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1. INTRODUCTION

This report is concerned p r i m a r i l y  w i t h  the gas dynamic theory under ly ing  gas
guns operat ing with muzzle velocities in the transonic range . A good reference
to the fundamental  theory of unsteady gas motions  is the review of Se igel ( re f .1)
who has applied the theory to two-stage hypervelocity launchers in which  a moving
piston is used as a gas compressor. More than this , Seigel has given a compre-
hensive coverage of the theory of sing le-stage gas guns such as are considered in
this report . The b u l k  of the de s i gn cha r t s  in reference I app ly  to s ing l e—s tage
guns and are there fore relevant to t he  present  i n v e s t i g a t i o n.  A fei~ of the many
papers concerned w i t h  gas dyn amics , hyperv elocity l aunchers and the use of mov ing
pistons as gas compressors are g iven i n refe r ences (2 , 3 , 4 , 5 ,6 ,7).  Re f eren ce 2
is included as an example of a book providing an introduction to unsteady gas
dyn amics. References 3,4 and S contain additional bibliographies . Reference 6,
on the other han d , is concerned s o l e l y  w i t h  the use of a movin g piston to compress
gas to a very h i g h  pressure. Reference 7 describes the application of a piston
compressor to drive a h yperso it  i C wind tunnel .

I n t e r e s t  in gas guns began at Weapon s Research Establishment ten years ago.
During an inves t i gation into the fli ght of lifting projectile shapes , it was
sugges ted that a gas gun could fi re s ingle  pro j ecti les , mounted in sabot s , and
that measurements could be made of their subsequent flig ht . A gun of 127 mm
bore and capable of operating at pressures up to 3000 kPa was constructed and
has bee n in almost continuous use since its first firing late in 1967(ref.8).
Sabot speed is measured at the m u z z l e  of the gun . The g un h as sup p or ted tasks
rang ing from the statistical study of projectile impact patterns to assisting
in the developmen t of a W .R .E. image  s~mch ro n iz at i on camera . E a r ly  in 1973 ,
a l a r g e r gas gun of 384 mm bore was cotmuiiiss ioned to study the fli ght of larger
pro j ect i les and clusters of ~o n a l l  projec t i l e s ( re f .9~ . This  glut operates at
presstl1’es up to 1000 kPa . The tw o ~as guns , together  w i t h  associated instru-
menta t ion , prov i de a facility fo r  aerodynamic r esear ch ( r e f . l0 , 11) and the develop - .
me nt  of sm all  mun i t  ions in a d o se - t o - t h e - l a b o r a t o ry  environment where remote
and extensive equipments such as those at IVoomera in South Australia are not
necessary .

The gas guns, a con t rol and recording b u i l d i n g  and pressurizing equipmen t are
located at one end of an area anproxinm atelv 1100 m by 600 m in size. The ground
ins trumentat i on includes some fixed wide-an gle ballistic cameras which are suit-
able for tri als at ni ght to determ ine projectile position , attitude and velocity
throug hout f l i g ht . Two l i gh t s  flashing at a frequency of about 50 Hz are
carried in the projectile and t~ :e l ig ht  flashes recorded on the ballistic camera
p la tes. D u r i n g  day firings performance of t he  sabot and subsequent  f l i g h t o f
the proj ect l i e  na be recorded be hi ~zh speed cameras .

The N . R. E. gas gun s cont i t t u e  t o  c u sed e x t e n s i v el y. Fo r t h i s  reason , pre—
l i m i n a r v  cons i d er a t  ion has  been g i ecu to the design of a gun capable of much
hi gher speeds . S ince  aerod n a m i c  prob l ems of a var ied nature f requent ly  occur
it t r a nsoni c  speeds , any such no -;hould be capable of t est i n g pr oje ct i les  at
speeds up to at le a st  a ‘lacE number of 1 .2 , and preferab ly up to a M ach number
of 1.5 or so. The purpose of the present report is to provide the necessary
theoretical desi gn basis . As w il l  be seen , the report rel ies  heav i ly  on work
car r ied  out by o ther  i n v e s t i ga t o r s .

We beg in with the  simple flow model descr ibed  b y Perfect (ref .12). This  mode l
is extended to hig her subsonic speeds in S e c t i o n  2. For supersonic gas speeds ,
a different model is nece ssary and one b ased on unsteady expansion waves is
described in  Section 3. Throughout , the  emphasis in on simp lified analytical
methods wh ich may be app l i ed  readil y by gun designers. Section 4 introduces
the retarding effect of atmospheric counter pressure acting on the front face of
a projectile. The performance of existing subsonic gas guns is examined in
detail in Section 5 in order to assess the precision with which muzzle velocities
can be predicted . A summary of the recommended design procedures is given in
Section 6. An example is presented in Section 7, to compare hydrogen , helium and
nitrogen as driver gases for a t ransonic gas gun. Finall y, conclusions are given
in Section 8. 

~~~~~~~ - -~~~~~~~~ - ---- --~~~~~~~~~~~~~~~~ - ---
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The reader interested solel y in design app lication should begin by read ing
Section 1.1 , followed by Sections 6 and 7.

1.1 Steady internal flow model

Notation for the analysis of gas gun performance is illustrated in figure 1.
A projectile of mass m is accelerated by compressed gas along a barrel of
length L1 .. Initially, the gas pressure is applied to the projectile by
opening a quick-acting valve or bursting a diaphragm. The equation of
motion of the projectile is

d2 x du= mu—~---- = 
~~d 

- l’r~~ 
A1 (1)

where 
~d 

is the accelerat ing or driving pressure and p is the retarding

pressure.

Gas conditions before firing

Reservoir Barrel

Pressure P0 P1
Speed of sou nd a0 a,
Rat io of spec i f i c  heats 7o 7,

~~
_ _
~~~~~l~)

I
~~ Veloci ty u

Reservoir area A0 = ( 1T/4) D~

Reservoir volume V0 = A0L

Barrel area A , = (ir/4)D1 2

Volum e ratio K = V0/A , L1

M u z z l e  velocity U = (u) L

Mass ra t io C/rn = p0 V0 = .y,, .K.
m ma~

Fi gure 1 . No tat ion
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Perfect (ref. 12’) presents a simple solut i on to equation ( 1) b y u s i n g a
steady flow mode l . The d r i v i n g  re ssure  p 1 i s  calculated from an adiaba t i c
expans i on of the  reservoir gas from its initial volum e V0 to the volume
(V 0 + A 1 x) .  At the sane t i m e , the r e t a rd in g pressure is taken to be the
same as the ini tial pressure in the barrel. Therefore

70
= P0 V0 / (V~ + A, x) (2a)

and

(2b )

The solu tion to equation (1) is now found t o  he

= 
2 p0V 0 

- + 
A -

~~°~~
1
~ - 

2p,A,L,

(70—l)m ‘ Vo m

or u2 = ~~~~ . H ~~ -(1o-l) 
‘ A l

m (~ -1 ) ~ ~~~~) In (3)

where K (\ ‘
~ 
/\~ L.~ ) , the va~ j o  e~

’ h iescrvoi r volume to th e  bar re l volume .
The a n a ly s i s  to follow i :i 11 hei~in  by i gno r ing  the e f f ec t  of the reta rd ing

press ure s ince , t o r  t r a n s on i c ,- guns , t h e  i n i t i a l  reservoir  pressure is
expected to be ve ry  much gl’ - i  ci - than  the  i n i t i al  r e ta r d i n ~ p ressure . IV i tli
t h i s  i n m ind , i t  is con v enien t  ~~ write equation (3) i n the  a l te rn at i ve for m

= ~u
2 

, — 
- ~

A_l±1 .
I ,,

N )u a t  ion (4) Wi 11 be ti ed in s u b 0 j~ 0~ t ~nal s is of a tmosp he r ic coun ter
pre ssure t e c t s .

2 .  QUAS I —ST1 AI)Y I NFIiRNAI I : l O W  MODEL

The s t e a dy  f l o w  node I of Sect i o n  1. 1 above reli es on an adiabatic expansion
of the  r e ser v i r ga s . T h i s  me in ~ t h a t  t h e  M ach  number of the f low ing  gas is
a lways  assumed to  he sma l  I . I t  i s  , howe ver , st r a i  g u t  fon~ard to der ive  a
corr e c t i o n  to e q u a t i o n  i 2 a )  and so deve lop  a t~uas i - s t ead y model.  Such a mode l
is discussed i n  reference 9.

— — -—- . -  —-~l--
- -—- ’ —
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2 . 1 Genera  I theory

F o l l o w i n g  re feren ce 9 , the  b a s i c  idea is to regard equation (2a) as g iving
the s t agna t ion  pressure . A T I C I  expr e s s ion  for th e d r i v i n g  pressure 

~d is then
foun d using s tandard compressible f l o w  fo rmulae  such as are g iv en in  refe rence
2 for examp le. We f ind that

2 

-

~ 7~/(7~-l)‘li -- I 1,1 Ip 1 - 2 )  T 
J 

(5a)

w Ee re p Po \‘o / ~\ o ‘- \ , x) J (Sb)

and a , the  st a gna t i on  speed of soun d , is giv en by the square root of the
tcni ~~’i : t t u r e  r at i o  foun d front the ad i a b a t ic  e x p a n s i o n . i.e. (a5/a0 ) = (T

5/T0)

(Yo-1) (Sc)
a n t  so a~ -~~~ V~ / (\ ~ 

+ A 1 x)

~ 
:i c i u n  (I), w i t h  the r e t a r d in g  p r e s s u i c  p o m i t t e d , now leads t o  ‘li e

& t ~U O t I O i l  0 S t  i On

dii
mu — —

~~ A , p . ( (~U

I~) i - ;  i l a t  t On  c n r o r he so lvc~l i ! l a l v t  i c a l l y  as t h e  ea r i a h i e s  u an x are no~
Sep i , it  (d , le tuse of t1 ie f riti of equat ion (5a)  . N u m e r i c a l  cs lot ion on a
Comp uter  is s ~mple and st ra igli t fo i — ’ a r d  . An analet ic solut i on can , t wever
he f in d by seek i i  g a low M ach  n t unb or so I t  ion . Then , from eqilat ion (5a)
w e w ~~t • C

yU U
2 

-

or p 1 
= 

~ n / (V~ + A , x)j 
70 

- V0 / (V 0 + A1 x) 
j

ii i i g  c luat ion s h )  and (Sc)

—~~~ ~~~~~~~~~~ - - - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~.-  — _ _
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The solut i on to equat i on (6) can be shown to  be

u2 = 2 ( p ~Vo/(7o -l)m ) 
/ v 0 7opo Vo /ina~ 

~~~_ 
~~~ ~ (‘v~ -I) i

1 1 - (7o po~ o/(7o - l)ma~ ) I [‘N V( +A, x,1 
- 

~ V0 ~ ~ j
Hen ce the m u z z l e  velocity is given i >’

2 (p0 V0! (7o 1)tn ~ - - ~ / K÷15 
-Y p0V0 /m~~ 

(K+1 
- 170 -1) 1

Ii - (7opoVo/(70-l)n:a~ )J L ‘
~~~~~~~ 

- 

~

_

~~) J

whe re K = ~V 0/ A 1 L, ) .  IVIt en V 1 i s  ‘.e rv large , eq ua t ion  fl) becomes

I

= ~~~~~~~ I - ex~t ~ -7op0 V o/ Kni ~~ )J

i n ag reeme n t w i t h  equat i on (3) idiom p, = 0 and (po \, L1 /ma~ ) is smal l .
De n o t i n g  the m u z z l e  v e l o c i ty  fr o n  equation (3’) by Uo , we have

(U 0 /a 0 2 = 2 (p o \i L 1 /ma~
).

Hen ce , when V0 i ; very  l . i r g ~~, t he  r e s u l t  can he w r i t t e n  as

/ i ~ 
- . 1 - exp 

‘ 
- 

~~~~
- (U~ /~~ )

‘
~ 

—

—

or , s t n c e  t o  h av e  : t ssuu ~ a t a t  tb- s M ach ioinher is small ,

02 / ti~ (U~, /1 ; ) • 1 - 
~~~~~

- . ) ( I j ~ / a~~) j
He nce we ob ta in

U/ a 0 = (Uo /a0 ) .~ i - ~2- (U
~

/a
~ ) 1 

. (8)

This  result shows in a v e ry  s i m p le wa~ the  m a g n i t u d e  of t h e  quasi— stead~-correction in terms of the muzzle velo city l)~ c a l c u l a ted from the s teady
flow model. In the general case , equa t i on (3) shows tha t  t h i s  is

2 p0 A 1 L, ~~ 

~
—i . r I - 

~~~~~~~~~(70 ) 

1

1
2

- m~~ - - -  

7o 1 J  L s K -) 
]

~

-

~

- ~~ -- -  - -- - — ‘ — —~~~~~~~~~ - ‘- -
~~
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E q I i ~~ I ion (8) i s  compared w i t h  the exact resu l t  from equation (7) in  t ab le  1.
i’he 2eltO riflafl ce of equat i on (8) is surpris ing ly good even at hi gh subson ic
speeds . The e f f e c t  of the parameter  K i s  seen to be of secondary importance .
Consequent  1y, equation (8) is t ak e n  t o  be a s a t i s f a c t o r y  f i r s t  approx imat  ion
for all values of K and 

~~~ Equation (8) is recommended for use in design
calculuUon s .

An a l ter n a t i v e  method of a l l o w i n g  f o r  q u a s i- s t e a dy  e f fe c t s i s  t o  use a
si mp l i t ied form of t h e  “ l ’ i d d u c k -K e n t  S p e c i a l  So lu t i on ’ d i s c u s s e d  in A ppendix I

TABLE 1. QUAS 1-STIiAD Y MACH NUMBER CORRECT I ON

Uncor rec ted  Corrected mach number  ( U/ a 0)
mach number Ratio of

I ron equation (7) From(H o/a o l , from s p e c i f i c  - -_______
equat ion (8)equatIon (9). heats. 7o. K=1 K=2 K=~° Mean

1. 1 O. 1~~ O. 4b 0 . 4 8 3  0 .483 0. 483

0.5 1.4 0 . 4 7 5  0. 172 0.479 0.475 0.478

5/3 O .4G7 0. 361 0. 47 5 0. 468 0. 474

1 .1 O.u93 0.692 0.696 0.694 0.692

0. 75  1. 1 0.669 0. o ( 2  0 .6 82  0 . 671 0 . 676

5/3 O.(’~IS 0.629 0.670 0.~~48 0.662

1 . 1 0 . S ~ 2 0. 36~1 0.877  0. 873 0. 863

1. 0 1 .4 ~ •S22 o. s~ s 0.848 0.825 0.825

~~~~~~~~ ±±~~~
li’

~~ ~~~~~~~~~~ 
~~ 792

2.2 Barre l density e f f e ct

An a d d i t i o n a l  e f f e c t  may he i t icorpo t-ated in computer version s of the q u a s i —
s teady  mode l . By a l l o w i n g  for the dcc i ’ ca ae  in gas density as Mach number
In c r e a se s  a change in  the  mass  of gas , and the re fore the  pressure , in the
reservoir can he ca l culated, lie starting point for our a n a ly s i s  is the
comp ressible flow density relat i oii - ;lii p

- 2
= [ ~ - ~K T 1

~ 0 1  (lOal

I O~ I s S W D C  t ha t  the gas in the reservoir is at rest since , for gas gun s ,
t h e  ‘se r vo ) r area A ,  i s  c o n s i d e r a b ly  g r e a t e r  than the  b a r r e l area A 1 .  The
gas in the barre l is taken to be moving with the projectile velocity u.

The mass of gas in t he  ba r re l , whe n  the  p r o j e c t i l e  has  t r a v e l l e d  a d i s t a n c e
x , is pA~ x wh i ch nay be wri tten as P \ I [X ( P/ P ç ) I  . Thus , i n c a l c u l a t ing the
stead v— stat e adi al at I c expans ion  , the  i - se rvo  i r behaves as though t he  pro-
jectile had onl y moved a d i s tance p x /j ’ 5 . i . e .  t he  s tagnat i on pressure in

the reservoir is g i ven by

P~ Po , L V0/~ V + \~ x(p/p fl ] (lob)

_ _ _  _ _ _ _ _
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and the speed of sound is g i v e n  b y

— I )
0
2 = 

L 
~~~~~~~ ~ 0 + ~ x P/P 5 ( l O c )

Equat i on-; ( lOb ) and ( lOc )  rep lace  equal io n s  (11)) and (Sc) . E q u a t i o n  ( Sa)
I s now comb I t i e d  w ith equat  i on s (10) to g i ye t h e  dr I ‘ i q.  p i c s  ~ ~ i’d ~ C’~~U i  red

in the  equat ion ot m o t i o n  I 6
Some c o m p u t e r  en lcu l o t i o n ’; h ave  heeii  made f o r  ict  ua I gas gun s . The

r e s u l t s  show that the  de n si t  ef f e c t  g i v e s  i - i  as t o  rel ative ly s m a l l  increase ’s
i n  inuz: Ic v e l o c i t y . Ih e  e f fe c t  i s , of col i r sa  , more p ronounced  as the  gas
Ma ch number i n c r e a s e s . Equat i-rn (8) t h e r e f o re c o n t i n u e s to prov i de a sat is—
f a c t o r y  a n a ly t i c  approx imat  ion for prediction s of muzzle v e l o c i t y .

3. I JN ST EAI ) Y EXPANS ION ((AV E MODE L

As the gas Macli number i n c r e a s e s  to  s up er s o n i c  speeds , uns t ead y f l o w  e f f e c t s
become more and more important . Put another was , the time taken for  1’i e s s l ir e
waves to  t r a v e l from the bar re l to  the  end of the  r e se rvoi r , and hack a g a i n ,
is no longe r s m a l l  compared wit h th~ t i m e  t aken  for  the  pro i cc t  i l e  to  move doom
and out of the b a r r e l . The q u a s i - s t e a dy  model  of s e c t i o n  2 imp l i c i t  iv  assumes
tha t  a lo t  of wav e interact ion t a k e s  p lace.  By t h i s  means  a nearly stead~-f l ow  p a t t e r n  i s  se t  up .  l(e noc t u r n  to  a s i t u a t i on where  wave  i n t e r a c t i o n s
are not  i m p o r t a n t  and the f low f i e l d  i s  d o m i n a t e d  by the  s i m p l e  uns teady
CX pafl S ion wav e  Set U~ b y the m o v i n g  p r oj e c t  i Ic .

3. I Constan t area  case

The c o n :t  ant area case , A,, rr ‘\
~ , 

is con s i dered fi rst. i’) rot’ore , the
s t a n d a r d  equat i ons of o n e — d i n i e n s  o n i l  ga~; ds-nani i vs app ly . 1n part ) c u l a r ,
the  p ressure  b e h a v i o u r  in a s - n t  r ed e X I O I O S  ion  wave , often referred to as a
s i m p le wav e , is  of d i r e c t  u se .  R e fer e n c e s  I and 2 , for examp le , provide
f u r t her  i n f o r m a t i o n . The f o r m u l a  r e l at  ing  p ressure  and v e l o c i ty  in an
un st c : i d s -  e x p an s i on  is

- - 27~ /(7~ - l )

= [ i  
~~~~~~~~~ 

) 
~~~~ 

. (11)

This formula is exact up to t he  t i n e  of a r r i v a l  of the  f i r s t  pressure
r e f l e c t  ion s from the back of the reservoir . Equat ion (11) show s that the
maximum possible speed , or t h e  escape spe ed , i s given  by I -((70-1)u/2a0) = 0.
i .e. the maximum possible speed is 2ao /(7o-l). Clearl y , gas speeds are not
restricted to a maximum of M a ch  1. For  7~ = 1. 4 for examp le , the  maximum
p o s s ib l e  speed based on the speed of soun d i~ i s  Mach 5.

Equat  ion ( 11)  is w e l l  known in analyses of shock t ube p e r f o r m a n c e . I t
desc r ibes  the  i n i t i a l  reduct  ion in p r e s su r e  in the hi gh pres su re  sect ion .
When coup led with a shock wave in the  low p r e s s u r e  sect i on a complete
description of t he  i n i t i a l  flow field is available. The motion of the
contact surface s e p a r a t i n g  the  gas  in  the  h i g h  p r e s sur e  sect  ion  from the
gas in  t he  low pres ;ui’e sect ion is , in some w i t s , ana l agous  to  t h e  not i on
of a p r o j e c t  l i e  in a gas gun . Ib j ua t  ion ( 1 1 )  describes the pressure
a c c e l e r a t i n g  t h e  contact  s, i i f ;ice  w h i l e  the  cor responding  shock wave formula
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deacr t i e s  the r e t a r d i n g  pressure . The uajor difference is sim p l y t h a t  the
contact surface has zero mass (m=O) and is there fore accelerated U~ to maximum
speed I i ist an t aneous ly. The presen t a n a ly s i s , in contrast , is concerned with
1 ;iedic t ing the velocity /distance histor y of projectil es with non-zero mass.

Returning now to equation (11), this can be coup led with the equation of
motion (6) to give

- — 27o/(’yo-l)
mu = A 1 p0 Li ~~~~~~~~ 

~
]

whence the muzzle velocit y U is found from

p0A 1 L1 2 1 (lJ/ao) - (2/(~~ +l))L ~°~i 
+ 

(~~+l)7(7 l)J
. (12)

The fo rmula  suffers from the disadvantage that U is given imp licitl y . For
design purposes , an exp licit formula showing the variation of U with the
driving parameter po A i L 1 /ina~ is more convenient. Such a formula is investi-
gated in the next section .

3.2 Logarithmic ap p r o x i m a t i o n  for  n u z z l e  v e l o c i t y

An emp irical formula giving U exp l i c i t ly at tr anson ic  and supersonic speeds
is now soug h t .  The behaviour of equat i on (12)  over the  range U/a0 = I to
U/ao = 2 immediatel y suggests a logarithmic or nearly logarithmic dependence
of II on p0A 1 L1 /jna~ . A number of logarithmic formulae were investigated.
The s i mp lest  form was foun d to be

U/ao = ~
-
~~

- -- in I C . p() \ I [0 /aia~ I

W i thi 1 p ro~ ort  i oiial to . The ‘or t o rmance  ~ f t h i s  formula for C =
and C = 6~o is shown in table 2. The general performance is surprising ly
good both at supersonic speeds and over a v e r y  w i d e  range of v a l u e s  of lo•
O v e t - a l l , C = 67~ scents to be the best cho i ce. The recommended desi gn
formula is therefore

= —I— in E 6’Y~ po A i Li /ma~ 1 . (13)
27~

- ‘ - -- ----
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TABLE 2 . UNSTEADY E XPANSION FORMULAE

Rat j o of 1 po Ai L~ Si m p l i f i e d  fo rmula  for mach numbe r
specific Mach ‘7’ Mach
heats number fl)ao 1~- = ( if) in (C . poA 1 L1 /ma~ ) number

‘V0 U/ao (f rom e q . ( I 2)) ‘

C = 5 y ~ C = 6’y~

0.5 0.183 0.05 0.13 0.5

0 . 75 0 .50 1 0.50 0. 59 0. 75

1. 1 1.0 1. 09 0 .8(  0 .94 1 .0

1.5 3. 77 1.42  1.50 1.5
2 .0 10.53 1.89 1.97 2 . 0

~~~~~~~~~~ o;~~~~~~~~~~~~~~~~~ 0. 32 0.5

0 . 75 0 .6 12 0.64 0. 71 0 .75

[ . 4  1 ,0  1. 47 0.95 1. 02 1. 0
I S  6.50 1. 48 1.55 1.5

2 . 0  25 .84 1.9S 2 .04 2 . 0

~

—-

~

--- - -- - _ _ _  _ _  _ _ _ _

0.5 0.232 0.35 0.41 0.5
0. 75 0.750 0 . 70 0 . 76 0 .75

5/ 3 1 0 2 . 0 2  1.00 1. 05 1. 0

1 5 12.75 1.55 1. 61 1.5

__ 
j  

- 

2 .18 2~~3 2.0

3.3 Area ch ang~ at ba r r e l / r e s e r v o i r  j u n c t i o n

The que ;tion now is whether equation (13) can be g e n e r a l i z e d  to the usual
gas gun s i su a t i on where A0 > A 1  and gas v e l o c i t i e s  in the reservoir are much
s m a l l e r  th in in the ba r r e l .  For tunate l y , the barre l entry sonic approxi-
ma t ion , as described in r e f e r e n c e  1 fo r  examp le , provides a basis  for an
an a l y t i c  a ap r o x i m at i on . Because the  local  gas  ve l o c i ty  at the b e g i n n i n g  of
the  ba rre l approaches s o n i c  speed w i t h  i n c r e a s i n g  t ime , the f undamenta l
as sumpt ion  made in ca lcu la t ing the m u z z l e  v e l o c i t y  is tha t  the f low is always
sonic at t~ie bar rel  entry . In order to show how the formula  has been
derived we beg in by examin ing  the i n f i n i t e  area reservoir in which the gas
is at res t .

Si n ce th e un steady expans io n f low we are con side r in g i s a simp le wave ,
the Riemau n variable a + (7 0 - l )u/ 2  is constan t throug hout the wave . At the
barre l e n t r y , we take  ii = a = (a) . and the Riemann variable has the valueson i c
( ( 7o + l ) / 2 ) (a) sonic w h i c h can he expressed as a0 v’(’Vo + 1 )/ 2  si n ce (a)

500
.
~ =

.i0 ~~ 7( Y,, + l )  iS  an isent ropic flow . Hence

a + (1/2) (7~ - l)u ao\I (’Vo + 1) / 2  
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But , iii i sent  ruj i  I c flow , p/pa (a/.t~ ~ 

27~ / (‘Vo —1 ) so that

2’V~ / (7o— I)
P/Pu = ~~~~ +1) /2 — ((7~ - 1)  u /2a 4 J )

W r i t i n g  the  t e rm \‘50 + l ) / 2  as I + ( ~‘(y~ +l)/2 - 1) show s tha t  the term
( ~, ~~~+ l ) / 2  - 1) is t h e sole addi tion to e q u a t i o n  (11) resulting from the use
of the  sonic  cut rv ap p r o x im a t  ion . Following Sc i gel  ( re f . 1) an inverse area
ratio interpolation is introduced in  t h i s  a d d i t i o n a l  t erm to account for
a r b i t r a r y  va lues  of A 1/ A 0 . The p re s su re  resu l t  i s

p/pu = 
L 1  

+ Z P~

where  Z = 1 — (A 1 IA , 1 . v’~1~~÷ 1)12 — 1~

Comparison wi th equation (11) shows t h a t  the counterpart of equat ion (13) can
now he found by rep l a c i n g

po by ~o I I + :1 27~ / (‘Vo — 1)

and a0 by a0 1 1 + 1.  Hence th e g e n e r a l i z e d  form of equat i on (13) becomes

I ~~~ -
-

U/ a0 = in  [6 1~ poAi L 1 /inafl + -
~~~~~~~j  .~ - -~~

---

~j  ln I 1+Z 1.

‘l’his result can be simplified by ta king \~~~~+ l ) / 2  t o be equa l tol+c (7o-1)/4)

wh ic l i  s t r i c t  
~
y app lies when (7o —1 ) is “sma l  1’ , and expand ing  the  l o g a r i t h m

in a s i m i l a r  way . i .e. we t ake

in I l+Z ) = (7,,—fl/4~ . I — (A 1 /Ao)1

Omi tti ng terms mul t i p l i ed  b y (‘V~ -l) , the final result is therefore

Il/a, 
~~~~~~ Li - 

_
~
i_ + 

~~~ in I p,~ A 1 L1 /ma~
J 

. (14)

Lh u a t  ion  (14) is the basic design formula that was  being sought. In the next
sec t ion , i t w i l l  be shown that this formula works surprising ly w e l l .

I or future reference , we note that t he  d r i v i n g  r re ssure  counterpart  to
equation (14) is

—

~

--

~

---- . -~~~- - - - - --~~ - - -  ~--— -- ---- ~~~~- .,
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I - A - 2’Vo/(7o—1)
P/Pu = L~ ~~~~~~~~~~~~~~~~ 

- 
7 u- I~ 

~~~~~ 
(1S~

An alternative pressure formula due to Sei gel(ref.l) is given in Appendix II .

3. 4 Comparison w i t h  exact n u m e r i c a l  resul ts

Seigel(ref.l) has given a large number of design charts based on numerical
in tegra t i on of the  gas dy n am i c  differential equations that describe the
unsteady gas flow . These charts prov i de exact results which can be used
to assess the  usefulness of eqilat ion  (14). Figures 2 , 3, 4 present results
for y

~ 
1.1 , 1.4 , 5/3. The broken strai ght lines are the results given

by equation (14). The r e s u l t s  for  A0 / A 1  = 00 can be compared directly
with Seigel ’ s results for A0 /-\ 1 25 since , from equation (14), the difference
between the A0/A 1 = 00 case and the  A 0 / A 1 25 case must be extremely small .

2 . 5  — —-~ — - — - - -~~~~~ - -

~ 2 5 : 0

~ 

a 1.0 
/~Data from Seigel , //

fi gures 20,Ref .l ~~~‘ /
1

/1 
/

Theory A0/41 = 00 ~~~~~~~~~~~~~~~~ ,~
iJ 1 .5 // /

/ * /

//~~/
/,~ /~~~~~J h e o ry  

~~~~~~ 
4.0

1 .0 //o/

// /~~~~~~~~ 
Theory A 0 / A , = 1.0

/,/ / (equation (14))

0.5 /~0.5 1. 0 2.0 5.0 10.0

p0 A1

~ 
ma~

Fi gure 2. Theory for infinite reservoir gun , 7~ = 1.1
For 7~ = 1 .1 , figure 2 compares equation (14) with Seigel ’ s exact results.
The exact results apply to the case where the reservoir is effectively
infinite i t t  length I.e. it is long enough for wave reflection s from the back
surface of the reservoir not to influence the mot ion of the projectile.
Unde r these conditions , e q u a t i o n  (14) is every effective . For A0 /A 1 = 4.0
the maximum error in the predicted velocity is about 2% for muzzle velocities
in the range 1.0 ao to 2.0 ao. The performance for Ao/A 1 1.0 is much the
same , except near U = 1.0 ao where the error in U is greater than 2%.

- ~
-—— 

‘ -- -
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2.5 ‘
~
‘ “ ‘ - -  -

~~
A0 /A1

i~ 25.0

~ 4.0

20 ° 1.0
- 

Data from Seigel ,
figures 20,Ref. 1

/~

/ /

1.5 Theory A,~/A , = 
~~~~~~~~~~~~~~~~~~~~~~ /

a() 
~ /

El /

//
~~ /~~0 

/ ~~ ~~~~ fheory ~ /A1 4 .0
,/ /

~~~~~~~~ ~~~~ ‘iheory ~~~~/A 1 = 1.0

/ ( e q u a t i o n  (14))
0 c / i J ~~~_.~~~~~~~ I

0.5 1.0 2.0 5.0 10.0
/ A lPu t

i z~ ~c 3. Theory for i n f i n i t e  reservoir gun , 7~ = 1.4

2 . 5  
~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

El 2 5 . 0

* 4.0

2.0 - 

0 1.0
Data  from Sei gel
f i gures 20 ,~~e f . l

O
a 1

El,-,1.5 ,-~,- /

Theory A~, /A , = ~~~ — -- ,~,“ ,-
‘

,

/, ~~~0

/ /
/,

1.0 . u7~>”o
, “

~ “--Theory Ao /A i = 4 . O,, 
-
,

,/ 
‘0El/ ,~~~

,* / 

~
‘
~~-‘rheory A 0 / A ,  = 1.0

0.5 (equat io n ( 14 ) ?
0.5 1.0 2.0 5.0 10.0

(p0  A1 L1

Fi gure 4. Theory for inf inite reservoir gun , 7~ 
= 5/3

_ _ _ _  _ _  -~ 
----

~~~
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Similar results app ly for 7~ 1.4 and 7o = 5/3, as shown in figures 3
and 4. For 7o 1.4, the m u z z l e  v e l o c i ty  range for minimum error i., 0.~ a0
to 1 .7 a0 while , for ‘Vu = 5/3, the  range i s  0 . 7 a0 to 1.5 a0. We conclude
that equation (14) provides a most s a t i s f a c t o ry  performance when the dr iver
gas velocities lie in the t r an s o n ic  or the low to moderate supersonic speed
ranges. The major differences between figures 2, 3 and 4 may be removed by
using the parameters (‘Yo U/a0) and (7o poA 1 L1/ma~) .  Details are given in
Appendix III. We turn now to the problem of deciding when the reservoir is
long enough for equation (14) to be app licable.

3.5 Effect of reservoir length

Seige l (r e f . 1) presents some r e s u l t s  for  the  min imum length of reservoir
necessary to achieve maximu m m u z z l e  v e l o c i t y ,  tinder these cond i t ions , the
f i r s t  wave r e f l e c t i o n  from t h e  back surface  of the  reservoir reaches the
projectile just as i t  leaves the  b a r r e l .

When A0 = -
~~, ,- the anal t i c  r e su l t s  vary o n ly  a l i t t l e  w i t h  70 an d , as

shown by Sei gel(ref.l), a sa ti s f ac to ry  formula is

r~~~~~i

2 

2.5 p0 A , L, /m~~L t~J m a x i m u m

As po . 0, t h e gas Mach numbers approach zero  and the  m i n i m u m  reservoir
length approaches infini ty . i . e .  , as expected , the reservoir volume V0 + 00

for maximum gun per formance .
G e n e r a l i z a t i on of the A0 = A , resul ts to the case A0 > A ,  -presents some

d i f f i c u l t i e s  as Seigel (ref.1) has given numerical results for 7o = 1 ,4 only.
We assume t h a t  these  r e s u l t s , l i k e  those for A0 = A, , arc on ly  weak ly
dependent on 7o .  A s i m p l e  r e p r e s e n t a t i o n  of reasonable  accuracy is then
found to be

L~~~~~~~~~J 
~~~~~~~ + 2 ( 1 - ( A , / A 0 fl~ po A1 L, /mz~ , (16)

m ax i nun

The value of L~ s a t i s f y i n g  e qu at i o n  (16) is denoted (L))in~ 
U n t i l  a d d i t i o n a l

d a t a  become a v a i l a b l e , i t  i s  recommended that equat i on (16) be used to deter-
m i n e  when t he  r e s e r v o i r  l e n g t h  Lo i s  l a rge  enoug h for wave r e f l ec t ions not to
i n f l u e n c e  the  mot i on of the  projec t i l e.

The prob lem of how to t r e a t  cases when L~ i s  l ess than 
~~~~m in  i s  a very

difficult one . I n  genera l , recourse to Seigel ’ s des i gn chart s (I) is by
f a r  the most e f f e c t i v e  approach . When the gas v e l o c i t i e s  are subson ic ,
howe ver , the  q u a s i - s t e a d y theo r of s e c t i on 2 is a p p l i c a b l e  and sh ou ld be
used. The l i m i t  of a p p l i c ab i l i t y  of t h i s  theory is hard to define precisely.
However , for  gas Mach n u m b e r s  r each ing  0 .5  when t he  p r o j e c t i l e  leaves the
bar re l , t h e  t heo ry  is  c l e a r ly  a c c e p t a b l e  for  actua l gums in view of the good
agreement  repor ted  in  ref e rence 9 between the t h e o r e t i c a l  and actual perform-
ance of two W .R. F . gas gills. th e maximum muzzle velocity was 189 m/s , which
corresponds to a maximum gas ‘ ta cI t  numbe r of 0.56. When the maximum gas
Mach numbe r reaches 1.0 i n  an actual gun t h e  quas i  —stead y theory is likely
no t  to he a c c ep t a b l e .  A ~~as ‘Lich number limit of 0.75 is there fore suggested
for  the q u a s i - s t e a d y  theory , with no allowance made for L~, effects . In order
to provide some assistance to designers at hi gher gas M~.ch numbers , a brief 
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anal ysis has been made of a representative range of Sei gel’ s results. As
expected , a si mp le  descri p t i on  of the  p e n a l t y  of short reservoirs is j u s t  not
j’tOSSit)Je. However , the following formula may be of some use. The pure ly
e m p i r i c a l  resul t i s

h r
t i /I U I I~ / ([.0) ] , r = 4+ (A0 /A , )  (17)( 1 4 ) )  . nunlo in  - - -

where (l i, ) .  i s  the value of L~ t h a t  sat isfie ; equat ion (16) . The ratio

on the left han d s i d e  of equation (17) may contain errors up to about 0.1.
For a given L0, equation (17) shows that the velocity loss decreases as A0
increases ,

An extreme and unrealistic examp le of the limitations of equat ion (17)
can be found by returning to the case when the  stead y in te rn al f l ow mode l
of sect ion 1.1 app l ies  and the gas Mach numbers are always very sma l l .
Equation (9) shows that 1J0 constant , when k + 00, i . e .  K + 00 In

addition , U0 L,~ when L~ is s m a l l , sh owi n g that  th e 1/5 power in equation
(17) is misleading in this case. Nevertheless , equat i on (17) does prov ide
the correct limit behaviour in that U ~ o as Lo 

+ o and ii + [Ub.0)

~~°~~min ’ 
mm

4. CORR E CTION FOR ATMOSPIIIiRIC COUNTER PRESSURE

So fi r , the anal y sis has been conce rned with the driving pressure force .
Onl y i n  tb t e  case of the steady theory of section 1.1 was an a tmosp he r i c  coun te r
pressur e  cons ide red . The purpose of the pres en t sec t ion i s to l ook at the
physi cal basis of what happens in front of the projectile and then to derive
sui table correction formu l ae for the effects of counter pressure .

4 .1 Shock wave and uns tead y compress ion t~ave effects

As the p r o j e c t i l e  acce lera tes , t he  ~as in f r o n t  of it is compressed. The
central problem is simply how to determine the m a g n i t u d e  of t h i s  compression
and how it varies as the projectile moves down the barre l . The starting
point is similar to equation (11). A simp le wave can be set up to describe
an unsteady compression . The result (1) is

- 27, (‘V i -1)
= L’ +~~

_
~±) 

~
_j 

, (18)

Prov i ded th a t  the p r o j e c t i l e  con t i n u e s  to accelerate , the  comp re s s ion waves
w i l l  coa lesce  and form a shock wave . The pressure formula for a shock wave
i s

p/ps = 1 + ‘V~ (7,+l) ( U ~~~ + r i +
~~ 

7I +1~
2

u2 12 (19)
4 \~ a1 / a1 L ~ 4 1 a~ J
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For Mach numbers u/a, less than 1 , the numerical difference between equation s
(18) and (19) is very small . When u/a, is small , both equations behave like

P/Pi = 1 + 7, (u/a , ) + 0 (u2 /a~

In the case of air , 7, = 1.4 and the difference between equatioms (18) and
(19) increases up to 3% at u/a1 = 1. For ‘Y~ = 1.1 and ‘V~ = 5/3 the perform-
ance is similar. The conclus ion is that either equat ion (18) or equation
(19) could be used at subsonic Mach numbers . Since , however , equa t ion  (19)
mus t be used at hig her Mach numbers it is convenient to use equation (19)
at all Mach numbers .

Whether a shock wave forms in a particular case can , if desired , be found
by numerical in tegrat ion of the gas dynamic equations of motion . In the
case of a projecti le with constant accelerat i on (f), Sei gel (1) quotes the
result that the shock wave forms at a time

t l k  = 2a i / (7~ ~
I) f

after the projectile began to move and at a distance

X h k  
= 2a~ / (7, ÷1) f

f rom t h e  b e g i n n i n g  of the  barrel. At-this time the projectile velocity will
be f t

t k  
= 2a , / (7~ +1) corresponding to a Mach number of 2 1 ( 7 ,  +1). This

Mach number  is in the subsonic range , be ing at most 1 when 7, = 1. The
justificat i on for using the shock wave equation (19) for calculating the
retarding pressure is now comp lete . Only if formation of the shock wave
c o u l d  be de l ived to hig her ‘t~ ch n unh er s  w o u l d  t h e  d i f f e r e n c e  between equat ion s
(IS) and ( 19 )  become si g n i f i c a n t .

For t r a n so n i c gas gun s , as iflst i nct  f rom supersonic guns , i t fo l lows  tha t
either equation (18) or equation (19) can be used to calculate the retarding
pressure a c t i n g  on the  p r o t e c t  i l e .  Once the  muzzle velocity increases to
superson i c speed s , e~ ua t ion ( t O ) should be used .

4.2 Steady flow mode l

The s t e a d y  f l o w  mode l of ~oct ion 1.1 a l r e a d y  incorpora tes  a counter
pre ssure correction . S i n c e  t h e  theory  app l i e s  o n ly  for s m a l l  gas Mach
numbe rs , the additional a~~si i i n p t  ion i s made t h a t  t he  m u z z l e  ~t ach number i s
a lso sm a l l . h ence equation (19) gives the retarding pressure as 

~r 
= pi

The end resul t is equa t i on ( 3) or , equi va l en t l~’, equat io n (4) :

1,
2 = (112 )~, =~ 

- 2 p, A 1 L, /m

this formula m;iv have w i d e r  a p p l i c a b i l i t y  than the  theory on w h i c h  it is
based.

4.3 Method of Sei gel and v elo c i t y correct ion f a c t o r

Sc) gel ( r i - I  . I) has used a hi i’h M ac l i  number approx ima t  ion in equat i on (19)
to o b t a i n

p/p , I + ~~~~~~~~~~~~ (u / a i ) 2 .
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This result is now combined with a constant driving pressure . i.e. constant

driving acceleration . The simp le differential equation for ~~~~- leads d i r ec t ly

U2 /(U2 
~ =o 

= 

L 
~ - , 

L 

1 - exp(-y)1 (20a)

wh ie re  y = 7, (‘y~ +I)p, A 1 I.~ /rna~ . The fo rm of equa ti on (20a) is  impor tan t .
Substitutin g for ( t b )  produces a r e su l t  wh i ch is inferior when app l ied
to cases whe re the drivin g pressure is not constant.

The ri ght hand s ide  of equation (20a) provides  a ve loc i ty  correction
factor. Seigel conmients that equat ion (20a) works very well for high
performance guns. However , for app lication to subsonic and transonic guns ,
it should be noted that SeigeUs result does not agree with equation (4) at
low Mach numbers .

4.4 Generalized velocit y correct ion factor

The purpose of this section i s to g e n e r a l i z e  Sei gel’ s resul t , equation
(20a), so that it will be more effective for the lower speed guns of direct
interest in the present report . Combining equation (4) with equat ion (20a)
leads to

1)2 = (1, 2 ) - 12p, A , L, /m )~ 
1-e~~~(-y)  

- 

(20b)
I P’-° L_ y

w i t h  = 7, (7, + 1) p’ A , I , /ina~ - (20c)

Equation (20b ) i s  recommended for desi gn ca l cu l at i on s. It is exac t when
l i/ a ,  is s m a l l , or l a rge .  When U / a ,  is sm a l l , tile first term in equation
(20b ) dominates and so the exact r e s u l t  f rom steady in t e r n a l  f low theory ,
wi th low gas Mach numbers , is obtained. When tJ/a1 is large , the first term
is small and the second tern dominates. Consequently , Sei gel ’ s hi gh Mach
number resul t  is recovered for U / a j  l a r g e .

4.5 Terminal velocit y

The purpose of th i s  sect ion is to de r i v e s i m p le estimates of either the
terminal or the maximum muzzle velocit y when barrel length is regarded as
variable. When the pressure forces depend on projectile velocity (u) and
not on distance travelled (x), a terminal velocit y is reached eventual1~’.
In other cases , a maximum velocity is reached and the velocity then decreases
owing to the dependence of reservoir pressure on x in the steady and quas i-
s te ady  intern al flow models . Equa tion (201,) is not suitable for calculating
maximum possible muzzle velo cities because y depends on the distance travelled
by the projectil e . We begin by exami ning the stead y flow model of section 1 .1 .

3 .5. 1 (
~ua~ i -stead~’ i n t e r n a l  f l ow mod el

l’he maximum velocit y occurs when the driving pressure 
~d 

is equal

to the retarding pressure 
~r

’ Hence , using equation s (2) which
describe the st~-~elv internal flow model

= p°I I + (A , x/Vo)j — ‘Vo

_ _ _
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so that K ’ A, x/V o (po /pi ) 1/7~ _
~~

and eq uat ion (3) i~ ives the maximum ye hoc it v U asmax

= 
2 p0V0 

- ~p~~ ’~~° ~‘Vfl - 
2 

~~~~~~~~ 

l/~~ 
-1 ~1 . (2 1a )max (7o f l m~ ~po J m 

~pi/ 
]

When p, 0, the maximum veloc i tv occurs at x = o° and is

[2p o\~0/(70-1)m 
1 2 .

Equation (2la) covers the situat i on w h e r e  v a r i e s  w i t h  x and T 1 r =

Another case where analysis is possible occurs when Vo is large and
a~ a~ so that  

~d = 
~ , hu t we have  p dependen t on velocity. For

this purpose , the g e n e r a l i z ed Sei gel formula given in equation (20a) can

be rearranged by removing (U) and rep l ac ing  i t  by ~~~p0 A, x/m

The result obtained is

112 = ~~~ (p o — p ,  1 / 7, (Y, + l)p, 1 (2 ib)

wi th t h e maximum velocit y eccurring at x = ~o. Equation (21b ) must be
rejected ~is unrealistic because 

~d 
could no t remain con stan t from

= I) to x in  an t c t i i : t l gun . An a l t e r n a t i v e  approach for improving
c (uat ion (2 1st ) is to u se  a c o n s t a n t , me an retarding pressure greater
than p, . ‘FE is is d e n o t e d  b i~ p and we assum e that X can he determined
b y ~‘Va hti at lug the shock w a v e  eqits’i t ion (10) at some me an ye m c i  tv . Hence

— 
2 2

— 

U 11 me an 
- 

‘ y, + 1 ~ 
‘1 mean_1

4 L n i  
Y i  

~i i  
I 

a j  
1_ 2 i )

and u-~ iii a root mean s ui re value for ti f rom equat ion (21,) asme ana f i r s t  e s t i m a t e , we oht:~ i n

- - \ (y~ — 1)/y~ / 1/70
= — I — Ji~

_’? (_ !~~~_
‘

~) — 11. (221i )
mean (1~ l)mI. p~ / j  m L \ Pi / J

The U iii il re su I t  i s

( J
3 - 

= ~~~~ ~ 
(X p, (Y()

~~
1l/7

~~t -2 ~~~~ 
1/7~ -ii (2 2c )

m ax (‘Vu - l ) r n L ~ P0 / J m L\ XrI ,1 J 

- - -- - -  -~~--——--—•----——— - -
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Equations (22) provide an estimate of the maximum possible velocity
when the steady model is valid . Compressibilit y effects in the driver
gas can be estimated by using equation (8), derived from the quasi-steady
internal flow mode l of section 2. The velocit y U0 calculated from the
steady model is replaced by ti~~~ calculated from equat i on (22c) to give

q-s = (U /sn ) - L ~ - 
~~ 

U~~~~/ ~~ ) 
. ( 2 2 d)

4.5.2 Unsteady expansion mode l

A t t r a nso n i c  and supersonic  d r i v e r  gas speeds , the uns tead y theory
of sect ion 3 is v a l i d . This is combined wi th the counter pressure
formulae of section 4.1 and , since the counter pressure s now do no t
depend on x but only on u , a terminal veloci ty is reached . The
retarding pressure given h~’ equation (18) can be converted to an
exponential by assuming that (11-1) is small. i.e.

(p/p, ret ard = exp (1, u/a,)

Equation (II) f u r  the driving pressure when A0 A , leads to a similar
result . The case \4 > A 1 is ~iven in e iuat i on (15), wh i ch l eads  to
the exponent in I tpr rox ini at ion

(p /p o  1 d r i v e  = cxp  I - - lo (u/ao )
L 2

ha nat ing 
~ 

t o  p - now g ives the terminal velocit y Ii U
retard drive

In (p~ /p, ) = 
m a x  ~~ — 

~~~~~ /21 (1 — I -\ i / \~ ) 1 ~Yo (U / t i 1 1

~~~~~~~ . u = 
(y0/2) 

- 

( (\ / \ ~ fl +
_~~i~ (p o/ p , ) 

(2 3)ma~ [ (70/ ) + (Yi / a ,  ) J

The noteworth iv feature of thi s result is the l o g a r i t h m i c  dependence  on
p r e s s u r e  ra ti o. As previously noted in di sc u-~sion of t h e  unstcajv
expansion mode l , equation (23) Is valid when the gas Mach number ii

~~~
/a
~

i s  t r a n s o n i c  or supe r s o n i c . In a d d i t i o n , the v e l o c i t y  given by
equat ion (23 may iio t be ret Ii st i c for  sil I rese rvo i r lengths. The
mi nt mum necess try reservoir I (1h~th has been examined in sect ion 3.5.

- ~ ~~ i vi - i i ’ U I cc  I ions Urtim i :1 ~
I h e  -~hock wsi ~~- n r o s  t i n -  f o r m u l a , s - ) t i : t t  ioU ( 1 9 ) ,  is valid up to the time at

w i t  i t ’ll the shock Wave i c nod i fied by rr ( -~’u i i ’y refi r et  ion s f rom the  m u z z l e .
\ t  t h e  m u z z l e , the gas pressure is dominated by the atmosph e r i c  pressu re pi
[he e f f e c t  a t  muzzle refi lt ion s can be allowed for in a simp le , approximate

_ 
-- - -
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wax in computer c a l c u l a t i o n s  b ased on s i mp l i f i e d  a n a ly t i c  ex p r e s s i o n s  for
the  d r i v i n g  and r e t a rd ing  p r e s s u r e s . A more comp lete  t r e a t m e n t  r equ i res
f u l l  numer i  cal s o l u t i o n  of the  b as ic  gas  dvnami cs e q u a t i o n s  u s i n g  the  method
of c h a r a c t e r i s t i c s.

The first calculation to he -tade is the position reached by the projectile
when the p essure  pulse generated 1)y the in i t  i a 1 mOvement of t hi proj ect i le
down the barre l has had time t a  travel the full length of the barre l and then
return to the projectile . The I~~ ’~~~ure p u l s e  t r a v e l s  at the speed of sound
Si , -

‘Fhie second calculat ion m t  rodu ccs ;  S n  s t p r r o x  I mat ion . be begin by n o t i n g
that the pressure near the gun muzzle w i l l  he ~~~, , the  i n i t i a l  barre l pressu re .
It is now assumed that a change  in pressure I’- t’mu l a must be introduced in
order that tue qUit S i ‘- ste  t i d y  t o  i-mu Ia

2 -, -
~~~~ 1( 7i -I)

~~L _ (24)

is used at the  gun m u z z l e .  E q ua t i o n  ( 2 4 )  describes the r e t a r d i n g  pressure
when man~- muzzle reflect ion s have taken p lace .

Equat ion (19 )  is used si - ftil 1 wh en the I ’ rst m u z z l e  r v f l e c t  ion a ,‘ri yes at
the proj cci lie and eq iiat  ion ( 2 - i )  i s  used in ful 1 when the  p r o j e c t i l e  reaches
the  mu z z l e .  In betw een , we assume a l i n e a r  change in pressure formu l a
based on di stance travel led by t he p r oj e c t i l e  down the barrel -

S. PER}-I ) Ip-1-\N ( ; ls OF Sll B~0N ic t;As (;UNS

~~~~
- p a ss  on n ; -w to a rev iet~ of the pet’ I’ormaiice of subsonic  gun s - The a im i s

1k’term i tie the v ii  ue of I he t hearo t cal  methods developed in the prev ious
sect  ion’ ; and , i i i  p a r t  i c i , l a r , t o  t h e t e i ’ r s i n e  I s l e  p rod sion with shich the muzzle
ye joe it I e-~ of let m u  gun ’;  car II- rod i ct ed - D a t a  are a v a i l  ab l e  for  I’ I ye gun s
n aj i iv lv  t h e  W. I .E. 127 mm gun ( ref . .5) and  the lV .R. ls. 384 mm gun ) re f .9) , the R .A. F -

152 mm gun (ref. 1 2 )  , t h e  N .A. I . 2~~~~I m’i sun  ( r e f  , 13) and , as r epo r t ed  in r e f e re i i ce
12 , t h e  CAA’l’flf 152 mm gun . Di flu r- - t i t  m e t h o d s  of f i r i n g  p r oj e c t  i le s  are used .
The two W . P . E. ~uns emp loy )ii ck — i c t  i ng  vu lv es  and are used p r i m a r i  lv for m i s s  i le
i n v e s t  i g s t ~ i ons , i-tb l i e  t he  ot h i u r  pin s employ b u r s t i n g  d i a p hragms and are used for
inve st i ga t  ing t h e  c f f e c t  of b i r d  jmp ,ict~

; on a i r c r a f t  s t r u c t u r e s . .-\ w ide range
of sahot designs i s  used in t h e  t i l t i ’L r u s t  gun s . \ir or nitrogen is used as the
driver gas so that 7~ = 7, and ,~4 r .1 1 -

\o dat a a r e  ova ii ab It ’ t o t ’  I r u n  cu I c gas guns - The author i s not aware of
aiuv gas; gulls o’m’rat in g at t r ats on iv ~r J i w  s u p e r s o n i c  speeds .

5.1 Predicted mi,::ie vel oc iti es

Figure 5 shows how t he m o st 01 1’(’ LI pt - a  I ect  l i e  speed compa res with the
pred i  c te d  -;peed . In eners, 1 t e rms , t h e  measured speed is about l0°~ l e s s
than  ~ 1 i t t  r (’hi ctod by th e o r y - Throughout , the fii l I compu te r  ve r s ion  of
the qu a -  I -ct e :idv t h e o r y  0 r 

~,ect ion 2 is used , snc luding a bar re l  d e n s i t y
~‘ r r e c D  ion , and ;-ntvo n v t ’le I i on s ;  from the  m u z z l e  are allowed ~or as discussed
i i i  -, t I on 4 - 6 .

_ _ _  _ _  —-- -~~~~~~~~~~~ -- -~~~~ - - --- ------ -



_ _  _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ - - 

~~~~~~~~~~~~~~~~~~~~~~

W R E — l i t  - 8 7 7  ( W ) — 20 —

‘

~~ I - 1 - 9 GAS GUN DATA

~ 
WIlE 127 mm

•‘O • WIlE 1S I mm
ci)

o N A I 5  25- i  mm

• RAE 152 mm
1. 0 

~ CAAT D C 152 mm
0

S
S 01’] 0 0
S

0. 5 •• 0~~~1/’ ~~~ • •~ Me ati  R a t i o
-m 0.9

0
a
it-

C,

0
Uo U -

0

U

(, 100 200 301)

P red t c ted spi-eci I 0 / s

F i g u r e  2 ,  P e r f o r m a n c e  of su h s o n m c  g a s  gu n s

D e t a i l s  of the da ta  shown in f i gure 5 s i r e  g iven  in t a b l e  3. F i g u r e  6 shows
how the ra t io of mea sur ed projec tile speed to predi cted speed varies with
r e s e r v o i r  pressure . >~o c lea r  trend is a p p a r e n t .  lhe  r e s u l t s  show tha t  the
N tI s gun at its lowest reser,’oj r pressure has a measured speed about 20°
greater than t he  average t rend. In v i e ’c  of the fact that the net drivin g
pr e s  s u r e  was on 1 v abou t  hal f ott ;ttmosp he re (55 K Pa) t h e  i’e 1 at i ye i~ good
agreement  i s  pe rhaps  sl i rp r i  s i ng stud confirms the vu lue of the muzzle reflect —

i on corrections iii an extreme c a s e where the  ne t  dii v i n g  pressure  i s  equal  to
about half the barre l i~ressure . Then the net  d r i v i n g  pressure is about one
atmosp here (105 kPa) , the pet’for nce of the theory is excellent.

For predicted speeds around 300 m/s , the resul ts in figure 5 suggest that
the q u a s i - s t e a dy  theory  is bre a k i n g  doi’.n .  The n umber of data at these  h i g h
suibso it i c speeds is rather small so definite conchis ion s cannot be drawn .
We can sax , howev or , t h a t  t h e  restil ts confirm the earl icr suggestion that
t h e  ;l i s i s i — s t e a d ~’ t h e o r y  can be used up to a dci  ~‘er gas Mach number  of about
O .”5 o r so.



p.— — 
~

—“—-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

--———.—----- - - -

- 21, - W ItI3- T R- 1877(W)

TABLE 3. MUZZLE VELOCITY PREDICTIONS

Muzzle velocity (m/s) Ratio of measuredMass Pressure 
_____ _____ _____ 

. Me an va lueGun — — velocity to(kg) (k Pa gauge) Theory Measured predicted velocity of ratio

2. 3 690 111 105 0.95
1380 163 155 0 .95
2070 200 1 19  0 .95

4 .5 690 81 0.89
1380 119 i09 0 .92127 

~~ 2070 147 136 0 .93  0 .92
2760 170 158 0 .93

9. 1 690 88 49 0 .84
I 1380 86 /7 0.90

- 2070 106 97 0.92
i 2760 123 113 , 0.92

14.5 345 107 1(2 - 0.96
690 i6$ I 182 - 0.93
1030 201 184 0.92

— WRE 29 .0  345 79 75 0. 9S
690 121 112 0. 93 0 .93

-~~~~~~~ 
~~ 1030 150 138 0.92

58. 1 345 57 53 0.93
- 61)1) 57 8? 0.94

- 
- 1030 109 101 0 .93 

~~~~~
‘-

~~~~~~~~~~~~~~~~~~~

— 

~~~~~~~~~~~~~~3 .2  55 68 7S I 1.10
b AI T 10:, 121 115 0.95

2 2 4  Tt’ti - 175 167 - O.9a
- 2~~~S 2 i  I 197 0. 92

—r — - - - _ _ _ _ _ _ _

1.8 I 275 21] 2 i5~ 0. 78
550 [4  2 2 9 0.84  0 8~1 2 2  utun l 830 31ti 2c ~5 0 .83 *

1100 349 2 5~~ 0.82
~~~~~~~~~I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _  _ _ _

CAATDC~ 1.8 71,0 2 1  235 0. 86 0 83
152 mm , 159-) 325 2 .4 )  

, 
0. 79

- -  _ _ _  _ _ _ _ _ _ _
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GAS GUN DATA

0 WRE 127 nun
• WRE 384 mm
o N A E  254 mm
• RAE 152 nun

o A CAATDC 152 nun

Note that A denotes

~ ~~~~~ 
- two da ta  p o i n t s

C,

0 0

0 5  A 5 0 0
-~~~ -- — -- -~~ —~~~~~~~~ — - - -~~~~--- -~~~~-

~ 0 .9  
~ Mean r a t i o

0

o P0  -
5

A

1) 1000 200 1) 3000

Rese rvo ir  p r e s su re  (k P a  gauge)
F i gu r e  ii . i n f l u e n c e  of r e s e r v o i r  p r e s su re  on p e r f o r m a n c e  of s u b s o n i c

gas guns
5.2 Counter pressure correct ions

section was concerned wi th the calculation of atmospheric counter
pr es sure correc t ions . The purpose of the presen t section is to examine
t he  different corrections discussed and compare them with the full theoretical
resul ts of section 5.1. The difference between the muzzle velocit y without
any counter pressure and with counter pressure i s  the velocit y correction to
h~ examined.

An o v e r v i e w  of the performance of the generalized velocit y correction
f a c t o r  of sec t ion  4 . 4 i s  g iven in t able 1. The maximum error in the mean
values of table 4 is 25% , and the  m i n i m u m  is 3%.

TABLE 4. MODIFIED COUNTER PRESSURE CORRECTION
____________— 

Me an 
- - 

lean value of Mean value of
Gun p ressure  measured  (exact - estimated) (estimated/exact)

(k Pa gauge) muzzle velocity correction velocity correct ion
velocit y (m/s)

(m/ s)  J ________________

WRE l 2 ” nun 1630 115 T + 3 0.75

~V Els 184 nun 690 111 ~ 2 0.93

b4L 254 nun 150 136 —12 1.12

RAE 152 nun 691) 232 
-

~ -10 1.14

C~~ TE)C 152 mm 1180 ~~~~ 257 ~~ + 2 0 .97  

— ------ - —4
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The data on which table 4 is based are shown in tables 5 and 6. Table 5
compare s the  m u z z l e  veloc it i eo for  no coun te r  pressure  with a number of
d i f f e r e n t  p r e d i c t i o n s of t he  cor rec ted  m u z z l e  v e l o c i t i e s .  In some cases ,
t h e  s i m p le t heo ry  fo r  no c o u n t e r  p ressure  p r e d i c t s  v e l o c i t i e s  m uch la rger
than an of the corrected velocities . Comparison with the simp le theory
for the  corrected velocity shows tha t  the  performance of Sei ge l ’ s method
(equat i on 20a) is encourag ing  and tha t  of the m o d i f i e d  method , equation (20b)
and table 4 , is even more so. The final coluinm in table 5 g ives  the f u l l
theory with allowance for the  ba r re l  d e n s i ty  e f f e c t  descr ibed in sect ion 2.2.
The difference between the  last two columns is small , w h i c h  shows tha t the
i n f l u e n c e  of the  barrel densit y effect on the muzzle velocit y is small.
For th i s  reason , the resu l t s in table 5 for  t he  theory without counter
pressure w e r e  not r e - c a l c u l a t e d  u s i n g  th e f u l l  theory and the d r i v e r  gas
density correct i on .

TABLE 5. CORIU CTEI) Mu :: I.E \ELOC IT IES

- - 

Muz zle velocit y (m/ s )  
______

simp le theory Cor rec t ed  v e l o c i ty  
_____

~~~ Mass I’ressure for no ounter Sei gel ~1~dif ie d Simp le Full

— 

(k g) ~k Pa gauge) pr es -Cl i re  * method method theory  * theory **

2.3 690 I S-I 12 3  1 1 2  109 1 1 1
1380 180 171) 162 158 163
2070 2 13 20-1  197 192 200

4 .5  690 96 89 84 80 81
WRE 1380 130 I 2 ~ 1 2 1  1 1 8  119

127 ~~ 2070 156 1S t  148 144 147
2760 I~~7 17 2 169 1n~ l”I ’

9. 1 ~90 t i  64 60 58
1380 i t  tI) 5’ 85 86
2 0 7u  1 12  1 0’) 10’ lO S  106
2760 128 123 121 12 3

14 .5 345 I S O  125  107 106 107
690 l i t  1 4  161 160 163

1030 227  205 19’ lOS 201

29 . 0 345 11) 8 ‘ i i  80 78 79
690 1-1 2 1 2 )  12 1) 1 1 9  1 2 1
1030 1o7 15’~ 14 1) 1 4 ’  iSO

58. 1 345 77 66 58 56 57
690 102 93 88 86 87

1030 12 1 114 109 108 109

3.2 55 208 108 54 67 68
NA E 105 23 3 I- I S 107 118 121

224 nun 175 2h3 182 151 163 167
275 298 2 2 2  194 208 21 3

1 . 8 27 5 2’4  2 1 1  188 199 202
550 so1 [‘7 256 267 274

152 mm 830 Y’7 319 299 308 318
1100 1 1 ) 7  Y0) 329 ~37

e \ ‘i rut ’ I .  8 760 5 2 5  [“) 258 259 271
I .,‘ miii 1590 I I ’  I 55” 338 S 52 355

I xc h i d i n g  b arn-e l d e n s i ty  t - t ’ t~ ’v t  . i.e. ga’~ ti ensitv In barre l Is less than
that in resi ’ u v o  i n ’ .

A A I n ci ud i i i  g ha r re I dens  it e 

L~~~~~~ . . ~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
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TABLE 6. COMPARISON OF COUNTER P RE S SLIR L CORRECT I ONS

Velocit y correction ( m / s ) J  C o r r e c t i o n  r a t i o

Gun ~~~ Ir~ ss~~~ Seigel Modified Exact 
~ 
Se i gei/ex~~ tJ’iodif~~~ / ex ac t(kg) (k ha gauge) method method I

2 . 3 690 11 22 25 1 0.-I I t 0.8-8
- 1380 10 18 22 0.-IS 0.82
- 2070 9 I 16 21  0 . 13 0 . 711

4.5 69() 7 - 12 16 - 0.-i-I
WRE 13-4 0 5 9 12 0 . 12 0 , 75

127 nun 2070 5 - 12 - 0. - 12 O ,~~7
2760 5 S 12 0. 12 0.67

9 .1  690 S 9 11 0. 45 0 . 82
1380 3 8 0 . 35 0 . 75
2070 3 - 5 7 0.43 0.71

3 5 7 0.13 j 0.71

Mean value 6 11 1 -2 t (1 .13 0.75

14.5 345 25 - 21 -1-1 0.57 0.98
690 20 33 31 0.59 0.9
1030 19 30 

- 
32 0~ 59 0 .9- 1

29.0 345 17 2S I 30 0 . 17 0.93
WRE 690 13 22 23  O . S~ 0.96
384 mm 1030 11 18 20 0.55 I).90

58. 1 345 1 1 19 21 0.52 (1 .90
( 0)0 ~) 

I 
16 0. S(, ( ( . 88

- 
1030 

- 

7 12 1.1 0 . 5 2  0 .92

‘-lean v a l u e  15 2-2 
- 

0 . 50 
- 

0,93 
-

3 . 2 55 101) 15-1 1 2 1  0 .~~1 1.09
NA 1i 105 88 12o 115 0 . 77 1.10

254 nun 175 81 112 100 0. 81 1. 12 
275 

- 
76 

- 
1 0- 2 90 

- 
0 . 84

Mean value 86 124 112 0. ~8 i 1.12

1.8 275 63 So 75 0 . 54 1.15
RAE 550 59 80 69 0.86 1 .16

152 mm 830 58 78 69 0. 84 1. 13
1100_—- 57 

—— 
78 70 0 .81 1 .11

Mean value 59 81 71 0.5-1 1 .14

LMTD~
. 1 .8 [ 760 46 

- 

6 7 66 
- -  

0.70 
-

~~ 

-  

1. 02
152 mm J~~~ i590 47 

- 
66 

- 
72 

- 
0.65 0.92

Vtean value 47 o7 69 0.68 0.97

Note: Modified correction (3/2), (Seigel correct ion).
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Table a compares the velocity correct i ons instead of the muzzle velocities
shown in table 5. The performance of the Seigel method and the modified
method are now ‘~hown in detai l . As a rough generalization , the modified
method gives velocity corrections about SO°& larger than does the Seigel
method.  The very large v e l o c i t y  correction for the low pressure NAE gun
is noteworthy .

We conclude that the modi fied velocity correction method of section 4.4,
and equat i on (20b), is satisfactory when account is taken of the precision
w i t h  which gun performance can be es t imated , as shown in figures 5 and 6.
The generalized velocit y correction factor is there fore  recommended for
desi gn purposes . For hig h performance transonic guns, the reservoir
pressure  must be ve ry much g rea te r  than the  barre l pressure , so that  the
velocity correction from counter pressure is relatively small and the magn i-
tude of the error in the velocit y correction must be a lot less than the
likely error in any t h e o r e t i c a l  m u z z l e  v e l o c i t y  predict ion .

5.3 Friction and boundary layer corrections used for hvpervelocitv guns

Sei gel(ref. 1) has compared the  pe r fo rmance  of h yperveloc ity  gun s with
theoretical predictions and so determined a correct ion . The correction
increases  as the  d r ive r  gas Mach number increases , and has been put down
to the effects of projectile frict i on and of boundary layer growth in the
driver gas . Some carefu l tests reported by Sei ge l (ref.1) show that
variat i onS in muzzle velocity occur as friction between the barre l and the
projectile is changed. Seigel also reports one boundary layer calculation
showing that the effect on muzzle velocity increases with speed. Both
these observat i ons are consistent w i t h  the  v e l o c i ty  decrements observed in
the h y p e r s o n i c  gun data. The data g ive a v e l o c i ty  decrement of about 2%
when ‘Yo I1/~~ = 1.0 and of about 7% when Y0 U/ a o = 2 .0 . Consequently, when
U/a 0 is less  than  1.0 t h i s  e f f e c t  i s  ve ry much less than the effects observed
for subsonu i c guns  in  f i g u r e s  5 and 6.

The h~’perve1ocitv gun c o r r e c t i o n  is the re fore not hel pful in attempting
to exp lain the average velocit y loss of about 10% observed for subsonic gas
guns. h owever , ballistic gas compr es sors (6) are a possible source of
relevant informat i on and they are examined in the next section .

5 . 4  Correct i ons used fo r  b a l l i s t i c  gas compre sso rs
In ha i 1 i ~~t ic gas comp ressors , a m o v i n g  p iston is used t o  compress gas in

a se ; i  led tube . T h e  k i n e t i c  e n e r g y  of t h e  p i ston  i s  ut i i i  sed to heat t he
gas . A l k i d a s , Ph-tt and S u n n m er f i e l d ( r e f . 6 )  have i d e n t i f i e d  a numbe r of
d i  t’ferent c f f e ct ~ t ha t  must  he in c lu d e d  in mv method of p r e d i c t i n g  the
p e r f o r m a n c e  of h a l  l i s t i  c comp ressors .  The i mpor tan t  e f f e c t s  arc

(a)  rca I gas e ft ’ect  — equat ion of state)

(b )  v a l v e  losses at e n t r a n c e  to  barre l ,

(c) gas l e a k a g e  between p is ton  and barre l ,

(d)  genera t i on of shock waves in the  compressed gas ,

(e) hea t losses , and

( f )  f r i c t i o n  between p i s ton  and b a r r e l .

I t ems  (c)  and ( f )  are the on i items relevant to  t r a n s o n i c  gas guns .  A l l
the  other items ar i se  e i t h e r because of the very hi gh pressures and temp-
eratures generated in the ballistic compressor or because of special features
in the ballistic compressor.

The major causes of the discrepancy observed between theory and experi-
ment in figures 5 and 6 are taken to be

(i) gas leakage between barre l and sabot , and
(ii) friction between barre l and sabot .
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Effect (i, ) is always present to some extent and a method far calcul a ting it
is g iven  in re ference 6. The me thod  is  based on i n c o m p r e s s i b l e , visc ous flow
and requ i res  as input  da ta  the  size of the gap between the sabot and barre l ,
and the pressure difference across the length of the sabot . Effect (ii)
canno t be c a l c u l a ted and , if necessary , may he best determined emp iricall y a~
i t  w i l l  p robab ly  v a ry  a lot f rom sahot to  sabot and from gun to gun . Some
t e s t s  on the  W . R . E .  384 nun gun show tha t  effect (ii) was not import an t f o r
that gun . However , this gun did not have a machined barre l so that effect
(i) nay have been si gn i ficant.

5.5 Emp irical assessmen t of subsonic gun performance

Figures 5 and 6 show that the actual projectile speed is , in general terms ,
about 10% less than p red ic ted . There seems to be no s i m p le way of i m p r o v i n g
the theoretical predict ion methods . The discussion in sect ion 5.3 and 5. -i
has led o n l y  to the  q u a l i t a t i v e  c o n c l u s i o n  t h a t  gas l e a k a g e  and f r i c t i o n
between the sabot and barre l are the m a i n  causes of the 10% or so loss in
pe r to r n ianc e . Consequent  lv , for design purposes , we make the emp i r i ca l
as sumpt ion  that  a l l  t h e o r e t i c a l  v e l o c i t ies should  be reduced by 1000 as a
fiiial step in predic ting projectile speeds .

6 . SUMMARY Oh 1)081 ON PROCEI)IIRE

Wh~-n the Macli numb e r in the dr i  ~-er gas I subson i c , it - s s than I ) . ‘S or  so . the
q i i i~— i  — s teallv t h e o n v  :1 1) 1 11 l e s , I’Iic c ale i il :n t ion steps are the m i i z : I t ’ v e l o t  I t v  2 1
when t i e  I-c js iio gas t ii t i e  I~:i ire I in i t a I Iv , ;n count en - ressiire corr (’I t l i n i  f o r
ga-. in the b a r r e l and , f i n a l l y , the empirical 10% correct i on of -~ect ion  5. h ’he
s i m p le I n a 1~’ t L c a l  procedure is su inmari :ed in table 7 belo.~.

I -\BLE 7 . SUB8ON IC O I lS I l LS I ON , l i /a0 < I
- - - - - -

number 
Velocit y Formula Comment

- - - (‘Y0-1) -
— 

- 2po \ i L 1 K l~ 4- 1 I f~ 9 1 i 2t i on s1 U o Uo/a 01 = . — —- -—- . I — I - ~ma~ (‘Yo l )  L 
~
‘- 

~ 
/ 

I

2 (II) 
=~ 

~ 1 I / a~ 
~ 

= (hI~ /~~ ) .  - (
~~~/8) t II ~ /~~ ) equat i on (SI

3 U 112 L (0 2
) 

=0 
- (2 p A~ L 1 /n) ~~~~~ cOwit ion

where v = ‘y~ (‘y1 ~ I) pi  -\ i L 1 / ma~ eq Ii:n t ion
(2 0c )

4 II - U - = 0.9 II emp i r i c a lestEmate estimate
correction ,
section 5.,S

_ _ _ _ _ _ _ _ _ _ _ _ __ _  ~~~~~~~~~- - -  ~~~~~~~~-
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When the Mach number in the driver gas reaches transonic or supersonic cpeed s
a diffe rent procedure is used to calculate the muzzle velocity U when no gas is
in  the barrel. The entire procedure is summarized in table 8 in a form sui t a b l e
for immediate use by a desi gner .

‘l ’ABLE 8. TRANSON I C OR SUPERSONIC OLI N D E S I G N , U/a0  ~~~, 1

n~~~~ r 
Veloci ty Formula Comment 

~~~~~~~~~~~~~~~~~~~~~~~~~~
1 (U)

~ ~ (U/a0)~ 
~ 

= ~~~~ l- ~~ 
-
+ ~~~1n~ 67~ (po A1 L1 /m

~~)1 equation
(14)

provided t ha t  the value of (L1/I~~) sat i s f ies

~~~~2 

~L 2.5 + 2~~~l 
:~~I J I P O A:~~~

) equa t ion

(If ~~ is too small , refer to sect i on 3.5)

2 U 112 (1~
2
) 

- 
- (Th ~ L 1 /n) . ~~~ PL~2~j equa t ion

~-- p1 -o 
~~~ 

1_ (20b )

where y 7~ (7~ +1) Pt -\~ L 1 /m a~ equat ion
(20c)

3 U - U - 0 .9 II e mp i r i c a lest im ate I estimate -

- 
correction ,

- 
~~~~~sect~~~n 5 .5~

7. EXAMPLE

In order to illustrate the use of the analytic design procedures summarized
in Section 6, the performan ce of a hypothetical transonic gas gun has been
calcula ted. Fi gure 7 and table 9 compare the performance of hydrogen , helium
and nitrogen as driver gases. Nitrogen is markedly inferior to hydrogen or
h e l i u m  because the driver gas Mach number s are transonic and , as a direct
consequence , the re is a substantial drop in driving pressure as the projectile
accelerates . On fi gure 7 , assuming a design M ach number of 1.32 , a nitrogen
gun w ith a 23 m barre l has the sam e performance as a lie] jun gun with a barre l
10 in in length. For thie same performance a hyd rogen gun w o u l d  have a sli ght lr
sho r t e r  b ar re l , 8.8 m long.  l o r  t h e  23 in bar re l w i t h  n i t r o g e n , tI-n e reservoir
length (and  volume ) have been i ii creased sl i ght Iv in orde r to sat i sfv the length
re qUi re n en t  of table 8.
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Table 9 compares the mass (C) of gas in the reservoi r wi th the pro~ ecti 1e
mass (in) . For the cases considered in the table , the ratio C/rn is alw ;nvs a
li ttle less than unity for helium and hydrogen , but is markedly greater than
uni ty for nitrogen . Hence , if using nitrogen as a driver gas , transonic muzzle
veloci ties demand that the mass of driver gas be greater than the mass of the
projectile.

1. 75 - - - - 

i s  I
/ /

X I

Hydrogen p’,’

Muz zle
Mach ‘H 1 I
number  1.25 ,, 

e ium 
~ (V 0 =0 .59m

II ~ I, / 
-

/ /
\ I )  

/ 1 
~
( I- Ni trogen -

l.0
= 1 5 MPa

A 1 = 0 . 0 2  in 2
m = 15 k g

= 0 . 5  ni ’
= 0.1 in 2

0 l() 20 30

Barre l  leng th (in)

Fi gure 7 . Example of transonic gun design 

~~~- - ----- - - -__
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TABLE 9. GUN DE S I ON L X A M F I k
- - 

D r i v i n g  R e t a r d i n g  M u z z l e  
-

~~ M uzz le
Basic gun Driver paranneteiH parameter velocitv * mach
parameters gas 

- 1 i A  L , ~ 7i (7i + l ) !~ A 1 L1 
- 

(m/ s) numher *

- ma~ /
‘ 

— 

ma~ I~ 
- - -- - - ~~~~~~- ~-- -- - - -

H
N i t  iogcn

Reservo i r  p r e s s :n r e , ao=3S0 in/ s 1. 633 0. 038 371
po lS Mh’ a ~~ = 1. 4 I

O/nn=5 . 72
Barre l urea, I

A1 =O .02 m
2 

- 

- - - —  —

Helium
ao l000 rn/s  0 . 200 0. 038 456 1. 32

Barrel length , 7~~5/3L,— 10 in n,/m=0.83

I Total mass -~— 

m= 15 kg Hydrogen 
-

ao =1300 r n / s  0 . 118 0. 038 482 1.41)
7~~ l. 4
G/ m = 0 . 4l  I

R e s e r v o i r  volum e , ~ 
- -~~~~ -

Vg =0. 5 in
3 Hy drogen 

-

L1 =5 in (1 .059 0.019 I I 1 .06
Reservoir area , /ni= 0 . 41

- 
A0=0. I in2 —

- - - - - - - - -  - - I - - -

lid I U ili

= 5 m 0 . 100 - 0.019 356 1 . 03
Air pressure , G/nn=0 .83 I
pi =0. 1 MOo

A i r  speed of - 

- 

- —
~~~~~~~~~ 

—
~~~~~~ 

- - —  

sound Helium
i~ -~3- 13 rn / s  L1 15 in 0 . 300 0.057 513 1. 19

G/m=0 .83 I

N i t r o g e n  -
Air ratio of L~~lS in 2.450 0.057 413 1. 20
specific heats . G/m=5 . 72 

-
_ _ _   _ _ _ _ _  _ _ _ _ _

N i t r o g e n  
L1~~2 3 m~~ 3 . 75t - ’ 0.087 456 1.32
C/m=5.72 I

- -—--- ---- -- -~~~ 
_ __ _ _L - -- - - - - -~~~~ - -  - - -  - - - -~~~~~~~ -

* I m p  I r i cal lo s s  f ac to r  of 10% is I tic luded.

1 or n i t r o g e n , L1 =23 in i s  e q u I v a l e n t  to e i t h e r  ~o 3 2  MPa or n=7 .0 kg. The
case L1 =23 in requires ‘1o =0 .5’) m~ so that the reservoir will be long enough
(5.9 nn) to stop reflectioms from reaching the projectile .

I i ir e  8 and table 10 show how gun performance varies with reservoir pressure.
The e x t  reme c ; i ; e - s  of hy drogen  and n i t r o g e n  are compared and show that there is
a marked  i n cr e a s e  in the performance advantage of h y drogen as the  r e se rvo i r
p t - c - - u i - c  increa ses . The per fo rmance  of h e l i u m  would  f a l l  a l i t t l e  below t h a t
of hy drogen , b ’ i n g  i’er~ much bei ter than t h a t  of n i t r o g e n . F i g u r e  8 show s tha t
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the  h i gh Mach numbers  in t h e  case of n i t r o g e n  do indeed have a d r a m a t i c  e f f e c t
on muzzle veloci ty . A-~ the pressure drops , t he  pe r for mance of n i t rogen  and
h~ drogen becomes much less different. En the limit of low pressures , the
nitrogen and hydrogen guns must  have i denti cal muzzle velocities as compressibilit y
effects in the driver gas are no longer significant.

2.5 -— - - —  - 
_______

= 10 in
= 0 .02 ph

2

m = 15 kg

2 . 0  
: 

~~~

Ma ch
Number  ,-~~~~ h ydrogen

I I
— II _ I l I ,

1..’
0~~ —/

/ _ _ 111
/ — — — 

- -
/ N i t r o g e n

iii —

1.0 ~~~
-

11 .5 0 20 30 -10

R e s e r v o  I r pressu re (MPa)

i- i : iil - c 8 . Example s h o w i n g  p e r f o r m a n c e  v a r i a t i o n  w i t h  r e s e r v oi r  p ressure

_ _ _ _ _  - - ----—-- ~~~~~~~~- ~~~~~~ --------- ~~~~~~~ --- -—-- --
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TABLE 10. EFFECT OF RESERVO I R PRESSURE
______- - _____ _______

th r i v i n g  R e t a r d i n g  M u z z l e
1)river Reservoir paraluieter parameter Muzzle macli
gas pressure  v e l o c i ty  * number *

(M Oo ) (pOA1 L1 
~ ‘ ( v i  

~
) !~‘ ~L~! (rn/s) (1J/01

/ I ma 1
- - - - 

10 0.0~~) 397 

- 

1 .15
I ]5 0 . 118 482 1 .40

h ydrogen 20 0. l~-8 0.038 551 1.60

30 0.237 660 1 .91

10 0.316 744 2 .16
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

10 1.088 326 0 .94

15 1 .633 371 1.08

Ni trogen 20 2.177 0.038 403 1 .17

30 3 .2~~5 449 1.30

32 5. 4 83 -1 56 1. 32 I

-1 0 -l . 3: - l - - 181 1. 10 -
- - L _ _  - -- H
*F l np i r i c a l  loss f ac to r  of 10% i s  i nc luded

N ote :  Gun paramet ers are taken from gun desi gn examp le , w i t h  L 1 = 10 rn
and V0 = 0.5 rn throughout .

8 . CONCLUSI ON S

The p r i m a r y  a i m  of t h i s  report has been to  d e r i v e  s imp le ana l -ct  i c  desi gn
formulae in forms suitable for  the use of gas gun d e s i g n e r s .  The m a i n  conclus-
ions are l i s ted below .

(1) The case of subsonic floi~ by the  d r ive r  gas can be treated anal yticall y .
A s i m p l e  ana l y t ic formula  based on a q u a s i — s t e a d y  theory has been derived .
Muzzle veloci ty results from gas guns show that the theory is app l i c ab l e
up to a gas Mach number of 0.75 or so .

(2 )  When the  d r i v e r  gas moves i t  t r a n s o n i c  or s u p e r s o n i c  speeds a s imp le
des ign formula can be derived . The range of usefulness extends up to a
Mach number of 2 . The has is  of the f o r m u l a  is an u n s t e a dy s imp le wave
expansion . The effect of an area change at the barrel/reservoir junction
is included in the general formula.

(3) There is a minimum reservoir length for the validity of the unstead y
expansion wave model. A simple , emp irical expression for the minimum
leng th has been derived . The unsteady theory app lies when the reservoir
is sufficient ly long t o preven t the expansion wave reflected by the back
of the reservoir from reaching the projectile before it leave s the gun
barre l .

(4) I t  is  v e ry  difficult to estimate the muzzle velocit y when the reservol,- is
too short  fo r  the s imp le uns teady  theory to  he valid. A simp le , analytic
form u la of wide  app licab ility cannot be found. For th i s  reason , a formula
of limited value has been derived emp iricall y to give some indication of
the loss in performance wi th short reservoirs.

_ _ _ _ _ _ _ _ _ _ _  _ _ _  _ _--- - ----—-

~~~

-- - - - - -- 
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(5 )  [he effects of counter pressure can he t r e a t e d  m u - c t  i c a l l v . -\ s i u i r l e
correct ion formula h i s  been deduced . The co t -  u - c ’ i on i s i-ec i u~w -ut ~l ed f o r
1:t - u u e r a l  use and i u a — ~ heen d e r i v e d  so I I I I  i t  n c r  n t  I i  w u  t i n  Se i g e l ’ s
cor r ect  ion f o r m u l a  when t h e  u n u : z l e  vel oci t - i s  ~ - i t i d i~ i th the simp le
steady theory  when the Mach number I s 1 ~ is .

to) I ;tilnat es can be made of t h e  g I - e . i t l - t v e l o c i t y  po ssib le in  p a r t i c u l a r
gun , when ha rre l 1 engt ii i s  t r e a t  cl i  as a t u t  oh 1 e qu a i n t  i t v . A iia x i mum
v e l oc u t v  l o r m u i  I i  h a s  been d e r I v e d  by  i l 1 u~- Lil k’ hit - re I l e t i g t  in t - a u - v  i n
t he qu a- ;  — s t e a d ~ t h e o ry . S i m i  lai’I v , a I - l i p  i u n  I y e  b c  i t  ‘ l o r m t i  h i  has

I c e r i  d er i v e d  f o r  h i g her speeds wlieie h o t  t i n e  d r u v i n e  :n id  ret at-ding
p r e s s  nrc are depcnden n ye lo c i t  ~

- on 1 c -

(‘)  [he per form ance of actual gas guns i s  less than  that predicted by theory .
An ~‘na1vsis has been made of t he  iei- foi-r ~nun cc of subsonic  gas guns in  order
Ic obtain guidelines for tine 1 ikel ; ;-rr o r s in theo ret cal mu::le velocit y
predic tions. O v e r a l l , the ~- e 1 o c i t v  is ab out 10% less than predicted.
h u e  loss in performance is ot t  r i h u t e d  to  gas l c : u i a g e  be tween t h e  sahot
and t i n e  b a r r e l  , and to fri et I on between the ha ru - el  and t he sabot

( 8)  Lu thee hydrogen or helium is superi or to nitrogen as a driver ga~ for
t u n t u u s o n i c  gun s. -\ d e s i g n  e x a m p l e  sh o~~s t O u t , f o r  similar muzz le v e l o c i t i e s ,
t ine  i- c s e u - ; - o i r  p r e s s u r e  i n  t h e  case  ‘f n i t  rogen i s  ab out t w i c e  tha t r equ i r ed

‘u - h y d r o g e n  or he l  j u n . B e c a i u -~e t ine  speed of sound in  hy drogen  i s  g rea te r
t ha u u t h a t  in he 1 jun , hvJr gon i h i s - at -s i t- es  s l i  ght I ~

- b e t t e r  pe r fo rmance  than
h c l  i urn. 

- - ---~~~~~~~~~~~~ -- -~~~~~~~~~ -
- - -



---

- ~3 - IV I~h~- I R - i S 7 7 ( ~-.~

001

s l u e t h si o f - ;oi u u i m l

(a ) - v n u l ’ 5ue of ‘ a ’ wh n eu i- the mac m e l o e i t v  i s  em ~u nu b t o  ‘ a ’conic - -

at -enu of c r o s s — s e c t i on

COIl  St  nun t

Ii d i a m e t e r

f nucce lerat ion  of projccn 1 e , u5- iu en  c o n s t a n t

uuuass  of  g n u s  in reservOir

K = V~1 /-\ u L1

tene t h of ru se l v i i - ou - h a i -r e  I

~ mi ii 
m l i i i  r iu m 1 u - u u c t  ii u r e -  - u -y o u — o i t o  i d wave refit-c t i oui c at p r oj  - c t  i he

un mass  of r o i  ect  l ie , i utc iu d I ng cabot

o prcc-;ure of gas

driving 1 e s ~~ re

let ui di n g p u c s - ro

- 4 + (A~> / ; ~ )

i::k , measured f r o m  ; : ! a - r u  p r o j e c t  l i e  u rst beg ins t o  OOVC

I I mc t nu t  u-n h i eN - n b ~- k ;~ove i s  i i  r I  ~~ rot -i
- Ito c

I I i  - in q ~ rat U ru’ o I ni  s

in t el oc i t  v o f  proj ccl t 1 u iii ha u i - c l

I i  ill:: he te hoe it

h i ~ v u l u e a t  U w h e n  ( i / ; i 4 ~ I 0 I t  i i i - c  t i n t -o r ; - )

It  - est I -- ut ted v.u ti n- c I I Hi- a g n u s  m u iest  t ::1.utc

II utu nu x m u m  va I tIe is i~ II ;-~In ;-ru L 1 vari es
r i

U nuen in u - n i  I t i e  of  ii , e i 1u at  i cui ( 2 2b )
me ni l

(II) t~~ hu i e f~ 11 u sh t ui i i i — 0
0’ ~~

(L ) t n u  l u i e  of U when ~~ (I~ )~~j fl
m m

vo lume of r e s e r v o l  r

~I i -; t niui ce t m u d  led by pro)(’ct i le

x ‘o-~ i t ion ~ f shock wave wht-u Ii rd formed-hnoe k

v ret uu - ;h in g 1 n i u imt t e n -  Y i  (Y, +l)pl - \ 1., /nu a~
fl~~~l)/~~ - 1 ) 1 1 -  ( - \ ~~ / - \~~ ) )



----------—--- - - - -~~- - -~-—~~~~~~~~~~~l.r c— —- —‘——- --

WRE — Fu~— I X (IV ) — 31 —

ratio of ~p ecittc h iC n l t s

X ratio u f  menu ret aruhin g pru -;sure to in it i:u l retarding pressure t) u

p d e n s i ty  of o~
~ a b s c r i r t t c

0 initial resi - rvoi u- condition s

u in it ii  I bnu i’e 1 condi t I I r I S

5 gas  - t  n I — I n n u t i on  c o u i d i  t i WI :;

cu—s u l ui n i s I —ste ady mode l



p—-- —T- --

— 3~ — WIfl~— I R - - 1 8 7 7 ( I V )

R1ih : L g h ~NC L S

No . Author t it le

I Sc i gel , A. Ii. “The theory of h i  g ii speed gun s”
ft~GARi1ograph 91 , Ma 1965.

2 Liepna nn , U . W . and “hlements of gasdvn amic - ; ”
Ros hn k o, A. WI icy , New York , j 95 7~

3 R i d d e l l , F .R . (ed,) ‘I i\- pu -l- --- on i c f l o w  r e s e a r c h ’ ’
c Press , New York , 1962.

4 Kri 11 
* 

-\ . ‘I . (ed .)  “\dvan c~-s in hv p er v e l o c i t v  t e c h n i q u e s ”
P len unin Press , New Yo r k  , 1962.

S Cnunn ri g , ‘I . N . , Sc i If , 1. ‘‘Ba! list i c range technolog y ’’
and James • S.C. -\OAktio yi-ap hi N~~. 138 , 1970 .

( A C \ k I 1 — - \ P —  138—70) .

P -1 l k i  das , -‘u . C. , l’lett , l~.C . ‘‘P eu - fo mu t ian ce study of a ba llistic
and Summ erf ie  Id , M . compressor ”

AIM Joi n r ri n u l , Vol . 14 , No . 12 , p. 1752—58 ,
December lY7 t t .

Ot  n i b  kc ’ r , R . J . ‘‘Pet - c lop u ne n t  ;~ f~ a l ivp er v e  lo c i  t v  w i n d
t tunnel
lin e \~ - u - o n n n u i t  l e a  I - J u i u i r n n u  I , -lim e 1972 ,
o. 3 7 - I - S S - l .

5 h ) t ud  1ev , R . h . ‘ftc ~heve lopment  o f  a g u s  gum to  s tudy
t be suab -non i c f i  i g lu t  c t  pro l ec t  i les ’’

I N — o39 (001 1) ) , A c r i  1 1972 .

9 Sheppard . I . ~l . ‘‘O n u s  l u l l s  101- nu e rodroami C test ings at
subsori i c S; o, ’d-n ’’
l u ’ ; u t ; l  n i - - , Fl fth -‘o u c t  r a l i n u c  I an
Con I e u - - u i c c  on I h v d r ; u i l  I es anti F l u i d
‘lechauu cs , IO u r i st churchi , Ne w ea 1 antI ,
‘ . 5 1 - 1 — 5 2 1  , D ecember 19 -I

10 Pope , R . L . “ i l - n t - is ~- ue c is ion trajectories to deter-
mine r i cc i le fli ght behaviour ”
ifRil — IN — I i- I  ( I V RI I )  ) , October 19 ‘h

I I  Pope , R . I . ‘ -‘u new t celia i que Iou~ 01) 1 a in  I ng the  ac r o—
dyn am i c s  of n i i s s i  i cc  f ron t  f l i g h t  t r i a l s
on - i ‘ :15 gwu range ’’
WON — IN — 1 i i )  (iVR~ D) , N ot - embe r 1976 .

12 Perfect , I) . A . ‘‘Tine - i t -y e  lop uin ent  of a smooth  bore gun
f o r  t he p icc - ;~ t on of iii  rd carcas Ses ’’

I-~. -\ F — i 1 - i — m , ( ul i ) S , .Januarv I

is N o m u r u n i u l , J . 0 . and ‘N-I ) - 1 : 1  i g !~ I m p a c t  S i u u i u l n t o r ’’
Heat Ii , 1 , II . R . 2 u I n u r t t r  l v  l i i i !  l e t  in  , Rep ou- t No.  I)tlh :/’<Al:

h i t , - ) ( 4 )  , ~ 
-17—~ s, hecembe r 1969.

- 
___~~~ 1_~~~ 

- _ _ _



- --
~~~~

-
~~~~~
--

~~~ -- - -~~~~~ - ~~~--~~ -- -- - - -

WR1~— IR —  1877 (W) — 31~ —

-\ I ’P I i N I )  I X  I

hiffi P I DDUCK-  KE N I’ SI’I ~C (AL SOLUTTON

When the  mass (G) of gas in the rese rvo i r  is  very small compared with the
p r o j e c t i l e  mass (m) , the  “P i d d u c k - K en t  Speci a l Solu t ion ” , of ten used in in ternal
ballistics and described in reference I for examp le , predicts tine same muzzle
velocit y as the steady theory of equation (3). This is not surprising because
the “Pidduck-Ken t Spec i al Solu t ion ” is a most useful approximation of wide
applicabili ty (1). However , in order to obtain an anal ytic solut ion , i t does
assume that there is a pressure gradient of a part icular form and this assumpt ion
could lead to a different quasi-steady theory. The muzzle veloci ty correction
for h ig her speeds can be found from the series expansion (1) in powers of (G/m) .
The result for small values of (G/m) is a velocit y correction factor equal to
I - (3’Yo-l) /l27~ (Gin), which is diff erent from the quasi-stead y correct ion
of equation (8). In both cases , ti-ne small correcting term is proportional to
U~ /a~ . From equation (9),

2 - 2 - G~ 2 1IJo /ao 
L )  

~L~~~~TJ L’ 1
~j~~,

)

and the velocit y correction factor of equat i on (8) can be w r i t t e n  as

r 1 (C/n) 
1 

~~~~

L - 
4(7~ -1) L - 

~~ K~~ / 
-

Therefore the quasi-steady correction depends on K as well as 7~ and (C/n) whereasthe correct ion from the “Pidduck -Kent Special Solution ” depends solel y on 7~ and
(G/m) . The coefficients of (C/rn )  arc r e sp e c t i v e ly

1 K+l~ 
- (~~-1) (37o 1)

4(1~ - l)  L and
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APPENDIX I I

SEIGEL PRESS’uiflE I OIIMUL-\ 1-OR A0 ~
> A,

lin e bau - rel entry sonic approxiuuuat ion is desc - i - u b c d  in -;et-t i n  3.3. l ) i i a t  ion
( 15)  g i ve s

- 
~~~~ 

12 ~ ,,/ (7o-1)
P/PO = L 1 + 2 ~~t~~~) 

~J (II. I)

wh ere = - fl /~ - 1 1 - L-’u, /~~~)

Sc ige I (ref. 1) has in troduced an 101’ roved formui l ,i by takIng i-quInt ion (I I. I) to
app ly only for ~‘ou/ao ~ 1 .5. hiien y0 u / n u 4 , 1 .5 , 2 i s  r ep laced  b (7o u/1 .Sa~ ) .
wh i ch leads to tine correct h ch iav  jour in the limit as u 0. Sei g e l ’ s impr oved
formula leads to a muzzle velocit y f o r m u l a  more complex than equation (1-i).
However , in  cas es where  the  d i s t a n c e  t u - n u v r - i I e d  f o r  a g iven muzzl e velocit y is
requuired , S e i g e  l ’ s improved fornuuil. i is ~t u - a i g l i t  f i c r w n i r u h t o  use in the equat ion ~‘f
inot ion  (6)  . line i nt-crc ion t o i c e  t c lu e  i t y c x~’ I i  c I t lv i 5 not  so St  u a  i g ilt forward
and mus t  be res t  r i  cted to t m u n s o n  I c and cua p ersoui Ic speeds i f  a l o g a r i t h m i c
fo rmula  i s  des i med . In t i t-w  - I the guod pt- rformnrncc of equat ion (14) at t ran —

St ill ~C and SUpersoll i e speeds , as it- :~Cr ui)ed i i i  sect ion 3.-I , Set g e l ’ s more comp lex
p re s su re  forunu l i bin s i-not I-teen used. The S I f l I ) ’  1 ~~ i t v  of equat  ion (1-2 ) is worth—
w h i l e  p r e s e u v t u i n~.

The case y11 U / n n ,1 <
~ 1.5 nj 11 no;; be e s n o i n e d  in mo re det ;u i 1. The factor :

ju t equation (11 .1) is multip lied t ’v I 1I u i / 1 5a, I .  The result ing pressure formula
therefo me looks Ii ke equat ion ( 1 1 )  n I t in  Po u nc l u n tn gcd and nt , rep laced by

I -

1. S(Yo 1)~ The nu 0 mu l l  i p i v i n g  f a i l  t i; becomt -~

[ - 
7~ ~ 

- ‘
~~

) ] h e  in t u u duc  lu g  nun expans non based on (7o - 1) being small

Hence equation ( 13) fo r  th ie  mu:: Ic v c l o c u  t y  bc-comes

= 
[ ~~~~~~ ~~~~~~~~~~~ 

~~~~~~ . in~ 67~~. I- ~~ ~l- ~~ 
p ,,A 1 L1

1.0 ~~-y0 U/ a 0 ~ 1.5 .

When ~y ) ) / n ~ , I . 5 , even mon-c cuwm h e x 1  t c- w i l l  he introduced in tile f o r m u l a .  Thus
S(’i ftc 1’ 5 i rii p uo l~ech pressure Ion-mu I n n  i s  hi- -s t u sed to c a l c u l a t e  di stance trave l led
[or - n p r e s c r i b e d  m u z z l e  v e l o c i t y  - Ihe ne- oi l t for )-0tJ/a4~ 

> 1. S can he shown to be

I A~ \lJ/a~, = - 1- -
~:) 

+ 
- --;~,~ 

in F Ii+ (67~ p~ --’u ’ L1 /ma~ )I , 7oU/ao~~ 1 .5 ,

wh e re E = exp 1 3 —  (1/2) (1— (A, /A, 1)1 — 1— (7~/3) (1—(A 1 /~~ )) ~
2 exp1 3—7~ (Ai /A0 ))1. 
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A P PENI ) I X  III

SI MI LAR I l’Y PARAMETERS FOR u NSTEADY EXPANS ION MODEL

The pressure formula jun an unsteady expansion is given by equa t ion ( I I ) ,
name ly

—i 27o / ( ’Yo — l )
P/P o =

L \ 2 / 0c

Trea t i ng  (7~ - l )  as sma l l , th is  fo rmula  becomes

P/Pe = cxp (-‘Yo u/ac) . ( 111.1)

Sei ge l (ref.l) commen ts that equat ion (111 .1) i s  a usef u l s imp lifica tion . Further-
more , it sh ows that ‘You/ ao is likely to be an impor tan t  s i m i l a r i t y  pa ramete r .
Ice can now combine equat i on (111.1) with the equation of motion (6) to obtain

dum u 
~~~~ 

= ‘~i~~ uu exp (-‘yo u/ ac )

i .e. (‘y0u/a0 ) 
d (’Yo u/ao ) 

= exp (-‘Yo u/ac )
d(x/l1)

Hence we expect that the only similarit y parameters of importance in determining
muzzle velocity are likel y to be 70U/a0 n und ‘Y~ p oA u Li / m a~~. The area r a t i o  10 /A 1
or t u e  diame ter ra t io D0/1)1 , comple t e s  t he  se t of parame ters.

The usefulness ,f the similarit y pai~iumete rs 70U/a<, and )‘~ p oA 1 L1/m a~ can best
be de te rm i ned  b y re-p lo tting the data g i v e n  in  f i gures 2 , 3 and 4 . The results
are g i v e n  in  f i gure [ 1 1 .1 and show tha t t h e  s i m i l a r i ty  pa ramete rs  nire r emarkab ly
effective .

The p r e d i c t i o n s of the simp le i o g au - i t l - u m i c  formula , equation (14), are shown
i n  f i g u r e  11 1. 1 t o g e t h n e r  w i t i n  da t a  I - ; ~ A /Au 1 ,25 taken from Seigel ’ s exact
resu lts (ret .l). The s lope  of the st r a i g h t  l i n e s  r ep r e s e n t i n g  equat i on (14) i s
a good l e t - r a g e  r e p r e s e n t a t i o n  of t i ne  d a t a .  F or  A0 /A 1 I , the slope is a little
larger than o p t i m u m  w hn i I c , f o r  A0/ - \ 1 = 25 , t h e  slope  is  a l i tt le less  than ti -ne
opt i must . F i gure  I I I  . I tinere fore cmii f I ntis the usefulness of equat ion (14) as a
s i m p le , e f f c t ive des i gn f o rmu l a .
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F i I’ui re I I  I . 1 lIce of si mi I nu r u t  v p n u l - ;u rn e l c-n - ;;  for i nfl ni t e reser\-o i r gun
= 1.1 . 1.4 , 5/3

Another feat ure of fi gure III  . I i s  tin e c - cu -  good a gr e e m e n t  hc tseen the
s i m p l e  l o g a r i t i n m i c  f o r mu l a  and Sei g e l ’ s da t a f or A / A 1 -= 25 , u~i th ‘Ys tI/ac
T h i s  i s si g n i f i c a n t , because i t covers the reg io n of most interest for  gull s
o~)1-rating at t rznuisonic speeds . When A,-, / A 1 1 , tine logarithmic formula is
v e ry  effective , i)Ut not qUi t e  so good as in the A 0/A1 25 case.
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