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This report describes the optimization of a radio propagation
experiment suitable for studies of the ionosphere D—region uti1izln~relative ly low power , portable ground—based transmitters and simple
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~~antenna aboard a rocket traveling up through the ionospheric ~~
region. The Faraday rotation and differential absorption experi-
enced by the wave can be used to deduce both electron concentra-
tions and electron—neutral collision rates in the D—region.
Faraday rotation and differential absorption were numerically 

*

calculated for a number of radio frequencies for three types of
extreme conditions such as occur at high magnetic latitudes.
Altitude profiles of these quantities provide information to base
a selection of 2 or 3 frequencies that will yield maximum infor-
mation on electron density and collision rate , based on the ex-
Pected ionospheric conditions . ~~The propagation experiment proposed
employs m u l t i ple f requenc ies  toge~ her w i t h  low power t r a n s m i t t e r s ,
arid inexpensive , movable antennas.~~ Signal limitations such as
atmospheric noise , telemetry error and t ransmiss ion  power were
also used to interpret the Faraday rotation and differential
absorption curves in order to achieve maximum accuracy. The
resu l t s  of this analysis are:

1) For hi gh electron density (PCA conditions) and low
collision frequency conditions , wave frequencies of
3.25, 10, and 19 MHz should be used.

2) For high electron density and high collision frequency
conditions , frequencies of 3.25 , 14 , and 25 MHz should
be used .

3) For low electron density and low collision frequency
conditions , frequencies of 3.25 and 4.25 MHz are
s u f f i c i e n t .

4) For low electron density and high collision frequency
conditions , 3.25 and 6 MHz frequencies are suffici ent.

A method of estimating t ransmission power and r o c k e t  reI -~~iverrange r e qu i  rem ent  s (based on no ise levels)  was developed , as w e l l
Is eqti a t io ns by w h i c h  c o n i n g  m odul at  ion of the  r ece ived s i g n a l  can

he sepa ra ted  f r o m  a c t u a l  Fara~1av r o t a t i o n  and d i f f e r e n t i a l  absorp-
tion. A data reduction scheme was developed to remove errors
as soc i a ted  w i t h t he mot ions  of the  r ock et .
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CHAPTER I

INTRODUCTION

In recent years several propagation experiments have been re-

ported [I’~~:tl~/ ‘t’ al., 1967; Kan~ , 1959; Bennett et al., 1972; and

•~~ V~~~~/ /  ~~t z~ ., 1971] which determine electron density and electron

collision rate from the Faraday rotation and differential absorption

of radio waves propagating between the ground and a rocket vehicle.

It is well known that radio waves propagating in an anisotropic plasma

med ium , such u S  the earth’s ionosphere , propagate in the independent

modes called t he ordinary and extraordinary modes [ K ; 7 r ~~, 1964]. The

propagation characteristics of each mode reveal tha t the extraordinary

wave is absorbed faster than the ordinary wave , the result being tha t

when the propagation dir ection is nea r parallism with the geomagnetic

I ic~u r e , the total wave , which is the sum of the two modes , experiences

an amplitude modulation and a change in the wave polarization as the
wave propagates through the medium. The former effect is called dif-

ferential absorption and the latter Faraday rotation. By measuring

each of these phenomena independently it is possible to work backward s

via a propagation theory and uniquely determine the electron density

and electron collision frequency.

~~ Z P :F~’ [1959] performed an experiment to measure electron collision

f r e q u e n c i e s  when the i o n i z a t i o n  d e n s i t y  of t he  ionospher i c  D region

was anomalousl y high. A 7.75 MHz radio signal and i t s  6th  harmonic

were t r a n s m i t t e d  f r o m  a r o c k etb o r n e  t r a n s m i t t e r  to a ground receiver .

On the ground the low frequency was multiplied by 6 and compared with

the ordinary component of the high frequency signal. By utilizing the

resulting beat frequency and the signal strengths of the two polariza-

tion modes of the 7.75 MHz signal , it was possible to determine the

collision frequency as a function of altitude.

A high resolution propagation system to measure Faraday rotation

and differential absorption was developed by the University of Illinois

[.~1,~~u
F.li e~ a,~., 1967]. This system employed an elaborate antenna and

a constant power transmitter to launch a circulariiv polarized 3.385 MHz

L - 
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wave into the ionosphere as the ordinary mode. The extraord i nary mode

was generated 500 hz higher in frequency, hut was part of a variable

power feedback loop which held the extraord inary signal strength at the

rocket  (modula t ion  r a t io)  at a cons t an t  ra t io  to the o rd ina ry  wave . By
carefull y calibrating the transmitter power and recording the rocket

roll rate by independent instruments it was possible to extract both

d i f f e r en t i a l  absorpt ion and Faraday rotation data . With both of these

propagation quantities measured , both the electron density and electron

collision frequency could be uniquel y determined from the data.

~~ al. [1971] neasured the electron density with a 3 fre-

quency (7, 17 , 27 MHz) Faraday rotation experiment. The data were con-

sidered satisfactor y as long as the Sen—W ylle r [1960] and modified

Appleton—}lartree [A~~ a ~~, 1964] forms (modified by using an effective

collision frequency v = (512)v where v is momentun—transfer collision

frequency) of the wave propagation differed by less than a factor of 2.

It was Lind that neither theory gave satisfactor y results when the

r a d i o  Wa V e f r e q u e n c y  was less than Vm / l  .2 .

Total electron content along a propagation path was determined by 

[1972] by transmitting 6 continuous wave (0~) frequencies from a

rockethorne beacon . Three frequencies were harmonicall y related and

phase c oh e r e n t  so t h a t  d i s p e r s i ve  phase measu remen t s  cou ld  he made.
The ot ~ o - r  3 f r e q u e n c ie s  wer e  used f or  d e t e r m i n a t i o n  of rf  absorp t ion .
hv receiving b o t h  t h e  1 cIt and right hand  polarized wave components ,

t h e  rncket spi n efiec t s and F ar a d a y  ro t a t  io n e f f e c t s  were eliminated .

Elect ron density pr o files could then  be determ ined from the  d i spe r s ive
phuis~ measureMents.

~~~~~~~~~~~~~~~ 
~~~~ ~~. . [H72] reported a propagation experiment where 3

independent frequencies were t ransmitted to a rocketborne receiver.

Each signal contained the effects of Faraday rotation and differentia l

absorption . At any given altitude one of the frequencies yielded the

most a - cur ate data , so 3 values were chosen to cover the altitude range

of interest. By utilizing these data with either the Sen—Wv ller or

App leton—Hartree magneto—ionic propagation theories , it was possible to

reconstru ct electron densit y and electron collision rate profil es.

- V -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V
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In view of che complexity of some of the above experiments , it was

desirable to invest i g a t e  the  poss ib  i i  i t y  of a propagat ion experiment

that  would u t i l i z e  s imple and po r t able  an tennas , and inexpens ive  tran s-

mitters in order that the experiment would be modest in cost and could

be transported to remote field sites. This work describes such a mu l-

tiple frequency propagation experiment. The propagation model was

developed for high magnetic latitudes and includes the considerations

of errors due to noise, reflections and rocket coning. The si gnal re-

ceived by a sp inning rocket was developed in Chapter II. These results

are employed in Chapter III to illustrate the Faraday rotation and dif-

ferential absorption that results from extreme values of polar iono—

spheric  D—re gion c o n d i t i o n s.  From these curves  we developed methods

for predicting optimum wave frequencies and specific ations for receiver

go in l evels. Potent lal errors due t o  rocket coiling are eva b ated in

the appendix , and a method is developed to systematicall y eliminat e

these errors. Finall y, a discussion and evaluation of transmitting

and rece iv ing  antennas is reported in Chapter IV.

~

- -

~ 
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CHAPTER I I

PROPAGAT ION THEORY

The inital mathematical descriptions of electromagnetic wave pro-

pagation in the ionosphere were developed by App leton [1932] and Jiartree
[1931]. Their equation , which described the refractive index of the

wave as a function of electron density, collision frequency, wave fre-

quency and propagation direction with respect to the geomagnetic field ,

has come to be appropriatel y called the Appleton—Hartree equation. In

t h i s  der ivat ion the collision process was assumed to be independent of

e l e c t r o n  energy . Subsequent  experiments have shown [~‘kc7t u~ I Pack ,

1959] tha t the electron—neutral collision process is indeed energy—

dependent. This fact was utilized by Sen an~L W~il-er [1960] in an exten-

sion of the magnetoionic fo rmulas  of Apple ton  and Hartree. Numerous

experiments have shown this latter formulation to better describe the

actual  cha rac te r i s t i c s  of an e lect ro—magnet ic  wave in a plasma medium .

Both of the above—mentioned theories show that a plasma immersed in a

magnetic field is a birefringent medium ; i.e. regardless of the wave

configuration impinging upon the medium , only two possible modes will

propagate internally. These propagation modes can then be described

in pa r t by the i r  complex indices of r e f r a c t i o n  n , n and their  wave

po la r i za t ions  R , R . The subscr ip t s  o and x r e f e r  to the “ordinary”

and “e x t r a o r d i n a r y” modes , respect ive ly .  The r e f r a c t i v e  indices given

by ~~‘u and w~i i L c r  [1960] are

= (ii — ix)2 = 
A + Bs in 2~ ± fB2 sin~~~~_ C 2 cos 2 c~

D + Esin 2
~

where A , B, C, D and E are functions of electron density, electron—

neutral collision frequency, electron gyrofrequency, and wave frequency,

and are repeated for ready reference in Appendix A. The variable ~ is

the angle between the earth’s magnetic field and the ray path. For

an upward moving wave the quantity under the radical in equation (1)

- -  . . .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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H(z ,~ ) = B2sin~~ — C2cos 2~ (2)

is a complex number which rotates clockwise in the complex plane as

altitude z increases. The normalized values of equation (2) are repre-

sented by the lengths and angles of the arrows shown in Figure la.

IMAGINAR’( IMAGINARY

80 70

70~~~~~~~~~~ 
5~~~~~~~~~~~ ~~~~~~~~~~~~~ R;AL

50 
a4

J (Values in km) (Values in km)

60

Figure la. Rotation of H/ !HI Figure lb. Rotation of the
for increasing complex unit
altitude. Tr 1 as altitude

increases for
the VHF frequency
in Figure la.

An ambiguity in the interpretation of the two modes of (1) may arise

because jH is a complex , double—branched  f u n c t i o n  of a complex variable.
The two branch functions can be written

Tr 1 = lH
f2
e3~~

’2

= (3)
1/2 j(a/2—r)Tr 2 = H e

where Is the angle between the real axis and the radius vector de—

scrihed by the complex number li / I H I . The variation of Tr 1 with

V V VV ~~~~~~~ - V V • V - -  -VV_~~~~~~~~ V • VV _V -V~~~~V~~~ V~~~~~~~
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altitude is shown in Figure lb. The ambiguity in ( 1) can now be removed

if Tr 1 is substituted for the radical in (1) giving

— ix)2 = 
A + Bsin2cl, ± Tr1 (4 )

D + Esin2~

The ord inary mode of wave propagation can now be defined by using

the “+“ sign in (4) and the ex trao rdi nary mode by the “— “ sign regard-

less of the relative magnitudes of gyrofreq uency and wave frequency.

One obvious advantage of using (4) in computing indices is that the

ordinary and extraordinary components can be determined independently

of the values of gyrofr equency, wave f r equency ,  coll ision freq uency,
and plasma frequency, which are imbedded in the angle a. In addition ,

the discontinuity encountered by RatcZ-~:~f~- [l962](pp. 69—70 and

Figure 7.4) no longer occurs. The function H also appears in the wave

polarization equation of Sen and W:~ller [1960] which can be written in
the form

R = — 
Bsin 2

~ ± Tr 1 (5)Ccos4

where again + and — correspond to the ordinary and extraordinary wave

modes , respectively .

A coordinate system (x, ~~~, z) is defined with z vertical and ~
pointing magnetic north. A typical rocket trajectory illustrated in

Figure 2 is described in this system . Only the trajectory upleg will

be considered in this report. The wave propagation is defined in the

(x ’, 
~~
‘, z’) coordinate system, where z ’ is parallel to the direction

of propagation and f lies in the magnetic meridian. The angle ~ is

the angle between the geomagnetic field in the northern hemispher e and
the upward ray path. The wave polarization in the latter coordinate

system is given by

—E
R = = iS + j~ with iS ,y real (6a)a E o 0 o C)

ox
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—E
R = —a = ~ + jy with 6 ,y real (6b)x E x x x xxx

where the total ordinary wave component of the electric field is E =
-0

E x ’ + E v’ and the extraordinary component is E = E x ’ + E v ’ox’— or- —x xx— x
The polarization is defined by the ratio of the transverse electric

field components. In general , both modes are elliptically polarized

since a complex value of R means elliptic polarization ~~~~~~ 1964 ,

pp. 36,37]. However , for our geometry and for frequencies typ ically

of interest in Faraday rotation and differential absorption measurements ,

i.e. between 2.5 and 25 MHz, the values of and are approximately

l0~~ wh ile 0.998 < ~ 1.00 and —1.00 ~ < —0.998. Thus, for the
0 X

geometry of Figure 2, the wave polarizations of equation (6), can he

approximated to good accuracy by R = -1-J and R
x 

= —j on the up leg of the

rocke t f l i g h t .  R = ~j corresponds to circularly polarized waves in the

quasi—longitudinal propagation approxima t ion. Figure 3 shows schemati-

cally that R = +j and R = — j  . Vft~~~~ means that in the Northern hemi-

sphere , the ordinary mode E—field rotates clockwise in time when viewed

along the +z’ direction , while the extraordinary mode vector rotates

in the opposite direction. Actuall y, t h e more general elliptica l waves

of (6) also rotate in the clockwise and counterclockwise directions .

We assume that the initial wave is excited with the electric field

al igned pa ra l l e l  to the x ’ ax is  (Fi gure  3) .  Below the  1)—region , th i s

E—field ca n be desc r ibed by

j(wt — kz ’)E = M e  x (7)

where k is the propagation coefficient , u is the wave angular frequency

and M is the wave amplitude. For R ± j ,  the wave descr ibed by (7)  can
be written as the sum of two circularly polarized waves, an ord inary
mode

E Mj(~ t — k z ’ ) ,  
— ~~~i (wt — k0

z’ ) ,  (8a)
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Z
I

/ ‘
,
‘

Figure 3. EM wave coord inate system . ~~ lies in the (z’, ~
‘) plane.

Propagation is in the (z’) direction with rotation of the
two modes as indicated .

and an extraordinary mode

E 
Mj(wt — k

~
z’)

~~
, 
+ j~ eJ~~~

t — k
~
z’
~~~

, (8b)

Since the Faraday rotation and differential absorption will be shown to

depend only on the difference between the two allowed modes of propaga-

tion , the wave phase at the bottom of the ionosphere is arbitrary; for

convenience we assume it to be zero . Note that (8a) and (8b) add to

give the original plane wave (7). The two propagation coefficients are

given by

k = ~~n ’ ~ — ix 0 ) (9a)

------ - --
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k = = — 
ix~) (9b)

where quantities 
~~~~ ~

‘
~~~
‘ X 0 , )(~ depend on elec tron dens tiy N , electron

collision frequency V
e~ 

the earth’s magi’u~tic field !e’ and the angle of

propagation ~~~ . If N
e 

and V
e 
vary with altitude only, then

(lOa)

x0 
= x~ (z ,q) (lOb)

= 
~~~~~~~~~~ 

(lOc)

x,~ 
= x~ (z,~ ) (lOd)

Let 0(z) be the angle between the z and z’ axes of Figure 2. The path

length is then given by z ’ = z sec[0(z)] where z is the ve r t i c a l  height .

By substituting (9) and (10) into (8), the electric field components of

the two ionospheric modes at a distance h’ into the plasma can be written

E ( h ’) = qexp j[wt - q ( h ’) ]  — a (h’)

+ j~ exp j[u t - ~~(h’)] 
- a (h’) ~- 

~~~
‘ (ila)

E ( h ’) = ~exp j[wt — q (h’)] — a (h’)

- j~ exp j[wt - 
~~(h’)] - a (h’) 

~~~~
‘ (lib)

where

( 12a )

= 
~fu (z~~ )dz ’ ( 12b)

_ _ _ _  - - V V V _ - V - V V V ~V~~~~ -V~~~~-V
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Ii’

= (l2c)

= X~
(z ,~~)dz ’ . ( 12d ’

It is shown in Appendix B that the curvature of ray paths in the D—region

is extremely small; therefore , it is assumed that 0(z) is the same for

both the ordinary and extraordinary waves and that ~ remains constant

over a given path. At altitude h, h = h ’cos[O(z)], the total E—field is

given by the vector sum of (lla) and (llb). The observable part of the

total electric field would then be

M I  
—ct (h) —a (h)

Re[~(h)] = -
~~ 

1
e ~~ cos[wt — 4 (h)] + e 

X 
cos[wt — q (h)]

1 
x ’

—a (Ii) —a (h)
— e ~~ sin[ut — 

~~(h)] 
— e 

X 
j [ t  — 4X

(h)] 
~~~

‘ . (13)

At a given altitude h, Re E(h) represents a vector with direction—

dependent magnitude rotating in space wi th  f requency  w. The locus of

points traced out by (13) is an ellipse. The maximum length of Re(E)

will not necessaril y be parallel with either the x ’ or ~~~
‘ axes , nor

are the values of E ‘ and E ‘ the same.x y V

The next step in the interpretation of the wave propagation is to

t r an s f o r m  R e [ E ( h ) ]  of (13) to a coordinate frame which rotates in syn-

chronism with the polarization ellipse. Since and are functions

of hei ght , the orientation of the ellipse rotates with altitude. The

transformation from the electromagnetic wave coordinate axes (x’, ~~~
‘ ,

z’) of Figure 3 to the axes (yr, ~ r, Zr) rotating about the z’ axis is

given by the matrix

cosI (~ 
— 

~~
)/2l sin[(~ — 

~~ ) / 2 ]  0

R(h) = —sin ’~(~ 
— 

~~)/21 cos~~(~ — 
~i )/21 0 . (14)

0 0 1

_ _ _ _  V V 
- -
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R is seen to be orthogonal [Det(R) = 1], so that  R represents  a proper

rotation from the (x’, ~~~~~ axes about the z’ axis of — 
~x

)/2 radians.

If (13) is written as a column vector

—a —a
e °cos(wt — 

~~~~~~) + e X
( t  -

Re(E) = ~~ -e °sin(wt — 
~~~~~ ) + e X i (  — 

~~~~~ ) (15)

0

the matrix produc t R [Re(E)] yields the new vector

(e ° + - (~~~ 
+

M 
(

0 
- 

x
)i { [wt - (~~~ + ~~)]/2~ (16)

One can easily verify that in the (Xr, 1r, 1r~ reference frame Er

represents the equation of an ellipse with major axis parallel to

and minor axis along f. The relationshi p is illustrated schematically

in Figure 4 where the angle (~~~ 
— 

~~)/2 is the angle of rotation between

the (x’, y’) and (~~, f) coord inate axes. The lengths of the major and
11 -a -a M -a -a

minor axes are respectivel y -
~~ (e 0 + e x) and -

~~
- (e 0 — e X) The

rotation between the two coordinate systems (x’, ~
‘) and (X r, ~ r) ~~

called Faraday rotation with F = (; — ~~)/2 being the Faraday rotation

angle and the shape of the E—field elli pse vary w ith position along the
rocket trajectory . Calculations show that > for all measurable

quas i—longitudinal cases , so not only does Er rotate clockwise within
the ellipse at frequency w, but the ellipse itself rotates slowly clock—

wise as altitude increases , as described by the Faraday rotation .
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\
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Figure  4.  Re l a t i on  of the ~ r , 1r axes to the x ’ , i’ axes for
two different altitudes , where h 2 > h 1 .

D i l V f e r e n t i J I  a b s o r p t i o n  A is de f ined as

E l
A = 20 lo~~io [~~~j 

(17)

In the (Xr, ~ r , Zr) frame the electric field amplitude can be written

E~ + E
2 (18a )

f o r  the ordinary wave , and for the extraordinary mode

— I: .,
F — —i---- (l8b)

~~- — — V-— V -~~~~ V V~~~ V V ~~~~~~ V V 
VV
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where

E1 = ~ (e~~~
0 + e~~~~~) 

( 19a)

E2 
= ~~ (e~~~

° - 
—~ ) (19b)

Substitution of (18) and (19) into (17) yields an expression for the

differential absorption.

A = 20[a — ~~]log 10 e (20)

As discussed ea r l i e r  bo th  the Faraday rotation and differential

absorption (14) and (20) are independent of the initial phase and amp li-

tude of the wave at the bottom of the ionosphere.

It is now assumed tha t the wave transmitter is physically near the

rocket launch site , and the rocket symmetry axis z’1 which is parallel

to the direction in which the rocket is m i t  i~ill y fired , is constant

over the u p — l e g  of the rocket flight. Then z” and z ’ are almost par—

a.! id , see Figure 2. For a rocket spinning in the same sense as the

Faraday rotation , the transformation from the frame in which the rocke t

antenna is stationary (x°, 
~~~~~ 

~~~~~~ to the electromagnetic wave frame

(x ’, ~~
‘ , z ’) can be represented by

cos C t  ~~~~~~~~~

S = sin at cos ott 0 (21)

0 0 1

where t~ is the spin rate. The transformation from the (~ a , 1
a, ~

a ) axes

to the (X r ~r Z r )  Faraday rotation axes is given by (14) and (21)

~~~ d4



lb

cos[~tt 
— (~~~ 

— 
~~)/2] —sin[~tt  — — 0

‘1 = RS = sin[c t — (~~~ 
— 

~~
)/2] cos[ctt — (~~~ 

— 
~~)/2] 0 (22)

0 0 1

We issume the rocket antenna to be a short dipole pointing rad ially out-

ward , i.e. perpendicular to the rocket axis. For other antenna configur—

ations , this would be the direction of the equivalent dipole. Let

1

Ta = o

0

represent a unit vector in the dipole direction , i.e. ~
a is parallel

to  the antenna . Multip lying Ta on the left by T g ives

cos[&t — (~~~ 
—

= = sln[&t - - 
~~)/2] (23)

0

w h i c h  r ep r e s e n t s  t he  rocke t  a n t e n n a  d i r e c t i o n  in the Faraday r o t a t i o n

t rmne (x r , yr. zr). The relationshi p between the various coordinate

axes is shown in Fi~~ure ~~~. Now tha t the transformations between the

three principal coordinates ire available , the value of the E-field in

the direction of the rockethorne antenna can he found by forming the

scalar product of (16) and (23):

E = ~~(e
’
~ + e X

) [  — + ~~)/2]cos[.~t — (~~ 
—

- 
~(e 

° - e ~) s i n [~~t — + 
~~~~

2]5uh1 [
~~ 

— (~~~‘
() 

— 
~~)/2] (24~
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COORDINATES 

x~- WAVE
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’ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

COORDI NATES

-- —-
~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-~~ \ -ANTENNA

COORDINATES

:i ~~u r e  . R o l at  t o n s h i p  h e t w e e n  C o o r L i  m at e  axes .

h u e  ~o t c nt  i a h  me~i s t i i - ed ~LL t u e  :intenn i t erm in a l s is s imp l y

= E di.
S J ---5 — S

C)

w her e  ~ is t h e  c i i  cc t ive  electrical I en gtht of the e q u i v a l e n t  u ipol e

antenna . Sp i t  i a l  var  i t t  i o n s  t r a n s ver s e  to the direct ions of p r o p a g a t i o n

c iti be n e g l e c ted  if we use s imp le hor izontal di pole a n t e n n a e  at t h e

transmitter. From ( 24 ) it can be noted tha t V is a scalar function of

V t. inc t , sp in rate ~, and a l t  itude z through the changes in ot , V
t ,

and . w i t h  e l e c t  ron deflsity and coil is ion rate. When the altitude is
x -

held fixed , t h er e  is a rapid oscilla t ion in V at freqtieiw-v I ’ with ii inui hi

slower amp litud e niodu h a t  ion ~ . T h i s  is exactly wha t w o u l d  be e xp e c t e d

from a r~ tat m i ;  d i p o l e  a n t & - i i n t in the I ield of a l i m e  c l t c t r o m a g n e t i c

wave.

l u r  a F ar a d a y  ru t  m t  I on—d I f  I eren t i t i  , i  hso rp  t ion measu r emen t  t i l l ’

va lues  of w tO 7 sec~~ and ( i  20 11 sec 1 m i gh t  be t y p i c a l .  T h i s  means

_ _  V V V V



-

that the rocket antenna does not move significantly dur ing the period

ot one wave cycle. The voltage waveform at the antenna terminals then 
V

consists of a sinusoid signal of angular frequency w l0~ sec 1 , with

a much slower amplitude variation produced by rocket spin and Faraday

rotation not exceeding ~~ sec t . The maximum value of the induced

signal voltage V
R 

during one cycle of the wave frequency (T = 2Tt/w

6 x ~~~ see) is proportiona l to th e value of L when dE /dt = 0.

Differentiating (24) with respect to time , but holding at constant be-

cause the spin is quasi—stationary with respect to w , gives

= -E 1~ sin [wt 
- (~~~ 

+ ~~ )/2]cos[~ t - (~~~ 
- 
~~)I2]

—E~uicos[wt 
— ( V ~ + 

~x 
2]sut~~~t — — . (2 6)

Setting (26) equa l to zero gives a valueof V V~~~t — (.
~ + ~~)12 for which

F is maximum , 1.1 .

V 

[
~~ 

- (
~ ÷ ~~ )/ 2 ]  = -t~mn~~ tan[~ t - (~~~ + ~~)/2] } (27)

vi t i t

E ~1/ 2 (e 
° +

- - t
V 0 x

= M / 2 ( e  — e )

S u b s ti t u t i n g  (27) into (25) yields the peak value of V over a wave

per iod

V
R 

= V 
[

cos (t ln
_ 1 

~~~~~ t an [ o t t  - (~ 
- 

~~~) /2] ) cos[at — -

+ V [sin (tan
t V 

~~~~~ t i f l [ t t  - (~~ 
- )

~~)/2] s i n [  t - 

~~~o 
- 

~ x~~~ 2j ]

_  V V V V~~~~~~~~~~~~~~
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where V 1 
= ZE 1 , V2 = 9~E9 . Passing the instantaneous antenna voltage (25)

through a detector with a time constant long compared with the wave

period , the  detected output voltage would be given by (28). This vol-

tage contains the differential abso rp t ion  and Faraday rotation informa-

tion about the ionosphere and needs only be interpreted to evaluate the

D—reg ion electron density and collision frequency.

The d i f f e r e n t i a l  absorpt ion given by equat ions  (1/) through (20)

r e q u i r e s  va lues  f o r  E 1 / E 2 . These are  pro po r t i ona l  to the  maximum and

minimum values of V
R 

which occur when the antenna is parallel to the

m a j o r  and minor  axis of the E—field ellipse. Figure ôa illustrates the

E — f i e l d  p o l a r i z a t i o n  el l ipse geomet ry .  Since V R is p ropo r t i ona l  to the

maximum value of (t r . Er) over each cycle , it is seen that when the

major axis of the polarization ellipse is parallel or perpendicular to

the antenna the value of V
R 

is maximum or minimum . Another aspect of

the signal is illustrated in Figure 6b where the time varying voltage

is displayed . The envelope of this signa l is V
R 

and the minimum and

maximum values of V
R 
are V 1 and V 2 . In reality, the oscillation of V

is much more rapid relative to oscillation of V
R
. Since the shape of

the polarization ellipse changes as the wave propagates through the

ionosphere , the vaiues V. and V 1 also change and the determination of

differential absorption depends upon their evaluation. Faraday rota-

tion is also obtained from the voltage of Figure ôh , but it is more

easi ly  unders tood  a f t e r  several graphs  are developed in Chapter  I I I .

V V -- _V ~~~~~~~~~~~~~ -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- i
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S E L E C T I O N  OF I V R i V : ~~~F F N ( :  i i : s

In t h i s  c h a p t e r  we use t h e  t h e o ry  of C i r i p t i r  11  t o  deve lop  a scheme

f o r  s e l ec t  ing  wave I r e q u e n m ies t h a t  w i l l  y i e l d  op t  i : i m m I ~ r e s u l t s  I roan a

1)—reg i o n  F i r a d iv r o t - m t  i on  — d i l l  er- cut Ia] .i i ~~ mr pt tort ,V x p t r i n r t n t  . A coot—

put  er p r o g r am  was deve 1 aped t o  .t l e n  l i t  o nunhe •r I c i i  l v  t i m e  i- ad i o wave

s igna l th a t  w o u l d  be d ettctt ’d m l . a ro~- i ~~ t volticit tr av el i t t g  t h r o u g h  t h e

ionosp here on .m 5~ Von t r i  jec tar . A a ‘2 1 ionosp lt e r t ’  of  t i r e  i i  o ct  r on

d e n s i t y  - t i t d  e l e c t r o n — n e u t r a l  c o i l  l a m o n  r~It r V is r e q u i r ed to  c a l c u l a t e

wave p r op . i g a ti on .  Pr o f  i h I ;  used m a r  i i  l u s t  r V m t  i on  were chosen t o  b r a c ke t

ex t r e me  cond it ions tha t mi~~I I t  he i otmn d in lie polar 1)—reg ion. Elect run

dells 1 ty p r o f i l e s  or  ‘qu tot ‘‘ and ‘ 2 [ s t a r  bed ’’ c on d i t i o n s  w o t e  measured

during ‘CA events mud a re  shown in i V I ~~ V I L I
_ &. 7 .  l i t ( S) conditions ire ( l o t

uni que to , but m a y  t ) , ~ t vp  t e a l  i t  r t i l e r  S I V V & V t V O i’CA . Coil is iou  I r e qu e n e v

v er S u s  i t t  i t u d e  is p l ot t  c i  in F i p l i r e  ~ . The wi  at  r p r o :  i i  e 01 cal 1 is ion

rate is a moderate est m a t e  t h a t  mi g h t  be e x p e c t e d  over t h e  w i n t e r  mon ths .

V At ht i ;l i l a t i t u d e s , t h e  summer 50100)) and pos sibl y other f a c t o r s  can lead

to i t  r ; e  var  t a t  ions in t h e  m~’o L I  i st on  1 r c q ut ’n c y  p r o f  i (V  , is commented

upon by oi a ~~., [1 961,] and !~c ~~~ V ~ ., [1 oh]. We have chosen

a I t i g i l  collision r i t e  of t h r e e  t imes  the lower  cu rve  to  b r a c k e t  the

possible values.

The p r o f i l e s  at  d i s t u r b e d  D — r r ~ ion  e l e c t r o n  d e n s i ty  and w i n t e r

c o l l i s i o n  r a t e  were  used to c a l cu l a t e  a r o c k e t  a n t e n n a  si g n a l .  F i g u r e  9

illustrates a 0.5 second segment of V
R 

( e q u a t i o n  28) each 5 km a l t i t u d e

b r  a wave frequencY of 7 MHz. The wave at the bottom of the ionosphere

was assumed to he l inearl y polarized , so that t h e  m i n i m u m  v a l u e  of V
R

(V 2 in Fi gure  6h) is essentially zero at 50 km. As the wave propagates

hi gher into the ionosphere , the polarization ellipse gets “fatter ” with

t h e  r e s u l t  tha t the minimum value of V
R 

gets larger , as illustrated in

Figure 9h and 9c. Similar curves for 20 MHz are p l o t t e d  in Fi gure  10.

Ti’e higher frequency • 20 MHz • is 1 isS cit cc ted by t h e  ionosphere t h i n

LI~i’ 7 MHz signal. Since dill t’rent ial absorption depends upon the largest

and smallest values of V
R , 

F i g u r e s  9 and 10 illustrat e how diff e reiit irl
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ahsorpt ion may be extracted from t h e telemetry data. Tue lowest a I t I tude

at which differential absorption can be measured is the lowest altitude

V wher e V
R 

can be identified to be at its minimum values. This measure—

V rnent  is l i m i t e d  b y noise , as d iscussed l a t t e r .

The v o l t a g e  V R g iven by e q u a t i o n  (28) is composed of two terms; each

t e rm is a per iod ic  f u n c t i o n  of t i le ‘ S~~lfl
” argument [at — ( q  —

The maximum values of VR occu r at [at — — ~~ ) / 2 ]  n il and n in imum

values at [at — (
~~ 

— q ) / 2 ]  (n + 1/2)71, where  n is an integer. The

Fa r .mday r o t a t i o n  [(~~~ 
— 

~~)/2} can be deduced from the periodicity of

if a is known . If (~~~ 
— 

~~)/2 were constant over a number of cycles of

it , then VR 
would obtain its minimum value V 2 every t = IT/a seconds cor-

responding to a half rotation of the rocket. On the other hand , if

(~~
. — ~i )/2 varies slightl y during each per iod , t h e n  the  minimum value V 2

would be slightl y disp laced in time t ram a regular period . A rocket

sp in rate 01 10 rps (2O/T~ rad/sec ) was used in calculating the data of

Fi gures  9 and 10. Tick marks  o v em -v h a l f  spin r e v o l u t i o n  a re  marked on

t i me lower b o u n d a r y .  These marks  coincid - w i t h  the  an tenna  ly i n g  p a r a l l e l

to t h e  m a g n e t i c  m e r i d i a n  p l a n e .  I t  can he seen tha t the  si gna l minima

and the t i c k  marks  sh i  I t  a p a r t  as th e  w a v e  p r o p a g a t e s  u p w a r d .  A measure

a t  t h is  s ep ar at  ion de t e rmines  t h c  F m  r ; m d a v  r o t a t i o n .  In an ~ic t ua l  ( V x p e r i _

ment , t Iit  r ocke t  s p in  r a t e  must be r e so lved  by an independen t  measurement

such IS i l l  on—board magnetometor. The sp in rate data can then be used to

h e l p r e c o v e r the  Faraday  r o t a t i o n  r a t e .

R a d i o  i nt e r f or e n c e  at f r e q uen c i e s  1) 1 interest for a rocket experi-

ment comes from other r a d i o  f r e q u e n c y  t r an s m i s s i o n s , f rom atmospheric

an d  costn i r  n o i se , and f r o m  rece iver  and telemetry equipment. Figure  11

shows th e relat iv~ m a g n i t u d e  of some of t h e s e  noise sources. The root

mean s q ua r e  electric f i e l d  cor responding  to a given noise power is pro-

p o r t i o na l to  an equivalent antenna noise temperature T~ and bandwidth B

by the rel ationship V

= [l2 0n Bk T ~~]
’2 ( v o i t s / nt e t e t V )

where  k is Boltzmann ’s Constant (1.38 x 10 23 watt— sec/K ) .  On t h e  bas i s  of

(29) we can talk about the equiva l ence of noise temperature and noise power.

V - --~~ - 
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One other important factor in receiver design is the exclusion of

unwanted radiofrequency transmissions [Ginther and &7liti, 1975]. A

foreknowledge of transmissions at the experiment site allows one to se—

lect frequencies close to those listed above , but with a minimum of inter-

ference. Such a choice togethe r with a narrow receiver bandwidth minimizes

the error f rom this source. Some serious consideration should be given

to this possible source of noise pollution before the experiment para-

meters are firml y fixed . V

The total noise can be represented as an equivalent electric field

and can be written as the  sum of noise  generated outside the rocket , sig-

nal degradation by the telemetry system and receiver generated noise

EN 
= EA + SR ER + EREC (30)

In the  1— 30 MI-h z region , a good receiver has a noise figure of about 3 dB ,

which means the receiver equivalent noise temperature is only twice that V

of an ideal noiseless receiver . This means that the receiver noise can

generally be neglected compared to the other noise sources. Telemetry

noise is expressed as a small f r ac t i o n  SR of t h e  f u l l — s c a l e  signal ER
the full—scale voltage recorded on the lowest gain range of the receiver.

A good te lemet ry  system wil l  have a value of around 0.01. The receiver

system should be desi gned so that the telemetry error is approximately

the same order of magnitude as the other noise sources. If S
RER 

>> EA ,
then the telemetry degradation is unnecessarily large while if EA

>>S
R
E
R

the receiver may be unnecessarily expensive . Assuming that

S
R
E
R

m E
A (31)

the noise equivalent electric field is approximately

E 2E
N A

If we ignore signals tha t are less than 10 dB above the noise level , 

V -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the min imum signal E
2 that would yield accurate data is

= 2J10 EA 
. (32)

lu terms of ground—based transmitter power 
~T

’ transmitter antenna

gain C
T and the absorption indices , (32) becomes

_ct
o

(h
m

) 
~~ x thm

) 
-e — e 

= 2fiO EA 
R
m

(3O P~ C5f) (33)

where h is the lowest altitude at which condition (32) is satisfied andm
R is the distance from the transmitter to the rocket receiver. Thism
minimum altitude will obviousl y depend on transmitted power. Thus , the

stronger the transmitted signal the l ower the a l t i t u d e  and electron

density that can he measu r ed by differential absorp tion.

The maximum received si gnal is p ropor t i ona l  to E 1 , e q u a t i o n  (19).

At the a l t i t u d e  where  (33) is valid E
~ 

can be written

— a (h ) —cx (h  )

E ( h )  (30 
~T 

G
TY~ 

~~~~ 
m 

+ ~ R ’ (34)

The dif i e r e nc  b e t w e e n  E and E at  h i s  severa Vi o rders  of m a g n i t u d e .
1 2

Therefore , it is necessary to incorpora te an a u t o m a t i c  ga in  switching

c a p a b i l i t y  into time rocketborne receiver itt order to measure linearly

t h i s  large  v a r iat i o n  in s ignal  s t r en g t h .  This  means tha t several ranges ,

each having a different value of gain , must  be used . If each range has

an impedance s e par a t  iVn g it by 15 dB f r o m  t h e  next highest range , then

the kth r a ng e  can m e a s u r e  .t field strength of

V —— 10

The range  tha t measures  t h e  largest volt iges  has the  I owest ga in  and must

m e a s u r e  lV~~~(Il ) linearl y. For S
1~ 

= 0.01 , ER 
E~ /O.O1 and this implies

tha t t h e  I a r ge~~t value f k is time integer e g i v t  h i b y

- - - V -- V V V V~~~~~~~ VV ~~~~ V V V
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1E1 (h ) 1

~ > ~~log~ o[—~~ 
‘~‘ j — 1.667 (35)

Thus K is the number of ranges separated by 15 dB necessary to measure

E1 (h) linearly.

The necessary criteria to estimate the lowest altitude at which

V differential absorption measurements can be made are now available.

Some compromise will probably be necessary in the choice of transmitted

power , number of receiver ranges , etc. , but there is enough flexibility

to satisf y most investigations.

There also exists a practical upper altitude limit for measurement

of differential absorption. This limit arises from the progressively

decreasing separation between signal maxima and signal minima , E1 and E2 .

V 
Figure 9c illustrates the antenna voltage at an altitude where the extra-

ordInary wave has been almost completely absorbed . At some altitude h ,

E1 and E2 will become indistinguishable due to noise fluctuations. For

the 0—region the ordinary wave component is usually so large that the

signal must be measured in one of the middle ranges of the receiver .

Here the noise is caused primarily by telemetry degradation. Thus

F - S E = S
~N R Rk R R 1

If we require E 1 — E 2 to be 10 dB above the noise , then

E 1 ( h )  - E2 ( h )  
~ 

l0
~
E
N

Since ERk � E 1 ( h )  and l0~’~E1 ( h )  � ERk = E
N

/S
R I the highest altitude

at which differential absorption nay conservatively be evaluated is

E 1 ( h )  — E2 ( h )  
~ 

10
~
S
R [lO

3/
~ E1 (h )] � Elo½sR E N /SR]

By substituting E = E — E and E = E + E in the  above e q u a t i o n , the

L 

2 o x l o x
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following expression results

2E (h ) � lO ’25 SR
[E (h) + E(h)]

w h i c h  can he rearranged to give

E ( h ) S
20 log 1~ (E:h:) 

� 20 log 10 ~~~~ 
_—)
~~ 

Z -20.2 dB (36)

if S
R 

= 0.01. Equation (36) provides a means to determine the approximate

altitude where the differential absorption becomes too small for measure-

ment. Equation (20) was integrated numerically for the conditions of

Figure 9. The resulting differential absorption is shown in Figure 12.

Tile lowest altitude at which differentia l absorption can be measured , the

condition of (33), was computed for several different values of T
A
. De-

creasing trausnitter power or increasing the bandwidth by an order of

magnitude will have the same effect on the lower limit for differential

absorption as increasing the antenna temperature by an order of magnitude.

Based on thea recommendation of Westlund (Chapter IV), values of 
~T 

=

100 watts and 1’T = 3.5 were chosen for this example. A bandwidth of

2 Khz was e h a s o n  f o r  th i s  i l l u s t r a ti o n .  For a med ian value of noise

2 x lO 4Ko . see Figure 11 , EA 
= 0 . 9 7  x 10 6V/m . The minimum height

[or differential absorption measurements is calculated to he Ii 48.1 km;
‘U

t i t e  max [mum e l e c t r i c  field at this altitude is E 1 (h) 6.5 x 10 3V/m.

T h e r e f o r e , the minimum and maximum antenna voltages , V , and V differ

by three o r d e r s  of magnitude. From (31) E
8 

1 x lO~~V/m , and cond i—

t ion (l~ ) spec if los ‘m r e c e i ver  r a n g e s .  The
1 
full scale equivalent elec-

t r i c -  field strength for each receiver range and the equivalent telemetry

noise ire given in lable I.

The — 2 0 . . !  di i  limit of (36) occurs at 72.9 km , Figure 12. Above this

a l t i t u d e  t h e  rate 1)1 change of the differential absorption is masked by

tile telemetr y uncert ainty . At 72.9 km , F , (hi 7) 
— E(h ) 0.4 x l0 3V/m

whj tm would be measured in the third r a n g e .  Table I ind icates that the

telemetry error is a [actor of 10 larger thorn atmospheric noise in tills

r ec e  i ve r  range.



V — VVVV VT ~~ ~~~~~~~~~~~~~~~~~~ 
V — V~~~ —~~~~~~~~~r V V  — V 

~~~~~~~~~~~~~~~~~~~~ - -  _ - - ~

37
110 ~~~~~—~~ —• -

100

90

-I

—20.2  dB UPPER LIMIT~/I- / V

57 0  /
/

-1

60

50 TA =2x 10 5°K
TA~~2X I 04 °K

TA 2 x ~~ °K ( L OWER LIMITS

TA = 2X 10 °K
40

—I0~ ~1oo —10’ _102

DIFFERENTIAL. ABSORPTION (dB)

F i g u r e  12. D i f f e r e n t i a l  a b s o rp t i o n  p r o f i l e  for  a 7 Ml-l z wave ,
the trajectory of Figure 2, and the winter collision
frequency and disturbed electron density profiles
of Figures 7 and 8.

A
_ _ _ _ _ _ _ _  V V V V V~~~~~~ V _V V~~~~~VV —A



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

38

Curves similar to that of Figure 12 can be calculated for a variety

of frequencies. The limitations on differential absorption measurements

can be imposed and the set of curves used to predict appropriate fre-

quencies which will give good results and cover t h e  desired altitudes .

These curves are based of course on certain expected electron density

and collision rate profiles.

TAI~LE I

k E
Rk

(mV/ m) SR ERk(~
iV/m)

1 .1 1

2 .562 5.62

3 3.16 31.6

4 17.8 178

The limitations associated with determination of elec tron density

by measurement of Faraday r o t a t i o n  are  p a r t l y  due to the differential

absorption phenomenon and partly due to telemetry bandwidth. The

highest altitude of measurement is reached when the extraordinary wave

is comp l etely absorbed . This limit is then the same as the differen-

tial absorption limit. The lowest altitude at which Faraday rotation

can he measured is determined by the ability to detect a shift in the

signa l null position from the spin null position. Limiting the receiver

bandwidth also limits the ability to distinguish the precise time of the

signa l nulls. A 10 resolution was achieved by Knoe-bel V
~~f l V V

[1966]. This value will be adopted for our determination of Faraday

rotation . We note that the width of the Faraday rotation minimum in-

creases as the separation between signal max ima and minima decreases ,

i . e .  with increasing altitude. At the lowest altitudes ‘he minima are

reasonabl y sharp and will permit Faraday rotation measurements to be

sensitive , even though the rate of change of the phase is not very large.

Actually, the magnetoionic theory of wave propagation is very sensi-

tive to the assumed dependence of electron collision frequency on the

L V V V V V~~~~ - -  ~~~~~~~V~~~~V V V V~~~~V V V~~~~~~~~~~~~ ~~~~V V -
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elec t ron  v e l o c i t y .  The App l e t o n — H a rt r e e  equat ions  assume the  c o l l i s i o n

frequency to be independent of electron energy while the Sen—W yhl er

equat ions  assume the  co l l i s i on  f r e q u e n c y  to be d i r e c t l y  p r o p o r t i o n a l  to

electron energy . V~k i ~ U 7t-~ [1971] has shown that neither theory is accurate

below an altitude where tiie collision frequency \.m is greater than 1.2

times the wave frequency. This limitation was based on the comparison of

electron density profiles deduced from Faraday rotation measurements and

from model calculations.

The Faraday rotation for the wave propagation illustrated in

V Figures 9 and 12 is p l o t t e d  in Figure 13. The altitude where V = l.2f

is denoted and occurs  a t  6 7 . 2  ion. The altitude that corresponds to

a 10 resolution in the Faraday rotation is well below 67.2 Ion. This

means that Faraday rotation data could be distinguished to lower alti—

tudes , but unfortunately i n t e rp r e t a t i o n  of the data is not straightfor-

ward. For the 7 l’fflz signa l un der  cons ide ra t ion , t h e r o t a t i on da t a is

onl y good between 6 7 . 2  km and 7 2 . 9  km.

A discussion of the returns in data by i nc reasing  the transmitted

1)owt~r is now in order. Consider the preceding example , where it has

been determined tilat d i f f e r e n t i a l  a b s o r p t i o n  da ta  down to about  46 km

can he secured. Multi ply ing the transmitted power 
~T 

by a factor of 10

to 2 Kw would have the following effects. From (35) an extra 15 dB range

would be necessary since E 1 (h) has been multi p lied b y a fac tor of abou t

4 (see (34) ) .  The minimum signal V d rops o f f  quickl y at these low

a l t i t u d e s .  The e f f e c t  on hIm d e t e rmi ned b y (33) would be equivalent to

lowering T
A 

by an order of magnitude (see Figure 12). Thus h
n 

would be

about 2 km l ower. Barring the influence 01 large man—made radio fre-

quency transmissions , there wouldn ’t be any gains in differential absorp-

tion information at higher altitudes , or Faraday rotation throughout the

medium .

At the altitudes where both Faraday rotation and differential ahsorp—

t hin data are available , it is possible to determine electron density and

t he  elec t r o n — n e u t r a l  c o l l i s i o n  rate. Below this common altitude region ,

differential absorption data are still available but independent electron

density and collision frequency determinations are not possible. The

co l l i s ion  f r e q u e n cy  is g e n e r a l l y  thoug ht to be the  most p r e d i c t a b l e



_ _ _ _ _ _ _ _  V_~~~~~~~ V V V V

40

110 .i - I

100

90’  V

REDUCIBLE DIFFERENTIAL
FARADAY ABSORPTION UPPER

li ~° ROTAT ION / LIMIT

4 DATA REGION z~

60 10 LOWER LIMIT

50 7

40
10 1 100 101 i02

FARADAY ROTATION (Degrees)

i go rm ’ 1 3. Fa radny rot at ion prof i I c  fo r  a 7 MHz wave for t 1mm’
saint- cond’i t ions as t h a t  of F i gur e  1? .

V V V V V V V V V~~~~~~~~~~~~~~~~~



- 

-~l 

Vquintity and so is often extrapolnted to lower altitudes in or th r to

de t e rmine  electron densities. The procedure of extrapolating t h e  col-

lision rate to lower altitudes by assuming a particular pressure varia-

tion with altitude Pack and Phe Z ; Vg , [1961] is described in detail by

V’~~~~Y~ V Z U  i~~ i T’L~~iutt , [1966] and ~-f,,~~’~:.;e,i et al. , [1976].

The remainder of this chapter will deal with the selection of a

set of frequencies to probe the D—region under the extreme conditions

that are found in t i le p o l a r  root ’ . Sets of curves correspondin g to the

values of electron density and c o l l i s i o n  f r e q u e n c y  shown in Figures  7

and 8 have been developed . A set of curves of differential absorption

and Faraday rotation f o r  f r eq u en c i e s  between 3.25 and 25 MHz have been

c.mlcu lated based oct the disturbed D—reg ion e l e c t r o n  J e n s i t y  and w i n t e r

~~ 
profiles. These- are plotted in F’igures i~ and 15. Frequencies below

3.25 MHz were  not cons ide red  in t i - mi s  r epo r t  because i t  was f e l t  ti -mat

an tenna construction would become t oo  costl y . One of the goals of tills

stud y was to develop an experiment which would be c heap and portable ,

and hence would not require great towers for the transmitter antenna

(see Chapter IV) - The 3.25 MHz fre ’qm te ’ncv should not be , ‘oos id t ’re d a

l i m i t a t i o n  since our  computer code cati generate Faraday rot ,m t ion and

d i f f e r e n t i al  abso rp t ion  curves fo r  any frequency of interest. Noise

depends on the t ime  of day ,  wea the r , season 01 year , and geograpilical

location . As a compromise , the curve called ‘ t est n o i s e ’ in Fi gure 11

was used to compute the lower altitude limit for differential absorption

measuremen t .

The m a g n i t u d e  of d i f f e r e n t i a l  a b s o r p t i o n  s t e a d i ly increases wi ti l

inc reas ing  a l t i t u d e  in Figure  14. This corresponds to the absorp t ion  of

the extraordinary mode. The absorption quantities actuall y determined

from the raw radio wave data are tue maximum and minimum signal strengths ,

or the modu la t i on  envelope.  The ra te ’  of change  in the  s ignal  S t rt i ng t i l

d a t a , f r o m  which  dA/dz  is i n d i r e c t l y obtained , is dependen t upon t he  rate’

a t  ;m t t e r v a t l o n  of the  e x t r a o r d i n a ry  mode. This cn ’~ be’ v i s u a l i z e d  as the

r a t e  of change  of the s ignal  envelope r e l a t i ve  to the m a x i m u m  si gna] (set’

Fi gures 9 and 10). Although dF/dz becomes l a rge r  w i t h  a l t i t u d e , the

decreasing change in the signa l envelope widt ll relative to the maximum

si gnal implies that the values of dA/dz decrease in accuracy with
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altitude. This problem is further complicated by additional modulation

of the signal envelope produced by rocket coning as described in Appen— V

~i ix  C.

Th e upper a l t i t u d e  l imi t  f o r  d i f f e r e n t i a l  absorpt ion  was found to V

be —20.2 dB and intersects the 9 MHz curve at about 86 kin . A frequency

s l i g h t l y g r ea t e r  than  9 MHz remains w i t h i n  this limit because of the

a s y m p t o t i c  c h a r a c t e r  of the curves .  As a n t i c i p a t e d , the  3 .25  MHz sig—

tia l has the lowest altitude of measurability (~ 46 kin) but  only propagates

to about 66 kin before the extraordinary mode absorption is so grea t that

t he si gna l modulation can no longer be measured .

As Lime rocket  moves into the  u p p e r  D—reg io n , the  r a t e  at which the

recorded signal varies with altitude will give an indication of the reso—

lutiot i in the reduced data. It is desirable to specify analytically the V

decrease in tccuracy of differential absorption measurements with al t i -

t ude.  W~ define Q as t h e  rate of change in the signa l envelope width

relativ e to the maximuni signa l

dE I

this q u a n t i t y  is d i r e c t ly r e l a t e d  to t h e  ,m c c u r a c v  of the  measurement

and e q u i v a l e n t  ly ,  the nunih~’ r of dm  ta points t hat ,V V~~fl be d e t e r m i n e d  over

in altitude z. ‘l’hus , if Q f oe  1 g i v e n  f r e q u e n c y  is about 0.1 over some

~h i s t , m n t ’e , t h e r e w o u l d  be t-ow , h l  v t e n  tIme s the nurit t i’ o l  d a t a  points as

compar e d  to a signa l WI th Q = 0.01 o v e r  t i lt S t mc  d i s t a nc e .  The dashed Q

c o nt o u r  l ines  p l o t t e d  in F i g u r e  I .  Indicate the relative accuracy of dif— V

f e r e n t i a l  a b s o rp t i o n  d a t a  fo r  va r ious  f r e qu e n c  I c ’S. For the 1)—reg ion

co n d i t i o n s  r e p r e s e n t e d  by t h i s  f i gu r e , a t r m n s l n i t t e r  t r e q u e n c y  of around

[0 or 11 MHz w i l l  g ive the  hi ghest values at  Q to t he  h i ghe st a l t i t u d e .

it is seen f r o m  the  dashed con tou r s  t ha t  Q decreases  W~~V t h  i nc rea s ing

a l t i t u de , and that fo r  i l tl~ g iven a l t i t u d e  t h e r e  e x i s t s  a d i s t i n c t  I re—

quency giving the l a r g e ’ L v a l u e  of Q . Th i s  w i l l  he t he  f r e q u e n cy  t hat

p rov ides the  b e st  r e s o l u t  ion and hence the  g rea t e s t  c cu r a c v .

The c o r r e s p o n d i n g  Faraday  r e l a t i on  v a l u e s  are shown in Fi gure  l~~.

V 

[ ‘he I O W t V ’ S t  hei ght  t or n m i ’ ,m s i i r e m c n t  of Faraday  r o t a t  ion , 7 , d ec r eases

-— -~ V -  ~~~~~~~~~~ --- V~~~ VV
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as frequency increases. The 10 resolution forms a lower limit , however ,

for tilts decrease. At 18—19 MHz these two l imits occur at about  59 kin .

The rate of change of Faraday rotation with altitude dF/dz is the q u a n t i t y

e x t r a c t e d  f r o m  the t e l eme t ry  d a t a .  A l t h o u g h  dF/dz  is not p a r t i c u l a r l y

small , it is seen that the values do indeed decrease  w i t h  increas ing  fre-

quency. Although the differential absorption becomes very difficult to

read in the upper D—reg ion , the electron density is sufficientl y hi gh that

the Faraday rotation is easily measured. This is the reason the Faraday

rotation can be recorded more accurately at higher altitudes than the

differential absorption. Examination of the 3.25 MHz curves in F igures  l~
and 15 shows that the upper limit for differential absorption measurements

is very near the lower a l t i t u d e  l imit fo r  Faraday r o t a t i o n .  Thus , a t

3 .25  MHz there is not altitude where simultaneous measurements of Faraday

rotation and differential absorption can be made.

Enough l i m i t s  have now been p resc r ibed  tha t a choice of frequencies

can be made to achieve optimum results for expected ionospheric cond i-

tions . For a disturbed polar ionosphere and moderate collision rates

such as found in winter , the following frequencies arc recommended .

19.0 MHz — Differ ential absorption data for
48 to 85 km . Faraday rotation data
for 59 to ]iO km.

10 MHz — D i l l  crent  ial absorp t ion  7ata for 48
to  90 km. Faraday  r o t a t i o n  f o r  65
to 110 km.

3.25 MHz — Differential absorption data for ~o.
to 66 kin . No Faraday rotation d a t a .

The upper altitude limit for differential ahsorpt i o n  W V ~~~~ 
,

f o r  a value of Q which would give one data po int per ki l n t V t  e r .  It

should be emphasized that above this level there is still di~~’~ I t  i i i

mh sorpt ion that can be measured , but the rate of m h s e r ~ it jon i -i L e o  I ow 
V

to yield an accurate value every kilometer.

It is not possible to determine both e l e c t r o n  densit y and collisi o n

frequency below 59 kin since that is t h e’ lowest a l t i t u d e  f o r  Fa r aday  rota-

t i o n  m e a s u r e m e n t s .  The c o l l i s i o n  f r equency  can he extrapolated downward
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to obtain estimated electron densities below 59 knm. Even though it is

indicated tha L Faraday rotation data b r  19 MHz can be read down to

48 kin , the dat,m is a f m ~ tor of 2 to 3 less a c c u r a t e  t han the 10 MHz

signal below 70 km.

Receiver requirements for this experiment are  g r e a t e s t  f o r  the

3.25 MI-hz signal where tile noise temperature Ta 
= 3 x l0 3°K cor responds

to 0.38 ~V/m . The lowest range full scale voltage E
R 

must then be

about 4.2 p V/ m .  At 11 46 kin , E 1 6.8 mV/rn , so that 4 receiver ranges

ar 1  needed.  (As noise increases, less s e n s i t i v i t y  is useable  in the

r e c e i v e r . )

The calculations described above were repeated for a dis turbed

D — r e g ion but with the high collision frequency profile of Figure 8.

[‘he v a l u e s  , ir 1 ’ p l o t ted  in Fi gures  16 and 17. Thic ’ h igher  co l l i s ion  r a t e

increase ’s t h e  total absorpt ion with the net result that the lowest a l t i —

tud~ tor reliabl e measurements has been raised about 4 km. For the same

rc ’,Ison higher f r e q u e n c i e s  mus t  he used to measure  the top p o r t i o n  of the

1)-reg ion ionosphere .  Ti-me dashed l ines  in F i gu re  16 r ep re sen t  c o n s t a n t

values of Q. The 10 and Z limits for Faraday rotation measurements

occur about 65 km for a 25 MHz wave , Fi gure 17.

The three optimum frequencies for this model are:

2 5 MHz — Dit:erentia l absorption data for 54 to
90 km . Faraday rotation data for 65 to
110 km.

I ’ . NlIz — D i f f e r e n t i a l  a b s o r p t i o n  data t a r  51 to
96 km. Rotat ion data for 71 to 110 km .

1 25 Mi1;~ 
— i )if i

V er en t  ial ah s o r p t  ~~~~ data from a b o u t
48 to 70 km.

Ret - e i v e r  r e q u i r e m e n t s  fo r  these c o n d i t i o n s  ar e  s i m i l a r  to  the

d i s t u rbed w i n t e r  ca se .  o r  an equivalent e l e c t r i c  f i e l d  no i se  of

G . 1$ g y m , 5 iee e ’ iver ranges are needed to u e t s i t r e  the signal at 51 km

w here  t h e  m i n i m u m  si gna l  i s  1.2 gym and t u e  max imum s i ; n l m l is 6.2 mV/rn.

[‘he third C I S C  of interest is t h a t  of  a qu m e t  i l— r e g ion and w i n t e r

cc E lisi on rates. Ut i Ii zing the a p p r o g  r i to ei V m r v c ’n in Figures 7 and 8,

V V V V V V V V V V V V VV ~~~~~~~~~~~~~~~~~~~~~~~ V V _ _ _V V

~~~~~~~~~~~~~~
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the differential absorption and Faraday rotation were’ calculated and

plotted in Figures 18 and 19. Values of dA/dz  and d F/ d z  fo r  t h i s  case

are much larger than  fo r  the disturbed cases. For the case of 1-’l mr allI v

r o t a t i o n , z for  all  f r e q u e n c i e s  is well  below the 10 Faraday r o t a t i o n

altitude. For differential absorption measurements to 110 kin, a fre-

quency close to 4 MHz is needed . Frequencies  g r e at e r  than 7 MHz l t a v ~’

values  if Q less than  0.05 over the  e n t i r e  range .  For t h i s  reason , t l L t ’ v

a re  not i nc luded  i n  the  f igures. For rnoimst tr etil e’n t s u nde r  t he se  ! on o sg i m t ’ r i 1

condit ions two f
V
r equenc ies  would  be’ S t - i r e  t~’d:

4 . 2 5  MHz — D i f f e r e n t i a l  ab s a r p t  i on  d~m t a f o r
75 to  110 kiit . Faraday r o t a t i o n

data 81 to 110 kin .

1 .25 Mlii — D i f f 1 ’r e nt i a l  a b s o rp t i o n  d V l t , I  f o r
73 to 103 km. Faraday rotation
data for 79 to 106 km .

A 2.5 Mli i  cu r v e  was  e,mlec t l,m ted for corip~mr isu n with c’Xgcr ira nts des, r iiac

by 14 ~~~~ ~~~ ~~., [1972] and V
’ V~~~~V~~ 

‘
- , {i ~~74] tinder s i r i l a r  atmosp hl n c

con ch it cons  . As can  he seen  t h is lower f r e q u e n cy  v ic  lds more  mc Ire t c

re ’su I t s over  t h e  70—90 km llei ght r e-g i I i i .  ~~~~‘~~
- civ ’ r r eq u  I reme ’nt s for the ’

3. 25 NIhli signal at the l o w e r  l i m i t  & ‘ t  73 km also cal I for 4 r Iii gt -s , t ~
hi g hest  ri€ ’ I s u r i n e ;  a f i e l d  o f  ‘4.4 millivolt s /m eter. This  ~~~~ ~ tot al

dynamic amp litude r a n g e  of 281 I :

In conclusion , it can he SCc ’Il by compa r ison 01 Figures 14 and 1

and VigIl re’ 7, ti -ma t wh i l e  elect ro im  dens i t V v measu  r ern c’n t s as low as 10 cm

possible under quiet conditions , b a r e l y  100 cn a r e  attainable t or

the disturbed case’ . The difference , of course , is the higher degree of

a b s o r p t i o n  fo r  the  disturbed case f o r  any  g iven  electron d e n s i ty .  This

dependence  a lso shows up b y compar ing  Fi gures  14 and 16. Thus , as a

general rule , measurement accuracy and electron density determination

It lower altitudes decrease with increasing electron collision frequency

p r o f i l e .
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CHAPTER IV

ANTENNAS

Ground Station Antennas

Signals from the ground station must radiate throughout that por-

t ion of the ionosphere traversed by the missile. A radiation pattern

similar to that of a one—half wavelength dipole mounted horizontally

one—fourth wavelength above a ground plane would he suitable. The

antennas must be e a s i l y  e r ec t ed  and movable from location to location

as needed. It is to be noted that supporting masts , to he practical ,

cannot exceed about 25 or 30 feet in height without being permanently

placed in position. The minimum frequency that could easily he used

(with A/4 height) would then be about 8 MHz. However , horizontal di-

poles may be mounted somewhat lower than one—fourth wavelength without

seriously affecting the radiation pattern .

[1950] gives a relationshi p for the gain in field intensity

at large distances for a “Half—Wavelength Antenna Above Ground ” (HWA G)

with respect to that of a “H a l f — W a v e l e n g t h  Antenna in Free Space ” (HWFS)

as 

G
f
(~

Vt) [HwAc
] 

~~~~~~~~~~~~~ [2 s i n  (h s i n  V t ) ]

where

hr 
= 2-’/A t imes the he i gh t above ground = (2~’/”~ h

R
U 

= self resustance of a ~/2 antenna

R1L = loss resistance of the ‘/ 2  antennas

R mutual resistance of tile “/2 antenna and its image at am d i s t a n c e  of 2 h

Plots of radiation patterns are given in Figure 20 for 11 = 0 . 2 5  \, 0.1 \,

and 0.05 
~
,. R1L is assumed zeros for the plots shown , It is seen that

as h becomes smaller , the field intensity pattern deviates only slightly

from the pattern for ii = \/4. However , the t e r m i n a l  impedance decreases

rap idl y as it decreases. For plot A the terminal impedanc e is

—

I VD T  ~ ~E ~i.- ’n<—::t - T ~‘ t j~~V~~~~~~

V _ V
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Fi g u r e  20. ‘I ’he ha l  f—wave 1 engt ii d i poles , m o u n t  e’d ah oy,. ,m gro tinc i
V plane its in (a) produce field intensit y patterns as

shown in (b) for A , h = A / 4 ;  B , h = A / b ; and C ,
h = X/20.
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approximately 86 ohms , for B it is about 22 ohms , and for C it is about

6 ohms. When li is very small , the e f f i c i e n c y  of the  antenna would de-

crease because the loss resistance becomes significant compared to the

V r a d i a t i o n  resistance. With minimum h chosen as A /b , and with masts

no higher than 30 feet , it is seen that the minimum frequency to he

used for the propagation experiment should not be lower than about 3.25 M h z .

As the frequency is increased , the decreasing wavelength will permi t the

antenna to be mounted a greater fraction of a wavelength above the ground

p1 .-inc.

Mat ching the antennas to the coaxial cable feed lines may he accom—

ill  ished by u s i n g  e i t h e r  of several  m at c h i n g  networks. The lowest fre—

qu i encv  an tenna  (ii = A/lU) with a terminal impedance of  Z~ = 22 + jx for

a \ / 2  antenna may be e f f i c i e n t l y  matched rather easily . may be

i nc reased  by a f a c t o r  of 9 b y u s i n g  a 3—w i re fo lded  d i p o l e .  As shown in

F I g u re 21 , a coaxial c-able drives one—half of the antenna d i r e c t l y  f rom

I h cen te r ‘-o n d u c t o r .  The o ther  h a l f  of t h e  an t enna  is e x c i t e d  f rom the

center conductor through a “/2 length of coaxial cable. The resulting 
V

t e r m i n a l  impedance is a p p r o x i m at e ly  49 + ~0 ohms after the length of the

an t e n n a  has been a d j u s t e d  fo r  zero r e a c t a n ce .

When h i g h e r  f r e q u e n c i es  are chosen , the h e i g h t  of the antennas may

~ e’ ad j us ted  to  ii V V , “/ 10 , and then  2 — w i r e  f o l d e d — d i p o l e s  may be’ used . The

t er m i n a i  impedance  may a g a i n  be a d j u st e d  fo r  an exce l l en t  match  w i t h  t he

50 ohm source cable , as in F i g u r e  21 , by ad ju s t i ng the he igh t  above the

ground p l ane  and h’~’ t r i n m l i n g  the  an tenna  length  for  zero r e a c t a n ce .  The
h e i gh t  of the  antenna  w i l l  then he about 0.16 A above a wel l  d e f i n e d
gr o u n d  p l a n e .

A lt ernate m a t c h i n g  ne tworks  make use of the be t l un  fo r  m a t c h i n g

ba lance , !  to  u n b a l an c e d  impedances , or the network in F i g u re  2~~may be used.
F.ach of t he  m at c h i n g  methods  descr ibed  f m r  the  f o l d e d —  and s i n g l e —

w i r e  a n t en n a s  have been b u i l t  and tes ted  su c c e s s f u l ly  a t  a f r e q u e n cy  of
V ’4 Mhz in c on n e ct i o n  w i t h  t h i s  report.

l’hie t !t e o r e ’t i c a l  f i e l d  in t e n s i t y  p a t t e r n s  shown in F igu re  20 are
d i f f i c u l t  to n e ’;ls !tr , ’ w i t h o u t  a s u i t a b l e  antenna range . However , an
at t e m p t  was made to v e r i f y the radiation patterns for h = “ / 4  and A / l U . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _
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3—w ire folded A /2 antenna

A/b 

length of coaxial cable

From the transmi !ter

Figure 21. A three—wire folded half—wavelength antenna phased
and driven by a coaxial cable. With h A / b  above
the ground plane and with the length trimmed for
zero reactance , the terminal impedance presented to
the t r ansmiss ion  l ine  is Z~ 22 f~ x (3) 2

/4  = 49 Q

Signal throug 

an tenna

50 11 coaxial 
c

P

F i gu r e  2 2 .  A tuned  m a t c h i n g  ne twork  fo r  m a t c h i n g  ar. u nbalanced
Sigrl~I1 Source tO ,t l)alV anc-ed di pole antenna .

V ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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V e r t i c a l  di poles were mounted in front of a vertical screen and t i le r a d j —

•ition in the ground plane was measured. Field intensity pattern s were

measured with the spacing between the antenna and the screen adjusted

first to A/iD and then to l t / 4 .  The model was operated at 24 MI-h z which

permitted use of the smallest possible model within the range of avail-

able field—intensity measuring equipment. The vertical screen was 40 feet

long and 15 feet high and consisted of vertical wires spaced 1 foot apart.

Sii -ice the screen was only about 1 wavelength long , the horizontal radia-

t ion  p a t t e r n  was not expected to match the ideal p a t t e r n  hu t  only to

v e r i f y  the performance. The antenna aj id screen conf igura t ions  are shown

in Figure 23. The measured normal i zed  field intensity patterns arc’ shown

in Figure 24. The field intensity was measured 45 meters from the c-enter

of the screen.

—

Scr een of verti cal w ires

- 
~~~~Ground plane consists of partial Field intensity

V -
~~ 

/ mesh and radials over a salty earth/ / measurements

Figure 23. The field intensi ty measurements were made in the
ground p lane around  the  di pole  and the sc reen .  The
antenna was excited through a coaxial cable from a
signal generator located at x behind the screen .
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Ant e’tlnas for t h e  Rock et  borne Reci ’ i vt’ r

The small s ize  and h i g h  v e l o c i ty  of the sound ing  rocket  make the  u s e

of ou tboard  an t ennas  i m p r a c t i c a l .  T h e r e f o r e , f e r r i t e  core antennas are

proposed fo r  use w i t h  the  pay load .

Ferrite core antennas were fabricated and tested at f r e q ue n c i e s  of

4 MI-h z , 17 MHz , and 25 MHz. In i t i a l  t e s t s  were made using ferrite rods

measuring 0 .337  inches d iamt er  x 7 .5  inches long of Q 1 
and Q2 m a t e r i a l

from Pernag Sierra Corporation . The objective was to determine the vol—

tagc ’ a t  t h e  o u t p u t  terminals 01 the a n t e n n a s  versus  the  f i e l d  i n t e n s it y .

The m a t e r i a l  was c l e a r l y  super io r  in p e r f o r m a n c e  a t  4 MI -h z , t h e

m a t e r i a l  gave the  best  r e s u l t s  a t  25 MHz , w h i l e  at 17 Mhz t i le  two ma—

I c r  ials  gave app rox ima te ly  equal r e s ul t s .

The f i n a l  t e s t s  were ’ made w i t h  the  same core mater ia l  shortened  to

3~ 7 inches .  l’h e r e s u l t s  u s ing  the shortened I ( r n  t o  rods v- r e - approxi—

m at e  by t he  same as t h o s e  ob s er v e d  w i t h  the longer a n ten n a  rods except

that t h e  t e r m i n a l  v o lt a g e s  we’re r o u g h ly  o n e — t h i r d  l e s s .  I t  is antici—

p ate ! t hat a n t e n n a  rods ~ i l l  he less than 4 inches in length or  most

pay loads  it s ing t u e  p r o p a g a t i o n  e x p e r i m e n t  b ec au s e  of t h e  l ikel ihood tha t

smal l  m i s s i l e s  w i l l  he used.

The a n t e n n a s  wer e  f a b r i c a t e d  by w i n d i n g  t h e  f e r r i t e  rods w it h  c l o s e ly

spaced turns of Ne . 24 N v l c l a d  copper w i r e . Each a n t e n n a  was tuned w i t h

about  10 p F capacitance. T b -  t e r m i n a l  impedance  a t  the  a n t e n n a s  was ad—

j u s r e d  to  I , 000 ohms . An cmi t t er  fo l  lower was then  used to  mat ch  the

t n t  en n , l  i m p e d a n c e  t o  t h e  50 ohm terminal impedance of a S toddard  Model

N o .  N M 2 O — B  R I — F l  I te t e r  w I , i c l t  s e rved  as the  f i e l d  i n t en s  i t v  m e t e r  and

abse as V t sen s i t i v e  v o l t m e t e r .  F i g u re 25 shows t h e  ex p e r i m e n t a l  a r range-

men t used b r  measuring antenna term inal voltage versus field intensit y .

A typ ical r e s u l t  a t  4 M1I~ was 65 V de l i ver e d  by the  a n t e n n a  to a

1 , 000 ohm load w i t h  1.55 m V/ m e t e r  of e l e c t r i c  f i e l d  i n t e n s i t y .  I t  is

s a f e  to  say t h a t  1 ,V of si gnal wou ld  p roduce  a f a v o r a b l e  s igna l  to
n o ise  r a t i o  so t h a t  a s i g n a l  s t r e n g th  of 1.55 x i0 7 (V/m)/65 = 24 x
lO_ 6 V / rn . i f  the  gr e t t k ’st d i s t a n c e  between the  t r a n s m i t t i n g  and r ece iv ing

antennas is 10~ r n - I c - r u  and i t  the  gui in 01 t h e  t r a n s m i t  t ing an tenna  is

V 
g i v e n  a u , t f  e v a l u e  a t  3.5 , t h e n  we may c u i l c u l  i t ’  the  t r an s m i  t t ed  power

V V~~~ --
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F Approximately 100 yards —~

F i g u i r ~’ 25. The e x p e r i me n t a l  t e s t  used to de t e r m i n e  a n t e n n a
terminal voltage versus field inten sit y . Both
t u e  o u t p u t  v o l t ag e  of t i l e ’  a n t e n n a  and the  st r e n g t h
of t he E — f i e l d  w e r e  measured  w i t h  the I R — F I  Me te r .

w i t h o u t  t u e  e f f ec t s  of  Ful r u i c i u i v  r o t at i o n  and a t  t en t i a t  ion t h r o u g h  the  ion o—
s p h e r e . There is good ev idence  f r o m  the  work of D r .  H a r r i s  ( V t ah  State

University) tha t t i le  d yna mic range  imposed by  Faraday  r o t a t i o n  is about
100 tV a 1 , m d  t i t t  t he ahsorp t ion of t he s i g n al  .11 the’ lowe~~t frequencies

of i lit ‘ r - I ;t  i m po s e s  a n o t h e r  t a c t  e l  el  100. The t r ~i n s r n i t t a 1  power “~av t h e n
be c a lc u l a t e d  f r o m  the  r e lat  i on s i u i p

4 r ‘P
= V ~~ V V ~~~V x ( a t t e n ua t i o n  f a c t o r ) x ~F - t r a d u i v  r o t at i o n f a c t o r )

P = I o w e ’r d e n s i ty  a t  t h e  ro e - - l y i n g a nt e n n a

= = ( 2 4  x l O t V/n)2 
= l.~~ x i o~~~~ W/n 2

r = lO~ in

___ -- - —A
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CT 
= 3.5

4 n  1010 x 1 .53 x 10 12
= x 100 x 100

= 549 w a t t s

‘l i t a t  l eve l  of t r a n s m i t t e d  power is no t  only  reasonab le  b i t t  i t  appears  to
be on the safe’ side s ince  a good receiver  c-an ope ra t e  with a s u i t ab l e

si gn a l — t o — n o i s e  r a t i o  w i t h  about  0.1 mV of i n p u t  signal in a relatively

quiet environment. Since the e n v i r on m e n t a l  noise at the r ece ive r  is  a

composite from many possible  sources and i s  unknow n a priori , it  would

seem t h a t  t h e  g round  based t ransmittei should del iver  700 to 1,000 watts
to t he  transmitting antennas.

A l t h o u g h  the  t ransmitted power requirement may vary slightly from

one f r e q u e n c y  te i  ano ther , t h e  worst case is t h a t  of the examp le above .

Th ’r e t o r e - , t r a n s mit t e d  power in the range of 700 to 1,000 w a t t s  shou ld

be a d e q u a t e  fo r  any f r e q u e n c y  u t i l iz e d  in t h e  p ropaga t i on  e xp e r i m e n t .
Ifle ’Xj ) e ’IISiVC transmitters ,I r ’ readil y available for these power levels

and the frequenc ies of lot ‘rest
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Ch APTER V

CONCLUS h J N ~

The goal of t h i s  work was the development  of :i m u l t  i p I - f r e q u e n c y

p ropaga t i on  e x p e r i m e n t  to measure e le c t r o n  d e n s i t i e s  and e l e c t r o n  c o l l i -

sion r at e s  in the  ionospheric D—r egion .  This exper iment  was des igned  to

ut i l i x e  s ta n da r d HF transmitters and simple antenna systems that could

be low po wer , p o r t a b l e  and inexpens ive .  This  e x p e r i me n t  employs the

r a d i o  wave s igna l s  t o m easu r e t h e Fa r ada y r o t a t i o n  and differ ential

abso r p t i o n  b e tween  ground t r an s m i t t e r s  and r o c k e t — b o r n e  r e c e i v e r s  t r , i —

v c l i n g  th roug h the  D— reg ion.  The time history of the F-~r aday r o t : i t ion

and differential absorption then permit an e v a l u a t i o n  of  the hei ght

profiles of ele ctron density and colli sion rate.

A theoretical propagation model , based on t he  S e - n — W v l l e r  f o rm of

the  magnetoionic equations , was developed to n u m e r i c a l ly  c a l c u l a t e  the

wave p r o p a g a t i o n  f r o m  ground to rocke t  a t  hi gh m a g n e t i c  l a t i t u d e s .

This p ropaga t ion  model  included the  l i m i ta t i o n s  imposed b y noise , eq u i p-

ment  sensitivity and data evaluation. Curves of Faraday rotation and

differen tial absorption , based on extreme values of electron densit y

and e l e c t r o n  c o l l i s i o n  r a t e ’ as mi gh t  be seen in the  po l uu r latitudes , were

ca l c u la t e d  to i l lu s t r a t e  the f re q u e n c i e s  and a l t i t u d e s  at which  t h i s

propagation experiment wou ld be successful. It was found that under

quiet ionospheric conditions electron densities as low as 10 cm 3 could

he measured by this propagation experiment , whereas increased collision

r a t es  such as occur  in d i s t u r be d  c o n d i t i o n s  reduce  the  r e s o l u t i o n  to

le ss  t han  100 cm 3 . A p p e n d i x  C co n t a i n s  an ex tens ive  d e r i v a t i o n  of the

effect of rocket coning on the received signal. We tound that rocket

coning could produce s i g n i f i c a n t  e r rors  in the  appa ren t  v a l u e s  of Faraday
rotation and differential absorption , and tha t these’ errors were not

systematic and not r e m o v a b l e  by simp le averaging techni que. A method

WV
V
I S  developed to remove this pert ttrhation from the Faraday rotatien and

d i f t e r t u n t j a l  a b s o r p t i o n  da t a  w i t h  t h e  aid of continuous r o c k e t a t t i t u d e
information . This technique also permits t he ’ calculation of electron

-~~~~~~ — . - - -
~~~~~~~~~~~~~

-
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densi ty and electron collision rate from the raw Faraday rotation and

diff ’rentia l absorption data.

Ch .tpter IV summarizes a stud y of antennas proposed for use in the

rocket and a l so  for the ground transm itter. I t  appears tha t a trans—

f l u t t e r  power in the range of 700 to 1000 watts radiating on horizontal

half—wave di poles will be adequate for this propagation experiment. The

rocketborne receiving antennas utilize ferrite core loops.

The calculated curves of Faraday rotation and differential absorp-

t i o n  t o g e t h e r  w i t h  the  c o n st r a i n t s  alread y men t ioned  were used t o  evalti—

at e  wu tve  frequenc ies for tile extreme ionospheric conditions posed in

Chapter Ill . These are summarized in the following table. Although

3.25 M Hz was the lowest frequency considered in this stud y, frequencies

lowe r than 3.25 MHz m i g h t  be useful in other special case-s.

Pola r 1) —R e g ion  P roposed
Ionospheric Conditions Frequencies (MHz)

Winter disturbed 3.25, 10., 19.

Winter quiet 3 . 2 5 , 4.25

Su nnier d i s t u r b e d  3 .2 5 , 14 . ,  2 5 .

Summe r q u i e t  3 .25 , 6 .0

I t  i s  ou V t r  conc I usi on t h a t  i mul t i f r e q u e n cy  pr  pag . t  I ion exper iment is

v i a b l e  scheme f o r  o b t a i n i n g  a c c u r at e  D — r e - g i o n  e l e c t r o n  d e n s i t y  p r o f i l e ’s .

The t e c h i qu e s  t h a t  h u t v e  been dov 1- I opec! in  t H is w or k  a I I ow an eva lun t ion

of f r e - q u o n c  i es  he ’ i  r e  h a n d  so tha t O~~ t V imu ni r e s u l t s  can he ’ ob ta ined : and

- i c c u r a t  e m e t }j o e i s  of d a t a  e v a l u a t i o n  a f t e r  t he  r o c h e -I  flight.

_ _ _  _ _  -~~~~~~~ 
VVV
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APPENDIX A. MA GN ETO 1ON 1C FORMULAS

The g e n e r a l  ized c om p l e x  r e f r a c t i ve  index  g iven  b y ~~~~~ and ~~77, -e- ,
[1960] ~s

- A + B s i n ’ ±~ /‘~~~SIn 2 —( 1: — j x )  V V V~~
_ V

~~~~~~~~~~
_ V V _ V

- D + E sin -~~

w h e r e

A = 2 
i
(c

i +

B = 
111

(e
1 

+ 
l1 I~ 

+

C = 2

I) = 2

E = 0
111

‘ h ’  ‘S a r e  e l e m e n t s  of the generaliz ed dielectric ti-riser

- + ‘ ceis ’ - — , ces~ — -  s i l L  e n s

= e~~05 — 
I + S i t )  ‘V

I I  I 111 1 1  -

S i T i ’~ c0s ’ ‘ 1 
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I T T  5j n ~~
V
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4 i(e- —e )]

= a - (c+ e)  + ~ [h - I ( f - 4 - d ) ]
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The (p iu l  h i t  1’s  - ‘, 
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are ’ wave f r e q u e n - v , p l as ma fr & ’ q n en c v , and

c o i l  m ien f r eq ue n c y, r e sp e c t i v e ly . The semiconductor integrals
r e ’ p r e - s c - n u  ‘d b y C 3/2 and C , 

~ 
a re’ d e s e r i  bed by / 7 7  , - 7 ’ 

- [ i  957]
and can he s ’ i i t , u b l v  u l p p r o xj m a t e d  by p o l y n o m i a l s  g iven  by ~~~~~~~~~ 11963].

C ~~ ( x )  = - - __ _ ~~~t±~i ~x ’ + Ji~~y ’ 
~ ‘~~~V~~~ + h ,x 1 + h ,x 2 + h 1 x + V

= 2 . J9 S l~~~~7 V~ x 10 H 3 = 1.8064128  x I 0_ 2
= 1 .1287513 x 10 6 = 9 .3 8 7 7 3 72

a, = 1 .1394160 x 10~ H 2 = l . 4 9 2 I 2 5 - ~ x 11Y~
= 2 . 4 6 5 3 1 1 5  x 10 H 3 = 2 .8958085 x 1O~~

h~ = 1 .20495 1:’  x 10 k’

B5 = 1. 4656 8 19 x if )  V V

C ,(x) = — -

+ h , x + b 1 x 1 + h 2 x 2 + h 3 x + H 0
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1.161064! H
0 = 4.360573:

= 1.6901002 x 10 H 1 6.4093464 x If)
a , = t .694 5939 H 2 = 6.8920505 x 10

H 3 = 3 .535 s2 57  x 10
= 6.63]4497



A P P E N I ) T X  B

THE WAVE ELECTRIC FIELD VECT OR

Acc u r a t e  reduction of t e l emete r ed  p ropaga t ion  da ta  r equ i r e s  a d e t e r —

m in a t  ion ~ f the  ray  path between the  rad io  t r a n s m i t t e r  and the rocket

re~- c i ve ’r .  in gene’r2u 1 , an e lec t  romagnet  ~~e ’ wave propagat i n g  through a con—

I i r i u o u s ly  v a ry i n g ,  strati! Ic,! anisotrop ic medium W I I I V bend away from

:egions where the index e f  r e’f r act  ion p decreases. This phenomenon leads

to the proces s  o f  radio wave reflection front the ionosphere .. (See

19e1 , pp.  190-19 1) .

In  o r d e r  to c a l c u l a t e  the-  r ay  p a t h  i t  i s  gene ’r a l  lv necessa ry  to

ci iv i 1  the ioni zed m e d i u m  i n t o  t h i n  l a y e r s  w i t h  the requirement t h a t

.3 = p . — p and \‘~‘ = x — V~ 
- Ire ’ small compared to p .  Tin -

I 1+1 1 1 t+I ‘ 1 ~1

l a y e r  m i y  t h e n  hi’ c i l u r uc  t en zed by a v e ra ge  va T ue’s of tile in! i cc-~
= (p  + .3 ,, + ~.)/6 and , = ( ,  + 4 X .  + v ) / 6 , wh e re

5 1+1 t+ .5 1 1 1+ ! 1+ .5 1

- Se! V~ 
ar  - t hi ’ m d  ice’s it (z - + - 

) /2. The’ ~-hangc ’  i n  m v
i+ .5 ‘i+ .S 1 1+1 -

pa th d ire -c t ion at t~~~~- surface o f  two t’7c V’d i . i  o f  d i f f e r e n t  r e f r a c t  ive in-

dex is g i ve s  by Sue- l i ’ s I ~~; - = 
~~~ . s i n .  - , where’ thc ’ variation- V 

1 1 1+ 1 1+ 1

in 0 ‘ye-i the r ay  p i t h  is  s m al l  e ’n o c u g I i  ( l e s s  th i an  5
0
) t o  he ignored  so

t h i t  ~~ - (
~~~ - ) , - ( V

V 1 + 1 i -f- j i + ~ i

I t  i l  i , j n 7 :  t h i s  e-:~p r c s s  i n  t o  e a I c u l a t ~~- t h e de f l e c t i o n  of a t~-p i c a 1

wav e  f r e q u e n c y  p r op ag at  log nr ,cn 2i t h e  alt itud es where diff er ’ntia l

u f i s e r p t  i on  c m  he n7, - ;j s u r e cj , i t  was f o u n d  t h a t  in  a 5 55 thick layer ,

the dc - f l e e t  ion  was  l e s s  t h a n  0.1 ~~. Thus , In  cu r  , - u l , - i u i a t i o n s  of d i f —

V 
f e  r , ’t l  I V i , il a b s o r p t i o n  and F a r a d ay  r~ t .  i t  i o n  we- c-a u  7 s su ttie t h a t  t lie ray

p i t hs a r -  I l i  7111 Ii ne-s.

A n o t h er  - h a r u , ’ ter ist Ic of p r o p a g a t  1017 WI Ve S in an ion i ze d m e d i u m

i s  t h e  t endency  f o r  t h e  E — f i e l d  t o  a c q u i r e  a c o m p o n e n t  in the  d i r e c t i o n

of ‘r ’pica t ion. For c :ulc -uu I at ions i n v ’ l v  ing rocket coning , it is neces-

sary t o  sh ow t h a t thy ic ’n’ i t ii d in al F — f i e l d  c o m p o n e n t  is very small. To

d e t e r m i n e  t he’ p l a n e  of t h e V~ ph a s o r  F , ~~~~ m u s t  find the relative magnitude

of  i-; (the nI’ ’tce ’n t of F in the di r e - I  ion of wave p r o p a g a t  ion) in term s
of E or K . rh is ce) be found by a ( i e r i v a t i o n  s i m i l a r  to t h a t  fo r  thex y
W I V C V’ polarization R. By siubs t I t il t ing t h e  d i c le e - t r i c  t enso r in A p p en di x  A
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into Maxwell ’s equations and solving for F /E , we can numerically
z y

determine the relative’ magnitude of the longitudinal E—field component

fo r  the  coordinate system of Figure 3. The result

i~_ z 
= LI~~V~~~~~~VJ iL~1~J sinq~

E
y C

can  h~ - eva 1 cia ted by suhst i tu t inp, tYpical values for w , V , n , et c . in to

the expressions for B , C, F, and 2. Calculations show tha t E /E <
z y~~~~lO~~ + j l0~~ f o r  t y p i c a l  ionospher ic  p a r a m e te r s .

We can sa f e l y conc lude  tha t fo r  a l l  p r a c t i c a l app l i c a t i on s E l ies

in  , i  p T , u n e  p e r p e n d i c u l a r  to  t h e  ray path , which was shown to be essen—

ti n Il y a straight line from the ground antenna to the rocket vehicle.

-- -~ V _ - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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APPENDIX C

The effects of coning on the signal at the rocket can he described

analytically by developing equations tha t transform the coordinate frame

in which  the an t enna is s t a t i o n a r y  to t h a t  in which  the e l l i p se  t r aced

out  by the radio wave F — f i e l d  ve c t o r  is s t a t i o n a r y ,  the F a r a d a y  r o t a t i o n

t rame . Coo rd i nat e  r o t a t i o n s  are r equ i red  t h a t  t r a ns f o r m  (
~~~, y

13 , ~a)

where  z’~ is d e f i n e d  as th e  rocke t  sp in  axis , ~a is the direction along

the a n t e n n a , a nd v’1 is p e r p e n d i c u l a r  to bo th  ~a and ~a , to the coordinates

( \ t~ y t
, 7 t )  where  z~ is t ile con ing  axis , ~~ p o i n t s  m a g n e t i c  n o r t h  and

x~ is p e r p e n d i c u l a r  to  both ~ and z~~. The r o t at i o n a l  m o t i o n  of the

r oc k e t  i i i  a f r a m e  f i x e d  r e l at  i v e  to an observer on the  e a r t h , can he

desc r ibed b y ~e = Ls/dt , the roe k i t  spin r a t e .  The c o n i n g  angle B is the

- u ng le ’ be twee n the  rocke t  m aj o r  ax i s  ( sp in  i :-: i s  z°) and t h e  c o n i n g  a x i s  z t

‘ 111 , 1 i l v , de ’ f~ m e  ~ 
= d~ fel t to he t h e  con i n o  r a t  e t l ie ;i n g t i l a r  v e l o c i t y  by

wh ic i l  t h e  r o c k e t  ix is  ;~ prec e -ose ’s a b o u t  t h e  a x i s  z~ . Fi gure  Cl shows
( h ,  spat to 1 r~- l u t  ionshi ips b et w e e n  t h e  t We) coord  inn t i  f r a m e ’s and the angles

cl e ’I  h u e d  uiec -e v e .  A c t o c k wi s e ’  r o t  , it  iOfl  I i b t i t i t  t he z ’~ ax i s  can he repre-

sen t e d  b y

( (‘O S 7(t  — S t l l  - c i  0

s = sin st cos ~t t  0 (Cl)

0

Thus x 6 
= Sx~ . The next r o t a t i o n  is about and causes  = SZ

a

to he - r o t a t e d  b y an ang le ~ in to  co inc idence  w i t h  This is a clock-

wise -  ro t  I t 100 that e o n  he r ep re sen t ed  by

(1  0 o

C = 0 clis (3 —sin (3 (C2)

0 s in  (3 coS (3

The geome t ry  of t h i s  s i t u a t i o n  i s  i l lu s t r a te d  in F i g u r e  C2 iThere =

ii , . c ’ H a - . - tCz = CS z  . The aX iS v = C~ = CS y I Les in the  p lane  d e f i n e d  Lw x
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and y~ . The rocket antenna now lies in the (xt ~ t
) plane by the trans-

f o r m a t ion s  S and C so that xC = = CSXa . Finally, the  (x
t
, y t

) p l a n e
is rotated about the z

t 
a x i s  by y degrees so t ha t  x~

’ and ~~C now a l i gn with
and ~~ respectivel y. Again this is a c l oc k w i s e  r ot a t i o n , and is repre-

sented by

cos yt —sin y t  0
p = sin ~‘t cos “t 0 . (C3)( 0 1)

The m atri x PCS transforms the stationary rocket antenna axes into
‘i ‘ i r 1 i~~,~~~- sy s t e m  th a t  is  s ta t i o n a r y  w i t h  respec t to an observer  on
t h e  ~~round .

zt

y o
- CONING

AXIS

\ / i~~~~ \_ J
\ 

—
‘-‘

, I ~~~~

\ ~~~~~~ / ~~~~~~~~~~~ I rROCKETN / 
~~~~~~~ 

/~~ N-~ /ANTENNA AXIS

~~~~~~ 
\ I ,~~~~~~~~ /

~~~~~~~~~~~~~ Ja
-p

/S 
/

/S /
/

(

i 7 e i r ~ - C l .  S t at  i o n l r v  a n t e n na  f r a m e  (
1 d a

) o r i e n t a t i on
relative to (xt , V t , zt).

V_____  ~~~~~~~~~~~~ -- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V
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2b z 1

Fi g u r e  C2 .  O r i e n t a t i on  of (,< b ~ h 7 b )
to  ( \ t ~, t z t )

Assume -in au g I c  ‘~ cx [St s bet  Wee-n lie m d  0 W O V ’  ru paths and the

ax u s ab o u t  wh I c i i  t h e  r o c k et  precesses . The r o t a t i on  m a t r i x

(1  0 0

D = 0 ce~s iS sin iS (C4)

0 sin iS cos O

e!e si ’ r i he s  a r o t a t  ion abou t  the  x~ axis , t a k i n g  the (y
t 

Z
t
) axes into

t h ’  (v ’ , z ’)  a x e s  of F igu r e  2 of Chapter II. The transformation from
i x ’ , y ’ , z’) t o  the Fu r id,i y rotation frame (X

r ~ r ~,r) was developed in

- -~~~-- -- V ~~~~~~~~~~~ —
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Chapter ii and is contained in the matrix R of equation (14). Summing

a l l  the rotations gives t h e  matrix

T = RDPCS (C S)

which transform s the antenna coordinate axes of a spinning , coning rocket

to the  Faraday r o t a t i o n  f rame  in the  ionospheric medium .

Tile angle  iS between the ray path z’ and the coning axis may be

impossible to determine experimentally. We assume that points in the

direction of the sp in axis at launch. If the transmitter is close to the

launc h si te , then the assumption that iS is less than 5° is p robab l y reason—

able  at  least for the  up—leg and the D—region . With iS less than about 30°,

the  r ot a t i o n  D can be app rox ima ted  by the e x p r e s s i o n

I 0 0~~ ~~0 0 0

D ~ i o + ~ —6 ~~/2  6 = 1 + D ’ (C6)

with less t h an 5Z e r r o r .  S i n c e  t h e  m e a s u r e m e n t  of t i l e  conin g angle

depends upon the lineari ty of the magnetometer , we can associate any

non—ne g li g ible experimentalV err or by b . Sub st itut in g (3 ± h into (C2) with

h smafl a l l o w s  us i ’  w r i t e -

0 0~~~ ~~0 0 0 1C - 0 cos ’ —~~tr i~- - + 0 ‘ h V~ S ~h s i n F  (C ] )

0 s i n s  cos!- - 0 ls-ost~ 4hs in ?

C + E ’

w h er e  K ’ is an e r r o r  m a t r i x .  S u b s t i t u t i n g  ( C 7 )  and (C 6)  i n t o  ( CS )  g ives

T = Ri ’CS + RD ’PC S + RPE ’ S + h igher  o r d e r  e r r o r  t e r m s .

The m a t r i x  p ro c l i i  t RPC h is t he  p r in c  i p u l  t e r m ;  t h e  o t h e r  t e rms  be ing  e r r o r

-
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mat r ice’s whose’ c-I omen t s are’ only a sm a l l  percenta ge - of t h e  p r i n c i pal

matrix elements. ‘the matrix elements for T RPCS are ’

T = cos~ 
‘ cos~t t  — siffy ’ COS~~S V!T 17C t

I i

T = — c o S f ’ s l n V e t  — Sin ~’ ’ cos~~c o s d t

T = s VLrI~~’ S inR
1 3

T = siny ’ e n s it  + COS ’f ‘ cOs~~V s i i)  ~ t
2 1

T = — s i n y ’ s i ’ i c t  + c ’i-sy ’cos (3sinVit (C8)

T = 1’OSI ‘5 ~g:
2 3

T = S i I l S s i n V 1 e t
3 1

T = s ~~~~~~~~ i t

I = cos~-

where y ’ = yt -- F and F = — 
x~~

2
~ 

the F a r a d ay  r o t a t i o n  angle .

V 
As a r e su l t  of ignor iv i g ~, the coning angle ~‘t is measured  in the

p lane  of p - - e l  erizat ion so that the F a ra day  rotation e i t h e r  advances or
r e t a r ds  t h e  p r ec e s s io n  e t  fc-ct appearing in the u n r e d u c e d  d a t a .  The

u I  r e e t ion  of the  r o c ke t  d i pole  a n t  cmi i relative to the Farad a\ -  r o t a t i o n

frame is = T . ~~~ w h e r e ’  r
3 

is the unit vector in the x

r - - - r
7 = fcos~’ coscc t — s i n~j cos;- -sl n i t ] x

V 
+ [si ny ’ cos~i t + e’osY ’ c o s f s in L t ] y  + s i n / s i n~~t 7~ 

. (C9)

l h e  p o t en t i a l  me ’ isured a t  the  base of the a n t e n n a  is p r op o r t i o n a l t o  t he

1 ; I t e ’ 1 7 r e t e ’ L  e l e c t r i c  f i e l d  c ompon en t  p a r a l l e l  to the  a n t e n n a . The scalar
product of equation 16 of Chapter II and (C9) gives

= [cosy ’ cos et — s iny C
c o s / , s i n c t] E c o sI V , I t  — (~~ +

— [Siny ’ cosat  + eosy  ‘ens/s in-~t]E2sjn[,’t — ( :- + -~~ )/ 2 ]  (d O)

whore’ F 1 m i i i i , are g i v e n  by equation 19 of Chapter 11. In the absence

- - ~~ VV



Ot Cc’liing, ~ = 0 and y ’ c-omhines with ~i so t h at  (d O) r educes  to  e q u a t i o n

24 of C h a p t e r  II. The maximum value of e q u a t i o n  (Cl O )  in the wave period
dE

2ii/w is found by s e t t i n g  V _

f

S = 0 with the ansumption tha t i~ << w .

T u e  r e s u l t

[ 
- 

~~~~~ 1 = -t  ~~~ ~~~~~~~~~~ + cosy ’ os s i n ~~t )
~ 

j K 1 cosy e-os~tt — siny cos, - s i n ~~t
— m a x

co in he su h s t  i t u t e ’d  h ac -k i n t o  (ClO)  g i v i n g  V

( -
~ 

+ ) 1
= V 1 ( O S  ( c t  — - _ 2~~~ _ , ~~ [cosY ‘ Ces et — s in 5 ’ co sE s i n- a t]

L m ax V

[ (
~ + H) 1

+ V sin (ic t — 
_
~~~~

_ 2
~ I [o i i ~~ ‘ c o s St  + cos ’~ 

c c o sc s in at ]  ( C l 2 )
- 

2

w h e r e  V 1 = ~E 1 ~~~ = ‘F , and £- is t h e  e f f e c t  iv e  d e c  t r i c al  1, 7 t h .

Fa,- v d t a g e  V
R in a con i n g  rocket  is e q u i v a l en t  to the  v o l t ag e  V 1~,

e’qua t 1011 25 c c  f C h i p  t er II in 1 n o n — c o o i n g  r ocke t  . I t  is seen t h a t  tt ie

p c - a k  amp i i t ~idii o f t h ~ - s i g a i 1  i s  m o d u l a t e d  by the  r e l a t i v e  a s p e ct  of t h e

r e v  p i t h  and  sp in  a x i s .  I f  t h e  con ing  r a t e -  w e r e  r a p i d  w i t h  r cs p e ct V t o

the rocke t  v e l o c it y , t hen  an ave i-a 1 ’ i n p  p r o ce s s  w o ul d  sm o o t h  ou t  c o n i n g

‘t I cc t S.  l O W u  ver  , if the a It it ude change in one p r e c e s s i o n  cvc 1 e is sig—

ni f i c - e a t , then Faraday rotation and differential absorption also change

in the cycle and averaging w 11 n o t  Y i d  ci a c c u r a t e  resul  t o . The spin

rOte mu st he de t e r m i ne d  e x p e r i m e n t a l ly  by  m a g n et o m e ’t e r s  on th e  ro c k e t ,

n u t  t h e ’o r e t  je ’ ,u ii - - , h,-ul f—rotations ar e ’  sol u t  i o n s  of t h e  t r a n s c e n d e n t a l
equa t ion

= 
t a n~~ [tan 9P° - ~ t )  ] (Cl I)

‘ O S i

mil d ( o r i , ~ 5pond t i  the inst mt tioc a n t e n n a  is p a r a l l e l  t o  the e’artii ’s

dig I t ft f i c - i d .  F q ei ; i t i on  (Cl 3) is I ound b~’ S e t t  Lug t h e element of ti l e’
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f i i - °t cow clod e O  l ucite c t  mat r ix t’i’g c - e l I  i i  t o  ze r o .  I f l-’-i r,i fav rot c i t  l ull)

is 7c r c ’ ( ‘
~ 

y t ) , hen t lie ‘SI) in  m a r k s  ‘ a re  c c c l  nc i d e nt wi tic t b -  n in imu in

v a l ue s  of  (C1 2 )

The c omp i ex i t  \‘ of (Cl 2) c l o u d s  t he  easy dc- I  e r m i n a t  i o n  of F : u r a l I ’,’ 
V

l o t  u t  ion and d i i  fo r t — n t  in  1 : cbs or p t  ion . W h a t  WI need then  is a s y s te -m a t ic

set hod of tied uc ing theSe d u d !) I i t  i CS in t Iii ’ case of r o c k e t  c O f l  imp,.

h aVe ’ Sc ’en t h a t  di  f fc’rent [a 1 absorpt ion and F~ r a da  v r o t  a t  ion - r - re I at e ’ i

a t l i1  r el~u I iVe m o gu l  i t  udes  of  t ice- mcc i or and m i n o r  a x e - s  of the ’ po La ri z,- i —

I i o n  ci liis e cud to the s pat  i i i  ar c gu l : i r  r o t a t  ion of t i e -  c l i  i pso r e l a t i v e

t o  t h u e  g r o u n d — b a s e d  a n t e n na . C on s i d e r  ci r o c k e t  b e l c h  ot  a t  i o t t o  r v  a t  some

dc 1 h i t  .i ion it s t r a j  e ’c t or v  such tha t ~ 
‘ , ;‘- n i l  the r oc k e t  ‘ 5 1 r an s  liii i o a i I

n o t  h e -c, - i ai~ - fixed hut it is still a l l c c s - e d  tc  s p i n .  F i g u r e  C l  i l l u s t r a t e s
- - - - - - . - r rtic is s I t ( L O t  c o n .  j ’he ’  or  u c i t  t a t  i o n  of  t h e  p 1 an~t of pc I a u - i  z i  I i on  ( 7-: , v

re lot [ye to the- an lemma plane (x’1 , v”) i o d o t  e rrn i ned b y \ ‘ and / whu ch

, i l ~, - t o  be mc ’,i s i r , ’ c clockw is e- f r e t :  t h e  l i n e  c t  i i i  , - r o e ’c -t l a n 01 t u e  t w o

pI~ I tte ’s . The o c u x i m l i m  and minimum s i - V i t a l s  re ’e-orded  ov e r  one sp in  ev e  le ’ of

ti le’ ro c ke t  d r  - r e sp e c t  l V c ’l \ p r e p c c u ’t ional to t h ~’ u-ax m u m  inch O l i l  l t h u - i  p ro—

JeS t iclilS o f  E i n t o  t 1ie ’ p i - i u i c ’ trac ed o u t  by the ’  sp i n n i n g  a n t e n n a. I c t

C , ice ’ t h e  p r o  k - et i on  of and E , t h a t  of F ,, where - = x
r 

IS tilt’

no~~e r  axis of the pci  r i z a t  [on eli i p s e  , F, = is tile ’ m inor  a x i s , and

F 1 ,u n d  K , i r e ’  g iven  by (1 9) . Bee wse  of t i le’ svm rnet  rv  of  t i 1 ’ p u- c a b I c : : .

c- o u t s i d e r  c c c i  ft v a l u e s  of  ~ ‘ i , t W , ’ c - f l  0° ceiici I . Let  d and d he t h e

l c - spe ’e t  i V I ’  : if l gn i, i r se p ar o t  101(5 b e t w e e n  and F , and t h e  l i n e  c d t  m t  ~
‘—

S c , t ion cat the’ t w o  p l a n e s .  Sin- c d
1 

and  d , lie’ on o p p o s i t e ’ s i d c c~ cal t h e

1 i:uc ’ c c i  intersect iotc , d = d 1 + }d , i s  t h e  a n g u l a r  se - p e r c i t i o n  b e tw e en
- 

and E , . in gene r n 1 . t h e  p r o j  eel ions a t  two , c r t  h e c t ’,on ci I Ve, ’ t O r  s l i k e

V 
. r 

and t ;~ y
r 

o f  L - I c 7 h i r e  C3 o n t o  a p l a n t -  that is not pa r -iile -1 t o  t h e  p lane

c i t  t i ~e’ ve ’c’tors (E ~ 0 in F i g c i r c -  C)) I r e ’ no t  cr th o t c ii:u l . If (3 =

t hen ci = 0 and and E2~ ire ’ p a r a l l e l  . The a ng l e  b e t w e e n  and i t s  pro-

j e c t i o n  L 1~ i s  ca l l e d

I- ,~~ E 1 cos(h 1 ) . (d14)

Simil a rl y for I- ,,
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E~ = E 2 eos (b 2 ) (C 15)

Napier ’s rules f o r  r i g i l t  s p h e r i c a l  t r i a n g l e s  g ive’ t h e  relationships

si n( b 1 ) = s i ny ’ s i n l  (C 16)

and

siii (h2) = ccc s 1 ‘5 lift . (Cl))

The di ng ic ’s d and d id  t he ’ plane’ o t the ant cut)., :115- t i c e ii gi v en by

s in (d 1 ) = t c n ( b 1 )e - o t ;  (C 18)

s i n( d ~~) = t a n ( b ) c e ’t , - - ( C l 9 )

Sc ) f l i e ’ c -i r h i t r , e r v  v e c t o r  in t h e  p o l a r i z a t i o n  p l a n e  F can he w r i t t e n  i r u

t c rms of t h e  or t h o g o n a l  co m p o n e n t s  a l o n g  ~ r and ~

r . r
K = E x + K v

x

I h u i ’ s e ’ c o m p o n e n t s  can  he p r o  h e e l e d  o n t o  t h e  p l a n e  of  t he  a n t e n n a

E = E e o s (h  )
x x

F = F cos(h )
v 2

The v e c t o r  sum of E and E~~ in t h e  a n t e n n a  p l a n e  is given by

2 = E = K 2 e’os ’ b 1 + K 2 cos 2 h + 2E E cos (b 1 ) e os (h , , ) c o s (d )  . (C20)

Si tic e . i- l i es  iii t he’ pe, in  r i cici t i ot t  p l a n e , t he ma gn i t  i c c i  c’s e f  K and F ar e
x v

1 ess I han o r  c c l i i i I t o  the ’ m a j o r  and minor d lx i ’ s  of t h e  d l  ipso l-’
~ 

and E~
rc ’spect i v e ’ l v .  Since ’  d i s  n o t ,  in gene ra l , e q u a l  to  90°, E~~ a nd i-H’ are

11’ -1 o r th o gon a l  v e ct o r s .  C o n s e q u e n t l y ,  E~ nov no t  be t h e  l a rg e s t  va l ime
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p r o j e c t e d  into t h e  plane elf the antenna , nor  E the smallest. As the’

phcisca r I- . rotates in  t h e’ p o l a r l za t  ion p l ane , the min imum value of
in the  a n t e n n a  p l a n e  f r o m  (C20) occurs  when ~~~~~~~ 0 . The components

K and K in t he p l a n e o f p o l a r i z a t i o n  s a t i s f y  ~
‘

1 2 
E 2

= I — ~~~~~~
— . (C21)

Substituting (C21) into (C20), taking the derivativ e with respect to E

anti  se t  t i ng  t h e’ r e s r u l  t to  zero gives

C K 2 2 E F 2 1 ’2
C R 

- 

F
~ [~~ 

-( 
~:) 

] 

+ 

~ 
[‘ - ( 

~)j  = 0 (C22)

where

E2 cccs(h. 
) E1 cos (b 1 

)
C
R 

= 
i-~~c os ( b ) c o s(~5~ 

- 

E,cos(b 2 )cos(d) 
~~23)

V 
Renl rr. el c 7 i n g (C22 ) i n t o  t i l e -  b i n o m i a l  f o r n c

V 

- 

(

F

)

? 

+ ( C R
? ) = 0

g i v e ’ s  t he r o c c  Is

= 1/ 2 ± (1 - R) 2/2 (C24)

wh ere

R [ ( C )

2 

~] . (C 2 5)
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I f  E
1 ” E ,~ t h e  s m a l l e r  value  of (E

y
/ E ; ) 2 e-or resp onds  to  t h e  m a j o r  ax i s ,

while for E 1~~ E2
’ the  l a rger  value corresponds to the major axis. The

d a ta  becomes e x t r e m e l y  d i f f i c u lt , i f  not impossible , to reduce whenever

E <  E2 . After this situation occurs , reduction of the data will be

very  e r r o r — p r o n e . Hence a d i s c u s s i o n  of th i s  s it u a t i o n  w i l l  be neg lec ted .
Let E 3 and E~

’be t i le  l a r g e s t  and s m a l l e s t  field c omponents respectivel y

in the  , c n t e n n a  p l a n e , F i g u r e  C3. B y c omb ic t ing  (C24) , (C2 1) and (C20) for

the u s u a l  C O Se  where  E 1 
>

K ;2  = ( I  + R) E ; - , 2  + (1 - R) E~~~/2

+ (4 — R ? ) 2 E E c o s (d )  (C26a )

cinc i

= ( i  — R ) E~~~/2  + ( 1 + R) E ;2 /2

- (4  - R )  l-~~ E 2 c o s ( d )  ( :~~ )

The sp in m t  r o d uc e d  e’r r or  in  Farad iv m I nt  ion can now be foun d  by d e t e r —

iii i n :  t u g  the ’ ,l ngu I nu r  d i  f f ’  r on  Ce h c e t  W1 - e t t  the ‘‘a ppci r e n t ’ m ino r cix is and

t h e  “ t r : u e ” m i n o r  a x i s  p r o j e ’c t i o n  
~~? Si nce ’ the p o l a r iz a t i o n  e ’l U p c t ~’

p roj e cted o n t o  t h e  - u - u t e n f l c i  ~~l fl1 c - i s  ce n  ~- l l  i j e s e -  , u i s e , the angular d i f —
f e - r e n c - e’ is g i V e r1 Ic y

= S i l ’
1 [( E  IF ) 2 

- I ]  r ( E ~/ E ; ) 2 
- i J ~~~ ( C d 7 )

‘flit ’ - r ror  in 1 ij f f  e -  re - n t i n  1 ab s o rp t i o n  is

= [( i - ; ’/E - l ) ( E /i- :  + 1) ’] - A (C28)

W h l e ’ d e  A is g ive’n l iv  equa t ion (20)  of Chapter I I .  For the ’ u su a l  case’
W h i t - r e ’ i-H 

2 
w i l l  change’ s i g n as y increase’s p a s t  a m u l t  ip l e  of

i i )  . S uinil - e r lv , w i l l  change  s ign as ‘
~ i n c reases past  a m u l t i p le  of

some’ in g  h e ’  h e - tw e ’ e’n 0° and  9 0 .
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f b i ’ p l o t s  i n  F i g u r e ’ C4 cor respond to the c a s e ’  of a 10 MI-h 7 wave being

recorded for 10 se’e’oiids (over 7. 4 kin ) a f t e r  p r o p a g a t i n g  t h r o u g h  the  summer

PCA medium to an altitude of 77.8 km. At this point , a differential ab—

S o r p t i on  of a b o u t  — 1 5  dB has be~’n induc-ed on the si gnal. The sole differ—

ec i ce ’ in input between the  twe) is t h a t  in t h e  upper  p lo t  , the electron

de ’dlSj  ty  has been set  to  zero , w h i l e  in Li ce lower , N i s  i d e n t i c a l to  t he

PCA p r o t  [Ic  t h r o u g h o u t .  R o t a t i o n a l  p ar a m et  i r s  of :.i = 10 sec 1 
~ = 0 .1  -S e c  

S

a t i c i 2 = 30 ° (see F i g u r e  C l )  we-re’ taken as c on s t a n t s  over the second interv al.

iii l i c e  soni c I a sh ion  ~u s i n d i e ’atec l  i n  (19) of Ch a p t e r  11 , V 1 = and

= i i - , di re ’ t h e  r e - c o r d e d  s i g e i n e l borders  i f  t h e r e  were  no e - c l n i n g  l cr , - sc -n t

( s ee  F i g u r e  6 R )  , and V 1
’ = i V

3 
and V ’ = ~~ cr . - t h e  d i s t o r te d  s i g n a l  b o r der s

w i t h  e’ o t ii ng  p i vo n by ( C2 h )  . Thus in the tipper plot , the- modulation of V 1
Old I’ is i l l is t r at e d  by V anti V ,,’ r espect  lye- l v  ov e r one coinp l cii’ cyc l e  c cf

‘Fi le ’ sl i ;iit cl e ’cre - i e ’ in t h e  s ~~~~~ 1 amplitude in Fi :ulr - C4 arises from

ti le l l l c ’ r, ’ i s i n g e l u s t a n e e  ecf t h e  rocke t  f r o m  t h e  source- . In t h e ’ l ower plot

I l i e ’ F a r , i d c i v  r o t a t i o n  :lnci c h i t I e ren t  i a l  ib so rp t  ion e’ft e’ets - - i r e  i n c l u d e d  t o

i l l  us t  r ,u t  e’ a c t  cud er reers that woul ci be i nc -u r r e - d  i i )  t h e  l u - t i e ’ sipnce 1 enve—

lope’ upon  ig i lo r  [rig c l i i i  I i i  of f e e ’ r s in d a t a  rest n e t  iou  . Not e’ t h a t  ‘y = y t  — F
l i e )  l o n g e r c e c E l p i e t  00 0110 ev e ’ I e  iS ci result of Farcidav rc it ,itio n .

V The con j ug  e r ror s  i n du c e d  i n t o  t ho on r educed  d , e t — t  a r e  c l -  / d z  arid
d~~/ c i z .  li e~4 c ’ e r r o r s  ‘ c c i v  c c -  e ’S t  lu: u : c t e ’d  n r c m e ’r i ea l i v  1cv c a l c u l a t i n g  van —

01 IOnS 11) (P27) end ( C 2 5 )  c~ve ’r s m a l l  d i s t a n c e -  in t hee coded m o d e l .  For
l v i )  u c a l  d i n  i r i j -  pa r ime - t i ’ rs , Wbie ’fl A is less t h a n  — 10 dO , ci ~,/ dz can  oce s  liv he

of t h e  S , L i l c  u - r . i rg l  i t u d e  us e l A/ d z  o r  greater. Flu e t c ’r r c  d / ~lu -. is gen e - rn  1 lv
u - un -h  sm, c ii e ’r t i t a n  (li-Id ?. hu t  can nil so ho c one s ign  I f  Ic a n t  . In none’ ra I

ci /dz and  ci ( / d  ct , u u - c  I i l n e ’ t Lo ui s  (if v 2 and F
1 /E 2 . The’ d e’pendern- e of 2 /d

- u r c , l  el’f / d ’ on t h e s c  y ou’ ( ( h i t S  [5 non—l ine- -ui — ci nch apet - i o d i c ’ w i t h  cii t i t i e j e ’ .
St  u t  i s i  i c a l  J v c - r c n g i i i  c a t  t h e  e n n r e - I u i e e ’ci l i t  a may s t i l l  l e a V e ’ s i g n i f i c a n t
‘r r ’ r .  - c ’ r , e h i ghe r  degree  c ’ t  ae- cei r ac\ -  i t  is n e c e s s a ry  t o  m o n i t o r  lice ’
roe -~,e-t e cri & ’n t u ti on ri 1 1  h ’ h t u  eo nt  i n u o u s l v  inc h c i e ’ ’e h o p  a r e d u c t i o n  scheme
I lin t ~~

‘ i l l  remove ’ t h e e  e r r o r .  Ti i ~ ’ reniainde’r o this ap p e n d i x  will he the ’

cl ove 1~’ ‘mc ‘ ri d of Sue ’ Ii a sc-he-me ’ .

l i i  t i e - i i i  l i c e ’ of t h e  c r r t  enna , I he’ e l e c t r i c  I i  eld F , is elli ptical
V and s e t  i s f  j t ’ 1 4

- - - V  V
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i V g l r e- C~~. t c ,’p ic al si gnal moeiulat [ecn by rocke t c - o n i nj ’ — shade ’ d region
ici d i c c i t  e S s i g n al  enve I oi ce ’ i’iociu 1 a t  ion m e l  a t  i ye’ to the si gna l

c h i V e ’ I el ite ’ for  cc n on— c oii i r ig  rocket . Shown d ir e ’  m c d i i i  a t  ion
ee ls  f o r  n c - r e  e l e c t  re in  d e n s i ty  ( t o p ) and t he  d i s t u r b e d

r i
V e r  I t ie - of Fi ‘( l I e  7 (h e t t t om)  . Se e’ t e x t  t o r  d e t a i l s .
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(

F 
+ 

(

F

j

2 
= 1 (C29)

wOe -re ’ i- and F, are t h e  o r t h o g o n a l c o mr o n e ’n t s  of E a long E~~(x ’ d i r e c t i o n )x y — 3 —

and E (v ’ direction) ehe major and minor axes of the elli pse respectively.
l i c e t i~~le1 c-omponents  E and E~ can  then ir e’ b rok e- u -c i n t o  t h e ’  (x ’ , y~ 

) corn—
p or c e n t s  by

1-; ; = E , e c s  e~~~~~, ’ 
~- lH Sil l H-~ 

(C30 a)

= I ., cc’s 
~:‘ 

x ’ i-: • 
i n  V 

~

whe re’ 0 and 0, a c e ’  ti l e- a n g l e ’s r - r e ’ n s e i r c - :  f r e t ,  x ’ t o  E and F ’ r e s p e c t i v el y ,
See F i~~c u r e ’ Ci . Note tha t SI + 2 t  ~~i I i ~~ ci is given h~’ the sum of j d 1
and d , in (C 18) c m i  ( I i  h~~) .  P o t s ;  ti t i ut ion of (C30a) i n to  (C29)  gives

= (E;~ / g 2 sjn 2O + cos~~J )
_ 1 (C3 1a )

and (C300) in t o  (C29) v i~~ c e 1 s

E:2/E;2 = (E 2 /E ,
251n ?

3 + cos 2 O~~) (C3 1h)

V 
[ c u b in ing (C26a) and (C26h) gives

(E~)
2 + (E~ )-’ = (E~~~ + (l:~~~ (C32)

which wi th (C 31) a n d  some r e u r r a u t n i n g  g i v es

/ F , \~
t , c n 2

~ t a n 2 0 = ~ ~~ 
)

S o l v i n g  the  a b o v e ’ express  ion s i m i u  I t - i ne c i c s lv  w i t h  d d 1 + I d , l eads t o
a binomia l form h a v i n g  r oo t s

t an -~~1 = - [( :~ - 1 ) t c i n ( e l ) ] / 2  - [( K  - l)tan (d)]? /4 - 
~ 

(C33 a)

~
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F i g u u r c - CS. l - — f i e l d  components in the p lane of the antenna .

and

taut 02 = -[(K - 1 ) t a n ( d )] / 2  - ~[(K - l)tan(d)]2 /4 - K (C33 b )

where K = (E /E)’ . If d = d I  + d j  is found from (C16), (Cl7),

(C18) and (Cl9) and K is known , 0 and 0 can he f o un d  from (C33). Solu—

t ion of (C 30) , ( c 14 )  and (P15) then gives w h i c h  is the r a t  in ii(’I’(ie(l

f o r  the c lcul ,ition of A. The r a t e  of c h a n g e  of A with altitude

follows immediately.

Art c l y t i c a i l y , the ’ F u r , i e l ; c v  rotation coning error introduced by

m e a s u r i n g  th~’ d i f f e r e n c e  be tween s ign a l  min ima  and sp in marks  is

= ~VF1 
— (C34)d z  c? dz

V ‘- V ---
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where’ ,‘-F~ is the e-hange in angeclar separation between signal minima V

;irid sp in urc~crks over  tice interval ‘c -i , and dF/dz is tu e true F’a raday

r o t a t i o n  r a t e - . The ’ c - o l c c e l a t  i o n  of  dF~/ d Z  is ulot dif ficult , and then

elF/el  7 can  he ’ found f corn ti-ce’ measu red va l dc e ~ ;V\ ‘IA z

ConsiJ~’r cm altitude inte-rva l , ‘~Z t h a t  [5 sma l l  enough t h a t  t h e ’
e i e i h m f l t  it ic’S ehF /elz, - ‘ m d  eh A / d z  — 

l ludi y hi’ c o n s i d e r e d  c o n s t a n t  over t h i s  i n t e ’r —

vol . The se ’ qeladi t it ic’s c un i q eue ’ 1 y Jet t er cnine  c i  c c ’  t ron d e n s i t y  N ac id c o i l  i —

u-i ion f r e ’qu en cy  V within this interval . This will permit reduc t ion o

I m e ’ d a t , e  rn i~su s c e r ~’ci ove-r Ac ’.. ineI c’p~ ndt’tit of measurements at either altitudes.

I r u e ’ r ,c t ic e of  l ice ’ i n  i ciumunu to  mci x i n c u r -i s i g n a l  as shown in F [gore  9 is t Ice -

e l t i d l f l t  i t~~ V~ i’ V~ . = 
— 

u s c - tu r n i n g  1 ine se r ree - e’pt i o n .  The p a r a m e t e r  F.

i- c Li c e ’ ang e l  b r  sepa r ~ct  l o u t  ice’twt ’e -i l s i gna l m i n i m a  and sp in marks .  The

a i i g i u l u r s e p c m r a t  ion  be ’twec ’ n pr ete ’ess  ion marks  and signa l  minima is

‘y t  — F.. T h er e ’ is cm e r r e e r  t e r m  in t h i s  a s s u m p t i o n , a r i s i n g  f r o m

t h e ’ p u e ’sc ’ n c e ’ of 
-
- in F: , as i n  (C Ce)  . Thi s  is c c l t i m a t e l v  a second—

orde r e’r r or  t e r m , iuh ~vc -v e r , s I f l e’c ’ y . is eise ’d f o r  c c r r e e t i i t g  c o n i n g  e r r o r

i t s e l f .  The’ p re ’e’ c ’ss i o n  ‘nr u i ’ks e~’n he d e t e r m i n e d  f r o nt  m a g n e t o m e t e r  d at a

by ~c pr O c e s s  si ci m i b r  to  i t t  e- m m i n a t  ion e~~t tice sp in n , e r k s’ . A n g l e  8.

e,un he’ d e ter m i n e d  t rots t h e  anc p l  i t c u c i e  of tice ma gnetometer data at z.

W ith t i l e ’ or  t c e h e c l , i t ~ ’, 1 fune ’i ions  V / V  . , ~~~~~
, F~~, and r . d i s c u ssed

V 1 ev , - , t h e  5 i i t , e  cecl c e t i o n  f e V)r  t h c ~ k
th i n u t e r v a l  ‘7,~~ = 7

k 
— Z

k 
, is:

1 ) C - u l c e u i c t e ’ t reat ( C l h ) ,  ((:17) , (P1 8), and  (C 19)  t i l e ’ g n c r am et e-r s
b~ , h , d~~, c l i , a u t o  c i .  = e1 + uh ~ fc cr  = k, k—i.

2) C i  l e u late 0~ and 0 , = k , k-I I r on  (C~ 3).

3) Front ( C  31) t h e  ratios (g 1~/F,~) ’ ~V . a n d ( b-: /F ’ ) 2 
— 
, I = k, k--i

con he cole - eu l e t  en d . V - -

4) C a l c u l  - I t  e E IF -
. fr on t (c14) arid (Cl 5) for = k, k—I .

5) F r o n t  ( 1 8)  ucch  ~ 17 )  e , u l ccul ,i t e ’ A’ for I k, k—i. Then

k = 
~
“k 

-- 

~~~~~ 
Z
k

)

6) l u  1 i i  n e t  e ‘ I rim (C27) f o r  k k — l  . N o t ’ ’ t h ~~i t= [
~: fi- ~; I - ] [ i - : : / i ~; i , .F 1 -

7) C - i l ~ -~~l , ~ t~~ ( i F ’ / c I ’ I  I m m  ( P 3 4 )  ic- i n - r e ’ ‘F ’~ = F —

i i i -  i u -, /~I ‘ k k 
- 

k-~~ 
~~

- ‘ - ‘  --- - - -‘- --- V -
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8) I t e r a t e  e e l  1 is ion f re ’ q u l e - u i c  v an d  e l e ’c t r o n  d e n s i t y  N
h by

t he  ex p r e s scon s

= 
d F I d Z ! k N~~

e e i F / d Z I
k

_

k 
dF/dz

k~ 
J A / d z

~ k 
V

th
V
m 

= 
df7

~~J k
dA /dzj

C

w here’ N
k 

and  are m i t  Cii  assumed v a l u e s , and d F/ d z  - and d A/ d z  Ime 
k k

k k
ire t h e  rn -c t e c ’ qu ld u  I i ens f o u n d  by subst  i tu  t ing \1 nio ~l N into the

- ‘ rn e
S~- n u — W v  11cr e ’ q u u d u t  l e ) i l S .  By replacing V wi t h k, t i le  ; c h u r v e  expressions

r a p i d l  v cou v e r g e -  te l N h 
acid ~~ . This i ,u s t  s t e p  i s  u S e d  by V V’- ’ :’  - ‘  ~

[19b7] and d c e r : , V t ~~ , . , [ 19 7 2 ] .

I t  W , l t V d sicown in C hop t e ’r I l l  t l c , e t  ccl j ab  C- d i f  f e re n t  ial  c m b s o m p t  ion

d , e t ~ cau t be ob ta icied a t  s em ew l i n t  lower i i  t i t u d e s  t h a n  F;Vc r o d ay  m o t o t  fe rn

d c m t c c  . At  t h e s e  l c w  a l t  it iud es  , con ing  ‘r r e r r s  , c r e ’ ins i It  i f  i c, ln t  . The

procedure give’n by ‘- ‘. V ’~~d ’ ‘ s nI ., [1967] and tV~ 5 V~~~ ccl. , [b972] is

I ~‘ e x t  r n i p o l c e t c ’ t h e’ e’O l 11 a i o n  f r c q i u e - u i e v  to l ower a i t  i t u d e  I cy a s suming  it

i s  p r o p o r t  I o c t a l  te l p r e s s u r e;  V
un

( ? )  = k p ( z )  . ‘ ‘ -- - c ~~~~
, - ‘

~~ n I  . , [1976]

st _ i t  e ’ t h a t  cc p r opo t  i n e i u i  i ty  to d e n s i t  v P ( z )  mccv  he  a b e t t e r  a s s u m p t i o n ,

‘ u~~~c ’v c - r .  The ’ f i r s t  e q e u c e t  ion i t t  s t e ’p (8) above cccn be used to determine

t i - c e l c e w e ’r e l e c t re in d e n s i ty  v a l u e s  if \l
ri

( Z )  is e x t r a p o l a t e d .

In c e c i t u nm i p r ; e e ’r  ice ’ t h e - r e  may p r o v e ’ to  be b e t t e r  way s  to  de te rmine

t i-ce q u a n t i t i e s  F ’ , ‘
~ , and n- but this is b eyo u d ti - ce scope of th is  paper

and will no t  be’ el i scussed

_  V


