tO the yHY , W, .

x < a, fxb .b

Assuminng t additional constraints are added, that: Is, (B, b)

in 9, x (n1 + 1.), Lhen observe that t muaH b0 at lenat an lenrga an,

but need not ba lar•er than, n - h + 1 whoru h Ii the nunmhor of

linearly independent rows A,, of A such that. At 0. 0 1 0 By ( )is

we denote the ith row of the enclosed matrix. In Section 3 we describo

a way of solucting (1, b).

Towards finding a stationary point of (tO wo consider the

intermedinry task of finding stationary points of (', ) where

i is the set of x's such that Ax o a and Bx o b + Ov where

e 1). Clearly 3: is empty for negative 0 and bounded

for 4ll 0.

Computing a stationary point of (,.X 0) is equtvalont to

solving thie oytcm.

Ax + s s a, Cx + c + AT•+•BT+ O,

(2) Bx + t - e0 a b, B.A - a 0,

a lO,0 tO 3, 00 0, 0•

Of course, if we have a solution (x, a, t, X, p, 0) to (2) with

. .-



0 0 th11 (x, 0, ) sol.ves (1) and x is a stationary point of

Rawriting (2) in detached coetfficiLnt. form wo have

x a t A ,'' 0

C 0 0 A *3 0, c

(2) A 0 0 0 0

0i L• 1 0 0 1 0•

Sa :0 O, t 0 , X >. O, 0. _ 0 >, e ,

. g Im • • -t * .0.

For purponae of computational efficiency and to emphasis the

relation to Lomke's algorithm, we now altminato x from the system

(2). By ( ). we denote the submatrix of columns indexed by 0.

itej Throo of the algorithm is to select a set 8 of n ii ndices

j from fi, ... , m + Z) so that

.(:)(1) ,

,IB jx -(b) :

so that the rows

(B) j JG

are linearly independent,and so that

.. . .
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(Ar,- ( -CX -

ihan a solutlon. w

In Section 3 we describe a way of selectingi 0.

For any x in we have

l1 
ri) 0)(:

(3) t +

I.'

St 8j. ur" of thu ulgorlthm i. to use the expremsion (3) to

eliminate x from the syti•am (2) in order to obtain tho system (4)

which we have illu•tratod in dotached coofficient form.

.1 2 AT B dl q

(4) - .. . - -..
3 3 J4 0 0 d2 q2

a>0, t >0 , A >0, i .>•, , t . u -0.

L~etttng a be those elements In (1, ... , m + 0} not in

we have

-J C B d 2 0 P.) , tc
I; (A

L "
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Hence (x, a, t, A, p,) nolves (2), if. mid only if It sol].ve (3)"

and (4), Thus, if wo sol0vel (4) aind uno (3) to coinpt•c!. x, wo Iiive

• ~As in done in thn simplex mlethod in order to remonve coincidence"

Sand consequential amnbiguiLty, we pert~urb the vectorse q, a•nd q2 to

:q, + (A", 8 ) [rl) and + [r]

2 n

( O €, > , t. * nd

•.where c i~s a positive infinitesimal, (r]1 ( ' C r an

Th02 t n , t , a , (3 ) The (y)r em (4) it thuo perturbed to o(-

-Lain

(2) i( t p b (6)

~ C e l . ... .... ..
t C14 J 0 10 e4 q2 + [ ]

, - - - [ 1-

i (2) Is perturbed to (6)

". tlr:": . 140... ..



ax t 0

C 0 0 A 0 + A II
S!., -Z '- --. ... ,-'

(6) A I 0 0 0 0 a + [c] 3

Bi 0 1 0 0 -e +te1

a > 0, t > 0, X > 0, i > 0, 0 > 0, X * ) , t I t - 0

We observe that (a ,, t ,; xO E , 0) is a solution to (5)

where

(r) (> ( Xo + [1:2

Sto b I

(( - , BT)' (Cx + c) + rl

"t 0
)C

This solution of (5) is deWined to be tho initial solution. We shall

show in Appendix 1 that, in fact$ the initial solution is the only

molution to (5) with 8 m 0, note however) that for t; 0 the

solution Pny not be unique.

8,
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!I

¶II Te perturbat:Ion an teic'r.tihcd Ihc r .' H n MunelW%'ptA.uai. dt vI V tV IC

is implementOd in a conmputer code by imakiln, lexicographlc eOropario.ll.,

see Dant-ig [2, Chapter 10].

The next stop of the algorithm is to "complementary pivot" on

(5) 1 Ia Lemko wherein one bogins with the initial solution and

increases 0 . To he more explicit here we need soine definitions.

Due to the perturbation every solution of (5) has (in + Z)

or (m + I + I.) positive components. If a solution has exactly

m + X positive components it is defined to be a basic solution and

the positive variables are callod the basic variables. By a ray of

solutions to (5) we menin a family of solutions to (5) of form

=(s, t*, X*, i*, 0*) + r(;, t, l, , O) where r viare•s over the

interval [0, 4-) ntd (;, •, , ;, •) is nonzaero,

St•ej•.y•i.yj (f thl nlgorlthm Is to complerncntnry pivot; such

is begun in Iturntion 1.,

. •: Ilter~a-tio~n k ,,1: Beginning with the initial solutionl, whie'h

is basic, increase 0 and adjust basic variablos in order to retain

a solution to (5); either we can increase 6 to infinity In this

manner or some basic variable, now designated the blo.jckkn& variable,

is driven to zero. In the first case a ray of solutions

0 to, 0, X 0 0 +r(, T1) to (5) has been generated

where the positive components of each solution are 0 and the bauic

91
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vnriableo ; Lho pivoting is term .ina ed . In the secu oi cwoc! now

W s o l u t i o n t , X, 1 , ,0 h a s b o on g enern t e d w h e r e t hc p o s L ti v o

AT, components are e and the basic variables excluding tho blockiug

variable; the new solution is basic and we move to Iteration 2. N

-Itertlon (k+]) 2, 3, ,..: Assume that tho hnslic solutiors0- 0 0 0 0 k k k k• k l v e n I~ m e eA ~
"" SO , ( A Q 0 h a v e l e he n e r a tc d

and thnt 0 Is positive. There is exactly one i in (1, ,,,, m+h ,)

such that both *
One~ ~ 0ftoe and k 0ouin

~~~t , o, t) .
One of those two variables was basic in the (k-l)ut b asi e solutiun;

let uA now deaignato tlhe other vitrinble or- the pair, the drivia A

a r b i... q t B e g i.n n in g w i t h t h e b a s i c s o i u l :i o n t, ,k A k
a ~ ~

increase the driving variable and adjust the basic variables wo main-

tain a solution of (5); either we can increase the drivin g varIable to

infinity in this manner or some basic variable, now doaignated the

blockin g variable, is driven to zero. In the first case a ray ofk k k k k

soltios a t A 1A L) to (5) has

I. been genareatod where the positive components of each solution are

the driving and basic variables; the pivoting is terminated. In the

"second case a new solution (a ts A ^k+1C, rk+, hat been

10
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genra ted wh!erut:he Iopoq It lVe to eimpo ,i , ,re tho (ir I v III :n1d 1),':; It'

vwrinblc, oe xclucdintg l'he blockilig va;i.Lkibl.o,; tile nlmw eeltioll Inr baI Ic

and we move to Iteran:ton k + 2. N

Our dm.c rlptr•on of the algorithm is now i',isentia.ly complete,

The only rel,1it1g fll.[ttLer is to sIow that it gonerated the path of the

Theorem.

We hasten Lo remark that 0k is positive for k exceeding

zero, because the initial s,,lution I.s the only one with 0 equal to

zero and becnuse the algorithm cnmnot cycl.e; this argucmenr is ampli Fled

upon in Appendices 1 and 2. Since there arc only finitely many basic

solutions the coniplenicntary pivoting must terminate on a ray.

Assuming the conmplemontary pivoting torminates In iteraLion

k + 1 , the rny of solutiLonm to (5) generated hl,:' the form

k, k ) r(;, where (-,3, A, C

and r varies over 10, 4-)

Define xk ndx by

(A *

xi

Then

i ':'~~~~ st' c' ., k, 0 ) + r x s , •,V

C....

................. .-.



is a rny of qo.lution's to (6) where r v~ir~es ovul' Lhe InnLerv" 1

[0, *+,),

Of course, it Follows that

141

C 0 0 A HT 0 0

(7) A 1 0 0 ) ) ' 0

B 0 1 0 0 -e 0

S>0 >0 •,,0 0 o

k .k k k k t k k k
C C C' p L -1,

Towl rd% proving our tnailn theorem I t is Imiportant to prove that

OiN p)081tiv0, If 0h10 -oMIAflpll'iltlry pivoting Ltrin.livunteH iII Itxat i.n

one, f ll(tli ohVlouol. l ) 1.8 poiti'lv. If the ilt- yvotilg toermiinnto4 IIn

iteration k + .l where k excvdiu ola, tLhen 0 kl n IoHttve IV s

we have already argued, lot. uW SLpOPOSU 0 is zero and i8hOW that it

leads to a contradiction.

Suppose U ia zero. Then x Is zero, since that is the only

solution to Ax < 0 and Bx < 0 H lere a and T are zero. There-

fore, • A + W) - 0. Adding A A(k +( ) + [c]() to k T- k
E 3

(1)+i L 4-i) we got -11 voc A(. + [c. 13) + Ti(b + ý [is if

12
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I
Is nonzre:o, t.he, IniltipJ. I.pr• (A ,r ) Show Ax '" a + Ii:], wAtth

lix < b + [I.]F t:o be in Cem,.li e whI ch is n conot-rodli .lmi. TI hunI I• p

it zero and :is noulizro. Honee, AA 0 B amd A (a + 1 13) i " ()

it. follows that ( )j Im zero whone~vr X IN poS.tLwv. BuIt

this Cannot be by Cho.ice of [') s2cn( tLhe rown A for A

positive are .lin.u•dry dopondwen . Our suppos.1t ion .lud u'o n cunt:ra-

dic tion and we may ansusmi F :is post~ive.

Now tHit 0 is o tab lwshod as pos.,tlyve, we rol1ax our pertur-

bhtion, tl ht it, fori 0 , 1., ... , k the WIh solution
1 :1 .I 1 t I I * 1;•L"~ ~ ~I it p: C. L' to.) L' (6) Io.vollic• t Aou l m (x ,e~, ,f •

to (2) upon sett: og r to xovo; a coord inat:e of Ih•i. tlol'r Holutlon LI t

positive, only If the colro•,pond.1.ng S.it Loen of the forilwl" one Is

poitive. We havu that (+k, 5 k, tk Ak pk 0 - r(., i• T, ,, I,, B)

as a ray of solimt Iois o (2).

To p rovw the. Theoreli we sct X(1) - x and 00() - o for

I m 0, ... , k, extend (X,0) to 0, kj by makiig it: iffinu on each

Interval (1, I + II f or .1 - 0, I -. L k-i, andI final.ly, e1teiv d (XO))

to [0, +.) by smtting X(k+') x + rx and O(k+r) (1 + ro fur

all r > .

I k
To p rove the Co l hui m1y we [1r :Consider 11 If 1 is. v~ro

then x Is a stationary point of (•',) , OLherwise let um assume

k kI
II IS nOt zero aidl we coniSdOer the rmy x 4. rx In . Wu hav,

1 3



S. (× +r• - • ^r(k +rA) - • .l•'(k + r')

- tk '- k

-- (k + r7) < - Ol . k
k k

and the re.sult'is oil LillabI.shed whore x - x

14
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3. SELE TI., N., x (), h)

J.t t:he previousi sect'ion the quwtat it.t:e x 0, b) and i

were needed Lo exectute tile al.goritlim. In patrtic-ltar 81t'0t.l11 OJhe.ir

8e.lcticon mighl:; be evident, for o.xampht, x0  In '.X tight be ai

* known oetlimito of ni nL ationary poin.l , Our p;rpos;o here, howeveor

it; to derrbe a gartl wo), of g l'r 'Ing V. x, (I b)t ,nd (3,

.. !e.L.. PxO Utve ,'Ivnimo . or thte s•nmplex mLhod to .4oive

tho sys tten Ax " l+ s'a, s > 0 . Assumin vig Ax a ti feanib.le,

the System (8) in obtained viDl Plementary row ope0r)a1):on. oil

Ax + I - a

xy x 8 1 "y 6 v i

(8) 1 ,, 0

O ) I2 E.12 1

Noto thar 2 " 0, that 41, .. 1, i) sv a ditjo.lot union of y and

6, that {I , ... , m) is a disjoint ttnion or rl mnd t,, and thlt

Y and n contain the samo number of ecoments.l (Cletarly x deflned

by xy - and x' 0 is a solution to Ax < a .

15
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A j j :

(9) x6 0

e A x + O'x. - *aI

has tin .1 cc.1 u HltIt en, win11o Iy , x To0 14 thimF ohno~rv Hlint (9)

isi equiv,11loiit: to0

A n xl an) X

mdflI, conso(1t.1i~liy, to

But front thio ovtemicmntnry row opurnt .tiorm wo see thttt A t I
fly ii ."

Thero fore., we' cmi (ICfIne (13, h) by

It

so ceti fi v~ JLt be tlIL tict t U (111 + 1, ... , i k)9 of

ii I1 clemnctAi whvro 11 Ini x. n Sl olve

(AT ) () -Cx0  c

0i, 0;~ 0

to a mcato coivponoiitI (if tho solut ion to g~ot 6

16



4, ,XAMI -IF.

A.

U Uiiuj thli a~lorit:lm rhs ,ipoci redd in Soctlomu; 2 mid 3 we coml-

pute a wtnto•nrry point of (•3,) whirt, A(x) - Cx + c,%- (x Ax n

(/,1 C)2 0 6

-2 -4 0 -.

(C, c) 1i 0 0 0

By prrojecting % Into the (x1 ., x2 ) pl.one wo got the mo•t of Figure 1.

17
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Upoin applying!, lii I to Lit,! y •Lcm AX -. I , H 0, thLii i

tile ,systom

x 2 3 11 s2 *3

0 J-

C t S ) l 0 '

-.1 02 2 o

(3. 4, .. . . 41inmnii l.. , 0 and

(B.~~~ b) 0 -

*m...s•

3 o 1  2 3 4

-1 0
-? C) .1 ) C) I J 5 4

whorm'upomm we~ get -(0), ., 01), y ( 21, ,5 - {1, 3}, •. (.1, 21,

oI { 31, •" -{3, 4, 5, 61, ancd

3 4 I I .uw

19 flU Ii~i
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r~iv2 dl 01) yI4 sIimulttfllCoUIIy Liyilvoims (4) ond (5) Vo r

ai gi ven row OW pa rhuirbt on cootrl Loti f. 01 L.1 t, C 6 0 6 T

f ound, ru pectv. voly, I n coIumms 9,10, 12., 1, 2, 5; his ft. rem.Ivills

Bo f ldv.lnnp.o the:'ovLon (1, 9), (,10), and (3, 12) of

010' not 0i tX of FlU170r 2 t~hO tn Itol t ion (k m 0) is4 d tspJayvd,

Lthat 18 we~ ltvv the co nnoli.1 cit form wi.th miWC rpU , toII 111 '1 tJ i n .

bt~iLsolut4O~ ion. Neod , for tha (complvincntitry pivotJ.hig wo colit iluo

pivoting, on thc' matr.ix on positilons (.1, .1.3), (6, 3). (5, 11), (2, 8),

(5, 14) onti (3. i 10 i ordor to eOMWoto f.Lcrat ions k 1, 2, 6

wharottpon nt raty IS ('11.ottn LOred The Solk 1 u I 1t (cworropotld-hif to oitch

I tnratLioll arV F;IVCAI in Figtirco 3;, 111 c0111111 6 0i0 WVltUO,'] ro1

(xI ol $ I- T i, U) Lire disIpluyed . Ati antile-1paoted fromciti thyonoll.u1y

the nigori thin y ields~ it $ In Itonciry point: for it ki .' 1. y

x -(-1, 2.5, -1) 1 In Pipurv 4 the path (X,) ias pro~luc ld ont.o

hov (XI x 2  spitoc Is shcwn)

22
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kI 2 3 41
k 0 2 . -1 1 i - 1 '

k
y 0 --. I{2} -. 8 .*.1 .1i .-]../45 -I .1 -l 0I

k2  1 11118 2 2.429 2.429 2.45 2.5 ()

3k 0 .471. -. 8 -1,143 -1.143 -1.25 -I 0

k 2 2.235 2.8 3. 1141 ~3.14 3j 3.1 3 1
4 3. 5;29 1 2 2) I I

3
C)s3[ 0 ?,4 3 ,42 !)I 3.429 3 ,6 4 0)

k ") ) • 0 0 0 015 1 .I

j 0j ./0012
t 3 0 0 0 0 0I

o o o o o o o C) o I
" I -- 0Ill I .. ..... (') IC)•tm

x 0 0 0 0 .514 .45 .5 0

k 10

Ic1I 0( .6 1 .280 0C) 0 0

k 0 .-429 .72 0 0

kc 1 .059 ,2 .286 .029 05 0 ()

0k 0 .231 .8 1.143 1.143 1 .25 2 1

F1G11I1E 3
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x2

F~igure. 4
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APPENDIX 1: UNIQUE INITIAL SOLUTION

The following lemma shows that (5), or equivalently, (6),

has a unique solution with e - 0 for all sufficiently small positive

e . Observe that it is critical that the constraints are perturbed

less than 0. Here our notation has been simplified, and the result

is more general than is required in Section 2.

Let IX be the set of x's in Rn that satisfy Ax < a + B[E]2

where B is m x m and [c] 2 . (,n+l, . C., an+m' ) Let #,(x) be

the linear function Cx + c + D([] 1  where D is n x n and

1 n[el 1 l (•i ... , cn) . Consider the linear program (y, e)

min x * r(y)
x

s/t Ax < a +

Of course, if x is an optimal solution to the program (y, c) and

if y - x, then x is a stationary point of ( P0

0Lenea: Assume Ax < a has a unique solution x and that D is

nonsingular. Then there is an X so that x0 + X[ea2 is the unique

solution of the linear program (y, c) for any y in %c for all

sufficiently small positive c.

25



Proof: Consider the linear program (x E). For each (xO,

there is a a such that A. eits a + B 2c] is optimal,

n1 0

and (A;) ,(xO) < 0. Consequently, since there are only finitely

many 8's and D is nonsingular, there is a 8 such that

Aa(AO*(a + B 2)8) a~ where a - ^0ad (A") (x0) < 0. for

all sufficiently small positive e. Next observe that c- times the

diameter of tends to zero as c tends to zero. Hence, for all

sufficiently small positive c and any y in we have

(A1a+ B [C] 2)0) fa. and (A) a ~ y . 0 It then follows that

for all sufficiently small positive c that x. - A7l(a + B[€]2)8is

the unique optimal solution of the linear program (y, c) for any y

in 'V; if x ý xC is in • then A8 x 0(a + B C]2)V
( pr(y))T A- 1 Ax > ( P(y))T Al(a " B[c] 2 ), and

S..X r(Y) >.x X, (Y)
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A.PPE"NDI)X 2: (0NIVE11CENCE '1O A RAY

Th1in appt-ld.tx t-luipplied to assist the rendov whjo io:rVu;1

pur-sie BDore corot'fully tho c0IIvergolce proof I or Ow~ voi-n'' i:wLO try

P:Ivot~iii, of' !evoton 2. Using Lit-, conlceptsi of [51 we igvhiify

thar. the2 nIgo H Iifni g'imoru tos n riy . A thoroug;h 8 rg.uuont 1,-i not~u .1

Niod 1mcro imcwimIFso It 1 1 lolqF,;Ihv and lva1ien t11w 1 I ei ol I,1r citl now

hiadenf with piroo f~s ctabli shing sirndilar concliviiloi, lowIvC1 , wlnS~g

thu retnnri- ii Sndod be'low Loge~o tr with limo (,ono ral t: r iny of 1.51], unu

hsa rigyo rous and colIIj)I c. I e xpos it-t of)1 1 tho 0011 vvr~)'on toIL 1 1 ra00y.

As In AppendIx 3. w1 Wes implifiIy the notaion t.10

COill.idor the MSyteml

Rw + Sv. + (10 n ( +Qi

(10)
w 0O z>0 0 >0 w Z' 0

whve Lhr.v Ow tii rLU Cs R , S , and Q arcI 11 X 11, Q Isnotiun I ogo1 r , tihc
,.1 . 11 a

vectors W, Z, 1, (1 and [(:) a~re 11 X I., [LI ), ,o

the var iolb.i.C are (w , Y'., 0) . I dent .1fy thi I m ''tt m with:I (5) where

w - s t), z Xi) q (q 1 ) (12 ) etc.

In Appoiod(x 1 wo proved that for oach suf fit lnt ly nnma11.

pOSitiVe' F; t~he system (5) Irns a uniquto solution with 01 zero, and

now let us aHSllum that (10) als~o has t~hin property.
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Let M, 110 tOhW 8t. R W 't Fh be tho ;dl',d .viltion

of M wl•, o' l Is of r 01% ar, of f orm 6 I1R •nd ,h i, C In any

orthant. of' IRt". D)efl.nu thu plocewise linear ap I,' M " It by

n
F(y,O) F • Fi(y ) + ad

1

Whc L' u (yi) J.i dofled by

fS~ly 1  if Yi 0

-i . I.yi if Y i 0

First" wo ohnerve thal the ,ystuut (3.0) 1!.1 equivalvnl. Lo F(y, 0) q + [r.

and, in particular, F(y, 0) - q + [r] I hla ntl tlquo volution for

smanll1 positive E, or in other words, (,'-3 (q + [0]) C) (Rn 0) con-

tains exactly one olemcnt whlicre Rn x 0 is the boundhry of M ,
For small positive r., F'1 (q + [cJ) Is a 1.-mannfold neat in

(M,.V ; let W: be the route in F- (q .1 [E.]) which nl.ets Rn x 0,

IlT complimentnry pivot nchomo tipplied to (10) fol.own W for all
I.

sufficienily smlaill. f. belnliinig with the point 1 1) (An 0 ) . W

is subdivlidod by a flntite number of ccoltls of form W nl a where C1

is an v.loment of dk, Slncie W cannot return t:o the boundary of M,

it must tormninato with a ray.

2 B.SI-AVAlI.ABLE CM

2... .. . ". 8 L. ,



C0. 1 1. 1O'l Co . i . ) 1 vtine11t.1r i t v 1111d Va r.I i L IonnIm h)I) I~~ cn~ 1) 1tub
No itI Ic ci d l f A ~ I ct Ma:ath ika, ýJyi ws inMa Lt I( 1uý:i I iP" vo II II('~.

w) ,i (1 1 7- 208,

2. 1W. '.I,' 6 1. it, L- tt, ar Pi voranuni tiv vinc Vm' nninzi , P rinuct~on Un i.-

:3. 1F\\ i:S, B., C. , '11 ]J tiv~a r Cornp lemmitur i Itiy Probem Ma v i.,-Quct SwvoL.kca.nI
17i 9 (197 1) , 6.12'-6 34.

4. EAVESM , 11,* C. , Oil the Bas~i c 'Thoory of CornylurnontarirIty , 1hIh'n Ie

5. EAVIXý'S B. C. ,A Shor I Courstrn ill "'(110.11c Equaloil t-U I A 1 1 Pt Homo-
top.lou~i, SA-MSPlC5'tgH 9(.1 97b) , 73-1143.

6. *LEMKE, G' . P. , HI imatri x E"quil ibri tim Poi ts ti nd Wnithemii t tv~n I Irofrnlrn-
Iin Ing , Mannnjt.cn .1-1.d~ (1965) , 681-6119.

7. XMIEC. r, . Recent Rusu] tor oi l omp1,miontai rIt~y Prob. int ,' Nonl - nenr
Pr( 'niwtimill A: J . 1. 1Rosell, 0. 1.. HagIn'sarial a1o nd K * Xi.V r,
Acad L-11. C P'ress~ New York (19 10) , 349- 384.

29BEST AVAILABLE COP~ i

29i



S ICURITY CLAIISIPICATION4 OF THIS PAGE ("anm Dole Znt.,.4

REPORT DOCUUENTATION PAGE BEFORE COMPLUTINO FORM
12396.OR MUMM 3VT ACCESSION MgO 8. "ICIPIENT'S CATALOG NUM89A

ComptingStatonar PoitsTechnical Rep~ort

oopptmpoiw ORGi. REMFR NWISERt

* I. CONTRACT 3M GRANT NUMSEWqw)

B. Curtis Eaves DAA029 7)4 C 0032/s

I- P611FORIMNN ORGIIANIZATION NAME AND A001116S IS. PflRAOIJE IJN TASK

Stanford University

Stezford University, California 94i305______________
Ih. GONTROLLING OFFICE NAM9 AND A00DR16SS11 AI.REPORT DATER

U, S, Army Research Office March I977
Post Office Box 12211 18, NUMBER OF PAGES
ResearchTrianglePark,_NC__27709______________

M 11111IT01111184 AGENCY NAME A00111111 1S(U 6O~ &deuIIIIrn CSenimlat 0lth.) IS. SECUITY CCASS,. (fe INOMMu.

IMO Lfft&:SIjICATIOPN1DOWNGRADING

IC WINTRIOUTICIN STATEMENT (of 6%16 map"

Approved for public release; distribution unlimited.

IT. DISTRIS1UTION STATERMENT (of Mie ionsiel Wowmed Ire 1110ec it, Of EIIftwot ftM Meod")

I111 SUPPLEME1NTARY NOTES

The findings in this report are not to be construed as an official
Department of the Army position, unless so designated by other authorized
documents.

Itu. Key wORDS (Continue en feens.. aleli.It Aoo..yawv 1wnll' week inauie)

ýLinear equations Economic equilibria
TFunctions(mathematics) Matrix games .

Computation Quadratic program.s4
'Stationary points-

SNAUSTRACT (Centime on tefwet fide It.~ew 009MY 14 Ii.*IP p Dr10.5~ min~e)
Given af Ve() in *1A of form (x : Ax (a>and a linear functiont(Cx) *Cx+ c fror

qj to. (,lk Vconuiders4the existence and computation, in a finite number ot steps,
of a stationary point.

F 1473 EDITION OF I NOV061 IS OSS11OLETE Unlssfe

..................................*PAGE,(f.............We .


