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Thu rsndua COvS?8 o~1y a as~.U phase of the problaa of

lnstru nt*tioa for si~~a1 enh~zw~~ ent reeeaxch, aDd has been ~re1Ared

F1~~X1.l7 for Internsl &t$tributtoD to i*id others at 1~~ irho ~~y be

int.reited. th relstsd i*ob1e~~. a_~t 4 ~~ 4 +~~~ M~~~ *~~We. i~t.*th~
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XN~~~1XJCTION

Part X of this series , ~onaistixig of three sections:

1. )~ the~~tica~. Background.

2. Tbeor.ticll Deve1c~m*nt.

3. ?rea~~~ nt of Stz~g1e Prequenc~’ Input .

F was issued as I)(-279.

Part II, cc~sistiztg of four fJecti4xlb:

1~. Application to Single Siueband $igiisls.

5. Effect of ~~pp).er.

6. Lower Sideband end. Double Sideband Operation.

7. Effect of Finite Duration or 8aa~p1e.

vu issued as ~ 4-3O2.
— ~_j ‘~ “~

Appendix A ey~ite~sttw.es the ~~teria1 trc~t S.e tion~1~ s~~~-~
what, and extends the forra ~l treatment to torn a broader ~~theui~i-

tical baekground for futine deve1op~~nts in this series.
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A P P E I D I X  £

~ ctensica at )~ ths~~~i~a1 I..*ar~~~4

e~~ sd4iticnal Fourier txensfcTn relation, ar usedód u b.ckp~o~~~ for

further ~~velc~~~nt at the tr.a~~~ t Of o~’nUo phen0~~~ with p~~iodlc s 43..-

con 1w’~ ties. For this pirposs it is convenient to return to f~~~~~,nta3.s, vith

the result that s~~~ at ~~~ relation. in section. 2 an~ 2 y be dsvel.opsd or rs~

stated. Zn wha t follous it will be usiasd that the Amcti~~s dieevsesd are veil.

be~~~s& fonetion. in th. sense that their P~~~Ur trsn.fCi and $.nvsre. P~~~tar

trensforen .,dJt, This tnc1u~es the gsnsrslissd ft~ ctioo$ as dsfiasd end di. .

~~~~~~ bp ~~~~,p.è~iil116 
- -

The definition Of K(S) a. t~~ Four ier trensfora Of ~(t). aDd the equiva-

lent inverse 7ourt.r trensfor. relation, ~~y be ezpees.sd rs poctivel7 in the tor •:

• ~ z(t) • ~~~~~~~~~~~~~~~~~~ , Ala

x(t~ e SZ(f).xp(2idSt)df . .

Xatercbsa4e of S and t in .qi*ttofls (A’4) results in

x(t) Ift *(f) - fz ( f) en~(-ewift)4f ,

ic(S) • x(e) J’ z(t) .zp(2id.tt)dt .

aeplncsa.nt at 5 ~~ -t in (A.2) gtvss

x(t) s j ’x(. f) exp(2nift)df a •,~~
h z(ut )

eflfl ee fleefl Meon en eeee ee e_ ._ efl e_flfl __ fin 0 f l S  • S

* In this i*~sr .2.2 integrations are a.su~~d to be taken orsr the .tgp(4iesnt region
of ~~~ int.grend un]ass otherwise indicated, and are t~ zs .ff.St1VS3~ equivalent to
integration trcs -a to .. even though no liaite are s~~~~.
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

flee_a

• 6 M. .7. Llghthl.l1, MM Introduotica to P~~~ie? Analyst. and Gsserel.tss I P~aeticss,’
C~ebri4~e Univ. Press, 2958.
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a f X(t) exp( w~wLrt)d~t - 
~~~~~~~

. X(t) ~

~~~~~~~~ rep3.acsnant Of S by -S and t by ..t in (A.] ) lend. to

— J’ x(-t) exp( -2ntft)dt - 
~~~~ 

x(-t) , 
-

x(-t) f X(..f)~~~~~nift)dt _ x(.r) .

The spectr~a is rs~~ea.nted by the Fourier trenafara of the corrsspoadirg

vsv*fora, and conversely the waveform is given by the inverse Fourier transform Cf

the sp.ct~a.

Thus fron A~l we have

s p s c x ( t) . ç 5ic( t ) . x (r )  
f 

11

wave x(r) • 
~
y5~

1 x(:) z(t) 1-2

~s noted in section ]

Also (A-3b) and (Aolê&) respectively give

spec x(t) — ~~~~ X(t) — x(-t) 1.36

and

spec z(-t) * ~~~~ x(—t) — x(-f) . 1.11

ma above waveform spectru. relations, along with s~~~ other special rels .

tics.. from section 1 are listed in Table 2 for convenient reference. Most Of these

relations are listed by Woodvard on p. 28 of Beferenee 5, or ely be obtained quit.
siapl.y from others which he lists . Other wsvefora.spsc~~~~ pairs in ?,‘bls 2. y be

obtained from I4ghthill (p. 45 of ref. 6) with sons changes in notation. Thus the

s14’.~~ otica,

A-2
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1, t~ ’ O
e~~ t — < 0, t . O

1._i,
be ~iaed to define the step function

step t (3. + sgn t)J2 A.5b

Tb. corresponding spectra sre given as

spec s~~~t a 1/~tf

and

spec s tp  t a (i(s) • 3/nif)/2 . - A-?

Let us rspr.s .nt the Fourier trsnstcTeltlos of the funct ional c~~~ination

• •(t , u( *),. ..,v(t)) by y[t, u(s), ..., v(t)). We eny thu.. writ.

spec $(t , u(t)) — y(f , u(s) ) 0 

A-8.

and corresponding to (1-36)

spec y(t, u(tfl • $(.r , ~i(at)),

or, equivalent]~y,

spec y(.t, u(—t) ) — 1(5, u(f))  A .8o

It is seen that replacement at u(t) in (A-8b) by n(t) gives

spec ~(t , u(t)) a $(—f u(s)) .

8int1~rly, replac.ment ot U(at) in (A..8c) by u(t) gtv..

spec ,t-t , u(t)) — $(f , u(s)) . A-9b

It foU.ous from (A..9a) and (A~9b) that if either

A’)
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~(-r , u(s)) • s (r , U(s))

it~t, u(t)) a i’(t, u(t)) 
- 

A-lOb

is true, then

• spec ytt , u( tfl — ~(z , u(s))

But if (A-h a) is true it follows from (Ae9e ) and (A-9b) that both (A..lOa ) and

(A-lob) must be true. Hence, if either (A-io’) or (A-lob) is true, the other 1.

true also. It follows that (A-los) and (A-lob) are equivalent relations and either

relation nay be taken as a necessary and sufficient condition for the validi ty of

(A-Ua). By replacing S by t and U by u we nay put (A-la ) in th. equiva-

lent form

s[~t, u(t)) — •( t, u(t)) A-Ub

which nay then also be taken as a necessary and sufficient condition for the validi-

ty of (A-Us).

ito nethod used in setting up the relations (A-8) to (A-U) could have been

~t ~
‘. ec~ua13.y well for functional co~~inationa involving any f inite w~~er Cf ~~nc.

- : i i. Thus it is seen that if the spectrum of a wavefor m $(t , u( t ) , . .. ,v(t)] ba~
~~~~~ obtained in th. form

spec $tt, u(t),...,w(tfl v(r , u(r),...,w(:)) , 1.

~~~~~
• ‘,. i~~~ cosçle zitary mlstion nay be written

- - spec ¶Ct, u(t) ,... ,v(t)) — ~(r , u( r ) ,. . . ,w(r~ - A—12b

~ro~id.ed only that

0J0

~~~~~ ~~ •~~~~~~~~~~~~ • - -~~~~~~~~~~~~~~~~ 0 .~~~~
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•

$C —t u(t),...,~’(t)) • •1t , u(t) ,. . . , w( t )) . A— 32c

‘~e~~n (A-12a) ta~eo on the simplified form 
0

spec $tu(t),... ,‘v(t)) — y[u(r), ...,w( i’)),

~~y be considered as entering ex~licitiy into $ as a zero power. Relation

(A~l2c) is thus uet±~fied and it follows that

spec y(u(t),.. .,w(t) ) — t (u (t ), ... ,w(s)] . A’ l.5b

Actually (A-i)) can be mde ~omevbat ~~re general in form. The above ergu-

~~~12ts can be used to show that when (A-12a) takes on the torn

spec #Eu(t),...,w(t)) — ytt , u(t) ,...,w(tfl, A—I.1m

then (A-~2c) is satisfie&~ and it follows that

spec yt t , u(t),...,w (t) ) a .C u( f),.~ .,V( r) )  . A-1~b

~Lr~iarly, it nay be seen that it (A-12s) takes on the f or m

spec stt , u( t), ... ,w(t)) a y(U(f),. .,W(f) ) , A—15&

sp ec ‘~~u( t ) , . . . , w( t) ) a *(r , U(r ) , . . .,w(ffl  A-15b

~~ :,1~3j true.

The set’ulness of (A-i)) ~,s exemplified in (1-23) and (1..2Ji ) since either Of

~e latter two reiations follows t~~~diately frc~ the other by a~~lication Cf

(A-13). similarl y (1-28) follows fron (l~27) by applicati on of (A-ll~.), and (1-27)

A-5



would have followed frc (1.28) by application of (*.15) If (1-28) bed been ob-~

tam ed first. ~~~~tion (i-a) nay be tahen as a special ,u~~~~ of (Ai12a.),

since tar this ~~ iai~ple t enters explic~t1y in $ oay in the 6(t), whieb is

• even, thereby satisfying (A-12c). That is

rep tu(t) rePa 
6( 4)] a r.p~ Cu(t) rep

5 
6(t)) .

It rou~~s that (A-mb) .zst hold for this special exaaipis, and (A-22 ) y thus

be applied to (i-3i4) to obtain (1.45). Other examples appnal In what foUova 
0

Z~ aatjon (1-27) ~~~ be set into (1.23) to obtain

apse (u(t) rep5 v(t)) a cony f u (s) ,  Vif) 6(5))

• I i/a ~ j ’ u(r-r1) v(r1) rep
~,~ ~(~~

) 
~~

• J 1/8 ~ J u(f-t1) Y(51) Er 6(f1-r/8) ~~
• 

~ 
1/S ~ Er I u(t-f1) v(r1) 6(f1-r/8) ~~l 

-

a ~ 1/8 1 E~ U(f-r/s) !~ r/S) A-]?s

A~~Ucattcn of (* 13) then give.

spec Er u(t-xS) v(r8) - i/a u(t) rep1~~ i(s) A-lTb

giniiarly (1-27) nay be set into (A-h a) to ~btsin

s~ec trs i~ ~A) reps v(t)3 a 1/RB ~ E~ ~s(f.~r/s) V(r/B) re)1/R ~
(
~-~i~

}

• i/as Ic U(f-r /S) V(r/I) Eg~ 6(f-n/R. r/8)

-
. 

i/Rs PEr V(r/ 8) U(f-r/8) 6(f-n/a-r/S)

• I i/RB ç V( r/8) ç U(n/R) 6(f-u/R-r/S)
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~ i/as 
~ 

E~, U(n/R) V(z/8) 6(f.n/Ru.i’/~) •

Application ox (*..u.32) to (A-iSa) t~ien gives

spec E~ E~, i~(vii) ~(r.) 8(t..i~R.~s) • 1 3/as~ rsp~~ D(r) rep2,5y(f) , £-18b

The above and sana other pairs of relatioa. i1luatxa~j~~ the utility &
(A m) end (A43) axe listed in Table 2. Bsre (A .i9a) result. when (A48a) is set
back into (1.23), (A..2Os) when (Anile.) is set into (1.27), a~~ (~~.2ia) when 

0(*.20s ) is set Into (1.23). 8 4liirj~r (A.22s) and (A’.23a) relp.ctawely are ob-
tamed when (A.17.) is. set into (1.28) and when (1.28) is set into (*.‘iya). Zn
each of these cases the ooueep~~dI~~ relation denoted by ~~ use of a “b” instead 

0

0

of an “a In the eqiatmon n~~~er, ts obtained from the “a” relstlcn by app1icat~~~of (A-12) or one Cf its siapljfl.d Yer5LC~ g (A..13), (A.34) s~~ ~~~~~~ The final
relation (L.2~) is obtained when (1.14) is set into (1-27).

~~ above processes coni d be continued for the trest~ent of ~~re and ~~~eco~~1joats4 wavef~~~~ The list In Table 2 is adequat, to 411uxt’e.t. the method,
bcv.v,ze. Other. relatjca~g will be devel0pàd as the need ar ises. It y be worth
noting that (A..].8) a1~~ erts an latsusion Cf the definitj c~ of ~~ c~~~ ~~tati~~(1-10) to ~~~ tunoti~~,. Thus

c4
~~ R 5  tu(t), v(t )3 a EnEr u(nR) v(rs) 6( t-nU.rs) 

0 
A-25

nakes it possible to ezpress (A..18) in the form

siec trs~~ t~ t) rs~~ v(t)) — 1 i/as I coth1~,5118 Cu(s) , v’(r)), A-ak
spec cc 

18tu t , v(t)) — ~ 1/US fr ep1/~ U(s) ~~~~~ v(r)  A-.26b
0 

- 
in szjs3~~~ pith (1-25) sad (i-a6). More genez.33y, ~~. ~~~ .ztnad the d5tiniti~~of the CC~~~~~) f~mctjou to any finit, number of tw,.atione by vrit~ng ,  

0

A-7
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(u(t), v(t), . . ,v(t))

a I E
r

• • n E  u(uR ) v(rS)...v(sT) 6(t-nR-rS-...-sT) A-27

It nay then be that

spec (rep5 u(t) xep~~
v(t ).. .r e

~~~
w(t)] A-28a

S 
~ lfRs. . .T I cCmb

i/a, i/s,...,1/T (~(t) , v(x),...,w(rfl

spec c~~~ (u(t), v(t) .. ,w(t))

• 1/a S.:.T~~ ~~~~~~~~~ ~~ 118 V(f)...re~~~~W(f ) . 0

0 The definition of convo1uti~~ in. (1.3~ nay be eXtSDded to any number of

t~~~tions. T1m8 for three fw~ctions we. nay write

0 0 c~~~ (u(t), v(t), w(t)) C f f u(t1) v(t~ ) w(t-tj -t2) ~~~ 0

• f f i ~~t1) v( t..t. .t3) v(t3) d t1 dt, 
0

• ~ 
u( t-t2-t3

) v(t2) v(t5) ttt2 dt,

1~~~, equation (1-23) na~y be applied to itself to obtain

apse (u( t) v(t) w( t)) • cony {u(r) , cony tv(s) , w~) ] }

— I u( 
~~ I v(f2) w( 

~~~
‘3~~ 2) d5~ ~~~

— 
~~~ ~ 

u(s1) VU2) 
~~~~~~~~~~~~~ 

dI
1 ~~~2

• ~‘onv (U(s), i(s), w(t) )

*~,p1ication of (A..13) then gi ea



0 
-,- 0-~~~~~~~ --~~~—-— -—- - —,

spec cony [u(t), v(t ), v(t)) — u(s) v(s) w(r) .

The .~xtenaion of these ia.st rem.ilta to pr oducts end convolutions of 8.r~r

f thi te ~amber of A t ~~ne is fai.rLy 3bvi~~s. Cout~on is tnd~cated, l~owever ,

wher. ~~re than o~oe of the f~nctioriz ia~.1tt plied together cootain ~ funct 1~~s.

This cantion a~p1ies to arty of the relations in w~icb the products of general

itmetions is 1i~d.tcate&

00~~~~

I
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0 l.~1 u(t) U(s) -
u(t) nC—f) 

0

1-17 u(~t) 1*-f) -

, 0

1—19 
- 

u ’(t) a,,is u(s) 
0 

0

0 

1.22 An( t ) iUv( t )  ~z*t ) + ~~~(t) 
-

.

1-20 u(t.r) U(s) ezp( -2nur)

1-~1 n(t/T) IT1 ti(s~) 
0

1.30 uL(t- ’r)M) IT~ U(XT ) .zp( -2nirr ) 
-

1-13 ~~~~~~~~~ sine(S)

reot(t/T) $T~ athc( ft)

1-33. exp(b~i~t) 8(t-~) 0

0 14~ 8(t) 1
0 

1~.l5 8( t—r ) ~ ip( —2iriXr)

u(t) exp(2rclspt) U(t-q~)

rect(t) erp(2niçt) sinc(f-~ )

~~. ~~~~ rect ( t/’Z) exp(2f~içt + iØ) ~TJ sjnc((f-~ )T) exp(1~ )

1-~~ cos(2i~t + ~) (1/2)E6(f-,) exp(~~) + 6(f+~) szp( ..$))

1~3T cos5(~~t) (i/1i)(6(t-~) + 26(5) +

~.• ~.2 1. 6(5)

~tsp(t) (a(s) . 1/irit ~/2

A-b

______ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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T A B L E  2
Equation
No. Waveform Spectrum

— 
1-2~ u(tJ u (t) 

- 

c n v  (u(s), v(r ))

1-2k oonv (u(t), v(t)) U(s) v(s) 
-

1-27 rep5 ~(t) 1/a U(s) rep
115 

6(f)

1-28 u(t) rep~ 6(t) I 3./a re~1~~ U(s)
- 

rep (u(t) r p
5
6(t)) I 1/Rat ~~~~~ tJ(f) rep113

6(f)

1-45 rep5 
u(t) rep 86(t) i/asf rep1~~ t U(f)  VSP~/~ 6(t))

$(u(t), v(t), w(t)) ytu(s), v(s)1 W (t)j 
-

k1.3b y(u(t), v(t), w(t)) s(u(s), v(t), w(r))

A-17a u(t) rep3 v(t) I i/s Er U(f-r/3) V(r/S)

0 A 17b t~u(t.rS) v(rS) I 1/S ! U(s) rep~,s v(r)

A-1&. ~~~~ u(t) rep
s 
v(t) I 1/R8t Z~Er U(n/R) V(x’/s) 6(f-n/R-r/8)

A~-18b I! u(nR)v( rS)6(t-nR-r3) I 1/asi u(s) rep1,5 
v(t)

0 *...1~ e. u(t) rep
3 
v(t) rep

s 
v(t) 1/~F~ ErEs U(f-r/S-s/T) v(r/s) V( s/T’)

A-19b Er15u( t_r8..JT)v( rS)w(ST) i/~~ re~1~3 v(t) rep3/,~L, w(r)

A-20a 
5
(i~~ t) rep v(t)) 1/551 

~r 
U(t-r/s) v(r/s) 8(s)

A-20b Er 
u( t—rS) v(rS) rePR 6(t) i/Rs~ rep115 (u(s)

A-21a ia(t) rep~ (v( t) rep v(t)) f 1/~2~ I I U( f-r /S) V(r/s-sM) w( s/T)
T

A-21b I I  u( t-rS )v(rS-a T)v( sT) 1/sri u(r) rep~15(v(f) rep1~~ W(r))

A-22a u(t) rep8 v(t) repT 6(t) i/~z( Er V(r/3) rep1/~U(f_r/8 )

A-22b Er v(rS) repT u(t-r8) I i/~z~ u(s) rep
113

V(f) r
~1~ 1~ 

6(f)

A~-23a u(t) repTtv(t) rePs 
6(t)) I 1/911 E~ U (t-s/T) ErV(5/T_r/S)

A,-23b I ia(t-aT) Z3~ v( s?-rS) L/ST~ U(s) reP]./T(V(f) rex~ ,,8 6U))

rep5 6(t) i/a 1 Z~P1/R 6(f)

-
~~~~~~~~ A-li


