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Ana lysis of the Mkrostri p

Dis k Antenna Element

1. INTRODIrC 11fl1~~~~~~

”

~~~~~~~~~~~~~~~~~~ The designer of microstrip circuits is often faced with the questions of what
the best substrate thickness is and what dielectric constant should be used , as low
loss is desirable. The particular circuit may be a resonator, which is a useful

—~~~ component in filters and circulators. The losses di vide into ohmic, dielec tric ,
and radiation losses. Since the radiation properties can be utilized , the use of a
microstrip resonator as a radiating structure has become a very active field of
research and development during the last few years . Irs contrast to non-radiating
components , a hi gh radiation efficiency and a low Q-factor are of prime importance
for antenna elements .

The circular disk resonator has been used as a linearly or circularly polarized
radiating structure ’ and as an element in arrays , 2 , ~ but so far very few theoreti-
cal papers have been published. Two general analyt ical approaches have been

( Received for publication 11 November 1977)
1. Howell , J .Q. ( 1975) Microstrip antennas , IEEE Trans. Antennas Propagation,

AP-23 :90-93 .
2 . Parks , F .G . , and Bailey, M .C .  ( 1977) A low sidelobe microstrip ar ray.

IEEE AP - S Intl.  Symp. Digest , pp . 77-80 , June.
3. Stockton , R . J . , an d Hocke nsmi t h , R .P .  ( 1977) Application of spherical

a rrays — a simpl e app roach , IEEE AP-S Intl. Syn-sp. Digest , pp. 202-205 ,
June.
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proposed to analyze microstrip radiat ing structures.  One method 4 models the

microstrip element as a grid of wire segm ents and applies Richmond ’s reaction

technique. The other approach 5 uses the unimoment-Monte Carlo method to obtain

the far field radiation patterns . The circular disk radiator excited in the dominant

mode only has been modeled as a magnetic line current and analyzed
theoretically. 6, 7

In this paper an extension of the work reported by Long et al 7 is given. The
circular disk microstrip antenna element is modeled as a cavity wi th  a magnetic
wall along the edge. The resonator excited in a general mode i5 analyzed theoret-

ically both from a radiation and a network point of view. The purpose is tt ~ present

graphs and relationships between the geometry of the d isk  and the r a t l i a f ion

efficiency, and also to analyze the effect losses have on the (Iver al l  Q-fac to r  of the
mtcrostr ip resonator.

2. RADIATION PATTERN

The microstrip radiating element consists of a rad ia t ing  s tr ~ t u r e  ,paced a
small frac t ion of a wavelength above a groundp lane , allowi ng rad ia t ion  anl y m t 11

the upper half space . A circular disk element supported h\ a dielectr ic  ~h ei ’t  is
shown in Figure 1. The disk is excited by a microst r i p t ra nsmission line connected
to the edge, or by a coaxial line from the back at the plan ~ 0. T! i- f ie ld s  between
the disk and the groundplane are similar to those obtained by Co nsider ing the an-
tenn a to be a narrow cavity with a magnetic wall around the perimeter . Amllr.g

t he various modes tha t may be excited in such disk resonators are the TM nm
modes with respect to the z-axis. That s tructure has been anal yzed 8 and the
fields inside the cavity are

4. Agrawal , P. K. , and Bailey, M .C.  ( 1976) An analysis technique for micro s tr ip
antennas , IEEE AP-S Intl. Symp. Digest, pp. 395-398 , Oct .

5. Coffey, E. L. (1977) Microstrip antenna far-field radiation pattern analysis
using the unimoment -Monte Carlo method , IEEE AP- S Intl. Symp. Digest ,
pp. 276-279 , June.

6. Long, S. A . , and Shen, L .C. (1977) The circular disc , printed circuit  antenna ,
IEEE AP-S Intl. Sym p. Digest, pp. 100-103 , June.

7 . Long, S.A. , et a! ( 1977) The Theory of the Circular Disc, Pr inted Circui t
Antenna. Technical Report TR- 77-O1 , Electromagnetics Laboratory, Dept.
of Electrical Engineering, Univ. of Houston , Houston , TX .

8. WatkIns , J. (1969) Circular resonant structures in mnicrostr i p, Electron.
L&tL 5:5 24—525 , Oct.
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Figure 1. Circular Microstrip Disk Antenna Element

Ez Eo ~~~~~ 
p) ’ cos n~

H = _ )
~~~

n .E .J
n(k

. p) . sin nI~ 
(1)

P k~~~ p

H~ = ~~~~~ ~~ J ’ ( k . p) . cos n~b

where k is the propagation constant in the dielectric, J0 
is the Bessel function of

the first kind and order n, and the prime indicates differentiation with respect tc

the argument.
Once the E-fleld inside the cavity is calculated, the K-current flowing on the

disk can immediately be found as K H~ and K , o _H
~. The open circuited edge

condition requi res that Jh(ka) 0, where a is the radius of the disk. Thus for

each mode structure a particular radius can be found associated with the zeros of

the derivative of the Bessel functions.

The radiation from the disk derives from the E-field across the aperture

between the disk and the groundplane at p = a. Resistive-backed cholesteric
liquid-crystal  sheets were used 9 to visualize the amp li tude of t he diff erent mode

patterns. The exact behavior of E0 across the gap is not known, bu t for small

9. Kernweis , N. P. , an d Mcllve nn a , J. F. ( 1977) Liquid crystal  diagnostic tech-
niques an antenna design aid , Microwave Journal 20 :47-51 , 58, Oc t.
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spaci ngs a realistic approximation is that it is constant. The radiation pattern of
the circular disk in the upper half space is derived from an equivalent magnetic
surface current acting at the aperture, and with the structure removed:

M o 2 E X n  , (2 )

where ii is the normal unit vector pointing into the external region. The far fields
in standard spherical coordinates may be found from a potential function or from

the dual solutions of circular loop antennas :1°

-jk ro V a
E
9 

= - 
.n . k e 

r 4~ 
BM(ko ’ a sin 0) ‘ cos n4t

(3)
-jk ro V a

E,~ = . k e 
r ‘ 

~1~’ B~~(k0 a sin e) . cos ~~ sin n~

where

B,,(X) = J~~ 1(X) +

BM (X) = Jn i (X) -

The ed ge voltage at ‘1 = 0 is defined as V0 = h ‘ E0 
. J~ (ka) . The far fields of the

n = 0 mode are circular symmetric. The n = 1 mode is used in most app licat ions
because it is the only mode that doesn ’t have a zero in the radiation pattern normal
to the structure.

3. RESO N A N CE FREQ U ENCIES

The resonance frequencies of the TM modes in the circular disk are given8 as

f = 
onm c

nm 2 . . aeff

10. Mar tin , E. J. ( 1960) Radiation fields of circular 1oop antennas by a di rec t
integration process , IRE Trans. Antennas Propagation AP-8: l05- 107 , Jan.

8
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where is the m- th  zero of the derivative of the Bessel funct ion  of order n , c

is the velocity of light in free space , and E r is the relative dielectr ic  constant of

the substrate.  The dominant mode is the TM 11 mode which has the lowest  reso-

nance frequency. An effective radius aeff s l ightly larger than the ph ysical one is

defined , taking into account the s t ray field along the edge of the resonator:

= a [i + 
h 

( in  
~ : ~ 

+ 1. 7 7 26) ]  
1 ‘2 

a / h >> 1 , (5)
r

This correction predicts  the radius with less than a 2 . 5 percent error . The rela-
tion between the effective and the physical radius for different  dielectric constants
is shown in Figure 2 . The correction is less for hi gher dielectric constants , since
more of the fring ing field is kept inside the cavity.

0 .0 0  0 .0 5  0~~10

H / P E P H
Figure 2. Correction of Disk Radius Due to Stray Fields

11. Shen , L .C. , et al (1977) Resonant frequency of a c i rcular  disc , printed-
c ircuit  antenna, IEEE Trans. Antennas  Propagation A P - 2 5 : 59 5 - 9 9 R , Jul

y.9
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The total radiated power is found by integrat ing the complex Poynting vector

over a closed surface:

g
rad Re f E x H ~~ dS , ( 6 )

where dS is the vector normal to the surface and the as te r i sk  means complex con-

jugate .  The power radiated through the upper half space is found by inser t ing  the

previously calculated far f ields Eq. (3) into Eq. (6) :

g
rad = 

~ /2  

[B~~ (k a~ sin e) +

(7)

+ cos 2 0 B~~(k 0 a sin 
e)] 

. 
~~~~~ d~

where

( 2  n = 0

n � O

A radiation conductance across the gap at ~ = 0 can be defined as a conductance
that will dissipate the same power as that  radiated by the circular disk:

(k . a ) 2 i r/2

0rad = E 480 f  [B~~(k a . sin 0) + 

(8)

÷ cos 2 
5 •  B~,(k 0 

a .  sin 8)] . sin . do

The integral has been solved numerica l ly and the radiation conductance for d i f fe r-

ent modes is plotted in Figure 3 versus the disk-radius in free-space wavelength .
• As long as the antenna remains electrically thin , the radia t ion conductance is

independent of the spacing between the disk and the groundp lane.

~

. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Fi gure 3 . Radiat ion Conductance at Resonance of a
Disk  Antenna Excited in the TM Modes
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The d i rec t  i v i t v  of an antenna is defined as the ra t io  of the maximum power

d e n s i ty  t th  ave~age radiated power density. From the previously calculated

far f ie lds  Eq (3)  and the t otal radiated power Eq. (7) , the d i r ec t i v i t y  of the circu-
lar disk exci ted n the n = 1 modes can be expressed as

(k
D =  ° ( F l )

l2 0 • (;
rad

• where  G rad i.s t t ) e  r ad ia t ion  conductance as def ined in Eq. (8).  A plot of the direc-
t iv i t y  i sh~t w n  a F igure  4 as a func t i on  of the f ree-space  radius .  It is independent

of y } 1  th i ckn e .~~ a~ long as the r e s t r i c t ions  ment ioned  earlier  are fu l f i l l ed .  As the
r a d i u - i  decr ea~~.r~, ~he d~~- e c t i v i t v  approaches 

~ which is equivalent  to 4 .8  dB , as

F expe~~ rH for a sm a l l  s l at  in a gr ound plane . The d i r e c t i v i t y  for an a i r - f i l l ed  disk
a n I ’n n :. i s  9. 9 l IE , .v I IF , n :l l f e d  in the dominant  mode corresponding to a rad ius  of

0. 21H wa :c I~’ngth.

11
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Fi gure 4 . Di rectivity at Resonance of a Disk Antenna
Exci ted in the TM 1 Modes

6. DIELECTRIC LOSSES

The power losses in the dielectric due to imperfect substrate can be obtained
by means of a perturbation technique. The method is based on the assumption that
introduction of small losses do not substantially change the fields from their loss-
free values. The known loss-free field distribution is then used to evaluate the
losses in t he syst em, and from those an equivalent conductance can be determined.
The losses are found by integrating the E-fields over the volume of the cavity:

~ diel = 2 fE .  E 5’ dV . ( 10)

The dielectric substrate is characterized by the permit t iv i ty  ~ = - j &’ and
the loss tangent , tan o = E ” / E ’ . The circular disk antenna can be t reated as a
cavity, assuming the fields are contained between the disk and the ground plane.
An equ ival ent condu ct ance across the gap a t ~j = 0 can be defined and calculated
from Eqs. (1) and (10):

I)
12
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I’
~ ‘ tan ó 2 2Gd. 1 = 

no L ( k ~ a) - n ] . ( 11)te 
~~~~~~~~~ ‘ h f

0

The dielectric losses are proportional to the loss tangent of the dielectric as
expected. The equivalent conductance is plotted in Figure 5 for a lo~~ tangent of

0. 0018, which has been assumed to be constant over the frequency ba nd. For a
given mode number , th e dielectric losses decrease with  increasing freq uency and
thickness. However , as the frequency i~ changed the physical radius of the disk
must also be changed in order to fulf i l l  the resonance condit ions.

3.

PH  ( G H Z ~~M M )
Fi gure 5. Equivalent Dielectric Conductance at Resonance of
a Disk An tenna Excited in the TM 1 Modes

OII~II(. I,()~~F:~

The conductors always have a finite conductivity a and , therefore, e x h i b i t  a
surface impedance R s = E r  . ó 5, where o . = (2/WMO)

l / 2 
is the skin depth. Gener-

ally it is very d i f f i cu l t  to find the exact solutions of the  f ie lds  when the  conductors

13
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have f in i t e  c o n d u c t i v i t y . h owever , if  R~ is very smal l , the f ie lds  are v e r y  near l y

that  of the loss-free case . The power losses in the s u r f a c e  impedance  r~

H f _
p K •  E d S  , ( 12)

cu 2

where the integration is taken over the currents in the conductors . In our case

the currents  are derived from Eq. (1) , assuming there are no fr inging f ie lds .  An

equivalent  conductance across the gap at ~ = 0, which dissipates the same power
as the conductors , can be determined by:

E f M
G = 

no ° Uk . a)
2 

- n2
~ . ( 13)

cu 24 . h  .~~a

The equivalent conductance is plot ted in Figure 6 for an effective conductivity of

1.0 ~Q 7 S/rn (reference 12). The ohmic losses become smaller as the f requency

and the thickness are increased for a f ixed-mode s t ruc tu re .

8. I\ P I  ~T 1MPH) ~~I CE

The input impedance of the micros t r ip  antenna at resonance is real . The
fields between the disk and the groundplane are given by Eq. (1). If the feedpoint

is located along the radius at Ti = 0, the input impedance can be expressed as

2
1 ~ ( k . p )

Z. (p~ = -
~~

-
~~ . (14 )

J~ ( k .  a)

The total conductance G referred to the edge is the sum of the equivalent conduct-

ances due to radiation , dielectr ic , and ohmic losses given in Figures 3 , 5, and 6 ,
respect ively. The normalized input  impedance at resonance is plotted in Figure 7
for d i f ferent  mode numbers .

The total input conductance at resonance referred  to the edge at C = 0 i.~ given
by Eqs. (8) , (1 1) , and ( 13).  It has been plotted in Figures 8 and 9 Cor a disk excited
in the dominant and the second mode.  The dielectr ic  constant is 2 . 55, the loss

• 12 . Walton , M. D. , et al (1977) An Exper imen ta l  Measurement  of the R a d i a t i o n
Fields and the Q-factor  of a C i rcu la r  Disc An tenna ,  Technical  R e p o r t
T R - ? 7 - 0 2 , E lec t romagnet ics  Laboratory,  Dept .  of E lec t r ica l  Engineer ing ,
U n i v .  of Houston , Houston , TX .

14
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Figure 6. Equivalent Ohmic Conductance at Resonance of a
Disk Antenna Excited in the TM 1 Modes
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Fi gu re 7 . Normalized Input Impedance at Resonance of a
Disk Antenna Excited in the TM Modes as a Function of
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Figure 8. Total Input Conductance at Resonance of a
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Figure 9 . Total Input Conductance at Resonance of a
Disk Antenna Excited in the TM 21 Mod e
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tangent is 0. 0018, and the conductivity is 1.0 ~~~ S/m. The input conductance
approaches the loss-free case as the frequency and the spacing are increased.

9. KFFR :lEN ~~

The radia t ion efficiency of t he m icros t ri p disk as an antenna element is
immediately found as the ratio between the radiated and the input powers. At
resonance t h e eff iciency is

G d
= G~~~ + Gdiel + U . ( 15)

where the equivalent conductances are given by Eqs. (8> , ( 11) , and ( 13) . The rad-
iation efficiency versus the spacing between the disk and the groundplan e is shown
in Figures 10 to 13 . The dielectric constant chosen was 2. 55, the loss tangent
0.00 18, and the conductivity 1.0 . l0~ S/rn. The disk is resonant in the domi-
nant mode in Figures 10 and 11, while it is excited in the second mode in Figures
12 and 13. The radiation efficiency increases with frequency and thickness , as
long as the spacing is a small fraction of a wavelength. The air-filled cavity has

a hi gher efficiency compared to the dielectric -filled one, in spi t e of a larger
radius. All calculations are based on the loss-free field distributions , which
means the results becom e less accurate as the radiation efficiency decreases.

100
1

i

H ( M M )
Figure 10. Radiation Efficiency at Resonance of a Disk Antenna
Excited in the TM 11 Mode
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Figure 11. Radiat ion Efficiency at Resonance of an A ir - F i l l e d
Disk Antenna Excited in the TM 11 Mode

,—‘ 100 -
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Figure 12. R a d i a t i o n  Eff ic iency at Resonance of a Disk Antenna
Exci t ed in the TM21 Mode
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H ( M M )
Figure 13. Radia t ion  E f f i c i ency  at Resonance of an Ai r -F i l l ed
Disk Antenna Exci ted in the  TM 9 1 Mode

10. VI ~LI T~ F ~C TOR

A parameter  specif y ing the f r equency  se lec t iv i ty  of a resonant c i rcui t  is the

Q-fac to r . It is defined as the rat io be tween  the energy s tored  in the sy st e m  and

the energy lost. A t  resonance the energy stored can be calculated from either the

maximum magnetic fields or the maximum elect r ic  f i e lds .  In the l a t t er  case it is

expressed as

\V =j ’ fE ~~~ dV ( 16)

where  the in tegra t ion  is taken  over f ie lds  inside the c a v i ty . In our r a s e , the  to ta l

energy ~t a r e c l  is found from Eqs.  ( 1)  and ( 1 6 ) :

2

= 2 Uk . a) 2 
- n 2

1 . ( 1 7)
l ( ; . l r . M  • h ’ f

H

The Q-fac to r  due to the r a d i a t i o n  losses is de te rmined  by i n s e r t i n g  Eqs . (7)  and

(17) into

10
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In a similar way the Q-factors due to the losses in the dielectric and in the

conductors are calculated from Eqs. (10), (12), and (16):

~~die l = ( 19)

~ cu =
~~~~

— (20)

The Q-factor due to the dielectric losses depends only on the loss tangent of the

subs trate and not on the dimensions of the disk . The ratio between the spacing of
the disk and the ground plane and the skin depth determines the Q-factor caused by
finite conductivity. The overall Q-factor can also be evaluated , which includes

all of the losses:

l _ 1 1 1
- grad 

+ 

~ diel ~~~~~~~~~~~ 

(21)

The total Q-factor has been plotted in Figi.ir es 14 and 15 for a circular disk excited
in the dominant mode. The dielectric constant is 2. 55, the loss tangent is 0. 0018,

and the conductivity is 1.0 . S/rn.  The Q-factor decreases for larger spacings

and hi ghe r freq uencies , where the radiation losses are dominant. At  small spac-
ings, conductor losses prevail, giving a decreasing Q-factor. The air-filled cavity

has a slightly lower Q than the dielectric-filled one, giving a broader bandwidth.

20 
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H ( M M )

Figure 14 . Quality Factor at Resonance of a Disk Antenna  Ex-
ci t ed in t he TM 11 Mode

•

__

H ( M M )
Figure 15. Quality Factor at Resonance of an A i r - F i l l e d
Disk Ant enna Exci t ed in t he TM 11 Mode
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Circular l y polarized radia ted fields may be constructed by excit ing two orth-

ogonal modes on the d isk  with 90 degrees phase d i f fe rence .  The E-field across

the  aperture then becomes

E z E0
. J ( k ’ a ) ’  (cos n~ ± j ~ 5ifl n~ ) , ( 2 2 >

where the plus sign refers  to l e f t -hand  c i rcu la r  po la r iza t ion  and minus sign to
r ight-hand c i rcu lar  po la r iza t ion .  The f a r - f i e ld s  are calculated in a way s imi la r

to the previous ones. In general , the radiated fields wi l l  be e l l i p t i c a l ly  polarized

H with  an axial ra t io  expressed in decibels as

B~~( k a ‘ sin 9) . c05 0
AR = 20 . log ~~—~~

°- .- . - .- -. —~~~ ~~~~~~~~~~~~~~~~~~ I
a . .~ in 0) 

—

This is a funct ion of the polar angle and the radius of the disk , but it is inde pc- n .i cnI

of Ti because of the cy l indr ica l  sy m m et r y  of the disk.  The axial  rat io of a circu-

larl y polarized disk  antenna excited in the  dominan t  mode is plot ted in Figure 16

x~

“-I

L
~

4
~, e~,,

/
/ ~

~ 
0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I
0 

.
~~~~0

P~~L~~R ~NGLE ( D E G 1
Figure  Li . Axial  Ra t io  of a C i r c u l a r ly  Polar ized Disk
Antenna  l- xc i t ed  in the  TM 1 1 Mode
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versus the polar ang le. A general requirement  is to obta in  low axial  rat ios for

all direct ions w i t h i n  a specified ang le from the beam center . The p a r a m et e r  to

choose is the dielectric constant  of the subs t r a t e , g iving d i f f e r en t  resonance radii

of the disk .

12. ~1 \IM ~R\  ~\ I) I ) I ~’lIl  ~~I I ) \

The properties of the microstrip disk antenna element , wi th  or  wi thout  a sup-

porting dielectr ic  sheet , have been expressed in graphs and formulas  for des ign

purposes . The theory is res t r ic ted  to smal l  spacings be twe en  the disk and the

ground plane compared to the wavelength  and the  radiu.s of the d isk . The antenna

element is modeled as a cy l indrical  cavi ty  w i th  a magnet ic  wal l  along the side.

This simplif ica t ion takes nei ther  the size of the ground plane nor the st r ay  fields

into account. However , the f r inging  fields are considered when the resonance con-

ditions are determined , giving values of the radius very close to exper imenta l

data . The TM 11 mode has the lowest resonance frequency and it is , t he re fo re ,

the dominant one. The n = 1 modes are the on1y ones that  r ad i a t e  normal  to the

disk.
The loss calculations and , therefore, also the e f f i c i ency  and t h e  Q-fac tor

results  are based on the field d is t r ibut ion s of the loss-free case. Pract ical

microwave antennas are designed wi th  low losses not l imi t ing  the va l id i ty  of the

results . A hi gher eff ic iency and a broader bandwidth ~It a fixed frequency are

achieved wi th  a low die lec t r ic  ca r i s tan t  and a large th ickness .
The input impedance at resonance is made up of equivalent conductances  due

to radiation , die lectric , and ohmic losses. Calculat ions show that the  element

can be matched to all practical  impedance levels by varying the feed point along ‘he
radius of the disk .
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