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SYSTFMS OF HYPERBOLIC DIFFERENT IAL E~ UA’tI ONS 0i THE FIRST CRDE R II.

Wolfgang Haack and Guen ter Heliwig

Berlin— Charlott enb urg

INTR ODUCTtO~

The followinj studies arc a direct continu ation of our first

S 
report on th is top ic whi ch app eared rec~ iitLy il . this journal. I n

Section 1 of our fii.st report we proc~ cded irc rn a hypt?rh Lic system

cf linear differen tial equation..~:

(1) ~~~~ f r r e 4 r t ~

‘5 u

(summmed over k = 1, ~
)

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~ — - — S - ~~~~~~
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T h r o u g h  i n v a r i a nt  d e r i v a t i v es  in t h e  c h a r a c t e r i s tic di r ec t ions

(2)  ( ‘ ‘ ~

and a p p r o p r i a t e li nea r comb ina t ion s

(3)  
. p r :  F ~~.

the system (1) was reduced to a normal font. It~ sectionn II and III

e x i s t e n c e  theorems were proved for the function s U , V an-I u, V .

Below we have continued the numbering of the sections and

formulas and in section IV we shall deal with sev~’ral int o ~jra 1

theorems. Two Pf-i ffian forms w 1, w~ (1_i) ) telcn~ to the vector

system (2) . Now if II , V 9 respectively, U , v arc solutions of (1) and

W , Z are a r b i t r a r y  f u n c t i o n s, then through the extr insic 3cr i v at  ive

of t h e  P f a f f i a n  f o r m  sr~., +z i . one a r r iv e s  a t  in t e g ra l r e l a t i o n s  foi.

t he  f u n c t i o ns  1 , V.  The  r equir e .en t  t h a t  c c r t a i r  terms in t h e

i n t e g r a l s  v a n i s h l e ads  to t h e  ad j o i n t  s ys t em  of d i f f e r e n t ia l

equations for W and Z.

I n  a ma n ner si m i l a r  t o t ha t in t he R i e m a nn me t hod w h i ch is k n o w n

- - S ~~~.- - - -
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f r o m  the t h eo r y  of  a p ar t i a l  d i f f e r e n t ia l  e q ua t ion of  t he secon d

ord er, one can solve the Cauchy initial value problem of syste m (1)

using -~uadratures if the characteristic initial value prob lem is

solved for the adjoint system. The result is the integral

representation of the soug ht functions (IV. 28, 31). Section IV

concludes with the proof that the classical Ri€m ann method is

contained in these integral representations as a special case.

In  sect ion V t h e  considerations will L~ transformed for

luasilinca r systems. Systems also result in the characterist ic form

whic h was investigated by P. Courant et al. (see the first report,

S f c o tn o te  [ 2 ) ) .  We s h o w  t h a t  h e r e  a lso  a normal form is always present

and  ind ica  ~e w h e n , t h r o u g h t r a n sp o s i t i o n  o ~ t he  d e pen d e n t  a n d

i n d e p e n d e n t  v a r iab l e s  a “ l i n e a r i z a t i o n~’ is  j . o s s i hl e  and  o u t l i n e

b r i e f l y  a l i r f e r e n  cc method f o r  t h e  a p pr o x m a te  so lu t  ior o f  v a r i o u s

in itial value and b o u n d a r y  v a l u e  p r o b l e m s .  In  c c n clu s i o n  a s  an

example we shall leal with the the plane and dynam ically balanced

stationary flow of an idea l compressible fluid _ ~e calculate th~

normal for m of the problem and arrive at a methcd of characteristics

for approximate dc’term ination of the solution which also uses the

epicycloid networks and which therefore may offar certain

simplifications as opposed to the fam ilia r methcd (of. sec tion V .

f o otnot e [ ~ 1).
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Finally we lo not want to neglect thanking Mr L. Bieberbach for

revision of the manuscripts of both parts and Icr  numerous

sugges t ion s fo r  i m p r o v e m e n t .

4E CTION IV.

QUA S I—fl I FMA NN M E T H O D

1. I n t e g r a l  t h e o r e m  of the normal form. The construct ion of the

characteris tic theory of i system (1) using Pfaffian forms, as was

done in Section 1 ~rin js tbo advantage that one can m a k e  d irec t

statements about the behavior of the sought runctions in general

terms. Along with F. Cartar. we designate the “ex trinsic prod uct” of

t w o  P f a f f i a n  f o r m s  w~~, w 2 w i t h  [ w i ,  wfl a n d  t h e  “ e x t r i n s i c

deri va t ive ” of a Pfaffian rorm with {d~.]. 11 G is a ranje in which

the coefficients of the form w are continuou sly differentii~~le tne n

the integral theorem is valid

f F COTNOT E :  C f . , f o r  e x a m p l e , Li . ~~ Bla~~c hk e , “ I n t r o l u c t i on  t o

differ ential geometry ” Berlin 1~~SO. ENC FCC I~IOTF )

(IV. 1) 1. 
/ ~~~~

-: 
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A c c o r d i n g  to Sec t io n I two P f a f f i a n  f o r m s w~ , w2 belong to a

system of hyper bolic differential equations (1). They f or m the b asis

of  a f o r m r i n g ,  which usin g two auxiliary funct ions W(x 1 , x m ), Z(x 1,

x2) we wri te in the form

( IV.  2) = x r ~i

In this case U, V are to be considered as solutions of the normal

f o r m  ( 1.9)

U — .4 U +8 V + C.
( I V . 3 )

The application of the in tegral theorem (IV. 1 ) to t he f o r m  w ( I V . 2 )

y i e l d s

(IV. 4) l u  +ZU.,) — fff4(N’ V., + ZU.,f l.

For transf ormation of the right side we use the fundament al formulas

known for extrinsic derivative. , [

________________________________ S 
- —



_____

DOC 0 9 2 6  P A G E  e

If S is a position func t ion , then

( I V .  5) 
‘I~~~

p
~I + .S~d wL

In a d d i t i o n , r e f er r e l to  t h e  i n v a r i an t  d e r i v a t iv e s ,

(IV.f)

Then  th e  d o u b l e  i nt ~~g r a l  of ( 1 V . . U )  beco ire s

(I V.7) 
~ I - ~ ~ i ~ . Z1~~~

.1.! ~~“ F ~ + vI ZI’ . - . ~ 1FF ‘/ ~+ Z 1 , d~~, ~ .

since t h e  e x t r i ns i c  p r o d u c t s  a rc  a l t e r n a t in y  it f o l l o w s  t h a ~

(I V • 8) 5 ii ,•~~ , ,. — ~.

~ I~ ,i~,, , Z I ~~~~

The e xt r i n s i c  ~i er i va t i V e s  ( d ~~ 3, [dw 2 3 a re  g iver by the equaticns

( I V . 9 )  “.‘ ‘‘S, .~~,, .

.1 ~~~ It i4~~l.J ,

w i t h  - -  - Ha’”’. ~~~~ 
—

L — - 

- -
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If we proc eed w i t  h t h i  -i in  (1 V .  ) t h~’n t h e  x a  t ~ qj a I t h c o r~ r b e c o m es

(IV. 10) 
ii r~., + iI~~

I I  ~ i . Z1 . II I~~ — Z 1 8  ~~.w .

If  we now n ot e  ~h i t  . V ~ire cunsid~~r e~ -i s .~~1ut ions of th 4 ’ n o t r ~ia l

f o r m  ( I V .  ~) ~h e r - . w c  can  r ep l ace  ~ a n d  I ; in  ( 1 V . 1 O )  a cc o ri i ~~g t o

( I V .  1) ar .d ,I~tain

4 Z U~ ,) .  f f F{ Il ;+ W(A ÷ ~~~ — zn : j.,..
( I V .  1 1)  ÷f fr ~ z.-- z~..i H+W.4~ ~~~~~

+ / / ii - — Z (‘~ ~.i ~~ -

Th is ~~~~ ~erier al i nt  e ;r~I ~ t h e c L  n wii ich rn u~ t I r .~a t j I 1 b y E’V ~ ’! ~

solut icn system c f  ( I V .  ~) w i t  I ~ n y  f u n c t iJI.~ ,

2. ;en ra1iz~~t ion ~f t~~~ ~iem~in~ ~-~~t ho.~. It u-~ ~‘t sy, i~~in~ the

i n t eqr a l  t h eor~~— (IV. 11 )  to ~~k ~ uce t ~~ ‘~a U c h j  i n it: ii V a i  u c  prot~le~r

cf (Iv. 3) f r  1 ~ u~~ve K ~~~ .~ “~~~. i i  ~t c t e T  ~~. t  ~c i t  i t i  i i  v a l u e  r r o h l e m ”

( S e c t i o n  I l l ) .

_________________ . 5  5- ~~~~~~~~~~~~~~~~~~ 55
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For the ar bitrary functions ~~, Z we m a~~c t h e d e m a n d

(IV. 12) z. i..i • i~ — ui • ... ,~~.

Tha t  is a sys te m of  par tial differential equaticns of the hyperbolic

type for the functions W and Z in the rcrm al form with the same

c h a r a c t e r i s t i c s  m. .  We ca l l  it the a dj o i i : t  s y s t e m  to  ( I V . 3 ) . T h e

ad join t system is simpler than the original ( I V . 3 )  in t h a t  i t  is

always homogeneous: i t  is s o l v al le , h o w e v e r , o n l y  th r o u g h  quadratures

according to t h e  ~ e t i n i t i o n  of S e c t i o n  I w h e n  t h e  i n i t i a l  s y s t em

(IV. 3) is solvable through quadratures. If in (IV.11) ~ a n d Z are

kncwn adjoint functions , i e., solutions of (IV.12) then onl y kn ow n

fun ctions appear under the remaining double inte.jral . It will now

come to transfor m ing tne boundary integra l thrc ugh the choice of an

aç~.ropriate range so that the sought functions U, V -appear before the

integral. In the case of the Cauchy initial value problem U, V are 3
give n al on i a c u r v e  i , the function values 0(P), (VP) are soug ht in

any poin t P outside of ‘~~.

We consider a region G whose boundar y is tcrm ed by t h e  initia l

curve K a nd  the char ac te r i s tics th r o u g h point P (Fifl. 1) For this

region G the prere q uisites of the integral thecrem are satisfied. As

can be see n from Fi g. 1,one can split the ~cu n d a r y  in teg ra l  up in t o

- 
. ~~~~~~
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SUL’inteqra is

(IV.13) ,
~~ f f JPj p , p p  p 

1i
The first integral, is to be taken along the initial curve K , o n w h i c h

U, V are known . For trans formation of the integra l over the

characterist ics w~ consider the equation (lv. 3) and write it in the

form

(IV. 1A~) 
NV— r•—.4lJ— (~; , 4 1  F; -

In order not to have to exclude the zerc p lace s of the g i v e n

func t ion s B and .-~ in the futur e , we wan t to wr ite the ad join~ !~i’

funct ion w on the boundary P 1 P and the ad :cint [unction Z on the

boundary P2P in th e f o r m  ~

~~~
. 

~~, H R ~i,f I ’P , : i~ — •‘3.4 aim f P P .

t ? O O T N O T E :  Z The next thing would be to replace the function U

according to (IV .14) by ~ ~~r;—J r~~ , in the charac teris tic part s of

the bo u n d a r y  in tog&al (IV.1I), respectiv ely, (IV.13) for example in

the integral j zu.. and then through partial inte~jration wit h respec t

to v
~ 

to move the function V in front of the integral. Th is can only

5 - - ,_=*~s~~~_;~~~ 
- - - -~~~~~~~~~~~~~ ‘~~~~~~~ 

- Ad4
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~ € done , however , if  i-u~ .t. . Through ii .trcductic n of the auxilia ry

functions C and S according to (lV..15) thi~- ii f ficu lr y I s

olim inated . E$D FOOTNOTE)

The possibility of such a formulat ion results directly f r o m  t h e  f a c t

that for the a~Ijoint functions W , Z c a L a c t ~~r i i ~~ic i n i t ial  v a l u e s  a re  S

to be soug ht , i.e., w e  c - i n h a v ~ it )dr iispcsal W and Z on the

correspond ing characterist~.cs tnt o~~~n F. ~ ith (1V.1t ~, 15) we go into

the subintegrals of (IV. 13) anti ob. .—rve that ~ = ~) along tr.e

characteristic P~ P a n d  w 1 = 0 alon~ P2F. Then from ([V .11) it follows

that

/ U u, + ZI 
~~
, j : 3 1  — HI —

(IV. 16) 
‘j
’ ’ ’

4- f~~~u . — . i i _ t  
~~~~~ f f u  i

As a result of pirt ia l integratio n the following form ulas result:

(IV. 17) • J ;~’ 3 I ;. I i l — ( . ,~ :3~ 
;: f i .3 i 3 ~14~— l d I w

I , ? I,. ,

(IV. 18) ~~~~~~~~ -ii (
~~~~~~ t~lI 

~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - - -  -

~~~~~ 
-

~~~~~
--.
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Now f o r  ~j  a I~~tij t l i t ’ ~~~~~~~ I ; p v i i t t u g  ch it , i ct o i  2~~;t  i c r :  hi otj tlh P v.

m.t kt’ t h .  dem and :

— I~i M III  I•,P.
(lv. 1~~)

4 1 V. • 0 e .~~ e — ii P P ,

•‘ 3 em 1 0 1 ~ iii ,t 1 4 t i d  :.n pt t  i i t t  P $ o I F P ,. • i i t I 3 ~

t a n d e m  p o i n t  P~ of ri’ 1 (~~~~‘I’ F I  t~~. 1)
I

(IV. ~ 1 ) /‘ S

.1111 II’, -

(1 V. ‘ , ‘)  
-- f r  ~ c I ’? ’,

In thi s ci:. ’ C~ l i l t1 1 .  . 1 1 ’  i t i t i ~~~~~ t t  i t ) f l  ~~~~~ li~~~. L . t i i t : .  w h t ~ -h  W i ’  ~I i t I  I I , i t i’i

h a v e  at  ott  i -1 t ~~~~ •t 1

Then in .ic’, c c t I . u ~~~’ wIt Ii (IV. P,) , t o t  W , ~
‘. t~~ I I t  U:. t t i i ’ ~I~’m,I Il l :

It U I I’I t ~~~~ 
- I I ’ • 

~ i t I’

(1 V. ‘~) S ,~~ ,~ ~~~

—- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ .5.- -. 
.——-— - -
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These are characteristic initial values according to Section III for

the solutions W , Z of the ad j o i n t  sy s t em.  A c c o r d i n g  to t h e s e

stipulations the inteSjral theorem (IV. 16) finally acquires the form:

~J- I’( 1’ ,II’ t ~/ ‘ S 
~tt~ I (~~l’, — ~ I’, I . ~’,

( IV. 25) 
~
. ~~ I .~ ,- I I  I •~i, • ~ I

• I I i I (
~~~t f I k J . ~i ! j t I l / ..

We want to summarize the result u p  to t h i s  p o i n t  in t h e  f o l l o w i n g

~a nr.er:

If W , Z are solu ticns of the adloint systeit (IV.12) which

- s a ti s f y  t h e  c h a ra c t e r i s t i c  i n i t i a l  c o nd i t i cu s  ( I V . 2 i )  , ( I V . 2 ~ ) wi t h

a r b i t r a r y  c o n s t a n t s  C ,,  ~~ then the linear combina tion 
~~~~~~

. :~i j fl the

point  P can he exp r e ss e d  t h r o u g h  t he  i n i t i a l  v a l u e s  an d  kn o w n  va lues

in accor dance w i t h  ( I V. 2 5 ) . Here ~~~~ are explain ed b y  ( I V . 2 1 ) ,

( I V . 2 2 ) .  We w a n t  t o  c a l l  W , (iu asi— Ri€m ann funct ions and their

existence is assured according to Section 11 and III.

A f u r t h e r  goa l w i l l  be to obtain , through appropriate choice of

t he  c o n s t a n t s  C ,, C2, t w o  i n d e pen d en t  l i n e a r  c cm b i n a t i o n s  f r o m  w h i c h

U , V can be calculated in pcint P. Th i ~ c a n  be done  in  v a r i o u s  w a y s .

—- 
_ _ _ _



______ - - .~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - .  —

— 
—

~~
—---,--—-- —

-~~~~~

DCC = 0 2 6  PAc E 1.i

If one desires cettdin symmetry in the forn’ulas, then throug h

th e dema nd

(IV 26) ~ ~~t 1~ I ;  3( P) 1

one can u n i q u e l y  let ermi ne t he  constants C , and C 2 in (lV .21, 2 2 )  a n d

t~e tunctio ns W , Z a c c o r d i ng  t o  ( l V _ 2 3. 2 4 ) .  A secoi: i f u n c t i o n  ~a ir

we subject to the deman d

(T V.27) W~~~~~~= I :  diI’t~~~
_ l

and corr es p o n d in g l y  ob ta in  unique l y determ ined funct ions H ., - If we

regard the abbreviation H (W, Z) given in (IV. 2 5 )  then it follows

d i r e c t l y  t hat

(IV. 2Ra) • i ’~~ ~n u ’ .z  . n i t . ~~~~~

(IV. 28b) i -p ~ n u . ~. : .

If the characteristic initial value prob lcn is solved for the

ad joint normal form then the solution of the Cauchy initial va l ue

problem of the system ( I V .  I )  f or  e v e r y  m i t  tal curve K can be

- ~~~~~~~~~~~~ .-.- .-- -.. _ .-—-.. ~~~ S -
S - ~~~~~~~~~~~~~~~~ S 

~~~~~~~~~~~~~~~~~~~~~~ -
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represented by quadratuies.

Shorter inte~jral representations can be oltained in t h e

following manner: We choose the inteyratior constants in (IV.21 , 22)

so that

(XV. 29) ~tt I - 3 Ic  , u (  I’/’

-: (IV. 30)  fl 3 / ~ i I i

Ther eby W , Z, ~ , Z ar e uniquely determined. Frog (lV .25) for th .~

sought fun ct ions 31(P) , V(P ) it follows imm ediat ely that:

(I V. 3 la) i r-  ~~~~ I I’, ) tt~f - ’ . ~ II I si, + Zt ~.,

S . S ~-:

II /. 5 , 5~

( IV_ 31b) t - i ~ ~~r i  p, J , 3 5 5 
4 I i  I , Z i . ’

~ 1.1 :ii I / ( S W -I

Prom the integral representation ([V.31) it follows pdrt icula rly

graphically tha t 31 , V are continuously depetide nt on the initia l

values. Finally le t us note that integral representations for the

f u n c t ions u, v of the Cauch y initial value pr obl em of the general

system (1) ate given directly by the integral, theorems (IV.23)

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 5 -  
_ _ _ _ _ _ _ _ _- Ad
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(IV. 31).

3. Relations to the “Riemann method. ” If a general hy perbolic

di fferential eq uat ion of the second order I~. given in the form

(1.17 ) ,  in which we designate the indep€n d~ nt v a r i a b l e s  w i t h  x ., y

(I V. 32) ‘a~ + .~~ + ba, a i F  — ft .

then throu gh the introductic rt of both functions

( I V .3 3 )  5 ,— i ;  ~~~~,,

we can wri te these as a system. According to (1.19) in add ition there

S resul t s  t h e  no rma l  f o r m  -

(IV.34)

I , — 4 b , + f l h — ( ’ ) I ’ - SI I ’~ I

with
U 

~~
‘ ; hi, ÷ i

since accord ing  to (1. 18) and  ( 1. 1) r . , ..  p ’~ =~ r,.

Two P f a f f i a n  f o r m s  (1. 13) h e l c n g  to (IV.314 ) 

~~~~~~~~~~~~~~~~~~~~~~~~~ 5

S 
-~~~~~~
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(IV. 35) ii , — t L , :  , ci v.

?rcm the  i n t e g r a l  t h e o r e m  ( J V .2 5 )  we immediat el y ob tain i nf i n ite l y

m a n y  in teg r a l  r e p r e s e n t a t i o n s  fo i  a Cau ch y  in i t ia l  v a l u e p r o b l e m f r om

( I V . 3 2 ) .  It is now cf i n t e r e s t  w h e t h e r , a n d  in  the  g i v e n  case,
S 

t h r o u g h  w h i c h “ m a r k e d ”  demands these integral Lepresentations

directly y ield the f a m i l i a r  “Riemann scluticn tcrmula .”

We s h a l l  s h o w :  If fo r  the cha racteristic initial value problem

cf  the “ad joint system ” (IV.1~~), in ad d it ion to r e q u i r e m e n ts (I V .19 ,

20) we make the demand (IV. 29) for the determination of the

in t e g r a t i o n  c o n s t a n t s  t h e n  (IV .31a) yields precisely the Riem ann

s o l u t i o n  f o r m u l a .

The adjoint system (IV.12) becomes

( IV .  36) i i  , II ., / II .

/ S /I’~~~ I I  ~‘, ~ u i  — S I I

The r e q u i r e m e n t s  f o r  t h e  c h a rac t e r i s t ic  i n i ti a l  v a l u e  p rob lem cf

(IV. 36) a cco rd ing  to ( I V .  15) a n d  ( I V . 2 0 )  since E = 1 (IV. 37) n —

= 0 on PP 1 w i t h  W ( P )  = 1

( IV.  37a) Z = 0 on PP 2 a c c o r d i ng  to  ( L V . 2 9 ) .

— — 
— .  - 5 5 —_ S S~~ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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F r o m  ( I V .  th )  we e l i m i n a t e  7, by  d i f f e r e n t i a t i n g  t h e  f i r s t

equation wi th respect t~~ x and introduce i t r c m  the  second

equa tion.

F o l l o w i n g  s i m p l e  t r a n s f o r m a t i o n  i t  t o l l o w s  t h a t

(IV. 38) , , — S i t  ~,, 
- it ‘ - 

i i ,

( I V . 3 8 )  is p r e c i s e l y  the “adjoint Fuiem ann equation ” w h i c h

be longs  to ( IV .  32) -

A c c o r d i ng  to ( I V .  i 6 )  the reguir-ement ( lv . .  i l a)  joes o ver  i n t o

(IV . 39) ii , — a W  0 o n PP 2 .

( IV.  37 , 39) a r e  t;ie “Riem ann d e m a  n~ s ” w h i c h  b e l o n q  t ( I V .  3 8)

Accordin g to (IV. J3 , 314 ) we set.

(IV. 40) N I ;  h~ •

Now we a r r i v e  d i r e c t l y it  the r~iewann solution tormu la if we

- - - -______________________________________________________________________________
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s u b s t i t u t e  t h e  v~~l ues ( I V . 140) i n t o  (IV .Jla) . Cons idering the first

e q u a t i o n  i n  ( I V . 3 6 )

( I V  4 1) — Wt P1i a P,i+ f~W (bS+ta)d$+(H , Wi)id~’)

S 

This  is the 1~iemann representation formula f o r  the  C a u c h y  p r o b l e m  of

th e hyperbolic di fxier entia l equation (IV.3.~). (Ct . perhaps Goursat

“Cours D’Analys e ” Paris 1927 , Volume 3 , p a g e  150.)

S 
5ECTION V. SYSTEMS OF ~UA SIL IN~~A I~ DIFFERENTIAL EQUATIONS.

In t h e  i n t r o d u c t i o n  it  w a s  a l r e a d y  p o i n t e d  ou t  t h a t  i n  t h e  past

ten yea r s  i n  c o nn e c t i o n  w i t h  c er t a i n  p r c b l e m s  cf f l u i d  d y n a m i c s

methods of charac teristics were developed tor  t h e  s o l u t i o n  of

hy perbolic systems of guasilinea r differential eq uations with two

in de pendent variabl~~s ~~.

(F OOTNOTE: ~ Even toda y the abundant literatu rc is acce~iible here

only wi th dif ficuly so ta at we can only men tion the tollowin .~:

P. Sauer , “Theor et ica l Intr cduction in Gas ryn a~ ics,” Berlin 1943 .

5- 
--S—S--- -~~~--~~~~~~~~~ --



-
~ - 5- 

‘~~~~~~

DOC = 0926 PA~~F 1 - ~

Ki. Oswa ’-itsch , “ M e t hods  ot  ch a ri c ter i st i c s  ot  Hy d r o m e c h a n i c s , ” Z A M M

1947, Issues 7, 8, ).

Courant— Friedrichs ,, “Supersonic Flow and Shock Waves,” New York 1948.

A. Fern , “Elem ents of Aerodynamics of Supersonic Flows ,” New York

1949.

A b u n d a n t  b i b l i o g r a ph i c a l  i n f o r m a t i o n  c a n  be f o u n d  in the above works..

E N D  F C O T N O T E J

In p a r t i c u l a r  R. C o u r a n t , K .  0. Friednichs and Lax have r e c e n t l y

s t u d i e d  t h e  q u a s il i n e a r  s y s t e m s  in d e t a i l  and  g i v e n  t h e  p r e r e q u i s i t e s

fotthe existence o f  un ique  s o l u t ion s  of t h e  C a u c h y  i n i t i a l  v a l u e

problem (cf. Repor t I., footno’~e 2). Here we want to limit o u r s e l v e s

to poin ting out the connection of the quasilinear systems with the

t h e o r y  of t h e  linear systems developed in S€cticns I trirough [V and

to illustrating the advantages using a simple example of the plane

and dynamically ba l anced flow of compressible liquids. S

1.. Q u a s i l i n e a r  s y s t e m s  in  t h e “ch aracteristic form.”

Let



- 
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(V.1) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (summed over k 1 , 2).
- fr i ’, -f- i — 0

be a quas ilinear system in which ~~~~~~~~ are func tions of the

in dependent variabl ”s x l , x 2 an d of the scugki t solutions u , v. If we

follow the developments of Section 1 a n d  a s s u m e  t h a t  a s o l u t i o n  u , v

is kn own , then the system (V.1) is called hyperbolic with respect to

this solut ion if t h~ det erminant (I. 3) has exactly two rea l roots

~ 1’ ~~~~
. There by t he characteristic direct ions became depende nt

on the solut ions u , v , however , equaticns (1. 1—6) of Section I

main tain their f ull vali dity, w h i l e  t he f actor s PIP P2, •~~ ~ 2 
can

now be funct ions or x ’, x 2, U , v. In this mann er we always arr ive dt

the fol lowing “chiracteristic system ” in which we use the indices ~~,

~ instead of point s in the differential equaticns (1.11) of the

characteri St 1CS~

(VS..2a) 
~ ~

The .‘,~~ . are known functicns of x l , x2, u, v. In addition , accor d ing

to (16) there are the accompanying d i f fe ren t ial equa ti ons of t he

functions u, v 

- .~~~~~~~~~~ ‘~~~~~~~L,~~’- S 5 - S 
~~~~~~~~~~~~~~~~~~~~ -
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(V . 2b )  •, u. ~~~~ ~~~~~ ‘~~
‘

E~N~ E~~ 5 5 ~~ , ( ~

The diff erential equations (V..2a) of the characteristic curves can

also be wri tten in the form:

V .2c) i~ p’t~ —~ - x ;  = I )  Ii ~~~ JS • ,5 5$~

Now the equations are ho:ogeneous and are preserved during the

in troduction of integrating factors. Henc e the directional

derivative s can be interpreted as partial derivatives . (V.2b) and

(V.2c) for m a system of tour partial differential equations for the

functions x 1 , x2, u, v of two characteristic variables. The

proper ties and the questi ons of exi ste nce for such sy stems ar e

s tud ied  by P. Courant et al. (cf. foctrcte 12)

2.. Normal for m of iuasilinear systems.

Our theor y of linear systems is based essentially on the normal

form (see Section I). We turn to th~ question ot whether the system

of equa tio ns (V.2b) possesses a normal form in the sense of (19). One

im mediatel y recognizes the correctness of the theorem :

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S f 5  S —. ~pS~~_._ ‘
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a) If  ,, ,
~~~
, in (V.2b ) are functions of x 1 , 12 a lon e, t hen one

a r r i v e s  at the n or ia l  t o r n  ~y setting:

(V.]) L — ~~~P f ~~~,; I •‘ i. t ø .

The norma l form reads

( V . 4 )  U u F

In this case C and C are kncwn functions of x ’, x2, U, V.

Mr. 3. Nitsehe pointe d out to us tha t a ccrresponding theorem is

a ls o  v a l i d i n  t h ~ gen e r a l  ca se:

b) If ~~~~ jr (V. 2b) are differentiable functions of u, v , ~ ,

then the system possesses a norra l Iorr .

We ha ve to show that instead (~t u , v , new f u n c t ions U , V cf u ,

~ can be intr oduc ed which reduce (V. 2t) tc tue for:n (V.4) . For

this  purpose we m u lt iply t}’e first equation (V.2b) with a function

~ ( U , V , ~ and th e second Q S l U d
~~ 

ion  with N (u , V . .~~ and d e f i n e  M an d

N so tha t t h e  following equations become p cs3i t l e :

- ‘—-----—--~~~~
,
~~~~~ —-~~~~~~~~~~~~~~ - - S -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ ~~~~~ - S - ~~~~~~~~~~~~~~~~~ - ~- JI~~~
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V 5 ~~~~~ + M~,r. — U. zt ~. r, ~),( . ) 
~ ~- ~ Ni v; I ; + - (U. 1 , ~~~

That is certainly t~~ iC case i f  N a n d  N satisfy the equations:

(V.6) - w ,,. u. ~~~~~~~~~~~~~~~~~~~~~ — 0 .

In these equations the x~ are  to  be i n t e r p r e t e d  as con s tan t

p a r a m e t e r s .  T h e n

U — •iu. v , j~~ : I ~ -‘ r. 1

such t h a t

t .= C, -=M p, . t’ .~~~• . M p,
i~~- c~— .v , . ~~~~~~~~~~

(V .6 a)

~
y differentiation in the direction of the charac teristics: 

S

I.. ~
— \ i, U• .% E ,I;+V ~.II . S

I
Here th e last terms are known functions of u, v , , if the

S 

i n t e g r a t i n g  f ac t o r s  M , N a r e  d e f in e d  accord ing to (V .6 ) . The 

— 
~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 5- - -
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f u n c 4 - i o n a l  I . - t e r m i n a r . t of the  t u n c t i u n ~ U , V w i t h  respect  to U , V 15

MN (p~~.2— p 2 a t ) .  C’n account of the independence cf v - ’  , 1 , V a re  also

inde pendent witn respect to u, v_ (fence it r~il1cw s immediat ely that

( V . 2 b )  can be w r i t t e n  in  t h e  n o r m a l  f o r m  ( V . 4 ) .

C )  For a -~uasilinear system ir the noL~~~l f o r m ( V . 2 a , 4) t h e

i n t e g r a l  t h e o r e m  ( I V . 11)  c an  be a c c e p te d .  Fo: any two solutions U , V

of t h e  - iu a s i l i ne a r  s y s t e m  d fl S l two arb itrary function s W , I acccrding

to ( [ V _ l i )  t h e  i n t eg r a l  t h e o r c ir i ;  v~i l i J :

/ 1  i$~ 4- U .S ) .iJ. U )

(V. ?) + Z. Z?1

~ ) u r ~~zf ,,~~~ ,

w h e r e b y  H , ~ a r e  J i v e n  by (IV. 
~)

By settin g th .~ bracketed expression in both double integrals

e gu a l  to z e r o  t he  a d j o i n t  e q u a t i o ns  r e s u lt .  If cne assumes U, V to be

known then the Pfaffian forms can be made integrable and the adjoint

sys$ea  can be r e du c e d  to  t h e  s im p l e  f o r m

II ; 0; i~ 0.

Then
— ~~~~~ z —

- -
_~~~~~~~~~~~~~~~~~~~~ •.S~~~~~~~~~~~~ 

-
~~~~~~
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I are  the < ‘g nat i~~~Ii: , I c r  f~~~t h ;y ~. t . m ~ . ‘t  l t r . R ’ t e l  1~~~~t i c ; .

5 < 1) L i  nt- ’ t r  1 z ib  I e y :;t < ‘nc. (~ f g t e  t in t • ‘ _ ; t I or ~i ~ ( 1  ic at tons is

t h k  ~;pt ’ t ’ ia I < ‘a :;c 1 Ot’ W ( 1  i< ’It i n  ( V .  4 )

C’ C

On .~ Cd U t r an -~ pu ~.i I’ i o I e c t t h e  Ic p . o  <le ii t a ii <i t i t le  p en <le n  t

v a r i a h I c ~;, i.e., on ’’ l o t  ~< [ p u e t (~ , V ~~~ <t o  i i t t1 e~~cn d e n t  v a r  j a b ! . ’ iii a

U, V — p l a n e  an t i  con s  t i e r s  (U, V ) .1:; ~.oug h t  t u n~ t ions o t t he

i n d e p e n d e n t  v a t  i - n b ! ’ - ;  U , V. T h en  ( V .  2 < ’) a p p e a r  d:; a .;y :;tt’m ol

d i f f e r e n t i a l  e<jua t i o n 5 ;  i i i  - h a i a ’ t c i i ; t  ic  L e n i n  t o t ’  t Ii t  L u n v t i ~~ns  i (U,

V) The c ur V e s  11 — 
~~~ t i ; t , V ‘onst  i r e  t h <  clt ,i r’ a c t e i  ist  ic~; of t he  (I ,

V~~p I a n e, which arc I i x e f , i. .., a t < in< t cpt nd < n t  ot  t h e  sou tfit

t u nct ions  s (U, V ) . r h o  u ~“ w i t f t n< ’  li .1:; t he a IIIC I t  1 at i ons hi a :, i n

t h e  l inear  h y p e r  so]  n < ’ :; y : t * ’ !r s . i n s l  c an  c a r r y  th e t ) c c i ’ y o v e n  - l i t . t 4 ’ t l y .  
S

We shall be s t  t i - ; t  j &‘d wit h t I~ i sh cut i < ‘L e t  f l Y t ’ (so.’ u~ f~ •r  (14 c ) b u t  
S

w o u l  1 st ii  I I i  k i ’  t o n o t  . ‘ t f - n t  a I so 1 ii jen t’ t ti cases such ~

l i ne ar  i z a t  ion 1:; po~~i ib i e , t o r e x a m p l e , i f C, & an d  ‘ . . are

f u n c t i o ns i l o n . ’ Of U, s aRi d V , • i.’s~ e< t i v ’ l y .

3. Ge ne ta 1 < (i t t .‘ t 0 IIt ’(’ it.’ t in () d .

I

S S - s - ’ ’ . - E ~~r~~~~ - - •
— -~~ 5- - ~~~~~~~~~~~~~~~~~~~~~~~~~
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f r o m  t h e  e qu a t i o n  s y s t e m  ( V . 2 a )  a n d  ( V . 4 )  (r e sp .  ( V . 2 b ) ) coo

a r r i v e s  d i r e c t l y at  d i f f e r e n c e  i n e t h o is w h i c h  a p p r o x i m a t e l y  sol ve t h e

Cauchy pro bles and all of the mixed initial value— an d  b o u n d a r y  v a l u e

problems d iscu~ soI in s’~ction III. Let us f i r s t  a s sume  t h a t t h e

S solutions of the systems (V. 2a) a n t I  (V.4) are  k n o w n  ~ nd g,

respec t ivel y ,  s a re  t h e  curve lengths along the characteristics. The n

the equations can b~ writt er i n  integral form. Approximate ly

•< S~ < < J <  / , ‘ 4

S. I I - ‘ •,~ 1- . I I  I ~ s

(V.8) j• . j, I I

A l o n g  t he  c u r v e  K l e t  t h e  i n i t i a l  v a l u e s  U (K)  , V( K) be g i v e n ;  a lon g

t h e  b o u n d a r y  H let  some f u n c t i o n  •- (U , v ) ,  L e s p e ct  i v e ly ,  •r ( U , V )  be

S k n o w n  (see F i g .  2) . Beginnin g from the interse tion 0 one passes the

characterist ic directions throu gh a number of pcint s (1 , 2 , 3) ot K .

They  a re  k n o w n  as qu o t  ieni t s of t h e  f i r s t  t w o  eq uat  ions (V. 8) a long K.

The characteristic strai g ht lines intersect in I.airs in the p o i n t s  ~~.

6, 7.. If one norma l i’zes ~~t.’)’ — I a n d  ~~~ i. t hen  ~s, respecti vely ~
is t h e  spacing of the  p o i n t s  on t h e  ~~

— , r e s p e c t i v e l y ,  — l i n e .  Cne c i i i

t h u s  c a l c u l a t e  a.u and  11V and det ermine (I , V in  t h e  p o i n t s  5, 6 ,

—55-- - - ~~~~~~~~ —S’ S ‘1 
S .~‘<q~ ~~~~~~~~~~~~~~~~~~~~~~~ 
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Assumin g that t h e  c h ar a c t e r i s t i c  a p p r o a c h i n g  in b o u n d a r y  p o in t  4

belongs to system II of the e q u a t i o n s  ( V . 8 )  t h e n  in 14 one knows the

f u n c t i o n  V a n d  f ron t  V aii d t h e  b o u n d a r y  c on d i t i o n  y’ (U, V) can

calculate the function U (resp. u , v). In this case it is assu med
S 

that ‘ is uniquely solvable with respect to U.. The method cant be

continued in the same wanne r in the range l yin g between K and R. With

respect to the boun dary curve H it is to be assumed that in the range

between K and R there is one a n d  o n l y  one character istic passing

through 0.

4) St e a dy  f l o w .

As an ex a m p l e  d y n a mic a l l y  b a l a n ced an d plane steady f low of an

ideal gas will be t reated in scntevhat n’cre detail. In view of the

a b u n d a n t  l i t e r a t u r e  or. tie subject [3] we may be briet. In cylinde r

coordinates r, x let ~ (r, x ) be the veloc it y pctential and a he the

local velocity of sound. T h en  the following equat ion is v a l id:

(V.9) ,.(i - - c f  I — 2q ,  ‘
~~~~ + ~ =

In this case with t.he constants • > i .~~s’, .v

(V — 1 0 ) 2 ‘< U — ~~
• < . ‘5 ~~~ g-~ -

~~~— ~~~~~~~~
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If we set

S (V. (1) H ((Is • q. ‘5 <‘ <<I

then from (V.9) and the condition

(V. 12) :. N ClIk ~~~ I 
~

“ 
~~~~~~~~

there resu lts a iuasilinear system of differential equations for the

func tions w, ~~, which give the contribution and the direct ion of the

flow velocity toward the x—azis. For w ) a the systea is hyperbolic.

S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Here it is recoaaended to not go directly to the

Ncharacter istic~ lerivative s , ~~, a but to gc fir st to another systea

of “invariant” der i vatives.

There are
S i~~~.rco.s~

r ,r PR fl fl ,

(V. 1 3) x — ‘I ~‘ ii~ii 0

two vector s of which (3 coincides with the velocity ‘U and t~ is

perpendicular to it. In this case 
~
‘ is the so—called “Mach ang le ”

Si

~~~lLa~ S — _ S~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --- — 55- -4
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w i t h  sin ~ a/w (cf. Fig . 3). The inva riant derivatives of a

function S in these directions are

p’s
— l 1 t~,l. It * — i i ,  It

(V.14)
0 ; —i i i  ~t ,, a,,~ ; , , - . .‘<

If one cal cu l a tes t hese d er i v a ti ves f or  the f u n c t ions w an d ~ and

observes (V.~~) and (V. 12) then the system of invariant differential

equa tions follows after a simple interme diate calculation:

(V. 15) “ ‘ ‘ - ; :  ‘ 
‘

~

- i .  11, , 5

a) Natural equations . The formulas (V15) allow a simple

geometric in terpret a tion . It one designate s the curve length with s

and the bend ra dius of the il ow l i n e s  with I’. t hen on accou nt of

(V. 14)

(V. 16a) 0 
~~ 

0 0 ,~~~~~~I

If we call n and  ~<. t h e  curve length and the b en d r a d i u s  of t he

crthogonal trajec torie ; of the flow lin e s , th eit accordin g to (V .1 14 )

-— -5
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Py introduction in (V.15) the so—called natural equations of the flow

(V..17) 
~

F <q - 3
They can be obtained quit e effortlessly in this tanner. One

recognizes then that in the case of tlcw alcng a wall w only chang es

S continuou s l y if t h e  c u rv a t u r e  or the wall is ccntii.uous .

b) The norm al form ot the system. In oi le r  to  r educe  t he  s y s t e m

of equations to the charac’ eiistic form we have to add bot h equaticns

(V .15) onc e and su~~tract th~’m once and tinall y divide them by w. If

in addi t ion we set

then we ob~ ain the chara cteristic system

(V . 18)

~ 

~~~~~~~ S~ 5~~S 5  ~~~~~~~~~~~~ 
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Here  t h e  c h a r a c t e r i s t i c  d i r e c t i o n s  a , ~~, as a ccm parison wit h (V. 1 14)

show s, are given by

(V.19) 
5 

V - - V

Since in (V. 18) the factor is a function of w alone the system

possesses a nor ma l torm with the functions

(V.20) I -

The n o r m a l  f o r m  r eads :

(V .2 1 )  5

where w , b are  to he consi d ered as f u n c t i o n s  of U , V.

e) Let us next examine the limitin g case

Equations (V. 19) to (V.21) go over into the formulas for plane

flow for which:

55 - — 
-
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The c u r v e s !J const , V const form a fixed grid in the w , e—çlan c

an.1 are the characteristics of the linear systEm (V.19) if one writes

it in accordance with (V.2c) in and ‘ - - The l i ne a r i z a t i o n  of

the differential equation of plane flow by transposit ion of the

S dependent and independent variables na~ beer. kncwn for a lonq time

(cf. perha ps R. Sa uer [ ] page 111).. The curves U = const, V = const

are epicycloids of the w , s— p l a n e .  E p i c y c l o i d  g r i d s  ar e  a v a i l a b l e  ira

various scales and are wid ely used for approxi m ate determ inaticn of

plane flow.

d) Cycloid jrils can a l s o  he use tc advantage for d y n a m i c a l l y

balanced f l ow, which to the best of our kncwle dge has not been 
S

m e n t i o n e d  in t h e  l i t er ~~t u r e  up  u n t i l  n cw .  ~e t h e r e f o r e  w a n t  to

briefly exp la in  the cue tn o d :

Along the chara cteristics we choose the curve lengths s and s as

parameters. Then (V. 19) and (V.21) can be written approximatel y ira

differences:

1 5  S S S V  I. 5 5 1 5
(V.22) • J s  ~~~~~~~~~~~~~ ,

.11 - , 
J J I - ,

If in two points P, Q of the x , r—pla nc one knows the values of w, ~ 
S

_  
___ __ _



r ) (s ( - =
_

~~~~~~~~~~~~~~~~~~~~~~~ V-5S
~~~~~

5 j V  ~~~~~~~ S

(Fig.. 4) then from the first two equat ions (V.22) one calculates the

charac1’eristic tangents , their point of in tersection 8 and obtains As

and A .  From them AU , AV can be determined. The values of w (H), b ( R )

can now be effortlessly read oft of the cycloi d grid. In order to

show that , we proceed from the fact that indefinite integrals appear

in (V.20). Since vanishes for w = a we can introduce the

definite integrals in (V.20)

I ( ~ I -

Then for w = a

The value A U appears therefore on the icnec boundary circle of

the grid as AU = — A ~ a n d  c o r r e s p o n d i n g l y  A V as ~V •A~. Now the j
folloving method results (Fig. 5):

fl
_~~~ -4

Pig. i4• ((KEY: 1) x ,r—plane..))

Fig. S. ((KEY: 1) V ,*—plane. )) 
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‘2.
092C

ooc = 1 r . . . ~~~~ T , ~~~~ •
From the give n w (P) • ~ (P) and w (Q) , • (Q) by drawing the

corr es p o n d i n g  r a d i u s v ector s o f the w ,~~— plane one immed iately find s

the poin ts P~ , QO _ On the U—line of the cycl oid grid one approaches

the boundary circle (w=a) through ~~°, m a r k s  ott the value t~J =

calculated from the thiru oguation (V . 2 2 ) , in r a d ian m easu re a n d

turns back on the new grid line Ii • AU. If one does the sa me thing

with P, as a section of the new grid line s cue cbtains [illegible l

can read off w (R), ~(R) d irectly. Since the transition fro m U to U ~U

(resp_ from V to V 4 AV ) signifies only a stable rotation of the grid

curves by the angle (—AU) , rosp_ , AV , the process can be further

mechanized .

Submitted 18 July 1950.
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