OO 5=
- clagsified
SECURT‘T‘ LAJSIFICATION OF THIS PAGE (When Data Ente

lﬂllWl!Hlllllll!llllllllllIIllllllﬂlliilllllllﬂll||1l|1l||ll|l|||i|ll||l zM

00001028
, AD INSTRUCTIONS
REPORT DOCUMENTATION PAuI: BEFORE COMPLETING FORM
1. REPORT NUMBER 2. 3OVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
2
12kl o-M NADPACS 537
4. TITLE (and Subtitle) 5 TYPE OF REPORT & PERIOD COVERED

. Technical Report
A Comparative Study of Models for Reliabilitly

Growth 6 PERFORMING ORG. REPORT NUMBER

7. AUTHOR(s) : 8 CONTRACT OR GRANT NUMBER(s)

Henry Braun

J. Macon Paine DAAG29 T6 G 0298

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT TASK

AREA & WORK UNIT NUMBER
Princeton University
Princeton, New Jersey 08540

. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
U. 5. Army Research Office July 1977
Post Office Box 12211 13. NUMBER OF PAGES
Research Triangle Park, NC 27709 37
MONITORING AGENCY NAME & ADDRESS(If differont from Controlling Office) | 15. SECURITY CLASS. (of thia reporf)
Unclassified
154, DECL ASSIFICATION/DOWNGRADING
. SCHEDULE
16. DISTRIBUTION STATEMENT (of this Report) ?‘q
o
s
Approved for public release; distribution unlimited. ,&?gv
&

17. DISTRIBUTION STATEMENT (of the abatract entered In Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

The findings in this report are not to be construed as an official

Department of the Army position, unless so designated by other authorized
documents.

Reliability growth A\— ‘_ B
Piecewise constant Poisson process CHN‘C PY
Nonhomogeneous Poisson process TE NCE Co
Duane Model EF;RE

19. KEY WORDS (Continue on reverse side If necessary and identify by block number) \ R

20. ABSTRACT (Continue on reverse side If necessary and identify by block numbergk
The deterministic Duane Model as well as several st chastic models for reliabilit;
growth are studied. Graphical and quantitative technlques for assessing the
performance of these models are introduced and are illustrated on a set of data.
small-scale simulation is carried out in which the effect of two factors (the num|
of failure modes and the range of failure intensities) are investigated. Some
practical conclusions are drawn and the possibility of employing doubly stochasti
Poisson Processes is discussed.

g

a1S5\r Ny

per

DD ,7S%M, 1473  EoiTion oF 1 Nov 65 1S oBSOLETE

Unclassified

e,




: A CCHMPARATIVE STUDY OF
KODELS FCR RELIABILITY GROWTH

by

Henry Bieaun
Pepartacnt of Statistics
Princeton University

J. Hacon Paine*
Dapartment of Statistics
Princeton University

Technical Report MNo. 126, Series 2
pepartcent of Statistics
Princeton University
July 1977

Research sponsored by a contract with U.S. Army Rescarch
0§fice Mo. DAAG29-76-G-0298, awarded to the Deparimeat 34
statistics, Princeton University.

.* Cyrrently at Bell Telephone Laboratories, Murray Hiil, B.3..

'Y
\/F{zqs-\




The deterministic Duane Model as well as several stochastic
modals for reiiability growth are studied. Graphical and
quantitativa techniques for assessing the performance of thesse
models are introduced and are illustrated on a set of data. A
small~-scale simulation is carried out in which the effect of two
factors (the number of failure modes and the range of failure
intensities) are investigated. Some practical conclusions are
drawn and the possibility of employing doubly stochastic Poisson

Prccesses is discussed.
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1. INTRODUCTION AND SUMMARY

In this paper we carry 6uﬁ a comparative study of various
eaodels for reli{ability growth data. WUe assuw2 the reader is
generally familiar with the problem. For a review of currant
work in the area see the AKSAA Relizbility Growth Symposium [1i374].

0f these models, on2 is deterministic and the rest stochastic.
The former is due to J.T. Duane [1964] and is widely used
in practice. It seemad of some interest to probe the relative
strengths and weaknesses of the two approaches and, indeed,
interesting diffarences were found.

Section 2 describas the models and discusscs their meiivation.
In Section 3 these models are applied to a set of relfability
_growth data znd various goodress-of-fit procedures, beth graphtcal
and quantitative, are introduced and applied. Section 4 provides
the details of a Monte Carlo study that was carried ocut to shed
more 1ight on how well the different models performed under
varfous conditions. Section 5 analyzes the results of the Monte
Carlo, while some tentative conclusions and prospects for furthker

study are given in Section 6.

2. THE MODELS

He first require some notaticn. If a device has been on
test for time t and has experienced N{t) failures up to that
time, then Y(t)=t/N(t) is called the cumulative mean time betweon

failure (CHTBF) at time t . If the failures occurred at times
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Oﬂto <ty <ty <.t =T, then we defiae Eymty-ty g

(f=1,2,....n) as the n interfailurc times. At time point

% 1, EXi can be interpreted as the instantancous mean time

between failures (IMTBF). Contract specifications are ofien
phrased in terms of the CHMTBF reaching some assfgned level.
Nonetheless, the IMTEF {is rather important beczuse tt gives the
relfabiiity engineer a good fdea of current progress and how

long until the CHTBF goal is reached. This brings us to the

.cruical point: The success of the models must be Judged en how

well they eilow prediction of future faijures.
The deterministic model was Tirst {ntroduced by J.T. Duane
[1964]. He found empirically that piots of CNTBF versus cperat-

ing time were approximately linear on a log-log scale. That is,

In Y{t) ~ atb In ¢, (1)
Reliability growth occurs vhen Y(t) increases with ¢, so that the
slope 'b is positive. To calculate the IMTBF, oae computes the

current “{ntensity” and takes reciprocals:

A(t) = d?(t) ~ %t(e'a tl'b) = (1-b) ¥ ¢7b, (2)
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or
INTBE » e 2 . (3)

Of course these expressions ought not be given a stochastic
interpretation. Duane suggested using least squares to estimate
aand b 1ir (1). Despite the obvious theoretical objectfons

(after all, the successive observations on Y{t) are very much
dependent!) the procedure has worked well enough in practice to
achieve wide success.
A stochastic model for reliability growth was proposed by

L.H, Crow [1975]. Using (2) as a guide, he suggested modelling
the process as a nonhomogeneous Poisson process (N{PP) with an
intensity function of the form

at) = yatb-l, ‘ (3)
where reliability growth is said to occur 1f g<1. Maximum 1ike-
l1ihood estimates of y and B were derived as well as formulas for
CMTBF and IMTBF:

EY(t) = y" 1 ¢° (s)
and 1-8 . .
EX, = (v8)"} ¢, (i=2,3.....n) ()

EX, = y /8 rp(1/8+1).
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Note that since the intensity function varies with time, the
successive fnterfailure times are not independent.
A second stochastic model, proposed by Braun [1976] took
a different tack. One can think of reexpressing the RHS of (2)
in terms of N(t) rather than t, obtaining something of the form
1-1/8
A(t) = ys [N(t)] ' (7)
and reliability growth occurs if g<l. Thus we think of the
failures generated by a Poisson Process whose intensity function
changes only with the number of faflures, rather than with time.
As a result the ynterfailure times x, are independent and

exponentially distributed with parameters

_ 1-1/8
Ay = A(ty) = v8 i (i=1,2,...,n) . (8)
0f course then
. 1
EX, —- (9)
%
and
i
« 1 E 1
EV(t;) = 4 5. . {10)

A variant of this model is obtained by changing (8) so that xi has

a different functional dependence on {:




Ay = ¢ exp b 6- -iﬁi-) i=1,2,..,n, (11)
relfability growth occcuring if b<O0.
This has an advantage of allowing the intensities to tend to a
non-zero constant, a proposal which seems quite reascnable. The

parameters of these models can be casily estimated by wmaximum
Tikelihood.

The estimation theory for the model(4) is given in Crow (15751,
while that for models (7) and (11) can be found in Appendix A bealow.
The four models described above will be denoted by D,C,B1,B2
respectively. The latter three despite their somewhat ad hoc
parametrizations seem reasonable competitors of model D, though .
they in no way attempt to model the physical processes generating
the faflures. We shall see in later sections how successfully they
accomplish their task. Another approach to the problem uonld-be to
use techniques analogous to isotonic regressfon. This would
involve modelling the intensity function as a stép function con-
stant between failures and required to be non-increasing. This is
discussed in a report by Donelson [1975]. It may well be that
this non-parametric approach could then be followed up by a para-
metric one, but this was not tried here. It should be noted that
the question of whether to use N(t) or t as the independent
variable in stochastic modelling of this kind is not new. See
for example the comments of T. Lewis in the discussion of a paper

by D.R. Cox [1955].
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3. ARALYZING THE DATA

The data set to be analyzed here consists of the recorded
failure times, during development testing, of 2 complex electronic
system. The data, which 1s presented in Appendix B, s composed
of 52 failures which are indentified either as having been
~generated by one of 12 system modes (or components) or as z so-
called non-pattern failure. This set is denoted by GE1l. A
subset of GE1l, called GE2, can be derived by only recording the
first failure attributable to a particuliar failure mode plus ail
the non-pattern failures. GE2 has 27 failures. Table I has the
parameter estimates for all the models for both data sets. One
can see that there is agreement among the models that GE2 dis-
plays the greater reliability growth.

We now proceed to consider some descriptive goodness-of-fit
techniques that can be used to compare the suitability of the
models, with the exception of Model D. They are all based on a
probability integral iransform of the interfailure times. If
Xy has cdf Fi’ then Ff(xi) is distributed.as a uniform (0,1{
deviate. In our case, F1 involves certain parameters which must

be estimated from the data. As a result, the collection

{?1(Xi): i=1.2,....;} will be only approximately uniform and
independent. Nonetheless we can try plotting ?i(xi) against




7.
to see whether there is any pattern or whether the ?i(xi) are
fairly well scattered about the 1ine at .5. (This was suggested
by J.¥. Tukey). It is also worthwhile having a Q-0 plot of the
ordered ?i(xi) against 1/n+1l, though this should tend to lock
"super-regular”. A quantitative feeling for the information
contained in such a graph can be obtained by the following
strategy.

If we let Z, = ?1(X1) (i=1,2,...,n) and compare the
empirical distibution of the {Z, with that of the uniform dis-

tribution, then it is well know (cf Durbin [1973] for example)
that the usual gocdness-of-fit statistics such as the Kolmogorov-
Smirnov do not have the same distribution, even asymptotically,
that they do when the true F1 is used in place of ?‘. Now {t |
seems plausibie that 1f we were to randomly partition the daté in-
to groups each containing say 10% of the points, and carry out a
aoodness-of-fit test sepzrately for each group, then the effact
of having estimated parémeters from the whole data set should be
small, when considered from the point of view of a single group.
In fact, we can use the methods of simulataneous inference
to obtain an approximate overall level of significance for this
procedure. A theoretical justification of this approach is

currentiy under preparation by the first author.
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Crow [1975] has adapted the work of Darling [1955] and shown
how to make uée of the Cramier-voh Mises statistic for testing the
adequacy of Model C.with parameters estimated. He has shown that
if the model fis cofrect. then the distribution of the statistic is
independent of the actual values assumed by the parameters and has
by Monte Carlo computed the critical values of the statistic. Note
that this approach works only for Model C, whereas the method
suggested previously is quite general in 1ts applicadility.

Figure 1 contains a2 plot of ?(Xi) versus 1 for Model Bl with
GEl1 data and Figure 2 contains a piot of ;(xi) versus {1 for
Model C with GE2 data. These plots as well as others not shown
here are reasonably patternless, having a hint of a positive slope
which would suggest that the (stochastic) models tend to over-
estimate the earlier failure times and underestimate the later
ones. The Q-Q plots are all well behaved. The modified Koimogorov-
Smirnov statistic was compdted for each case and was never found
significant (a=.05). In addition, the modified cramierfvon Mises
statistics was calculated for Model C and was not significent
{(a=.10). Finally, Figure 3 plots In Y(t) vs In t for the GEl data.
Note that 1t is a bit u~-shaped, indicating that CMTBF does not in-
crease until the process is well under way.

Khat have we learned? Only that both data sets exhibit re-
1iability growth, GE2 more so than GEl,-and that the models seem
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to do an equally good job of fitting the data. In fact, our
graphical and quantitative techniques so far gfve us little reason
to choose between the modelis. It would be worthwhile to see
whether the forms of the different models have consequénces which
can be used in an exploratory (graphical) way.

Suppose we let Ei denote the expected value of Xi. the 1th

interfailure time. Then under Model Bl1,

Ef+1 z( % \1-1/3.
E; i+1)
or
. £ . 1 '

i
Under Model C, on the other hand,

E . .
Eia r 1741} . r(i
s T —tte -1)

So approximately,

_E__“E:‘fl SN +_1T1__ " (13)

Of course, {13) can be obtained approximately from (12) by expan-

sion of the logarithm. Nonetheless it may be that one approach
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is better in dealing with real data. Consider now replacing

expected values in (12) and (13) by the actual observations. If
Model B1 holds, then plotting log (xi411x1) against 1/1 should

yield a linear regression through the origin with slope -(1-1/8).
In fact the estimated slope could be used to obtain an estimate of

B. If Model C holds, then plotting X, /X, against 1/1 should

yield a linear regression. This plan was carried out with in-
teresting, but by no means conclusive results.

Using the GEl1l data as a base, the fnterfailure times {%;} were

-

smoothed and from the smoothed sequence {xi.}the sequences

s S Y 73 )} were constructed. ' These
{“1 xm/xi} and {v, 1og (’Hu""i)}

were in turn smoothed (to reduce negative correlations between

successive elements) yielding {;1} and {%1}.

-~

Regression of {Ui} on 1/i dndicated a negative slope while

-y

regression of {Vi}on 1/1 gave a slope estimate which when solved

for B gave a value of 0.72, quite close to the maximum 1{kelihood

estimate. However in neither case was the regression significant,
so the evidence in favor of Model B2 is by no means overwhelming.

Nonetheless, it suggests that this technique, properly enhanced

by smoothing, may be of some value.
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We now introduce three quantities which attempt to measure
how well the models do at predicting both the IMTBF and the
CMTBF. These measures will also allow us to compare the determi-
nistic model with the stochastic ones on a somewhat equal footing.
Now stoictly speaking, we should reestimate the parameters of the
model after each failure and use these new estimates to form our
prediction of the next failure time. This would be rather time
consuming, so instead parameters estimated from the entire data
set were used to make the predictions. However for the GEl1 data
the scheme of successive reestimation was carried out and the
parameter estimates remained fairly stable, though less so for
Model B2.

The statistics described beljow are closely related to the
criteria used in the study described in Schafer, etal [19253.‘
The first is |

(xg-Ex()2 / (n-2)

(D2 7 (n-1)

where
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and

E X, -j'xdFi(x).

0

The motivation for this is obvicus, and we expect R1 to be smail
(certainly less than one) if the model is of any use; A variant

of Rl, denoted by R2, is meant to reduce somewhat the effect of

the great irregularity in successive interfailure times on Rl.

We begin at some appropriate time once the process is underway

(say after 10 failures) and collect the fajlure times in successive

groups of those after that point. Llet

m = number of groups of three

n
x‘1 = mean of the observed x‘ for the jth group

~ -
EX; = EX; for the middle time in the i*™® group

nooa

/ m,
=z X
j=1 3

~
X
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and define
~

m A 2
z (xjf.sxj) /{m-2)
R2'=j=l ...... . .

m N '\az
z (XJ~X) /(m-1)
J=1

The third criterion, used in Schafer, etal [1875] deals with ”
prediction of CMTBF. Let ?(ti) denote the estimate of Y(ti). the

CMTBF at time t,. Then

n PS 2
r (et sin-2)

R3 = f=1 .
n
: (r(e,)-T(e) % 7tn-1)
n
where V(ti) = ? . Y(ti)/n.

Table II contains the results of computing these statistics
for each of the models and data sets. It seems clear that the
stochastic models do better with the IMTBF while the deterministic
one does better with the CMTBF, but there is little to choose
between the stochastic models. A few general points may be worth
mentioning. Since CMTBF is more stable, all the models do well
with respect to the R3 criterion, and better with the GE2 than
GE1 data. This suggests that looking at only first instances of
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fatlure modes can be one way of obtaining better predictions.
0f course there is a practical difficu]ty Fhat fatlures can not
always be correctly classified or one not even recognized as
pattern failures until much later. Secondly, a comparison of the
R2 values with R1 values shows that once we have smoothed some of
the roughness away, none of the models does better than the sample
mean. This is most pronounced with the GEZ data and the in-
escapable conculsion is that much more insight is required before
we can do better. To this en&. a simulation was performed which
aimed to discover what aspects of the process had the greatest
effect on the performance of the models. This is described !n

the following section.

4. THE SIMULATION

The simulation was designed to produce data that could be

reasonably considered to approximate reliability growth data.

An observed process of this kind results from the superposition

of the failure patterns of different modes (usually due to design
faults) together with a process of non pattern failures (wear outs,
breakages, etc.) that inevitabiy occurs during the operating 1ife

of any system. Since the GEl data was used as a guideline, let

us review its structure. There are thirteen f2ilure modes which

vhen treated separately as homogeneous poisson processes yield
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estimated intensities of between .5 and 2.5 failures per 1000 hrs.
(f/th). The non pattern failures have an estimated intensity of
4.4 f/th. The number of observed failures per mode varies betwaen
two and seven, with most being either two or three.

Our simulated process will then be constructed as the super-
position of a number of independent Poisson processes, each to be
truncated after a random number of Failures. Even so simple a
process defies analytic investigation. It resembies the so-called
"branching Poisson process" introduced by Lewis [1964] as a model

for computer system faflures. His process was stationary but even

.so, the main results were all asymptotic. For our case we are

precisely interested in the transient phase and are not concerned
with the structure of the non-pattern failures so asymptotics
would by meanihgless here. MNonetheless, the work on superpositfoh
of independent sparse processes (see the review by Cinlar [1972])
makes it plausible to assume that the superposition wiil resemble
a non-homogenecous Poisson process.

The advantagé of this approach is that the generating scheme
is based on an analysis of the physical situation and not on a
preconceived model. Hence if one of the models does very well,
we can have a measure of confidence in its success. OFf course
with a Monte Carlo we can investigate certain problems which

would be difficuit if not impossible to do with only rezl data.
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The assumption of independence in the model can not be
strictly justified in practice but 1s probably not a bad approxi-
mation to reality. W¥e are primarily interested in the effect of
two factors: the number of failure modes and the range of failure
intensities. In our simple two-way design each factor has three
levels. For the number of failure modes: 1low (5), medium (10),
high (15). The intensity ranges are low, medium, and high, chosen
in the following way:

Let m denote the number of failure modes (5,10, or 15).

Let Zl<Zz<...<Zm denote the expected values of the order statistics

from a uniform (0,1) random sample of size m. The intensities

.{li}?sl are chosen so that:

{a) 1low: Ay o= 27445 (1=1,2,...,m)
(b) medium A, = 2/T;+.5 (1=1,2,...,m)
(¢c) high Ay =2 ?f;+.5 (i=1,2,...,m).

(There is clearly overlap among the ranges). We then generate
m independent observations Niseeonny from a Poisson distribution
with parameter three using the generator described by Ahrens

and Dieter [18741. The n; are randemly assigned to the_xi.
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Thus we generate m 1independent Poisson processes, where
yth process has 1ntensity_ii and is truncated after the

th failure. These are then superposed and

appearance of the n;
to them is added another independent Poisson process with an
intensity of 3 f/th, representing the non pattern failures. The
result is a simulated reliability growth process which is trun-
cated for fitting and analysis at the first failure after 4500
hours. For each combination of the two factors we have 20 re-
plications, so that there are 3x3x20=180 failure processes genera-

ted and analyzed.

It should be emphasized that the twenty repiications in a
particular cell have the same number of failure modes m , the

jth mode having the same intensity Aj. However the number of

1th mode is generated anew for each

failures n; observed in the
replication. Of course the waiting times themselves are generated
by independent expcnential variates. The simulation was pro-
grammed in FORTRAN on a PDP 11/40 under the URIX operating system.
A (hopefully!) trustworthy congruential generator was used to

produce the uniform devfates employed.
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5. 'ANALYSIS OF RESULTS

Three models were fitted to each replication: n;c. and B2
and the three criteria R1, R2, R3 were calculated for each. (For
reasons of economy, Model Bl was Jjettisoned at this stage.) A
discussion and interpretation of the resulting analyses of
variance forms the body of this sectian; Before doing this; 1§.
seems useful to mention some of the general impressions gained by
use of the graphical techniques introduced in Section 3, though it
would be obviously unwieldy to go into too great detail. |

First, all the models did better the larager the number of
fatlure modes and the higher the range of intensfties - clearly
the effect of having more data to work with. The stochastic models
had a tendency to underestimate the amount of reliability growth,
i.e. overestimating the earlier failure times and underestimating
the later ones.

Second, the plots of In Y(t) against In t often had a U-shaped
appearance, initially decreasing but then {increasing once the
process was well under way. This suggests an intereéting modi-
fication of Duane's original proposal; namely, estimating the
parameters using weighted least squares, with the wefghts assign-
ed to In Y(t) proportional (say) to vN(t). This would certatnly
give proper due to the increasing number of observations contri-

buting to successive values of Y(t). This proposal was not,
however, tried in the present study.
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These graphical techniques and even the goodness-of-fit
statistics discussed in Section 3 were not sufficiesntly delicate
to discriminate between the models and so we turn to the more
quantitative methods. For each criterion (Rl;Rz.RS) a three
factor ANOVA was carried out; employing the criterion as the
dependent variable with the factors being models, number of wmodes,
range of intensities.

In addition to the usual ANOVA by least squares fitting,
& three-way medfan polish was carried out (cf.. Tukey [19761).
The results were qualitatively the same, though the magnitudes of

the fitted effects differed somewhat; there was 1ittle indication. -

that a transformation of the data was called for. We therefore

content oursere; with presenting only the normal-theory analysis,

and Table III contains a compact summary of the results. After
considering these, we will discuss some of the more interesting

| two way tables. The rather large number of degrees of freedom

(df) for Residual makes the analyses fairly clearcut.

For R1l, the main effects are all highly significant, and the
modes-frequency interaction is very significant. Model D does
quite a bit worse than C or B2. The differences among the levels
within the other two factors are in the expected direction but one
not as large in magnitude as for the first. For R2, only models

and modes are significant. Note that the residual mean square is
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larger than that for Rl by a factor of 300. Again Model D does
substantially worse. For R3, only models 1s significant, but here
Model D does substantially better than the others and Model C
substantially worse.

As we are led to expect from Section 3, Model D does best
with CMTBF, while Models C and B2 do best with IMTBF. It is
interesting that as the "smoothness" of the criterion considered
increases (R1+R2+R3), the importance of the factors, modes and
frequencies, diminishes. Let us investigate this further, by
considering some two-way analyses.

Tables IV, V, and VI contain the ANOVAs and fitted effects
for R1, R2 and R3 respectively. There we note that Model D is
sensftive to the number of modes for R1 and R2 but not R3. FModel
C is sensitive to the number of modes for all critertfa, but to the
frequency range oniy for Rl. Model B is sensitive to the number
of modes for Rl and R2 and to the frequency range for RI1.

However when we consider the data by criterion, we see that
Model C tends to be quite a bit more sensitive than the other
models to the number of modes, while Models B and D are roughly
equivalent in this regard. It is to facilitate this comparison
that the tables are arranged as they are. Finally nowhere are the
two factor interactions of any importance except possibly with

Model C for R1.
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6. CONCLUSIONS

There are several conclusions that can be drawn from the
study. First the graphical techniques are quite useful in giving
a general impression of the fit, but are not delicate enough to
distinguish between models. Second; smoothing the data may
certainly enhance the stability of the estimation procedures and
give some hope of developing ad hoc approaches to model develop?
ment. The Duane model s quite workable as far as CMTBF f{s
concerned but its performance would probably be improved by use of
weighted least squares. It is not recommended when IMTBF is of
interest; there the stochastic models are superior. In addition,
data of the GE2 type seem to allow regression parameters of the
model to be estimated more accurately than data of the GE1 type.

Turning to the simulation, it seems clear that although the
various techniques work better with increasing amounts of data, a
really successful method would be fairly insensitive to the factors
considered such as number of modes and range of intensities. (This
is particularly true in the case of R3 which deals with a stable
criterion, namely CMTBF.)- In fact it is a bit surprising that
these factors do not have a greater influence. Of course a larger
range of levels ought to be used in any further simulation. Over-
all Models C and B2 are roughly equivalent in performance, though

Model B2 seems less sensitive to changes in the levels of the

factors.,
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We are now in the situation of having the problem somewhat

fn hand, but by no means mastered; One appreoach would be to
consider.stdchastic models with different parametizations. The
astute reader will have noticed that the models discussed here
bear more than a passing resemblance to the 1inear logistic models
of Cox [1970], where it is the log odds ratio that is posited to
have a 1inear regression on one or more independent variables. In
‘the present context 1t seems easier to work with the discrete
N(t) rather than the continuous t 1{tself. (See Brown [1972] for
a discussion of hypothesis testing for nonhomogeneous Poisson
processes,)

Thus we can envision trying models of the form
Tog A; = a+b Tog 1 + c(log 1)2 (14)

trying to get a "best fit". It does not seem lfkely'that this
would result in substantial gains. For if one compares the
sequence of predicted interfailure times with the actual observed
sequence, 1t is clear that the former, while capturing the drift
of the latter, does not resemble it in the least - particularly
because of the great variability in the observed times. This
situation can not much change by the addition of terms into the

regression.
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These considerations lead us to suggest that perhaps a doubly
stochastic process model might be more suitable (see Grandesl}

[1972].) That is,

log A; = a+b log i+e, (15)

where €4 n N(O, 62) and independent for each 1. Such 3 model
would certainly introduce more variability, but the question
arises of whether we understand something better for having named
tt. The answer in this case 1s yes; because such a model has
ramifications which can be sought in data. If Xi fs exponentially
distributed with parameter.ii, then under (14)

Var (Xi) = 1 s
Ay

while under (15)

var (X,) = E |1 + Var |1
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Thus, in this latter case, there is another component to the
variance.

ﬁnfortunaté1y, in any single process we have only one

observation on Xi. But it is quite common to test three or four
devices simulataneously, thus giving replications which allow us
to compute estimated variances. Note that this 1s only possible
when we use N(t) as the independent variable (as in Models Bl and
B2) rather than t ( as 1n Model C).

For definiteness, consider making m replicate observations
'{xi(t) §=1 on a particular relifability growth process. We then

have n (say) sets of 1id observations’ xij J = 1,2,...,m 2.1

where X, ~ EXP (xy) I=1.2,...,m.

z (x1j-2})2. 1f

2
and sy = 1
BR-1 J

Then compute X; = _1 § Xi3
m

we fit a model like (7) to the data (using the full 1ikelihood),

then the sequence i} should probably conform very closely to

"{f%—} . But the sequence'{%%} would probably not resemble
i

{ 1 } very much. If such were the case it would be strong
22
A
i

evidence in favor of (15), particularly if the regression of

sf - 1 on § had zero slope. If this regression were not

M
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constant, it would of course indicate modifying (15) to allow

the ei's to have different variances o% » and then one might try

to study the structure of the af . But in this situation there
would be also ample incentive to sear;hlfor another regression
which would do as'well in fitting the Yi while keeping the

c% constant.

It is certainly premature to proceed further along these
Tines until supporting evidence for models 1ike (15) can be found.
But if they were to prove plausible, they would provide relfabi-
1ity engineers with better variability estimates with which to

plan development programs and the like.

Ackncwledgments. The authors would like to thank Mr. R.C. Krosger
of the General Electric Company for making available the data

analyzed in this paper.
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APPENDIX A

For Model Bl we have

A(t) = yaOn(t)1i-1/8
The 1ikelihood function of the observed interfailure times is given
by

Lixy,... %) = ?sl Ao M
vhere

Ay = ve1 LB,

taking N{o) = 1 for convenience. Differentfating the log likeli-
hood with respect to vy and B and setting the resulting expressions

equal to zero yieids

; . n . (A1)
I Bx11 1‘1/6
i
and -
1-1/8
z X4 log i £ log i
1 I : (a2)
1-1/8
2xi1
i

Equation (A2) can be easily solved numerically for §, the
solution being used then in (A1) to obtain ;. Note that varfious

quantities of interest are now easily computed. For example
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E(xn+1) is estimated by

-1
(Aop) 7t = Bﬁ(nml'”“]

and from this one can calculate the expected number of failures
that will occur in a2 given amount of time. In planning a develop-
ment program, one may want an estimate of the number of failures
that will be needed to bring the reliability to a desired level.
If the desired intensity 1s,xo and the trial values of the
parameters (perhaps current estimates) are v, and Bo * then the

required number is approximately

By/Bq-1
- )‘0 o "0
- YOBO

Finally, one would 1ike to have approximate standard errors

for the parameter estimates. If we let

o = (:;) = (Z)and 1(8) = log L(8; XpeeesXp)e
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then
132.I(§) = -22 .
aaf 9

2 ,
3% 1{0) :__1_3_ {naz+2 L log 1 +
012x1(109 1)° 1 ’

22 1(8) = - x, 1170 |1 %1 Tog ;]
1 2
36,96,

Then as is well known from maximum likelihood theory, {even though

the observations are not identically distributed)

2

-3 1(8 A4

(!” (g)) . (o) : (A4)
89,‘ 36J

which involves replacing x; in equaticns (A3) by A;I =

1-1/9, -1
8y 6, 1 .« The resulting expression depends on the

data only through 61, 8, and n, and is particularly simple to

compute. The asymptotic variance-covariance matrix of 6 is the
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inverse matrix to (A4), denoted by (iij'(g)) and which has for
a consistent estimate, Ifj‘(é) :

For Model B2 we have

-
Ay = coexp {é (l—'lﬁl).} .

Differentiating the log likelihood with respect to b and ¢

and setting the resulting expressions equal to zero yfelds

~ a \2
c = n/g Xq exp {b ( - 1%1) (A5)
and -
N B\ i 1)2
- o) et ¥ n

gi:x1 exp b( n) ? (1 - (A8)

K 2
A .1\ 2 - i1
= Ixy exp {b (1- 1ﬁ~) (1‘ n ) )

i

J

Equation (A6) can be easfly sclved numertcally for ;. the solution
befng used in (A5) to obtain 2 .

Now let § = (31) = (g) and

®,

1(8) = Tog L(8; xys...ax,). Then




3°1(8) , A,
aef %

862

361 892

.

The argument after equaticns (A3) applies here as well, and a
consistent estimate of the variance-covariance matrix of @ ts

obtained, In this case the variance-covariance matrix depends

only on 81, and n.

. . — k-] - - o a—————— - »

) 2 §-1 2
%18 . . ( ] ..1_-.1..) (1- --—--) .
% Xg exp {%2 1 . n .
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APPENDIX B
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“A. GE1 Data. Interfailure Times (to be read across rows)

25
75
30

15 210 25 20 5 15 3¢ 5 25

10 110 10 80 120 60 110 10 60

25 175 176 25 200 175 25 10 65

25 250 5 65 50 25 45 5§ 15 60

70

10 170 20 80 30 195 125 100 150

60 190

B GE2 Data. Interfailure Times (to be read across rows)

25(2)

5(2)
85(NP)
55(NP)
255(NP)
200(RP)

NOTE:

15(NP)  210(NP) 25(NP) 20(3)
15(KP) 30(7) 5(NP) 25(2)
110(NP) 10(NP)  260(2) 180(2)
175(2) 175(NP) 500(1) 25(3)
215(3) 5(NP) 15(5) 130(NP)

740(NP)

Quantitfes in brackets give the number of failures
that occurred in that mode whose first occurrance

is recorded in the corresponding entry. "NP" stands
for non-pattern failure.




TABLE 1: PARAMETER ESTIMATES

GE1 GE2

b= .195 b .347
D -~ A

as= 2.65 a 1.89

B = .837 8 .620
C

Y= .0537 ¥ .171

8= .799 (.1002) 8 592 (.00817)
B1 ) X

y = .0385 (.0236) Y 0799 (.00577)

b= .635 (.457) b 1.49  (.0197)
B2 | )

c = .0121 (.00253) c .0004 (.000117)

NOTE: Quantities in brackets are estimated

standard errors of estimates.




TABLE 2: GOODNESS-OF-FIT STATISTICS
ON MODEL PREDICTIONS

R1 _ R2 R3
MODEL GE1 GE2 GE1l GE2 GE1 6E2
D .586  .921 | 1.18 1.96 | .454 .179
c .983 .870 | 1.19 1.55 | .480  .228
Bl .963  .833 | 1.17 1.41 | .621 .472
B2 .969 .894 | 1.22 1.94 | .571 .322
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TABLE 3: 3-FACTOR ANOVA'S AND ESTIMATED MAIM EFFECTS (FRON
SIMULATION)
; RI R2 R3
| Source of F- | Est'd F- Est'd| F- Est'd
, Yariation |df |Stat Effect | Stat Effzct | Stat Effect
| Grand Kean | 1 - .92 - 1.37 - .52
) .07 .35 -.13
Models JB2| 2 |76.8***} - 04 5.74%** | -,09 | 13.1%**| 01
C ~.03 -.26 .12
5 .04 .43 G0
Modes | 10] 2 |18.8***] - 01 7.85%%*% ) . 20 2.37 -.05
15 _-.02 -.23 -.01
Lo .02 - -.01 .G4
Freq | Med| 2 110.1%%*} O .05 -.03 1.26 -.04
High -,02 .03 0
Rodels x
jodes 4 .77 .96 1.62
Models x
Freg 4 1.27 1.03 1.40 .
Modes x
.. Freg 4 3.18%* .04 1.44
flodels x
Modes x 8 .16 .76 .81
Freq
HS MS Ms
Residual 513} (.010) (3.189) (.204)
Total 540
NOTES: (1) Significance levels of F-statistics: *+p<.05;
**ap<,01, *¥rap<, 001
(2) Bracketed quantities in "Residual” row are mean
squares. Thus all mean squares and sums of squares
can be computed from information in Table |
(3) e.g. Estimated main effect of B2 with Rl as dependent

variable is .92+(-.04)=.88
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TABLE 4: 2-FACTOR ANOVA'S WITH R1 AS DEPENDENT VARIABLE; ALSO
" ESTIMATED MAIN EFFECTS

| Model ] | Model € Model B2
Source of | F- Est'd | F- | Est'd | F- Est'd
'Variaticn df |Stat Effect | Stat Effect | Stat Effect
Grand Mean 1L - | 1.0 ’ - .89 | = .88
5 .04 .04 .03
Modes 10 | 2 |5.36%*] -.02 10.72#*4 -.01 | 6.48%* | -.02
15 -.02 -.03 -.01
'Low : .01 .04 03
Trand Hed [ 2| .36 -.01 10.45%%# - 03 | 7.17%%*] .0
| Kigh -.01 -.03 -.03
¥edes X
Freq 4| .83 2.19 1.03
| NS MS MS
Restdual  {171] (.016) (.007) (.007)
Total 180 g

See Notes to Table 3

S —



A Y A

TABLE 5: 2-FACTOR ANOVA'S WITH R2 AS DEPENDENT VARIABLE; ALSO
ESTIMATED MAIN EFFECTS
{HoDEL D MODEL € MODEL B2
Source of | F- Est'd F- Est'd| F- Est'd
Variation | df [Stat | Effect |Stat | Effect] Stat Effect
Grand Meanl 1| -~ 1.72 - 1.10 - 1.28
(5 .70 .18 .40
Modes {10 | 2 |3.17* | -.37 7.04*4 -.09 | 3.14 -.15
15 -.33 -.10 -.25
fiow -.27 -.03 27
frag (Y20 2 | .46 .10 67 | ~.03 | 1.04 -.15
nigh .17 .66 -.12
Tirea 4 | .18 B B
MS S HS {
Residual (171 |(7.02) (.234) (2.31) |
Total 1890 |

)
|




TABLE 6: 2 FACTOR ANOVA'S WITH R3 AS DEPENDENT VARIABLE

Source df D c B2

Grand Mean 1 - - -

Modes 2 .24 3.45* .05

Freq 2 1.66 1.96 .13

Modes x :

Freq 4 1.02 | W08 v 3.5

MS % & % 285

Bas{dual 13?1 {.120) ‘ (.3837 1 (.173)




