AD=ADS1 379

UNCLASSIFIED

l.}rr

NAVY ELECTRONICS LAB SAN DIEGO CALIF F/6 9/3
A THEORETICAL TREATMENT OF CYCLIC PHENOMENA WITH PERIODIC PHASE~=ETC(U) °
MAR 63 E C WESTERFIELD

NEL=-TM=-392 -

END

DATE
FILMED

J-=/8

poc




ADAOS1379

U. S. NAVY ELECTRONICS LABORATORY, SAN DIEGO, CALIFORNIA - A BUREAU OF SHIPS LABORATORY

%

The opinions expressed herein are those of the author(s) and are not necessarily the official views of the
U. S. Navy Electronics Laboratory

If cited in the scientific literature, this document should be described as an unpublished memorandum.

265 WL/1IN

y ,
Tttknj Gk mem o->J

C%E -T/n—ﬁ )

o

@TECHNICAL MEMDRANDUM 592

e s T

/; ORETICAL TREATMENT OF QYCLIC PHENOMFNA WITH FERIODIC _EHASF DISCONTINUITIFS B
xp% =

@
s¥ 001 03\01 (8105) NEL N1-1
d

e A o o et i N

FO01050 L | .

e

i DS RS TATEMNENT A
f Appiovel lw v i
k Distritzehon Uit t8 i




FOREREWORD

This memorandum covers oply & small phase ort‘ the problem of
instrumentation for signal enhancement research, and has been prepared
primarily for internal distribution to sid others at KEL who mmy be

interested in related problems. |
/.J Work to February 1963 is covered.




INTRODUCTION
Part I of this series, consisting of three sections:
1. Mathematical Background.
2. Theoretical Development.
5. Treatment of Single Freguency Iaput.
was lssued as TN-279.

Part II, consisting of four sections:

&

. Application to Single Siaeband Signels.
Effect of Doppler.

Lover Sideband and Double Sideband Operation.

-I.O\vv

. Effect of Pinite Duration of Sample. -
was issued as T™™-302.

~ Appendix A systemstizes the material from S¢ee=b!=ea—!.é 80K~

\

vhat, and extends the formal treatment to form & broader mathema-
tical dackground for future developments in this series.
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APPEEDIX A
Bxtension of Mathematical Background

Some additiona) Pourier transform relaticns are needéd 8s background for
murmmtammmotmnowuﬁmmm
contignities. For this purpose it is convenient to retwrn to fundamentals, vith
the result that scme of the relaticns in secticns 1 and 2 may be developed or re-
stated. In what follovs 1t vill be assumed tbat the functiqus discussed are well-
mmmuummmsmrmrw-umiom
trensforms exist. This includes the gemeralised functions as defized and dis-
cussed by Lightain®, e

The definition-of x(£) utbrmr:u‘nufmet x(t), end the equiva-
lent inverse Fourier trensform relatiocn, may be expressed respectively in the forms #:

x2) = 8, x(t) w [xt) epl-omreee Ala
K8 = 0, Ae) w [ a0 eplewerier o S S
Interchange of £ and ¢ sncq.\-t.&ml-(bl)nmu;n .

x(t) = 8, ) = [x(f) ep(-omeeiar ,

A~28

d2) = 8, Xt) = [ x(t) explemrelar . aes
Beplacemsnt of £ bty =f in (A-2) gives

X1) = [ - 1) oplemee)as - 0. o0 e

'nmlmmwtzmmumuhmaam-wmtmun
ammmummwam,mmmmuvmmxmmtu
gntqrstmtz"c- ~» t0 +» even though no limits are shown.

8 M. J. Lighth1ll, "An Introduction to Fourier Apalysis and Generalised Puncticus,”
CeatriAge Univ. Press, 1958.

A-1




TS

-f) = [ At) expl-owirelat - 8, Xt) . A5

Similarly, replacement of £ by -f and ¢t by -t 4in (A-1) leads to

X(-2) = [ x(-t) expl-2mirt)at = &, x(-t) , Aha
x-t) = [ X-1) explomirt)ar - 8o X-r) . ani

The spectrum is representad by the Fourier transfora of the corresponding
vmtm,ﬂcmmnhthonvdmuumbymmm:mtmd
ths spectrum. : ‘

Tius from A-1 ve bave
spec x(t) = Eedt) = K1) , | 12
vave X(£) » %, X(1) = (%) 1-2

as noted in section 1.
Also (A-3b) and (A-ka) respectively give

spec X(t) = O, X(t) = x(-r) S , 2-16

spec x(-t) = T, x(-t) = X(-7) . 117

The sbove wvaveform - spectrum relations, along with some other spacial relse
tions from section 1 are listed in Teble 1 far convenient reference. MNost of these
relations are listed by Woodward on p. 28 of Reference 5, or may be obtained gquite
simply from others vhich bhe lists. Other vaveform-spectrum pairs io Tebie 1 msy be

cbtained from Lighthill (p. 45 of ref. 6) with soms changes in notation. Thus the
sigmn fumcticn,
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l, ¢t>0
sgn t = 0, t=0
-1, t‘o
aay de used to define the step function
step t « [1+ sgn t)/2

The corresponding spectra are given as

spec sgn t = 1/mif

spec step t = [&(f) + 1/mrl/2

A-5a

A-5b

s

A-T

Let us represent the Fourier transformation of the functicpal cambination

o(t, u(e),...,w(t)] by (£, 0(2), ..., W(£)]. Ve may thus write
sp;e e, w(t)) e ¥(r, Wr)) cs
and carresponding to (1-16)
spec Yt, U(t)) = ¢l-2, u(-2)],
ar, equivalently, |
spec Y[-t, U(-t)] = (£, w(1))
It 1s seen that replacement of W{t) in (A-8b) br u(t) gives
spec ¥(t, u(¢)) = ¢[-r, ﬁ(f)]
8imilarly, replacement of |-t} in (A-8c) by u(t) gives
spec  ¥(-t, u(t)] = i(r, U(s)]

It follows from (A-9a) and (A-9b) that if either
A3
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v(-¢, U(r)] = 3(r, u(r))

#l-t, w(t)] = ¥(t, u(t)]
is wue, then

spec Y(t, u(t)) = ¢z, U(2)] . A-lls

But 1f (A-1la) is true it follows fyom (A-9a) and (A-Gb) that both (A-108) and '
(A-10b) must be true. Hence, if either (A-10s) or (A-10b) is true, the other is
true also. It follows that (A-10a) and (A-10b) are equivalent relations and either
relaticn mey be tsken &s a necessary and sufficient condition for the validity of
(A-1la). By veplacing f by t and U by u we may put (A-10a) in the equiva-

lent form

tl-t, u(t)] « 4 ¢, u(t)] A-11b

which may then also be taken as a necessary and sufficient condition for the velidi-
ty of {(A-1la).

The method used in setting up the relations (A-8) to (A-11) could have been
uaed equally well for functional cambinations involving any finite number of func-
Liana. Thus 1t i{s seen that if the spectrum of & waveform ¢(t, u(t),...,uw{t)] har

been obtainred in the farm

.~
t:
b{Y 4

spec ¢(t, u(t),...,¥(t)] = s, u(e),...,we)) ,

e the complementary relation may be written

spec (¢, “(t)o---:'(t);’ = ¥z, u(e),..., ()] , A-12b

provided only that
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¥ -, u(e),...,w(2)] = 9lt, u(t),...,w(e)] . A-12c
When (A-12a) takes on the simplified form ' i
spec $lu(t),... . »(t)] =« v[u(s),...,w(£)], A-13s

+ may be considersd as entering explicitly into ¢ as a zero power. Relation

{A-1Z¢) is thus sstisfied and it follows that

spec  ¥Y[u(t),...,w{t)] &« o{U(£),...,W(£)] . A~13b

Actually (A-13) can be made samewhat more general in form. The above argu-

aents can be used to show that when (A-22a) takes on the form
sp;-c #lu(t),...,w(t)] = %[z, u(r),...,'w(f)], ‘ A-lla
then {A-12¢c) is satisfied and it follows that
spec 0, u(t),...,w(t)] = {u(£),...,w(r)] . A=14b L
Siwilarly, it mny be seen that if (A-12a) takes on the form : !
spec ¢#0t, u(t),...,w(t)] = v[u(£),...,w(£)) , A-15a
thep
spec Ylu(t),...,w(t)Y = &lf, U(£),...,w(2)) A-15%

is nlan true.

The vsefulness of (A=13) is exemplitied in (1-23) and (1-2k) since either of
cheze latter two reiations follows imumediately from the other by spplication of
{4-13). Similarly (1-28) follows from (1-27) dy applicatiom of (A-1k), and (1-27)

A=5
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would heve followed from (1.-28) by application of (A-15) 1f (1-28) hed been ob-~
taired first. Egquation (1-44) may be taken a8 a zpecial sxample of (A-12a),

‘since for this example t enters explicitly in ¢ orly in the 3(t), which is
sven, thereby satisfying {A-12c). That is ' i
: rep, [u(t) rep. 8(-t)] = rep, [u(t) rep, 8(t)) . A-16

It follows that (A-12b) must hold for this special exsaple, sud (A-12) may thus |
s epplied to (1-hh) to obtain (1-45). Other examples appear in what followe
Tgusticn (1-27) mey be set into (1-23) to obtain

spec [u(t) repg ¥v(t)] = | 2/5 | canv [U(1), V(£) rep, /5 8(1))

- 13/3 ] fuls-2) vir)) rep o ‘ s('.fl) ar,

o |3/8] fu(e-2) W£) 5, 82, -x/s) &r; . ‘
= |is|z | We-t.) ¥(2)) 8(¢,-r/8) oz, ' |

- 11/8 | T, We-r/s) vix/s) ‘ *1Te

Application of (A-13) then é;vu_
epec L w(t-rs) v(rg) = | 1/8 | u(g) Tep: /g v(r) A~1To

gimilarly (1-27) pay be set into (A-17a) to cbtain

ss0e (vepy u(t) repg W()] = | 1/88 | &, ulr-r/8) V(z/8) remy/p &(s-x/8)
~ | /s |5, We-x/s) W(x/8) 5, 8(2-n/R-z/3) :
» | 1/Rs |B, ¥(r/8) %, U(f-r/8) &(f-n/R-r/3) '

= | 1/m8 |T, W(r/8) §, U(n/R) &(f-n/R-x/S)
A~6




- | 1/8s | L, & Ua/R) ¥(x/8) &(-n/R-r/s) . A-18a
Application of (A-12) to (A-18a) then gives
spec & T u(aR) +(rs) §(t-nR-rg) = | 1/38 | "Pl/ﬂ,f)_ repllsv(r) ., A-18b

The above and some other pairs of relations 1llustreting the utility of
(A-12) and (A=23) are 1isted 1n Table 2. Here (A-19a) results wben (A~18a) 1s set
pack 1nto (1-23), (A~208) vhen (A-17a) s set tato (1-27), amd (A-21a) vhen
(A-20a) 18 set into (1-23). similariy (A-22a) ana (A~23a) respectively are ob-
tained vhen (A-1Ta) 1s. set into (1-28) and when (1-28) 1s set into (A-1Ta). In
elchotth.uc.luatlucomm relation dencted by the use of a "b" instead
of an "a" in the equation oumber, is obtained from the "a" relation by application
of (A-12) or cne of 1te simplified versions (4-13), (A-14) and (A-15). The final

- relation (A-2h) is obtained when (1-1%) 18 set into (1-27).

noting that (A-18) lmeotnunmmotthbﬁnzumdme&mum
(1-10) %o two functioms. Thus

couby, g [(t), ¥(t)] & B%. w(u) v(r8) 8(t-ners) _ 425
makes it possible to express (A-18) in the form
spec [rep u(t) rep, W(t)] = | 1/ms | com, 1o 178 D02, V)], A-26a
spec oy fult), v(t)) = | 1/Rs | (remy pp We) repy o W2)] A-260

in Goalogy vith (1-25) and (1-26). More generelly, one may extend the definitian
of the comb function to any finite mmberotmumwmuu.
' AT




comb

B,S,...,» L8 ¥(t),.. M)

- T zr...z. u(oR) wrs)...w(e2) &(t-nR-rS-...-sT) . A=2T
It may then be shown that
spac [mpR u(t) rep, v(t)...renr w(t)] ] A-28e

v | 1/ms...7 | comd

1/3’ 1/8,...,1/T [U(f)n V(t)‘....,w(:)] 3

spec ccud

"R,8,..0 T fult), v(t).)--;"(t)]

e | 1/Rs...7 | P /R u(r) TP, /g \0’(2)...1'91»1/T i ST A~28b

The definition of convolution in {1-3) may be extendsd to eny number of

fupctions. Thus for three functions ve.may vrite

cane a(t), vit), W] ® [ [ olt) Wty) Wityoty) e, oy

- [[ult) v(tot:.-ts) wt;) av; at '

- f j"u(t-tz-t)) v(t?) v(%) at, at, ' A3
Kow, equation {1-23) may be appiied to itself to obtair

spec [u(t) v(t) W(¢)] = canv {0(£), conv [W(2), W]}

= Jule,) [v(z,) We-1,-2;) ae, ar,

= [[ule) W(t,) W2-2,-2,) ar, &2,

= couv [U(f), v(g), W(z)] A-30a

Application of (A-13) then gives

A-8




spec conv  [u(t), v(t), w(t)] « U(f) V(£) w(£) . e300

The extension of these last results to products end convolutions of any
finite gumer of functions is fairly obvious. Coution is indicated, however,
when more than one of the functions multiplied together contain 8 functiomns.
This caution applies to any of the relations in which the products of general

functions 4s indicated.
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TABLE 1

squ;zfm Wevefoz®m : Spectrum 1
1-1 u(t) u(s) :
125 €3] u(-2) on ¥
117 u(~t) wW-r) e Ji
138 ue(t) M) - |

: =19 u'(s) - emir U(e)

-t 122 Au(t) + Be(t) a(2) « Be(t)

190 ulter) - ) exp{-2ntrr)

| 261 a(te) {2} u(em)

S w30 uf(en)fd 2] u(em) exp(-emdty) _
113 réet{t) sine(t) © |
138 rect(t/?) 2| sine(er) 1
1-31 exp{ Svrigh) 8{r-p)
126 8(¢) S
115 8(t-r) '  exp(-2nirr)
135 u(t) exp{amiet) L U{2g)
150 ract(t) exp(emigt) ' stoc(f-g)
i1 vect{t/T) exp{2wigt + 18) |T] sicc((f-@)F] exp(18)
135 cos{2nypt + B) (3/2)[8(-9) exp(iB) + 8{2ve) exp(~18))
13T cocs®(rapt) (1/6)[8(2-9) + 28(2) + 8(2+g)]
152 1 &(z)
1B 5“‘".. 1fmix 1
2T svep(t) (e(e) + 1/mslf2 4

A~10




TABLE 2

Equation

No. waveform Spectrum

1-23 u(t) vit) conv [U(£), v(r)]

1-2h conv [u(t), v(t)] u(r) v(r)

1-27 rep. u(t) | 1/R | u(r) TP /R 8(r)

1-28 u(t) rep, 8(t) | i/R | TeP) /r o)

1Bk rep [u(t) rep 8(t)] | 3/rsl rep  U(r) rep, /8(f)

1-45 rep, u(t) rep 5(t) ! 1/rs| rep; /s [U(z) vep, s 8(r)]
A-13a  ¢fu(t), v(1), w(t)] vlu(z), v(£), w(s)!

A-13b vlu(t), v(t), w(t)] s{u(e), v(r), w(e)]

A-lTa u{t) rep. v(t) l'1/8 | £, U(z-r/s) v(r/s)

A-1Tb T u{t-rs) v(rs) | 1/s | u{f) rep, /s v(r)

A-18a  rep, u(t) rep v(t) | /st T %, U(n/R) V(r/8) 8(f-n/R-r/S)
A-180 nntr u(nR)v{ rs)s{ t-nR-1'S) | 1/ms| rep /8 ) rep /s v(r)

A-1%a u{t) rep ! v(t) rep, w(t) | 1/sr| X U(£-r/s-s/T) v(z/3) W(s/T)
A-19b zrziu(t-rs-s'l‘.)v(rs)w(s'r) | 1/sri rep, /g v(z) rep, / w(t)

A-20a  rep [u(t) rep_ v(t)) | 1/rs| £, U(r-r/s) V(r/s) rep /8 &)
A-20b Z, u{t~-rs) v{rs) rep. s(t) | 1/ms| rep, /R [u(r) rep, /sv(r)]
A-2la u(t) rep, [v(¢) rep, w(t)] | 1/sp| £ £ 0(2-r/s) V(r/s-8/T) W(s/T)
A-21b Ertsu(t-rs)v(rs-s'r)v(s‘r) | 1far] u(e) rep, /s[v(r) reP; p w(1)]
A-22a ut) repg v(t) req, 8(t) | 1/sr| L v(x/8) repl/TU(f-r/S)
A-22D L, v(rs) ren, u( t-r8) | 1/sr| u(s) rep, lsv(r) reP) [1€9)
A-23a. u(t) mT[v(t) rep, 8(%)] | 1/sr] : U(t-s/T) zrv(s/-r-r/s)
A~23h Z, u(t-sT) £ v{sT-r3) | 1/sr] o(r) rep, /T[v(f) xep, /g 8(2)]
A~2h repy 8(t)

/R | zep, jp 8(1)
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