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Sequential Conjugate Gradient-Restoration Algorithm

for Optimal Control Problems

with Nondifferential Constraints, Part 2 , Examples1

by

3.R. CLOUTIER2, B.P. MOHANTY
3
, and A. MIELE

4

Abstract. In Ref. 1, Cloutier , Nohanty , and Miele developed

the sequential conjugate gradient-restoration algorithm for

minimizing a functional subject to differential constraints ,

n o n di f f e r ential constraints , and terminal constraints. In this

renort , sixteen numerical  examples are presented , four pertain-

ing to a quadratic functional subject to linear constraints and

1
This research was supported by the O f f i c e  of Sc i e n t i f i c  Resea rch ,
Office of Aerospace Research , United States Ai r Force , Grant
No. AF—AFOSR-76-3075. The authors are indebted to Messieurs A.K .
Wu and S. Gonzalez for analytical and computational assistance.

2Graduate Student , Department of Mathematical Sc iences , Rice
University, Houston , Texas. Presently, Mathematic ian, Naval
Surface  Wea pons Center , Dahlgren Labora tory , Dahl gren, V irginia .

3Gradu~~te Student , Department of Mechanical  Eng ineer ing and
Materials Science , Rice University , Houston, Texas. Presently,
Ass i s t an t  Professor , School of Systems Science , Arkansas  Tech
University , Russelv ille , Arkansas.

4professor of Astronau tics and Mathem at ical Sciences, Rice
University, Houston , Texas.
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2 AAR— 127

twelve pertaining to a nonquadratic functional subject to non-

linear constraints. These examples demonstrate the feasibility

as well as the rapid convergence characteristics of the sequen-

tial conjugate gradient—restoration algorithm.

Key Words. Optimal control , gradient methods, conjugate-gradient

methods , numerical methods , computing methods, gradient—restoration

al gori thms , sequent ia l  g rad i en t—res to ra t ion  al gor i thms, sequent ia l

conjugate gradient—restoration algorithms, nondifferential cons-

tr a i n t s .
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1. Introduction

In a previous report (Ref. 1), Cloutier , Mohanty, and

Miele developed the sequential conjugate gradient-restoration

algori thm for  solving optimal control  problems in which  the

state x ( t ), the control u ( t ), and the para meter ir are required

to sa tisfy not only dif f erential constrains and terminal

cons t ra in ts  but also n o n d i f f e r e n t i a l  cons t ra in t s  everywhere

along the interval of integration. The algorithm is composed

of a sequence of cycles , each cycle cons i s t ing  of two phases ,

a conjuga te  g rad ien t  phase and a r es to ra t ion  phase .

The conjugate gradient phase involves a sing le itera t ion

and is designed to decrease the value of the f u n c t i o n a l .  In

this single iteration , nominal funct ions x (t ) ,  u ( t ) ,  ~ satisfy-

ing all  the constra ints are assumed . Va ria tions A x ( t ) ,  L~u ( t ),

A’~I are determined so tha t  the f i r s t  va r i a t ion  of the functional

is min imized , subjec t  to the linearized constr aints. The

minimization is performed over the class of variations of the

control and the parameter  which are equidistant from some

constant multiple of the corresponding variations of the pre-

vious conjugate gradient phase.

The restora t ion phase involves one or more itera t ions

and is designed to restore the constraints to a predetermined

accuracy. In .‘,ich restorative iteration , the constraint error

is reduced . More precisely, nominal functions x(t), u(t),

not satisfying the constraints arc assumed . Variations . N ( t ) ,

_ _-. -

~ 

. —-.. - -~. ,.-~~ - .
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.‘.u(t), .‘~~ are determined so that the norm of the variations of the

control and the parame L er is minimized , subject to the linear-

ized constraints. The restoration phase is terminated whenever

the norm of the constraint error is less than some predetermined

tolerance.

The sequential conjugate gradient-restoration algorithm

is characterized by two main properties. First , at the end of

each conjugate gradient—restoration cycle , the tr a j ectory

satisfies the constraints to a given accuracy; thus, a sequence

of feas ib le  suboptimal solutions is produced. Second , the

conjugate gradient stepsize and the restoration stepsize can

be chosen so that the restoration phase preserves the descent

property of the conjugate gradient phase; thus , the value of

the functional at the end of any cycle is smaller than the

val ue of the fu nctional at the beg inning of that cycle. Of

course , restarting the algorithm might be occasionally necessary .

To fac i litate numerical integrations , the interval of

integration is normalized to unit length . Variable—time

terminal conditions are transformed into fixed-time terminal

conditions. Then , the actual time at which the terminal bound-

ary is reached becomes a component of a vector parameter being

optimized .

Convergence is attained whenever both the norm of the

constraint error and the norm of the error in the opt imality
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conditions are less than some predetermined tolerance s.

Outline. In this report, s ixteen numer ical examples are

developed in order to illustrate the feasiblity of the sequen-

tial conjugate gradient—restoration algorithm and its conver-

gence properties. Four examples pertain to a quadratic

functional subject to linear constraints , and twelve pertain to

a nonquadratic functional subject to nonlinear constraints.

The experimental conditions are outlined in Section 2.

The numerical examples pertaining to the linear—quadratic case

are given in Section 3, and the numerical examples pertaining

to the nonlinear-nonquadratic case are given in Section 4.

Finally, the discussion and the conclusions are given in

Section 5.

The symbols employed in this paper are the same as

those employed in Ref. 1.
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2. Experimental Conditions

In order to evaluate the theory, sixteen numerical

examples were solved . The sequential conjugate gradient-

res to ra t ion  al g o r i t h m  was p rog ram m ed in FORTRAN IV , and the

numerical results ~cre obtained in double-precision arithrr.etic.

Computa t ions  were per formed at  Rice U n i v e r s i t y ,  Houston ,

Texas , using an I B M  370/ 155 computer , and at the Nava l  S u r f a c e

Weapons Center , Dahigren Laboratory, Dahlgren , Virg inia , using

a C D C — 6 7 0 0  co m p ut er . The c ’Donut at ions  presented  hero are

tho se o b ta i n o d  a t  Rice  University on the IBM 370/ 155 c o m p u t e r .

Each e x a o n le  was run  w i t h  the sequent ia l  c o n j u g a t e

~r a d i c n t — res~ o ra t i on  a iq o r i t ho  (SCGR A ) of Ref . 1. Fo r con—

par~~son purpo ses , eac h c~.:arnp le was  a l so  run  with the sc ~‘~ en-

t~ al o r d i nar o  :r a d i e n t — re s t c r a t i o n  al g o r i t h m  (SOGRI’J of

R e f .  2 .

For ~ac~; c::.~’-ip le , the  i n t e r v a l  of i n t e g r at i o n  was

d i v i i e~ in to  100 s tens .  The d i f f e re n t i a l  equa t ions  were  i n t co r a t c d

U S j f l~~~ i l a m m n i n ; ’ s m o d i f i e d  p r e d i c t o r — c o r r e c t o r  m e th~ d (Re f .  3) ,

w i t h  a roecial  Run g ’— P a t t a  s ta r t ing  p rocedure .  The d e f i n i te

~. n te o’ a T s  I , J , F’ , Q were eoriI ’ lt ed ~si:~~j a m o d i f ie l Simp son ’ s

rule.

For beth the  r e st ~~~a t io n pha se  and the c o nj u g a t e  ~~~ r ,~~~dl i e nt

-io ~c , the I m a r , t w o — : ’  m t  h e , u u d a r v — ’~a 1  ue :. r ob l e n  w .~~~S solved

e .Iioin ~ th~. me~ hod of part c ul a r  s o l u t i o n s  (R e f s .  ~- 7 )

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ . - .
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A detailed description of the experimental conditions

follows.

2 . 1 .  Dec is ion V a r i a b l e s .  The m a j o r  dec i s ion  v a r i a b l e s

controlling the algorithm are the constraint error P and the

optimalitv condition error Q. The followina tolerance levels

are chosen for P and Q: 5

E 1 — E 0 S , c2 = E—04 . (1)

Depending on the value of P, two cases are possible:

(i) P > E—08 , (2)

(ii) P E—08 . (3)

In Case (i), the algorithm executes a restoration phase. In

Case (ii) the algorithm computes the optimality condition

error Q.

Depending on the value of Q, two subcases of Case (ii)

are possible :

(iii) P~~ E—08 , Q> E—04 , (4)

(iv) P E—08 , F—04. (5)

5The symbol i’4 a 1  s t a n d s  ~or 10~~
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In Case (iii), the algorithm executes the conjugate gradient

phase. In Case (iv), the algorithm stops; convergence has

been achieved .

2.2. Iterations. Each iteration of the conjugate

~jr,oiient phase or the restoration phase is described by the

f o ’l o wing  r e l a t i o n s :

(6)

chich tie the nominal functions an~1 the varied functions .

ThLrefore , each iteration includes two distinc t operations:

the determination of the basic fun c t i o n s  A ( t ) ,  B ( t ) ,  C and the

determination of the stepsize

Safeguard. ~ct \ Jenote the total number of iterations

(the sum of the r .wubur  of restorative iterations and the

number of c o n j u g a t e  gradient iterations) . The following ue per

bound is imposed on N :

N 1 100. (7)

Any violation of m eg . (7) is iriJicative of extreme slowness

of c on : or q e n c e ;  hence , it constitutes a nonconvcr~ ence c o n d i —

f, i e f l  f o r  the a l a c~r i thm  us a whole .

.3. -~e s t : o r .~ t i o n  th a se .  The rcatoration phase inclu .IIo.~

o:~~. or  more  ce st or a t  2 .00 i t  r i t i o n s .  A e st o ra t iv e  i ti ’ r at io n  is

started whenever t h e  constraint error P s a t i s f ic ’ : :  Ineq . ( 2 ) .
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Basic Functions. In each restorative iteration , the

basic functions A(t), B(t), C are determined by solving the

linear , two-point boundary-value problem (43)-(49) of Ref. 1

using the method of particular solutions. This requires

executing n + p + 1 independent sweeps of the above system .

Stepsize. The stepsize a must be determined so that

the following inequalities are satisfied :

P ( ~~~) < P ( 0 ) ,  i (ct ) > 0. (8)

For this purpose , a bisection process , starting from the

reference stepsize

00 
=

is employed .

In the course of a restorative iteration , the reduction

of the constraint error is guaranteed . However , there is no

guarantee that the constraint error is reduced below the

threshold (3) characterizing the beg inning of the next con-

jugate gradient phase. In other words , after Ineqs. (8) have

been satisfied , two cases are possible:

(i) P(~.) ~‘ 12—08 , (10)

(ii) P(~~) ~ 12-08. (11)

_ _  _ _  —4
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In Case (i), a further restorative iteration is initiated

employ ing as nominal functions the varied functions of the

previous restorative iteration. In Case (ii), the restoration

phase is terminated , and the next conjugate cradient phase is star ’te d .

T h e r e f o r e , Ineq . (11) cons t i t u t e s  the convergence condition of

the restoration phase.

Safeguards. Within each restoration phase , let N de-

note the number of restorative iterations. Within each rc ,’s-

torative iteration , let N denote the number of stepsize
br

bisections required to s a t i s f y  Ineqs .  ( 8 ) .  The f o l l o w i n g  upper

bound s a re  imposed on N and N br :

N < 10 , (12)

N <10 . (13)br -

Any violation of Ineq . (12) is indicative of failure to

produce a feasible solution in a reasonable number of itera-

Li,ons; hence , i t  c o n s t i t u t e s  a nonconvergence  condition for

both the r e s t o r a t i o n  phase and t he  algorithm as a whole. Any

violation of Ineq . (13) is indicative of extreme smallness of

the restorative diselacements; hence , it constitutes a n o n —

convergence condition for uoth t h e  r e s t o r a t  ~~~ ~‘h ~~so n h  the

. i L u o rj t h m  is whole.
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2 . 4 . C e nj u ia t o  (2i ~~~~i h i  & n t l’hiase . ‘i’he c o n j i i  a to gradient

phase i nvo lves  a s i n ; l o  i t ( r a t  o n .  Th is s i ng le  i t e ra t i o n  is

st a rt e d  wht , n ’:,, ’i ’ t h e  ‘ ( l i St  I I HI t  e r ro r  P sat i s l i o s  Int , i . (3)

A u x i l i a ry  F u n c t i o n s .  i n  each c o n j ug a te  gr a d i e n t  i tera-

tion , the f i r s t  step is to c o m p u te  the a u x i l ia r y  functions

A~ Ct), B~ (t), C~ correseending to the f i c t i t i o u s  v a l u e

= 0 (14)

of the directional coefficient. These auxiliar’: functions

are determined by s o l v i n g  the  linear , two—point boundary—value

problem (l4-1 )—(l50) of Ref. 1 usinq the method of art~ cu1ar

solutions. This r equ i r e s  e x e c u t i n g  n + p + 1 independent sweeps

of the above system .

Basic Func t ions .  W i t h  the auxiliary functions ):nown ,

the  basic  f u n c t i o n s  a rc  de te rmined  w i t h  the r e l a t i o n s

A( t )=A~~
( t )  ~ ~A ( t )  , B ( t )  = B~~( t ) +  B ( t )  , C = C

~
+ C , (15)

w h e r e  I d ’r i o t e 5  the a c t u a l  v a lu e  of the  d i r e c t i o n a l  c o e f f i c i e n t .

Directional Coe f f i c i e n t .  The d i r e c t i o n a l  c o e f f i c i e n t  ‘
I

is set  at one of the f o l l o w i ng  le v e l s :

( 1 )  = 0 , ( 1 6 )

( i i )  = o,/~ , ( 1 7 )

w } 1c r I ~ ( 16 )  h o l d s  f o r  t h e  f i r s t  cenjii ia t~ :r ,i d l e n t  i t e r a t i o n

-4
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and (17) holds for any subsequent conjugate gradient iteration.

Theref ore, the first conjugate gradient iteration is an ordi-

nary gradient iteration.

Slope of the Augmented Functional. Prior to accepting

the directional coefficient (16) or (17), a check must be

made. For the choice (16) or (17), is the slope of the augmen-

ted functional J~~(0) negative? In other words , does the

descent property of the gradient phase hold?

Concerning Case (i), two subcase s are poss ible :

(iii) = 0 , J~~(0) < 0 , (18)

( i v )  = 0 , 3 (0) > 0 . (19)

In Case (iii), the directional coefficient (16) is accepted ,

and the algorithm completes the ordinary gradient phase. In

Case (iv), the descent property of the ordinary gradient phase

does not hold , and the value of the augmented functional can-

not be reduced , owing to numerical inaccuracies ; hence , th is

constitutes a nonconvergence condition for the algorithm as a

whole.

Concerning Case (ii), two subcases are possible:

( v )  = Q/ Q , ~~~(0) < 0 , (20)

(vi) y = Q/Ô , J (0) > 0 . (21)
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In Case (v), the directional c o e f f i c i e n t  (17 ) is accepted , and

the algorithm completes the conjugate gradient phase. In

Case (v i ) , the d i rect ional  coeff icient (17 ) is rejected , and

is replaced by the directional coefficient (16). This means

tha t the al gor i thm is restarted wi th  an ordinary gr ad ient

phase , charac terized by y = 0.

2.5. Conjugate Gradient Stepsize. After the directio-

nal coe f f i c i en t  has been selected , the functions (15) are

known , and the one—parameter family of solutions (6) can be

formed . Then , the conjugate gradient stepsize a must be de-

termined through a one—dimensional search on the augmented

functional J(a) in such a way that the following inequalities

are satisf ied :

— 2J ( ~~)/J (0) < E—06 (22)

and

J ( a ) c  J ( 0 )  , (23)

P(o)<lO , (24 )

( 25)

Note that Ineq. (24) prevents the constraint error P from

becoming too large duriag the conjugate gradient phase.
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Scanning Process. We consider the sequence of step—

sizes

~~~~~~~~~~~~~~~~~~~~~ . ( 2 6 )

For every element of the sequence (2 6 ) ,  we compute the aug-

mented functional J(ct ) and its slope J (a). Simultaneously,

we moni tor the const ra int  error P (~~) and the final time i ( ) .

We denote by x 1 and ~2 
the smallest consecutive ele-

ments in the sequence (26) such that the following inequalities

are sa t i s fi ed :

< 0 > 0 , ( 2 7 )

simultaneously with (24)-(25) . This means that a relative

minimum of J(e) occurs for a value such that

(28)

Cubic Interpolation Process. Having bracketed the

minimum point , we approximate the f u n c t io n  J (a ) and its

derivative J ( t )  as follows :

k
0 

+ k
1 + k

2
’t 2 + k

3~~
3 
, (29)

J ( i )  = k
1 + 2k 2 + 3k3o

2 
, (30)

_ _ _  -—-4
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and determi ne the co e f f icients k m so as to sat is f y  the exact

val ues of the ordinate J ( a) and the slope 
~~~~~ 

at 
~l 

and (12 .

W i th  the c o e f f i c i ents known , the optimum value of ‘
~ is

compu ted f rom one of these re la t ions:

1
0 

= (1/3k 3) [k 7 + ~ (k~~ 
3k1k3 )J , k~ > E-06 , (31)

ct 0
— k

1/2k 2 , k~ < E—06 . (32)

Here , the parameter k~ governs the switch from cubic interpo-

lation to quadratic interpolation.

With  ‘~~ known , two poss ibi l i ties arise, depending on

the sign of J (a) at the point a ü :

(i) J ( c t ~~~) > 0 , (33)

(ii) J ( a
0
) < 0 . (34)

In Case (i), the cubi c inter polat ion process is repeated

between 
~l 

and . In Case (ii), it is repeated between

and 
~2 

The process is con tinued iterat ivel y until

Ineq . (22) is satisfied .

Safeguards. The one—dimens iona l  search scheme described

previousl y requires several safeguards.

(a) After determining the optimum stepsize 
~~ 

in such
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a way that Ineq . (22) is satisfied , Ineqs. (23)—(25) must be

checked . If (23)-(25) are satisfied , the stepsize ct0 is

accepted . If (23)-(25) are violated , a bisection process is

undertaken , s t a r t i ng f rom

= 
~o ‘ ( 3 5 )

until satisfaction of (23)—(25) occurs.

(b) Within the cubic interpolation process, let

denote the number of iterations required to satisfy Ineq . (22).

The following upper limit is imposed on N
~ 1
:

N
~~1

< 1 0  . (36)

Any violation of Ineq. (36) is indicative of failure of the

cubic in terpolation process to produce the minimum point of

the f unct ion J ( ’t )  in a reasonable number of i terat ions ; hence ,

the cubic interpolation process is stopped , even though Ineq .

(22 ) is not sa tisfied. However , the al gorithm is not stopped .

Let a~ denote the subopt irn al  s teps ize  obtained when the Ii-

mit (36)isreached .Once more , Ineqs. (23)-(25) must be checked .

If (23)-(25) are satisfied , the steps ize  ct~ is accepted . If

(23)-(25) are violated , a bisec t ion proces s is undertaken ,

s t a r t ing f rom

= ‘ 
( 37)

-4
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until satisfaction of (23)—(25) occurs.

(c ) Su ppose tha t ,in the course of the scanning process,

a stepsize i~~~~~~ is found  such that Ineq . (24) and/or Ineq . (25)

are violated prior to (or simultaneously with) attaining the

bracket ing condi t ions  ( 2 7 ) .  Under  these conditions , the cubic

interpolation process is bypassed , and a bisection process ,

starting f r om

(38)

is undertaken , until satisfaction of (23)—(25) occurs.

Cd) Should the bisection process described in (a), (b),

or (c) occur , this “.-ould have the following implication: the

optimum stepsize of the present conjugate gradient phase

cannot be employed , cm’ing to violation of Ineq . (22) . Because

of the ensuing large violations of the orthogonality and con-

jugacy conditions , the directional coefficient of the next

conjugate gradient phase must be reset at the level

y = 0  , (39)

characteristic of an ordinary gradient phase. In other words ,

after the restoration phase is completed , the algorithm must

be restarted with an ordinary gradient phase.

- ‘



-
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(e) Regardless of whether Case (a), (b), or (c) arises ,

let Nbg denote the number of bisections of the conjugate

gradient stepsize required to satisfy Ineqs. (23)-(25). The

following upper limit is imposed on Nbg

N < 10. (40)bg -

Any violation of Ineq . (40) indicates extreme smallness

of the conjugate gradient displacements. In this connection ,

two poss ib i l i t ies  a r i se :

(i) N
b 10 , y = 0 , (41)

(ii) Nbg 
> 10 ~

‘ = Q/Q . (42)

Case (i) constitutes a nonconvergence condition of the algo-

rithm as a whol . Case (ii) constitutes a restarting con-

dition: the cIirect~aTnul coefficient of the present conjugate

gradient phase must be reset at the level

(43)

characteristic of an ordinary gradient phase.

2.6. çp~j~ cate Gradient Restoration Cycle. Generally

speakina , the f i r s t  c y c l e  of the al go r i t hm is a hal f cycle ,

in  tha t it includes a restoration phase only. Every subse—

guest cycle is a complete cycle , in that it includes both a

conjugate gradient phase and a restoration phase. 

~~~~~~~~~~~ ‘ --- ~~‘ - ‘ . -- ~ -~~ -‘
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Between the endpoints of a complete conjugate gradient-

restoration cycle , the following descent property must be

satisfied :

13 ’ I
~ 

, (44)

where I~ denotes the value of the functional I at the beginning

of the cycle and 1
3 denotes the value of I at the end of the

cycle .

If Ineq . (44) holds , the next conjugate gradient-

restoration cycle can be started . If m eg . (44) is violated ,

one must return to the previous conjugate gradient phase and

bisect the conjugate gradient steosize until , after restora-

tion , Ineq . (44) is satisfied .

Safeguards. Within each conjugate gradient-restoration

cycle , let Nbc denote the number of bisections of the conju-

gate gradient stepsize required to satisfy m eg . ( 4 4 ) . If

Nb
> 1 . ‘t = O  or y=Q /Ô , (45)

large violations of the orthogonality and conjugacy conditions

ensue; hence , the directiona l coefficient of the next conju-

aale gradient phase must L a  reset , at the level

= 0 , ( 4 6 )

characteristic of an ordinary gradient phase.

The followin i I I I  -or  u n i t  m u s t  h i  imposed on U
ho

- -- — - - ‘

~

- -

~

- - -

-~
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N < 1 0 . (4 7 )bc -

Any violation of Ineq . (47) indicates extreme smallness of

the con juga te  g r ad i en t  d i sp lacements .  In t h i s  connect ion ,

two possibilities arise:

(i) N b > 10 , ‘
~ 

= 0 , (48)

(ii) N
b 

> 10 , y = y / Q . ( 4 9 )

Case (i) constitutes a nonconverqence  condition of the algo-

rithm as a whole. Case (ii) constitutes a restarting cond i-

tion: the directional coefficient of the present conjugate

gradient phase must be reset at the level

( 50)

characteristic of an ordinary gradient phase.

2 . 7 .  Summary of Conditions. From the previous discu-

ssion , the convergence conditions can be summarized as follows :

( i )  P <  B —O S , ( 5 1— 1)

( i i )  P < E—08 , < b — 0 4  . ( 5 1 — 2 )

h ere , Ineq . (5l—l)ap ~-lies t o  the  restoration phase; and Ineqs.

(5l—2 )ipply t o  the a l g o r i t hm  as a w h o l e .

The nonconvergence  co n ii i t i ’ns can be summarized as



-- ‘~~~~~~~ ‘~~~~~~~~~~~ ‘ .  ~~~~~~~~~~~“ 
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follows:

( i ) N >  100 , (52)

(ii) N > 10 , ( 5 3 )

(iii) N
b 

> 10 , ( 5 4 )

( i v )  J (O) ~ 0 , 
‘
~ = 0 , ~55)

(v) N
bg

> lO
~~ 

O , ( 5 6 )

(vi) N
b 

‘ 10 , = 0 , ( 5 7 ’

( v i i )  M > O.83E+ 75 . ( 5 8 )

Here , (52) app lies to the algorithm as a whole; ( ‘ 3 3 ) — ( 5 4 )

apply to the restoration phase; (55)—(57) a p p l y  to the  con-

~uqate gradient phase; and (53) indicates overflow : the

niodulus :i of some of the quantities used in the algorithm has

reached the upper limit allowed by the IBM 370/155 computer.

F i n a l l y ,  the restarting conditions can be summarized as

fo l lows :

C i )  3 ( 0)  > 0 , = Q/ Q , ( 5 9 )

N
1 

1 , = 0 or -
~ = Q/Q , ( 60)

(iii) “h’:”
1 ’ 0 or _ I , ) Q ,  (6 1)

( i v )  ‘
~~~ 

> 10 , = c~ c) , ( ( 2 )

( v )  U 10 , = ç p- o . ( ( 1 3 )
bc



- - 
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All of these relations apply to the conjugate gradient phase.

S p e c i f i c a l l y ,  ( 5~) t , ( 6 2 ) , ( 6 3 )  r equ i re  r e s t a r t i n g  w i t h  = 0 in

the presen t  c o n j u g at e  ‘gradient phase; and (
~~0)—( 61) require

s t a r t i n g  w i t h  y = 0 in the next  c o n j u g a t e  gradient phase.
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3. Numerical Examples: Linear—Quadratic Case

In this section , four numerical examples involving

quadratic functionals and linear constraints are described .

For siI~g lic1ty, the  symbols employed here deaotc scalar qu~ari-
6

tities.

Example  3.1. Consider  the f ol l o w i n g  l i n ear - ’u a dr a t i c

problem (LQ-problern ) w it h  f r e e  end c o o r d i n a t e s  ( R e f .  8

E l
I 2 2 2 2 -m = j  (x +y +u /400+v /400)dt , ( n 4 )

0

a = y ,  v = (u + v)/2 — v , (65)

u - v = 0 , ( 6 6 )

x ( 0)  = 0 , v ( C )  = — 1 .  ( 6 7 )

Assume the nominal functions

x ( t )  = 0 , “ ( t )  = — l , 
( ( 8)

u ( t )  = 0, v (t) = 0 .

The results for the sequential conjugate gradient-restoration

6
The symbols x (t ), y (t) denote the components of the s t a t e .  The
symbols  u ( t ~ , “ C t )  d e n o te  the components  of the  c o n tr o l .
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algorithm (SCGRA ) of Ref. 1 are given in Tables 1—3. The

results for the sequential ordinary gradient—restoration al-

gorithm (SOGRA ) of Ref. 2 are given in Tables 4-6. Note that

SCGRI\ leads to the solution in N = 1 iterations , while SOGRA

leads to the solution in N = 8 iterations.

-- -~~~~~~~~~~ V - - . — ~~~~~~~-_. - -
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Table 1. Convergence history, SCGRA , Example 3.1.

N Phase P Q I

0 0.2OE+Ol
1 REST 0.00 E — 3 0  0.20 E+0 0  0.60042
2 GRAD -

, = 0 0 . 7 2  E — 3 l  0 . 6 6  E — 0 2  0 . 16135
3 GRAD ~ ~ 0 0 .18  E — 3 0  0 . 58  L — 0 3  0 . 0 8 7 9 4
4 GRAD ‘

~ ~ 0 0. 19 I — 3 0  0 . 6 0  E — 0 4  0 . 0 7 2 1 6
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Table 2. Converged state variables , SCGRA , Example 3.1.

t x

0.0 0.0000 —1.0000
0.1 — 0 . 0 5 6 8  — 0 . 2 4 6 1
0 . 2  — 0 . 0 6 5 1  0 . 0 2 3 9
0 . 3  — 0 . 0 5 9 5  0 . 0 6 6 2
0 . 4  — 0 . 0 5 4 4  0 . 0 3 0 8
0.5 —0.0533 —0.0063
0 . 6  — 0 . 0 5 4 8  — 0 . 0 1 8 0
0. 7 — 0 . 0 5 6 1  — 0 . 0 0 5 3
0.8 —0.0555 0.0177
0 . 9  — 0 . 0 5 2 7  0 .0 3 5 8
1.0 — 0 . 0 4 8 8  0 . 0 3 9 5

Table 3. Converged control variables, SCGRA , Example 3.1.

t u v

0 . 0  10.1518 10.1518
0.1  4 . 3 4 0 0  4 . 3 4 0 0
0 . 2  1 .2 5 9 0  1.2 5 9 0
0 . 3  — 0 . 0 7 7 6  — 0 . 0 7 7 6
0 . 4  — 0 . 4 1 0 4  — 0 . 4 1 0 4
0 . 5  — 0 . 2 6 7 0  — 0 . 2 6 7 0
0.6 0.0036 0.0036
0 . 7  0 .2017  0 . 2 0 1 7
0.8 0.2466 0.2466
0.9 0.1517 0.1517
1.0 0.0000 0.0000

= 1 .0000

—4
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Table 4. Convergence history, SOGRA , Example 3.1.

N Phase P Q I

0 0.20E+01
1 REST O . O O E — 3 0  0 . 2 0 E + O O  0 . 6 0 0 4 2
2 GRA D 0 . 7 2  E — 3 l  0 . 6 6  E — 0 2  0 .16135
3 GRA D 0 .12  N — 3 0  0 . 4 6  E — 0 2  0 . 0 9 8 4 5
4 GRAD 0.15 E—3 0 0.57 E—03 0.08763
5 GRAD 0.22E—30 0 .15E—02 0.08129
6 GRAD 0. 23 E — 3 0  0 . 2 1  E — 0 3  0 . 0 7 7 5 2
7 GRA D 0. 27 E — 3 0  0 .6 7 E — 0 3  0 . 0 7 5 0 9
8 GRA D 0.27 E—3 0 O . 9 5 E — 0 4  0 . 0 7 3 5 0

_ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  —-4
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Table 5. Converged state variables , SOGRA , Example 3 .1.

t x y

0.0 0.0000 —1 .0000
0.1 —0 .0607 —0 .3093
0.2 —0 .0753 —0 .0294
0.3 —0.0729 0.0570
0.4 —0.0665 0.0645
0.5 —0 .0608 0.0482
0.6 —0 .0569 0.0307
0. 7 — 0 . 0 5 4 5  0 .0184
0.8 —0.0530 0.0107
0 . 9  — 0 . 0 5 2 2  0 . 0 0 5 9
1.0 —0.0518 0.0036

Table 6. Converged control variables , SOGRA , Examp le 3 .1.

t U V

0 . 0  9 . 0 6 2 2  9 . 0 6 2 2
0.1 4.0677 4.0677
0. 2 1. 5 4 4 0  1 . 5 4 4 0
0.3 0.3966 0.3966
0.4 —0.0372 —0 .0372
0.5 —0.1409 —0 .1409
0.6 —0.1211 —0.1211
0.7 —0.0781 —0 .0781
0.8 —0.0487 —0.0487
0.9 —0 .0318 —0 .0318
1 .0 0.0000 0.0000

I 1.0000
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Example 3.2. Consider the following LQ—problem with free

end coordinates:

cl

i=J (x 2 +y 2 +u 2/200+v 2)dt, (70)
0

x y ,  y = u + v - y ,  (71)

u + 2v — 10,’(l + l O t ) ’ = 0, (72)

x(0) = 0 , v (0) = —1 . ( 7 3 )

Assume the nominal functions

x(t) = 0, y(t) = —1 , ( 7 4 )

u ( t )  = 0 , v ( t )  = 0.  ( 7 5 )

The results for the sequential conjugate-oradient restoration

al go r i t h m  ( S C G R A )  of R e f .  1 are  g iven in Tables 7-9. The

results for the sequential ordinary gradient—restoration algo—

rithm of Ref. 2 are given in Tables 10-12. Note that both

SCGRA and SOGRA lead to the solutior. in U =  3 i t e r a t i o n s .
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Table 7. Convergence history, SCGRA , Example 3.2.

N Phase P Q I

0 0.53E÷Ol
1 REST O.1 9E—3 l 0.58 E+00 0.73349
2 GRA D I = 0 0 .15  E — 3 0  0 . 5 2  E — O 2  0 . 0 9 6 4 2
3 GRAD ~ 0 0.27 E—30 0.24 E—05 0.09066

- - - - V- _ _ _  V V -__ V V V .  V ‘ V
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Table 8. Converged state variables ,SCGRA , Example 3.2.

t x y

0.0 0.0000 —1.0000
0.1 —0.0652 —0.4282
0 . 2  — 0 . 0 9 6 6  — 0 . 2 2 4 9
0.3 —0 .1134 —0.1214
0.4 —0.1223 —0 .0608
0.5 —0. 1263 —0.0228
0 . 6  — 0 . 1 2 7 3  0 .0018
0.7 —0.1262 0.0180
0 . 8  — 0 . 1 2 3 8  0 . 0 2 8 8
0 . 9  — 0 . 1 2 0 6  0 . 0 3 6 1
1.0 —0. 1167 0.0410

Table 9. Converged control variables , SCGRA , Example 3.2.

t U V

0 . 0  1 0.0 8 9 4  — 0 . 0 4 4 7
0.1 2.6274 —0.0637
0 . 2  1 .1967 — 0 . 0 4 2 8
0.3 0.6741 —0.0245
0 . 4  0. 4 2 2 2  — 0 .0 1 1 1
0.5 0.2814 —0 .0018

0.1963 0.0038
0.7 0.1429 0.0066
0.8 0.1096 0.0069
0 . 9  0 . 0 9 0 1  0 . 0 0 4 9
1.0 0.0808 0.0009

= 1 . 0 0 0 0
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Table 10 . Convergence his tory , SOGRA , Example 3.2.

N Phase P Q I

o O .53 E+01
1 REST 0.19E—3l O.58 E+O0 0.73349
2 GRAD O.l5E—3 O O .52 E—O2 0.096423 GRAD 0.24 E—3 0 O .49E—04 0.09072

L



33 AAR— 127

Table 11. Converged state variables , SOGRA , Example 3.2.

t x y

0.0 0.0000 —1 .0000
0.1 — 0 . 0 6 5 3  — 0 . 4 3 0 0
0.2 —0.0969 —0. 2270
0.3 —0 .1139 —0.1237
0.4 —0. 1230 —0.0630
0.5 —0 .1273 —0 .0249
0.6 —0.1285 —0 .0002
0. 7 — 0 . 1 2 7 6  0 . 0 1 6 1
0.8 —0 .1254 0.0271
0 . 9  — 0 . 1223 0 . 0 3 4 4
1.0 —0.1186 0.0395

Table 12. Converged control  v a r i a b l e s , SOGRI., Example 3.2 .

t u ‘a

0.0 10.0170 —0. 0085
0.1 2.6084 —0.0542
0.2 1.1880 —0 .0384
0 . 3  0 . 6 6 9 2  — 0 . 0 2 2 1
0 . 4  0 . 4 19 1  — 0 . 0 0 9 5
0.5 0.2794 — 0 . 0 0 0 8
0.6 0.1949 0.0045
0.7 0.1419 0.0071
0.8 0.1088 0.0072
0.9 0.0895 0.0052
1.0 0.0802 0.0012

T = 1.0000 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~ .
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Examp le 3.3. Consider the f o l l o w i n : I ?-; r ob l e m  ‘a i t h

final coordinates parti” ~iven and partly free :

çl ~ 2 2I = (x ~ + + u /4 0 0  + ‘a /400)dt , (76)
./ 0

x = y ,  y =  ( u + v ) / 2 - v , ( 7 7 )

u — v = 0 , ( 7 8 )

= 0 , y ( O )  = —1 , ( 7 9 )

x ( l )  = 0. ( 8 0 )

Assume the nominal functions

x(t )=0 , v(t) = -1+t , (81)

u ( t )  = 0 , v ( t )  = 0 . ( 8 2 )

The results for the sequential conjugate iradient—restoration

algorithm (SCGRA ) of Ref. 1 are  g iven  in Tables 13—15. The

r e su l t s  f o r  tP e  seque~’t i al  o r a i n a rv  gr a d i e n t — r e s t o r a t i o n  a l e c) —

ritiri (SOGRA ) of P e r .  2 a re  elves in Tables 16—13. Note t h a t

sc~;pA leads to the so1~~tion in U= 3 iterations , while SOGRA

leads to the  so lu t i on  in U = 4 i t e r a t i o n s .

_ _  _ _ _ _  - - — ~~~~~~~ 
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Table 13. Convergence history, SCGRA , Examp le 3.3.

P Q I

0 0.66 E+00
1 RES’r 0.18 E—30 0.96 E— 02 0.20082

= 0 0.60 E—29 0 .6 7  E — 0 3  0 . 0 9 3 9 5
3 U~’I: I ~ 0 0.13 E—27 0.70 E— 04 0.07580

_ _  V V V  _ _ _ _ _ _ _ _
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Table 14. Converged state variables , SCGRA , Example 3.3.

t x y

0 . 0  0 .0 0 0 0 — 1 . 0 0 0 0
0.1 —0.0551 —0 .2146
0 . 2  — 0 . 0 5 9 4  0 . 0 7 0 2
0 . 3  — 0 . 0 4 8 9  0.1167
0.4 —0 .0387 0.0809
0 . 5  — 0 . 0 3 2 7  0 . 0 4 2 6
0.6 —0 .0292 0.0316
0 . 7  — 0 . 0 2 5 4  0 . 0 4 7 8
0.3 —0 .0193 0.0765
0.9 —0.0103 0.0998
1.0 0 . 0 0 0 0  0 . 1031

Tabl e 15. Converied control variables,SCGRA , Example 3.3.

t U V

0.0 10.5662 10.5662
0.1 4.5935 4.5935
0.2 1.3902 1.3902
0.3 —0 .0163 —0.0168
0.4 —0 .3736 — 0.3736
0 . 5  — 0 . 2 2 2 0  — 0 . 2 2 2 0
0.6 0.0743 0.0743
0.7 0.3019 0.3019
0.8 0.3654 0.3654
0.9 0.2534 0.2534
1.0 0.0000 0.0000

= 1.0000

_ _ _ _ _ _ _  -- _
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Table 16. Co nvergence  history, SOGRA , Example 3.3.

N Pha se P Q I

0 O.66E+O0
1 REST 0.18 E—30 0 .96E—02 0.20082
2 GRAD 0.60 E— 29 0.67 E—03 0.09395
3 GRA D 0.1O E—27 O .25E—03 0.07843
4 GRAD 0.19 E — 2 7  0 . 5 6  E — 0 4  0 .0 7 5 15
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Table 17. Converged state variables , SOGRA , Example 3.3.

t x

0 . 0  0 . 0 0 0 0  — 1 .0 0 0 0
0.1 —0.0556 —0.2280
0 . 2  — 0 . 0 6 1 7  0 .0 5 2 8
0.3 —0.0521 0.1180
0 . 4  — 0 . 0 405  0 . 10 7 2
0.5 —0 .0311 0.0826
0 . 6  — 0 . 0 2 3 7  0 .0 6 5 4
0.7 —0.0176 0.0585
0.8 —0 .0118 0.0583
0.9 —0 .0059 0.0598
1.0 0 . 0 0 0 0  0 . 0 5 7 9

Table 18. Converged control variables , SOGRA , Example 3.3.

t U V

0.0 10.5915 10.5915
0.1 4.4265 4.4265
0.2 1.4605 1.4605
0 . 3  0 . 2 3 7 6  0 . 2 3 7 6
0 . 4  — 0 . 1 2 9 4  — 0 . 12 9 4
0.5 —0.1414 —0 .1414
0.6 —0.0518 —0.0518
0 . 7  0.0311 0 .0311
0 . 8  0 .0 7 3 4  0 . 0 7 3 4
0 . 9  0 . 0 6 73 0 . 0 6 7 3
1.0 0.0000 0.0000

= 1.0000



39 AAR—l27

Example 3 . 4 .  Consider the following LQ-problem with

f i n a l  coordinates partly given and partly free:

1
I = (x 2 

+ y 2 
+ u 2 

+ v 2 ) d t , ( 3 3 )
J O

(84)

u — ‘a + St — 3 = 0 , ( 8 5 )

x ( 0 )  = 0 , y ( 0 )  = —l , ( 8 6 )

x ( l )  = 0. ( 8 7 )

Assume the nominal functions

x (t) = 0, ~~( t )  = — l ÷ t , ( 8 8 )

u ( t )  = 0, v ( t )  = 0.  (89)

The r e s u l t s  fo r  the sequen t ia l  c o n j ug a t e  g r a d i e n t — r e s to r a t i o n

al go r i t hm (SCGRA ) of ~ef . 1 are  given in Tables 19-21 . The

r e s u l t s  for  the s e q u e n t i a l  o r di n a r y  er a d i e n t — r e s t o rat i o n  a l —

gorit hm ( SOGRA ) of Ref. 2 are given in Tables 22-24. Note

that both SCCNA and SOGRA l . a d  to the solution in N = 2 i t e r a —

t. ions .

_ _ _ _ _ _ _  
—4
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Table 19. Convergence history, SCGRA , Exam ple 3 . 4 .

N Phase P Q I

0 O. 3 0 E + O l
1 REST 0.29 E—29 0.54 E—02 3.31804
2 GRAD = 0 0.13 E— 30 0.29 E—O6 3.31669

- -  V V . V . - -
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Table 20. Converged state variables , SCGRA , Example 3.4.

t x y

0.0 0.0000 —1.0000
0.1 —0.0806 —0 .6263
0.2 —0.1276 —0 .3251
0. 3 — 0 . 1 4 7 8  — 0 . 0 8 9 2
0.4 — 0.1475 0.0874
0 . 5  — 0 . 1 3 2 1  0 . 2 1 0 2
0.6 —0.1071 0.2833
0.7 —0.0770 0.3106
0.8 —0.0464 0.2949
0.9 —0.0194 0.2386
1.0 0.0000 0.1433

T a L l e  2 1.  C i ) r v ~~riod control variables 1 SCGRA , Example 3.4.

U V

0.0 3.1228 0.1238
0.1 2.7352 0.2352
0. 2 . 3 4 9 7 0 . 3 4 9 7
0 . 3  1 . 9 6 4 5  0 . 4 6 4 5
0 . 4  1 . 5 7 6 6  0 . 5 7 6 6
0 . 5  1. 1828 0 .6 8 2 8
0.6 0.7798 0.7798
0.7 0.3640 0.8640
0 . 8  — 0 . 0 6 8 3  0 . 9316
0. ) —0.5216 0.9783
1.0 —1 .0000 1.0000

= 1.0000
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Table 22 . Convergence h i sto ry ,  SOGRA , Example 3 . 4 .

N P ha se P Q I

0 0 . 3 0 E ÷ O l
1 REST O . 2 9 E — 2 9  O . 5 4 E— 0 2  3 .318042 GRAD 0 .13 E — 3 0  O . 2 9 E — 0 6  3 .3 1 6 6 9
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Table 23. Converged state variables , SOGRA , Example 3.4.

t x y

0 . 0  0 . 0 0 00 — 1 . 0 0 0 0
0.1 — 0 . 0 8 0 6  — 0 . 6 2 6 3
0 . 2  — 0 . 1 2 7 6  — 0 . 3 2 5 1
0.3 —0 .1478 —0.0892
0.4 —0.1475 0.0874
0 . 5  — 0 . 1 3 2 1  0 .2 1 0 2
0.6 — 0.1071 0.2833
0.7 —0.0770 0.3106
0 . 8  — 0 . 0 4 6 4  0 . 2 9 4 9
0 . 9  — 0 . 0 1 9 4  0 . 2 3 8 6
1.0 0 . 0 0 0 0  0 . 1 4 3 3

Table 24. Converged control variables , SOGRA , Examp le 3.4.

t U

0 . 0  3 . 1 2 3 8  0 . 1 2 3 8
0.1 2 . 7 3 5 2  0 . 2 3 5 2
0.2 2.3497 0.3497
0.3 1.9645 0.4645
0.4 1.5766 0.5766
0 . 5  1.1828 0 . 6 8 2 8
0 . 6  0 .7 7 9 8  0 . 7 7 9 8
0. 7 0 . 3 6 4 0  0 . 8 6 4 0
0 . 8  — 0 . 0 6 8 3  0 .9 3 1 6
0 . 9  — 0 . 5 2 1 6  0 . 9 7 8 3
1.0 — 1.0000 1.0000

T = 1.0000
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4 .  N um e r i c a l  Examp les: Non l inea r  N onquadra t i c  Case

In this section , twelve numerical examples involving

nonquadra t i c  f u n ct i o n a l s  and nonl inear  c o n s t r a i n t s  are  des-

cribed . These examples  include bounds on the s tate  or the

time ra te  of change of the s ta te . They can be converted into

the model of Ref . 1 by means of the transformation techniques

outlined in Ref  s .9- 10 . Fo r  s i m p l i c i t y ,  tl-ie symbols employed

here denote scalar quantities .
7

7
The s~~ bols x(t ), y ( t ) ,  r (t), h(t) denote the components of the
state . The ~ V V~ 1hO 1S a C t ) ,  v ( t ) ,  w ( t )  denote  the components  of
the contr”1 . The symbo l -Y lenotes the parameter (the unknown
final time , ~or  those  p r o b l em s  where t h e  final time is free)

--4
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Example_4.1. Consider the following problem with

bounded s ta te  and f i xed  endpoin ts :

i=J (x 2 -f- u
2
)dt , (90)

0

X = x  — u ,

x— 0 . 9> O , (92)

x (0) = 1, ( 9 3 )

x ( l )  = 1. (94)

By means of the  t r a n s f o r m a t i o n  t e chn i ques of R e f .  9 , the pre-

vious probler.i can be conver ted  in to  the f o l l o wi n g  e q u a l i t y

constrained problem :

1
I = (x2 + u

2
)dt , (95)

J o

2 
~96x = x — U , y = ‘a ,

x
2 — u — 2 y v O , (97)

x(O) = 1, y (O) = ~
‘(0.l), (98)

x(l) = 1. (99)

_ _ _ _ _ _ _ _ _ _ _ _- -_ _ _ _ _ _ _ _  V V V V
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Assume the nominal functions

x ( t )  = 1 , y ( t )  = 1 ( 0 . 1), ( 1 0 0 )

= 1, v ( t )  = 1. (101)

The r~~su1 ts r the sc :uenLo-i l : o nj u a V V
l te  ;radient—re stayation

aliori tho (~~~~~RA )  o~~~Nef . 1 o C  j i v es  i n  aH e s  2 5 — 2 7 . T he

r e~~a i t s  fo r  t he  S1 V e 5 , V I V .t ~~~~a 1 e rV ~~~i S , 1 Y~~ a C Y a d l e n t — r e s t O S V I Y  i S

1 n ! it h : a  ( S ( d 9 \ )  of P e f .  2 V~SC L ; i v e n  5 T ab l e s  2 8 — 3 0 .  N o t e

tha t 2 C CR ’  ds to the sol i ”n ’~n N = 14 iterations , .V
~~h 1 T e

C ( V
(~~J D ~J\ l eads  to the so l u t . en  e N  12 i : e r a t i o n s .

V _ V  V~~~~~~~~~~~~~~~~~~~~ V V -- - V~~~~ V~~~~~~~~~~~
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Table 25. Convergence history, SCGRA , E x a m p l e  4 . 1.

N Phase - P Q I

0 0 . 14 Y +Ol
1 REST 0.33 E—02
2 REST 0.12 E-04
3 REST 0.52 r:—0 9 0.35 ~~~~~~~~~~~ 1.8 3 5 6 9
4 GRAD = 0 0 . 68 h—02
5 REST 0.11 E—05
6 REST 0. 15 E—1 6 0.14 E—01 1.66599
7 GRAD ‘~~~ O 0. 22E—03
8 RE ST 0 . 12 E— 0 8  0.27 E—03 1 65745
9 GRAD -

~ ~ 0 0.26 E—0 5
10 REST 0.12 L— l2 0.18 E—03 1.65704
11 GRAD -

~ ~ 0 0.17 E—05
12 REST 0.51 E— 13 0.16 E—0 3 1.65677
13 GRA D ~ 0 0.66 h—O S
14 REST 0. 34 L — l 2  0 . 6 6  E — 0 4  1 . 6 5 6 4 1

- - ~~~~ ~~VV V VVVVV ~~~~V
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Table 26. Converged state variables , SCGRA , Example 4.1 .

t x y

0.0 1.0000 0.3162
0 .1  0 .9 4 ~~7 0. 2 0 4 3
0. 2 0 . 9 0 8 2  0 . 0 9 0 7
0.3 0.900? 0.0151
0 . 4  0 . 9 0 0 0  — 0 . 0 0 2 7
0 .5  0 . 9 0 0 0  — 0 . 0 0 1 3
0 . 6  0 . 9 0 0 0  — 0 . 00 10
0.7 0.9003 0.0175
0.8 0.9087 0.0933
0 . 9  0 . 9 4 2 0  0 . 2051
1.0 1.0000 0.31 (2

Table  2 7 .  Conver Ted control variables , ~ V VN\ , flxample 4 .1.

N U V

0.0 1.7514 — 1. 1881
0.1 1.3437 —1 .1180
0.2 l.0l~~b —1 .0558
0.3 0.8232 —0. 4215
0 . 4  Q~~3Q~~ 1 — 0 . 0 1 8 0
0. 5 0 . 3 10 0  0 . 00 ~ O V

0.6 0.3100 0.0303
0 . 7  0 . 7 9 N 1  0 . VL 5 0

0.8 0. s 2 h ’  l .O52~
0 .9  O . 4 3~~~- 1 ~~~~~
1.0 0.2376 1 .2053

= 1. 0000

- - V ~~~~
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Table 28. Convergence  history, SOGRA , Example 4.1 .

N Phase P I

0 0.14 E+O1
1 REST 0 .33  E — 0 2
2 REST 0 .12  E — 0 4
3 REST 0.52 E—09 0.35E+00 1.83569
4 GRA D 0.68 E— 02
5 REST 0. 11 E — 0 3

R E S T  0 . 15  E — l 6  0 . 14  r — O l  1. 6 65 9 9
7 GRA D 0 .6 7 E — 0 4
8 REST 0.10 E— 09 0.24 E—03 1.65742
9 GRAD 0 . l O E — 0 6

10 REST 0 .60E—l7 0 .l5E— 03 1.65697
11 GRAD 0.34 E— 07
12 REST 0.96 N— l8 0.93 E—04 1.65678

- V

- _ V.VV V~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~ 
~~~~~~~~~~ - - —4
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Table  29 .  Converged s t a t e  v a r i a b l e s , SOGRA , E x a m p l e  4 . 1 .

t x y

0.0 1.0000 0.3162
0. 1 0 . 9 4 10  0 . 2 0 2 5
0 . 2  0 . 9 0 9 5  0 . 0 9 7 8
0.3 0.9006 0.024~0. 4 0 . 9 0 0 0  — 0 . 0090
0. 5 0 . 9 0 0 3  — 0 . 0 1 7 7
0. 6 0 . 9 0 0 0  — 0 . 0 0 9 4
0. 7 0 . 9 0 0 5  0 . 0 2 3 8
0.8 0.9094 0.0972
0. 9 0 . 9 4 0 9  0 . 2 0 2 4
1.0 1 . 0 0 0 0  0 . 3 1 6 2

Table 30. C o I l v e r  ied c o n t r o l  v a r i a b l e s, SOGRA , IV : xa me le  4 . 1 .

t U V

0 . 0  1 . 7 4 8 2  —1.1831
0.1 1 .3353 — 1 . 1 1 0 4
0.2 1.0097 —0.9324
0 . 3  0 . 8 3 6 6  — 0 . 5 1 7 7
0 . 4  0 . 8 0 6 7 — 0 . 1 8 6 5
0.5 0.8104 —0.0018
0.6 0.8135 0.1816
0.7 0.7864 0.5158
0.8 0.6442 0.9398
0.9 0.4360 1.1097
1.0 0.2470 1.1904

I = 1 . 0 0 0 0

__— --- - - V .- - - V~~~~~ V V V~~~~~~~~~~ -- V~~~~~ V V V ~~~~~~~~
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T V  i-g le 1 . 2 .  Consider the following uroblem with

bounded st at e  a n d  fr e e  f i n a l  t ime :

(102)

2
X V U , y = ~~~(u — x  ) ,

0. 4 — -, 0 , ( l N 4 )

x ( 0 )  = 0 , y ( O )  = 0 , ( 1 0 5 )

x ( 1 )  = 1, y ( l )  = 0. ( 1 0 6 )

B\ means of the t r an st o~~u o ti o n  t ec h n iiu e s  of R e f .  9 , t h e  pre-

vious problem can be converted into the following cqua]ity

constrained ne ab l e m :

( 1 0 7 )

X = T U , y = T ( u
2 

— x 2 ), z = IV , ( 1 0 8 )

u 2 
- x 2 

+ 2zv  = 0, ( 1 0 9 )

x(0) = 0, y (0) = 0, -
V

- ( 0 )  = 1 ( 0 . 4 ) ,  ( 1 1 0 )

x(1) = 1, (1) = 0 . (1 11)

Assume the nominal fu n - t i o n s

x (t )  = t , y ( t )  = 0, z ( t )  ( 0 . V l t , ( 1 1 2 )

_ _ _  _ _ _ _  V -
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u(t) = 1, V ( t)  = 1, (113)

T 1 .  (114)

The r e s u l t s  for  the sequen t i a l  c o n j u g at e  g r a d i e n t —

restoration algorithm (SCGRA ) of Ref. 1 are g iven in Tables

31—33. The resu1ts for the sequential ordinary gradient—

restoiVation algorithia ( S O G R A )  of R e f .  2 are given in Tables

34— 36. Note that 5CGRA loads to the solution in N = 28 iter-

atiOns , while SOCRA leads to the solution in ~~ 34 iterations .
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Table 31. Convergence history, SCGRA , Examp le 4.2.

N Phase  P • I I

0 0.53 E+Ol
1 REST 0.30 R -4-00
2 REST 0 . 5 8  E — 0 2
3 REST 0.89 E—0 5
4 REST 0 . 6 9  f l — b  0 . 1 0  E~~U0 1 .63~ 45
5 GRAD -

~ = 0 0.49 E—O 2
6 REST 0 .35 E~~05
7 REST (3 .70 1-1— 11 0.15 1:—Ol 1.59570
8 GRAD -

~ 
-� 0 0.88 E—03

9 REST 0.13 E—0 (
10 REST 0.38 E — I V 1  0.52 E _ 1 V 2  1.58869
11 GRA D ~ 0 0.55 F— 03
12 RE ST 0 . 7 ’  1 _ 0 7
13 Rl- S’1’ 0.13 E—14 0.2(1 1:—02 1.58534
14 GRA D ~ I 0.l~ i :—03
15 REST 0.11 1:—07
16 REST 0.39 E— 1t 0.81 E — ) 3  1.58-~1l17 ~~RV V \ I )  = 0 0.
18 REST 0.16 — 1 2  0.57 E— 03 1.58381
19 GRA D ~ 0 0. 13 E— 0-1
20 REST 0.27 1 — 1 0  0.51 1- :—03 1.58337
21 GRA D ~ =0 0.45 J~~Q~
22  REST 0.1; t V _ i l  0 . 20 1—03 1.58322
23 GRAD ~ 0 0 . 1 8  J~— 0 5
24  REST 0.25 1 :—l I 0.1~ E—03 1. 58 310
25 GRAD V 

~ 0.33 h—O S
26 REST 0 .11 E~~11 0.19 E~~03 1.58299
27 GRAD ~ 0 0.75 h—O S
28 REST 0.22 1 :—b 0.8 IV :_04 1.58285 
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Table 32. Converged state variables , SCGRA , Example 4.2.

t x V Z

0.0 0.0000 0.0000 0.6324
0.1 0.1410 0.1246 0.5247
0.2 0.2791 0.2378 0.4026
0.3 0.4102 O .3 .73 0.2e94
0 . 4  0 . 5 3 0 8  0 . 3 8 4 0  0 . 1 26 4
0.5 0.6361 0.3998 0.0106
0.6 0.7439 0.3980 0.0438
0 .7 0 .8 4 2 5  0 .359 5 0 .2011
0.8 0.9190 0.2733 0.3558
0.9 0.9717 0.1491 0.5008
1.0 1 . 0 0 0 0  0 . 0 0 0 0  0 . 6 3 2 4

Table 33. C nvc r aed control variables, : IGRA , Lx am~~1e I

t U V

0.0 0.8935 —0 . 311
0.1 0.8847 — 0.7269
0 . 2  0 . 8 5 6 4  — 0 . 8 1 3 9
0 .3 0 . 7950 —0.8604
0 . 4  0 . 7 2 2 7  — 0 . 9 5 1 0
0.5 0.6414 —0 .3163
0.6 0.6994 0.7327
0.7 0.5574 0.9920
0.8 0.1 13 5 0 .94 64
0.9 0.2560 0.8770
1.0 0.1111 0.7808

1 = 1.5828
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l ab l e  14 V Convergence hi story, SOGRA , 1- V x a m p l  - 4 . 2.

N P h a s e  P 1 I

0 0.53 E+O1
1 R 1-:ST 0.30 :400
2 REST 0~ 58 l : — 0 2
3 REST 0 . 8 9  1 :_ O S
4 REST 0. 6 )  1 _ b  0.10 ~:~~00 1.63 9 4 5
5 GRAD 0 .49  1 V 02

REST 0.35 }_ Q 5
7 REST 0 . 7 0  E — l l  0 . 1 5  IV V _Ol 1.59570
8 GRAD 0.28 1— 0 3
9 REST 0.17 1V _ 07
10 REST 0.26 E — l 6  0 . 7 4  1 :— 0 2  1.~~9 O 3 2
11 GRA D 0.10 E—03
12 RE ST 0.30 E—0 9 0.51 E— 02 1.58767
13 GR AD 0 . 3 5  h — U I
14 REST 0.15 1—09 0.22 E—02 1.58625
15 GRA D 0.18 1— 04
16 REST 0 . 7 0  I _ l i  0 . 2 5  1— 0 2  1 .5 853 0
17 GRI\D 0.~~8 

1 :_OS
18 MET 0.71 1:—il 0.89 E—03 1.58469
19 GRA D 0.54 1:—OS
20 REST 0.53 E—l2 0.14 E—02 1.58423
21 GRA D 0.35 1—05
22 REST 0 .7  ~: — L 2  0 . 4 1  r - :—03 1. 58 3 9 1
23 (;RAD 0.1) t :—05
24 kENT 0.67 1—13 0.86 E—03 1 .5 83 1 5
25 GRAD 0 . 1 4  1 : — O S

0.90 1—13 0.20 1-:—03 1.58347
27 V 1 ) ~~~~I)  0 . 8 2  1 — 0 6
28 J V S : ET  0.11 1:—fl 0.54 E— 03 1.58332

0.61 11—06
30 RE ST 0 . 1 5  F— I H  0 . 1 0  IV :_ 03 1.58321
31 C h A t )  0. 38 1. — flU
32 E V E N T  ( 1 . 2 5  i- :—i I 0.36 E—03 1 .58312
33 GRAD 0.31 1—06
i l  IP- :ST 0.34 1—14 0.58 11—04 1 . N8305

_ _ _  _  
V_VV _ V
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Tab l e  35. Converged state variables , SOGRA , Example 4.2.

t x y z

0.0 0.0000 0.0000 0.6324
0.1 0.1414 0.1253 0.5240
0.2 0.2793 0.2382 0.4022
0. 3 0.4103 0.3274 0.2692
0.4 0.5303 0.3832 0 . 12 9 4
0.5 0.6355 0.3990 0.0306
0.6 0.7428 0.3965 0.0585
0.7 0.8425 0.3593 0.2010
0.8 0.9183 0.2728 0.3565
0.9 0.9712 0.1489 0.5010
1.0 1.0000 0.0000 0.6324

Table 36. Con~’er.jed contred variables , 50CR?, Examp le 4.2.

t a V

0.0 0.8972 —0.6364
0.1 0.8860 —0.7299
0.2 0.8528 —0.8071
0.3 0.7982 —0.8705
0 .4  0 .7 O~~5 —0 .8578
0.5 0.6483 —0.2684
0.6 0.6926 0.6155
0.7 0.5485 1.0173
0.8 0.4084 0.9488
0.9 0.2583 0.8747
1.0 0.1112 0.7807

1 = 1.5830

L V_ V VVI

V IVI

.
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Example 4.3. Consider the following problem with bounded

state and fixed endpoints:

~.1

i = j  (x 2 +u 2)dt , (115)

0

(116)

x - 0 . 8  - t + t 2 > 0, (117)

x(O) = 1 , ( 118)

x(l) 1. (119)

By means of the transformation techniques of Ref. 9 , the ore—

vious  p rob lem can be converted in to  the f o l l o w i n g  e ou a l i ty

cons t ra ined  problem :

1 1

I = (x~ + u
2) d t , ( 1 2 0 )

J O

x = x ~~ — u , y v , ( 1 2 1 )

x 2 — u — 1 4- 2t — 2yv = 0 , (1 22)

x(O) = 1 , y(O) = 1 ( 0 . 2 ) ,  ( 12 3 )

x(l) = 1. (12- Y )

Assume the nominal functions

x(t) = 1 , y ( t )  ‘
- ( 0 . 2 ) , ( 1 2 5 )

_  _ _ _ _  V
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u ( t ) = 1, v(t) = 1. (126)

The results for the sequential conjugate gradient-restoration

alogrithm (SCCRA ) of Ref . 1 are given in Tables 37-39. The

results for the sequential ordinary gradient-restoration al-

gorithm (SOGRA ) of Ref. 2 are given in Tables 40-42. Note

that SCGRA leads to the solution in N= 17 iterations , while

SOGRA leads to the solution in N = 24 iterations.

L - . V~~~~~~~~~~~~~~~~~~ VVV V _ - - V ~~~_
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Table 37. Convergence h i s t o r y ,  SCGRA , Examp le 4 .3 .

N Phase  V P Q I

0 0.21 E+Ol
1 REST 0. 31 E—O1
2 REST 0.37 E—03
3 REST 0.83 E—07
4 REST 0.43 1—14 0.11 11+01 2.4 3 9 5 9
5 GRA D ~~= O  0.15 11—01
6 REST 0.54 1—05
7 REST 0 . 74 t~— l6 0.90 E—O2 2 .10181
8 GRAD ~ 0 0. 12 1—04
9 RE ST 0. 31 1—11 0.15 E—02 2.09864
10 GRAD -~ ~ 0 0 . 5 3  E~~O4
11 REST 0.25 1:_b 0.10 11—02 2 .09530
12 GRAD V

l ~ 0 0.99 11—05
13 REST 0.40 E— 12 0.61 E—O3 2 . 0 9 4 4 2
14 GRAD -~ ~ 0 0.29 E—O3
15 REST 0.35 E—l3 0.17 11—03 2.09406
16 GRAD y

~~ 0 0.25 11—0 5
17 REST 0.20 E— 13 0.82 E—O4 2.09377
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Table 38. Converged state variables , SCGRA , Examp le 4.3.

t x y

0.0 1.0000 0.4472
0.1 0.9743 0.2903
0.2 0.9772 0.1312
0.3 1.0101 0.0128
0.4 1.0400 —0.0050
0.5 1.0500 0.0012
0.6 1.0400 —0.0042
0.7 1.0102 0.0142
0.8 0.9775 0.1324
0.9 0.9748 0.2912
1.0 1.0000 0.4472

Tibbe 39. Conver~ ed control variables , SCGRA , Examp le 4.3 .

V

0.0 1.3592 —1.5196
0.1 1.0589 —1.5661
0.2 0.7759 —1.6036
0.3 0.6357 —0.5975
0.4 0.8823 0.0645
0.5 1.1024 0.0041
0.6 1.2811 —0.0555
0.7 1.4035 0.5956
0.8 1.1287 1.6111
0.9 0.8524 1.5413
1.0 0 .6142 1.5493

I = 1.0000

V 

V
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Table 40. Converqence history, SOGRA , Example 4.3.

N Phase  P Q I

0 0 .21 E+O 1
1 REST 0.31 11—01
2 REST 0.37 11—03
3 REST 0.83 E_ 07
4 REST 0. 48 11—14 0.11 E+0l 2.43959
5 GRAD 0.15 E—Ol
6 REST 0.54 11—05
7 REST 0.74 1:—16 0.90 E—02 2.10181
8 GRAD 0.25 E—05
9 REST 0.79 E—l3 0.15 E—02 2.09857
10 GRAD 0.39 E—0 5
11 REST 0.23 11—13 0.25 E—02 2.09694
12 GRA D 0.26 11—06
13 REST 0.59 11—15 0.62 11—03 2.09599
14 GRA D 0.78 E—0 6
15 REST 0.98 11—iS 0.11 E—02 2 .0 9 5 3 5
16 GRAD 0.66 E—07
17 REST 0.33 E—16 0.30 11—03 2.09492
18 GRA D 0.17 11—06
19 REST 0 . 4 9  11—16 0 . 5 9  11—03 2 . 0 9 4 6 0
20 GRAD 0.19 E— 07
21 REST 0.26 C—l7 0.16 11—03 2.09437
22 GRAD 0.51 11—07
23 REST 0.42 11— 17 0.33 E—03 2.09420 

V

24 GRAD 0.64 11—08 0.97 I:—04 2 .0 9 3 9 7

— -  - V
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Table 41. Converged state variables , SOCRA ,Exampie 4.3.

t x y

0.0 1.0000 0.4472
0.1 0.9748 0.2912
0.2 0.9786 0.1367
0.3 1.0104 0.0223
0.4 1.0400 —0.0064
0.5 1.0500 —0 .0070
0.6 1.0400 —0 .0065
0.7 1.0104 0.0224
0.8 0.9786 0.1367
0.9 0.9748 0.2912
1 .0 1.0000 0.4472

Table 42 . Converged control variables, SOGRA , Examp le 4 . 3 .

t U V

0.0 1.3993 —1.5644
0.1 1.0571 —1 .5565
0 .2 0. 7664 —1.4938
0.3 0.6505 —0.6596
0 . 4  0.8809 —0.0529
0.5 1.1025 —0 .0008
0.6 1.2823 0.0541
0.7 1.3912 0.6613
0.8 1.1495 1.4921
0. ) 0.8434 1.5566
1.0 0.6007 1.5644

= 1 .0000

- - VV ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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I C ~ns j h~ t lie following p r o blem  v; i th

V ~ s t a te  a i ~ i xt d e f lV 1  no i nts

- 1

I = (u — x + i t ) d t  , (127)

0

L u , = ~ ( 2  - 4x 2 ), ( 1 2 8 )

l - v > 0 , ( 1 2 9 )

x ( 0 )  = 0, ‘‘(0) = 0, (l’0)

x ( 1) = 1 , “ (i) = 0, (l3~~)

w h er e  t = 11/ 2 . By ::~eans of the transformation techniques of

Ref. o ) , the  previous problem can be conv er ted i n te  N E T

in C e-~~uaI it’’ c o n s t r a i n e d  probl  em:

.1

I = r ( U
2 

— 
2 

+ tL) dt , (132)

0

= lu , = 1 (2— V 1 x
2

) ,  = 111 , h = ~~ V V V~ ( 1 3 3 )

4xu - zv-h 2
= 0 , (1 .1)

x (O) = 0, y ( O )  = 0, z(0) = 1, h(O) = -1, (135)

x(l) = 1 , v (1) = 0. (136)



-
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Assume the nominal functions

x(t) =t , y(t) = 4t(1—t), z(t) =1—2t , h(t) =—l , (137)

u(t)=1/i, v(t)=0. (138)

The r e su l t s  for  the sequential conjugate gradient-restoration

al gorithm (SCGRA ) of Ref. 1 are given in Tables 43-45. The

results for the seuuential ordinary gradient—restoration al—

gorithr i (SOGRA ) of Ref. 2 are given in  Tables 46—48. Note

that SCGRA leads to the solution in 1=16 iterations , w h i l e

SOGRA l O V i d S  to the solution in N = 2 1  iterations.

_ __ _
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Table 43. Convergence history, SCGRA , Examp le 4 . 4 .

N Phase P Q I

0 0.23 E+O1
1 REST 0.94 E—01
2 REST 0.13 1—03
3 REST 0.85 1:—OS 0.18 11—01 1.24356
4 GRAD y = O  0.94 11—05
5 REST 0.19 L—ll 0.55 t:—02 1.23748
6 GRAD ‘

~ ~ 0 0.49 11—05
7 REST 0.58 E—12 0.21 11—02 1.23547
8 GRAD 

~ 0 0. 12 11— 05
9 REST 0.37 E—13 0.98 11—03 1.23457
10 GRAD -~ ~ 0 0.38 E—06
11 REST 0.26 1—14 0.51 11—03 1.23412
12 GRAD ‘~~~ 0 0 .12  E — 0 6
13 1-~LST 0 .18 1V~~ l5 0 . 2 4  1 1 — 0 3  1.2 3 3 9 1
14 GRAD y i 0 0.34 E—07
15 REST 0.11 11—16 0.11 u—03 1.23380
16 GRAD -y ~ 0 0.136 i:—0S 0.53 11—04 1.23375 

~~~V~~~~~~V V ~~~~~~~~~~~~ 
- - ------- —-

~~~~~
—— --—

~~~~~~~~~~~ 

-
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Table 4 4 . Converged s t a t e  v a r i a b l e s, SCGRA , E x a m p le  4 . 4 .

t x y z h

0.0 0.0000 0.0000 1.0000 —1.0000
0.1 0.1564 0.3090 0.8312 — 1.1441
0.2 0.3088 0.5878 0.6419 — 1.2604
0.3 0.4539 0.8093 0.4366 —1 .3461
O . V1 0.5883 0.9509 0.2214 — 1.3892
0.5 O.70 3 1.0000 0.0014 —1.4071
O .e 0.8081 0.9519 —0.2191 —1.3968
0. 7 O . 8 ~~l0 0 . 8 104 — 0 . 4 3 5 4  — 1 . 3 5 0 1
0 .8  0.9517 0.5887 —0 .6413 —1. 2653
0.9 0.9880 0.3092 —0 .8311 —1 .1462
1.0 1.0000 0.0000 —0.9999 —1.0000

T i L d e 4 5 .  Conver ied control variables , SCGRA , Example 4.4.

t U V

0.0 0.9978 —1.0000
0.1 0.9867 —0.8320
0 . 2  0 . 9 4 2 4  —0 .6609
0.3 0.9038 —0 .3907
0.4 0.8024 —0.1867
0.5 0.7008 —0.0349
0.6 0.5917 0.1759
0.7 0.4601 0.4200
0 . 8  0 .3101 O . o 5 5 5
0 . 9  0 .1528  0 . 8 5 3 5
1.0  0 . 0 0 0 3  0 .9 9 8 6

= 1.5707



- 
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Table 46. Convereence history, SOGRA , Examp le 4.4.

N Phase P Q I

0 0.23 1:401
1 REST 0.94 11—01
2 REST 0.13 11—03
3 RUNT 0.85 U—08 0.18 E—Ol 1. 24356
4 CRA[) 0.94 1:—O S
5 Ri:Ni 0.19 r—ll 0.55 11—02 1.23748
6 GRA D 0.18 11—06
7 REST 0 . 56  ~ — l 6  0 . 2 0  I : — 0 2  1 . 23 5 9 4
8 :R4D 0.71 r—07
9 RENT 0.74 E— 17 0.15 1-:—02 1.23U20
10 ~ R,V\E 0.14 E—07
lb REST 0.15 1 — 1 8  0.75 11— 03 1..’3477
12 :is~ i -  0 . 7 6  h — O S  0 . 7 0  E — 0 3  1 . 2 3 4 4 9
13 ~;t ~ •~~ 0 . 1 9  11—07
14 RIVET 0.12 11—18 0.38 i- :— 03 1.2 34 30
15 GRA D 0.15 11—08 0.35 1— 0 3 1.23416
11 GRAD 0 . 4 3  — 0 8  0 . 2 2  1 1— 0 3  1 . 2 3 4 0 6
17 0.73 1 V —3 8 0. 1 :Vl 1 1— 0 3  1 . 2 3 3 9 . ~
18 GRAD 0.10 11—0 7
19 R I V E T  0.21 11— 19 0.14 11—03 1 .23393
20 G R A D  0.14 1—09 0.10 E—03 1.23389
21 GIVG\D 0.4-1 11—09 0.90 E—O V I 1.23385

V - ~~~~~~~_VV -~~



68 AAR—127

Table 4 7 .  Converged s ta te  var iab les, SOGRA , Examp le 4 . 4 .

t x y z h

0.0 0.0000 0.0000 1.0000 —1.0000
0.1 0.1568 0.3089 0.8312 —1.1437
0.2 0.3097 0.5875 O-.642l —1.2583
0.3 0.4553 0.8082 0.4378 —1.3367
0.4 0.5876 0.9497 0.2240 —1.3809
0.5 0.7045 0.9999 0.0051 —1.4029
0.6 0.8064 0.9536 —0.2152 —1.3974
0.7 0.8904 0.8133 —0.4319 —1.3558
0.8 0.9525 0.5915 —0.6390 —1.2745
0.9 0.9896 0.3104 —0.8303 —1.1545
1.0 1.0000 0.0000 —1.0000 —0 .9999

Table 48. Converged control variables,SOGRA , Examp le 4 .1 .

t U V

0.0 1.0215 —1.0000
0.1 0. 9889 — 0 . 8 2 7 4
0.2 0.9541 —0.6249
0.3 0.8915 —0.3719
0.4 0.7914 —0.2083
0 . 5  0 . 6 9 8 2  — 0 . 0 6 3 2
0.6 0.5957 0.1432
0.7 0.4688 0.3899
0.8 0.3184 0.6435
0.9 0.1522 0.8797
1.0 —0.0203 1.0814

I = 1.5707 

~~~~~~~~~~~~~~ -~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Example 4 . 5. Consider the following proLl eni wi th

bounded state and fix ed endp o i n t s :

I~~~~~~u 2dt , ( 1 3 9 )

( 1 4 0 )

0.15— x > 0 , ( 1 4 1)

x ( O )  = 0 , y(O)=1 , ( 1 4 2 )

x(1) 0, v(1)=-1 . (143)

By means of the transformation tcchni iucs of Ref . Y , the  V. r , , _

~‘ious problem can be convert oR into the following uouali t’;

constrained problem :

1 = u 2dt , (14.; )

- 0

~:=y, \ ‘=u , z = h , h v , ( 1 4 5 )

u + 2 zv  + 2h 2 = 0, (146)

x ( O )  = 0, y (O)=l , z ( 0) = ~~( 0 . 1 5 ) ,  h ( O ) = — l / 2 (1E1 5) ,  ( 1 4 7 )

x (1)=0 , ~
‘(l)= - lV ~~~ ( 1 18 )



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Assume the nominal functions

x(t)= 0, y(t)=1—2t, z(t)=~~(0.15)(l—2t), h(t)= (2t—l)/2/(0.l5), (149)

u(t)=1, v(t)=0. (150)

The r esu l t s  for  the sequen t ial  c o n j uga t e  g ra d i e n t— r e s~~or~~~j on

a1 - l o n i t h J 1~ (SCGRIi ) o~ Ref . 1 are gi’:en in Tables 4 9 — 5 1 .  The

results f o r  the sea u c n ti a l  ordinary 
~radient—re stora t i on alqo—

n i t h r ~ (SOGRA ) of R e f .  2 i r e  aiven in Tables 52—54 . Note tha t

SCGRI, leads to the solutio~ in  N = 15 iterations , while SOGRA

leads to the solution in 1 1= 1 6  iterations.

V 

V
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Table 49. Convergence history, SCGRA , l:xamnle 4.5.

N Phase P 1) 1

0 0.22 11+02
1 REST 0.46 11+01
2 REST 0.11 11+00
3 RUST 0.22 E—02
4 REST 0.11 E—O5
5 REST 0 . 44 11—13 0.11 11+00 6.03009
6 GRAil V 

= 0 0.81 E—04
7 dUST 0.15 11—14 3.79 1—02 5.93793
S G R A D  ~ 0 0 . 2 8  1 1 — 3 5
9 111:5 1’ 0 . 5 7  J - ’— l 6  0 . 1 4  E — u 2  5 . 9 2 9 4 0
10 G RAD ~ 0 0 . 53  E — 0 6
11 RU S S’ 0 . 2 2  1—17 0 . 4 1  11— 03 5 . 9 2 7 4  3
1$ G RI’ D ‘y ~ 0 0.15 11— 06
13 Rl:ST 0.12 11—18 0.15 1-~— O 3 5.92677
11 G RA I y ~ 0 0.50 11—07
15 REST 0 . 9 3  1 1— 2 0  0 . 6 5  E — 0 4  5 . 9 2 6 5 0

- V V VVV ~~~~~~~~~~~~~~~~ 
V V
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Table 50. Conver~ied state variables , SCGRA , Ex amp le 4.5.

t x v z h

0.0 0.0000 1.0000 0.3872 —1.2909
0.1 0.0794 0.6047 0 .2156 —1 .1381
0.2 0.1242 0.3088 0.1603 —0.9629
0.3 0.1443 0.1100 0.0748 — 0 . 7 3 5 4
0.4 0.1497 0.0136 0 . 0 1 6 4  — 0 . 4 141
0.5 0.1~l99 —0.0001 — 0.0051 —0.0109
0.6 0.1497 — 0.0121 0.0148 0.4089
0 . 7  0 . 1445  — 0 . 1 1 1 0  0 . 0 7 4 0  0 . 7 5 0 2
0.8 0.1243 —0.308 5 0.1602 0.9625
0 . 9  0 . 0794  — 0 . 6 0 5 4  3 . 2 6 5 6  1 .1395
1.0  0 . 0000 — 1 .0 0 0 0  0 . 3 3 7 2  1 . 2 9 0 9

Table 51. Convor :oR control Variables , SCGRA , Example 4.5.

t U V

0.0 — 4 .4555 1.4487
0.1 —3.468 4 1.6515
0 . 2  — 2 . 4 7 3 2  1 . 9 2 8 7
0.3 —1.4 637 2.6862
0.4 —0.4 657 3.7230
0.5 0.0435 4.2231
0.6 —0.4541 4.024 1
0 . 7  — 1 . 5 1 7 3  2 . 6 4 4 5
0 .8  — 2.4554 1.8790
0.9 —3.4 183 1.6020
1.0 —4.40 54 1.3840

-r = 1 . 0 0 0 0

— V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~
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Table 52. Convergence history, SOGRA , Examp le 4 . 5 .

N Phase P Q

0 0.22 11+02
1 REST 0.46 11+01
2 REST 0.11 11+00
3 REST 0 . 22 11— 02
4 REST 0.11 11_ O S
5 REST 0.44 E—l3 0.11 11+00 6.03009
6 GRAD 0.81 11—04
7 REST 0.15 i :—14 0.79 L’—02 5.93793
8 GRAD 0.11 11—05
9 REST 3.28 1— 17 0.20 11—02 5.93016
10 GRAD 0.15 11—06
11 REST 0 . 12  R .V 13 0.74 11—03 5.92817
12 UGALJ 0 . 2 4  11—07
13 REST 0 .15  11—20 0 . 3 7  IV: —03 5 . 9 2 7 3 8
14 GRAD 0 . 8 6  11—08 0 . 20 11—03 5 . 9 2 6 8 7
15 GRA D O . o 2  11—08 0 . 1 2  E — 0 3  5 . 9 2 6 6 1
16 GRI\ D 0 . 7 4 11—03 0 . 5 2  11—0 1 5.92650

-- ~~~~V
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Table  53.  Converged s ta te  variables , SOGRA , Exa mp le 4 . 5 .

t x ~ V’ z h

0.0 0.0000 1.0000 0.3872 — 3 .2909
0. 1 0 . 0 7 9 3  0 .6 0 4 5  0 .2 6 5 7  — 1 . 1 3 7 5
0. 2 0 . 1 2 4 2  0 .3 0 7 8  0 . 1 6 0 6  — 0 . 9 5 8 3
0. 3 0 . 1 4 4 2  0.1105 0 . 0 7 5 6  —0 .7301
0.4 0.1496 0.0145 0.0175 —0.4152
0 . 5  0 . l V i 9 9  — 0 . 0 0 0 1  — 0 . 0 0 4 5  — 0 . 0 17 4
0 . 6  0 . 1 4 9 7  — 0 . 0 1 1 8  0 .0147  0 .4 0 1 0
0.7 0.1446 —0.1097 0.0733 0.7483
0.8 0.1244 —0.3098 0.1599 0.9688
0 . 9  0 . 0 7 9 4  — 0 . 6 0 5 7  0 .2 6 5 5  1.1403
1.0  0 . 0 0 0 0  — 1 . 0 0 0 0  0 . 3 8 7 2  1.2 9 0 9

Table 54. Conver ed control variables , SOGRA , Example 4.5.

u V

0 . 0  — 4 . 4 5 3 5  1 .4 4 6 1
0. 1 — 3 . 4 5 9 2  1. 6 392
0.2 —2.4746 1.9862
0.3 —1.4669 2.6475
0.4 —0.4730 3.6484
0 . 5  0 . 0 3 7 5  4 . 1 9 4 3
0 . 6  — 0 . 4 4 0 5  4 . 0 2 7 8
0.7 —1 .5262 2.7693
0.8 —2. 4681 1.8476
0.’) —3.4508 1.6007
1 .0 —4.4354 1.4228

= 1 . 0 0 0 0

_ _ _  _ _ _  _ _ _  _ _
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E x a m p l e  4 . 6 .  Consider  the f o l l o w i n g  p rob lem w i t h

bounded s t a t e  and f r e e  f i n a l  t i m e :

1= i , (15 1)

x = iu , = rv , (152)

u 2
+ v 2 - 1= O , ( x - 2 ) 2 + y

2 - 1~~~0 , ( 1 5 3 )

x (0) = 0, y ( 0 )  = 0 , ( 1 S 4 )

(1) = 4 , ‘(l) = 0. (155)

By means of the t r a n s f o rm a t i o n  t o c h o i g L i e s  of  Ref . 9 , the :r~~—

v ious  p rob lem nm he c o n v e r te d  in to  the f o l l o w i n g  0 1 0 0 1  1 t\ ’

c o n s t r a i n ed  or ob l e r V y :

1 = 1 , (156)

:=  1V 0 , V I V , Z ‘.‘J , (1 5 7)

2 2u + v — 1 = 0, ( x — 2 ) u + y v  —z w  = 0, (158)

x ( 0 )  = 0 , ~‘(O)=O , z(O)=~~ 3 , ( 1 5 9 )

y (1)=0. (160)

V S S S U~~~~0 the nominal functions

x ( t )  I t , y ( t ) = V l t ( l _ t ) ,  z ( t ) = 3 , (161)

- -
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u ( t )  = 1, v(t) = l — 2 t , w( t) = 0, (162)

T = 4 .  (163)

The r e su l t s  for  the sequent ia l  c o nj u g a t e  g r a d i e n t — r e s t o r a t i o n

algorithm (SCGRA ) of Ref . 1 are given in Tables 55—57. The

r e su l t s  fo r  the s e q u e n t i a l  o r d i n a r y  g r a d i e n t — r e s t o r a t i o n  al-

g o r i t h m  (SOGRA ) of R e f .  2 are  given in Tables 58 -60 .  Note

that SCGRA leads to the solution in N = 2 0  iterations , while

SOGRA leads to the solution in :~ = 24 i t e r a t i o n s .  

-- - ~VVV ~~~~~V~~
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rrable 55. Convergence history, SCGRA , Ex a m p le 4 . 6 .

N Phase P Q I
------- ----------- ------ ---- --- -- ------ ----_--- - ------- ~~~

0 0.10 11+01
1 REST 0.76 E—0l
2 REST 0 . 5 3  11—02
3 REST 0.10 11—03
4 REST 0.12 11—07
5 REST 0.14 11—1 5 0.95 11—0 1 4 52739
6 GRAD -~ = 0 0 .99 E _ O V I
7 REST 0.24 [— 07
8 R1-:s T 0.31 11—16 0.93 11—02 .51433
9 GRAD V 

~ 0 0.54 1— 05
10 REST 0.11 E— 09 0.82 11—03 1.51238
11 GRA D 0 0.10 E—05
12 REST 0 .4 1 L— V b 1  0.38 11—03 4.51241
13 ChA D -

~ i 0 0 .19 • V Q 5

14 REST 0.13 11—l U 0.03 L— 03
15 ~~~~~~~~~ ‘~ 0 0.31 1:—O S
16 REST 0 . 3 1  11— 10 0 . 5 5  11—03 4. 5i1i~4
17 GRAt ~ ~ 0 0.9,3 11—06
18 RESt’ 0.29 U—li 0.13 J V

Q 3  4~~~1l~~039 T R V V V’:  V 0 0.18 11—06
20 R 11Sl 0 . 1 2 11—12 0 . 6 7  11— 04  4 .51144
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Table 56. Converged state variables , SCGRA , Examp le 4.6.

t x y z

0 . 0  0 . 0 0 0 0  0 .0 0 0 0  1.7 3 2 0
0.1 0.3911 0.2247 1.2801
0.2 0.7819 0.4501 0.8284
0 . 3  1.1730 0 . 6 7 5 1  0 . 3 7 3 7
0.4 1.5639 0.9000 0.0131
0 . 5 1 . 9 9 9 9  1 . 0 0 0 0  0 . 0 0 10
0.6 2.4360 0.9000 0.0134
0.7 2.8270 0.6751 0.3738
0 . 8  3 .2 180 0 . 4 5 0 2  0 . 3 2 8 4
0 . 9  3 . 6 0 8 8  0 . 2 2 4 7  1.2801
1.0  4 . 0 0 0 0 0 . 0 0 0 0  1 .7 3 2 0

Table 57. Converged control variables , SCGRA , Example 4.6.

t u V w

0.0 0 .8 1 , V~S 0.5019 —0.9986
0.1 0 . 8 6 6 7  0 . 4 9 8 7  —1.0017
0.2 0.8603 0.4958 —1.0073
0.3 0.3685 0.4956 —1.0264
0 . 4  0 . 1015 O . 4 3 2 o  — 0 . 2 7 8 9
0 . 5  1 . 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 4
O . t 0. 1015 — 0.4326 0.2791
0. 7 fl .8t33 —0.4959 1.0251
0.8 0.8684 — 0 . 4 9 5 8  1 . 0 0 7 3
0. ~ 0.8668 —0.498 5 1.0013
1.0 0.8646 —0.5023 0.9983

r = 4 . 5 1 1 4

~~~~~~~~~V V~~~~ ~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- V-~~~ V
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Table 58. Converoence history, SOGRA , Examp le 4.6.

N Phase P Q I

0 0.10 11+01
1 REST 0.76 11—01
2 REST 0.53 11—02
3 E V EN T  0.10 11—03
4 ilES’I 0.12 E— 07
S Ri:1 ’ 0.14 11—13 0.95 11—01 4.52789
6 GRA D 0.99 11—04
7 REI T 0.14 IV

V
_ 0 7

3 RE S T 0.31 11—16 0.93 11— 62 1 .51433
9 GRAD 0 .40 11—0 6
10 RE ST 0.38 11—12 0.13 11—02 4 .51308
ii GRAD 0.10 11—0 6
12 11FNIV 0.31 11—13 0.12 11_ 32 4 .5126-3
13 11116) 0. 1 1 11—07
14 REST 0.91 11—15 0.52 11—33 .51249
1 5 C RA 11 2. 2 5 11—0 7
16 RES T 0 .13 1 1 — 1 4  0 . 79 -V :_ 0 3  4 . 5 1 2 3 3
17 GRAd 0 .64 i : —o6 ‘3.35 1—03 4.51208
13 CUR : 0.57 11—08 0.23 E—03 L51191
13 ( \ . L  0.13 E—O~-
20 11F V T  0.1~ 11—1 2 0.11 11—02 4 .5 1190
21 ‘h-.AD 0.50 11—08 0.11 E—03 4 .511 (1
22 GRAD 0.33 11—0 8 0. 1t~ 11—03 4.51152
23 GRA D 0.90 11—08 0 .13 11— 53 4.31145
2: G RA D 0.94 1—08 0.63 11—04 4.51142
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Table 59. Converged state variables , SOGRA , Examp le 4.6.

t x y

0.0 0.0000 0.0000 1.7320
0.1 0.3905 0.2258 1.2810
0.2 0.7811 0.4516 0.8303
0.3 1.1716 0.6774 0.3810
0 . 4  1.5638 0.9002 0.0309
0.5 1.9999 1.0000 —0.0182
0.6 2.4361 0.9002 0.0309
0.7 2 8283 0.6774 0.3810
0.8 3.2188 0.4516 0.8303
0.9 3.6094 0.2258 1.2810
1.0 4.0000 0.0000 1.7320

Table 60. Converged conteol variables , SOGRA , Example  4 . 6 .

t U V w

0.0 0.8657 0.5005 —0.9997
0.1 0.8657 0.5005 —0 .9994
0.2 0.8657 O.500.1 —0.9984
0.3 0.8652 0.5013 —0 .9892
0.4 0.9048 0.4253 —0.3639
0 . 5  1. 0 0 0 0  0 . 0 0 0 0  0 . 0 0 0 0
0.6 0.9048 —0.4258 0.3636
0.7 0.8652 —0.5013 0.9892
0.8 0.8657 —0.5004 0.9984
0 . 9  0 . 8 6 5 7  — 0 . 5 0 0 5  0 .9 9 9 4
1.0 0.8657 — 0.5005 0.9997

T = 4.5114

V • V V ~~~~~~~~
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E X O I V ; p 1 0 4 . 7 .  Consider  the f o l l o w i n g  problem w it h

bounded st a t e  and f r ee  end c o o r di n a t e s :

I = J (x
2 

+ \.2 + u2/200)dt , (164)

~
V u _ y ,  ( 1 6 5)

8 ( t - 1/2) 2 -y  - 1/2 0 , (166)

x(0)= 0, y ( 0)  = -1 . (167)

By m e a n s  of the transformation techniques of Ref . ~, the r e—

V i OU S  pro l - len can be conver t ed  i n t o  the f o l l o w i ng  e o u a li ty

c o n s t r a i ne d  p rob lem :

1
I = (x 2 

~ 
~2 + U2/200)dt , (1r8)

- o

= 11’ = u — y ,  z = V (1 (9)

l 6 ( t - l / 2 ) - U + y - 2 z V = O , (170)

:V :(0) — 0, y(0) = -1 , z(O)=~~(5/2) . (171)

A n V - ; u :- Ve Lhc  nominal fi lLet ions V

x ( t )  = t , v ( t )  = t- 1 , ~ ( t ) = [ 1 — ~~( 5/2) ]t ~~~( 5/ 2 ) ,  ( 1 7 )

m i ( t )  =1 , v ( t ) =  1. ( 1 7 3 )  

- -V  ~~~~
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The results for the sequential conjugate gradient—restoration

algorithm (SCGRA ) of Ref. 1 are given in Tables 61-63. The

results for the sequen t i a l  o r d i n a r y  g r a d i e n t - r e st o r a t i o n  al—

gor i th rn  (SOGRA ) of Ret . 2 a r e g iven in Tables 6 4 - 6 6 .  Note

tha t  SCGRA leads  to the so lu t ion  in  N 2 3  i t e ra t i o n s , ~~ V~~yj J 0

SOGRIV leads to the solution in 11= 1 9 iterations.



_ _ _ _ _ _ _  
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Table 61. Convergence history, SCGRA , Examp le 4.7.

N Phase 1’ 0

0 0.49 E+02
1 REST 0.14 i:+Ol
2 REST 0.oi E—Ol
3 REST 0 . 8 1  1 : _ O V )
4 REST 0.10 i_ jO 0.20 1-:+O0 0.11395
5 GRAD = 0 0.12 11+00
6 REST 0.11 1—04
7 REST 0.20 1:— li 0.22 E—Ol 0.33368
S GRA Il ~ 0 0.47 11—01
0 REST 0 . 4 9  1 : — O S
10 REST 0 .11 E—1 3 0.66 11— 02 0.25889
ii EVAD ~ 0 0.41 11—01
12 REST 0 . 13  C — O S
13 ~~~ T V ’5’1’ 0 . 1 6  11—11 0 . 2 9  IV _ O 2  0 . 2 12 5 9
14 G R A D  ~ 0 0.29 11— 01
15 REST 0.10 1—06
11 REST 0 . 52  11—17 0 . 1 0  11—0 2 0.18373
17 GRA D - -t 0 0. t 7  11—02
18 REST 0.23 r-—0 7
19 REST 0.3 9 1— 18 0.51 11—03 0.17768
20 GRAD ~ 0 0 .4 5  11—02
21 REST 0.81 F—OS 0.30 r : — O V I 0 . 1 7 3 4 3
22 CRA P : Q 0 . 15  1 1— 0 3
23 REST 0.30 i -—lU 0 . V 1 5  E—04 0.17177

L ~~~~~~~~~~~~~~~~~ VV ~~~~~~~~~~~~ V • __________V V

~~~~~~~~~~~~~~~~~~~~~

__

~~~~
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Table 62 . Converged s ta te  va r i ab le s, SCGRA , Examp le 4 . 7 .

t x y z

0.0 0.0000 —1 .0000 1.5811
0.1 —0.0482 —0 .1315 0.9547
0.2 —0.0494 0.0257 0.4407
0.3 —0.0555 —0.1856 0.0749
0.4 —0.0870 —0.4208 —0 .0283
0.5 —0.1344 —0.5003 —0.0197
0.6 —0.1817 —0.4200 0.0082
0.7 —0.2137 —0.2067 0.1635
0.8 —0 .2247 —0.0369 0.5068
0.9 —0.2255 0.0087 0.8781
1.0 —0 .2234 0.0410 1.2078

Table  63 .  Converged con t ro l  v a r i a b l e s , SCGRJR , Examp le 4.7.

t u v

0 .0 13 .3645 —7 . 0 7 2 3
0 .1 4 .1741 —5.6064
0.2 —0 .6737 —4 .o516
0.3 —3 .0397 —2 .3064
0. 4 —2 .0288 —0.1417
0 . 5  —0.4944 0.1512
0.6 1.1697 0.6174
0.7 2.1149 2.6857
0 . 8  0 . 9 1 4 2  3 . 7 9 6 5
0. 9 0 .1801 3 . 5 4 6 3
1.0 0 . 7 6 3 6  3 . 0 1 2 4

= 1.0000

V V V
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Table 64. Convercence history , SOGRA , Examp le 4 .7.

N dhase P Q I

0 0.49 11+02
1 REST 0.14 11+01
2 REST 0.61 E—O 1
3 REST 0.81 E—O4
4 REST 0 . 10 11—10 C .20 11+00 0.61395
5 GRAD 0 .12 E + 0 O
6 REST 0. 11 E — O V I
7 REST 0.20 11—11 0.22 i-:— Oi 0.333 38
8 GRA Il 0.33 E—01
9 REST 0.70 E—06
10 REST 0.46 11— 15 0.16 11—02 0.23711
11 L 4 } ~~ V R )  0 .20 i-:—ol
12 REST 0.21 11—05
13 R E ST 0. 14 1 :— lI 0.13 11—0 2 0.13457
14 ( CR’VV D  0.32 E— 03
15 I11: F’I’ 0.10 l_ O 9  0.38 11—03 0.17778
16 GRAD 0.12 11—02

r V ~~~~ ( j V  0.22 11—08 0.12 11—03 0.17460
18 GRAD 0.31 ~~~_ 9 V )

19 REST 0.16 11— 11 0.83 E — O V 1  0.17294



_ _ _ _ _ _  V V~~ V _ V
VV ~~~ VV -~~~~~~~~~

86 A A R — 12 7

Table 65. Converged state variables , SOGRA , Example 4.7.

t x 11 z

0.0 0.0000 —1.0000 1.5811
0.1 —0.0529 —0 .2008 0.9903
0.2 —0.0604 —0 .0230 0.4929
0.3 —0.0691 —0 .1922 0.1107
0.4 —0.1007 —0.4212 —0.0353
0.5 —0. 1432 —0.5026 —0 .0519
0.6 —0.1958 —0.4203 —0.0188
0 . 7  — 0 . 2 2 7 6  — 0 . 2 0 5 1  0 .1585
0.8 —0.2336 —0 .0370 0.5070
0.9 — 0.2390 0.0168 0.8736
1.0 —0.23 54 0.0643 1.1981

Table o6. Converged control variables , SOGRA , Example 4.7.

t U V

0.0 11.8420 —6.5908
0.1 4.0067 —5.3553
0.2 — 0 .2976 —4 .5898
0.3 —2 .7911 —2.7144
0.4 — 3 .0364 —0 .4986
0.5 —0 .4991 0.0336
0. 1.2103 0.8156
0.7 2.0920 2.8465
0 . 8  0 . 938 7 3 . 7 7 1 2
0.9 0.3198 3.4895
1.0 0.9359 2.9747

= 1. 0000

_ _ _  _ _ _ _  -~~ V~~V V
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l~~o~~h ± !~~ C o n s iV I e r  the f o l l ow i n g  p r o b l em  w i t h

bounded s t a t e  and fret end coo rd inat e s :

V) ) )

I = (x + v + u /200)dt , (174)
J o

11 l rx = y ,  ~~= U _ y ,  I~~VJV J

8(t-t:2) 2 
- ‘V - 1 2 V~ 0, (176)

x (O) = 0, y (O) = — 1. (1771

~ moons of  Lh e  ti mVs f or:L t i on C0000j000s Qf 1 1 —~ . I , t he  o r e —

01010 n r -~~} b rim cOh  L O  V f l V erte into tim e fob I V n S
V L

f l V I  e :o,ilit’

CO f l S  101 1 m~cd rob I cir,:

• o /200)dt , (178)

~ 0

z = h , h = v , (17’~)

16 - u • — — ~~~~~~• = 0, (130)

:~(0)= 0, y(0) =-1 , z(O) =~ ( y / ,3~ , h(O) =-7  6 .  (181)

A ss U m e  the n o m i na l : L i i r c t  i LL S

ylt )=t— 1 , :: ( t ) s ~~~( 2 2 ) ,  h ( t ) = — 7 A 1 , ( 1 8 2 )

L i ( t )  =1 , v ( t )~~ 1. (183)

- - V
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The r e su l t s  fo r  the se qu e n t ia l  con juga te  g r ad i en t - r e s to ra t ion

algorithm (SCGRA ) of Ref. 1 are given in Tables 67-69. The

results for the sequential ordinary gradient—restoration al—

~orithm (SOGRA ) of Ref. 2 are given in Tables 70—72 . Note

that SCGRA leads to the solution in N =1 2 iterations , wh ile

SOGRA leads to the solution in 10=22 iterations.
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Table (
~7. Convergence history, SCGRA , Example 4.8.

N Phase P 6) I

0 0.28 11+02
1 REST 0 . 8 7  11+01
2 REST 0.59 11-01
3 REST 0.19 11— 05
4 REST 0.30 11—15 0.85 11—01 0.97910
5 GRA D = 0 0.17 11—02
6 REST 0.19 11—08 0.32 i-—02 0.7928-1
7 GRA D ~ 0 0.30 11—02
8 REST 0.29 11—08 0.10 E— 02 0.7547-1
9 GRA Il ~

‘ 0 0.84 11— 04
10 REST 0.15 E—11 0.43 11— 03 0.75113
11 G R A D  i 0 0.60 E 0 3
12 REST 0.67 11—11 0.11 i:—04 0.74267
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Table 68. Converged state variables SCGRA , Examp le 4.8.

t x y z h

0.0 0.0000 —1 .0000 1.2247 -2.8577
0.1 —0.1059 — 1.0991 0.9412 —2.8158
0.2 —0.2188 —1.1602 0.6624 —2.7470
0.3 —0.3363 —1 .1656 0.3954 — .1.5722
0.4 _0. V1~127 — 0.8993 0.1509 —2 .3209
0 . 5  — 0 . 5 0 5 6  — 6.3395 —0.0752 — 2 .2574
O .t —0 .5lLl 0.0728 —0.3100 — 2 .4627
0.7 -0.5021 0.16-1 5 -0.5676 -2.6737
0.8 —0.4881 0.1060 —0.8414 —2.7891
0.9 —0. 4817 0.0240 —1. 1232 —2.8381
1.0 -0.4813 0.0025 —1.4076 -2.8407

Table 69. Con v e rg ed  con t ro l  va ri ab l e s , SCGRA , Example 4.8.

t U V

0.0 —2.8253 0.6091
0.1 —1.70 58 0.3974
0.2 —1.7383 1.1209
0 . 3  — 0 . 2 7 4 2  2 .37 18

3.6856 2.1252
0.5 5.3103 —1.0509
0.6 2.4107 —2 .4o98
0 . 7  0 . 0 2 7 9  - 1 .6193
0 . 8  -0 . 7 2 0 0  — 0 . 7 5 8 6
0.9 — 0 .6613 —0.2 584
1.0 0.5501 0.2443

= 1.0000

- - V-- ------ -~~~~~~ - -- - - - -~~~~~~~- - -- - - ---~~~~ - - -
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Table 70. C0P\V O r e C~P C e  hi S t  o m y ,  N )GRA , Example 4 .8.

N Dhase P 6) I

o 0.28 11+02
I. REST 0.87 11+01
2 REST 0.59 11— 01
3 REST 0.19 11—05
4 PEST 0.30 1:-iS 0.85 E-Ol 0.97910
5 (IlIA D 0 . 17  11— 02
6 REST 0.19 1—08 0.32 11—02 0.79284
7 GRA D 0.11 11—02
8 REST 0.13 11—0 3 0.11 11—02 0.75471
9 ‘CRAP 0.12 1:—OS
10 REST 0.13 ::_ 1V 1 0.36 E—O 3 0.75132
11 GRAD 0.3-) 11—0 5
12 REST O.~~4 l-:~~i 1 0.57 11—03 O .7480s
13 CRAP 3 .  ~~~ E— 0~14 REST 0 . 1 7  1 _ l O  0.10 11— 03 0.74718
15 GRA D 0.10 11— 05 -

16 R1V ST 0.13 i— i S  3.34 11—03 0.74585
17 GRA D 0.13 1 1 0 6
18 REST 0.28 11—16 0.11 11—03 0.74482
19 GRA D 0 . 1 2  11—06
20 RENT 0.21 1 _ l I  0 . 2 2  11—03 0.74399
21 GRA D 0.87 I:—07
22 REST 3.55 11—17 0.77 11—04 0.74332

V -~~~~~~~
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Table 71. Converged state variables , SOGRA , Examp le 4 .8.

t x y z i i

0.0 0.0000 —1.0000 1.2247 _ 2 .8577
0.1 —0.1085 —1.143 5 0.9126 —2 .7882
0.2 —0 .221o —1 .1872 0.6675 —2.7060
0.3 —0.3430 —1 .1382 0.4038 —2 .5527
0. 4 V 0 4 4 5 3  —0.8539 0.1591 —2.3435
0.5 —0 .5049 — 0 .3254 —0.0706 —2 .3029
0.6 —0.3159 0.0519 —0.3098 —2.4983
0.7 —0 .5044 0.1432 —0.56 96 —2.6831
0 . 8  ~ 0 . 4 c l 4  0 . 1 0 8 7  — 0 . 8 4 3 4  — 2 . 7 8 0 9
0.9 —0.4832 0.0585 -1.1239 -2.8211
1.0 —0.4778 0.0670 —1.4063 —2.820 4

Table 72. Converged contro l variables , SOGRA , lIxamI le 4.8.

t U V

0.0 —3 .4 3 4 0  0.8575
0.1 — 1 .9189 0.6509
0.2 —1 .2952 1.0958
0.3 0.2238 1.9870
0.4 3 .60313 1.7528
0 . 5  4 .9091 —1 .1207
0. 6 2 .1865  — 2 . 2 3 0 4
0.7 0.i680 — 1.3840
0.8 — 0 . 13 5 0  — 0 . 1 3 7 ~
0 . 9  — 0 . 2 9 3 7  — 0 . 1943
1.0 0 .8161 0 .2342

r = 1.0000
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Example 4.9. Consider the following problen~ with

bounded time derivative of the state and free final time:

1 T , (184)

X T Z  COSU , y= T Z  Sirtu , z=~~ sinu, (185)

1/ 3 - 
~~/T> 0, (18 6 )

x(0) =0 , y(0)=0 , z(0)=0 , (187)

x(l)=l . (188)

By means of the transformation techniques of Ref . 9, the pre-

vious problem can be converted into the following equality

constrained problem:

1 T , (189)

X = T Z  cosu , ~~= -r z sinu , ~~~ r sinu , (190)

1/ 3 - z sinu - V2 = 0, (191)

x(0) =0 , y(O) =0 , z(0) =0 , (192)

x(1) =1. (193)

Assume the nominal funct ions

x(t)=t, y(t)= 0, z(t)=t, (194)
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u(t)=1 , v(t) = 1, (195)

T 1 .  (196)

The results for the sequential conjugate gradient-restoration

al gorithin (SCGRA ) of Ref. 1 are given in Tables 73—75. The

results for the sequential ordinary gradient—restoration al-

goritbm (SOGRA ) of Ref. 2 are given in Tables 76—78. Note

that SCGRA leads to the solution in N= 17 iterations , while

SOGRA leads to the solution in N= 19 iterations.



95 AAR—127

Table 73. Convergence history, SCGRA , Example 4.9.

N Phase y P Q I

0 0.20 E+0l
1 REST 0.17 E+Ol
2 REST 0.71 E—02
3 REST 0.13 E—04
4 REST 0.44 E— 08 0.32 E+00 1.92960
5 GRAD 1= 0  0.22 E—Ol
6 REST 0.40 E—03
7 REST 0.54 E—07
8 REST 0.65 E—15 0.14 E—Ol 1.82694
9 GRAD y~~~O 0.25 E—03
10 REST 0.10 E—06
11 REST 0.63 E—l5 0.21 E—02 1.82133
12 GRAD 

~y � O  0.17 E—04
13 REST 0.89 E—09 0.52 E—03 1.82053
14 GRAD y = O  0.52 E—07
15 REST 0.30 E—l2 0.25 E—03 1.82042
16 GRAD 1� 0  0.15 E—05
17 REST 0.32 E—lO 0.58 E—04 1.82027



-
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Table 74 . Converged state variables , SCGRA , Examp le 4 .9.

t x y z

0.0 0.0000 0.0000 0.0000
0.1 0.0019 0.0163 0.1810
0.2 0.0155 0.0634 0.3561
0.3 0.0643 0.1241 0.4982
0.4 0.1449 0.1847 0.6079
0.5 0.2476 0.2454 0.7006
0.6 0.3683 0.3061 0.7824
0.7 0.5047 0.3668 0.8565
0.8 0.6554 0.4267 0.9238
0.9 0.8219 0.4731 0.9727
1.0 1.0000 0.4296 0.9896

Table 75. Converged control variables, SCGRA , Example 4 . 9 .

t u v

0.0 1.5752 0.5773
0.1 1.3931 0.3938
0.2 1.2037 0.0297
0.3 0.7328 —0 .0038
0.4 0.5803 0.0022
0.5 0.4957 —0.0022
0.6 0.4399 0.0088
0.7 0.3996 —0.0063
0.8 0.3454 0.1431
0.9 0.1869 0.3906
1.0 —0.0011 0.5783

T = 1.8202
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Table 76. Convergence history, SOGRA , Example 4.9.

N Phase P Q I

0 0.20 E+0l
1 REST 0.17 E+01
2 REST 0.71 E—02
3 REST 0.13 E—04
4 REST 0.44 E—08 0.32 E+00 1.92960
5 GRAD 0.22 E—0l
6 REST 0.40 E—03
7 REST 0.54 E—07
B REST 0.65 E—15 0.14 E—0l 1.82694
9 GRAD 0.56 E—04
10 REST 0.66 E—08 0.38 E—02 1.82162
11 GRAD 0.13 E—05
12 REST 0.18 E—09 0.96 E—03 1.82084
13 GRAD 0.27 E—06
14 REST 0.40 E—11 0.60 E—03 1.82055
15 GRAD 0.51 E—07
16 REST 0.56 E—l2 0.22 E—03 1.82042
17 GRA D 0.23 E—07
18 REST 0.47 E—13 0.17 E— 03 1.82035
19 GRAD 0.59 E—08 0.77 E—04 1.82027

_ _ _ _ _ _ _ _ _  
—4
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Table 77. Converged state variables, SOGRA , Example 4.9.

t x y z

0.0 0.0000 0.0000 0.0000
0.1 0.0020 0.0163 0.1810
0.2 0.0157 0.0633 0.3559
0.3 0.0644 0.1240 0.4980
0.4 0.1450 0.1847 0.6078
0.5 0.2477 0.2454 0.7005
0.6 0.3684 0.3060 0.7824
0.7 0.5047 0.3667 0.8564
0.8 0.6556 0.4261 0.9232
0.9 0.8222 0.4712 0.9708
1.0 1.0000 0.4874 0.9873

Table 78. Converged control variables , SOC,RA , Example 4.9.

t U v

0.0 1.5707 0.5773
0.1 1.3872 0.3941
0.2 1.2035 0.0337
0.3 0.7339 —0.0065
0.4 0.5804 —0.0004
0.5 0.4958 0.0000
0.6 0.4400 0.0000
0.7 0.3996 0.0109
0.8 0.3332 0.1645
0.9 0.1814 0.3976
1.0 —0 .0005 0.5778

= 1.8202

_________________________________________ 4
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Exa~~ 1e 4.10. Consider the following problem with

bounded time derivative of the state and free final time:

1= i , (197)

~~= r ( u 2 -x
2
-1/2), (198)

+ 1/2 > 0, (199)

x(0)~~ 0, y(0)=O , (200)

x(l)=l, y(l)=_rr/4 . (201)

By means of the transformation techniques of Ref. 9 , the pre-

vious problem can be converted into the fol lowing equal i ty

constrained problen :

1 T , (202)

2 2
X T U , y T(U — x  — 1/2), (203)

2 ‘ 2u — x~~— v  = 0, (204)

x(0) 0, y(0) = 0, (205)

x(l)~~ l, y(1)= —Tr/4. (206)

Assume the nominal f unctions

x(t)=t , y (t)=— (ii/4)t , (207)
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u(t)=l , v(t)=1 , (208)

T = 1. (209)

The results for the sequential conjugate gradient—restoration

algorithm (SCGRA ) of Ref. 1 are given in Tables 79—81. The

results for the sequential ordinary gradient—restoration al—

gorithin (SOGP.A) of Ref . 2 are given in Tables 82—84. Note

that SCGRA leads to the solution in N= 12 iterations , while

SOGRA leads to the solution in N= 14 iterations .
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Table 79. Convergence history, SCGRA , Example 4.10.

N Phase y P Q I

0 0.11 E+0l
1 REST 0.19 E+00
2 REST 0.11 E+00
3 REST 0.29 E—03
4 REST 0.77 E—07
5 REST 0.22 E—14 0.21 E—01 1.82848
6 GRAD y = 0  0.51 E—04
7 REST 0.30 E—07
8 REST 0.47 E—l5 0.20 E—02 1.82290
9 GRAD 1~~~0 0.32 E—05
10 REST 0.14 E—09 0.39 E—03 1.82238
11 GRAD y~~~0 0.49 E—06
12 REST 0.69 E—ll 0.97 E—04 1.82228
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Table 80. Converged state variables , SCGRA , Example 4.10.

t x y

0.0 0.0000 0.0000
0.1 0.0906 —0.0464
0.2 0.1784 —0.0987
0.3 0.2601 —0.1621
0.4 0.3330 —0 .2402
0.5 0.4020 —0.3298
0.6 0.4824 —0.4209
0.7 0.5788 —0 .5120
0.8 0.6945 —0.6031
0.9 0.8334 —0.6942
1.0 1.0000 —0.7853

Table 81. Converged control variables , SCGRA , Example 4.10.

t U V

0.0 0.5004 0.5004
0.1 0.4922 0.4838
0.2 0.4677 0.4324
0.3 0.4265 0.3379
0.4 0.37~~1 0.1725
0.5 0.4020 0.0035
0.6 0.4824 0.0008
0.7 0.5788 0.0044
0.8 0.6945 0.0000
0.9 0.8334 0.0039
1.0 1.0000 —0.0087

T = 1.8222
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Table 82. Convergence history, SOGRA , Exa mp le 4 .10.

N Phase P Q I

0 0.11 E+Ol
1 REST 0.19 E+00
2 REST 0.11 E+00
3 REST 0.29 E—03
4 REST 0.77 L— 0 7
5 REST 0.22 E— l4 0.21 L—Ol 1.82848
6 GRAD 0.51 E—04
7 REST 0.30 L—07
8 REST 0.47 E—l5 0.20 E—02 1.82290
9 GRAD 0.28 E—0 6
10 REST 0.83 E—12 0.55 E—03 1.82245
11 GRAD 0.29 E—07
12 REST 0.18 E—l3 0.22 E—03 1.82234
13 GRAD 0.60 E—08 0.10 1—03 1.82224
14 GRAD 0.77 E—08 0.39 E—04 1.82222
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Table 83. Converged state variables , SOGRA , Example 4 . 10 .

t X y

0.0 0.0000 0.0000
0.1 0.0905 —0. 0465
0.2 0.1781 —0.0989
0.3 0.2598 —0.1623
0.4 0.3331 —0.2401
0.5 0.4020 —0.3298
0.6 0.4824 —0.4209
0.7 0.5788 —0.5120
0 .8  0.6945 —0 .6031
0.9 0.8334 —0.6942
1.0 1.0000 —0 .7853

Table 84. Converg d control variables , ~O1~R]\, Example 4.10.

t U V

0.0 0.~1999 0.4999
0.1 0.4916 0.4832
0 . 2 0.4670 0.4317
0.3 0.4271 0.3389
0.4 0.3768 0.1762
0.3 0.4020 0.0092
0.1 0 . 4 3 2 4  0 .0 0 0 0
0. 7 0 . 5 7 8 8  0 .0 0 0 1
0.8 0.6945 0.0000
0.9 0.8333 —0.0007
1.0 0.9996 0.0008

T 1.8222



Examp le 4.11. Consider the following problem :
8

ri
I~~~ (x

2
+y

2
+u 2/ 4 0 0 + v2/400)dt, (210)

Jo

x = y ,  y= (u +v)/2—y , (211)

u — v = 0, (212)

x(0) = 0, v(0) —1 , (213)

x
2(1) +y 2(1) - 1=0. (214)

Assume the nominal functions

x (t) = 0, y(t) = —1 , (215)

u(t) = 0, v(t) = 0. (216)

The results for the sequential conjugate gradient—restoration

al gorithm (SCGRA ) of Ref. 1 are given in Tables 85—87. The

results for the sequential ordinary gradient-restoration al-

gorithm (SOGRA ) of Ref. 2 are given in Tables 88—90. Note

that SCGRA leads to the solution in N= 25 iterations , while

SOGRA leads to the solution in N = 2 3  iterations.

8
This problem is not of the LQ-type , since the boundary con-
dition ( 214 ) is nonlinear. 
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Table 85. Convergence history, SCGRA , Examp le 4.11.

N Phase P Q I

0 0.20 E+01
1 REST 0.72 E+0O
2 REST 0.10 E—Ol
3 REST 0.69 1—05
4 REST 0.35 1—11 0.67 E—Ol 0.75412
5 GRAD y = 0  0.21 1+01
6 REST 0.75 E—O l
7 REST 0.55 1—03
8 REST 0.57 E—07
9 REST 0.67 E—l5 0.13 1+00 0.66451
10 GRAD = 0 0.66 E—0l
11 REST 0.22 E—0 3
12 REST 0.40 1—08 0.74 E—02 0.22157
13 GRAD ~ 0 0.24 E—02
14 REST 0.39 1—06
15 REST 0.11 1—13 0.10 1—02 0.18399
16 GRAD i� 0 0.17 1—02
17 REST 0.19 1—06
18 REST 0.25 1—14 0.18 E—02 0.16398
19 GRAD -

~~~~~~ 0 0.20 E—02
20 REST 0.29 1—06
21 REST 0.63 E—14 0.25 E—03 0.15077
22 GRAD y

~~ 
0 0.79 1—04

23 REST 0.50 E—09 0.25 E—03 0.14896
24 GRAD -

~ ~ 0 0.12 1—03
25 REST 0.11 1—08 0.69 E—04 0.14640
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Table 86. Convcrqed state variables , SCGRA , Example 4.11.

t x y

0.0 0.0000 —1.0000
0.1 —0. 0504 —0 .1709
0.2 —0.0542 0.0387
0.3 -0.0490 0.0497
0.4 —0 .0455 0.0190
0.5 —0 .0450 —0 .0046
0.6 —0.0438 —0.0089
0.7 —0 .0462 0.0014
0.8 —0 .0464 —0.0133
0.9 —0 .0557 —0 .2213
1.0 —0 .1092 —0.9940

Table 87 . Converged control variables , SCGRA , Example 4.11.

t U V

0.0 12.9549 12 .9549
0.1 3.9884 3.9884
0.2 0.7298 0.7298
0.3 —0 .1849 —0.1849
0.4 —0. 2896 —0.2896
0.5 —0.1524 —0.1524
0.6 0.0486 0.0486
0.7 0.0886 0.0886
0.8 —0 .7372 —0.7372
0.9 —4 .1725 —4 .1725
1.0 —13.8279 —13 .3279

I = 1.0000
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Table 88. Conver gence h i s to ry ,  SOGRA , Example 4.11.

N Phase P Q I

0 0.20 E+01
I REST 0.72 1+00
2 REST 0.10 E—Ol
3 REST 0.69 E—05
4 REST 0.35 E—ll 0.67 E—Ol 0.75412
5 GRAD 0.21 E-i-Ol
6 REST 0.75 1—01
7 REST 0.55 1—03
8 REST 0.57 1—07
9 REST 0.67 1—15 0.13 1+00 0.66451
10 GRAD 0.66 1—01
11 REST 0.22 E—03
12 REST 0.40 E—08 0.74 1—02 0.22157
13 GRAD 0.39 E—03
14 REST 0.10 E—07
15 REST 0.84 1—17 0.10 E—02 0.18150
16 GRAD 0.15 1—03
17 REST 0.19 1—03 0.15 1—02 0.15905
18 GRAD 0.17 E—0~
19 REST 0.22 1—10 0.13 1—03 0.15158
20 GRAD 0.28 E—05
21 REST 0.65 1—12 0.26 E— 03 0.14756
22 GRAD 0.53 1—06
23 REST 0.22 E—13 0.24 1—04 0.14627
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Table 89. Converged state variables , SOGRA , Example 4.11.

t x y

0.0 0.0000 —1.0000
0.1 —0 .0546 —0. 2306
0.2 —0.0637 —0.0041
0.3 —0 .0615 0.0324
0.4 —0.0588 0.0199
0.5 —0.0575 0.0062
0.6 —0.0572 0.0027
0.7 —0 .0569 —0 .0002
0.8 —0.0586 —0.0490
0.9 —0 .0724 —0.2750
1.0 —0.1296 —0.9915

Table 90. Converqed control variables , SOGRA , Example 4.11.

t U V

0.0 11.5129 11.5129
0.1 3.8943 3.8943
0.2 0.9527 0.9527
0.3 0.0225 0.0225
0.4 —0.1490 —0.1490
0.5 —0.0808 —0.0808
0.6 0.0061 0.0061
0.7 —0 .1338 —0. 1338
0.8 — l. 0~~40 —1 .0940
0.9 —4 .2466 —4.2466
1.0 —l2 .4061~ — 12.4066

I = 1.0000

- -  --
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Example 4.12. Consider the following problem :9

I 2 2 2 2
1= (x +y +u /200+v )dt, (217)

J o

(218)

u + 2v - l0/(l + l O t)  2 = 0, (219)

x ( 0 ) = 0 , y ( O )  = — l , (220)

( 1)  + y4 (1) - 1 = 0. (2 2 1 )

Assume the nor~i inal  func t ions

x ( t )  = 0 , y ( t )  = — 1, ( 2 2 2 )

u ( t )  = 0 , v ( t )  = 0. ( 2 2 3 )

The r esu l t s  fo r  the sequent ia l  conjugate gradient—restoration

algor ithm (SCGRA ) of Ref. 1 are given in Tables 91-93. The

resu l t s  for  the sequential  o r d i n a r y  g r a d i e n t — r e s t o r a t i o n  a i m -

r ithrn  (SOGRA ) of Ref. 2 are given in Tables 94-96. Note that

both SCGRA a nd SOGRA lead to the solution in N= 9 i t e r a t i o n s .

9 Th1s problem is not of the LQ—type , s ince the bounda ry  con-
d i t i o n  ( 2 2 1 ) is n o n l i n e a r .
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Table 91 . Convergence history,  SCGRA , Example 4.1 2 .

N Phase y P Q I

0 0 . 5 3  E+Ol
1 REST 0.82 1—01
2 REST 0.55 1—03
3 REST 0.42 E—07
4 REST 0.26 1—15 0.35 1+00 3.30976
5 GRZ~D = 0 0.14 1—02
1 R E S T  C . 26 1—06
7 VTST 0 . 9 7  E — l 4  0 . 2 3  1—02 2 .84730
8 Th22) v 0 0 . 5 8  1—06
0 1i~~;T 0 . 4 8  I — 1 3  0 . 2 4  E — 0 5  2 . 8 4 4 ~~4
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Table 92. Converged state variables , SCGRA , Example 4.12.

t x y

0.0 0.0000 —1.0000
0.1 —0.0697 —0.5171
0.2 —0.1143 —0.4013
0.3 —0.1531 —0.3850
0.4 —0.1928 —0.4127
0.5 —0 .2365 —0 .4662
0.6 —0 .2866 —0.5378
0.7 —0.3446 —0 .6245
0.8 —0.4120 —0 .7253
0.9 —0.4902 —0 .8403
1.0 —0 .5806 —0 .9702

Table 93. Converged control variables , SCGRA , Example 4.12.

t u V

0.0 8.3084 0.8457
0.1 0.6854 0.9072
0.2 —0 .8977 1.0044
0.3 —1.6023 1.1136
0.4 —2 .0737 1.2368
0.5 —2 .4761 1.3769
0.6 —2 .8695 1.5367
0.7 —3.2820 1.7191
0.8 —3 .7303 1.9269
0.9 —4 .2261 2.1630
1.0 —4 .7792 2.4309

I = 1.0000
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Tab:: ::. Convergence history, SOGRA , Example 4.12.

0 0.53 E+Ol
1 REST 0.82 1—01
2 REST 0.55 1—03
3 REST 0.42 1—07
4 REST 0.26 L:—15 0.35 r+o0 3.3 0 9 7 6
5 GRA D 0.14 E — 0 2
6 REST 0.26 1—06
7 REST 0.97 E—l4 0.25 1—02 2.84730
8 GRAD 0 . 4 9  1—07
9 REST 0.34 E—15 0.37 1—05 2.84404

-~~~~ - - - —
~~~~
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Table 95. Converged state variables , SOGRA , Example 4.12.

t x y

0.0 0.0000 —1.0000
0.1 —0.0698 —0.5 183
0.2 —0.1145 —0.4028
0.3 —0 .1535 —0.3864
0.4 —0.1933 —0.4141
0.5 —0.2372 —0.4674
0.6 —0.23 73 —0.5388
0.7 —0.3454 — 0 .6253
0.8 —0.4129 —0. 7258
0 .9  — 0 . 4 9 1 1  —0 .8405
1.0 —0.5315 —0.9700

Table 9€ . Converçed control variables , SOGRA , Example 4.12.

t U V

0.0 3.2562 0.8718
0.1 0.6732 0.9133
0 . 2  — 0 . 9 0 2 3  1 . 0 0 6 7
0.3 —1.6040 1.1145
0 . 4 — 2 . 0 7 3 3  1 . 2 3 6 9
0.5 —2.4749 1.3763
0.~ —2 .8671 1.5356
0.7 —3 .2785 1.7:73
0.8 —3 .7254 1.9244

—4.2196 2.1598
1.0 —4.7708 2.4267

T = 1.0000

V V V
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5. Discuss ion  and Conclusions

In R e f .  1, C l o u t i e r , M o h a n t y ,  and ~i ie le  developed the

sequential conjugate uradiont—restoration algorithm for

minimizing a functional subject to differential constraints ,

nondifferential constraints , and terminal constraints. In

this report , 16 numerical examples are presented , 4 pertain-

ing to a quadratic functional subject to linear constraints ,

and 12 ~ertaining to a nonquadrat~~c- functional subjec t to

ir~ear con~~trainLs . The~;e c’-:amules Jewonstrate the feas~~—

bilitv as .-:ell as the ra~’ii co: or V~j ence ch a r a ct e r i s t i c s  of

the u e r t i a i  conjuoatc gradient—restoration algorithm .

Comparativ? results concerning t he  sequential conjugate

~radient-restoration alqorithm (SCGRA ) and the sequential

ordinary mrauient—restoration algorithm (SOGVRA ) are presented

i~~ Tables 97—106 , w h e r o  t h e number of iterations required to

ich~ o’:e ii1 fer~~r.t levels of the error in the optimalitv cond i-

tions is ~ven f o r  a t~~leranct level of the constraint error

I L — 0 3 .  More r e c i so ly ,  r e s u l t s  are presented for the fol—

low i n g  t o l e r a n c e  l eve l s :

P ~ i~— 0 8  , Q < 1— 02 , Tables  9 7 — 9 8  ; (224)

P — 1 — 08 , Q 1— 03 , Tables  9 9 — 1 0 0  ( 2 2 5 )

P 1—0 8 , Q < 1—04 , Tables 101—102 ; (226)
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P 08 , Q < 1—05 , Tables 103—104 ; (227)

P< 08 , Q -~ E-06 , Tables 105—106 . (228)

Cumulative results for the 4 linear—quadratic problems and

the 12 nonlinear-nonquadratic problems investigated are

given in Tables 107—108: here , the total number of iterations

for convergence ~N is presented as a function of the tolerance

level chosen for the error in the optimality conditions 2.

These cumulative results are presented for only those tole-

rance levels such that converqence occurs w i t h  both

al gorithm s in all of the examples beinq investigated .

Linear-Quadratic Problems. For these problems , Table

107 shows the clear-cut superiority of SCGRA with respect to

SOGRA . The saving in number of iterations is negli gible if

the tclerance level is rather relaxed (Q < E-03), is 29% for

Q< E—04 , is 53% for Q < 1 — 0 5 , and is 6~~% for O< E—06 .

Nonhinear-Non~~uadraf~ic Problerns. For these problems ,

Table 108 shows tha t the superiority of SCGRA with respec t

to SOGRA is not clear-cut. There is no saving in number of

iterations for 2 K 1—03 , and the saving is 12% for Q < 1—04.

Data for ~~- E-05 m d  Q<E - 06 are not given , because both

algorithm s fail to at t i m  these tolerance levels in some of

the test probleri s.

Remarks. With reference to the previous discussion,
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the f o l l o w i n g  remarks  are  p e rt i n e n t .

(i) The experiments performed show tha t the computer

t ime per i t e r a t i o n  is r oughl y the same for  SCGRA and SOGRA .

Ther e f o r e , the conc lu s ions  p e r t a i n i n g  to savings  in

number of i t e r a t i o n s  also app ly  to s a v i n g s  in computer  t ime .

(ii) Generally speakinu , the r e lat i v e  a d v a n t a g e  of

SCnRA with l esuect to SOGRA cicrends stronelv on the rroblem

b e i n g  solved . In  ~:art~ cu l ar , i t is u r r~~t r  fo r roblems with

roe :nW nLn L s t h a n  2er  rroule:r w i t Ii f i:~n d  euu;~~ int 5.

(iii) ~S ç~~ l~~near— ou nb ~t i c  ~~~! loris o: o ’ t ~~:ra l cor ~~ro l ,

~m crc :~~ ernu  I ho c J O V -m r md’ :m:ta~~ i n  t h ose of con~ uma t c

:i~~oieI1t t c chn ~~ou c s .  fln t h y  other h.e~ : , f or  ir:u1ir;y~~r—

n c u : m a d r m t i c  ~m o b 1 y p s , ~he ao:ar:t~~:c of ~V ( nj ~~y~~~~f (  g r a d i e n t

e~’ hn i ~ues i s not  as c l e a r — c u  s f o r  1 i nr3 r—eua drat Ic i~~ 1 —

lens.

Th e re~~ibie exp la nat i or  f o r  this b eh o v i o u r  is as fo l  —

J owr  , Essent i  a 1 1 V , j n opt i r~a 1 c o n t r o l  crob lom c a n  be v i  ewcJ

to be egu iva  l e n t  to a rio thema t ~ cal oree r omi :i~ nroh l  co wi t h

a l m r ~~r number  of degrees  of f r eedom , I n  t u r n , the  number  of

degrees  of f reedom is of the same order  as the broduc t  of

the number  of integration steps times the number of indepen-

dent controls. For a problem where the number of integration

Steps is 50 and the number of independent controls is one ,

the number of degrees of freedom is of order 50.  This  means
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that , for the conjugate gradient properties to  become mani-

fest , the number of iterations would have to be some r~ul t iple

of 5 0 , w h i c h  is a p r o h i b i t i v e  number  f o r  p r o b l c : i s  of optima l

c o n t r o l .  U s u a l l y ,  both o r d i nar y  g r a d i e n t  t e c h n i ’r u e s  and

co n j u c at e  gradient t e chn i ques  enab le  one t o  a c h i e v e  couver -

ucn ce  in less t h a n  50 it e r a t i o n s  i f  the tolerance level O ct

f o r  the er r o r  in  the o p t i rr i l i t y  c o n d i t i o n s  is not  exces s ive ly

s m a l l .

V 
V - .V V  VV V - V -~~~~~ V V
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Table 97 , Number of i t e r a t ions  to P~ - 1 -0 8 and Q <  1-02 ,
l i n e a r — q u a d r a t i c  p rob l ems.

1:xample SCGRA 5OGRA 

3.1 2 2
3 . 2  2 2
3 . 3  1 1
3 .4 1 1

Table 9 -~~. N u n i t o r  of i t e r a t i o n s  to F 1— 08 anc1 1—02 ,
f l o i 1 l i T : O — : ’n c u u d r o t ~~c or - -t ~~ enis .

4 .1 8 8
4 2  10 10
4 , 3  7 7
4 .4  5 5
4 ,5 7 7
4.6 8 8
4.7 10 10
4 .8 6 6
4 . 9  11 10
1 ,10 8 8
4 .11 12 12
4 . 12  7 7

V V V VV ~~ VV - - - - - V
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Table 99. Number of iterations to P< E—08 and Q< E—03 ,
linear ouadratic problems .

Example SCGRA SOGRA

3.1 3 4
3.2 3 3
3.3 2 2
3 .4 2 2

Table 100. Number of iterations to p E—08 and Q< 1—03 ,
n o n l i n e a r — n o n q u adr a t i c  problems.

Example SCGRA SOGRA

4 . 1  8 8
4 . 2  16 18
4 . 3  13 13
4.4 9 11
4 . 5  11 11
4.6 10 14
4.7 19 15
4.8 10 10
4.9 13 12
4.10 10 10
4.11 21 19
4 . 1 2  9 9

~ 

______

~~~~~~~

_

~~~~~~~~~~~~ 
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Table 101. N umber  of iterations to P <  1—08 and 2 ’~ 1—0 4 ,
l l n e a r — o u .~ i r a tj c  p rob l ems .

Ixomp le  t~CdRA SOGRA

3.1 4 3
3.2 3 3
3.3 3 4
3 , Vi 2 2

‘d:le 102 , N jnR r ~t iteivrtjons to P~ L — 0 ~3 o rr tl 1—04 ,
no n l i n e I r — n e n r r i j j r i t j c  ~r o i  i e l l i S .

b:~~ r ; . Ic ~ CGRj \

4 . 1  14 12
4 .2 28 31
4.3 17 24
4 . 4  1 21
4.5 15 16
4.6 20 24
4.7 23 19
4.8 12 22
4.9 17 19
4.10 12 14
4.11 25 23
4 . 12  9 9
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Table 103. Number of i t e ra t ions  to P <  E—0 8 and Q <  I~-05 ,
l inear -quadra t ic  problems.

Exam ple SCGRA SOGRA

3.1 5 16
3.2 3 4
3.3 4 8
3.4 2 2

Table 104.  Number of iterations to P< 1-08 and Q K 1-05 ,
nonlinear-nonquadratic problems .

Example SCGRA SOGRA

4.1 22 23
4.2 40 46
4 . 3 33 29
4.4 (*) 30
4 . 5  24 21
4.6 (*) 27
4.7 31 27
4.8 22 51
4.9 22 23
4,10 L8 (*)
4.11 31 27
4.12 9 9

( * )  Al q o r i t h n i  unable to achieve iiven stopping condi t i o n .
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Table 105. Number of iterations to P~ 1—08 and Q I V -06,

linear—quadratic problems.

Example SCGRA SOGRA 
V . ~~~~~~ 

3.1 6 26
3 .2 4 4
3.3 10
3.4 2 2

Table 106. N u ;n b r of  i te r a t i on s  to ~ K i — 9 ~ an d  Q 0~
n o n l  i n e o r — r ’l lu o ~~r a t I c  r r o b l er : s .

L:VOI:  ole SOGR2.

1.1 30 25
4.2 60
4 3  43 53
4 4  ( * )  ( * )
4.5 ( * ) 29
4 . 6  ( * )  ( * )
4 . 7  4 5  3 1.
4.8 If (*)
4 9  (*) 29
4.10 21) (*)
4 . 1 1  35 34
4.12 10 10

* ) Al gorithm unable t i c hi  eve iven stoup inr cond i tion
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Table 107. Cumulative number of iterations for conver gence
EN , linear-quadratic problems.

Q SCGRA SOGRA

Q<E—02 6 6

Q<E— 03 10 11

Q < E — 0 4  12 17

Q < E—05 14 30

Q < E — 0 6  17 4 2

Table 108. Cumulative number of iterations for convergence
EN , nonlinear—nonquadratic problems .

Q SCGRA SOGRA

Q < E — 0 2  99 98

Q < E — 0 3  149 150

Q < 1—04 208 237
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