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PREFACE

This book is a result of the May 1974 Logistics
Research Conference sponsored by the Office of Naval
Research and The George Washington University, In co—
operation with the Air Force Office of Scientific
Research and the Army Research Office. There were six
earlier logistics conferences at George Washington,
most of which took place during 1949—1954 under the
innovative leadership of C. B. Tompkins who was the
principal founder of logistics research.

Since the early l950s there have been several
professional societies——notably , the Operations
Research Society of America, The Institute for Manage-
ment Sciences, the Military Operations Research Society,
and the Society of Logistics Engineers——holding meet-
ings devoted to logistics. The present conference had
by far the greatest scope, as befitting the fact that
it was held after more than 25 years of logistics
research sponsored by many agencies at many locations.
In the announcement of the conference, Marvin Denicoff
of the Office of Naval Research described this era as
follows.

I
The near three—decade span since the close of World
War II has encompassed two difficult and geographi-
cally remote wars, in Korea and Vietnam; it has
been a time of tremendous growth in the number and
the complexity of weapons systems; it has intro-
duced the missile and space ages; and It has been an
era of unprecedented expansion of industry and corn—
merce. For the logistician to keep pace with these
developments, entirely new tools——indeed, a whole
new technological base——were urgently required. The
job of meeting these requirements fell to the re-
search community, and that community responded with

• a multiplicity of exciting and Innovative ideas.
Totally new disciplines were developed, and parts of
existing bodies of theory and methodology were unique—
ly tailored for use in the logIstics environment.
Computers came into being during the period and they
were directed toward the solution of logistics prob—
lems; where increased computing power alone was not
sufficient to the task, the computers were augmented
by research products of such emerging disciplines as
operations research , statistical decision theory ,
and econometrics.
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The main objectives of the conference were (1) to
survey major research developments and applications
since World War II, and (2) to assess outstanding cur-
rent problems and promising new research techniques.
The Organizing Committee for the Logistics Research
Conference consisted of Marvin Denicoff of the Office
of Naval Research, Anthony V. Fiacco, V. H. Marlow
(Chairman), and Henry Solomon, of The George Washington
University.

The papers presented on major logistics issues by
the senior logistics representatives in the Department
of Defense are contained in Part I. The remaining four
parts contain all of the invited survey papers prepared
for the conference and around which individual sessions
were organized. It has not been possible to include
any of the more than 40 contributed papers delivered tA t

the conference.
Part I, “Issues and Problems in Logistics,” consists

of four authoritative and frank assessments of major
logistics problems that the military services believe
could benefit from research. Secretary Mendolia, in
Chapter 1, presents a broad survey of specific Issues
and problems from the very top of the hierarchy. In
Chapter 2, General Kornet discusses problem areas faced
by the Army. Admiral Gaddis commences Chapter 3 with
brief mention of a specific Navy concern, also cited by
his Army and Air Force counterparts, for measuring readi-
ness and relating it to resource inputs. But his main
concern is with the need for proper attention to logis-
tics in the entire weapons acquisition process. General
Snavely deals with three areas for research in Chapter
4: fundamental relationships, the acquisition process,
and operating logistics systems. Throughout Part I
there are general issues, specific problems, descrip-
tions of current practices, and experiences that will
be of great interest to the research community.

Relatively broad topics are addressed in Part II,
“Information Processes and Systems Design.” In Chapter
5, Murray A. Geisler presents a number of illustrations
of the use of information for decision—making in logis-
tics and provides a survey of several topics in logis-
tics data collection, representation, and analysis. In
Chapter 6, Arnoldo C. Hax treats problems of design and
implementation of logistics support systems. He supplies
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considerable background, reviews what is available for
use, and then proposes an approach to these problems.

Part III, “Production, Scheduling, and Facility
Layout,” contains three chapters. In Chapter 7,
Ronald W. Shephard surveys recent developments in the
theory of cost and production functions and he presents
contrasts with the notion of a production function as
used in econometric studies. Chapter 8, by S. E.
Elmaghraby and A. N. Elshafei, surveys branch—and—
bound concepts and their applications in scheduling ,
and inventories the basic concepts underlying the
theory. These latter are presented as 14 “dicta” for
branch—and—bound. In Chapter 9, Richard L. Francis
surveys some recent analytical advances in facility
layout and location; these apply to a wide variety of
design problems occurring In logistics. In addition
to their being self—contained presentations of recent
advances, the chapters in Part III are further distin-
guished by their references to classical sources and
to earlier surveys of the literature.

The four chapters in Part IV, “Probabilistic and
Statistical Models,” cover principal areas of research
that have been closely associated with logistics re--
search over the past 25 years. Their common objective
is to assist decision—making by providing probabilistic
models of the uncertainly known future. Statistical
problems arise when the knowledge of the stochastic
nature of these models is incomplete; S. Zacks reviews

— these in Chapter 10. The areas covered are: demand
prediction, adaptive inventory control, operational
readiness, replacement under constant failure rates,
and surveillance problems. The specific field of inven-
tory theory is one that has been a prominent component
of logistics research since the very beginning. Donald
Gross and David A. Schrady survey this field in Chapter
11. They highlight major developments in both theory
and practice, they consider gaps between theory and
practice, and they look to the future. In Chapter 12,
Donald P. Gayer reviews selected probabilistic methods
that are appropriate for constructing models for logis-
tics systems. Among these methods are those from occu-
pancy theory, Markov chains, reliability theory, and
diffusion theory. Their applications are illustrated
in several logistics contexts. Frank Proschan surveys
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recent research on a number of classes of life distribu-
tions in Chapter 13. These classes are physically
motivated for use in the study of maintenance policies,
a problem area of general concern as witnessed by all
four chapters in Part I.

The final Part V contains three chapters under the
heading “Mathematical Progr~iimn~ng.” These deal with
optimization techniques summarized as “extremal methods”
in the survey by A. Charnes, W. W. Cooper, and E. Bres
in Chapter 14. They provide commentary on strategies
for applying extremal methods and they present a bibli-
ography classified by methods and problems addressed in
logistics research. Chapter 15 by Gerald L. Thompson
treats another class of problems that has been closely
identified with logistics research over the years,
namely, problems of distributing an item from in ori-
gins to n destinations. He surveys recent theoretical
and computational results for ordinary, generalized,
and bottleneck transportation problems and illustrates
a number of applications. In Chapter 16, Jeremy F.
Shapiro surveys applications of integer and combina-
torial progr~mm~ng in logistics. While these methods
are relatively new, certainly as compared with those in
linear programming, they have recently been under con-
siderable development. Four types of applications are
illustrated In Chapter 16: production and inventory
scheduling, facilities location and distribution, pipe-
line systems, and routing problems.

As noted individually, the chapters in this book
were prepared under various auspices. Editorial assis-
tance was provided by Henrietta Jones, and by Bettie
Taggart who was in charge of production of camera—ready
copy. Final copy was typed by Olga Sylvia.

W. H. Marlow
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Chapter 1

MAJOR ISSUES IN LOGISTICS

Honorable Arthur I. Mendolia
Assistant Secretary of Defense
klnstallations & Logistics)

1.1 Introduction
In discussing our unsolved problems, I do not want to
minimize our pride in the progress made over the years
in improvin g logistic management in the Department of

— - - Defense. But my focus mus t be on the major logistic
issues where progress is still needed and on problems
whose solutions have so far eluded us. Our hope is
that logistic research can help in finding the solu-
tions we need. This help could be in the form of new
concepts , techniques and knowledge . It could also be
in the form of new and better ways of applying things
we already know. When we come to look at specific
problems it will be clear that both kinds of help are
needed.

— Before we get to the specifics, I woul d like to
make just one point about the availability of resources
that is of great importance to logistic management.
In recent years the trend in Defense spending has been
declining in terms of real program value, that is, in
terms of the forces and support that could have been
purchased by a dollar of constant value over these
years. Increases in the Defense budget have been
barely sufficient to cover pay and price increases for
a declining force. There are such large requirements
for force modernization and other needed investment
that budgetary pressures to reduce logistic support
costs are intense now and will become even more intense
in the future . If we cannot reduce logistic support
costs , we are faced with the unpalatable alternatives
of deferring badly needed modernization of the forces
or of reducing force levels. Both of these alterna-
tives would liLvolve serious risks in today ’s uncertain
world.

In addition to unprecedented budgetary pressures, lo-
gistic managers are facing requirements for logistic
readiness and responsiveness that are also unprecedented.
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For example , one of the lessons in the crisis in the
Middle East in October 1973 was that the effectiveness
of our general purpose forces is more dependent than
ever before on their capability to deploy rapidly in
full readiness for combat. Effective logistic support
is of course essential to this requirement for a high
degree of military readiness and deployability.

The kind of Defense environment I am describing for
logistic proble~ns is not an unfamiliar one. It has the
form of a problem to which optimization techniques have
traditionally been applied: finding solutions that
attain desired outputs (in this case logistic effec—

— tiveness) while minimizing inputs (in this case logis—
tic support costs). Techniques and expertise that can
find such solutions are needed today as never before.

1.2 Specific Issues and Problems
I will now highlight briefly some of our unsolved
issues and problems in logistics. I have selected only
a few——those that appear most significant from my cur-
rent perspective. The papers from the military services
below expand on some of these and add some others. I
have arranged these topics by major logistic function
or process.

Supply Management. We need to develop a better mate-
riel distribution system for the Department of Defense,
one that will improve supply responsiveness. Such a
system should also achieve the most efficient mix of
inventory investment costs, supply depot operating
costs and transportation costs . This is a clear—cut
example of an optimization prob lem and it must involve
analyses of all relevant cost factors from a total
Department of Defense perspective.

We need to improve the ways we measure supply effec-
tiveness and the readiness of weapon systems. We also
need to find ways to relate these measures of effec-
tiveness to specific decision—making processes in supply
and maintenance management, especially funding decisions.
We currently have no way to calculate the effect of
alternative supply and maintenance budget decisions on
the level of logistic readiness. Improved analytical
tools are badly needed in this area not only for better
budget decisions but for better use of sca rce dollar

L
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rescurces.
A continuing problem in supply management is decid-

ing which level in the supply system is most effective
and economical for management of any given item of sup-
ply . We need better criteria to apply uniformly for
decisions on whether items should be der.entralized for
management by local supply organizations or centrally
managed by our major inventory control points.

Maintenance of Materiel. We need to find new and bet-
ter ways to exploit and apply promising new concepts in
maintenance policy——such concepts as “on—condition” and

— “condition monitoring” which have the potential of re—
ducing maintenance costs without sacrificing readiness
or safety. Related to this is the need for changes in
maintenance management systems to emphasize more “sec--
tional” repair and “piece—part” repair, as opposed to
extensive and costly tear—down and overhaul.

We currently have no data systei~s that provide valid
information on the cost of operation and maintenance of
specific weapon systems through their operational lives .
Such information would be extremely useful in making
both logistic and program decisions through all phases
of weapon sys tem life— cycles . This is a particularly
challenging problem since the avoidance of burdensome
accounting and data reporting sys tems for the operating
forces is also an important objective.

One valuab le application of better weapon system sup-
port cost data would be finding the optimum t ime for
transition from contractor support of new systems to
organic support by the services . This could result in
considerable savings .

Materiel Acquisition and Production. Many of our most
conspicuous prob lems in the recent past have been in
this area. While we have tackled the problem of im-
proving acquisition management very aggressively in
recent years , there is still much to be done .

Our highest priority in this area mus t continue to be
the battle against the growing cost of weapon systems.
Although new concepts and approaches to reduce acquisi-
tion costs will always be welcome , I believe our pri-
mary problem today is more a matter of practical. appli-
cations than of new concepts. We need to find ways to
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exploit fully and gain maximum benefit from such proven
concepts and techniques as design—to—cos t , value engi-
neering , advanced manufacturing technology, component
standardization, life—cycle costing, and others. These
involve the process of designing and applying effec-
tive management systems throughout the acquisition cy-
cle , from early concepts through production and deploy-
ment. Our acquisition systems must facilitate effec-
tive decisions at the right time to minimize our ove.~—
all costs to acquire the needed military capability.

In the area of production, a perennial but increas-
ingly important problem is industrial mobilization

— planning. We must find better analytical tools to
identify the size, composition, and required readiness
of the Defense industrial base for mobilization. New
emphasis in military strategy requiring greater flexi-
bility and more rapid responsiveness of our general pur-
pose forces dictates a comparable flexibility and res-
ponsiveness of the production base. We must evaluate
existing and required production capability to decide
what new actions or programs ar~ needed in peacetime to
insure wartime readiness at lowest possible peacetime
cost.

A related production problem is the need for a more
effective Defense industrial priority system for use in
emergency. The priority system must be workable in an
era of dynamic changes in the marketplace involving raw
material supplies, production lead times, new technol-
ogy, and other factors.

Procurement Policy. This area has always been fertile
in presenting complex, challenging problems to manage—
ment. Foremost among today’s problems is how to design
more effective procurement policies and practices to
assist in reducing the upward pressure on weapon system
costs. We must find new and better ways to reduce long
procurement lead—times, to identify and eliminate
costly but dispensable contract requirements and to im-
prove incentives for contractor cost reduction. An in-
portant contribution to reducing acquisition costs would
be finding new and better incentives for contractor in—
vestment In production facilities and equipment.

Another procurement problem that is especially in-
portant in today ’s inflationary era is the situation of
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the firm fixed—price contractor. We need to preserve
the advantages of fixed—priced contract arrangements
and at the same time find ways to prevent damaging
losses to contractors faced with unusual inflationary
pressures .

Transportation. Technological advance has significant-
ly changed our way of doing business and has led to the
need for reevaluating our transportation planning for
peacetime and for mobilization. The nearly universal
use of containerization today for all suitable cargo ,
both Defense and commercial, when considered together

— with the rapid decline in conventional break—bulk ship—
ping resources , has created a new situation that re-
quires fresh analysis.

We must identify required sealift resources in this
era and determine the most economical means of ob tain-
ing them.

A related prob lem is to devise changes in our supply
and distribution systems to preserve flexibility and
responsiveness in the era of containerization. How to
prevent or cope with container shortage situations is
an important aspect of this problem.

Facilities Management. Although this Is not an area
where we would normal ly think of advanced research con-
tributions, it is certainly an area with its share of
management proble:vis. As is well known , periodic an-
nouncements of base closures or reductions receive
widespread pub lic attention and concern . It is impera-
tive that decisions affecting the base structure (reten-
tion, reduction , closure, or realignment) be made on the
basis of the best possible information and analysis of
relevant costs and other factors . We need better ana-
lytical tools to determine relative advantages of alter—
native basing arrangements considering comparative
operating costs, new investment, economic impact and
military effectiveness. Another important problem in
facilities management is how to analyze and evaluate
facilities life—cycle costs as an input to decisions on
construction or the allocation of real property mainte—
nance resources . Related to this is the prob lem of
obtaining and using better measures of facilities condi—
tion and maintenance backlogs.
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A new and very impurtant set of logistic problems
has arisen as a result of the recent energy “crisis”
and the prospect of long—term tight supply conditions
and high prices for energy resources . As a high pri-
ority matter we must find and exploit new concepts of
operation and new technological innovations or appli-
cations to minimize energy consumption without degrad-
ing military readiness. Increased use of simulators
for training is a good example of the kind of things we
must emphasize, but this is only the beginning of the
riany changes that will be rtecessary in an era when
energy is a scarce and costly resource. We must do no

— less than redefine our basic concept of efficiency to
include minimal energy consumption.

Economic Impact of Defense Spending. We do not usually
think of this as part of the problems of logistic
management . But since Defense must obviously re ly on
the domestic economy for its needed resources , we can-
not ignore the regional and local impact of changes in
Defense programs such as procurement or base realign-
ments .

One of our important problems in this area is how to
obtain more accurate and useful data on these regional
and local impacts . We need much better ways to find
out where and how local economies are affected by
changes in Defense procurement programs . We also need
methods to assess the effect of defense build—ups on
the local community infra—structure so that we can co-
operate in actions to minimize adverse effects and
ensure local economic support.

Utilization of Automatic Data Processing Capabilities.
This is the f i rs t  and most important one of a number
of problems that run across the boundary lines of many
of the traditional logistic disciplines. We need to
obtain the mos t effective use of automatic data pro-
cessing capabilities. Defense logistic managers have
been pioneers over the past two decades in exploiting
the capabilities of the computer. However , I believe
we are still far from obtaining the maximum benefits
possible from computer technology. One of the most
promising ways to make the computer serve us better is
to increase the compatibility of our numerous computer—
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oriented logistic systems and, in the long run, to
achieve greater systems standardization. Our long—
range goal must be standardized Automatic Data Proces-
sing systems for each major logistic application, over
the entire Department of Defense, while also preserving
system flexibility for necessary special features of
individual service or local circumstances. This goal
is probably the largest single challenge to our analyti-
cal and managerial capabilities today.

Elimination of Duplication. This is another problem
common to several logistic functions and once again the

— objective is to obtain better use of Department of
Defense logistic resources. In spite of great progress
over the years there are still areas where duplication
exists in supply management (reparable items are an
example) , in materiel maintenance facilities, and in
local area logistic support resources, all of which are
susceptible to greater common use or consolidation.
Our problem here is how to effect the necessary integra-
tion and realize the potential savings , while at the
same time prevent any degradation of logistic respon-
siveness to individual service requirements.

Utilization of L~~istic Manpower Resources. This last
problem is not strictly a ~.ogistic prob lem , but its
solution is vital to the improvement of logistic manage—
inent. A large majority of the civilian employees of
the Defense Department are engaged in the various logis-
tic functions. A significant percentage of military
personnel are also involved in logistics. It is ob-
vious that success in logistic management depends on
the proper training, the effec tive leadership and moti-
vation, and the appropriate career satisfactions for
this enormous work force. Examples of the kind of things
we need for improved logistic manpower management are
better ways to measure productivity and to find incen-
tives for improvement, better ways to determine the op-
timum mix of military and civilian personnel in our
logistic organization, and better techniques for career
planning and employee development.

1.3 Conclusion
I hope that the above discussion adequately shows the

I
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wide variety of logistic prob lems we consider important
today . I also hope the brief treatment does not con-
ceal the very real difficulty and complexity of most of
these problems. Now I would like to emphasize two
points that come to mind in reviewing such a list of
unsolved logistic prob lems .

The first point is tha t  in many cases it is not so
much fresh knowledge or new concepts that are needed
for the solution of logistic prob lems but better
app lication of what we already know . I believe there
is a large gap between what we can demonstrate on
paper and what we can successfully implement so as to
achieve results . Some may think that this is primarily
the job of management , rather than of research , and I
cannot disagree. However , the gap between knowledge
and action is real and we must look to the research
community as well as to the community of logistic man-
agers for help in bridging this gap. I believe re-
search can help in finding better ways to communicate
new concepts and techniques to managers, better ways in
selling innovations and gaining acceptance of new ways
of doing business , and better ways of measuring results.

The second point is that if research is to help in
the solution of the many prob lems I have mentioned , it
must be oriented to the size and complexity of these
prob lems ; we need more “macro” as opposed to “micro”
research efforts  to come to grips with prob lems of such
large magnitude. I do not wish to minimize the value
of any past or present research projects, but I sin-
cerely believe that the problems we are facing today
demand the widest possible focus of research that is
still consistent with the thoroughness and rigorousness
of research techniques.

En conclusion , I mus t say that research has served
logistics well in the past. In fact , it has been indis-
pensable for logistic progress and I am sure it will
continue to be so In the future.

_ _ _  ii-
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________________

MAJOR ISSUES IN ARMY LOGISTICS 
_____ _______

Lieutenant General Fred Kornet , Jr.
U. S. Army Deputy Chief of Staff for Logistics

2.1 Introduction
This paper d~~ ls with what I see as the principal
issues and problem areas for the Army in logistics.
As indicated by Mr. Mendolia jus t above, it is often• difficult to draw the line between problems requiring
improved management practices and problems requiring
research advances. For many of these problems it is
also hard to decide who has the primary responsibility
Lor improving the situation. But collectively, we
should be able to work on these problems and try to
solve them, or at least try to minimize their effects.

2.2 Specific Problem AreaB
When taken together with the issues and problems dis-
cussed above by Mr. Mendolia, the specific areas I have
chosen cover a substantial range of our concerns in lo-
gistics. The first deals with overseas bases: how to
react to changes, and how to store pie—positioned mate-
riel. Next there are problems in measuring readiness,
in avoiding acquisition cost overruns, and in several
aspects of providing supply support . Finally , problems
are ci ted in connection with container ships , and with
maintenance processes in general . There is a common
need in these prob lem areas to discover relationships
that can lead to assessments of total effectiveness,
and everywhere there is a need to exploit the potential
of computers .

Overseas Bases. We are constantly pressured , by groups
at home and abroad , to pull out of forward bases . There
has been pressure to reduce our posture, to reduce the
amoun t of real estate we occupy , and in effect , to re-
duce all of our activities at various bases around the
world. Of course , this means that in addition to con—
sidering the grave strategical questions involved we
mus t analyze the logistical impacts of changes in our
forward base structure .
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We need cost trade—offs for storing materiel on the
scene at overseas bases, ready for use at deployment,
versus retaining it at continental United States bases
and assuring that it can be deployed from there. Over-
seas there are substantial personnel cos ts, as well as
other types of costs , for maintaining stocks and these
lead to a fairly large—size logistical support task.
Alternatively, there are large transportation costs
involved with home—base support. If significant tonnage
must be on the scene by a specific time, as is a likely
requirement in our contingency planning, then there are
complicating factors. Specifically, whether it be for

— sealift or airlift, early requirements for moving mate—
riel will be in competition with all the higher prior-
ity movements at the beginning. Initial requirements
for movement of personnel and high priority items might
well preclude satisfaction of those for spare parts
and stockage equipment. In summary, the cos ts as well
as the expected benefits are difficult to analyze in
both cases: storing materiel overseas versus retaining
it at continental United States bases .

There are special difficulties in assuring the ser-
viceability of overseas inventories. Since 1968 we have
been practicing to a degree the concept of support from
continental United States for the European theater. We
moved several of our division forces from Europe and
went to a concept where we maintain and keep in Europe
only their heavy pieces of equipment such as tanks, Army
personnel carriers , and construction equipment. These
are items that are not only heavy, but bulky , and diffi-
cult to transport as well. Our division forces have
duplicate sets of these equipments at their home stations
in continental United States where they also have their
lighter , and more easily transportable , items .

The overseas inventory is called “pie—positioned
materiel configured to unit sets” (POMCUS) stock . It
represents about one billion dollars ’ worth of equip-
ment.  In order to protect this investment , we have
b een struggling for the last seven years to get the
necessary dollar and program approvals to build dehu—
midified warehouses. Now we have some 50 out of a
required 82 warehouses needed to store the bulk of this
materiel.

It is not only necessary to perform maintenance on

- _ _
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this materiel but we also must remove items and measure
their effectiveness to make sure th at we are not merely
holding a bill ion dollars’ worth of rapidly deteriorat-
ing hardware. We conduct exercises periodically to
determine how well we are doing: the units return to
Europe, pick up their equipment, and perform their
assigned mission. A few years ago , before we had per-
fected our warehousing concept, a team from the General
Accounting Office inspected the equipment and found that
it was not in good shape. As a result of their report,
we are now faced with a requirement to go in once a
year and inspect the equipment.

In this inspection we are required to use statisti—
cal sampling procedures and this leads to the next
specific problem I would like to pose. We have been
using random draws to select equipments for tes ts and
we have been performing tests to prove whether or not
the equipments would have been available for combat .
Implementing these selections and es tablishing these
proofs have turned out to be difficult in practice.
We feel that there must be better ways to do this test-
ing and we look to the research community for help .

Measurement of Unit Logistical Readiness. We must
measure the readiness of all units under the “total
force” or “one army” concept. We cannot do the job
with the 13 active Army divisions that have been laid
out for  us. We are dependent upon the Reserve com-
ponents to provide additional division forces, and in
many cases Reserves must provide logistical support for
the 13 Army combat divisions . In our method of mea-
surement , readiness depends on (1) personnel strength on
board; (2) the degree of training of those personnel;

• and in the logistical area (3) items that are on hand
as related to those authorized; and (4) the degree of
readiness of the on—hand items from a serviceability
standpoint. My particular area of interest covers
(3) and (4).

We are constantly striving to get a simple sys tem:
one that is workable for the unit in the field and
still tells us what we need to know. We have about
1,000 items that we classify as combat essential and
they need to be separated out in our reports. The list
of essential items obviously varies from infantry
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company to artillery battery to Transportation Corps
units, and so on. For example, pieces of material—
handling equipment are just as essential to a Trans-
portation Corps unit as are rifles to an infantry rifle
company. We have tried to come up with a simple report-
ing system, but when we simplify we also must keep some
degree of logic to insure workability. The current
system puts the same weights on tanks as rifles and pis-
tols because each is a reportable item. In some res-
pects this is unfortunate because 1 believe that a tank
company with one or more tanks missing from its autho-
rized 17 is less combat ready than if it had one or two
of its authorized pistols missing. However , implement—
ing a weighting system would increase the complexity
ove r our current method at the unit level. Therefore ,
we allow the reporting unit subjectively to raise or
lower its readiness rating, with appropriate remarks,
when the statistical data do not accurately portray
the ac tual readiness posture of the units. So there
has to be some degree of logic , but at the same time
the system mus t be simple enough so that the individual
unit in the field can report quickly and accurately.
It is also necessary that we be able to depend on the
reports. These figures are customarily placed in fairly
high places and , once having been reported , are diffi-
cult to change. So if it is once reported that a unit
is in a particular condition of readiness we must be
able to prove to everyone that it is truly in that con-
dition of readiness. At the division level, with only
13 coithat divisions, it is just not acceptable to be
uncertain about whether or not even one or two divisions
are really combat ready . Such uncertainty would make a
bignificant difference in decision—making all the way
along the line , up to and including Department of State
negotiations. In summary, we need simple yet effective
systems for measuring and reporting logistical readiness
for Army units .

Materiel Acqj4aition Cost Overruns. Many things other
than Departmen t of Defense weapons systems have cost
overrun s or schedule overruns . They are caused by a
comb ination of factors , not the least of which is opti—
aism at every level of estimating. Some of that opti-
mism is not accidental. Optimism is çhere because at -•
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every- level in the budget process, whether it is for
building the Kennedy Center , finishing the Regional
Metro Sys tem in Washington, or acquiring a new Army
weapons system, the particular item in question is in
competition with many others. The proponents of a
particular system do not lie awake at night trying to
think of ways to pad the figures so that there will
never be a cost overrun. Instead , they are much more
likely to lose sleep trying to determine how they can
change their estimate so their project will compare
favorably with its many competitors.

In addition to the ever present optimism, there is
a second and interrelated factor of difficulty . In
spite of all our advances in the state of the art , it
is still difficult to put a hard cost estimate on some-
thing that cannot be described well at the time it must
be estimated. We have gone into many aspects of para-
metric cost estimates that start with the very funda—

• mentals of the old approach that Mr. McNamar a star ted
with: “All airplanes cost about the same per pound ,
so just tell me the weight and [‘11 tell you what it
will cost.” Nowadays, a fairly sophisticated system of
parametric cost estimating is used based on individual
aircraft components rather than on just the simple
weight of the aircraft. Undoubtedly, there need to be
many advances in existing techniques to get better es-
timates of what weapons systems will cost in production.

These days , we are also using something we call
“design—to—cost.” Personally , and this may be hereti-
cal, I do not th ink that this concept is significantly
new or different; nor do I believe that it is going to
have a major effect on our total acquisition process.
The essential idea is that cost should have equal impor—
tance with other program characteristics——speed , range,
weight, armor thickness, and so on——in the procurement
or development process. A motor car manufacturer who
knowe that his competition is going to produce a $3,600
automobile will design and develop one at that price and
not one at twice that figure . But there is another com-
plication in our problem ; we cannot become so engrossed
in the design to unit acquisition cost that we neglect
the life cycle cost. We have to be certain that low
acquisition costs will not cause high costs later for
repai r and maintenance.

_ __ _
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Toward this goal of not only controlling acquisition
costs for weapons systems but the eventual costs for
maintenance and personnel suppor t as well , we are work-
ing on methods for life cycle costing. This is a diff i—
cult task because there are few contractors willing to
sign a contract that a system will cost a specified
number of dollars to maintain over, say, the next ten
years. In brief, it is almost an impossible negotiat-
ing position because of the many fu ture unknowns, and
yet we must devise methods for predicting and controll-
ing costs over entire life cycles.

Cost of Asset Visibility. This is a record—keeping prob—
lem and it is the first of several supply support prob—
lems I will discuss. In the Army alone there is an in-
ventory of some 30 billion dollars ’ worth of equipment.
Most of that, some 25 billion dollars, is in major or
principal items and there the asset visibility is quite

• good, down to a certain level. We know how many of the
different types of tanks, trucks, missile systems,
helicopters, and so on , there are in thu various loca-
tions of the world by unit, by organization , by theater ,
and by any way we need to know. The remaining five bil-
lion dollars’ worth consists of: reparable items such
as engines, transmissions , gear boxes; individual repair
parts ; and consumables. Here , there are about 800 ,000
items that the Army actually uses as compared to the
6,000 or 7,000 major or principal items. And here, with
the 5 billion dollars ’ worth of things that are not major
equipments, is where we have the asset visibility prob-
lem.

As is usual in logis tics, we face a cost effective-
ness problem: how much visibility do we need , and how
much are we willing to pay? Computers are helpful but
there are capacity limits quick ly reached which cannot
be exceeded. At all levels , th ere are limi ts for acqui-
sition coats and , at lower levels , there are possible
effects on the i~obil4ty or combat usefulness of units.
At the highest level, we have a massive program at our
National Inventory Control Points , or wholesale depots,
to try to get a standardized system of reporting on
items . We have six of these activities and , strangely
enough, we do not yet have a standard system. But we
are working toward one , and the different varieties of
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hardware and software contribute greatly to our prob-
lems. We also need a standardized system for our inter-
mediate level: the installations , posts, camps, and
stations scattered around the world , and those scat-
tered around the continental United States. At this
level, we also have intermediate depots in Europe and
in the Pacific. Once we get a standardized system
among all of these users, we are faced wi th having a
standardized system among the Services, and from such
a system there would be many benefits.

We must in every case determine what we need to
report in order to do the job, how much it will cost,
and then we must find cost effectiveness relationships
to help us select our reporting system. These are some
of the things we are working on in the area of asset
visibility.

Centralized versus Decentralized Systems. This is
another supply support prob lem and the fundamental
problem is the same as in the preceding area: how
much inf ormation is needed at one place? For example ,
under an extreme vertical supply management concept,
the Aviation Systems Command in St. Louis would have
to maintain records on all of its materiel, and not on
jus t the major items , for jus t about everyone every-
where in the world. Theoretically this would be pos-
sible with computers bu t it would take a degree of
sophistication we have not yet reached. It would also
take a degree of standardization or , with nonstandard-
ization, a degree of skill in communication we have not
yet achieved. On the other hand, decentralized systems
by their very nature may entail duplication and they
pose control problems tha t may lead to serious report-
ing difficulties. All of this brings us back to where
we were at the close of the preceding area: what do we
need to do the job , what will it cost, and how are we
to find workable relat:ionahips to help us decide on our
best course of action ?

Vertical versus Horizontal Stock Fundii~g. The next
question is : how do we fund for all of this ? We have
an ongoing and , it seems to me, continuous dialogue on
the relative merits of these two schemes . In its a im—
plea t terms, vertical stock funding corresponds to
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having jus t one checkbook to handle all accounts at the
wholesale level for items to be issued for use. In
horizontal stock funding, items are sold from one level
to the next until they come under the retail stock fund,
and then they go to the customers. This latter system
works well in our command structure because it gives
our individual commanders the responsibility anc~ author-
ity over the stocks in their own theaters or areas.
The advantages of changing to a vertical system would
be that there would be just one financial transaction
and it may be possible to move items more freely. But
in our review thus far we have not found that these
advantages would outweigh the disadvantages , especially
when we consider the cost of changing systems . But we
continue to study the possibilities.

Our automated systems are factors for consideration
here just as they are for all of the problem areas I
have cited. Computer systems are surely here to stay
and we are relying more and more on their use. They
allow us to hand le many more supply transactions and
we have a much better visibility for what is on hand

• than ever before. We are able to monitor and manage
our maintenance systems better than before. We have
standard reporting sys tems for keeping track of what is
in a por t, what is leaving , what is due in , and so on.

Direct Support System. Automation has made possible,
or at least certainly helped, what we call the direct
support system . Since 1971, we have been working on
a new concept f or our suppor t or supply procedures
which historically were based on a system of echeloning
supplies. Previously, large quantities would be
stocked at a large depot in continental United States
which would receive output from production. Overseas
depots would requisition on the continental United
States depot and maintain a level of 15 days—or—so
stocks to support units in their theaters. Finally,
the consumers carried enough of their own stocks to
keep them going in a wartime situation for a few days .
This is a good , reliable , safe , workable system but
unfortunately it ties up a lot of dollars in inventory
in the many locations.

Our new direct suppor t system cuts out some of the
middlemen. Requisitions for high priority items are
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handled in much the same way as before : the closest
supply support point fills the requisition. But requi-
sitions to keep bins full go directly from the support
unit to the continental United States . The order is
filled at the depot , it goes to a containerization /
standardization point, it is flown or shipped to the
unit , and it is of f loaded at that unit. Success, once
again , depends on a combination of speed and accuracy .
We are gradually achieving speed but accuracy is prov-
ing to be more of a problem. All the units in Europe ,
and most in the Pacific , are on this new system. We
see this as the only way to reduce inventory so that we
can live within the dollars available in the budget for

• logistics.

The Container Ship Revolution. Containers have com-
pletely revolutionized our way of transporting supplies.
Ten years ago , 3% of our ships were container ships
and now they represent about 35% . If we exclude ammuni-
tion——because we do not yet have containers for ammuni-
tion——shipments to Europe are as high as 807. container-
ized. We have about 50% of the ships that we had 10
years ago and th ese can do the same job as could twice
their number 10 years ago . There are two reasons :
faster sailing times and improved capabilities provided
by containers.

There are disadvantages . Containers work ju s t  jim—
dandy in peacetime in a port with all the tremendous
cranes and material—handling equipment to take them off
the ship and onto tractor trailers to roll down the road.
We find it less workable trying to offload from a rolling
ship anchored off a beach somewhere. We have run a num-
ber of tests , in conjunction with the Vavy , trying van —
ou~ means, including helicopters and even balloons. Our
object is to come up with a solution that is completely
workab le in wartime . Not that every thing in wartime
must go over the beach , because we would still attempt
and expect to use many ports that are in existence today .
But we need to be ready , and to hav€ the capability to

• go over the beach.
We have also learned that there are problems with

containers which , af ter all, are nothing more than
small shipping spaces. While we have used operations
research and systems analysis to be sure that the ships

-a



chapter Two 20

are not ~l1 at one place and the materiel somewhere
else , we now mus t do the same on a much b roader scale
with the containers. In early 1974 we found that while
we wre busy shipping containers into Europe, they were
not noving anywhere. And for a while we had them all
in Europe and that was not helping us in various ports
on the Eastern coast. There is also the prc~blem that
in certain economic situations the containers become
very attractive to commercial shippers. When the dol-
lar was devalued in both Europe and Japan, persons in
those countries suddenly placed orders to buy things
they had not been buy ing and they asked for delivery by

— containers. We were faced with a container shortage
for the first time in years. We took a number of our
own containers from storage, threw them into the breach,
and got over that hurdle.

In summary, containers pose a series of problems
that have to be examined. All the problems are not
solved as soon as materiel is put in containers and
shipped. Nevertheless, the advantages outweigh anything
we have found in the way of disadvantages .

Maintenance. This is another problem area that we have
in the Army and I believe it is a prob lem in all the
Services. In brief , our preventive maintenance program
has caused diff iculties, some of which it was designed
to prever.t. The periodic tearing down of equipment to
prevent maintenance may be as contradictory as it sounds.
We are looking for ways to reduce preventive maintenance
requirements. We are also looking for new incentives to
attract the kinds of personnel we need and to provide a
program that will improve the quality of maintenance.

2.3 Conclusion
I have reached the end , not because I have presented all
of my prob lems , but because I have briefly covered the
areas I selected as significant and representative. I
hope that I have not conveyed the idea that life is noth-
ing but a prob lem. We do lick some of them once in a
while. But I did not take this opportunity to go over
some of our substantial accomplishments because I think
it is more import ant that I describe some of the things
that we are working on and on which we would appreciate
help from the research community.
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LOGISTICS ASPECTS OF WEAPONS RESEARCH

Vice Admiral Walter D. Gaddis, USN
Deputy Chief of Naval Operations (Logistics)

3.1 Introduction
The Navy has undertaken considerable logistics research
in the past and there have been substantial benefits,
for example, in areas of inventory policy, transporta-
tion, and modeling. We are also engaged in logistics
research today, for example, in computer internetting,
decision analysis, and procurement costing methods.
Actually, I could provide a list of specific problems
for research, some broad and some narrow, facing the
Navy in the logistics field. An example is our need
for a simple, usable def inition of material readiness
of Naval forces, a means of measuring it, and some
perfectly definite input—output relationships. We need
to be able to link resource inputs, and this means
money, to any of the numerous potential outputs, and
these mean military applications. We need to be able
to predict not only how much the readiness measure will
change, but also when It will change, as a result of
changes in inputs. Finally, this readiness measure
must be usable by horny—handed military managers.

But Instead of dwelling on the past, or summarizing
the present , or challenging the research community with
a list, I have decided to address a specific issue,
namely, the logistics aspects of weapons research. I
will make clear what I mean by this term but first I
would like to stress that it identifies an issue which
the Services and the research community absolutely must
face together to enhance and assure the strength of our
defense capability.

3.2 A Specific Issue
One of my main intentions is to impart the feelings that
any commander has when he is carrying out his mission
ashore or afloat. Like my Service counterparts, General
Kornet and General Snavely, my role as Deputy CNO for
Logistics is to advise the Chief of Naval Operations on
all logistics matters, and to plan and assure provision
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of logistics support, for Navy units afloat and ashore.
And the units of our multi—mission Navy consist of
some 510 ships, 6200 aircraft, and better than 1500
shore activities. The emphasis is on the ships and the
aircraft , and this emphasis is driven with a degree of
urgency dictated by the fact that the deep—water navy
of the Soviet fleet has, in 1974, surpassed the U. S.
fleet in numbers of ships, in the low average age of
these ships, and in the sophistication of some weapons
systems.

I will introduce my concern about the logistics
aspects of weapons research with an example. When the
integrated logistics support concept was being devel—
oped, and the logisticians had envisioned that the
managers would know what assets they had , how many were
available , where they were located , and what systems
and weapons each of the parts supported . It did not
take long, however , to realize that such a data bank
would be too cumbersome and too costly. But this did
not stop integrated logistics support concept develop-
men t, which indeed is valid and vital in today’s world
of reality in life cycle costing, in getting the best
return from the ever shrinking defense dollar, and in
competing with public and private sectors for industrial
capaci ty, which is now approaching saturation. Instead,
we find ourselves approaching this logistics data base
on an incremental basis through individual weapon sys-
tems developments and by increased sophistication in
computer technology and management techniques. There
is , however , a distinct danger in this sophistication
that we must keep keenly in the forefront: the human
element in weapon and systems operation and maintenance.
This is not to say that our weapons will be technologi-
cally inferior to the weapons of any potential adver-
sary. Indeed, they mus t be equal to or better than
those of a potential enemy . But , in my role as a logis—
tician, and in my past duties as a commander , a common
problem continually surfaces . This problem , and the
issue , is reliability and maintainability versus an
operational capability . And this is what I believe must
be addressed through proper attention to the logistics
aspects of weapons research.

In th is age of the race for technical superiority ,
we are producing weapons systems which are truly
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advanced and which give us a quantum increase in opera-
tional capability. This is due to the efforts of the
research community in keeping abreast of, and applying,
modern technology. However, if the weapon system is
not operational every time it is needed, then all of
our sophistication and technological superiority go
down the drain. What I am simply saying is that the
research community may offer a superb capability but if
this capability Cannot be maintained at an acceptable
degree of reliability, we are gambling that a gun will
not fire when it must fire, or that a vital system such
as a radar will not function when needed.

I think a common failing that exists is that in pro—
ducing capability in a piece of equipment , the fact

• that it must be maintained in an operational environ-
ment by the people who will be available is often over-
looked. The degree of sophistication must not exceed
the level of technical expertise that is reflected in
our bluejackets today. The average sailor of today has
a ninth grade reading and comprehension level, but with
technical training he will have achieved a high school
comprehension level. Although the Navy invests some-
times up to two years of technical schools in these men,
their ability to diagnose and repair systems designed
by PhDs , for operation by PhD8, is lacking.

This can be illustrated by another example. The
SPS4O air search radar was introduced into the fleet in
1961. It could locate and track aircraft at 45 ,000
feet and 250 miles and we needed that type of perfor-
mance badly. But it was a nightmare when it came to
keeping it operating. I had command of an amphibious
group with five SPS4Os in ships of the force and these
were our only air search radars when we were operating
without a destroyer screen , which was most of the time.
During a major portion of this t ime we had only one of
these radars operating and 60 percent of the time it

• was the one on my flagship because I leaned on the
skipper so heavily . Now 14 years later , we still have
prob lems maintaining this radar . We have gone through

t th ree major modifications , and we have spent a consid—
erable sum in doing it. The SPS4O was pressed into
service to fill a need which still exists ; under the
pressure of urgency , not enough time was given to
assuring its maintainability. In retrospect , an extra
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year or two in its development to make sure it was
maintainable would have been a wise and economical move.

The problem is that to provide a capability a sys-
tem must be reliable and maintainable. For those ac-
cepted periods of downtime for preventive maintenance
or system malfunction , the system must be designed to
be maintained by the level of technological competence
of those operating the equipment. The task ahead,
then, is to design capabilities which are superior, to
allow high reliability factors, and to assure that
maintainability is wi-thin the technical expertise of
those faced with its operation. There is an adage

— within the Navy which -states: “Not~hIng is sailb~—
proof.” This is most appropriate, sii~ce equipment ~~~

- - - .

which functions extremely well during evaluation under
the care of highly skilled technicians does not always
function quite that well under the rigors of its opera-
tional environment. Certainly then the logistics as-
pects of research mus t be concerned with the actual
details of the operational environment.

3.3 Conclusion
I realize that I have dealt with a broad generality,
and I do not mean to imply that all systems now in use
or contemplated f or the future are to be valued in low
esteem. However, there are systems or components of
systems which have been technically superior when
introduced , but which have failed miserably because
they were in a down status more than they were in an
operational status. Complexity and sophistication are
impressive and invoke wonder in certain circles , but
when we are on the line , working equipment is a bit
more reassuring. We can be sure with the shrinking
defense dollar and accelerated cost of needed system
capabilities we mus t give the taxpayer the mos t f ire—
power and system performance for his tax dollar that we
can. The name of the game is a ready and strong line
of defense to preserve our nation’s peace and to pro-
tect it in a time of crisis. The, research community
can contribu te by developing systems and weapons that
are reliable, maintainable, and supportab le and these,
the logistics aspects of weapons research, are what I
consider the real problems of research and development.



Chapter 4

MAJOR LOGISTICS PROBLEMS 
—

Lieutenant General William W. Snavely, USAF
Deputy Chief of Staff (Systems and Logistics)

4.1 Introduction
My objective is to present a few ideas on major logis-
tics problems confronting the Air Force to stimulate
thinking on the kind that can be attacked in research.
I shall consider three main areas of interest. First,

— 
there are the dynamic interactive relationships in
logistics systems . Second , there is the acquisition
process which brings material into being and into the
logistics system; I prefer to call this front—end
logistics. Third, tl-°re are the processes of the logis-
tics support system its..lf; these are the processes
that control management and replenishment of the logis-
tics system such as determination of requirements, dis-
tribution , maintenance, service engineering, procurement,
and their associated individual management processes.

4.2 Dynamic Interactive Relationships
Logistics is a vast subject composed of the many ele-
ments of determining requirements , acquiring what is
needed , and distributing or otherwise assuring that
things are taken care of. Each element represents a
whole family of problems for study. However, what must
be understood is that the elements are highly in ter-
active. They must work together at a variety of levels
throughout the logistics spectrum. This is fairly well
understood at the higher, or macro , levels and yet
there is extreme difficulty in clearly establishing, or
quantifying, cause and effect relationships between
parts. Herein lie many of the difficulties experienced
by logistics managers in the areas discussed below.

To solve this cause and effect problem, logis tics
managers and researchers must achieve a good under-
standing and a valid description of what impacts the
separate logistics processes have on one another. This
is essential because management effort  and organi zation
are functionally oriented and focused on optimizing per—
formance of one process or segment of the logistics
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system. Even policy development and implementation
tend to be along functional lines. The result is a
s
~disconnectII that hampers our ability to perceive cause
and ef fe ct relationships and a full understanding of
the factors within the individual processes that deter—
mine costs and establish effectiveness. This leads to
the other areas I will discuss : areas that are high
resource consumers or which determine other costs.

4.3 Front—end Logistics
As briefly sugges ted above, front—end logistics deals
with the interaction and impact of the following on the
logistics system: (1) elements of design such as
reliability and maintainability; (2) concepts of opera-
tion and maintenance; and, (3) processes such as pro-
curement . To set the stage I will comment on some of
the actions taken by the Air Force to improve front—end
logistics.

We have recognized for quite awhile that if life
cycle costs are to be reduced , a major part of this
reduction must occur at the time of system definition
and development. We have established logistics organi-
zations within the Program Management Office in effect
to be responsible for logistics throughout the acquisi-
tion period. We have about 40 of these today. It is
their job to assure the influence of logistics on sys-
tems design, to design the support system, and to plan
the support for the system designed. In addition, the
Air Logistics Command has estab lished a Deputy Chief
of Staff for Acquisition under a major general to bring
together in a cohesive way all of that Command’s ef—
forts to interface logistics considerations during the
acquisition process . This is a sizeable organization
of some 250 people .

Progress has been made on focusing attention on
logistics effects during systems design which has re—
suited in significant improvements in the design of our
newer sys tems such as the F—15 , A- 1O , B~l , and AWACS.
Many of these systems have three times as many quick
disconnects , four times the number of access doors ,
one—third fewer hydraulic filters, and one—third the num-
ber of instrimients of some of our latest systems pre—

- • •ent ly in the inventory . As a result these systems will
require 15 percent fewer maintenance personnel and have

- - -
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turn—around times almost half as~ long as their older
counterparts .

To take advantage of knowledge gained from support-
ing systems we have in being, we have placed consider-
able emphasis on the development and use of “increased
reliability of operational systems” (IROS). This is a
program: (1) to collect maintenance or technical defi-
ciencies observed in the field and depot; (2) to record
systematically these data by weapon system and compo-
nent; an.~ (3) to rank the components within the system
on the basis of cost to support , impact on safety, and
impact on mission effectiveness. We have found that
typically 1% of the items account for 30% of our costs,
and that 50% of our costs are caused by 7% of the items
Involved. The IROS data are compiled into handbooks
together with the modification history of the compo-
nents and these are being made available to designers
and technicians for use in the design of new systems,
engineering changes, and modifications.

However , we have only begun to scratch the surface
in use of IROS data. Additional analysis and study are
required to exploit fully the potential represented.
We anticipate payof f s  such as the development of logis-
tics forecasttng techniques for use on major systems
for determining the impact of changes in design , for
forecasting future production and support costs, and
for determining whether further improvement in reli-
ability and maintainability is preferable to increasing
the number of spares or increasing maintenance man—hours.
These are only a few of the uses that can be made of
IROS data. The whole area of achieving the potential
promised by these data should be particularly attractive
to researchers. There is a large data source and there
are people knowledgeable about the data being reported.

The use of life cycle cost models to identify logis—
tics effects is another area in which we have made
progress. These models have been, and are being, used

3 in the development of new systems and equipment.
Though we have achieved some notable successes, such as
the use of the “acquisition based on logistics effects”
(ABLE) model in the A-b program, much of our work has
been characterized by large amounts of effor t  for small
achievements. Our program here is not the developmen t
of new models, but way, of exploiting the models we
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already have. In this area there is ample challenge
for both the research and management communities to
make workable the models we have now . Actually , we need
to make them work with data that are also available.
Much work also needs to be done in translating the logis-
tics effects noted by our models into design—tradeoff
choices , not jus t for the manager , but also for the
design engineer to use on his drawing board . We have a
long way to go in assuring that the design engineer
understands the effects of design choice on total sys-
tems cost as well as on performance.

Another front—end logistics process that interacts
with several functional areas is provisioning; this
accounts for three to four hundred million dollars of
spending per year. It interacts with such things as
the requirements determination process , procurement1
and pricing activities of both the contractor and the
contractor production planning activities. Provision—
ing is dedicated to putting into the logistics system
the parts and aerospace ground equipment required to
support initial operational use of a new weapon system.
The interface between the ordering of spares and the
production—purchase planning of the prime contractor is
not well understood and therefore methods •to handle
effectively these interfaces are not present in our
procedures . Based on initial studies, it appears that
a cost avoidance of tw o to six times the unit cost now
being paid for many of our provisioning spares is
achievable through accommoda tion to, and understanding
of, these interfaces. This represents a mos t fruitful
area for definition of cause and effect  relationships
of the interacting processes involved , and for further
research.

There is one more area of interest related to the
front—end logistics process, namely, that of “war
readiness spares kits” (WRSK) . These are kits provided
our combat uni ts to permit them to deploy away from
their home bases . The objective is to provide a period
of operational support up to 30 days , utilizing a
“remove and replace” concept until resupply can be
established and a maintenance capability can be devel-
oped at the operating site. Some of our WRSKs cost
well over 50 million dollars each and our current inven-
tory amounts to around 428 million dollars . Under our
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current WRSK authorization and maintenance criteria we
would have to spend another 327 million dollars on
spares to meet our WRSK objectives by the end of fiscal
year 1976. This would result in a 755 million dollar
WRSK inventory——a considerable amount of resources.
Therefore, we have undertaken several studies in this
area. One of these is to test the ‘ffectiveness of
current A—7 , F—4 , and RF—4 WRSKS in support of planned
wartime activity (Saber Readiness Delta) . Another has
the objective of minimizing the cost of WRSKs needed to
support planned wartime activity by determining the
most effective and efficient WRSK composition. Some of
the questions we are trying to find answers to are the
following. (1) Could early deployment of intermediate
maintenance (added repair capability) reduce WRSK size?
(2) Would this early deployment of maintenance resources
compound resupply problems of deployed units? (3) Would
enhanced air resupply with its resultant resupply times
preclude the need for deployment of large intermediate
maintenance forces with their own attendant support
requirements, that is, food , clothing, shelter , and
other personal needs? (4) Would reduced air resupply
times provide a cost effective tradeoff in lieu of
deployed intermediate maint enance without loss of com-
bat effectiveness? These questions and many other mat-
ters relating to WRS Ks are important and require our
attention and study. The Air Force would welcome the
efforts of the research community to contribute to their
resolution.

4.4 The Logistics Support System
The problems here relate to the processes that control
the management and replenishment of the logistics sys-
tem. The primary question involving the logis t ics sys-
tem concerns readiness. Is the logistics system capa-
ble of supporting sustained combat operation? Readi-
ness determinations within the Air Force today are
focused on the combat unit bevel. They are geared to
answer such questions as the following two. Is chat
unit equipped , manned , and trained to meet its wartime
tasks assignments? Does it have on hand those supplies
munitions , and specialized items to meet its combat
commitments? Underlying this assessment is the assump—
tion that the logistics system can sustain these

• - -U ~~~~
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operations . This brings up such questions as the fol-
lowing four. What is our stock availability and its
status worldwide? What is our depot maintenance capa-
bil i ty? What is the availability of bits and pieces
to support accelera ted maintenance lines ? What is our
transportation and associated capability to prepare and
move materiel through the system? Today we flave indi-
vidual performance indicators such as “not operational—
ly ready supply” (NORS) , and back order rates , and pipe-
line times, to assist us in making these assessments.
The problem here is in determining what these indicators
really mean: if they reflect a negative trend does it

— 
mean that the logistics system is not ready to meet its
commitments, or are they merely reflecting a transitory
condition ? More importantly ,  what needs to be done to
alter these trends? What is the cause and effect rela-
tionship amongst the various functions they monitor?
Information particularly conceri tng cause and effect is
not available today, and it is badly needed because the
answers to these questions have grave impacts on plan-
ning, progrAmming, and bud geting decisions and on
management assessment of significance and determination
of corrective actions to be taken.

To answer the above questions and to find the cause
and effec t relationships require a great deal of study
and the development at least of what I would call a
“loose” or informal model. We are undertaking such a
study in attempting to develop a logistics readiness
model. Its objective is to bring together various in—
f ormation systems now available that cover each segment
of the logistics system and to see if these segments can
be related in a meaningful way. We hope in so doing we
will have the capability to assess by model—series of

• weapon systems the ability of the logistics system to
meet assigned war i~tssions and to determine the impact
of unprogrammed flying hour surges, budget reductions ,
or materiel drawdowns to support nat ional policy . And
finally, we hope to be able to evaluate alternative
resource allocation strategies in terms of wartime
requirements . Any assistance the research community can
give in attaining our goal would be appreciated.

Another area of great interest that needs continued
study is maintenance. It accounts for very large costs .
Nearby half the people in logistics are involved in
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maintenance and logistics accounts for about one—third
of the people in the Air Force. Consequently , there is
a high payoff in concentrating on examining maintenance
processes. We in the Air Force have done an extensive
amount of study and we have taken several actions to
improve our management techniques through the use of
automation and standardization programs such as “main-
tenance management information and control system”
(MMICS) and “rivet rally.” Yet much needs to be done
to examine the processes themselves. We need improved
understanding and definition of what should be accom-
plished at the various levels of maintenance, particu—
larly at activities involving depot and intermediate
base maintenance actions. Some of our recent studies
indicate a redundancy of effort between these mainte-
nance levels. The questions , of course , are the fol-
lowing. Should these activities be performed at both
levels , and what should be the division of work between
the various levels? What should the inspection interval
for equipment be and what should the work content be?
This is another area for f rui t ful  research because data
are available and there are people who are knowledgeable
in various aspects of the maintenance system.

Another area of depot maintenance that requires
study is the question of the sizing of our depot main-
tenance facilities. To date the push has been to con—
solidate depot facilities under the assumption that we
can economize through consolidation, in essence we are
in search of that sizing of our industrial facilities
that will maximize our economies of scale while pro-
viding the support required. The major problem here is
that research literature abounds with the theory of
economies of scale, bu t li ttle has been done in actual
studies concerning real—world production facilities.
And what has been done is concentrated on looking at
manufacturing operations where the processes are well—
defined and repetitive in nature. The maintenance
activities of our depots are different in nature. They
are determined by inspection requirements or by what

• needs to be done to repair a piece of equipment or
weapon system to return it to full service. Therefore,
the extent of the work involved and parts required can
vary greatly from one situation to another. For example,
the limited studies we have conducted to date indicate
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that considerab le variability exists in the amount of
man—hours required to repair the same type of compo-
nents going through the same repair line . In research-
ing this area , the questions that must be answered are
the following. What is the optimum size repair facil-
ity ? What impact does the range of items have on the
sizing of a facility? What are the factors that must
be considered in sizing a depot maintenance facility?
This list could be continued but the size and scope of
the effort involved should be apparent by now. I hope
the logistics research community will undertake this
effort  for  the payoff promises to be large in reducing
the 1.4 billion dollar yearly expenditures f or our depot
production facilities.

4.5 Conclusion
I realize that my discussion has been rather broad and
generally encompassing and yet I have only been able to
touch on some of the problems we are dealing with in
Air Force Logistics. I hope I have achieved my purpose
of providing a frank discussion of some of our impor-
tant problems and that I will stimulate interest in
accomplishing research in these areas . The research
community is a fundamental ingredient in our eff orts
to solve these prob lems and reduce logistics support
costs. We most certainly need help in selling and
implementing innovations, in measuring the results of
these effor ts, and more importantly, in narrowing the
gap between research findings and practical application
of these findings.
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THE ORGANIZATION OF INFORMATION
FOR LOGISTICS_DECISION_MAKING* 
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Murray A. Geisler
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5.1 Introduction
This survey was prepared for the session on logistics

• data collection , representation , and analysis, which
covers a wide subject area. Therefore, the material
that can be presented must be narrowed, or at leas t
focused. To help in this endeavor, the general theme
selected for this paper is the organization of infor-
mation for logistics decision—making. Even this focus
is quite broad , and the paper will be specialized fur-
ther in terms of the subject matter  in logistics that
is stressed. The use of inf ormation in logistics
decision—making is itself an evolving one , which has
its own foundations in many disciplines . Some of the
early work in logistics draws heavily from statistics ,
particularly of the descriptive kind , such as portray-
ing frequency distributions and endeavoring to deter—
mine the prob ability law that seems to describe the
demand for spare parts . Such descriptive work pro-
vided very useful insights into the nature of logistics
prob lems . For one thing , it led to the general notion
that demands for logistics resources are highly van —
able in both frequency and quantity . This early work
also indicated that the costs of logistics resour ces
vary considerably.

Other insights helpful in early logistics research
came from economics, with efforts to apply the theory
of the firm to logistics situations . These concepts
dealt particularly with notions of marginal analysis
and marginal productivity. These generalized concepts
were helpful in the development of inventory theory ,
and in the recognition that logistics resources can be

*Thjs chapter has been published (in slightly revised
form) in M. A. Geisler (ed.)(b975) . ~~~~~~~~ North
Holland/TINS Studies in the Management Sciences 1 35—51.



Chapter Five 36

traded off against one another in order to attain
specified objectives at lower cost.

Of course , the techniques of operations research have
had their major role in logistics , and these techniques
make heavy demands upon data systems and the processing
of such data with the assistance of computers. Much of
this discussion will center around the period during
which operations research helped to develop our under-
standing and progress in logistics.

The survey thus has the following structure. It con-
tains a nuither of illustrations from logistics on how
information has evolved in its role for decision—
making. The illustrations cover a few of the earlier
uses , with some indication of how these uses have
evolved into more complex requirements. The illustra-
tions are then followed by an overall perspective on
the current state of the field, with some discussion of
where the challenges now exist.

The overall survey is supposed to cover the subject
of data collection. This is a very large topic, and it
involves methodological and even technological issues .
As will be seen , this subject will be treated in the
context of the specific examples rather than trying to
treat the subject in its entirety. However, a few com-
ments might be made on the data collection area to
indicate its content. Data, and hopefully good data,
are the essence of logistics management. So much
hinges on inventory knowledge , be It of people or
things , and the transactions that occur with such logis-
tics resources. Earliest progress on data collection
both in inventory and transactions was made in supp ly,
maybe because the counting and control over inanimate
objects is a much easier operation than the counting
and control of peop le , such as in maintenance.

In a similar manner , the fi rst uses of computers were
made In the supply area , and as a whole this area has
progressed further than others , not only in the data
collection process , but in the general level of logis-
tics management. However , even in supply , there are
conceptual and definitional issues that affect  the data
collected . Thus , there is the perennial question of
the meaning of demand. Typically, the data collected
identify “issues,” which in concept is different from
“demand.” Efforts are made in some data collection
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systems to obtain demand data , usually in addition to
issue data , but these lead to complex coding and pro-
gramming problems , with consequen t costs and arbi-
trariness in the data obtained.

The reporting of maintenance m an—hour data , which is
fundamental to maintenance management , is affected by
various biases. Since these data are used to evaluate
and justify maintenance manpower needs, there is the
persistent feeling , with some evidence, that such num-
bers tend to be inflated in order to report that people
are kept busy . Aside from having its effect  on deter-
mining realistic manpower requirements , biased data can
have their unfortunate effect  on other logistics policy
issues, such as where maintenance functions can be
economically located.

This interaction between data collection and report-
ing , and institutional behavior , means that logistics
data cannot be treated as abstract numbers of objective
information. The user of such data must be familiar
with the institution and the incentives that affect
t •iose who report the data , and this knowledge must be
an integral part of the interpretation that is given to
results obtained from the use of such data.

Data collection also deals with such subjects as
forms , consis tency checks , and in certain areas with
the possible use of new technology in collecting data.
Some of the problems created by the availability of
this new technology will be raised subsequently in this
survey , but there are also certain logistics areas where
it is clear that the existence of new capabilities could
be most beneficial. The reference in this case is the
supply dIstribution function in logistics. Studies of
supply pipeline data indicate that the addition of fast-
er means of transportation has not necessarily led to
much reduction in pipeline times. The reasons for this
result seem to lie in the delays incurred as the resup-
ply action passes from one phase to another. Often
these delays are associated with the paperwork involved
and the manual actions required by the people in the
process . Technology involving special encoding and
recording devices has been tried to facilitate the
recording of the paperwo rk and the movement of the cargo
through the successive stages of the pipeline , with some
success. It does look like a promising area, but it is
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just  one of many in which technology can contribute to
the data acquisition area and at the same time facili-
tate the logistics process.

The remainder of this survey will concentrate on the
other topics in the area: representation and analysis,
with the focus on the theme of the organization of
information for logistics decision—making. This writ-
er’s experience in logistics in the pas t 20 years has
been almos t exclusively confined to Air Force studies .
Consequently, the illustrations deal with the Air Force
logistics system and aircraft. However, It is believed
that the nature of the prob lems discusr~ed , the results
developed, and the current state of the field are quite
general in their relevance to the other services and to
the theory of logistics, if such can be assumed to
exist as an entity .

5.2 Supply Il1ustr~tion
In the early days of supply and inventory analysis , a
basic insight was developed with respect to spare parts
used on such weapon systems as aircraft. This knowledge
was gained through a special data collection system used
by the Air Force in the early 1950s to help provide in-
sights into the inventory management problems then being
encountered with the B—47 aircraft. From these special
data, frequency distributions of demand over substantial
periods of time, such as a year , showed that relatively
few items were demanded , and that of those that were
demanded a very few accounted for the bulk of the demand
generated . This experience varied from earlier supply -

behavior, in which for categories such as f ood , fuel,
clothing , and so on , the demand or usage tended to be
comparatively stab le , so that the terminology “days of
supply” was standard in supply manuals and statements

• about s~Apply requirements . However , such terminology
does not. f i t  very well the sporadic and variable demand
of spare parts . Only in recent years have some of the

• official publications dropped the notion of days of
supply in dealing with spare parts stockage.

This aircraft demand analysis led to the use of
prob ability models for setting supply policies . Ef—

• forts were made to f i t  prob ability models to observed
demand behavior. The PoIsson distribution, with its
single parameter , was an early favorite , folLiwed later

___________________________
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by the negative binomial , compound Poisson , and so on.
These more con’~plex demand models were intended to
reflect uncertainty about the dewand parameters as well
as the variability in demand itself related to the
stochastic nature of the process.

These prob abilistic insights led to the notion that
the inventory problem was one of providing a given
amount of supp ly protection at minimum supply or sys tem
cos t or maximizing the supply protection for a given
supply budget. Such formulations were made in the
early 1950s . The so—cal led flyaway kits or allowance
tables were early favorite models making applications
of these supply insights . One continuing difficulty
with these models——and it persists today——is the so—
called range versus depth prob lem. Since so many of —

the items have zero demand in any base period , what
assumption should be made about the demand parameter
for such items ? The use of a compound Poisson or nega—
tive binomial distribution helps to provide a model to
reflect this dilemma , and it seems to work relatively
well . This prob lem also helps to highlight the system
?oint of view that needs to be taken with supply or
inventory policy .

Because of the high uncertainty attached to the
demand parameters of mos t spare parts or line items ,
the inventory manager must view the supply management
in a system context . He cannot guarantee inventory
availability item by item under budget and space con-
straints, but he can only aspire to a level of supply
effectiveness for the given weapon system or group of
items . Thus , the expectation is that certain of the
zero demand items in one year will have a demand in the
next year . Since inventory may not be on hand for all
zero demand items for most inventory systems , there will
be stockouts, but for the system taken as a whole a
given percent of demands or some other related index of
supply effectiveness is expected to be satisfied.

The supply data analysis problem has also dealt with
the question of an adequa te performan c~ measure for sup—
ply. Many have been developed and used: fill rate,

• stock rate, backorder days, and so on. In one way or
another , these measures are themselves proxies for more
comprehensive measures of supply performance , such as
NORS (not operationally ready supply) . The question of
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which of these measures to use tends to be determined
by validity, custom, ease of computation, and the par-
ticular mathematical formulation involved. Certain of
the measures have mathematical properties that facili-
tate the use of optimization techniques, and others
seem to provide an inventory policy that is closer to
the objective function deemed most realistic for supply
management.

Aside from prob abilistic models to reflect demand
behavior , ef fo r ts have been made to employ demand fore-
casting techniques, especially various kinds of smooth-
ing formulas. The success with these techniques in
forecasting demand for aircraf t spare parts has been
spotty , prob ably because of the generally low demands
for such spare parts . The particular smoothing formula
does not seem to make that much difference in the effec-
tiveness of a supply policy. The recognition that the
inventory process needs to be considered in a proba-
bilistic context, and that the problem is one of re-
source allocation under uncertainty, seems to contrib-
ute much more technically and operationally to inventory
management systems involving stochastic demands.

The design of computerized inventory systems has also
reflected the knowledge tha t demand f or many items seems
to be low and erratic. This insight has led to the no-
tion of having current centralized inventory information
for control purposes , so that assets can be responsively
moved around the sys tem , from one location to another ,
as demand causes changes in inventory levels or as new
assets enter the system. This kind of centralized man-
agement seems to be especially well suited to so—called
high—cos t items because of the limited quantity of such
items that are procured for inventory purposes . Such
control systems must deal not only with the distribution
problem, but with the component repair problem as well.
This situation requires control sys tems with multi—
echelon capabili ties , since curren t logistics structures
permit both stockage and repair at several echelons.

5.3 Maintenance Example
A major insight in maintenance developed a number of
years ago in the late 1950s when it was clear that the
data available for aircraft maintenance management
lacked some ritical data elements that are necessary to



Geisler 41

obtain better control over scarce aircraft and mainte-
nance resources . These data elements included the job
start and job stop times and the number of men involved
in a maintenance task. Additional Important information
included the reason for jobs being delayed, either in
starting or in continuing to completion.

It took a number of years and much demonstration,
especially through field tests , to secure the inclusion
of these data elements into the USAF Maintenance Manage-
ment System (as contained in Air Force Manual AIM 66—1) .
Aside from the need to demonstrate improvement in man-
agement, there is always the difficulty present of

— introducing change in- large organizations, with the need
to secure agreement among all commands , to change the
instruction manuals, and to print new f orms in the mil-
lions. All of this effort takes time.

With these additional data elements as part of the
AIM 66—1 system, it is possible to produce time traces
that show the minute by minute maintenance status of an
aircraft at base level. The focus of the maintenance
manager is on the maintenance status , and the time trace
can show if an aircraft is in maintenance , with no main-
tenance being performed on the aircraft. This kind of
display is important because the presumption is that the
goal of a maintenance organization is to complete main-
tenance on a multimillion—dollar aircraft as rapidly and
and as efficiently as possible , and management should be
concerned if the disp lay shows that substantial periods
of time occur with no maintenance being performed. This
type of display can be used to show the length of delay
as well as the reasons for the delay. At this point,
the full benefits of these displays are not being real-
ized because they do rely on computer programs that have
not been made a standard requirement for all Air Force
organizations . However , they have been used in many
test situations.

Such display information tends to be diagnos tic in
nature . Over time , it helps to identify the amoun t of
delay and the causes of delay . It helps management to
make changes in resource allocation , work schedules,
inventory policy , and so on , that can help to reduce
the delays , and thereby presumab ly speed up the turn-
around time for aircraft passing through maintenance.
Various scheduling rules and goal—oriented techniques
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have been developed f or use along with these displays ,
but these methods have been primarily exploited in
research and test situations.

The diagnostic usefulness of such display information
needs to be supplemented by other decision—making tools,
particularly models that provide guides to longer—term
resource allocation. Such planning models are especial-
ly useful in dealing with steady state or essentially
equilibrium conditions . They recognize that there mus t
be a tradeoff between maintenan ce responsiveness and the
resources assigned to maintenance on a long—term basis.
Models of this nature can be quite aggregate or they can

— be highly detailed.
Both SAMSOM and L—COM, two major modelling eff orts

done at Rand and the Air Force In the mid—1960s, are
examples of detailed simulation models. These models
deal with the tradeoffs between operational capability
and logistics resources . They made demands on the stan-
dard data systems for detail that was not then avail-
able. Thus, it was early experience with SAMSOM during
the mid—1960s that stressed the need for the augmented
AIM 66-1 data system, particularly on team—size detail,
f or each maintenance job . And L—COM, which is a net-
work model, required construction of the aircraf t main-
tenance task networks down to the black box or module

— 
level, and to specify for each task the specific main—
tenance AFSCs (Air Force Specialty Codes) used. Both
these models , particularly L—Cc*(, h ave been used in the
Air Force , and for purposes beyond those originally
intended . It is unders tood that L— COM has been vail—
dated against real world experience with sufficiently
satisfactory results that it is now being used to develop

4 resource requirements for maintenance personnel, and
ground support equipment , under a variety of operational
conditions for mature weapon systems , as well as for
some newer weapon systems .

Thus , models have also helped establish additional
data collection needs , because such data are necessary
to permi t the use of such models in planning and other
functions of management . Realization of the full bene—
fits from these additional data elements in day—to—day
base— level operating management in performing such
activities as maintenance scheduling, j ob dispatch , man—
power control , and so on , will have to await further
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progress in the availability of computer—based mainte-
nance management and control systems.

5.4 Scheduling Example
A significant tool for resource allocation is known as
scheduling. By scheduling we mean the assignment of
resources over time in such a way that stipulated goals
of the organization are being satisfied. Scheduling
can be done for varying time periods. Some schedules
are prepared to cover a month’s activities, giving day—
by—day detail. Others are prepared for each day to show
the specific actions and assignments for the day.

— One key type of scheduling prob lem important to
logistics is that concerned with the operation of air—
craft at airbase level. Within a command, such as the
Strategic Air Command , bomber aircraft are flown for
aircrew proficiency training. The scheduling work in-
volves two major components : (1) the so—called opera-
tions scheduling which involves the specification of
the training to be done on each sortie, taking into
account the status of training of each of the crews ;
and (2) maintenance scheduling, which involves the
selection of aircraft for each training mission and the
scheduling of the maintenance tasks and resources for
making the aircraft mission—ready .

This discussion is oriented toward this kind of
scheduling problem because it contains most of the com-
plex elements that must be treated in making progress
on scheduling , especially in using the computer , be-
cause the current capability , at least within the Air
Force , is dependent on manual forms of scheduling. Such
limited computational capability restricts the options
open to the scheduler in seeking to improve the quality
or performance of his schedules.

The scheduling theory and its implementation for
operations—maintenance scheduling are in a relatively
early and developmental state. This work is truly a
research and development prob lem of the l970s , with
antecedents in the late l960s. Its complexity arises
because a schedule must satisfy both objectives and
constraints , and these are sometimes mutually contra—
dictory or at least interacting in relatively sub tle
ways . Scheduling of aircraft operations for training
purposes , for example , has historically been a heuristic

—-a—- - - -
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process , with much of the work done manually . The
result is that scheduling is recognized as a tortuous
process that permits very little examination of alter-
natives in terms of objectives or allocation of re-
sources.

Current aspirations f or advancing the state of
scheduling capability are to provide a man—machine
environment, in which the scheduler can experiment with
alternative schedules , trying to fit in various circum-
stances that could affect either the aircraft status or
the people involved in operations and maintenance.
Since such a nonspecific condition characterizes sched-
uling , it is necessary to provide flexibility to the
scheduler and to permit him to give more or less weight
to different parts of the scheduling interactions. This
manipulation of the schedule is a way of making goal—
setting decisions and observing the consequences on the
schedule. This weighting of different aspects of the
schedule basically relates to notions of utility as per-
ceived by the scheduler. The scheduler tries to bring
in his utility preferences to reflect specified objec-
tives or requirements, bu t because of constraints in-
herent to the performance of the scheduled activities,
the heuristic process must take over to resolve the
interactions that result. However, the resulting sched-
ule may or may not please him, so the scheduler needs a
capability to change it.

The scheduling process is thus a continuous one,
since conditions and even goals themselves might change,
so that the scheduler is always assessing the situation
against these goals , seeking to make progress in eff i—
den t and consistent ways. This effort is aided by
various display techniq-~es and analyses reflecting sta-
tus and prob lems.

This type of scheduling process, with its support of
choices , needs a rich data base. In the case of combat
crew training , it requires much detail on the status and
characteristics of crew members, the composition of
t raining curricula , the outcomes of training exercises
and tests , and much information on each training air-
craft as well as the resources used to maintain the air-
craft .

In the initial formulation of the scheduling process,
it had been thought that the development of the
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underlying information system could be undertaken inde-
pendently of the development of the scheduling algo-
rithms. This assumption was made because it was felt
that the existence of a data base that could be queried
on—line would be a useful tool for the managers, and it
could also be done relatively early in the development
process. However, the interlocking nature of the que-
ries and the scheduling process has become so evident
that the old concept has been dropped , and it is now
accepted that there must be the concurrent development
of the scheduling algorithms and the associated data
system.

Scheduling has significant implications of data
presentation and analysis for a variety of reasons.
For one thing, it is viewed as an interactive process
between man and the computer. This means that access
to the computer should be made relatively simple and
easy since the schedulers will not typically be com-
puter specialists. Second, output from the computer in
terms of displays should be easy to read and be helpful
in providing ways to improve schedules. The art and
technique of displays in the man—machine process de-
serves special recognition in successful implementation
of scheduling systems.

Basically , what it would be nice to have is a sched-
uling black box into which the scheduler puts his ob-
jectives or utility preferences related to the tasks to
be scheduled , and out of which come schedules that he
can modify rapidly as he tries to resolve the conflicts
in goals and constraints. The black box would contain
all the curren t data, heuristics , special constraints,
and so on , needed by the scheduler to obtain feasible
schedules , and his efforts are then focused on improving
the schedule ’s quality . This kind of sys tem is not easy
to achieve , bu t if it could be done, the scheduling capa-
bility will have advanced a great deal.

“What if” questions should also be made easy in an
interactive scheduling system. The purpose of a sched-
ule is to accomplish certain objectives, and so a sched-
ule , if followed , can show outcomes that serve as res-
ponses to “what if” questions.

As is clear , this scheduling theory and study effort ,
along with its information system complement , is an
evolving and not particularly advanced research area.
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This means that much of the early effort must be under-
taken by means of experimental and evolutionary proto-
type systems that will help to suggest further steps in
progress to truly implementable systems that have the
capabilities required in an operating situation. From
exposure to various studies on scheduling and other
types of logistics management systems involving man-
machine interactions or other complex organizational
decision—making activities, the importance of using
prototypes to learn about the desirable and undesirable
characteristics of such systems cannot be overstressed.

— 
5.5 Data Acquisition
The history of logistics data has been strongly focused
on the process of data acquisition. The creation of
systems in the Air Force such as AIM 66— 1 and AFRAMS
(the Air For ce recoverable asset management system) has
been marked by management efforts  to ensure complete
reporting, accurate data , and hopefully , effective use
of the data products~

The advent of built—in automatic reading and record-
ing sy,tems (usually referred to as AIDS, standing for
“airborne integrated data systems”) has made it much
easier to collect data on aircraft conditions in flight.
One intent in using AIDS is to reduce aircraft downtime
by more rapid reporting and diagnosis. As a matter of
fact, with the introduction of AIDS , the situation may
be becoming one of data congestion , which could add
significantly to the costs of these systems because of
the heavy requirements for data processing. With so
much data to analyze, it is unders tood tha t difficulties
are being encountered in using these data rapidly for

• diagnostic purposes. Such techniques as trend analysis -
do not yet seem to have the predictive proper ties that
had been anticipated , except in limited instances. Fur—

S thermore, it appears as if the problem of using these
data for diagnostic purposes may call for basic kinda of
engineering knowledge that may not yet be fully in hand.

It seems as if the problem is one of developing
greater understanding about the basic failure processes
so that a model of the physical environment can be used
to generate the data requirements and to interpret the
diagnostic data in ways that improve logistics support .
There has been some experience on the problems of data

I
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collection oriented toward these engineering and logis-
tics studies through special field tests on specific
aircraf t types and in par ticular operational environ-
ments. For the tir ’i being, it seems that these diag-
nostic effor ts must be tailored to specific problem
situations because of the lack of basic technological
understanding about the failure process. Under this
learning situation, it is difficult to standardize the
analysis process for which automatic systems are typi-
cally designed.

The point of this discussion is to raise some ques-
tions about the use of expensive and also possib ly
unreliable sensor or other recording equipment to col—

— lect large quantities of data when more understanding
is required to make eff ective use of the data. It
would seem that there is a need to invest more effort
into research on failure analysis oriented to explain-
ing the failure process in physical and engineering
terms, so that the data and interpretation produced by
such recording and testing equipment are valid and
reliable, with resulting important logistics benefits.

The logistics implications of what is being said
about such automatic recording systems can be illus—
trated by the following. With the current use of
integrated systems, especially in avionics, incorrect
diagnosis can cause the removal of black boxes , which
when returned to some repair facility are found to
function perfectly upon being checked . This means that
the repair pipeline contains serviceable modules that
tend to inflate demand statistics and pipelines , with
consequent increased procurements of ext ra spares , as
well as additional expenditure of man—hours , transpor—
tation , and so on.

Limited experience from previously mentioned field
tests with integrated avionic systems indicates that
such RTOK (returned, tee~ed OK) modules may occur notonly because of har~ iare deficiencies but because of
limitations in the software used in AIDS to diagnose
and interpret the condition of the individual but inte—
grated hardware elements . It is important to under—
stand whether this inadequacy could reflect an unsatis—
factory “model of the world” as contained in the soft—
ware rules, or whether the diagnostic routines which
are also in the software need improvement. Experience
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with such prob lems is too limited to provide definitive
answers to a situation that involves a combination of
analytic, engineering, and logistics expertise. These
multidisciplinary prob lems are becoming more central to
analysis, control, and operation of logistics systems.

5.6 Exploitation of Data Variability
This technique , which is an ancient approach to data
analysis, has been exploited in important ways in logis-
tics. The basic notion in science is that of experi-
mental design. One establishes a desigr. in which the
treatments accorded differen t subjects or objects are
varied in a pre—established way to help evaluate the

— effect of the treatment on the outcomes being measured.
Now for many laboratory and other controlled situations,
this scientific approach can be followed , and it has
been very successful.

In institutional or real world situations , such as
logistics, where there are complex phenomena in which
the interactions are very imperfectly understood, so
that it is difficult to establish a so—called controlled
experiment, opportunities can be found to exploit the
types of variability that occur naturally through the
replication of particular events. This approach can be
especially useful when one is dealing with problems in
which the theory for explaining causes is lacking or
not understood. This situation is not infrequent in
the logistician ’s world. In the absence of theory,
decisions on physical activities are sometimes made
through policy declarations that in effect are subjec-
tive determinations of what seems best to do under the
circumstances. Unprogrammed or inadvertent deviations
from such policy, which could be the result of many fac-
tors, provide real world experience that may offer
opportunities for evaluating the established policy.

A good example of this experience can be provided
from logistics. The time interval between major inspe c-
tions of an aircraft at a depot is based on policy that
contains subjective elements. Changes in the inspec—
tion interval are made from time to time, presumably
relying on experience obtained in the course of mainte-
nance, as well as the number of aircraft that are in the
depot , and therefore the resources that must be provided
to th is activity . As the interval is extended , fewer
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aircraf t are in the depot, and the maintenance capac-
ity required is reduced. This depot inspection and
repair activity is not inconsequential from a resource
viewpoint Therefore, there are good reasons to seek
judicious extension of the interval .

As has been said, interval setting and extension is
somewhat a subjective matter, and an attitude of con-
servatism seems to be followed in changing such inter-
vals . For one thing, there is a desire to retain
resources, since this provides a hedge against sudden
increases in workload. In addition , there is a sense
that it is safer to have aircraf t receive depot inspec-
tions more often rather than less often. On the other
hand, there are worthwhile reasons to extend intervals
more rapidly if evidence suggests it should be done.

Turning now to the theme of data variability using
the aircraf t interval problem for illustration , it had
been first thought that it would be necessary to con-
duct special experiments to get information on possible
interval extensions . This would have been expensive
and even difficult to do technically , aside f r om con-
vincing the institution that such experimentation is
desirable and useful. However, when empirical data
were studied , it was found that through various circum-
stances there were aircraf t that had exceeded the policy
interval by varying amounts , some substantially. Thus ,
by this “accident” the analyst had access to aircraft
that had experienced longer intervals than dictated by
policy. The analysis of these aircraft, in terms of
work to be done , condition, and so on, showed no signif-
icant difference in their requirements from those that
had received their inspections at the specified inter-
val. Consequently, in an empirical manner, there was
evidence that it would be appropriate to consider an
interval extension .

Obviously , in addition to exploiting existing vari-
ability , there is the further option of inducing inter-
val variability, so that experience can be obtained at
inspection intervals beyond those specified in current
policy. This approach involves experimental design,
using induced variability to establish the desirability
of extending the inspection interval and the amount of
extension. This subject is an extremely complicated one
because there is no evidence pointing to one “best”
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interval , at least from an engineering standpoint.
Even the approach taken by the airlines is also an
empirical and subjective one. As one looks at airline
data and analyzes the way in which intervals have been
extended on successive generations of jet aircraft,
starting with the Boeing 707, then the 727 , and now
the 747, one sees a more rapid extension of intervals
for comparable stages of life with each of these air-
craft.

The study of interval extension opens up other as-
pects of analysis. When one examines a population of
aircraft that is subjected to interval extension, there
is a so—called “maturation phenomenon” involved . Thus ,

• if the inspection interval is extended from two to
three years, it takes a full six years before all air-
craft are on the new inspection interval. Therefore,
a decision to move to an extended interval does not
subject the entire aircraf t fleet immediately to what-
ever unforeseen dangers there may be in the longer
inspection interval. However, there is the immediate
benefit from the reduction in resources required, in
this case a reduction of about one—third.

It is possible, if trouble develops, to stop the
interval extension process, and reduce the interval.
Of course, just as it takes time to bring all aircraft
up to the ~ew interval, it also takes time to return
all air cr~ ft to the old interval. From what has al-
ready beei~ said , there is evidence to indicate that
interval ~xtension policies tend to be conservative, so -

that the likelihood of needing to set them back, in the
current environment, is small.

This subject of interval extension provides an
interesting illustration of empirical data analysis ,
combined with some relatively modest mathematical
modelling of simple dynamic relationships as affected
by changing aircraft inspection intervals . Use of
this model shows that it takes a long time for the ef-
fect of an interval change to increase the inspection
interval for the whole fleet of aircraft that go to the
depot for  periodic inspection. It would be desirable
to consider , or at least contemplate , a more dramatic
approach to periodic inspection in order to realize
more rapidly the benefits of interval extension. One
possible way to achieve such a result is to view the
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depot inspection problem as one of sampling aircraft of
different ages, measured in terms of the interval since
last inspection. This approach would permit the intro-
duction of interval variability in a systematic way,
and it may avoid the lengthy maturation phenomenon that
occurs when interval extension is treated as a gradual
fleet—wide policy .

Thus, one possibility is that the problem can be
approached from a sampling context , recognizing that
the appropriate inspection interval is an uncertain or
unknown policy parameter. A strategy could be devel-
oped in which a relatively small proportion of the air-
craft are sent in for inspection at selected intervals,
and an analysis made of their condition. Both the
proportion inspected and the interval between samplings
could be varied depending on the information obtained
and the sampling and inspection strategy followed. It
Is presumed that the sample size selected would be
reasonably small, say, on the order of 10 percent, so
that if the samples were don e annually , this would be
equivalent In numerical terms to a 10—year interval.

Such a sampling approach would drastically change
the approach taken to scheduled maintenance. Instead

— of treating depot visits by aircraft as prescheduled
opportunities to do work, the particular aircraft would
probably be selected randomly from a sample of aircraft
that were of a given age or interval since last depot
inspection. Such a technique is now being used to ob-
tain engineering data on the condition of aircraft, but

• it is not tied in an explicit way to the inspection
policy. This proposal would combine the sampling policy
and the inspection policy into a single process that
would affect  the scheduled maintenance workload at baseç and depot , depending on the sampling outcome.

Obviously , such an opportunistic and adaptive ap-
proach to depot inspection does call for flexibility in
the depot’s capacity to absorb changing workload demands,
but this is the usual environment in which the depot
operates . Time after time , sudden workload demands
occur , be they major modifications or special projects
dictated by operational requirements. Therefore, if
the approach is found to be useful for managing sched—
uled maintenance , the depot should be able to handle
the consequence of some unpredictability in this type
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of workload.
This illustration is given to &- ow the opportunities

for imaginative approaches to old k’roblems . There are
other interesting parts to the scheduled maintenance
problem, including its relationship to unscheduled
maintenance, to modification activity , and to the loca-
tion of maintenance activities, all of which are deserv-
ing of detailed investigation since they could have
large impacts on readiness, manpower savings, and
changes to the logistics structure.

5.7 A Perspective

— 
Thus far , this survey has dealt with specific examples
of how data affect logistics decision—making. One is
always tempted to generalize from these specifics to
try to obtain an overall perspective on where this
effort is tending, hoping that more structured insights
will provide a productive opportunity for progress.

As the examples have Indicated , initially much of
the focus was on the use of data for analysis, largely
statistical, to help identify the key variables of
relationships affecting logistics requirements and per-
formance. Such analysis led to the creation of more
formal and elaborate models of the phenomena. This
work was aided by such concepts as tradeoffs and cos t—
benefit analysis , as well as viewing logistics as a
system. Such views led to the development of models
for studying these tradeoffs. Thus, in the inventory
area, there has been much interest in the tradeoff be-
tween stock levels and resupply time, or tradeoffs
among supply , maintenance and transpor tation of spare
parts. In maintenance, among the tradeoffs  studied has
been that between percent of aircraft NORM (not opera-
tionally ready maintenance) and the amount of mainte-
nance resources availab le, taking into account the air-
craft activity rates and perhaps other factors.

Such models were actively built and used in the late
l950s and 1960g. Their construction and use were aided
by the developing capabilities of computers and various
programming languages. These models undoubtedly helped
to shape some of the developments with logistics sys-
tems and to require the use of more analytically ori-
ented approaches to logistics decision—making. Their
use also led to a requirement for many military
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personnel trained in the application of these tech-
niques, so that models are now becoming a more substan-
tial part of the study and analysis process used for
internal decision—making.

Data analysis helped to shape the contents of models,
and in turn the models helped to determine data re-
quirements that were not already in the ongoing data
collection systems. Such data requirements were some-
times embedded in the routine data collection systems,
or at times special field tests or experiments were
employed to obtain data required for the models.

Most cost—effectiveness models are largely used for
— 

planning purposes, that is, they help in those decisions
or policies that lead to relatively long—term alloca-
tions of resources. The models are also used for sen-
sitivity testing purposes, since the effects of such
long—term decisions should be relatively stable over
the range of conditions likely to be encountered in the
future.

The next stage in the evolution of the use of inf or—
mation for decision—making, and one that is more recent
in its general interest, is that associated with man-
agement ~.ontro1 . These uses attempt to make decisions
based on current information, and the impact of these
decisions tends to be shorter—run in effect. Manage-
ment control systems involve much interaction between
the information system and the decision—maker on a
frequent basis , because the prob lems encountered are
dynamic, requiring the decision—maker to make constant
adj us tments to his plan . The scheduling example dis-
cussed previously is typical of this kind of problem.

The state of the art of management control systems is
probab ly less developed than the traditional analysis
and modelling previously discussed. The former subject
beings up difficult elements of decision—making, such
as utility measures and time discounting, that is, the
degree to which the decision—maker is prepared to dis-
count the future in making decisions about the present.
These subjective determinations cannot be automated,
but rather it is necessary to permit the decision—maker
to introduce his judgment about such factors dynamical-
ly into the decision process.

This aid to the decision—maker must be provided not
only through the specific items of information supplied
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to him , but also through the way in which they are
portrayed for his consideration. Information displays ,
formats of representation, and various triggering or
flag devices for alerting the decision—maker to changed
circumstances are f orms of data representation that man-
agement control systems now require. The techniques
for devising these formats and evaluating them are now
required as part of this new technology.

These man—machine techniques are in early stages of
development because they do involve the interactive
activity of man and computer in decision—making activ-
ity. The principles of this capability Involve heuris—

— 
tic processes that must be created as part of the con-
trol system design process.

In order for the control system to be useful to the
decision—maker, it is necessary that he have a way to
inject his utility function into the control system,
and then observe the results of his actions . Thus the
control system itself becomes a set of heuristics that
operate on the decision—maker’s utility choices, and
then produce resulting decisions and actions . Since
the decision—maker is usually not explicit about his
objectives, or the problems are complex, he needs a
flexible and responsive control system. Without such
capability, the decision—maker’s motivation or ability
to use such control systems is not high because they do
not seem to fit his needs.

There has been some progress through laboratory
studies and field tests on understanding how the
decision—maker in logistics can be motivated to use
the computer in his cont rol process . It has also been
learned through experience that It is difficult and
costly to study this problem with full—blown control
systems. Failures with big control systems are legion
in the management information and control system field.
The limited successful experience with this type of
prob lem suggests the advantageous use of prototypes ,
which provide a means for system designers to learn how
the computer can be most helpful to the decision—maker
by trying to involve him specifically in the design
process in comparatively realistic ways . Thus , the man—
machine interface is itself a parameter of system design
which can vary in differen t parts of the system and at
different phases of the design process , depending on the
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ability of the designer to meet the decision—maker’s
needs. Such insights into the man—machine aspects are
required so that the computer’s role can be defined in
sufficient detail to provide the software, informa tion
inputs and outputs , and other design characteristics of
a control system useful to a decision—maker. This
statement contains an assessment of many years’ observ-
ing and working with logistics management systems. It
tries to be helpful and systematic about what can be
accomplished, but past realities still indicate diffi—
cult experience lies ahead.

From the ranging nature of this survey , it can be
— 

seen that the subject has many facets. In the final
part, an effort has been made to pull the pieces some-
what together to indicate how the processes of data
collection , representation, and analysis interact in
logistics decision—making. Although much progress and
unders tanding have been ach ieved , the prob lems and chal-
lenges are still tremendous. The need for research,
systematic study, and appraisal of what has been accom-
plished and learned will continue. The payoffs in
logistics will be both increased support capability
and more efficient use of resources.
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Chapter 6

THE DESIGN OF LARGE SCALE LOGISTICS SYSTEMS :
A SURVEY AND AN APPROACH*

Arnoldo C. Hax
Massachusetts Institute of Technology

6.1 Introduction
Much has been said abou t the lack of Impact management
science has had in providing effective support to man—
agers , par ticularly at the top levels of the organiza—

— tion. To some degree, this is due to the insuff icient
knowledge on the part of managers who are unable to
understand the strengths and limitations of mathemati-
cal models, and to the naivete of management scientists
who fail to appreciate the complexities of the manage-
ment process.

Large systems, which require sophisticated computer
assistance to operate, are usually expensive and time

• consuming to design. If they are going to serve a use-
ful purpose, their development demands a grea t degree

• of interaction between the managers they are intending
to help, and the management scientists and computer
experts who are responsible for their technical design.
In practice, this interaction is very hard to accom-
plish and most systems fail due to the inability of the
parties involved to communicate effectively with one
another. Moreover, when the system is to support opera-
tional decisions, even if the initial design is done
properly, system -maintenance, expansion, and updating
still remain as great problems. Due to the fast rate of
change of personnel , so typical in today’s business
firma , very often those originally involved in the sys-
tem design are quickly moved up or out of their previous
position leaving behind a complicated apparatus that is

• hard for their successors to understand and manipulate.
This accounts for many cases of initial success and
eventual failure.

5The preparation of this chapter was supported in part
by the Office of Naval Research under Contract N000l4—
67—A—0204—0076 with the Massachusetts Institute of
Technology.
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Some of these prob lems can be resolved by a custom-
ized approach to system design , where the user is con-
fronted with a questionnaire that allows for a quick
representation of the user’s understanding of his deci-
sion support requirements and environment, and where
the system responds with a diagnostic of the user’s
needs and with a suggestion f or a specific system that
is responsive to the user ’s requirements. This process
facilitates the user’s education in the system capa-
bilities , and constitutes an appropriate way to intro-
duce modifications resulting from changes in the deci-
sion environment.

— The present chapter attempts to formulate an ap—
proach to the design of a large—scale , customized,
model—based system to support logistics decisions. The
field of logistics has produced significant contribu-
tions in the use of models to enhance managerial deci-
sion—making capabilities , particularly in the areas of
procurement, production planning, inventory control,
and distribution. We believe the field is ripe for the
development of this comprehensive approach.

We begin by analyzing the logistics decision process.
In Section 6.2 three different taxonomies are presented
to classify logistics decision . Each classification
leads to some important conclusions with regard to the
characteristics of the logistic support system. Sec-
tion 6.3 provides a review and a critique of existing
computer based logistics systems. Special attention is
given to the work of Connors et al. (6.16 ] and the IBM
System/3 Customizer [6.53]. Both of these approaches
constitute important steps in the direction of system
design advocated in this paper. Finally, Section 6.4
lists the essential characteristics we feel a logistics
decision support system should possess and suggests a
way to facili~ate the implementation of these concepts.

Throughout this chapter we are emphasizing the de-
sign of systems to support day—to—day ongoing logistics
decisions , as opposed to major decisions which occur
only occasionally in the life of an enterprise. More-
over , most of our remarks are directed toward a tradi-
tional manufacturing firm operating in the private sec-
tor. However, we believe our conclusions can be extend-
ed easily to support logistics decisions for the public
sector
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6.2 The Logistics Decision Process
Logistics is concerned with the effective r anagement of
the total flow of goods, from the acquisition of raw
materials to the delivery of finished products to the
final customer. A logistics system is composed of a
large number of elements which have to be managed effec-
tively in order to deliver the final products in appro-
priate quantities , where they are required , at the
desired time and quality, and at a reasonable cost. In
a general situation the most important elements are the
following.

— Multiple plants , possibly containing a wide variety
of equipment that represents the manufacturing capa-
bilities of the firm

Multiple warehouses (distriburion centers, local,
regional , and factory warehouses) that might define
a complicated distribution network

Multiple products (including raw materials, supplies ,
semifinished and finished products) to be purchased,
manufactured , and distributed by the organization
(The product structure could be fairly complex in-
volving several production stages of fabricating and
assembly operations. The total number of individual
items, representing varieties of product specifica-
tion, color , dimensions, and so on, could exceed
several thousand.)

Transportation and local delivery means, either
owned , leased, or contracted, by the f irm

Communication and data processing equipment

People , representing a wide variety of skills cover-
ing all the organizational echelons

The acquisition and utilization of these elements are
subject to a wide variety of constraints. Examples are
tLie following .

Manufacturing and distribution characteristics
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Productivity constraints

Equipment capacity constraints

Labor availabili ty

Technological constraints

Purchasing, manufac turtng , and distribution lead
t imes

Demand uncertainties and seasonalities
— 

I Service requirements

Other constraints (institutional, financial, market-
ing, and so on)

In order to determine effective ways to acquire and use
the logistics elements subject to these constraints,
several cost components have to be taken into considera-
tion. The most important factors contributing to cost
are the following.

Capital investments

Production and purchasing costs

Setup or changeover costs

Purchase ordering costs

Transportation and handling costs

Hiring and firing costs

Inventory related costs

Promotional and advertising costs

From the mere enumeration of these logistics system corn-
ponents, it is clear that the underlying decision pro-
cess can be extremely difficult. Decisions involve
comparisons of a large number of alternatives with

———-• ••__•___,,_-~ --• • -•--.•• -
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complex interactions among system components. They
cover several organization echelons forcing a great
deal of coordination both vertically and among func—
tional areas. The exclusive use of conventional mana-
gerial wisdom, based largely on experience and intui-
tion, may not be adequa te in assuring eif ective
decision—making . Ue will explore ways in which to sup-
port the management actions by means of model base sys—
tems.

To identify the characteristics that a sound support
system should have , we will start by reviewing three
different frameworks that have been proposed to classify

— logistics decisions. These frameworks provide simple
taxonomies , stressing the relative differences of some
aspects of the logistics process. At times, they tend
to oversimplify and overgeneralize the inherent complex-
ities of the process. However, we feel important infer-
ences can be drawn from these frameworks which we are

• going to exploit in setting up design criteria for lo—
gistics support systems.

6.2.1 Anthony’s Framework: Strategic, Tactical and
• Operational Decisions. The first of these frameworks

was proposed by Robert N. Anthony [6.1]. He classified
decisions into three categories: strategic planning ,
tactical planning, and operations control. Let us

- - briefly comment on the characteristics of each of these
categories and review their implications for a model—
based approach to support logistics management decisions.
Strategic Planning: Facilities Design. Strategic plan—
ning is concerned mainly with the establishment of mana—
gerial policies and with the develoi,ment of the neces-
sary resources the enterprise needs to satisfy its ex—
ternal requirements in a manner consistent with its
specific goels . In the area of logistics we are con-
sidering , the mos t important strategic decisions are
concerned with the design of the production and distri-
bution facilities, involving major capital investments
for the development of new capacity , either through the
expansion of existing capacity or the construction or
pur chase of new facilities and equipment. These deci-
sions include the determination of location and size of

— new plants and warehouses , the acquisition of new pro—
duction equipment , the design of working centers within
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each plant, and the design of transportation facilities ,
communication equipment, data processing means, and so
on. Other decisions of this nature which have signif I—
cant marketing and financial implications are make—or—
buy decisions , product line diversity , quantity versus
price tradeoff s, and divestment of facilities.

These decisions are extremely important because, to
a great extent, they are responsible for maintaining
the competitive capabilities of the firm , determining
its rate of growth, and, eventually , defining its suc-
cess or failure. An essential characteristic of these
strategic decisions is that they have long—lasting

— 
effects, thus forcing long planning horizons in their
analysis. This, in turn, requires the consideration of
uncertainties and risk attitudes in the decision—making
process.

Moreover , investments in new facilities and expan-
sions of existing capacities are resolved at fairly
high managerial levels, and are affected by inf ormation
which is both external and internal to the firm. Thus ,
any form of rational analysis of these decisions has of
necessity a very broad scope, requiring information to
be processed in a very aggregate form to allow all the
dimensions of the problem to be included and to prevent
top managers from being distracted by unnecessary opera-
tional details.
Tactical Planning: Aggregate Capacity Planning. Once
the physical facilities have been decided upon , the
basic prob lem to be resolved is the eff ective allocation
of resources (for example, production, storage and dis-
tribu tion capacities, work force availabilities, and
financial and managerial resources) to satisfy demand
within technological requirements , taking into account
the costs and revenues associated with the operation of
the production and distribution process. When dealing
with several plants, with many distribution centers,
regional and local warehouses, with products requiring
complex multistate fabrication and assembly processes,
affected by strong randomness and seasonalities in their
demand patterns, these decisions are far from simple.
They usually involve the consideration of a medium—
range time horizon , divided into several periods, and
the aggregation of the production items into product
families. Typical decisions to be made within this
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context ~re utilization of regular and overtime work
force, allocation of aggregate capacity resources to
product families , accumulation of seasonal inventories ,
definition of distribution channels, and selection of
transportation and transshipment alternatives.
Qperatlons Control: Detailed Production Scheduling.
After making an aggregate allocation of capacity among
product families, it is necessary to deal with the day—
to—day operational and scheduling decisions which re-
quire the complete disaggregation of the information
generated at higher levels into the details consistent
with the managerial procedures followed in daily activ-
ities. Typical decisions at this level are: the assign—
ment of cuato~~ r orders to individual machines; the
sequencing of these orders in the work shop ; inventory
accounting and inventory control activities; dispatch-
ing, expediting, and processing of orders; and vehicular
scheduling.

These three types of decisions dif fer  markedly in
various dimensions. The nature of these differences
expressed in relative terms, is characterized in Table
6.1.

6.2.2 Implications of Anthony’s Framework: A
Hierarchical Integrative Approach. These are signifi-
cant conclusions that can be drawn from Anthony’s clas-
sification regarding the nature of the model—based
decision support systems. First, strategic, tactical,
and operational decisions cannot be made in isolation
because they interact strongly among one another; there-
fore , an integrated approach is required if one wants to
avoid the problems of suboptimization. Second, this
approach , although essential, cannot be made without
decomposing the elements of the prob lem in some way ,
within the context of a hierarchical system that links
higher level decisions with lower level ones in an ef-
fe ctive manner , and in which decis ions that are made at
higher levels provide constraints for lower level
decision—making. This hierarchical approach recognizes
the distinct characteristics of the type of management
participation, the scope of the decision, the level of
aggregation of the required information , and the time
framework in which the decision is to be made. In our
opinion, It would be a serious mistake to attempt to

• - -
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Table 6.1 Summary of Anthony ’s Framework

Strategic Tactical Operations
Planning Planning Control

Objective Resource Resource Execution
acquisition utilization

Time horizon Long Middle Short

Level of Top Medium Low
— management

involvement

Scope Broad Medium Narrow

Source of (External and Internal) Internal
information

Level of Highly Moderately Detailed
detail of aggregated aggregated
information

Degree of High Medium Low
uncertainty

Degree of High Moderate Low
risk

deal with all these decisions simultaneously, via a
monolithic system or model. Even if computer and
methodological capabilities would permit the solution
of a large detailed integrated logistics model, which is
clearly not the case today, that approach is inappro—
priate because it is not responsive to the management
needs at each level of the o~rganization, and would pre—
vent the interactions between models and managers at
each organization echelon.

In designing a system to support management decisions,
it is imperative, therefore, to identify ways in which
the decision process can be partitioned , to select ade-
quate models to deal with the individual decisions at
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each hierarchical level , to design linking mechanisms
for the transferring of the higher level results to the
lower hierarchical levels that includes ways to dis-
aggregate information, and to provide quantitative
measures to evaluate the resulting deviations from
optimal performance at each level.

In Section 6.4 we sugges t some criteria to accom-
plish the hierarchical system design.

6.2.3 A Traditional Framework: The Logistics Mana—
~~~ial Functions. Our previous framework was useful
to relate the logistics decision process to the organi—

— zational structure of the f irm and to stress the need
to design a decision support system that is both inte-
grated and hierarchical. We also saw the large number
of individual functions that take place in managing the
wide variety of elements present in the logistics
activities.

In fact, the most traditional approach used to clas—
sify logistics decisions is based on a managerial func-
tion taxonomy. The majority of production and logistics
books have their chapters organized according to these
managerial functions. Since a significant amount of
research has been devoted to studying specific problems
pertaining to these functional areas, it is useful for
us to review briefly this classification. The most
important logistics managerial functions are the
following.

Forecasting generates long, middle , and short—term
projections of expected demand for each item (or
f~~ilies of items) that is purchased , produced, and
distributed by the firm .

*ciLiti. a desia~ involves the determination of num—
-‘.r . Io~at1on , and size of p lants and warehouses to
‘ .pp I~ th. market require ments.

~~~~~~~~ ~ v tdat tj j L~~ini~~~ deals with the alloca—
.4 

~~~~
, ~, ~~~~~~ to ru. , and inventories to

4~~ .ed thruugh a middle-range
- I

- - 
-S.. ~~ - — ~~~~ •i ~~~ d wb. n to
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order each purchased or manufactured item in accor-
dance with the service requirements specified by the
firm and the constraints imposed by aggregate produc-
tion planning decisions .

Production schedulinA involves the assignment of men
and machines to specific operations during short time
intervals (usually daily schedules), subject to the
higher level decisions resulting from aggregate pro-
duction planning and inventory control.

Purchas4~~ determines when and how much to order of
— 

I each externally supplied item. The procurement of
raw material might also be constrained by aggregate
production planning decisions.

Distribution concerns the availability of products
throughout the production and distribu tion network ,
transferring inventories from one location to anoth-
er so as to best satisfy the demand requirements at
each location.

Vehicular scheduling deals with the allocation and
routing of vehicles to provide appropriate delivery
of goods to the prescribed production and distribu-
tion locations.

Information processing organizes the transmission of
information throughout the organization echelons.
The basic input to the logistics information process-
ing function is the customer order. Thus, of central
importance for this function is the development of an
appropriate customer order processing cycle, which
includes the acknowledgment, validation, editing,
processing, invoicing , and shipment of the order.

We have purposely omitted several other functions from
this snumeration that are closely related to logistics
bu t fall more properly into the category of industrial
engineering activities—-for example , maintenance , qual-
ity control and quality assurance , equipment reliability
and replacement, plant layout, work improvement, and
standardization. It is also important to emphasize the
need of coordina ting the logistics fun ctions with the
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remaining managerial functions of the firm, such as
p~’-sonnel, marketing, finance, engineering, and sales.

6.2.4 Implications of the Managerial Functional Frame-
work: A Bag of Tricks. As we have indicated above,
most of the traditional work in the application of man-
agement science to logistics has been oriented toward
the solution of well—defined problems belonging to the
functional areas just described. Part of the skill
involved in designing an integrated logistics support
system is to partition the overall problem into sub—
problems that can be effectively solved within the cur—

— 
rent state of the art. The management functional frame-
work can be very helpful to identif y meaningful sub—
problems and to associate with these subproblems the
existing tools that are available for their solution.
The resulting catalog of problems and solution tech-
niques provides a “bag of tricks” we can use for system
design purposes.

To facilitate the development of this catalog, Table
6.2 lists a summarized bibliography for each managerial
function. The bibliography is based entirely on books
and recent survey papers , which in turn contain compre-
hensive lists of references for each subject area. The
focus is primarily on normative, model—based approaches.
The bibliography is not intended to be exhaustive. Our
aim has been to suggest a limited number of useful pub-
lications in each managerial function. Many of the sur-
vey papers (Cohen [6.15], Gabbay [6.26], Golovin [6.28],
Max [6.35], and Karmarkar [6.55]) have been prepared by
an MIT team working under a research effort sponsored by
the Office of Naval Research.

6.2.5 The Product Structure Framework. Another funda-
mental input to the determination of a logistics support
system is the nature of the product structure of the
firm. The most general product structure can be repre-
sented by Figure 6.1. The logistics activities asso-
ciated with the various elements of the product struc-
ture can be grouped into three major categories: pur-
chasing, production (including fabrication and assembly),
and distribution.
Purchasing deals with the procurement of raw materials,
tools, supplies, maintenance par ts and purchased par ts,

- ~~~~~~~~~~~~~~~~~~~
-- - -
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Table 6.2 Bibliography by Ilajor Logistics Function

Topic Books Survey Papers

Forecasting Brown [6.9]—Exponen— Chambers, Mullich
tial Smoothing, Box and Smith [6.13]
and Jenkins [6.8]
and Nelson [6.62]—
Time Series, Theil
[6. 7O ]—Econometrics ,
Draper and Smith

— [6.191—Regression ,
Schlaifer [6.64]—
Subjective Assess-
ment

Facilities Eilon , Watson—Gandy , Cohen [6.15],
Design and Christofides Atkins and

[6.21], Francis Shriver [6.4],
and White [6.25] Geoff non [6.27],
Scott [6.65] Francis and Gold-

stein [6.24]—
Bibliography

Aggregate Brown [6.10], Buffa Max [6.35]
Production and Taubert [6.11] , Silver [6.68]
Planning Eilon [6.20], Elmaghraby [6.23]—

Elmaghraby [6.22],  Bib liography
Groff and Muth
[6.29], Hanssmann
[6.32], Holt et al.
[6.39], Magee and
Boodman [6.57], Mize
et al. [6.58], Naddor
[6.61], and Starr
[6.69]. *

Inventory Arrow, Karlin and Gross and Schrady
Control and Scarf [6.3], [6.30] Golovin
Purchasing Hadley and Whitin [6.28] Veinott

[6.31], Wagner [6.72]
(6.73]
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Table 6.2 Bibliography by Major Logistics Function
(continued)

Topic Books Survey Papers

Production Conway, Maxwell Golovin [6.28],
Scheduling and Miller [6.17], Day and Hotten—

Muth and Thompson stein [6.18]
[6.60]

Distribution Bowersox [6.7], Clark [6.14],

— 
Ballou [6.5], Karmarkar [6.551
Magee [6.56] -

Vehicular Eilon, Watson— Gabbay [6.26]
Scheduling Gandy and

Christof ides
[6.21]

Information Blumenthal [6.6], Hax [6.34]
Processing Murdick and Ross

[6.59]

*These books cover most of the other logistics func-
tions; in particular, they cover inventory control,
production scheduling, purchasing, and informa tion
processing decisions.

sub assemblies and finished products . These are the
basic inputs to the production and/or distribution
activities obtained from external sources.
Production encompasses the fabrication and assembly
operations and represents the process of converting raw
materials into finished goods. It is useful to distin-
guish between fabrication and assembly activities since
the manufacturing characteristics and the managerial
decisions associated with these two processes are quite
different. Table 6.3 provides a gross comparison of
fabrication and assembly operations . It is worth noting
that the fabrication and assembly activities can overlap
in a given manufacturing situation. The resulting pro-

- - 
~

- -
_ ‘:~

- - 

-- duction process could then consist of several stages with
alternating fabrication and assembly operations. Job
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Suppliers

Raw Tools Supplies PMint.nenc.
Mater ials Parts Purchasing

-

4 _Raw Material Inventory

— Parts

• Purchatod Parts
- Fabricated Parts

Paflt Work-In-Process Inventory FabnCatlOn

Subassensbli.s Assembly
- Purchased Subassembli.s
- Fabricated Subassemblies

Subassembly Work-In-Process Inventory

Finished Products

• Purchased Finished Products
• M.nufscturod Finished Products
- Service Parts

FInI
1
shed Product Inv.ntory

Distribution Process

- Distribution Centers Distribut
- Regional and Local Warehouses 1051

- Retailers

Figure 6.1 . Product structure. - 
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Table 6.3 Production Process Taxonomy

Differentiating
Factors Fabrication Assembly

Type of Process Intermittent Continuous

Process Configuration Job Shop Assembly Line

Locus of Decision— Decentralized Centralized
Making

EquIpment Flexible Specialized

Labor High Skilled Low Skilled

Scheduling Dispatching Permanent Design

shops are fur ther classified into open and closed job
shops. In an open job shop, all products are made to
order, which means that normally no inventory is accu-
mulated (for example, a repair—maintenance shop). In a
closed job shop, routine demand for f inished products
can be forecast, production run in batch sizes, and
inventories carried .
Distribution deals with the allocation of finished pro—
ducts from production or supply centers to customers
or intermediate destinations. The product structure
and the associated logistics activities have important
implications that we now will examine.

6.2.6 Implications of the Product Structure Framework:
A Classification of Logistics Systems and Issues of
~ggregation of Information. Obviously, not every firm
possesses every element of the product structure iden-
tified above nor is it engaged in all of the activities
listed. For example, most retail or wholesale firms
are concerned only with purchasing activities; many pro-
duction plants have a production process with exlusively
fabrication operations; most manufacturing firms are not
involved directly with distribution operations, and so
on.



V
Chapter Six 74

In order to prescribe a logistics support system to
an organization , it is imperative to resolve two basic
issues related to the product structure.

What elements are present in the product structure
of the firm , and what degree of complexity is in-
volved in making the corresponding purchasing, pro-
duction, and distribu tion decisions? To answer
this question we will propose a classif ication of
logistics systems based on the product structure and
the logistics activities undertaken by the f i rm .

— Row can we aggregate the final items produced and
distributed by the f irm , which may amount to several
thousands , so that proper planning and control pro-
cedures are defined? This question will be answered
by suggesting a classification sch eme based on the
product structure characteristics.

Classification of Logistics Systems. To deal system-
atically with the first issue raised, it is useful to
classify the logistics systems into four categories
that are suggested by the types of activities the firm
is engaged in.
Pure Inventory Systems. These systems are intended to
support decisions regarding the replenishment of inven-
tories for individual items. The decision rules asso-
ciated vith these systems are statistically based and
specify for each item an order point (that determines
when the item should be ordered) and an order quantity
(that determines how much to order). Each item is
treated in complete isolatiun except, perhaps, to allow
for simple quantity discounts resulting from joint
ordering of items, and to account for simple constraints
reflecting storage, financial, or other limitations.

Pure inventory systems are normally applicable to
raw material purchasing decisions, and retail or whole-
sale activities, where items are purchased from outside
vendors. Pure inventory systems also can be used to
control the production of finished goods in very simple
manufacturing environments that are not affected by
significant fluctuations in demand requirements and
where ample production capacity is available. These
conditions rarely are met in most production environ—



Max 75

ments and therefore pure inventory systems are basical-
ly used to support only purchasing decisions .

Practical and theoretical developments of pure inven-
tory systems have received a great deal of attention.
Today , most computer manufacturers offer a wide variety
of pure Inventory software packages. References [6.40],
[6.41], [6.441 and (6 .47]  describe some of the IBM
packages in this field.
Production—Inventory Systems. These systems apply to

• situatIons where the firm manuf;~ctures the finished
products internally rather than procuring them ex ter-
nally. Production activities imply allocation of

— scarce resources among Items that are competing for
I 
~ capacity utilization. This means that manufactured

items cannot be controlled by simple order point—order
quantity rules that ignore item interactions. The rules
have to be modified to take into account higher level
decisions regarding capa ity and labor constraints.
The resulting methodolo~ varies significantly with the
type of production proce. ~s involved in the manufacturing
activities. In particul r, a fab rication or inter-
mittent process has to bL controlled in quite a differ-
ent tiay from an assembly or continuous process. 

-

Obvious ly , the development of production—inventory
systems is a much more complex task than the design of
a pure inventory system. Applications based on an
integrative hierarch ical approach have been conducted
by Max and Meal [6.38] for a fabrication closed job
shop process , by Armstrong and flax (6.2] for a fabrica—
tion open job shop prncess , and by Max [6.33] for a
continuous production process. A computer—based pro-
duction—inventory system implemented at MIT is docu-
mented in (6.37).
Distribution—Inventory Systems and Production—
Distribution—Inventory Systems. Support systems for
distribution activities are the most difficult to de-
sign. As we have indicated above, distribution involves
the allocation of available Inventory (either manufac-
tured internally or purchased from outside vendors)
among a set of stocking points located within a possibly
complex network . In practice , sound applicable manage—
ment science support is not available for these types
of decisions . These are two different procedures that
normally are used to deal with these decisions. In the
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first one, referred to as a push system, the allocation
of inventory is decided centrally taking in to account
all the distribution requirements and stock availabil-
ities. Mathematical progranining models are instrumen-
tal in supporting push systems. In the second proce-
dure, referred to as a pull system, the individual
warehouses independently generate requests for inven—
tory replenishment based on their own inventory status .
Statistically based inventory models have been asso-
ciated with pull system decisions. Karmarkar [6.55]
surveys the most important practical contributions in
this area and suggests a hierarchical approach f or the
design of support systems involving distribution
activities.

Needless to say , a given firm could have more than
one of these logistics systems in operation. In many
instances purchasing decisions can be handled by means
of a pure inventory system, while a production—inven-
tory system may be supporting the control of manufac-
tured items.
Aggregation of Items. Mother issue that can be re-
solved by analyzing the product structure of the firm
is related to ways in which individual items can be
aggregated into families or types for purposes of
aggregate capacity planning. Proper aggregation of
information is of crucial importance in the design of
hierarchical logistics systems. We have found in our
previous work (flax and Meal (6.38] and Hax and Golovin
[6.37]) that it is useful to consider three categories
of item aggregation.

Items (also called stock—keeping units or SKUs)
refer to the highest degree of specificity regarding
the manufactured or purchased products. Items dif-
fer in terms of packaging characteristics, size,
color , dimensions, and so on.

Families of items are formed by items sharing a
common manufacturing setup cost or a common pur-
chasing ordering cost. Economies of scale are
accomplished by a joint replenishment of items
belonging to the same family.

Product types constitute aggregations of items or
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f amilies of items whose production quantities are
going to be determined by an aggregate plan. When
models are used to support these aggregate planning
decisions , the parameters used to describe the nature
of the planning eff ort determine the common charac-
teristics that items or families of items should
possess in order to become members of a given product
type. Normally, items or families of items belonging
to a product type should have similar production,
inventory holding, and manpower costs, similar pro-
ductivity rates , and similar demand patterns.

As we indicated above , a p’ire inventory system deals
with individual Items. However, most systems involving
production and distribution activities require items to
be aggregated into families and types.

6.3 The Evolution of Computer Based Logistics Support
Systems
Since the early developmental stages of computer tech-
nology and management sciences an important amount of
work has been devoted to the applications in the field
of logistics. For the ordinary manager, the most criti-
cal element that determines the feasibility of using
these modern approaches is the availability of of f—the—
shelf computer systems that can be directly applied to
his own logistics decisions , with very little or no
additional programming effort on the user’s part. This
fact has been clearly understood by computer manufac-
turers and sof tware f irms which , through the last twenty
years , have been engaged in a continuous effort to de-
sign and market a wide variety of computer based logis-
tics support systems.

Although these efforts have produced an undeni~~ly
signif icant impact on today ’s business activities, it
also is unquestioned that all the potentials of the new
management technology have not yet been totally achieved.
We will now review the evolution of the design concepts
behind these computer systems in orde r to assess their
strengths and weaknesses and to propose changes in the
design criteria that might lead to a greater impact of
computers and management science in the field of logis-
tics.

Throughout these dis cussions, we will concentrate our
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attention mostly on the work performed by IBM Corpora—
tion. We have selected IBM as the target for our anal-
ysis in order to limit the scope of the study and be-
cause IBM is the leading institution in the computer
industry. By doing this, we do not intend to disregard
the importance of the contributions made and that con-
tinue to be made by other computer manufacturers.

6.3.1 First Phase: Disconnected Computer Packages.
Most of the work done in the design of computer based
logistics systems has been oriented toward the develop-
ment of isolated cort~puter packages to support decisions
in a specific managerial functional area. Typical
examples are packages in inventory control, forecasting ,
capacity planning, and shop floor control. Table 6.4
lists some of the packages that are available to assist
managers in each maj or logistics functional area.

The maj ority of these packages are sound from a
methodological point of view, and they represent genuine
opportunities for improving management practices in
their corresponding functional areas. However, they
have a number of limitations which have made their use
rather restricted and their impact rather discouraging.
Among the most important limitations are the following.

Lack of integration. By the nature of their design,
the packages are circumscribed to an isolated area
of application. The packages are disconnected among
themselves , ignoring possibly greater payoffs from a
broader integrative approach. They do not support
effectively the overall management decision process.
Coordination among the functional areas is not at—
cained , and the applications nortially lead to sub—
optimal solutions.

Excessive rigidity. Most of the packages have a very
rigid design. Any change from its original concep-
tion is hard to implement. Modifications of the
internal calculations performed by the package in-
tended to adapt it for a slightly different applica-
tion than the one originally intended, are difficult
or impossible to execute. Changes in input and out-
put specifications, and date and file management also
are hard to accomplish. This clearly limits the



79

Tab le 6.4 Examples of Sof tware Packages Available to
Support Logistics Functions

Topic Computer Package

Forecasting Statistical Package for the Social
Sciences [6.63]

• Facilities Mixed Integer Programming Packages :*
Design MPSX [6.54], UMPIRE [6.71], OPHELIE

[6.12] Special Packages: MULTICOM
[6.66],  POLIGAMI [6.67] ,  FLAC [6.27],

— CAPFLO [6.271 Survey Paper: Geoff n o n
(6.27]

Aggregate IBM Capacity Planning, Finite and
Production Infinite Loading [6.46]
Planning IBM Requirements Planning [6.45]

Inventory IBM Retail IMPACT [6.40], IBM Wholesale
Control and IMPACT [6.41], Inventory Control Package
Purchasing [6.44], COGS [6.47]

Production IBM Bill of Materials Processor [6.49],
Scheduling IBM Shop Floor Control [6.511, IBM

Dispatching and Job Control [6.50]

Distribution IBM Wholesale IMPACT [6.41]

Vehicular IBM Vehicular Scheduling Program [6.42]
Scheduling

Information IBM Generalized Infornation System [6.48]
Processing

*Also applicable for aggregate production planning.
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usefulness of the packages. in addition, they sel-
dom can be called as subroutines by a main program,
which makes the integrative issue discussed above
even more pressing.

Excessive sophistication. Most packages demand a
high level of sophistication on the part of the user
to understand fully the basic assumptions imbedded
in the package design, the ways to interact with the
system, and the decisions the system can and cannot
support. This has led to numerous misapplications
of some of the packages, causing severe problems in
some organizations. A typical example is the use of

— pure inventory control systems to manage production
operations , ignoring interactions among items and
constraints imposed by limited , production capacity.
The absence of diagnostic capabilities that might
indicate whether or not a given package is suitable
for supporting a specific decision is an inherent
weakness of most logistics packages.

Finally, a significant effort is required usually to
initiate, operate, and maintain the systems. This
limitation is particularly critical when organizational
turnover removes the personnel familiar with the system
and new, uninit1at~’i personnel have to assume control
of the system operation.

6.3.2 Second Phase: The Integrative Approach. In order
to correct the first of the weaknesses mentioned above,
the lack of an integrative approach , IBM has developed
the Production Information and Control System (PICS),
[6.43], and, more recently, the comprehensive Communica-
tion Oriented Produc tion Information and Control System
(COPICS), reported in eight volumes in Reference [6.52].
This work represents a formidable effort to unify the
information requirements of the firm and to support the
logistics decisions within an Integrated framework.

PICS and COPICS describe an overall production deci-
sion support system where the logistics managerial func-
tions are put into a proper integrative context. Many
of the disconnected packages reviewed above become now
elements of a well—coordinated overall production system .

Although the basic ideas Introduced in PICS and (‘Orl(’S
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have been partially applied in some organizations, it
is fair to say that they are mostly conceptual ap-
proaches which are still waiting for an efficient way
to be implemented. In fact, there is no software sys-
tem available to apply the PICS or COPICS approach.
Moreover , lack of diagnostic capabilities and excessive
rigidity and sophistication still persist as potential
limitations to implement these concepts.

6.3.3 Third Phase: The Customized Approach. Two im-
por tant contributions have been made recently to design
systems that are more responsive to specific user needs
and to shor ten the time required to implement the sys-
tem. These two approa~hes are the IBM System/3 Applica-
tion Customizer Service [6.53], and the Distribution
System Simulator (DSS) [6.16].

In both of these systems the user fills out a ques-
tionnaire . The questionnaire provides a framework in
which the user can think about his prob lem: his re-
quirements , the data needed to choose a method of opera-
tion , and his choice of procedures . The customizer
produces as output programs f or functions such as order
filling, billing , accounts receivable, and sales analy-
sis. The simulator produces as output a simulation
model of the user ’s distribution system.

One hears conflicting reports about the success of
the customizer; apparently , although it is of some
utility , it leaves much to be desired. The current
version of the customizer, which is limited to deal with
pure inventory control decisions, does not provide an
effective diagnostic tool to identify what are the user’s
inventory problems , and to prescribe the most appropri—
ate support system to deal with these problems. In
fact, the customizer postulates that an IMPACT like
inventory control system [6.40, 6.41] will serve to
satisfy the user’s needs and the sole objective of the
questionnaire becomes the acceleration of the implemen-
tation of that system. Moreover, only one version of
the customizer is available for all industries. This
means that knowledge about indust ry—specific terminology ,
practices , and procedures is missing from the questions
and the resulting programs .

An approach to the modelling issue has been made with
the simulator . In our view , its strengths and
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weaknesses are similar to those of the customizer (Hax
(6.36]) and are as follows .

The idea of facilitating the development of a cus—
tomized model to serve specific user’s needs, pre—
sented via a questionnaire , is a viable and inter-
esting one, very much worth exploring. The overall

• concept of DSS is attractive and represents a step
in the right direction to help an educated user in
formulating a model—based approach to improve the
quality of the decision—making in a logistics
environment .

The organization of DSS (in terms of an external
answer sheet, and internal source library, decision
table , editor and output generator) is very well
accomplished and can serve as a prototype for an
effor t  of this kind .

The specific models being produced and the under-
lying simulation approach that dominates the design
of DSS are , in our opinion, fairly ineffective. We
believe DSS fails to be of assistance in most of the
major questions posed to the manager of a logistics
system , and we would find it very hard to use DSS
intelligently in a practical situation, except in
resolving some general policy issues associated with
the logistics system.

Specifically , the strongest limitations of DSS are the
f ollowing.

It fails to support plant and warehouse location
decisions, as well as decisions regarding expansions
or improvements in the production and distribution
facilities. By approaching the prob lem only from a
s~aulation point of view , instead of using an opti-
mization approach , DSS is hopeless in this respect .

It ignores the production process and the interaction
of the production process with a complex distribution
process. DSS treats the manufacturing plants as a
source of unlimited inventory , which is overly sim-
plistic.
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4~
.

It does not provide an integrative approach to the
• logistics decision process. Essentially , DSS treats

I each stocking point as if it were independent of the

I rest of the system. The difficult  problem faced in
T a multi—level , multi—item distribution situation is

the optimum allocation of the total available inven—
tory among the various stocking points. Basic
issues to be resolved are: where to stock a given
item and what strategies to use in the stock alloca—

• tion, replenishment and transshipment processes. A
simulation approach to deal with these issues seems
highly inadequate to us.

In its present form, DSS seems inappropriate to deal
with the day—to—day decisions at the operational
level, which require much more detailed information.

6.4 A Proposed Approach for Logistics System Design
• In this section we list the essential characteristics we

feel a logistics decision support system should possess
and we suggest a way to facilitate implementation.

6.4.1 Essential Characteristics of an Effective Logis— 4
tics System. Having reviewed and criticized the state
of development of logistics sys tems , we will proceed to
outline the basic characteristics that we feel an ideal

• system to support logistics decisions should possess.
Hierarchical Structure. The distinctive nature of the
decisions involved in the logistics process——investmen t
in new resources, allocation of existing resources ,
and day—to—day implementation issues——makes it manda-
tory to adopt an integrative and hierarchical approach
for the overall logistics system design. The motiva-
tion for this approach was provided in Sections 6.1 and
6.2 .2  and will not be repeated here . The basic ques—
tions to be resolved when designing a hierarchical sys—
tem are the following.

t How to partition the decision process into modules or
subproblems that properly represent the various levels
of decision—making in the organizational structure

How to aggregate and disaggregate the information
• through the various hierarchical levels
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How to solve each of the subproblenis identif led by
the partitioning procedure

How to determine what linking mechanisms s. ~ou1d be
used among the subproblems

How to evaluate the overall performance of the sys-
tem, particularly with regard to issues of subopti—
mization introduced by the hierarchical design

These questions are not easy to answer. Unfortunately,
there is very little theoretical and empirical work that
can be used as a practical guide to hierarchical design.
Clearly, the questions cannot be addressed in isolation
since they strongly interact with one another. Some
factors that have to be taken into consideration are
the following.

The organizational structure of the firm that estab—
lishes the hierarchical breakdown of responsibilities
identifies the decision makers the system is intended
to support and provides the basis for a preliminary
decomposition of the overall decision process.

The nature of the resulting subproblems, which sug-
gests the methodology that might be applicable to
solve each of the system modules. Naturally, it is
preferable to define subproblems that lend them-
selves to easy and effective solutions. For this
stage of the problem the taxonomy presented in Sec-
tions 6.2.3 and 6.2.4 can be of assistance to the
system designer.

The nature of the product structure, which is helpful
in identifying ways in which information regarding
individual items can be aggregated into families and
product types. This sub.~ect was analyzed in Section
6.2. 6.

The classification of the logistics subsystem accord-
ing to the types of activities undertaken by the firm.
Such a classification was suggested in Section 6.2.3.

The degree of interaction and transfer of information

_ _ • • • . •  — • r 
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from each of the hierarchical levels of the system.
An effective design should facilitate the specifica-
tion of the constraints that higher level decisions
imposed on the lower hierarchical echelons, and the
control feedback that is transferred from the lower
to the higher level decisions. In addition, the
feasibility of disaggregation of information should
be guaranteed throughout the process , and measures
of performance should be available to assess the
overall quality of decision—making.

Much research needs to be allocated in order to obtain
a satisfactory answer to these issues. Meanwhile, the
task of hierarchical system design is an art that
requires great doses of pragmatism and experience to be
accomplished properly. Few practical applications of
hierarchical systems have been reported in the litera-
ture. From recent work conducted at MIT, we can cite
publications by flax [6.33] dealing with a continuous
manufacturing process , flax and Meal [6.381 addressing
the use of hierarchical systems in a batch processing
environment , and Arms trong and flax [6.2] describing an
application for a job shop activity.
Optimization Approach. Whenever possible, an optimiza-
tion approach to decision—making should be adopted.
This is particularly important at the higher echelons
of the hierarchical process where the broad scope of
the decisions considered and the large number of inter-
actions characteristic of these decisions make a simu—
lation or heuristics approach particularly vulnerable.
If arbitrary rules are set up, based on heuristics
principles, an effort should be made to evaluate the
degree of suboptimization these rules can introduce.
Whenever the presence of severe uncertainties and com-
plex precedence relationships in short time horizons
make the use of simulation techniques unavoidable , It
is advisable to utilize a higher level optimization mod-
el to generate the alternatives the simulation model
should test. For an example of a combined optimization
and simulation approach in a hierarchical system, see
Armstrong and flax [6.2) .
Operational and Testing Modes. The system should be
designed to operate efficiently in two different modes .
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Qperational mode, aimed at supporting the strategic,
tactical and operational decisions in a routine and
systematic fashion. This mode calls for a careful
def inition of the frequency in which each element
of the system is to be run , the updating frequency
of the parameters and files involved, and the fre-
quency of report generation.

Testing mode, which allows for “what if” questions
to be answered, and which permits a compar ison of
the proposed system’s perf ormance against past prac-
tices of a given organization (when using the system
with historical data) f or purposes of validating the
preliminary design proposals.

Customized System Design. The diagnosis of the user’s
needs , the eff orts associated with system design and
implementation, and the necessary work related to system
maintenance and updating can be facilitated greatly by
the development of an interactive questionnaire that
allows for direct input from the user. The motivation
for this approach was presented in Section 6.3.3. The
questionnaire, to be answered by an educated user ,
enables one to identify syst ematically the physical ele-
ments of the logistics system, the nature of the product
structure, the constraints imposed on the use of the
logistics system , the type of decisions the user has to
make, and the economic forces that def ine the effective-
ness of these decisions. The answers proposed to the
questionnaire are processed by the system to provide
preliminary cost benefit analyses and , subsequently , to
sugges t specific forms of system support. The approach
conceived by Connors et al. [6.16 ) constitutes an impor-
tant application of these concepts and signals the fu-
ture trend for logistics system design.
Responsiveness to Management Interaction. Both in the
design as well as in the operational phase , the system
should provide extensive management interaction. Ob—
vious instances where interactions should be bui lt
explicitly into the system are: at the questionnaire
stage ; after the development of any forecasts ; and after
decisions are being made in any given level of the
hierarchical sys tem (particularly at the higher levels)
and are about to be transferred to the immediately lower

• •‘-- • • • • • • • •— ~~~ • ---- --_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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level. Tracking signals should be incorporated into
the system, to help detect unacceptable large forecas t
errors and seemingly abnormal deviations from expected
results.
Flexibility. The system should be easy to expand and
flexible in terms of file design and retrieval, and
output generation. The problem of transferability of
the system to any hardware or computer operating system,
although important from a practical point of view, can
be ignored at an early stage of the system development.

6.4.2 The Design Approach. We believe that an orderly
design of a logistics support system can be accom-
plished best by following a three-phase approach. These
three phases might have to be repeated more than once
prior to the successful completion of the design , or the
reprocessing of a given phase might be advisable prior
to continuing to the next one.
Phase I. Preliminary Diagnosis. The objective of this
phase is to obtain an initial assessment of the impact
that a model—based logistics system will have in the
organization and to identify the basic characteristics
of such a system. First, descriptive informa tion is
collected from the user , via the interactive question-
naire, to define the nature of the physical logistics
system and its associated decision—making process.
After this stage is accomplished, a representative data

• sample is gathered to validate some of the user’s
answers and to provide the basis for a preliminary cost—
benefit analysis of the expected logistics system per—
formance. An overall diagnosis is prepared, and the
major logistics subsystems of the hierarchical approach
are identified.
Phase II. Detailed System Design. This phase is aimed
at produc ing a detailed design of the logistics support
system. Based on the preliminary design concepts
arrived at in the previous phase , a set of more specific
and detailed questions is posed to the user in order to
proceed to a final system recommendation . More detailed
data are obtained from the user to test and validate the
prescribed system. Also, final cost—benefit analyses
are prepared , and a schedule for system implementation
is suggested.
Phase III. System Implementation. The objective of this
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phase is to facilitate and accelerate the process of
system implementation. Particularly, initiation
procedures are developed and data management activities
are established. An important part of this effort is
the specification of the input and output programs.

A similar three—phase approach for the design of
production and distribution systems was proposed by
Wagner [6.75].

6.4.3 Further Work. Working toward the fulfillment of
the goals specif ied above, we have established at MIT a
research project to build a system to generate logistics
support systems. There are three dimensions of this
work that we are studying simultaneously. These are the
managerial , methodological, and computer dimensions of
system development.
Managerial Dimensions. We are undertaking some field
work to identify practical situations where our current
work can be tested , validated and evaluated. The issues
to be explored in this respect are the following.

Involvement of managers and consultants to test the
quality and responsiveness of the questionnaire

Impact of the organizational structure in the devel-
opment of the hierarchical system

Problems of man—machine interaction

Fur ther ref inements based on empirical testing

Specif ic characteristics that should be considered
in the system for various types of industries

Issues of implementation

Methodological Dimensions. The central issues to be
explored with regard to the methodological research are
how to perform the system partitioning and how to mea-
sure the overall system performance. Specific topics
to be investigated are the following.

Use of large—scale system theory in the partitioning
problem
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Understanding the issues of suboptimization, the use
of approximations, and heuristics

Problems related to the aggregation and disaggrega—
tion of information

Formulation of interesting problems and subproblems
that are of practical significance

Improved methods of solutions and special algorithms

Computer Dimensions. The initial computer work consists
of setting up the questionnaire, the optimization sub-
routines , the operational testing and auxiliary programs,
and the data management procedures. At a subsequent
stage of our work, we intend to introduce artificial
intelligence concepts aimed at producing a knowledge—
based system. Primary goals in this direction are the
following.

Questionnaire improvements and use of natural lan-
guage programs

Data management innovations and automatic program-
ming capabilities

Initial attempt to structure some of the subjective
knowledge required in an appropriate system design

Knowledge—based application

We realize that the goals we have set for ourselves are
exceedingly ambitious. Their ultimate achievement only
can be accomplished by a long and intense effort. We
believe, however, that our effort represents an overall
encompassing approach which is needed badly in the field
of logistics.
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• COST AND PRODUCTION FUNCTIONS: A SURVEY*

Ronald W. Shephard
University of California, Berkeley

7.1 The Neoclassical Production Function
About the beginning of this century the notion of a
production function appeared in economic analysis, to
represent mathematically the technical possibilities
between inputs of various goods and services (factors)

— and scalar output. More precisely for n factors, let
x = 

~~~~~~~~~~~ 
denote a vector of inputs per unit

time of the various factors. Then a scalar valued
function 4>(x1,x2,...,x) was taken to represent the

• maximal output per unit time obtainable with the vector
x . This model of production is a steady state model,
that is, the production possibilities represented are
those where each unit of time all production activities
are carried out in the same way, with no variability of
products produced or goods and services used. Hence ,
there is no point to time dating inputs and outputs.
Further the model is a net output model , that is , the
scalar output rate value u of the production function
$(x) represents a final product of the production sys-
tem. Intermediate products , that is , those produced in
the system at one stage to be used at another for the

• final product , are not explicitly considered. The input
• 

- vector x covers all such products , since the expendi-
ture of resources involved is a part of the total inputs
to obtain the final product.

• Now, the notion as first introduced needed sharpening
and the description just given is intended to assist in
part in this respect. However it is necessary to clar—
ify another point. Since •(x) refers to “production
possibilities,” we must explain what is meant thereby.
Some veil defined technology must be had in mind. The

*The preparation of this chapter was supported by the
Office of Naval Research under Contract N00014—69—A—
0200—1010 with the University of California.
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production possibilities may refer to technically pos-
sible arrangements which have not been realized or are
not currently utilized in practice as well as those
extant, not necessarily as a continuous spectrum. If
convenient, one may think of the production possibili-
ties as a finite collection of alternative and comple-
mentary processes, each with inputs used in fixed pro-
portions to outputs (intermediate or final). The
important thing is that the production function ~~x)
is taken to represent the resource unconstrained pos—
sib.ilities. No input is bounded. The processes

• referred to may correspond to production arrangements
— using the same principles but designed for different

capacities of output . However, in the model, the
intensity of use is not limited. An intensity of 3
means a threefold replication of inputing the factors
in this process, that is, three plants. An intensity
of 3.75 means three plants operating fully each unit of
time with a fourth plant used 75% of operable capacity
each unit of time. The linear model for such produc-
tion possibilities will be explained later on in more
detail. The point I wish to make here is that the pro-
duction functioji refers to the unconstrained technical
possibilities.

Moreover, the input rates represented by the compo-
nents of the input vector x are treated as indepen-
dent variables. If one considers the level sets
L(u) = {x $(x) > u} of the production function, that
is, the input vectors x yielding at least the scalar
output u , illustrated in Figure 7.1 for two factors ,
the input vectors x on the boundary of the level set
(called ISOQUANT) ~how the substitutions between inputs
to attain a given output rate u • In case they can be
used efficiently only in a fixed combination, the set
L(u) takes the for~n of the crosshatched region spanning
the dashed lines, ii~ which case the only efficient input
vector to attain the output rate u is the vector x
illustrated. For aii~r input vector x where the compo-
nents are treated as~ independent variables, •(x) gives
the maximal value a4ainable with x . The set of all
production possibilil~ies represented by the productionfunction •(x) is no~t restricted to only the efficientones for the various ~utput rates. Efficiency is a
local property. The ~.nput vector x in Figure 7.1 is
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0

Figure 7.1 - A single efficient point x.

efficient for the output rate u because one cannot
decrease any input rate and still have x belong to
the level set L(u) of all input vectors which may
yield the output rate u . The vectors y illustrated
are not efficient for u

When the foregoing notion of a production function
is applied to various realizations of the technology as
found in practice, the objects of the application in-
volve fixed arrangements of certain limited capacities
of plant and equipment. If the time perspective of the
application is short and few if any alterations or addi-
tions of equipment are possible, reality cannot corres-
pond to the model of the production function. But this
is no valid objection to the theoretical construct of
the production function. As Schumpeter [7.6] has said
in this connection: “It is no valid objection to the
law of gravitation that my watch that lies on my table
does not move toward the center of the earth, though
economists who are not professionally theorists argue
sometimes as if it were.” A proper use of the produc-
tion function requires that all the limitations on inputs
implied by the given facilities studied be adjoined to
the production function +(x) as constraints on the

• —~~~~~~~~~~~~~ • •
. - 1 • •

_ -

~~~~~~~~~~~~~
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input vectors x . Then the structure of a limited pro-
duction system is represented.

7.2 Two Stems of Development
Econometricians have long been interested in statisti-
cal estimations of production functions. Efforts In
this direction have been largely characterized by (a)
the need to make aggregative measures of inputs and out-
puts, (b) two aggregate factors, labor and capital, (c)
treating output as a scalar, and (d) the need to con-
tend with observations from limited units which repre-
sent production choices over extended periods of time.

— For these reasons a hybridization of the original notion
has evolved, wherein the production functinn estimated
displays limited substitution posaibilit. .rs for inputs
as represented by the specific planth realized (among
the technical possibilities) in the economic sector from
which the data were taken. The statistical estimation
so made may show a good descriptive relationship, but
one should be chary about extrapolation for larger
scales of output, unless it is clear that the mix of
facilities is not to be changed. Leif Johansen [7.3]
has given a clear exposition of the econometric stem of
research on production functions, which I shall suimna-
rize in the next section.

The other stem is a theoretical one for the notion
of a production function, to provide more adequate mod-
els which may be applied or used as perspective in ap-
plications. Starting with Leontief’s (7.5] input—output
model, as a linear structural relation between “indus-
tries” for estimating derived demand from a given bill
of net outputs (after Quesney’s Tableau Economigue), and
subsequent work of Koopmans [7.4] and Gale (7.2], and
many individual papers along the way (see bibliography
in [ 7 . 2 ] ) ,  the neoclassical notion of a production func—
tion has been extended to handle multiple outputs where
the technical possibilities are a finite set of alterna-
tive and complementary activities. Such linear models
are commonly taken to represent a total economy, after
Leontief.

More recently in the theoretical stem, Shepherd
[7.7], (7.9], and with FUre (7.10], has developed a
general set—valued production function (production cor-
respondence) which carries the theoretical development

_____  • • — _____
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for steady state models to a high state of generality.
Let u = (u1,u2,...,u) denote a vector of output

rates of various goods and services that may issue from
the technology and x = (X

l~ •~~~
X
n
) denote a vector of

input rates oI~ the factors relevant to the technical
possibilities. For given input vector x , P(x) de-
notes the set of output vectors realizable from x

• By a few axioms on the correspondence x + P(x) (or its
inverse u -> L(u) = {x u c P(x)}) it is possible to
construct a rather general theory for steady state
production functions which contain the linear models as

— special cases . These axioms do not require assumptions
that outputs and inputs are freely disposable nor that
the map sets P(x) and L(u) be convex. In fact such
assumptions are not even required for a law of diminish-
ing returns as shown in [7.10]. The dropping of freely
disposable outputs is important, because the vector u
spans all net outputs whether wanted or not, as in the
case of waste products.

7.3 The Econometric Production Function
In a recent book of Johansen [7.3] one finds a good
account of the production function as a model for
econometric studies, and a great variety of econometric
studies are listed in the bibliography. Johansen dis-
tinguishes four forms of the production function.

(a) The ~~ ante production function at the micro• level

(b) The ax post production function at the micro
level

(c) The short run production function at the macro
level

(d) The long run production function at the macro
level

The first of these four is essentially the neoclassical
production function and the second is merely a state—
ment for a given realized limited unit of production
that inputs are proportional to output ranging from zero
to some fixed bounded capacity.

_________ • —- • • —T•~~~~—-—— ••~~~- •• ~~~~~~
,—, • 
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The production function of main interest is the
short—run macro production function. For some economic
sector (under study presumably), it is assumed that
there are a given number of ex post micro units avail-
able froir which data may be obtained. Symbolically let

x~ = scalar output rate (same kind for all units)

X
1 

= output rate capacity

= input of factor 1 required per unit output
of 11± unit

= input of factor 2 required per unit output of
the ith unit

i = 1,2,...,n

For a production functi ,n of two factors, let v
1 and

v2 denote amounts per unit time of the two factors

available. Then the short run macro production function
is defined by

N iF(v1,v2) maximum ~ x
1=1

N
s.t. ~ E

1•x •:~.v1i—l

N

~ ~ 2
X < V

2i—i

0 < x~ < (i — l ,2 , . . . ,N)

which gives the maximal output over all ax post micro
units of the sector, subject to the capacity constraints
and the amounts per unit t ime v1 and v2 of the two

factors available. This then is the physical basis for
the short—run macro production function F(v1,v2) .
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If one wishes to interpolate for the given ex post
micro units of the sector, output obtainable from these
units for various availabilities of the two factors, the
function F(v

1
,v2) provides the answer unless the indi-

vidual agents controlling the ex post micro units do

not cooperate to maximize Ex1 . The properties of
this kind of production function are certainly different
than those of the neoclassical, or theoretical, or ex
ante, production function. For one thing, F(v1,v2)

is bounded for both v1 and v2 being unbounded. Also

— the substitution possibilities between v
1 and

are more limited.
The statistical estimation of the short—run macro

production function has to proceed without detailed

knowledge of the input ratios , and the capac-

ities . Often output is also not a scalar. Then
one has to measure output, and the two inputs (labor
and capital) by price deflated dollar values or other
means of aggregate measure. Further, since it is often
wished to use the production function for future projec-
tions, one has to face the problem of the vintage of
the ex post micro units for the sector. By taking the
macro production function as (where K and L are
used for v1 and v2 )

F(K,L,t) = f1(t)•G(K,L)

or

F(K,L,t) H(K,f2(t).L)

or

F(K,L,t) J(f3(t)K,L)

for output augmenting, labor augmenting, and capital
augmenting, respectively, one may try to make statisti-
cal fits to time series data that can be predictive of
what is called “technological progress.” In case
F(XK,AL ,t) — AF(K ,L , t) , technological progress is said
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to be Hicks neutral. Here t denotes the time at
which K and L have been (are to be) applied. Math-
ematical functions of simple parametric form like Cobb—
Douglas or the CES (constant elasticity of substitution)
functions are usually taken for C , H and J . The
technological progress so represented may be embodied
as in the case of new equipment or disembodied (better
nonembodied) as in the case of increased efficiency of
management through learning or other means.

Johansen’s formulation of the long—run production
• function involves such restrictive equilibrium assump-

tions that it will not be taken up here.
— There are other obvious difficulties in the econo-

metric approach to the formulation and statistical
estimation of a production relationship. The use of
aggregate inputs is particularly bothersome when they
involve a scalar measure in dollar value terms. For a
real measure a proper price deflation of dollar values
in a time series is required. Even if this can be done,
the estimated production relationship is conditioned by
the physical output mix of the data used, and, if a
substantial change of output mix is of interest for
projection, the statistically estimated price deflated
dollar value cf output may be far from what is sought.
Also, in the management of technologies, the price
deflated scalar dollar value of many outputs may not be
of primary interest.

All of these problems lead some of us more and more
to a micro economic approach like that of the neoclas-
sical production function, by an activity analysis or
more general treatment for a production correspondence.

7.4 Generalized Neoclassical Production Functions
As indicated above the developments here are in terms
of production correspondences, first linear and then
general.

The linear models of Leontief, Koopmans, Gale, and
others are multi—sector and refer to the total economy.
The development of linear models to be given here is a
formulation for the production function of a technology.
For this technology we assume that there are a finite
number K of processes or activities as alternatives
and complements. Related to these activities there are j
overall n goods and services which may enter as
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exogenous inputs. When an input is used by an activity ,
the amount required is proportional to the intensity
with which the activit:y is applied. Let x = (x1,x2,
...,x) denote a vector of input rates for the n

exogenous inputs. Let z (z1,z2,. . .,zk) denote a

vector of intensities for the k processes. Let

a11,a12,...,a1

a21,a22,... ~a2~

A =

a l~
ak2~~~

.,akn

be a matrix of input ted nical coefficients, one row to
an activity, with a1~ 

i~ ~ing the input of the jth

exogenous input per unit intensity of the ith activity .
For any given vector x the alternatives for activity
intensities are given by those vectors z satisfying
zA < x . Suppose there are m net products for the
technology represented by the k activities. Let
u = (U1,U2,...,U) be a vector of output rates for
these m products.

At this point we must make an assumption about dis—
posability of inputs and outputs. The simple assumption
and one used by most economic theorists is: that out—

puts and inputs are disposable, that is, if u° can be

produced any vector v such that 0 < v < u° can also

be produced , and if yields an output vector u

then any input vector y such that y ~ x0 will also
yield u .

With these assumptions , the output vectors u pro—
ducible by an intensity vector z for activities are
given by u < zB , where
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b11,b12,... ,bl

b21,b22,... ,b2

B =

bkl,bk2,.. .

is a matrix of output technical coefficients with b1.
being the output of the jth net product per unit inten-
sity of the ith activity.

Thus for a given input vector x , the set of all
output vectors producible under free disposability of
inputs and outputs is

P(x) = {u z A  < x , u < z B }

where it is understood that u , x and z are non-
negative vectors. The relationship x -* P(x) is a
point to set production function or correspondence. In
case inputs and outputs are not taken freely disposable,

P(x) = {u ) z > 0 , z A  = Xx , X c [0,1] , u O•zB

0 c [0,1])

Fnr A = 1 and intensity z such that z A  . x
u = z.B is obtainable and also any scalar fraction
OzB for 0 ranging from 0 to unity. Then, in case
some outputs are unwanted , one can reduce them from
those of u = zB only by scalar reduction of the whole
vector u

For the same linear technology there is another point
to set production function inverse to x -

~~ P(x) , de-
fined by u L(u) where L(u) — {x u c P(x)} is the
set of input vectors which will yield at least the out-
put vector u • In the two cases of free disposal and
nonfree disposal of inputs and outputs

L(u) = {x I z~B > u , x > z•A}
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L(u) = {x I z > 0 , z~B = (l/0)u , 0 c (0,1]

x (l/A) z~A , A c (0,1])

When disposable, those activity Intensities yielding at
least an output vector u are given by z.B > u and
any input vector x such that x > zA qualifies to
yield at least u . In the nondisposable case, zB = u
for 0 = 1 so that x = zA for A = 1 will yield
u , and scalar increases (l/A)zA of the input vector
x will also yield u , that is, scalar increases of a
feasible input vector x for u can be disposed to
obtain u

The foregoing linear model (production function) can
be specialized to yield Johansen’s type of model for
the econometric short—run macro production function as
follows. We imagine that the activities represent al-
ternative means of production, blueprinted to different
specific output capacity for some critical or important
component of the related output Vector, with the compo-
nent of z taken unity at this capacity. An intensity
of 3.5, say, for such an activity means a fourfold
replication of the related blueprint is realized, with
one of the realized facilities operating only 50% of
the time at capacity during each unit of time. For the
“sector” studied, let the first ~ activities be real-
ized while the others are not. Then

0 < z
1 

< 1 for I c

z1 
= 0 for i e {ct+l,ct+2,...,k}

and for given input vector x ,

O < z 1 
< 1  , i c

~(x) - u zA < x , u < zB
— 0  , I c {cs+l,...,k} — —

for the realizable outputs in the sector. The corres-

pondence x + ~(x) is the generalization of Johansen’s
“short—run macro production function,” in the case of
m outputs. Disposability of inputs and outputs was
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used to be analogous. It is not possible to speak of
a maximal output , nor any need to do so. Moreover the
model x + ~(x) is in micro form rather than macro,
since the use of only two inputs (usually “capital” and
“labor”) is fictitious and no means is given to aggre-
gate micro inputs into two macro inputs in the econo—
metric formulation.

The meaning of short—run is not clear and the dis-
tinctions drawn by Johansen vis—à—vis the ax post pro-
duction functions are too coarse. In a span of four to
five years new and larger scdle production facilities
can be constructed to supplement the existing facilities,

— as wa~ done in the U.S. economy during World War II. If
this span of t ime is short , one can construct a “short—
run plus” production function by applying only the con—
straints 0 ~ < 1 , i c {l,2,...,a} and defining

by

+ 
0 < z1 

< 1 , i {1,2,...,cz}

~ (x) = u z A < x  , u < z B
z1 > 0  , i c {cz-f-1,...,k}

in the disposable case.
Thus one may see the generality , as it is, of the

linear model of production. At this point it is useful
to dwell more specifically on the assumptions and limi-
tations of this model. Not all of the Input coefficients
ajj of A need be positive, since the list of exogenous

inputs may contain alternative factors. But in each row 
V

of A at least one coefficient must be positive , other-
wise net products can be produced without exogenous in-
puts . In the linear net output model x ~~ P(x) , inter-
mediate products are not explicitly considered and each
activity, as conceived, must integrate over intermediate
products to relate the exogenous inputs to net outputs.

• In these circumstances some exogenous inputs are re—
quired for every activity . Returning to the columns of
A , at least one positive coefficient must exist for
each column , otherwise an exogenous input is not used by

• any activity and can be deleted.
• For the matrix B , not all coefficients ~~ need

• —--———• — ~~~~~~~~~~~~~~~~~~~~~~ •~~V~V V ~ — _V VV •~~~~~~~~~VV_
~ —
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be positive. An activity (row of B ) may produce
only part of the net outputs represented by the output
vector u , but there must be at least one positive
coefficient; otherwise an activity produces no net
product and should have been integrated with another
activity. In each column of B there must be at least

• one positive coefficient; otherwise one of the net prod-
ucts cannot be produced and should be deleted.

The correspondence (production function) x + P(x)

t for th~ linear model has one very strongly limiting
property for its use, namely: P(Ax) = AP(x) for
A c [0 ,-fco ) , that is, it is homogeneous of degree +1,
implying constant returns to scale of input. Revert—

— ing again to the conception of the activity structure
used in discussing the “short—run macro production
function ,” the replication of plants of diff erent
capacities, represented by intensities z~ > 1 , is not

seriously limiting for optimal planning of production.
However, it is unrealistic to allow 0 < z~ << 1 where

<< means “considerably less than.” In considering the
alternatives (of varying capacities for output), one
should lower bound each positive intensity by unity,
that is, z~ > 1 , with z~ = 0 as the only alternative

less than unity, that is, apply the constraints
zi(zi

_l) > 0 (i—1 ,2,.. ,k) . Then the model ceases to

be linear, and increasing returns to scale are possible,
that is, P(Xx) contains A.P(x) as a proper subset.

V Constructing a net output linear model ab initio for
the production function x + P(x) , where P(x) is the
set of all possible output vectors realizable with x ,
avoids certain details on intermediate products that
ought to be considered. For this purpose, let the
matrices A and B be defined as before , with an ac-
tivity now possibly being one which yields only inter-
mediate products, requiring that we extend the list of
outputs to include intermediate products. Let

_ _• • ~~~~~~~~~~~~~~~ - • -
- ~~~~~~~~~~~~~~~~~~~~~~ 
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a11,... ,a~~

a21,... ,a2

k1’ ”’~ km

denote a matrix of intermediate product input coeff i—

cients, where > 0 f or all i and j , without
requiring that there be a positive coefficient in each
row and column. An activity may not use any of the out-
puts as intermediate product and some outputs may be
entirely final product. An output may be both final
product and intermediate product, but we do not regard
a good or service as both exogenous input and inter-
mediate product.

There are two alternative constraints which may be
used for viability of the linear production model as
follows.

I z~B > 0  ,~~~= (B— ~)

II b~~ 
~ 

for all i 
~ i

The second of these two is obviously the stronger, and
I is preferred . Then the linear correspondence (produc-
tion function) x + P(x) is given by

P(x) = {u z A < X  , u < z A  , z~~>O )

— {u zA — Ax , A € [0,11 , u = OzB , 0 c [0,1] ,

z~~>0}

Hence, it La seen that the previously formulated linear
net output model is not isomorphic to the net output
model where intermediate products are considered
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explicitly , unless the stronger assumption II is made,
on account of the need to include the constraints

z~ > 0 in the more general case.
For the inverse correspondence, the constraint

zB > 0 does not have to be applied, since

L(u) { x I z B > u , x> z A }

or -

L(u) {x I z~ = (l/0)u , 0 ~ (0,1] , x = (1/A)zA

A c (0,1])

because u and (l/0)u are nonnegative .
The open Leontief model is obtained from the fore-

going one with intermediate products by (a) letting v
denote a vector of total outputs with u being a vec-
tor for net products, (b) taking the matrix B to be
square with unity along the diagonal and all other
coefficients zero, and (c) taking the vector v as the
intensity vector z , and expressing the matrix

as C = [c
ii ] . Then the set of net output vec-

tors obtainable with an input vector x is given by

P(x) = 1u v A < x  , v[I—C] > 0  , u<u[I—C ])

or

P(x) {u I vA = Ax , A ~ [0,1] , v[I—C] > 0

• 

V u = Ov [I—C] , 0 c [0,l]}

Here [I—Cl plays the role of the matrix B . The
• inverse correspondences u + L(u) are defined by

• L(u) - {x I v [I—C] > u , x > vA}

— {x x > u[I—C] A}

or

- __________ ~~~~~~~~~~~~~~~~~~~~~~~~~~ •
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L(u) = {x v[I—C] (l/0)u , 0 c (0,1]

x = (l/A)vA , A c (0,1])

= {x I x = (1/cy) u[I—C)~~A , a c (0,1))

from wnich is seen the very special structure implied
by the Leontief model. When inputs are disposable the
input set L(u) has a single efficient point

X° = u [I—C]~~A , as illustrated in Figure 7.2 where the
set L(u) is the shaded region, and in case inputs are
not disposable, the set L(u) is merely the ray L

terminating below at x°
So far we have been concerned with linear models for

generalization of the neoclassical production function.
All of them have the property that the input and output
sets L(u) and P(x) are convex along with homogene-
ity. It is useful to look at the production functions
x + P(x) and u + L(u) from a more general axiomatic
structure.

x2
I

• 

L(uL~~
,
~~

Figure 7.2 - A single efficient point x°-

-I

V -- •~~~~~~~~~~~~~~~~~~~~~ • • • V • • -~~~~ ~~~~~~~~~~ • - -~~~~•-
- -
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Let x c R~ and u c R~ be nonnegative vectors of

exogenous input rates and net output rates respecd~ve—
ly, and take

P(x) = set of output vectors obtainable with x

L(u) = set of input vectors yielding at least u

Then as axioms we may assume (see [7.9] or [7.10]) the
following where semipositive vectors are nonnegative

• and nonzero.

— 
- P.1 P(0) = ~0}

P.2 P(x) is bounded for bounded x

P.3 P(Ax) D P(x) for A c [l,+co)

P.4 If x is semipositive and there exiats semi—

positive ~i , ~ (O,+°°) , such that

U c P(3.x) , then for all 0 c (O,-fco) there

exists A0 c (0,4co) such that (0~) c P(A0 x)

There exists a semipositive x such that

u c P (x) for some u > 0

P.5 The graph of x ~ P(x) is closed

• P.6 If u e P(x) , {Ou I 0 c [0,l]}C P(x)
The properties P.1 and P.2 are clearly applicable: the
only possible output from a null input vector is the
null output vector, and bounded inputs can only yield
bounded outputs. Property P.3 is equivalent to a weak
disposability of inputs, that is, if x c L(u) then
(Ax) c L(u) fo: A c [1,4°’) . Property P.4 is an
axiom concerning attainability of output vectors, and
in this connection one may note that not all exogenous
inputs are necessarily needed for a semipositive or
positive output vector, that is, they may be alternatives.

- — •~~~~- 
~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 
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Property P.5 is a purely mathematical assumption to
guarantee that the isoquants exist. Property P.6 is a
weak assumption concerning disposability of outpucs.

The properties of the inverse correspondence
u + L(u) implied by those taken for x -‘. P(x) are the
following.

L.l L(0) = R and 0 ~ L(u) for semipositive u

L. 2 For ~ (u~ 
} + 

v=l 
L(uv) is empty

— L.3 If x c L(u) , (Ax) c L(u) for A c [1,4°’)

L.4 If x is semipositive and (Xx) c L(u) for

semipositive u and some X e (0 ,-I co) , the ray

{Ax A e [0,-F”)) intersects all input sets

L(Ou) for 0 e [0,+oo)

L.5 The graph of u + L(u) is closed

L.6 L(Ou) C L(u) for 0 c [1,4°’)

With these few axioms (P.1,...,P.6) < >  (L.l,...,
L.6) a general theory for production functions can be
developed by adding one more postulate which is asym-
metric. The output isoquant (production frontier) for
an input vector x is defined by

ISOQ P(x) = {u u e P(x) , (Ou) 4~ P(x) for

0 c (1,4~)} , P(x) + {0}
while the input isoquant for an output vector is given
by

ISOQ L(u) — {x x s L(u) , (Ax) 4 L(u) for

A ~ [0,1])

when u is semipositive and L(u) is not empty, and

- ~~~~~~~~~~~~~~~~ -• - - -. V -V~ ~~~~~~~~~ V
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ISOQ L(0) = {0}
Note that the axioms (P.1, . . . ,P.6) < >  (L.l ,...,

L.6) do not imply that all output vectors u e

are feasible, that is, L(u) is not empty. The eff i—
cient subset of L(u) is not empty is defined by

E.L(u) 
= {x I x ~ ISOQ L(u) , y ~ L(u) for x - y semi—

positive)

The asymmetric postulate (axiom) Is

A: EL(u) is bounded for all u c

which is to state that an output vector u cannot be
attained efficiently by unbounded application of any
exogenous input.

With these few assumptions a general and comprehen-
sive theory of production functions may be developed.
The neoclassical production function 4(x) is obtained
when u is a scalar by noting that P(x) is an inter-
val [0,$(x)] where

+(x) — Max {u u e P(x))

and the properties implied for ~~x) are the following.

A.l th(0) = 0

A.2 •(x) is bounded for x bounded

A.3 $(Ax) ) •(x) for A c (1,4°’)

A.4 For any semipositive x such that $(Ax) > 0

for some c (0,4°’) , $(Ax) + 4” as A + 4°’

$(x) > 0 for some semipositive x

A.5 +(x) is upper semicontinuous on R~

It is shown in (7.10] that P.1, P.4, P.5, P.6 and A
are minimal for a weak law of diminishing returns, and
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that P.1, P.2, P.4, P.5, P.6 and A are minimal for a
strong law of diminishing returns. Convexity of the
input and output sets L(u) and P(x) is not required.
The significance of the law of diminishing returns in
this connection is that it specifies an essential
feature of production structure implied in weak form
by the axioms taken f or the structure of production.

The mappings x ~ P(x) and u + L(u) may not be a
• convenient form for mathematical representation of the

production structure. However, a convenient functional
representatic-n is available. Define

— l~(u,x) = [Mm {A I (Ax) c L(u) , A c

c2(x,u) = [Max {0 I (Ou) c P(x) , 0 c [C,+”)}]

referred to in [7.7] as distance functions. It is
shown that

x c L(u) if and only if ‘1(u,x) = 1

u c P(x) if and only if c~(x,u) = 1

and the map sets of the correspondence u + L(u) and
x + P(x) are defined in terms of these two functions
by

L(u) — {x I ~(u,x) > 1)

P(x) = {u I ~(x,u) < l}

The two functions ~‘(u,x) anti ~(x,u) have nice regu—
lar properties and they may be used to play the role of
the neoclassical production function. For one thing,
V (u,Ax) A’l~(u,x) and ~(x,0u) = OS1(x,u) for
A ,0 c (0 ,-F”) . They are nonnegative, ~‘(u,x) is
upper semicontinuous in x and ~(x,u) is lower semi—
continuous in u • When the map sets L(u) , P(x) are
taken convex and outputs and inputs are disposable,
V (u,x) is a continuous concave function of x and
~2(x,u) is a contintuous convex function of u . V

Otherwise, V (u,x) is nondecreasing in u and ~(x,u)
is nonincreasing in x

_ _  
_ _  

V ~~~~~~V__-
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Further, if x + P(x) is continuous with strong
disposal of outputs and u ~~

. L(u) is continuous , the
function defined as F(x,u) = (‘I~(u,x) — c~(x,u)) is a
joint production function, that is, for given x
F(x,u) = 0 defines ISOQ P(x) , and for given u
F(x,u) = 0 defines ISOQ L(u) . Note that unless
4(x) is continuous and strictly increasing ~~x) = u

V does not define ISOQ L(u) where L(u) = {x I 4(x)
> u} , that is, the simple equation 4(x) = u does
not necessarily define ISOQ L(u) when 4(x) is the
neoclassical production function.

There are certain special forn’s of the general pro—
— duction functions x + P(x) and u -‘- L(u) which may

be useful as approximations.
The first of these is that connected with homothetic

structure. The input structure u ± L(u) is homothe--
tic if

L(u) = F 1(f(u))~L~(1)

where the fixed input set L~(1) is defined by j
L,~(l) = {x +(x) > 1) , 4 (Ax) = A4(x)

For the correct properties of the input sets so repre—
sented, it is assumed that f(u) and F(.) have cer-
tain properties (see [7.7]). Homotheticity of input
structure means that all input sets may be generated by
radial expansion of a fixed set , and the set L(u) may V

be expressed

L(u) {x I +(x) > F~~(f(u))}
and ISOQ L(u) is defined by the equation —

$(x) F~~(f(u))

V 

Output structure x + P(x) is homothetic if

P(x) = F(~(x)) Pf(l)

V LI

______ - V~~~~~~~~ ~~~~~~~ - —I-__- 
~~~~~~~~ 
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where the fixed output set Pf(l) is defined by

Pf(l) = {u f(u) < 1) , f(Ou) = 0 f(u)

with the output set P(x) expressed by

P(x) = {u I f(u) < F(4(x)))

and ISOQ P(x) defined by the equation

f(u) = F(4(x))

Input and output structure can be each homothetic with-
out the other horaothetic. For homothetic input struc-
ture the expression for L(u) implies

P(x) = {u I f(u) < F(~(x))}

but not f(u) homogeneous. If both innut and output
structure are homothetic

F(x,u) = f(u) — F(4(x))

is a joint production function.
In what sense can homotheticity of u 4- L(u) be

regarded as an approximation? If one is interested in

a subregion of the input space R~ which subtends a

“small” solid angle with the origin, then homotheticity
may be a good approximation. In fact, if one is inter-

ested in a single input mix x° , F 1(f(u)) {Xx° A

> l/~(x
0
)} will be an accurate representation of the

alternatives, since F~~(f(u)) allows enough flexibil-
ity to describe any case. Similarly homotheticity of
output structure may be used as an approximation when
the region of interest in the output space subtends a
“small” solid angle with the origin.

Homotheticity has further significance when one con-
siders cost and revenue. See below.

Another useful special form is that of semi—
homogeneity. See [7.9]. Homogeneous production func-
tions (correspondences) scale so that P(Ax) =
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f(A)-.P(x) , that is, if an input vector x is scaled
by A , the output set P(Ax) is obtained from P(x)
by a scaling factor that depends only upon the scale
parameter A . It is shown that this kind of scaling

can occur if and only if f(A) = , where k is a
positive constant. For different input vectors x of
different mix, that is, x/IxI is different, a scaling
of the input vectors is done by the same scale factor

on outputs, but on different output sets P(x) in
general. Homothetic output structures scale on the
same output set Pf(l) for scaling of an input vector

x , but the scale factor F(4(Ax)) can be a quite gen-
erally behaving nondecreasing function.

If one assumes that P(Ax) = S(A ,x/lxI) P(x) , that
is, the scaling is done by a function of the scale
parameter A and the input mix x/Ixl , it is shown
that this can happen if and only if

s(~,~~~ )= A~~~
T)

Then the output structure x ~ P(x) is said to be
semihomogeneous if

P(Ax) -

Similarly, the input structure u + L(u) is semi—
homogeneous if

uG( \
L(Ou) = 0 \ U / L()

Either structure may be semihoiaogeneous without semi—
homogeneity for the other. However, if both are semi—
homogeneous , the exponent function H(x/IxI) is a
positive constant for all x ~ L(u) and equal to
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G(~~~

Semihomogeneity of structure is nontrivial under the
general axioms (P.1,... ,P. 6) < >  (L.l,... ,L.6) . How-
ever, if free disposability of inputs is applied,
H (x/IxI) is a positive constant for all x such that
that P(x) + {0} , and, if free disposability of out-
puts is invoked, G(u/luI) is a positive constant for
all u such that L(u) Is not empty. If convexity of
input sets L(u) is applied, the exponent function
G(u/IuI) has to be a positive constant f or all con—

— 
4 nected input sets L(u) , and convexity of the output

sets P(x) requires the exponent function H (x/Ixl)
to be a positive constant for all sets (P(x) — to))
which are connected. The general properties (P.1,...,
P.6) <=> (L.1,...,L.6) do not require the input sets
and sets (P(x) — to )) to be connected. The nonempty
sets of the former may be distinct rays truncated from
the origin and the sets P(x) ‘

~~~ 
{0} may be distinct

truncated rays issuing from the origin, reflecting that
the production possibilities are composed of only dis-
tinct output and input mixes.

The significance of semihomogeneity for production
structure is that it permits the degree of homogeneity
to depend upon output and input mix.

7.5 Cost and Revenue Functions

Letting p c R~ and r c Rm denote price vectors for

input vectors x and output vectors u , respectively,
the cost and revenue functions are defined by

Q(u,p) — Mm {p.x ( x c L(u)}

R(x,r) — I-~ x {r~u u e P(x)}

respectively. Q(u,p) gives the minimal cost of obtain—
irg the output vector u under prices p for inputs.
R(x ,r) gives the maximal return that may ‘b e obtained
from an input vector x under prices r for outputs.
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Here r is not restricted to be a nonnegative vector,
because one may wish to assign a negative price to cer-
tain unwanted outputs. For the linear model of produc-
tion, values of these two functions are calculated by
straightforward linear programs.

If input structure u + L(u) is homothetic, the
cost function takes the form

Q(u,p) = F 1(f(u))~P(p)

and this factorization holds if and only if the input

— 
structure is homothetic. By taking f(u) as a scalar
measure of ~‘itputs

f( ) — ______U — 

\P(p)

and the function F() which reflects returns to scale
of input may be studied as a relationship between
scalar measure of output rate f(u) and factor price
deflated cost rate (Q(u,p)/P(p)) . The price function
P(p) ~s an index function of price level, since

Q(u ,p) = 4 ( x
*).P(p)

where x~ is an input vector yielding Q(u,p) , and

x~ ~ ISOQ L(u) so that $(x*) F 1(f(u)) . Then,
if 4(x) is taken as an index function of inputs
( $(xj is homogeneous of degree +1 ) , the product of

*the two index functions 4(x ) and P(p) equals value
(cost). The function F( .) reflects returns to scale
because the isoquants of u 9- L(u) are defined by

F(~(x)) — f(u)

Similarly, if and only if the output structure
x -‘ P(x) is homothetic, does

R(x,r) —

and if 4(x) is taken as a scalar measure of inputs,
returns to scale as reflected by F() may be studied

-- V -_ V -V 
— -~~~~
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by relating price deflated revenue (R(x,r)/ir(r)) to
the scalar measure of input 4(x) . The price function
11(r) is r proper index function of output prices, since
the isoquants of x ± P(x) are given by f(u)
= F(4(x)) , f(Ou) = Of(u) , and

R(x,r) = f(u*)ir(r)

*where f(u) is an index function of outputs and u
yields R(x,r)

The more or less common practice of price deflating
dollar values to convert to physical quantities is thus

— 
seen to be strictly justified if and only if the pro—
duction structure is homothetic.

7.6 Duality Between Cost (Revenue) Function and
Distance Function
It is a remarkable fact that under the general axioms
(P.l,...,P.6) <=> (L.l,...,L.6) for production func-
tions that cost function and distance function
‘P(u,x) defining u L(u) are dually related by

Q(u,p) = Mm {p.x I ‘Y(u,x) ~ 1)
x

V (u,x) < Inf {p.x I 4(u,p) ‘ 1)
p

and the revenue (return) function and distance function

~Z(x ,u) defining x + P(x) are dually related by

R(x,r) Max {ru I ~2(x,u) < 1)
u

c~(x,u) > Sup {ru I R(x,r) < 1)
r

See [7.7]  and [7.9] for proofs . If, in addition, inputs
and outputs are disposable and the map sets P(x) and
L(u) are convex, the equality sign holds in the second
of each pair, implying that input structure u 4- L(u)
and output structure x + P(x) are completely deter-
mined by cost and revenue (return) function respectively.

Our concern here is not so much whether and how cost

- 
-_ V  - . - • V~~~~~~ • - ~~V V ~~~~~•~
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and revenue structure may be observed to impute input
and output structure, but the imputation of shadow
(accounting) prices , for which we need only the general
axioms.

For given resource (input A) vector ~c° and price

vector r° for output vectors , a shadow price vector

p is determined for x° as a solution of the problem

Inf {p.~
° I Q(u*,p) > R(x°,r0)}

— 
p

where u~ is an output vector yielding R(x°,r°) , and
the shadow price vector p5 

is value minimizing price

for the given input vector x° which yields a value

for x° which is at least as large as the maximal out—
0put value obtainable for x
0 0For given output vector u and price vector p

for input vectors, a shadow price vector r8 is deter-

mined for u° as a solution of the problem

Sup {r.u° I R(x*,r) < Q(u°,p°)}
r 

V

• where x~ is an input vector yielding Q(u°,p°) , and
• the shadow price vector r8 is a value maximizing

price for the given output vector u° which yields a

value for u° not exceeding the minimal cost of get—
0 0ting u under prices p for inputs.

For any feasible pair of vectors u° and x° , that

is, such that u° c P(x°) , the two problems

Inf {p.x0 Q(u°,p) > 1)
p

- - V - - - ‘V
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Sup {ru° R(x0,r) < 1)
r

determine shadow prices p8 and r5 simultaneously

for input and output vectors such that the imputed

value of u0 by value maximizing price vector r

does not exceed the imputed value of x° by value
minimizing price vector p5 - Thus, both inputs and

outputs may be shadow priced solely from the physical
structure of production. In the case of linear struc—

— ture of production these shadow prices are determined
by linear programs.

7.7 Indirect Production Functions
As a final topic of this survey we consider indirect
production functions as a construction for cost—return
and cost—benefit analysis (see [7.8]).

A cost indirect production function arises when one
seeks to find the output vectors that may be obtained
by a cost rate expenditure c > 0 under prices p for
inputs. The correspondence (indirect production func—
tion) is a relationship

(2.) G(2-) = {u Q(u,p) < c}

The output sets G(p/c) have properties similar to
those of P(x) , except that G(p/c) is not necessarily
closed and bounded unless p > 0 , and the sets G(p/c)
are not necessarily convex when P(x) and L(x) are
convex unless the graph of x + P(x) (u ± L(u)) is con-
vex, that is, nonincreasing returns to scale.

A return indirect production function is defined by

(~) 
± s(~) = {x R(x,r)

for positive return rate ]R and price vector r for
outputs to relate return rate deflated price vector r
to the set of input vectors which yield at least the
return rate ~ under prices r for output vectors.
Here the input sets S(r/R) have properties like those

- V_ _ _•~ -~~~~~~~~~~~~~~~~~~~~~~~~~ ---• • VV ~~~~~~~~~~~~~
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of the input sets L(u) , except that S(r/R) is con—
vex if the graph of u + L(u) is convex, that is,
P(x) L(u) convex 4> S(r/E) convex

-
• In case the direct production structure u + L(u)

is homothetic, the output sets G(p/c) of the produc-
tion function (p/c) ± G(p/c) are defined by

G(2) ~~~u I f(u)

and the isoquants of (p/c) ± G(p/c) are defined simply

— 
by the equation

f(u) = F(~~~))

Similarly, when the direct production structure
x + P(x) is homothetic;

s(~) = x I 4(x) > F l(
~~~))I

and ’the isoquants of the production function (r/r)
± S(r/IR) are defined by the equation

•(x) = F _1( 

~
)ir (r)

If both x + P(x) and u + L(u) are homothetic

(~
).c(

~
)=F (P

~~
)).Pf(l)

(~) s(~) 
- P 1(~~~~).L (l)

and the map sets for the indirect production functions
are developable in terms of the sets Pf(l) and

L,(1) for the direct structure, by the same scaling

functions as in the direct case with arguments in terms
of price deflated cost and return rate.

_ _ _ _ _  - - - V~_V ~~~~ •VV~~_ 
_ __r

~~~ • V ~~~~~~~~ V V _ ~~~~
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If global prices are assumed for inputs and outputs,
cost—return relationships are developed simply in terms
of the following two functions

= SupIr .u I u £ G(2
~)1

/r \ Jr
= Inf p~x x c S~~

expressing the maximal return obtainable with a cost
rate c under prices p and r for inputs and out-
puts , and the minimal cost of getting a return rate R
under prices p and r

One expects these two functions to be reciprocally
related under suitable conditions. If both direct
production functions are homothetic

(i~~~ r)) = F(~~~~~

’

~11(r) \P(p) /
that is, real return rate and real cost rate are inverse
functions of each other. This equation has significance
for econometric studies. If one assumes that for each
price vector pair p and r production is carried out
so that revenue and cost are maximally and minimally
related , price deflated return rate and price deflated
Cost rate may be plotted against each other to estimate
the function F(.) for the joint production function

f(u) F(4(x))

where f(u)  and 4(x) are index functions for outputs
and inputs.

There are obvious difficulties in treating p and
r as globally applicable price vectors for determining
value. If a social utility function V(u) is postu—
lated for output vectors, one may define an indirect
production function by

E + )(E) — {x I x c L(u) , V(u) > E}

— -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V• 
~~~~ 
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where E £ (-~~,4co) is a real number, and V(0) — 0
with V(u) < 0 implyIng u is less preferred to the
null output vector. It is allowed that some of the
components of u are unwanted. A map set Z(E) de-
fines those input vectors which yield output vectors
u at least as preferred as those of the indifference
class to which E is assigned. The sets E(E) have
properties like those of the input sets L(u)

Relative to the production function E + Z(E) , one
may define the minimal cost of achieving output vectors
at least as preferred as those of the indifference class
to which E is assigned, by

X(E ,p) = Inf {p x x c
x

which may serve to cardinalize the ordinal utility func-
tion V(u) . For each value E of ‘1(u) , take X(E,p)
as the corresponding cardinal value. Then under a sup-
posed global price p for inputs, a cost—benefit rela-
tionship is defined by

~ 
~~~~~~~~~~

where

V*(2.) = Sup V(u) u £ G(~)j

which in resource terms may provide cardinal measure of
the maximal benefits obtainable at a cost rate c > 0
under prices p for inputs.

7.8 Postscript for Dynamic Models
One area of interest for the Navy , concerning production
functions, is the construction of ships. Here the
steady state net output model of production fails to be
useful. If one observes a shipyard there are many pro—
ducti.on activities being carried out each day, yet no
output emerges. Months pass, yes, even years pass,
and still no net output. Finally a ship emerges. A
model for net outputs does not address itself to ship
construction in sufficient detail. The daily production

- V ~~~~~~~~~~~~ 
V
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consists of a great variety of intermediate products,
which must be explicit in some way for a suitable pro-
duction model. On closer examination, the various
daily production tasks are not daily repetitive, that
is, they need to be time dated , and there is a complex
relationship between tasks as to order and precedence

u representable by a linear graph like that used in PERT V

and critical path scheduling. Thus, one is deeply
involved in a dynamic structure for ship construction.

How , then , may one define the production function? V

Let the arcs of a linear graph denote production activ-
ities as in the linear, st-ady state model with inter—

— mediate products. For eacn activity , the outputs are
intermediate products and require as inputs exogenous
factors as well as intermediate products , with input
rates proportional to activity intensity. In some way,
one may compute on the graph the minimal time from start
to finish for construction, under related time patterns
of exogenous inputs. Then the production function may
be defined as a functional (in scalar output case)

F(x(r))=+

where T is the minimal time on the graph (the so—
called period of production), and x(r) is a vector
of functions x~(r) each of which is defined on some

time interval (t0,t] to specify the time rates at

which exogenous inputs are available over time, being
zero outside this interval. The functional

\t oj -

defines the instantaneous output rate dynamically as a
functional of time histories of availability of exoge—
noua inputs.

Little is known about this kind of production function,

- _________V
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although it was suggested by Evans [7.1] in 1930 , and
research must be undertaken to develop the notion for
production activities that constitute a major construc-
tion of a single net output. A generalization of the

V 
theory of production functions along such lines is
important for economic theory as well as having obvious
advantages for naval applications.
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Chapter 8

BRANCH—AND-BOUN D REVISITED : A SURVEY OF BASIC
CONCEPTS AND THEIR APPLICATIONS IN SCHEDULING*

S. E. Elmaghraby and A. N. Elshafei**
North Carolina State University

8.1 Preliminaries
The term “branch—and—bound ” (B&B) has increasingly be-
come a household term among students and researchers in
the field of scheduling and sequencing . In this chap—

— ter we shall take a fresh look at this approach and
assess its content, utility , and potential. In delin-
eating the subject matter of our discussion, perhaps
it is equally valid to emphasize that which is not
among our aims. This chapter is not a comprehensive
survey of B&B concepts and applications. Several sur-
vey articles that have appeared in recent years serve
that function adequately, if not superbly; see, for
example, References [8.1, .4, .21, .36, .40]. Nor does
this paper aspire to be a comparative evaluation of the
very many B&B approaches that have been proposed in the
open literature to solve one scheduling problem or
another. For examples of such studies , the reader is
referred to the papers of Ashour [8.2], Ashour and
Quraishi [8.3], Davis [8.8], and Kan [8.34], among
others.

What we do wish to present is an inventory of the
basic concepts underlying the “theory” of B&B; we wish
in fact to establish that such theory exists and to
illustrate these basic concepts by examples from the
field of scheduling and sequencing. In this we are

*The preparation of this chapter was partially supported
by the Office of Naval Research under Contract N00014—
70—A—0120 .-0002 , by the National Science Foundation under
Grant P1K1470-000 , and by the Army Research Of f ice—
Durham under Contract DA—ABO—D—3l-124--72--Gl06, with
North Carolina State University.

**Now at the Institute of National Planning, Cairo,
Egypt
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motivated by two objectives. The first is to summa-
rize, in what we hope is a convenient place, the mul-
titude of concepts that have emerged over the past few
years. We hope that such a summary will provide a
handy reference and basic understanding to student and
researcher alike. The second is to help the profession
assess the current and future potential of this ap-
proach . In this respect, one may compare B&B as a
problem solving approach, to simulation which is
another, and by now a very popular problem—solving ap-
proach. One may then ask fundamental questions simi-
lar, but not necessarily identical, to those asked in
the study of simulation. For instance, in Monte Carlo
simulation one often raises the question of variance—
minimizing techniques. In B&B one may ask questions
relative to the rate of convergence to the optimum.

As much as possible we shall draw our examples from
the field of scheduling and sequencing . However , since
problems of scheduling (and sequencing) are almost
universally modeled as integer or mixed programming
problems (linear or nonlinear), we shall feel free to
illustrate some concepts with reference only to the
integer (or mixed) program, without the need to motivate
the model by the scenario of the scheduling problem.
Ordinarily, we shall be dealing with integer linear
problems (ILP) and, in particular, with 0,1 ILPs. As
is well known, an ILP can be translated into a 0,1 ILl’
by the simple binary expansion of the variables. In a V

couple of instances, we could not find examples from
scheduling and, to the best of our knowledge, none
exist that use a particular concept. Then we took the
liberty to illustrate by examples from other fields of
application, such as location—allocation. We do not
feel particularly apologetic about taking such liberty V

since these problems are themselves modeled as integer V

(linear or nonlinear) programs. Such models provide
the link to problems in scheduling.

In the sequel we shall be talking about “partial
solutions” and “completions.” The term “partial solu—
tion” is actually a misnomer , since it refers to some—
thing that provides no solution whatsoever to the V

original problem. For instance, a schedule of e~ sub—
set of the jobs, or a series of cities visited by the
salesman in the traveling salesman problem (TSP), are
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referred to as partial solutions , yet they provide no
‘solution” to the problems posed , which are : a com-
plete schedule of all jobs in the first case, and a
complete tour over all cities in the second case. The
reader will hopefully bear with this misuse of lan-
guage. By the completion of a partial solution we mean
the specification of the values of the remaining vari-
ables so that their union with the partial solution
yields a point in the original solution space. A par-
tial solution is said to be fathomed if one of the two
following conditions is satisfied.

— (1) We determine that its best feasible completion
is better (yields a better objective value)
than the best feasible solution known to date
(assuming one is in hand).

(2) We determine that the partial solution has no
feasible completion better than the ~ncumbent
(this includes infeasibility, which is trans-
lated into infinite penalty).

The concept of fathoming is illustrated in Example 8.3.

8.2 Fundamentals
The approach of B&B is basically a heuristic tree
search in which the space of feasible solutions, which
may contain a very large (or denumerable) number of
points, is systematically searched for the optimum.
According to Mitten and Warburton [8.42], “the search
proceeds iteratively by alternately applying two opera—
tions: subset formation and subset elimination. In
the former, new subsets of alternatives are formed ,
while in the latter some subsets of alternatives may
be eliminated f rom further consideration . The proce-
dure terminates when a collection recognized to contain
only optimal solutions is reached.” The search has two
guiding principles: first, that every point in the
space is enumerated either explicitly or implicitly,
and , second, that the minimum number of points be

V explicitly enumerated. (We view B&B as an approach for
implicit enumeration, though we concede that, mainly
due to historical coincidences, the label “implicit
enumeration” has been applied to approaches that need

_ _V  V - V - -
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not employ the “bounding” feature of B&B.)
The implicit enumeration of feasible points is ac-

complished through dominance (which may or may not
employ bounding) and feasibility considerations. Each
of these concepts will be discussed in greater detail
below, but first we give a laconic description of them
to afford the uninitiated reader a general grasp of
the subject. The basic idea in B&B is to divide the
feasible space, denoted by S , into subsets S1,S2,
...,Sk which may or may not be mutually disjoint.

Assuming that the optimum falls in subset Sk , a bound

on its value is determined: an upper bound (u.b.) in
the case of maximization, and a lower bound (L.b.) in
the case of minimization or, better still, both an
upper and a lower bound in either case. Based on such
bounds two actions may take place: (i) a particular
subspace 5k is selected for more intensive search by

further partitioning into its subsets (this is the
branching, or “formation” function); (ii) some feasible
points (subspaces) are declared “noncandidates” for the
optimum, and thus are eliminated from further consider-
ations. This latter idea is one of “dominance” since
it is based on the determination that any element of a
particular subset S~ is better (or worse), in the

sense of the criterion function, than any element in
another subset S~ . Then indeed we may declare the

points in S~ (or in S~ ) as noncandidates for the
optimum and eliminate them from further analysis.

While dominance may be established on the basis of
the bounds evaluated on subsets Sk , it is also true

that dominance can be established independent of any
bounding considerations. In some circles (especially
in the scheduling literature) these are referred to as
“elimination” procedures . The final result is the
same , namely , it establishes that certain subspaces
cannot contain the optimum because they are dominated
by other subsets. A similar idea lies behind the
feasibility considerations. They arise because in the
majority of cases one is forced to hypothesize a rather
“rich” original space S • At some stage of analysis,

~VV •~~~~~~~ V -— -
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if it can be established that certain subsets of S
are in fact infeasible (in the sense of violating some
constraint of the problem), then indeed such subsets
can also be eliminated from further study.

Heuristics enter the tree search in all three basic
phases of the approach: in the definition of the
partitioning procedure, in the calculation of the
bounds, and in the philosophy of searching the tree.
But we wish to draw the reader’s attention to the fol-
lowing important and rather crucial distinction: the
formal structure of B&B admits the use of heuristics
(as does the simplex algorithm of linear programming).

— However, these are “reliable heuristics” in the sense
that if they run to completion, the optimum will be
achieved. Furthermore, if the procedure is terminated
before it has achieved the optimum , it yields a bound
on the error committed. (This is in sharp contrast to
“heuristic prob lem—solving procedures ” which lay no
claim to either optimality or to measuring the error
committed at premature abortion.)

A more formal definition of the B&B procedure was
advanced by Mitten [8.39] in 1970 which was expanded
upon in later work in 1973 by Mitten [8.40], and
Mitten and Warburton [8.42]. Mitten defines the opera-
tions of “branching ,” “bounding ,” and “branch—and—
bounding ” in terms of set functions. The necessary
properties of each function were given in terms of
operator and operands , which map all the known concepts
of B&B into topological domains. He establishes the
relations between the B&B recursive function and the
set of optimal feasible solutions by postulating vari-
ous analytic and topological conditions such as conti-
nuity, completeness, and compactness. In the case of
finite solution space, the convergence of the B&B
recursive function is easily seen. However, in denumer—
able or nondenumerable spaces, Mitten demonstrates that
if the B&B recursive function is a contraction mapping
in a complete metric space with appropriately defined
elements, then fixed—point theorems could be invoked
to establish convergence.

To gain more insight into Mitten’s construction, we
assume that it is desired to solve the problem: maxi-
mize f(x) for x c X . (For example , X may be the
integer feasible points in an ILP.) Typically, B&B

V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ VV~j _  V V V_y V~~~~~ V V ,~~~~ V V • V _  ________ _ _ _ _ _ _ _ _ _ _ _  
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proceeds by searching the space T 2 X for the set

~~, {x £ X: f(x) = f*} of optimal solutions, where

f sup f(x) and where 4. means “is defined to
xcX

equal.” The search proceeds by examining subsets
a c X , and collections of such subsets. Let S denote
the famLly of all possible collections of subsets that
could be encountered by a given B&B procedure. As
shorthan d notation , let U(s) denote a subset of X
comprised of the elements in U {a} ; that is

(Yes
U(s) 4. ~j{a} where s £ S

acs
As mentioned above, alternative possibilities in B&B

are considered in sets rather than one at a time. Fur-
thermore, B&B examines successively smaller and smaller V

subsets of X (the subset formation operation), always
eliminating those subsets that can be shown not to con-
tain an optimal solution (the elimination operation).
It is assumed that once sets are “small enough” in some
sense, then there is a procedure available for distin—
guishing the optimal solutions from the nonoptimal solu-
tions, the so—called fathoming procedure. Therefore,

let S~ denote the set of fathomable collections Cs) V

here s is a fathomable v~o1lection if f a c s satis—

* *fies a C a or a fl a = ~ . We assume that a proce-
dure is available for separating one from the other.

That is, s c S~ if f the following hold.

(a) ~ = ~l 
U 

~2 
with a ~ a

~ for every a e

*and a fl a — • for every a c

(b) There is a means available f or forming the col—
].ectiona 

~l 
and 

~2

V As a minimum requirement, we insist that any collection
of singleton sets (sets containing one point of X
each) is fathomable, since such sets cannot be sub-
divided. One may now state the objectives as: find a

collection c S such that U(s *) ç ~ and

- V ~~~~~~~~~~~~ ~~Th~~~V - V~~~~~~~~~~~
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* *U(s ) = ~ only if a — $ . Mitten defines the B&B
V procedur*~ in terms of the set operations called branch-

ing, upper bounding , lower bounding, and, finally ,
branch—and—bounding. Let 5F (for formation) and SE
(for elimination) be two subfamilies of S . Branching
may be defined as a function F: SF + 5

E 
such that for

each s c SF the following hold.

(a) F(s) = U {d(a) } , where d(a) is either a
acs

or a collection of proper subsets of a whose
union is a

(b) F(s) = a iff a c S

In words, this latter condition (a) states that each a
in s either remains unchanged under F(s) or is 

V

broken up into a collection of proper subsets. This
is illustrated in Figure 8.1, in which ~ = ~~l’~2”3~ ~
d(a 2) = 

~2 ~ d(a 3
) — (Y 3 , but a~ has been “broken up”

V into four (disjoint) subsets. Clearly, Ua14 =
j  J

Upper bounding is a real-valued function u: U(SE) 
+

with the following properties.

(a) u(a) > f(x) for all x c a c U(SE)

(b) u(o) > u(a0) if a0 ç ~ a0 , a c U(SE)

(c) u({x}) — f(x) , x c a

These latter conditions (a) and (b) follow from the com-
mon concepts of upper bounds and set inclusion. Condi-
tion (c) ensures that the upper bound on singleton sub-
sets is the “value” of that point under the mapping f
Lower bounding is a real—valued function £: SE 

+

such that the following hold for any e c SE .

(a) ( )  f*

V 
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~
3&C4

~~~~~o o o 6
Figure 8.1 - Partitioning and branc hing.

(b) £(s) < L(F(s))

(c) L(s) > f(x) for any x c 8

(d) If a’ C a is such that, for every a’ c a’
either u(a’) = —

~~~ or u(a’) < £(s) , then
L(s ’) — £(s)

V These latter conditions (a) and (b) follow from the corn—
mon concepts of lover bound and set division into sub-
sets. Condition (c) ensures that the lower bound of a

V V singleton subset is tight. Condition (d) guarantees
V that infeasible sets (u(a’) = _co) or dominated sets

(u(a’) < £(s)) cannot affect the value of the lower
bound L(s)

In Mitten’s view, the bounding operation is an ellm—
V ination operation through infeasibility and dominance.

He defines it as a function E: S
E 

+ 5
F 

defined for

S C S
E 

by V

V ~~~~~~~ ~~~~ V V
__— - VV - V~~~~~~~_~ — ~~~~~~~~
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E(s) — a — {acs : u(a) —~~~ or u(a) < 2,(a) }

The strict inequality in the above statement implies
*strong bounding, since all optimal solutions in a

are retained. If an inequality is substituted, the
resulting bounding operation is said to be weak since

*we then ensure that at least one element of a will
be retained. Finally , the B&B recursive operation is a
function C: 5

F 
-* 5F defined by C(s) = E(F(s)) . In

other words , the successive formation and elimination
of subsets is the heart of the procedure, hopefully

— leading to an optimum without the need to enumerate all
singleton subsets.

If X contains finitely many points, it can be

shown that = G(S n~~.) 
, for some finite n > 1 , is

an element of the fathomable set S , so that the pro-
cedure will terminate in a finite number of iterations.
In the case X is not finite, Mitten shows that C
will not “cycle” provided that each collection in SF
and SE contains only finitely many sets. (Cycling

means that there exists an m such that Gm(S) =

and s c SF 
— S .) Note that even though a procedure

may never cycle, it may not terminate in a finite num-
ber of steps. With this formal structure established,
Mitten proceeds to illustrate his concepts by two
examples: IL? and sequential unimodal search. This
latter illustration is interesting since it claims to
be the following.

(i) An example in which neither the procedure
nor the sets involved are finite.

(ii) The only currently known application of B&B
methods employing a branching rule that can be
demonstrated to be optimal (the Fibonacci
search).

This led Mitten to the following two conclusions.
First, that the existence of an optimal branching rule

— ~VV ~~~~~~~~~~~~~~~~~~ V V V V~~ ~~~~~~~~~~~ V ~V ~~~~~~ 
-
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I
for the sequential unirnodal search suggests some irter—
eating avenues of investigation in other areas of
application. Second, that since attempts to extend
the sequential search method to higher dimensions

~
n(n>l) have been notably unsuccessful, perhaps a

fresh attack on the prob lem in via B&B would pro-
vide a new perspective. We wish only to remark that
viewing sequential unimodal search as an application of
B&B may raise some eyebrows, since none of the concepts
usually associated with B&B are present in the standard
search pattern, including the optimal pattern. The

— viewing is justified, however, if one sticks to the
formal definition of B&B ’s search as composed of set
formation and set elimination, both of which are indeed
present in sequential unimodal search.

8.3 Branching
Branching proceeds by dividing the solution space into
subspaces , which are themselves divided into subspaces,
and so forth, until subsets containing exactly one
point each are reached. The graphic representation is
a tree, the search tree, whose numbering runs opposite
to the r~et content. Thus, S0 is the empty set •
which represent3 in fact the whole space S before any
division has taken place. A terminal node of the tree,
SM , H large, contains a complete solution X which

represents in fact a singleton set. Intermediate nodes
V of the search tree generally represent partial solu-

tions generically represented by S
k . Hereafter we

use the terms “branching” and “dividing the solution
space” synonymous ly . The choice of the node from which
to branch is basically a decision related to the philos-
ophy of searching the tree , which is open to the use of

V heuristics.
Basically, there are two extreme philosophies with

innumerable intermediate variations. On the one end of
the spectrum there are heuristics (for example, branch

V from the node with the smallest lower bound) that favor
the nodes higher up the tree. In this case, the con-
struction of the search tree will proceed “horizontally ” ;
this is the so—cal led jump—tracking (or “flooding”)

V - - V - V ~~~~~~~~~~~~~ V V~~
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V 
illustrated in Figure 8.2(a). The advantage of this
procedur e is its economy in the number of single ton

V 

sets created prior to the determination of the optimum.
I ts disadvan tage lies in the vast memeory required to
store all the unbranched—from nodes. At the other end
of the spectrum there are heuristics that favor the
pursuit of search in one subset of S until it is
fathomed; that is the so—called back—tracking last—in-
first—out (LIFO) illustrated in Figure 8.2(b). The
advantage of such a procedure is that certain informa-
tion is i-eadily available when branching is from the
node (subset) just created , which otherwise would need

— to be recomputed (such as the basis of a linear pro—
gram). Furthermore, the procedur e goes direc tly to a
feasible solution so tha t if calcula tions ar e stopped
before optimality is achieved , there is available a
feasible solution as well as an upper (or lower) bound
on the optimum value.

Other procedures may be adopted which fall between
these two extremes, such as the so—called choosing up
the tree procedure illustrated in Figure 8.2(c) . In
this case , branching always cont inues from one of the
m node s just crea ted until eventually either final nodes
are obtained, or all descendant nodes are infeasible,
or their lower bounds exceed the actual cost of a
known solution ( they are dominated) . When this occurs ,
the next intermediate node is chosen as follows. Track
up the tree until a node E is found which has the
pro per ty tha t one of the m — 1 other nodes created

V when branching took place from ~ is still an inter—
mediate node. Branching is then continued from this
intermediate node. V

We are now able to state our first dictum.

I. The Branches Need Not Be a Partition. The defini-
tion of the par titioning procedur e is synonym ous with
the definition of the branching procedure. In the 

V

majority of cases there are several ways by which S
may be partitioned: the decision is basically a
heuristic one. Different procedures lead to different
numbers of subsets of any subspace Sk and , conse—
quently, different numbers of “stages” or “levels” of
the search tree. The concept we wish to advance here
as Dictum I is that the division of a subspace Sk V

* 
_ _ _V 
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into subsets SklsSk2s•••~
Skr need not be a partition

in the sense that Skj fl Skj = . This is true be-

cause the subsets may have some points in common. We
illustrate this concept with two examples.
Example 8.1. Consider the problem of scheduling N
jobs on M

~ 
identical machines availab le in period t

(say day t ) , t = l,2,...,H , where H is the “plan-
ning horizon.” The jobs are related by precedence con-
straints. A job j has: processing time yj during

which it occupies one machine uninterrupted; a desired
completion time ( the so—called “due date”) d~ ; and a
cost c(T~

_d
~) which is a function of the difference

between the actual completion time of the job T~ and
its due date. (The function cj is quite general

except for the mild restriction that it be nondecreasing
away fr om d . .) It is desired to find the schedule of

the N jobs with minimum total cost.
An lIP model was advanced by Elmaghraby [8.13].

Recognizing the computational difficulties entailed in
a fron tal attack , he proposed a B&B procedure in which
the ~

h levelsS! of the search tree corres pond to the jobs ,
and a subspace 5k def ines a par tial solution in which
the first k — 1 jobs have specified start times.
Notationafly , this is given by A~ — 1 for i 1,2,si
...,k—1 in which is a 0,1 variable denoting the

start or non—start of job i in period t and

represents the start time of i • Because of the pre—

V 
cedence cons tra ints, let ak denote the earlies t

availability of job k (its earliest start time), and
bk its latest completion time (an “absolute” deadline
beyond which the job may not be completed). Clearly,

= 1 for some value of a, in the interval
K

Hence the subspace Sk is

partitioned into bk — — 
~k 

+ 1 subsets, which may

- ~~~~~~V VV ~~~~~~~ V -- ~~
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be represented by branches in the search tree as shown
in Figure 8.3. Note that some of these subsets may be
infeasible due to the machine availability constraints,
in which case the subsets nay be eliminated from fur-
ther considerations.

An alternative approach may run as follows. Let the
levels of the search tree correspond to time periods.
In any period t , a number of jobs , say n < N , are
eligible for being started (by virtue of the precedence
relations). The machine availability constraints may
limit the number of jobs that can be started simul-
taneously to (the binomial coefficient) Q C(n,H

~
_r)

alterna tives , where r < Mt is the number of machines

“committed” in period t as a consequence of the par-
tial scheduling of the first k — 1 jobs. Suppose we
enumera te all such feasible “bunches” of activities,
and denote them by S~ ,,S ,,...,S i.., . Then we may

,ã. 5 ,~~~

branch to Q + I subsets corresponding to the Q ways
in which activities may be initiated at time t , plus
the state in which none are initiated.

Comparing the two procedures , it is evident that in
the latter the various subsets need not be mutually

~~~~~~~~~~~~1 k : + 1 1~~~~~~~~ j b y + 1 1

F igure 8.3 - The partitioning of Sk-
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exclusive and hence the subdivision of S
k 

is not a

partition. Moreover, the firs t procedure leads to a
tree of N levels , while the second to a tree of H
levels.
Example 8.2. Consider the well—known traveling sales—
man problem (TSP) over N cities, modeled by the fol—
lowing ILP.

minimize ~ ~ 
c
ii 

Xjj

s.t. 
~ 

xii 
= 1 for all i 

~ I x~1 1 for all i

— uj + N x
ij 

< N — 1 , i = 2 ,... ,N ,

j = 2 ,.. .,N , i # j

V X
11 

= 0 ,1 , u~ > 0 and integer for all i

We propose three modes of branching, two of which par-
tition the subspaces but the third does not. Let

def ine a path from the home city 1 to city ik • A
tour T is any permutation of the N — 1 non—home
cities and a tour is a tour that includes path

Sk . We also call S
k a subtour. Then arc (i.Kj)

either belongs to tour T
k or not. The three modes

of branching are as follows.

(i) The path Sk genera tes two subse ts of the
tours T

k for each city j ~ {l ,i1,i2,...,
} : the tours wherein Sk is extended by

continuation on arc which we denote

by ; and the tours denoted by

wherein Sk appears but arc does

V -

-

-~ 
~~~~~~~~~~~~~~~~~~ - — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V V~~V_ V ~~~~ - V ~~~~~~~~~ 
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not. Figure 8.4(a) illustrates this mode of
branching which is basically the branching
rule proposed by Little et al. [8.37]. The

branch S~~ eliminates from consideration

(due to infeasibility) the row in the

distance matrix and any other entry (j i~ )

that would form a sub tour with the current
partial schedule (ir

C{l5il~~~•~ ik}) 
. On

the other hand, the branch S~~ simply elim—

— m ates the entry 

~~ 
in the distance

matrix. Recalling the bounding method of
[8.37], it is obvious that the positive asser-

tion of S1 is more potent than the negative

assertion of Sk

~ 
Subiour~~j

I _ _ _

[si, 1
~k11 ~ S~ 1 

11k1
~ ~

‘a)

Subt our S]~~

_ _  _ _ _

J 5k1 ~k111 £ TkI ~ 
~~ (i~,1~) S • ~k.N-k ‘1k’N-k’ S r,~ ~

~b)

Subtour s~j

_ _  _ _  “p

I )~i,Ii
)
~ T~,J ~~~I2

: ()
kI2)$Tk~ . • 

~ ~
k.N-k ~k1N-k~

‘C)

Figure 8.4 - Three modes of branching.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -_ _ _ _ _ _ _ _
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(ii) Still assuming t~iat Sk defines a path to

city k specify the subsets according to

the next arc included in the tour T
k . Thus

Skl = Sk fl ; S~ 2 = Sk fl (ij2),...,

Sk ,N_k = Sk fl (ikiN ....k) ~ and there are as

many branches from Sk as there are cities

still to be visited. This mode is illus-
trated in Figure 8.4(b).

(iii) Specify the subsets of Sk by the arcs not

in the tour . Then we write Skl to denote
the set of all tours Tk in which the arc

(ikjl) does not appear; Sk2 denotes the

set of all tours Tk in which the arc
does not appear; and so on. Clearly

this is not a partition of the tours Tk
since, for instance, both subsets Skl and

Sk2 contain all completions of the subtour

which contain netther city j1 nor city

Figure 8.4(c) illustrates this mode.

II. The Desirability of Nonredundancy of Completions.
Undoubtedly , a desiratum would be that the branching
scheme generates a sequence of nonredundant partial
solutions; that is, that no completion of a partial
solution in the sequence ever duplicates a completion
of a previous partial solution that was fathomed. To
heed this second dic tum, it is obvi ously necessar y and
suffic ient to have in all future sub sets S , v > k ,
at least one element “complementary” to one

”
in 5k

This, in turn , is indeed satisf ied if we stor e Sk and
genera te the new sub set Sk+l to be exactly Sk 

but

with its last element the complement of the last element
of Sk , and indicate in some fashion that Sk was

V 
~V V ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

V -
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fathomed. (The storing of S
k is to comply with the

requirement of (implicitly) enumerating all points in
the solution space.) Compliance with this dictum is
extrem ely diffi cult, and is rarely accomplished except
in those ins tances where “coniplementarity” is obvious ,
such as 0 ,1 ILPs. The alternative to modeling the prob-
lem as a 0,1 ILP is to store all subsets in the tree
(notjust the unbranched—from subsets) and compare them
to each newly—generated subset to eliminate duplication.
(This is of fundamental importance in dynamic program-
ming. In some sense, B&B relaxes this requirement, and
the price paid for such relaxation is the possibility
of duplication.) Our ex~~ V1e to illustrate this con-
cept is indeed taken from solutions to 0,1 I12s.
Example 8.3. In the Geoffrion—Glover Approach to 0,1
ILP [8.26, .29], the pr ob lem is stated as follows for
c > 0

minimize cX

s.t. AX + b > 0 ; x
1 

= 0 ,1

An S
k is a set of variables whose values have been

assigned as either 0 or 1. The remaining variables are
called “free variables.” Suppose Sk 

= lxi ,x1 ,...,
~~ i 2

X
L } , and S

k 
is fathomed. Then create Sk+l — (xi ,K 1 -~

x~ ,...,x ,~~~~~~ ~ where 1 — x~ , and the
2 ~k-1 k k k

V 

underlin ing of x~ is simply a visual indica tion tha t
k

V 
Sk has been fathomed. The following illustrates the

V 

two concepts of fathoming and nonredundant completion.
The general logic may be shown schema tically as in Fig-
ure 8.5. The application of this logic to the ILP
proceeds as follows where the step number refers to the 

V

box number in Figure 8.5.

Vi 1. The most effortless completion of S
k , ignor ing

feasibility, is to put x
1 

= 0 for all the free
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0 Determine ~~çg~ completion of
V 5k’ ignoring feas ibi lity .

through a simple calculation.

Not feasible Feasible

Therefore abandon the search for best completion.
V Instead, try to establi sh that no feasible

comp letion of s11 has . lower value than the
incumbent. This should also be determined V

through a simple calculation.

(V~)True I False(s)

Therefore is fathomed i [Therefore 5k cannot be fathomed .
Augment 

~k in a nonredund ant

[fashion.

Figure 8.5 - General logic for fathoming. V

variables. (Recall that we assumed all c
1 

> 0.)

2. Clearly, if the resultant solution is feasible ,
then indeed it is the bes t completion of Sk
I ts value is easily determined , say z,~ • If

Zk 
< ~ (the value of the incumbent , assuming

one exists; otherwise ~ = ) ,  then we adop t
the current feasible solution as the best, and

put ~ — Zk 
. Otherwise , zk 

> and , a
fortiori, no feasible completion of Sk 

has a

lower value (of the objective function) than
the incumbent ; hence is dominated, and
again it is fathomed.

3. If the completion is not feasible, then instead
of seeking the best completion of Sk 

(which
may require extensive calculations) we try to
establish the proposition stated in node 3.

-.~~
.

—- _________ ~~~~ V V V~~~~~~~~~~~~~ VVV . .~~-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J _ _ . ~ -
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4. If the proposition is true, then it must be
impossible to complete S

k so as to eliminate

all the infeasibilities of the completion of

and improve on . To demonstrate this

impossibility, it is clearly sufficient to con-
template the value 1 only for variables in the

k k Iset T defined by T A. (Xj free: c~ + C
j

< ~ and ai > 0 for  some i such that

y~ < 0) , where ~k = AXk + b • If Tk is
empty (which is implied by the condJ ti-on
= y~ + 

~ k max(O,ai4) < 0 for some i with
k j eT -‘

y~ < 0) then there can be no feasible completion
of Sk that is better than the incumb ent , and
Sk is fathomed.

5. If the proposition is false , then cannot
be (easily) fathomed. Then the partial solution
S
k must be augmented. Mere, heuristics are

adopted such as: add the variable that reduces
total infeasibility the most; or add the variable
that reduces infeasibility in the most number of
constraints; or add the variable with the small-
est C

j 
> 0 that still reduces infeasibility of

at least one constraint ; and so on. The appli-
cation of these concepts to an ILP is given in
the tree diagram contained in Figure 8.6. There
the variables are denoted by their numbers;
writ ing j  as , for example in S2 — {3 ,—2 }
means that xj — 1 whIle —i means X

j 
— 0 ;

the underlining of a variable means that its com—
plement was fathomed. Notice finally that the
first of the stated procedures in 5. is used in
Figure 8.6.

~~~~~~~~~~~~ 
I~ re ng
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mifl imiz. 
~‘l 
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V
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their experience with UMPIRE , a proprietary computer
package for the solution of mixed linear programs (MLP) ,
Forrest , Hirsh , and Tomlin [8.23] , referred to below as
FH&T, treated some of the problems encountered in
branching and suggested several approaches to their
solution. Their insight may prove of invaluable
assistance in structuring future computer codes. To
set the stage, we are dealing with an MLP of the fol-
lowing form .

Program Q V

— maximize x0

s.t. Ax = b , x~ > 0  for j = l ...,n 
V

Xj integer for j c IC {1,2,...,n}

where A — [ajj  J (i”O,l,.. - ,m;j— O ,l ,... ,n) , row 0 is

the cost row , and column 0 is the unit vector with 1 in
the first (0th) position. Variables may be subject to
simple or generalized upper bounds. The solution of the
above MLP as an ordinary (continuous variable) LP
results In a final simplex tableau which may be stated
(in standard simplex terminology) as follows.

xO 
= 

~O0 
+ 
~ ~~ 

(-xj )

x~ = + 
~ ~.j 

(_X
j

) for I — l,...,m

By the simplex criterion for optimality , we have

> 0 and ~~~, 0 for all I and j . For every

I. c I , let

- 

~~ 
+ ff0, 0 < f 10 < 1

-— - —  
VVV V.~ VV ~~ V V~ V -~~~~~~~
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where [a o] is the largest integer not exceeding
a1~~

.

The solution of Program Q by B&B involves maintain—
ing a list of LP problems or subproblems derived from
the original 1VILP , obtained by imposing tighter bounds
on the integer variables and always recording the best

integer solution obtained so far and its value

The basic steps in branching are the following.

1. Problem (Node) Selection. Select a problem with
fractional values from the list whose objective

Cfunction satisfies x0 
> x

0 
. If none exists ,

terminate.

2. Choose A Branching Variable (the “Arbitrated”
variable) . Among the variables in the selected

V problem , choose a fractional variable for branch—
— ing. Denote the chosen variable by x~, .

V 3. Branch (Arbitrate) . Create two new subproblems
(nodes) by adding the following new restrictions.

to yield subprob lem p1

x~, > [~pO] + 1 to yield subproblem p2

The procedure is “straightforward” except for the fact
that each step is in need of operational def inition
(which is the subject of the FH&T paper)

Consider Step 3 first. One may solve each descendant
subproblem , or one may solve only one of the two LPs ,
postponing the solution of the other to later in the
hope that it never need be done because of dominance
consideratIons. Alternat ively , one may “j  ockey” between
the two new descendant subproblems p1 and p2 ; the authors
refer to the alternation between the two nodes as “node
swapping. ” For example , one may investigate the other
subprob l..m as soon as the degradation in the first branch
is found to exceed the “penalty” of the second as

V 
-
- 

~~~~~~~~~ VVr~~~~~:M.~o.V V

____________ 
- - - - •—

~
:---- 

~
_
~ V_ ~ V ~_~_V ~~~~~~~~~~ V - ____ i_VL
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explained below.
Three questions are to be resolved before Step 2 is

successfully executed. How does one choose the branch-
ing variable? How does one decide on which branch to
postpone (if branch postponement is desirable)? How
does one bound its solution? To this end , FH&T discuss
the following approaches.
(i) The Penalties Method. Penalties give a lower
bound on the change (degradation) in the objective
function as a consequence of forcing a currently non—
integer variable to its adjacent integer values . From
the theory of parametric LP it is evident that, assum—

— ing no change in basis, the imposition of a new 2...b. of
[
~ 1 + 1 on x mus t decrease the objective func—

L P 0J P
tion at least by the “up penalty”

U = mm (1—f ) / ( —~p ,
~ <0 ~° oj ~ pj
.~ 

a~~

If a > 0 for all j , let U = ~ and x is a
p i— p p

monotone decreasing variable. Similarly , the minimum
“down penalty” incurred by placing an upper bound

on x~ 18 given by

D mm f ~— >o p0 Oj pj

If ~pj ~~. 
0 for all j  , let D~ — ~ , and x~ is a

monotone increasing variable. The penalties are lower
bounds on the decrease in x0 because we assumed no
change in basis ; hence the value of the objective func—
tion for these two b ranches must be bounded from above
by 

~~~ 
— U~, — D , respectively . If the descen-

dant node is not dominated as a consequence of the new
bound , then the above penalty calculations may be used

—-V -~~~~~~ ~~~~~~~~~~~~~~~~~ ~~
-- r -- —
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in the selection of the subprob lem to be solved , post-
poning the other to later. Presumably, the sub problem
giving the smallest degradation is the one selected.

The authors argue against this method since in many
instances it leads to the wrong decision, thus prolong-
ing the search. Garfinkel and Nemhauser [8.25] recom-
mend the capitalization on monotone variables to reduce
the size of the search tree. In particular, if row p
is chosen as the partitioning row and ~~ is monotone

(increasing or decreasing) , then it will have only one

successor, and one need only to consider x > 1~ 1
+ 1 or x~, > . They also point out, correctly,
that the penalties U and D were derived without

p p
taking into account the integrality requirement on the
nonbasic variables. Taking such requirements into
account would generate new bounds on the penalties. For
instance , in order to have an integer solution , some
nonbasic variable must become positive and therefore not
less than one. This isinediately yields the Lb. on
penalty mm a04 ; which, incidentally does not depend

j J

on the partitioning row. One may wish to carry the
idea of penalties a little further and determine a
stronger bound on the penalty incurred . Two approaches
suggest themselves.

(a) Assume that the current basis does not change ,
and determine a feasible solution when x isp
rounded up or down.

(b) Assume that the basis will change with the
introduction of some nonbasic variable at a
positive level. Determine the cheapest such
transformation that . retains primal feasibility,
and its associated cost.

Naturally , the price paid for improved b ounds is the
additional computing . The efficacy of such approach is
currently under Investigation by the authors. Also see
Breu and Burde t (8.6].

- V V~V_ ~ V~~~~~~~~~~ 
V 

~~~~~ 
—
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(ii) The Method of Priorities. Priorities are accord-
ed to variables a priori, and are based primarily on
the analyst’s knowledge of the physical problem. Then
one would select and branch on that variable not within
some tolerance of an integer value (the “arbitration
level”) which has the highest priority.
liii) The Best Projection Method. While this method
is more appropriately related to Step 1 (Node Selection)
rather than Step 2 (Variable Selection), it finds its
place here because of the bearing it has on the next
method of variable selection. The logical justification
of this method is rather lengthy, albeit intuitively
appealing. But its statement is rather simple. Suppose

*that an estimate of x0 can be made. Let s denote

the “sum of integer infeasibilities ,”

A. ~ min(f ~ 0
;l_f ~0)

jel

and let
0 *x -x

X 4  > 0
5

where xg is the value of the objective function of

Program Q wnen solved as LI’, and where s~ is its
corresponding sum of integer infeasibilities. (Note

4 that the x ‘s measure degradation from Program Q.)
Then , for any node k with objective value and

V 
V -~: sum value 9k 

, we def ine the “projection”
- _ -

~~;

k k kp x3 - A a

The best projection (3P) criterion for S.tep 1 of the
B&B algorithm is now to choose the outstanding node

V 
V with the largest value of . The rationale for this V

is that measures the approximate value of the
integer solution we can expect to attain from node k~

V 
. 

V - , 
~~~~~~~~~~~ V ~ V -- - - — - _V~ ~~~~~~~~ ~ V VV

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V - — - V-- 
~~~~~~ V_ _ V  

V V
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The term “projection” stems from the fact that A
essentially projects the stun of integer infeasibilities

on the s ‘p 0 axis in a particular direction
(namely, a direction parallel to the line joining the

/ 0  O\ / *\points ~~ ,x0) and ~O ,x0) in the s — x0 domain).
(iv) The Pseudo—Costs Method. A close scrutiny of the
definition of A in the above method reveals that it
can be interpreted as the ‘cost” of removing one unit
of infeasibility. In fact , the last equation may be V

rewritten as

x~ — As~C 
= x~ — 

~~ 
min{Af10;A (l—f10)}

id

Hence , in using this expression to estimate an obtain-
able integer solution we are implicitly “costing” the
change in the variable at the same cost per unit change
(whether up or down). Since this may not be true in
general , we are led to the new estimate

k k re — x
0 

— L min{djfjo;uj(l_fio)} 
V

idl

where di and u~ are the estimated costs per unit
decrease or increase in variable x~ , respectively.
The determination of the values d1 and u~ , as well
as their revision as the iterations proceed, are dis-
cussed at length in the paper of FH&T.
(v) The Percentage—Error (P.E.) Method. We have the
definition

P.E. — 100 (x~_ek)i(x~_z~)

for each node k . Essentially, it measures the degree

of error if the current solution x~ is not optimal.

If the P.E. is large and positive, it implies that a
better integer solution is very unlikely to be found
from this branch.

- — V - - V
~~
_ :_,~~____

_V ~~~~ V~~~_ , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
VVV ~ VV V_~V~V~~ VVVV - VV_ V~~~ V~~ — ~~~~~~~~~~~ —



w

Chapter Eight 160

8.4 Bounding
~Ie are always interested in the greatest lower bound
(least upper bound) in the case of minimization (maxi-
mization). Unfortunately , this is oftentimes achieved
at the heavy price of extensive calculation. Hence,
there is the ever—present trade—off between a tight
bound obtained at a consieerable cost, and a loose one
that is easily calculated. The only dictum that can
be stated relative to this choice is that it may be
worthwhile to put the effort in bounding nodes “higher
up the tree,” because then If fathomed we would save
the enumeration of all their descendants. On the other

— 
I 

hand, It is always advisable to ob tain both upper and
lower bounds on the value of z~ and preferab ly the
tightest such bounds. Since a feasible solution always
provides an u.b. (a Lb . )  in minimization (maximization)
problems , it behooves the analyst to start the search
procedure af ter having obtained as “good” a solution
as possible , without the expenditure of an inordinate
amount of effort in obtaining such a solution . Bounds
on the value of the optimum are obtained by relaxing
one constraint, or several constraints, of the original
problem since the optimum of the relaxed problem is a

*bound on z . In certain instances the constraint
to be relaxed is almost self—evident——such as relaxing
the integer requirements in an ILP prob lem and solving
as an ordinary LI’. This is the relaxation adopted by
Land and Doig [8.35] in their pioneering work. Of ten—
times, though , the constraint to be relaxed requires
insight into the problem to gain the “most mileage,”
by removing the more complicating constraint, without
too much sacrifice in the value of the objective func-
tion.

We illustrate the concept of bounding with the fol-
lowing three examples. The first is, more or less ,
straightforward; the second exemplifies how a bound
may be improved, that is, made tighter; the third
exemplifies the need for the judicious choice of the
constraint to be relaxed.
ExaMple 8.4. Consider the problem of minimizing the
total “makespan” in scheduling N jobs on three
machines in series. We shall develop the 9...b. estab—
lished by Loninickl [8.38], which was apparently arrived
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at independently by Ignall and Schrage [8.33]. It is
well—known that for three machines an optimal schedule
permits no “passing” and hence the order of jobs will
be preserved on all three machines. Let W = (w1 ,w2,
...,wN) denote a permutation of the numbers l,2 , . . . ,N

and let f(wi,i) represent the “earliest finish time”

of job w
1 on machine j , j = 1,2,3 . Let the pro-

cessing time of job w~ on machine 3 be denoted by
y(w~~j) . Then, clearly , for a given permutation W

f(w1,j) = max [f(w~...1,j);f(w1~j_l)] + y(w~,j)

since to complete job wi on machine j the time

y(w1,j) must elapse after the machine became free

from job w~~1 , or the job wi became available
from the previous machine 3 — 1 whichever happens
last. For ease of notation, denote y(w~ ,1) by
a(w

i), y(w1,
2) by b (w~) , and y(w1,3) by c(wi)

Consider any partial schedule wl,w2,...,wk which

specifies the sequence of the first k elements,
k < N • Then it is evident that the completion of all
the remaining jobs consumes no less time than any of
the following three values.

N-k
, 3) + ~ c (wk+J )

j  —l

N-k
- fw(wk, 2) + ~ b (w¼+ ) + mm c(wk+ ~3—1 - 15j <N—k

N-k
— f.,~ (wk ~ 1) + ~ 

a(wkl. ) + mm [b (vk+ )
3— 1 1~j~ N—k

+ c(vk+j)]

V 
— -~~ - V -~~~~~~~~~~~~~ 
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Lomnicki puts the lower bound max (g’,g ’’ ,g’’’) on
the partial schedule.
Example 8.5. Consider the problem of scheduling N
jobs on M identical machines. Each job 3 has a
fixed processing time y

3 
and a penalty coeff icient

p
3 

. A penalty p
3
t is incurred if job 3 is com-

pleted at time t (in other words, all jobs have a
due date equal to zero, and they accumulate penalty
starting from that time). Eastman, Even , and Isaacs
[8.10], referred to below as EE&I , derived a lower
bound on the optimum as follows. Let C~ be the
symbol for the optimal cost of scheduling the N jobs
on I machines, 1 < i < M . Thus C1 is the known

optimal cost on one machine and C
N 

is the known
optimal cost on N machines. In particular, the
minimal cost (of scheduling N jobs on a single
machine when a linear penalty is accumulated starting
at time zero) is given by scheduling the jobs in their
natural order, that is, in order of noniucreasing
values of the ratio p

3
/y~ . If the jobs are so nu n—

bered (if we have p
1/y1 > p2 /y 2 > > ) then

the minimal cost is given by

C
1~~~~~p ~ y

1
3 3

On the other hand , CN is evidently given by Z p4y
j J

Then EE&I assert that the desired lower bound on CM
is given by

A sharper Lb. was developed by Elmaghraby and Park
[8.16] for the slightly more generalized problem in
which each job 3 has a due date d

3 
— y

3 
. Their

development was based on the remark that EE&I’s Lb.
is based on the assumption that all the machines are 3

- - — _ _ _ _ _  
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available at time zero. Clearly , given any partial
V schedule S

k 
of k jobs on the M machines, the times

of earliest availability of each machine may be dif-
ferent from zero. This leads immediately to interest
in developing a sharper Lb. when the machines are

V available at time T > 0 . To this end, let Cn ~
(T)

V 

denote the optimal cost of scheduling n jobs on v
machines when all machines are available at time

T > 0 . Let T
3 

denote the time of completion of job

— 
3 under the partial schedule Sk ; 

m~ is the last

ik job on machine m ; Tm 
is the time of completion of

2.
the last 3 ob on machine m ; T = mm T ; and,mm mm 2.

= N — Sk . Then a Lb. on the cost of the comple-

tion of Sk is given by

Pj
(T
f

d~) + max {o;~ ~~_N,l
(TminH~ 

~~~~~~~~ T~~ ~ Pj

- ~~~~ ‘N-k ,N-k~~~}

where CN....kN...k(O) — L 
~~~ 

. The first term is the
3

cost incurred in scheduling the k jobs in Sk 
. The

part ial schedule leaves the M machines with

earliest availabilities T ,T ,...,TM . The smallest
&

value of (earliest) availabilities is T
~i~ , 

which was V

conservatively taken to be the availability of all
machines. The second term is ea3entially EE&I ’s Lb.
corrected for the jobs already included in Sk and the
earliest availability of the machines.
Example 8.6. In treating the problem of scheduling lots
on a single facility over a finite horizon, Elmaghraby

V 
~~~~~~~~~~~~~~ VV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and Mallik [8.14] addressed themselves to the following
specific version. There are N items to be produced
on the same facility. In any period (say, day or week) ,
the facility may be devoted to the production of only
one item. Item i is produced at the rate p~ per
period, but is continuously consumed at the rate r

~
per period where r

i 
< p~ . Given the initial “on hand”

stock of each item, and the desired terminal inventory
at the end of a planning iorizon of length H , deter-
mine the minimum cost schedule (if one exists), where

— 
cost is defined in terms of inventory cost and back—
order penalty, which vary from item to Item. The con-
straint that Elmaghraby and Mallik chose to relax in
their B&B approach is the noninterference constr~ nt.
Then the items are independent, which implies that the
facility is devoted to the production of one item only.
The determination of the optimal schedule unth’r such an
assumption is an intriguing problem in its own right,
and was treated by Elmaghraby and Dix [8.151. Fortu-
nately, it proved to be of extremely simple form which
requires a nominal amount of computing.

In relation to bounding, we wish to advance several
dicta.

IV. The Use of the Previous Lb. Calculations (for the
Parent Node) as Lead—Off to the New &.b. (of the
Descendant Node). The pertinence of this concept in-
creases with the amount of effort required In the calcu-
lation of the Lb. The concept was used by Land and
Doig [8.351 in their treatment of ILP, and by Elmaghraby
[8.13] in his treatment of the problem of scheduling
activities subject to resource constraints. In both
instances the 2..b. at a node is determined by solving a
(continuous) linear program. The Lb. of a node is
constructed from the parent optimal basis.

Another excellent example of capitalizing on the
optimal solution of the previous iteration was provided
by Srinivasart and Thompson (8.44] in their treatment of
the traveling salesman problem (TSP) by the so—called
“operator theory.” The reader will recall that the TSP
is a restricted assignment problem, restricted to
assignments that are tours. Consequently, the search
for the optimal tour in the TSP may be viewed as the

- -~~ - - - V -
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search for the optimal assignment (in the assignment
problem) that is a tour. (This is not the only way to
interpret the TSP. For example, Held and Karp [8.31]
in .erpret it as a one—tree problem, hence the search
f or the optimal tour in the TSP is reduced to the
search for the optimal one—tree. B&B methods are then
used , and they report excellent computing results.) By
utilizing the established properties of parametric
linear progrannuing, specialized to the assignment prob-
lem, the authors achieve the capability of probing the
consequences of increasing a nonbasic variable (at the
expense of a basic variable) in the optimal solution of

— the assignment problem, without in fact undertaking
such changes . Because of the ease with which bounds
can be established on such probes, the authors report
excellent comput ing results.

V. Choose an Easy—To-Calculate Bound. The value of
this concept rests on the fact that bounds are evalu-
ated a large number of times over the life of a search,
and if it is time—consuming it will render the search
impractical.
Example 8.7. Nowhere is this concept more apparent
than in the solution of the (linear) knapsack problem
by the so—called “Greedy Algorithm.” The setting of the
problem is as follows.

maximize 
~ 
v~x~

I

s. t. 
~ 

aixi < b , x~ 0,1 for all I
i

and where the v~ , the a
~ , 

and b are given positive

integer constants. The rationale for the Greedy Algo-
rithm is the well—kaown observation that, in the absence
of the integer requirements, the optimum is readily
obtained by renumbering the variables in order of non—
increasing vi/ai , and putting x

3 
— mm (l,b

i—I.
— 

~~ 
ai) , j l,2,...,n . The Greedy Algorithm

i—i

-~~~~~ ~~~~~~~~~~ V ~~~_ VV V
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approach to the knapsack problem proceeds in exactly
the same fashion , but then it branches on the frac-
tional variable, denoted by x

r , thus creating two
subsets corresponding to x 0 and x 1 . Ofr r
these two nodes , we investigate (branch on) the node
with the best (fractional) solution, which is an u.b.
on the optimal value. In case of ties, apply any
heuristic to break it, such as random choice among the
tied nodes. Continue the process of dichotomizing the
solution space; each time an integer solution is
achieved it provides a new Lb. on the value of the
optimum (if it is better than the incumbent). If all
the u.b.’s of the unbranched—from nodes are smaller
than the current (integer) 2..b., it is also optimal.
Otherwise, branching and bounding continues f rom other
nodes until the optimum is achieved.

To illustrate, consider the following knapsack
problem.

maximize z = 5x
1 + 4x2 + 3x3 + 2x4

s.t. x1 + 2x~ + 3x3 + 4x4 < 5

= 0,1 for all 3

The search tree is shown in Figure 8.7. In this exam-
ple we explicitly enumerated only 8 solutions out of the
possible 16 solutions. In larger problems, the savings
are , fortunately , more pronounced than in this small
example.

VI. Relax the Objective Function Instead of a Con-
straint. Sometimes bounds are easily computed by re-
laxing the form of the objective function, rather than
a constraint. Perhaps the following example illustrates
this concept best.
Example 8.8. In the field of project planning and con—
trol, a problem that has been extensively studied is
that of reducing the duration of a project (the so—
called project “crashing” or “compression”) at minimal
cost. The optimal reduction under the assumption of

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V V ~~~~~~~~~~~~~~~~~~~ V ~ TV - mVJL_~~~ 
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Figure 8.7 - Search tree for a knapsack problfm .

linear or convex costs f or the individual activities
has been treated by several researchers, see Clark
(8.7], Elmaghraby (8.12], and Fulkerson [8.24], among
others , who used algorithmic approaches. However, the
case of concave cost functions was treated by Falk and
Horowitz [8.21] using a rather ingenious B&B approach,
first proposed by Rech and Barton [8.431. Their basic
idea was to relax the objective function into the
largest linear function that underestimates the concave

V cost of each activity. This reduces the problem to an
LP problem, which can be easily solved; whose optimum
is a Lb. on the optimum cost desired. Also, by virtue

V of it being a feasible solution to the original problem,
it also provides an u.b • More importantly, the LP solu-
tion suggests the partitioning of the solution space,
the branching process, which is proved to terminate in
a finite number of steps . Briefly , the procedure is as
follows.

Let the duration of activity (ij) be denoted by
y~3 

, and assume its upper and lower limits are denoted

by u~,3 
and L~~ , respectively. The cost of activity

— —-- V ~~~~~ V V V — V
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(ij) is given by c
13

(y
13
) , assumed concave in the

interval (L13,u13
] , as illustrated in Figure 8.8.

The problem may be formally stated as follows.

Program P

minimize C = ~ c1,(y
1 )

(ij )cA “

s.t. t~ + Y~,j 
<. t3 

for (ij) e A

— 
1 0 < ~~ < y~~ ~~. u~~ f or (ij) A F

t 0 , t T1 n

Here, t~ is the time of realization of node I ,

A is the set of activities (arcs), and T Is the
specified duration of the projects. The approach Is
simply the following. Suppose that the concave cost
function of Figure 8.8(a) is approximated by a linear
function as shown by the dotted line in (b), which is
the highest linear function which underestimates

Denote such a linear cost function by

c~3
(y
13
) . Then we may take C1(Y) as a first (lover)

approximation to the objective function of the Program
P, and formulate the first “estimating problem” Q

1

as follows.

Program Q’~

minimize C1’(Y) — ~ c~ (y~~)(Ij ) cA ‘~ .‘

V - _~~~~_ _ _ ~ V — - V V 
~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V_
~~~~~~~~~~~~~~ V ~~~~~~~~~~~~ -
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s.t. t1 + ~ 
t~ for (ij) c A

.5. .5. U~~ for (ij) ~ A F’

t1 = O  , t = T

Here , the upper and lower bounds on the duration y
are ~~ ~~ and u~,3 

= u
13 , as shown in Figure

8.8(b).
— Interestingly enough, the Program Q is a linear

program which can be solved by the Fulkerson approach
detailed in [8.24]. For the sake of simplicity of
notation, denote the feas ible space of the Program P
by F , and denote the feasible space of the Program
1 ~.lQ by r . Clearly, i = F and consequently, if P

is feasible , so is Q1 . Let denote the optimal

solution of Q1 ; then C1(Y1) = zc~3
(y~3

) is a lover
bound on the optimal value of the Program P, which we
denote by C~ . Furthermore , since is a feasible

solution for P ~ C(Y~’) ~c13 
(y
~3

) is an upper bound
on C . Thus we have succeeded In bounding the optimal

* 1value C based on the optimal solution of Q as
follows. V

< C~
’ 

< C(Y5 (8.1)

Clearly, if equality holds throughout (8.1) then the
current trial solution is optimal. This remark holds
for all subsequent iterations , and hence will not be
repeated. Now suppose that strict inequality holds
above ; then there is room for improvement. This is
accomplished by producing a closer (albeit still an
underestimating) linear approximation to the cost func—

V 
tion c(y) . Consider the difference

V Cij (y
~~j

) — c~j(y~j) (8.2)

— - ~~~~~~~~~ V V V V V 
~~~~~~~~~~~~~~~~~ V~~~~ V_  -, V VV _ _  V V V~~

V V
~~~
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~
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which is always > 0 and suppose that activity (i
1j1)

yields the maximum such difference, that is,

ci j (Y~~j) 
— c~~j (y~~j) 

= 

(ij)cA 
[cii (y~3)

- c~j(y~j)] 
> o 

V

Such an activity must exist, for otherwise the differ—
ences of (8.2) are zero for all activities, implying
equality in (8.1) which is a contradiction. (In case
of ties, any tied activity will do.) Divide the
feasible domain of y into two sublntervals :

and ~ Y~~j 8 ujj]. (Recall that

y
~ ~ 

is the value of the duration of activity 
~
j
l~l~l~ 1

obtained from the optimal solution of the Program
1 2 /Q .) Construct the two cost functions: c

l l \ l l

and c~ fy 1 
) as the maximum linear approximations

l~l\ l~l/
which underestimate the original cost f tion

V 

c
~~3 (~~3) 

in the two subintervals

V 
and [y

~ 
,u~ 1 illustrated as in Figure 8.8(c).

- 
V V L l~l l~lJ

V Now define two linear programs as follows.

Program Q2

minimize 1 2 1
(ij)#(i131) 

c~3
(~~3

) +

C

— 
V 

__ V V~ ~~~~~~~ - - - — V V_ V VV - V - VV _ • V  _ V~~~~V~V 
~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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s.t. t~ + 
~ 

t
3 

for all (ii) c A

2.1,3 .
~~~ 

.~~. u~,3 for (ij) # (i131) 
F2

2 2 1
2.
j 4  

= 2 .
j 4  

< y 1 4  < u
~~4 

= y 4
ij i 1J

1 
.L
j,
J
,

t1 
= 0 , t = T

Program Q3

minimize 
(ij)~~(i1j1) 

c~3
(y~.) + c~~j (~jj)

s.t. t
1 
+ y~~ < t

3 
for all (1.3) c A

< 
,~~~ 
u~~ for (ii) # (i131) 

F3

y = 2. < y  < u  u
i],j1 1.131 ~l~l ~l~l ~l~l

- t = O , t = T1 it 
V

— 

~~~ 
The logic of these two programs rests on the observation
that the duration of the activity (i1j1) must lie in

either of the two subintervals of }igure 8 8(c) Note

1 that the only difference between these two programs is
in the definition of the range of the duration y

~~3

:; - ; ~~~~~~~~~~~~~~~~~~~~~ Both programs are feasible since the point ‘1 is still
V V a feasible point of either of them. Let F2 denote the

- - 
- - 

VH space of feasible solutions for the Program Q2 and
V 

V let F3 denote the space of feasible solutions for the

Program Q3 . Clearly, F2 and F3 are defined by

~

--

~ 

— 
- 

V 

-
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V = F’ fl ~(Y ,t): ~~~ il3l ~

(8.3)

F3 = F1 (“I )(Y,t): >,
~ ~~~ ~i 

< u~,
l~l l~l l~l

Furthermore ,

2 3 1cjj (Y jj ) c13
(y~ 3

) c~,3 (y~~ ) for (ij) 
V

~ (i~j1
) (8.4)

Therefore, Prob lems Q2 and Q3 may be succinctly
stated as: 

V

Program Q2 : minimize C2 (Y) s.t. (Y,t) c F2

Prog r am Q3 : minimize C3(Y) s.t. (Y,t) c F3

2 3Now both prob lems Q and Q may be solved by the
Fulkerson algorithm, yielding optimal durations

and Y 3 
, respectively. By virtue of the fact that the

cost functions C2 and C3 serve as tighter under—
V estimates of C over their domains, and that the fea—

sible space F F1’ — F2U F
3 

, we have

C1(Y1) <m m ~c2 (Y2) ,C3(Y 3)} < C* < mm {C(Y’) ,C(Y2) ,
V 

C(Y 3)} C(Y’)

The rightmost inequality follows from (Y2,t2) and

(Y ,t3) being feasible solutions to Problem P . We
V~~~~~~~~~~~~~~~~

V have thus achieved improved bounds on the optimal value
*

il

V
i-

V ~~~~~~~~~~~~ 
VV ~~~ V~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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From this point onwards , the algorithm proceeds in
a series of stages. The zeroth stage, just detailed

1 1above, consists of Problem Q and its solution Y
2 3The first stage consists of Problems Q and Q and

their solutions and . The kth stage consists
2k 2k+iof Problems Q and Q and their solutions. The

process is conveniently depicted by a typical binary—
search tree whose nodes correspond to the Prob lems

• figure 8.9 depicts such a tree with four stages
and nine nodes. Branching occurs when a particular
activity is selected to have one of its (duration)
intervals divided into two subintervals, as exemplified V

in Figure 8.8(c) with costs and bounds redefined as In
(8.3) and (8.4) . A branching node s may be selected
according to some heuristic rule; for example, it may
be done by choosing that Problem Q8 whose optimal

value C8(Y5) is minimal over all cost values associated

V - a4
(Jr

V V

V Figure 8.9 . A binary search tree.

~~ V V V V V~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ V ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 
- V ~~~~~~~~~~~~~~~ V ~V —
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with intermediate nodes (nodes from which no branching
has occurred , denoted by 1(k) at stage k ) .  The

rationale here is that Problem Q5 has the smallest
lower bound on C~ and , hopefully , the feasible space

- F8 will contain a point yielding a value to C approx—
5 8imately equal to C (Y ) . Another possible heuristic

V rule is as follows: choose that Problem Q5 whose
t optimal solution yields the smallest interval of

uncertainty on C • In any event, having chosen a

Problem Q5 at stage k from which to branch , we
2k 2k+l

- create the Prob lems Q and Q in a manner
2 3exactly analogous to the manner in which Q and Q

were created from Problem Q’ . The feasible spaces
2k 2k+1F and F are thus defined by

F2k _ F5r~~(Y,t): L~~J ~5.Yjj— 8 8  5 5

F — F5 fl )(Y 8t ) :  y~~3 
< 5 ujj~~

Furthermore, C~~
k

J 
is the highest linear function

underestimating cjj over the subinterval

while c~
1
~~ is the highest linear function

underestimating :ij over subinterval 
{Y~~j~~

V 

- 

1 2k 2k+1
V V 

~ • The sets r and F are feasible, since
s s J

— 
V 

the point (Y8
8 t

5) lies in both sets. The new prob— V

2k 2k+1lema Q and Q are linear problems with network
constraints similar to those of Problem P and thus 

—-——-— ——-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ r~~~

VV.
~~

V V V 
~~~~~~~~~~~ 

~~ V V V
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may be solved by the Fulkerson algorithm. The optimal
• *value C is found at stage k + 1 by

= mm {c5(Y8)} < C~ < mm {C(Y S)}
scl(k+1) s l ,2,...,2k+l

k+l= w

The process continues until either ~
k 

= ~
k at some
*stage k , or when the interval bounding C is deemed

small enough for practical purposes.
Three renarks should now be made. First, the choice

of the subintervals on the duration y
~ . of Prob lem
sJ s

Q
5 is arbitrary ; the division indicated above seems to

be a reasonable heuristic. Second, the above approach
is clearly applicable to piecewise linear functions,
whether concave or convex; in fact, the numerical
example worked out in Falk and Horowitz [8.21] contained
arcs in both categories. Third, the proof that the
algorithm is finite rests on the fact that the function
C is concave and defined over a convex polytope: it
must assume its minimum at one of the finite vertices

of the feasible space F • Mos t of the subproblems Q5

have their solutions at vertices of F . But since
new vertices are created when new upper and lower

bounds u~3 
and are added , some Q—problems may

have solutions at points which are not vertices of F
The proof that only a finite number of such problems
exist is given In Reference [8.22].

VII. Local Qptitua Provide Excellent Bounds. The dic—
V tum seems pedantic, yet its application , where possible,

yields significantly improved results. To some degree
this dictum, which advises the analyst to seek the

V opt imum of the sub space under consideration , seems to
V be antithetical to Dictum V which advises against such

V optimi zation. Nevertheless, this dictum should be
V V taken to read: if one can easily derive a local V

- VV V~~~~_~~~~_V V_~
_ _

~~~
_
~~ - V ~~~~~~~~~~~~~~~~~~~~~~~ _ V 

~
V_ 

~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~ VVVV.V,J V__~
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~
V V V ~~~~~~~~ V V -

— -V—V



Elmaghraby and Elshaf el 177

optimum, then it is worth implementing.
Example 8.9. One of the more recent illustrations of
this dictum was provided by Mitten and Tsou [8.41]
referred to below as M&T. They addressed themselves
once more to the problem of scheduling N tasks on a
single facility to minimize an objective cost expres-
sion. Their approach was to combine simple bounding
with local optimality to achieve efficiency and fast
convergence. We introduce their terminology and
notation.

S a finite set of N elements (the tasks)

a C s : a subset of elements of S (a subset of
the tasks)

P : the set of all permutations of a , with
P =

a

p c P : a permutation in P , p = (w,,w2,...,w~)

n < N , in which w~, is the task occupy-

ing the ith position in the sequence

S : the unordered set of elements contained
p 

—

in p , and S = S — Sp p

p
15 : (w1,w2,...,w )  , the set of the first m

elements of p c P with p0 the null
permutation

(p,q) : a permutation formed by the concatenation
of the two dispoint permutations p and
q , both i n  P

the Ith element In the permutation
(w1 ,w2,... ,w15

)

To each element x c S there are two given real and
finite constants: c > 0 , denoting the cost of task

_ _ _ _ _  - 
- 

- V 
~~

_ VV
~~~~~~~9V~~~~~~~

V VV V
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x discounted to its start time, and d > 0 denoting

its duration. For any permutation p € P , let

D ~ d with D 0p x 0xcSp p

Assume that “now” is the start time of the scheduling
process. Let f (~ ) > 0 be a real—valued bounded func-
tion, say a discount factor. Let C(p,t) denote the
cost associated with the permutation p when Initiated
at time t . For any real constant D0 , 0 < D0 < ~

the cost associated with permutation p c P is given by

C(p,D0) 
= ~ c~ f(D0+D rn_i)mxi m p

Note that

C[(p,q),0] C(p,0)+ C(q,D~)

The optimum is defined by

C*(D0) = mm C(p,D0)pcP
S

which corresponds to some p~ £ P*(D)

Let us now turn to the generation of bounds . It Is
well known that a condition for local optimality of a
permutation Is that any contiguous binary switch (CBS)
does not lead to improved objective value. The state—
ment of this condition in M&T terminology is as follows.
Let q and r be two disjoint permutations not con—
tam ing the two distinct elements x and y . Let
p — (q,x,y,r) and p’ — (q,y,x,r) ; that is, p’ is
the permutation p with the elements x and y inter-
changed. Then



—1
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C(p ,O) — C(p ’,O) — Cy [f(Dq+dx) — f (Dqfl — Cy ( f (D q+dy)

— f (Dq)J

Let R
~
(D) = [f(Df -d

~
) - f(D)]/c for any w ~ S and

0 < D < . Then it can be seen that

R(D ) <R( D )x q — y q

is equivalent to

C(p,O) < C(p ’,O)

from which M&T ob tain the following CBS condition

• p £ only if Rx(Dq) .5. Ry(Dq) (8.5)

Furthermore, p is locally optimum if condition (8.5)
holds for every adj acent pair of elements in p • This

( condition leads immediately to the following construc—
tion to establish an upper bound B on the optimal
value . Construct a complete permutation g (g1,g 2,
~~~~~~~~~~~ 

by iteratively choosing g~ satisfying

R (0) < R (0) for all x c S

• 
Rgj (Dgi_i) ~ 

R
~(D~j_~) 

for all x £ S -

Clearly , the value of any complete permutation is an
upper bound; but this value C(g,0) of the particular
permut ation g is usually a very good upper bound ,
if not optimal value It is equally well—known that the
cost of any partial permutation p is itself a lower
bound b on the value of the optimum. However , if
f (F )  is monotone in F , which is usually the case,
we can do better. For , let a be a nonempty proper

• subset of S which contains no elements of p

3 
_ 

_ _



Ch apter Eight 
— • 

180

Suppose that f ( F )  is nonincreasing in ~ (the case
of a discount factor). Consider the two partial per-
mutations u and v defined as follows

u (u ,u ,...,u )  ~~P with c < c  < •“1 2 n u — u — — u1 2 n

v = (v ,v ,...v) c P  with d > d  > “ > d1 2 ‘ n v — v — — v1 2 n

Then a sharper 9 .b .  is given by

b(D ) = C(p,0) + 
~ 

c~ f(D~+D 1_1)

In case f(~) is ri~onotone nondecreasing , reverse the
order of elements in both u and v

Thus the u.b. is established on the basis of local
optima. The 9.b. is based on a well—known inequality
that presumes the relaxation of the parameters of the
problem. The reader has just been introduced to a
third form of relaxation I

8.5 Dominance and Feasibility
The ultimate In efficiency of search techniques is to
be able to rule out, or eliminate from the set of con-
tenders , all points but one based on logical arguments
alone. Unfortunately this happy state of affairs
rarely occurs , and when it does, it rules out the very
need for an iterative search procedure such as dis-
cussed here under B&B. Still, the concept is appealing
and eminently useful. We have already witnessed such
elimination (fathoming) through the use of bounds. The
two other avenues are: the establishment of dominance
relations between subsets of the feasible space, and
the establishment that certain completions of partial
solutions are infeasible. This latter considerat ion
arises as a consequence of the fact that, more often
than not , the original space being searched is “enriched ’
through the inclusion of infeasible points . Thus the
words “dominance and infeas ibility” refer to the dual
activity of weeding out infeasible points and , among the
feasible ones , demonstrat ing that some subset is

• • • • • • . •-~~~ ••- —~~~~~~~~~-—-• —~.-—~~~~~~ --~~~———•.-— — -
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preferred to another.
The above use of dominance and infeasibility is

essentially a process of elimination. Such elimina-
tion is motivated by one of two considerations : by
inclusion, or by exclusion and decomposition and it is
accomplished through the use of cuts , surrogate con-
straints , and relations. The following discussion
elaborates on these notions.

VIII. Adaptive Cuts: Value Cut s and Configur ation
Cuts. By a “cut” is meant an additional constraint to
the original statement of the problem. Such cuts are
usually “adaptive” because their form and content de—
pend on the stage of iteration and the particular par-
tial solution being considered. The concept is based
on the elementary observation that having arrived at
a partial solution the analyst should, and usually can,
augment the set of constraints on the basis of addi—
donal information available. These additional con-
straints “cut out” por tions of the original feasible
space. This results in sharper (lower or upper) bounds
and reduced search effort. The concept is not new:
it was first used by Little et al. (8.37] in their
solution of the TSP. For instance, they asserted that
given a partial—permutation 

~~~~~~~~~~~~~~ 
of the

first k cities in a tour, then any completions which
contain a city 1

r in the subaet of cities

are inadmissible ; that is , such completions

are “cut out ’ of the feasible space since the comp lete
permutation would then contain a subtour . The genera-
tion of cuts in B&B procedures demands ingenuity and
Insight into the prob lem since the nature and form of
cuts vary from prob lem to pr oblem.

In general , there are two kinds of cuts: “value
cuts” and “configuration cuts .” The former type of
cut is generated from knowledge of the value of the
objective function, or knowledge of its bounds. The
latter is gleaned from either the constraining set of
equations or the set K of “other” restraints. Value
cuts are illustrated by the following two examples .
Example 8.10. Consider the following general MLP prob-
lem wh4 ch crops up regularly in the field of facility

-- -•-•--- — •
~~~
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~~ _ 

—



Chapter Eight 182

location—and—allocation problems:

Program L

minimize $ — fy + cx

s.t. A1y + A 2x — b

x > 0 — 0,1 and y c K

Here, f , c are given vectors , A.1 and A2 are
given matrices , and K represents additional con-
straints on the y~ . For a physical interpretation

of this model , one may consider the binary variable
y
~ 

to correspond to the dichotomy: have a facility

in location i (y~-l) or do not (y~~’0) . The fixed
cost for establishing the facility is f~ independent

of its size. The vector x may represent a level of
the activities , with corresponding cost vector c
The matrices A1 and A2 are the coefficients of the
variables in the constraining equations. The set K
represents , for example , the so—called “bunching con-
straints” of the form

~ y~~— l
iCS

k

which reflect the need for one, and only one , facility
in a given subset of locations • For ease of nota-
tion , denote by B the set of additional constraints
imposed on the y and x vectors

B ~ (y , x: x > 0 , y~ — 0,1 , y c k}

To illust rate the concept of value cuts we proceed to
establish a sequence of lower and upper bounds on costs.

(a) A £.b.  on the total cost (LBTC) . Solve the LP

— — -•.--• • .•~ J
_
~
___’•__ _ • - 

~
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minimize ~ — fy + cx

s.t. A1
y + A 2x b

y , x c B ’

B’ ~ {y, x: x > 0 , 0 < y1 < 1

y c K }

In other words , the LBTC is obtained by solving
the original prob lem but with the integer
requirements on the y

~ 
relaxed.

(b) A &.b. on the cost associated with the con-
tinuous part (LBCC). Solve the MLP

minimize y cx • 
-

• s .t .  A.~y + A 2x b

x , y c B

Note that here we are demanding that y~ be

• a binary variable. In some cases the retention
of this requirement poses no computational
difficulty (see (8.17]); otherwise, substitute

• the set B’ for B

(c) An u.b. on the cost associated with the integer
• part (UBIC)

• • If at any stage of the search tree there is available
an estimate of the upper bound on the total cost (UBTC) ,
such as a complete feasible solution, it can be utilized
to calculate an UBIC as follows. Define TIC (TCC) as
the tot al integer cost (total continuous cost) asso-
ciated with any solution vector y of the integer part.
Clearly , we are interested in considering only the vec—

• tors y which could improve the curren t UBTC , that is,
those which yield

• 

~~~~~~~~~~~
‘

•• .;
_ _ _ _- • •  - ---r~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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TIC < UBTC — TCC

Since TCC > LBCC , then , a fortiori,

TIC < UBTC — LBCC

and the quantity UBTC—LBCC is an u.b. on the value of
the integer costs (UBIC). We have generated a value
cut of the form

fy < UBIC ( UBTC—LBCC)

This cut is updated once a better UBTC and/or a better
LBCC is obtained. The cut is incorporated , upon its
generation, in the restraining set.
Example 8.11. The second form of value cuts is exempli-
fied by the well—known Benders’ cuts [8.5] which are
based on a partitioning approach. Because of their
frequent use in ~1LP prob lems , we briefly review their
construction in the context~of the above facility loca-
tion MLP. Consider the mixed Program L stated at the

beginning of Example 8.10 and let y° be any non-
negative integer vector. The resulting problem is an
ordinary (continuous) LP.

• Program LC

0 0
minimize 4 i (y  ) = fy + cx

s.t. A
2x b — A1y

0

x > 0

The dual is

Program DLC

maximize 4’ (y0) — fy° + u(b—A 1y)

s.t• UA
2 5 . C
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u >  0

If DLC has no feasible solution , then the vector
is inadmissible. On the other hand, if DLC has an
unbounded solution , then the primal LC is infeasible

0for all x , and again y is declared inadmissible.

This leaves y0 admissible only if DLC possesses a
finite maximum. Assume that to be the case, and sup-

pose that it corresponds to u°(y°) . Clearly

— 4~
(yO) = 4’

*(y O) >

and we may write

= mm fy + max u(b_~~y)

where “mm ” is s.t. y = 0,1 , and admissible , and
max is s.t. uA2 

< c , u > 0 • If T denotes the

set of extreme points of the constraint set of (DLC)
then T is of finite cardinality and

4’
*(yO) = fy0 + max u(b—A1y

0
)

ucT

In order to restrict attention only to admissible y ,
we must guarantee that the solution to DLC is bounded.
Suppose that it is not. Then it must be true that

u(b—A1y
0) increases along some extreme ray. In other

words, there would exist an extreme point u’ and a
direction v such that every point on the extreme ray

u’ + Ov , 0 > 0

is feasible for DLC and (u’+Ov)(b—A1y°) increases with

O , or Ov(b—A 1y°) increases with 0 , implying that

v(b—A 1y°) > 0 . To prevent this eventuality , let

• — — —•‘.---——- --•-—~~ — —-—-——• • •  •• - - ,---——— - ——-- —•~~~~—--- - - 
••
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R = {v: u + By , 0 > 0 is an extreme ray for some

u c T}

Then we require y0 to satisfy

v(b—A1y
°) < 0 for every v c R

Incorporating this into the original MLP we obtain

— 
g* = mm fy + max u(b-A1y)

waere 1’min” is s.t. y = 0,1 , and “max” is s.t. u £ T
and v(b—A~y) < 0 for every v c R . The original

HLP may be transformed into an equivalent MLP by intro--
ducing the objective function of DLC as a variable 4’
such that

4’ > fy
0 + u(b—A.1y°) for u c T

Then the equivalent MLP is given by

Program EL
4

*

4’ 
= minimum ~

s.t. 4’ > fy + u(b—A 1y) for  u £ T

O > v(b-A1
y) f or v c R

y — 0 ,l

This “mixed” program has all integer variables but one ,
namely 4’ . It is usually approached as an ILP with
the understanding that any algorithm for ILPs would have
to be modified slightly to solve it. Essentially, the
MLP of L has been partitioned into the continuous
linear program LC and the “almost integer” linear
program EL. Theoretically , EL can be solved only if all

— — •—~~~~.~~~~.---—•—-- —- —-—•-—~~~~~~~~ —~- . • • • . - • -• •- -— — • — — —  --• -• • • • . •— •. —~••.— —~~~~~~~~ —.———-.— — — 
•
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the extreme points and extreme rays of DLC are known.
• Practically , EL can be solved iteratively by generating

constraints only when they are needed.
*

Let 4’ (possibly + ) be an upper bound on 4’
obtained perhaps by a feasible solution. Let Tk and

Rk be any subsets of extreme points and directions of
extreme rays of {u: uA < c , u > 01 known at itera—

0 0don k (at the start, both T and R are empty).
* —

• Since 4’ < 4 ’  and

* k
• 

4’ < fy + u(b —A1y) for every u c T

then we may impose the constraint:

- k
+ > fy 1- u(b—A1

y) for every u c T

which replaces the first set of constraints in EL. To
restrict the enumeration to admissible y , we further
have

v(b-A,~y) < 0 for every v c Rk

I
Equivalently , we have

(—f+uA1
) y > —

~~~ + ub for every u c Tk

kvA1y > vb for every v £ R

• y — 0 ,1

The sets T
k and Rk increase in size (implying

f additional constraints) as iterations proceed , which is
one possible drawback of the Benders ’ partitioning
algorithm. Of course , the nueber of iterations is

limited by 2~ , the number of possible binary values
of the vector y . However , empirical evidence shows
that termination is achieved long before the sets
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and Rk contain all feasible extreme points and
extreme rays .

Configuration cuts are usually implicitly embedded
in the definition of the problem , residing either in
the constraints set or in the definition of the set
K . However , if a cut in the solution space of the
integer is sough t , these implied restraints mus t be
made explicit. For instance , in capacitated plan t
location problems , the set of constraints nay specify
that all demands at the various destinations riust be
met.  Thus th~ following constraint is implied

yq > RTDMN

where q is the vector of capacities at the various
locations , and RTDMN is the residual total demand . The
ef ficiency of this cut is data—dependent , but it has
prove d to be most powerful in some applications [8.17].
For another ins t ance , the set K implies mainly the
“multiple choice” constraints of the form

~ y~ < 1 for all Sk , k = 1,2 ,...
iCSk

where Sk is a set of possible choices for a facility.

These “bunching constraints” are adaptively updated as
the search proceeds and partial solutions are obtained.

IX. Surrogate Constraints. Surrogate constraints do
not augment the set of restraining equations , but
rather substitute for them. The surrogate usu~1ly
increases the search space . Hopefully , the solution of
the prob lem with the surrogate is much easier than the
original prob lem , which more than compensates for  the
loss in efficiency due to the expansion of the search
space . Of course we are interested in the “tightest”
surrogate , in the sense of minimal enlargement of the
search space. If that is achieved, the resultant
would be a tighter bound , which is always desirable .
Example 8.12. To fix ideas , consider the following ILP
where c < O  and b > 0

• — —-.*-— ------———— • • • • • — ~
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Program R

maximize z = cx

s . t .  Ax < b

x = 0 ,1

Suppose that at the kth stage of iteration we have a
partial solution : some of the variables fixed at 0

form the set S~ ; others fixed at 1 form the set

S~ ; and the remaining variables are still free -ind

form the set Fk . At that particular node in the

search tree , the problem may be st ated as follows .

Program RK

maximize z = c x . + ~ c .k . 1 ~JE S k

s . t .  ~ a1~xj  5. bi 
— 

.~~~ ~ 
ajj  = s~ (8.6)

k JCS k

i = 1 , . . . ,m

= 3 ,1 , j c Fk

Suppose we substitute for the inequality constraints
(8.6) the single constraint

m m
ui ~ a~4x4 < ~ 

ujsi 
(8.7)

i1 jcF~ ~‘ -‘ i—i

where u (u
1
,u2,...,u) > 0  . Clearly, (8.7) is

weaker than (8.6) since any set of X
j

’S satisfying

the lat ter also satis fy the former but the converse
need not be true , that is ,

—--I — —
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Sk(u) ~ 
Sk

where S
k and Sk(u) are the set of binary feasible

solutions to (8.6) and (8.7), respectively. Clearly ,
if S1 (u) 4’ , then S~ — 4’ also. To achieve the

r.. 
*best surrogate constraint , we seek the multipliers u

which yield

mm max ~c x
u>O xfSk

(u) ~ 
j

Xj O~ l

Let g(u) = max ~ cj xj ; x c Sk (u) and let g’(u)
j cF~

denote the maximum with the integrality restrictions on
the X

j 
‘s dropped:

g ’(u) = maximum ~ c
j
x
j

j  c Fk

s.t. 
~ 

ui ~ ajjxj 5. ~ 
u
~
sii=l jcF

k i—l

0 .~~. 
X
j 

< 1 , j  c Fk

Then the best multipliers to this continuous version of

~k provide an excellent estimate of the multipliers
* 0u . If we denote the best multipliers by u , then

g ’ (u0) mm g’(u)
u>0

0It is easy to demonstrate that u is given by the
optimal (dual) variables to the dual LP to Program 

~k

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—•••. .— 
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with the integrality requirements removed, that is, the
optimal dual variables to the LP

minimize ~ u s  + w
i—l ~~~ j cFk

I

s.t. ~ ajjuj + .~~. c~ for j  c Fk• i—i

, w4 > 0 for all i , j
—~~ J. J

Once the (best) surrogate constraint is generated, it
can be used to generate bounds and to fathom nodes as
explained above.

X. Introduce Relations Where None Existed. While
constraints and relations complicate mathematical
prograimning problems , in the sense of increasing their
complexi ty and time to solution , constraints and rela—
tions may in fact be of great assistance in B&B methods
because they limit the space of search. After all,
considerations of infeasibility are among the most

L powerful methods in the B&B approach.
Consequently , one always seeks to establish con—

straints and relations among the unknown variab les of
the prob lem in order to reduce the space of search .
Cuts and surrogate constraints, discussed above, are
such devices . Here we wish to highlight the concept
of generation of cuts that are based on derived rela-
tions from logical arguments, where none existed before.
The reader may wish to view the (dominance) relations
emphasized here as added examples of cuts , which indeed
they are. However, there is a generic difference be-
tween the cuts discussed here and, say, those based on
Benders’ decomposition: these latter are based on
mathematical progrRmln1ng arguments, while the former
are based on permutational arguments without recourse
to the mathematical programming model. Two applications
illustrate what is meant here. The first is due to
Emeons [8.18] and the second is due to Elmaghraby and
Park [8.16]. We briefly review the latter.

- • •__•___ ~~— • — — --- . •———-———————— • ---.-- -—.~.—, —-•-- - - L_i._.
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Example 8.13. In their study of scheduling N jobs on

~i machines in parallel, Elmaghraby and Park [8.16]
developed a set of dominance relations that helps reduce
the search effort drastically. Their approach exempli-
fies the concept of dominance by inclusion, namely,
a schedule with a particular property dominates all
others that do not possess such property. (Below under
Dictum XI we discuss an approach that exemplifies
dominance by exclusion.) Suppose job j  has process-
ing time Pj 

and due date equal to its processing

time. Furthermore, suppose there is a linear penalty of

— tardiness given by the product of and max (0;

for job j . It is desired to determine the
schedule that minimizes the total penalty for tardiness.
We use the following notation.

= (ml,m2,...,m.K) denotes a sequence of k jobs

on machine in , m =

Subscript inj  refers to the jth job on machine in

The subscript m~ refers to the last job on
machine m

the start time of job i . The start time of
the last job on machine in is denoted by
S

in
2.

T1
: the completion time of job i in a given

sequence. The completion time of the last job
on machine in is denoted by Tm2.

— rr~/p1 and we assume that the jobs are numbered
in nonincreasing ratio r~ , the so—called

natural order

The dominance relations are presented in terms of prop-
erties of the optimal schedules or as precedence rela-
tions between pairs of jobs. (These latter assertions

• - - • • —-••—•——••—
~—~-~~—-r-—•- 
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can be easily translated into dominance relations.)

(i) For a schedule Q to be optimal, it is
necessary for Q = (ml,m2,...,mK) to be
sequenced in the natural order.

(ii) There exists an optimal schedule in which
job 1 is scheduled first.

(iii) For a schedule Q to be optimal it is
necessary that

— 
T1 

> s~ for every pair of machines i
£ ‘&
and j

(iv) Using the convention , job I precedes job
j means that s~ < s~ , we have that If

p1 5p 1 
and it

1

then job I precedes job I in an optimal
schedule .

(v) If flj = it , a constant~for all jobs , then
there exists an optimal schedule in which

• jobs are assigned in their natural order
from machine 1. to machine M in rotation.

• N
(vi) Let H — 

~~ 
pi/M , representing the pro—

4 i—i.
ceasing interval if job splitting (including

• 
• parallel operation on two or more machines)

were permitted. Then in an optimal schedule
on two machines, job h precedes job k if
the following two condItions are satisfied.

• 
- (a) rh > rh+l and rk l  

>

-— — — —.—•,~~~~~~~~~ . - -— .~~~——•—-. •—- ,--.•—-——- -—-— —.--— •— • -  • • • - • • • • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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h—i 
1

-~ (b) 
~ 

p1 
< H — max — 

~~1 leN k

As an example of translating the above statement into a
dominance statement, consider (iii) above. Suppose we
have a partial schedule of k jobs, denoted by P(k) ,

on three machines as shown by the solid lines in
Figure 8.10. Then the completion of P(k) which has
job (k+1) on machine 2 (the broken segment) domi-
nates all other completions. In fact, if p~~1 (the

— processing time of job k+l ) is such that T
2 +

/ 2.
< mm (T 1 , T3 

) , which is the case, represented in
\ £ LI

the figure, then the completion of the partial schedule
P(k+1) itself which has job k + 2 placed on machine
2 dominates all other completions ! • 

-

XI. Exclusion and Decomposition. Exclusion and
decomposition constitute another form of derived
relatiotis based on permutational arguments. The only

Machine 1 /,‘— -~

Machine 2 -//— I ir~
__ .Li

Machine 3 //— 1 -I i3~

Figure 8.10 - A Genii chart.

- 
- -
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difference between exclusion cuts and the cuts dig—
• cussed in Dictum X above is that here dominance is based

on excluding a possibility. This is a weaker condition
than the inclusion arguments discussed in X. On the
other hand , decomposition arguments essentially “break
up” the original space into subspaces with the links

• between them established optimally . Clearly , such
decomposition reduces the burden of enumeration con—
siderably. For instance, in a ten—job scheduling
problem on a single facility the original space has
10! = 3,628 ,800 points to be enumerated. If it can be
established that optimality requires that a subset of

— four jobs must precede a subset of six jobs , then the
enumeration is reduced to only 4! x 6! = 17,280
alternatives!
Example 8.14. An excellent illustration of such exciu—

• sion arguments and decomposition procedures was pro—
• vided by Mitten and Tsou (8.41], referred to below as

N&T , and whose paper was previously discussed in Exam—
pie 8.9. They utilized the CBS condition (8.5) to
establish some exclusion conditions as well as a con—
dition for decomposition. Let p =

be a partial permutation of n elements (n<N) . Let

z c , where ~ = S — p . The issue is to establish• p p
the conditions under which z is not a candidate for
the (n+l)st position after p • Let be the set

of elements of ~ whose R—value is not less than Rp z
at Dp

a = {w c~~ : R ( D ) < R ( b ) }z p z p — w p

Clearly , z c a and ~ 
— a is the set of elementsz p z

of ~ whose R—value is less than R at D . Letp z p

A — E dv — mm dw .  Then A is a £.~~~. on thez zwca wccz z
duration of a~ 

beyond D~ and the following can be

• - -——— •~~~—— - -—
~~~~: _ • _ -  _ -- — ;  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • _ • ~~, • _ 1~~ _~~~~~
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established. If

(a) a , that is , if there exist elements

u c ~~ for which R ( D ) > R ( D ) , and ifp z p  u p

(b) Rx (D) < R (D) for all x c — a 
‘

and all D s.t. D < 0 < D + A (that is,
— p z

the elements of S whose R—value is < R
— 

p z
retain that inequality for all time periods in
the interval [0 ,D +A ])p p z

then (p ,z,q) ~ P*(O) for any permutation q of the
remaining elements of the set — {z} . In particu—

lar , if a = {z} then z cannot follow p in posi-
tion n + 1 . The immediate consequence of this result
is the formation of a preference table that gives for
each value of D (there are only finitely many) the
elements ranked in order of increasing R

~
(D) . A check

on conditions (a) and (b) is then facilitated , and would
normally result in the elimination of candidates
(branches in the ~&B search) for position n + 1 . To
achieve decomposition, let p £ P be a partial permu-
tation and a a nonempty subset of to be parti-

tioned into two nonempty subsets a ’ and a ’’ . As
before , let A = E d — m m  d , and D’ ~ dw V Vyea yea yea
Finally , suppose there exist two partial permutations
* *q c P 0, and r c P 0,, for which the following hold .

c(q*,Dp) < C(q, D~) for all q ~ p
0,

• - - - - - - - --~a- - — - —~~~~ -~~~~~~~~~ -
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C(r~~D~+D’) < C(r~D + D’) for all r e p0,,

R
~

(0) < R (0) for all x c a ’ , y e a ’’ and all

D c [D
p~
Dp+AaJ

Then we conclude that C[(p,q*,r*),O] < C[( p ,u),0] for
all u e P • In other words , the completion of p has

S * *been decomposed into two parts, q and r , with
* *q def initely preceding r . Na turally, the check
for such decomposition is guided by the (sufficient)
condition of its realization. In particular for any

given a c one determines the two subsets a ’ and
a’’ based on the R—values; then one proceeds to seek

* *the subsequences q and r . M&T report excellent
computing results using the approaches outlined above.

8.6 Miscellaneous Dicta
In this final section we present three dicta.

XII. It Is Sometimes Better To Use a Not—So—Economical
Model Because It Is More Amenable To Computing “Tricks”.
Geoffr ion and Graves ’ treatment [8.28] of a multi—
coimnodity distribution system provides an illustration.
Example 8.15. The problem statement from [8.28] is as
follows. There are several commodities produced at
several plants with known production capacities. There
is a known demand for each commodity at each of a num-
ber of customer zones. This demand is satisfied by
shipping via regional distribution centers (DCs), with
each customer zone being assigned exclusively to a
single DC. There are lower as well as upper bounds on
allowable total annual throughput of each DC. The
possible locations for the DCs are given, but the
particular sites to be used are to be selected so as to
result in the least total distribution cost. The DC
costs are expressed as fixed charges (imposed only on

- —— - — -—-- ~. - .- -- -
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the sites actually used) plus a linear variable charge
which is a function of the “throughput” at the DC.
Transportation costs are taken to be linear.

The mathematical model adopted was the following
MLP

mi~i~1Lize 
i ,j ~ k ,2. 

Cij k2. Xi jk2. + ~~[fkzk

— 

y, z = 0,1 
+ V

k i,R. 
D
12. y~~] 

(8.8)

s.t. 

~ 

x
fJ~~ .5. S~~ all i j (8.9)

~ ~~~~ 
= Dm2. ~k2. 

all I k 2. (8.10)

~ ~k2. 
= 1 all 2. (8.11)

k

~4C
Zk < )~ D~2. ~‘k& ~ ‘~

l
kzk 

all k (8.12)

Linear configuration constraints on
one or both of y and z (8.13)

The notation is explained as follows.

the amoun t of commodity I shipped from
plant j through DC k to customer
zone £

ci4kL : average unit cost of production and ship—
ping corresponding to Xijkt

Zk : a 0,1 variable, equal to 1 If a DC is
acquired at site k , and 0 otherwise

the fixed cost associated with acquiring
the facility at site k

—•— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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a 0 ,1 variable, equal to 1 if DC k
serves customer zone 2. , and 0 otherwise

• 
D12. 

: demand for commodity i in zone 2.

vk 
: variable unit cost of throughput in a DC

at site k

~~~ : production (supply) capacity for commod—
ity I atp lant j

— 
~~

Vk 
: minimum and maximum allowed total annual

throughput for a DC at site k

It is not difficult to see that this model is too liber-
al in the number of equations, a condition usually
avoided by workers in LP (continuous, integer or mixed).
There is an obvious opportunity to economize on the
number of constraints of type (8.10) without changing
the logical content of the model in any way : replace
(8.10) by

~ x1 kQ. D~ 2. all I , 2. (8.lOa)
k

• ~ 
Xjj~g•; (

~ 
D
iL)YkL all k , 2. (8.lOb)

• This formulation handles the two functions of (8.10)
separately , ensur ing that all demands are met , and
forcing the appropriate logical relationship between
the x ’s and y ’a. But in any particular application it
presents a saving in the number of constraints over
(8.10). For instance, suppose I — 100, j — 10

• k — 20 , and 2. — 1000 . Equations (8.10) would yield
• (lOO)(20)(l000) • 2,000,000 equations; while (8.l0a)

and (8.lOb) would yield only (lOO)(l000) + (20) (1000)
• — 120,000 equations ! However , the program of (8.8) —

(8.13) is actually easier to solve than the program
with (8.l0a) and (8.lOb) substituted for (8.10). The
reason lies in the application of the Benders’

- — - •—----—• — • • - - •••-••—• 
• —•— -•- _
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decomposition algorithm which yields excellent “cuts”
and easy—to—solve transportation—type subprob lems in
the f irst  case , and extremely weak “cuts” in the second
case!

XIII. Do Not Optimize the Relaxed Problem; Just Obtain
a Bound on Its Solution. In spite of the rather elemen-
tary nature of the concept, its implementation may spell
the difference between an operational scheme and a
difficult , albeit correct , one . The dictum is best
illustrated by Eastman [8.9] and that of Little et al.
[8.37] in the calculation of the bounds for the TSP.

— Both treatments approached the prob lem from the point
of view of relaxing the tour constraint , which leaves
the standard assignment problem . While Eastman solved
the assignment problem to obtain its optimum , Little
et al. were content with a 2..b. on its value. Clearly

*
z > opt. value of assignment problem > 2..b. on assign-
ment prob lem

XIV. Preconditioning: Limit the Size of the Original
Space To Be Searched. This is a manifestation of the
well—known motto: “an ounce of prevention is worth a
pound of cure.” It draws attention to the need for the
proper “conditioning” of the search space before the
search is initiated. Two examples are provided in the
literature. The first is due to Held, Karp and
Sherashian [8.32] in the study of assembly line balanc-
ing, and the second Is due to Elmaghraby [8.11] in a
scheduling problem. We briefly discuss this latter.

Consider the scheduling of N jobs on a single
facility , in which each job j has a processing time
Pj due date d~ ~ and a penalty function ir~ max

(0;T~ _d~ ) which penalizes tardiness , where T~ is

the completion time of job j deduced from the schedule.
It is desired to determine the schedule that minimizes
the total cost of tardiness. At the outset there are
N! different sequences, and as many points to be enu-
merated. However , through developing a dynamic pro-
granining model of the problem , the size of the search

space was reduced to only . Branch—and—Bound was 
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then applied to this smaller space, with excellent
results.
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Chapter 9

RECENT ANALYTICAL ADVANCES IN FACILITY
LAYOUT AND LOCATION: A SURVEY*

Richard L. Francis
University of Florida

9.1 Introduction
Due to a number of relatively recent bibliographies
[9.8], [9.15], surveys [9.6], [9.10], and books [9.9],
dealing with location literature, we choose here to

— restrict the discussion to recent analytical advances
in solving layout problems, and selected location prob—
lems that may also be viewed as layout problems.

The basic distinction we make between location
problems and layout problems is that with location
problems the activities or facilities to be located
may be idealized as points, whereas this is not the
case with layout problems, where the facilities to be
laid out take up a positive area, and one of ten wishes
either to determine, or to preapecif y, the shape of
each facility. Layout problems are quite diverse and
include, as examples, laying out files on a computer
tape , electronic modules on a circuit board, instru-
ments on an aircraft cockpit panel, machines within a
shop, furniture for one’s spouse, departments within a
plant, offices within a building, or items within a
warehouse. Further, layout problems are closely re-
lated to such problems as urban redistricting [9.2],
[9.14], regional partitioning, and political redis-
tricting [9.21] .

In spite of the variety and scope of layout prob-
lems, they have received relatively little attention
when compared to location problems. Reasons for this
relative lack of attention seem to include the follow-
ing. (a) Layout problems are often of a smaller scope
than location problems . (b) It may be difficult to

*Research by the author for his publications cited in
the references was partially supported by the Army
Research Office — Durham under Contract DAO C04 68C
002 and by the National Science Foundation under
Grant GK—4l224.
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measure the value of a layout (rearranging furniture
being an example). (c) It may be difficult to agree
upon the class of facility shapes to choose from. (d)
Solutions to layout problems are often easy to crIti—
cize after the fact. (e) One of the basic underlying
analytical problems Is known to be at least as dIffi-
cult as the travelling salesman problem. In spite of
the difficulties involved in studying layout problems,
it seems clear that they deserve more analytical atten-
tion due to the pervasiveness of such problems, the
growing body of optimization theory and location
theory knowledge that can be drawn upon In solving lay—

— 
out problems, the evident opportunities to improve upon
means commonly used in practice (for example , three—
dimensional models which are quite descriptive but also
difficult to use to evaluate many alternatives), and
the analytical challenge of these problems.

9.2 Problem Classifications, Statements, and Results
Tractable objective functions for layout prob lems are
typically of one of two classes; for convenience we
designate problems either as Class I or II, depending
upon the type of objective function of the problem.

• For Class I prob lems , costs are a function of distance,
such as average or maximum distance, between activities
to be located and points at known locations. An exam-
ple of a Class I prob lem would be a warehouse layout
problem where items (activit ies) move directly in and
out of storage via docks at known locations . For
Class II problems, costs are a function of distance
between activities being located. An example of a
Class II problem would be a machine shop layout prob —
lem where items enter the shop and may travel to and
f rom a number of mach ines prior to leaving the shop .
In either of the two problem classes , the typical objec-

• tive is to find a layout minimizing the cost of item
travel. Clearly a real layout problem can be both a
Class I and a Class II problem; however, for purposes
of exposition , little is lost by considering only
individual Class I and Class II problems.

Methods for solving Class I problems are relatively
well-known. Often closed form answers can be obtained;

• otherwise, discrete approximation problems can be con-
structed and solved using any one of a variety of

.

~~~~~

- - . •- - -- • -

~~~~~~~~~~~~~~~~~~

•-•



Chapter Nine 208

network flow algorithms. Such prob lems are discussed
extensively in [9.9], and will receive no further
attention here.

A large collection of Class II problems is closely
related to a problem commonly called the quadratic
assignment problem for which substantial literature
discussions are given in [9.11] and [9.20]. Since the
problem is so basic, we state one version of the prob-
lem as follows: assume m activities are to be
assigned to m sites, with all activities and sites
being the same size, so that a permutation ‘~ 

= (ci(l),
...,a(m) ) of the integers l,2,...,m may represent
an assignment , where a(i) is the number of the site
to which activity I is assigned. Let d(i,j) repre-
sent an appropriately determined distance from site I
to site j , and assume a “weight” matrix W = (W

jj
)

is given, where w
ij represents a known cost per unit

dlstence incurred , for a given time period , due to
“travel” between activity I and activity j . The
total cost of an assignment, denoted by TC(a) , is
then given by

TC(a) — 
~ 

w
ij 

d(a(i) ,c i( j ) )
i—i j—1

and the prob lem of interest is to find an assignment of
activities to sites of least total cost. This problem
is known to be at least as difficult  as the travelling
salesman prob lem [9.22] ,  so that heuristic procedures ,
or branch—and—bound procedures , are commonly used to
solve it (9 .11].

When more is assumed about the quadratic assignment
problem , there are better ways than heuristics , or
branch—and—bound, to solve the prob lem. The assumptions
all require the sites to be representable by points
along the line , so that the resulting problem is rather
idealized. The analyses of th resulting problems do
have some direct applications, however , such as locating
activities along a conveyor, aisle, or Street, and are
also of interest because they provide some qualitative
insight into the planar location problems. When the
sites are m distinct adjacent integers, Karp and Held
[9.12] have shown that the problem, which they call the

• 

-
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module placement problem , may be formulated as a dynam-
ic programming problem. Adolphson and Hu [9.1] h ave
recently related the module placement problem to the
theory of network flows; they represent the matrix W
as a graph C with m nodes , where wjj is asso-
ciated with the arc connecting nodes I and j  , and
give, for the case when C is a tree , an algorithm
which finds the global optimum solution in O(m log m)
steps. Simmons [9.23], [9.24] develops a branch—and—
bound algorithm for solving a version of the module
placement problem for which activities are not the
same size. The algorithm appears computatlonally use—
ful only for m < 9

Next we formulate and state results for two problems
closely related to the module placement problem. Sup—
pose positive parameters u~ and A1 are given for

activity I , 1 < I < m , with u1 a measure of the

relative use of activity i (for example, the percent
of Items per week moving to and from machine I ),  and
with A

i 
being the length of the interval t aken up by

activity I . The first problem is the following.

Prob lem PMS

minimize 
~ 

(w(uj~
uj)Ixi—xjI]

l<i<j<m

s.t. ~x1—x~ 
> c(A~~A~) for 1 < i < j  < m

In the statement of this problem, x1 is the midpoint

of the interval taken up by activity I , c(A~.A~) is
a specified lower bound on the distance between the
midpoints of activities I and j , and w(uj~uj) is

a specified nonnegative function of u~ and u
j

The second problem is obtained by changing the objec-
tive function to obtain

Problem P)~1

~ 

. -. ——--
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minimize maximum (w(u1 ,u ) x~—x f ]
1<I~J<m 

j

s.t. Ix1—x~I i c(Aj~A~) for 1 ~ I ~~~ 
i ~ m

Note that PHS Is equivalent to the module placement
problem when c(Ai~

Aj) 
— 1/2 1 ~ i < i ~ and

w(ujiuj) 
— . Problem PMM is a minimax analog of

PMS. Let the activities be numbered so that (u.1/A1)

— 
> (ui+1/Ai+1) , 1 < i < in — 1 . If the items are

located so that

x < x  < x  < ...<x_ < x  < x~
_ < x  < x  < 0 ..

m —  m—2 -- m—4 — — — 3— 1 — 2 — 4 —

(9.1)

(r so that all inequalities in (9.1) are reversed)
when m is an odd integer, and located so that

Xm l  
< Xm_3 < 

~~~~~~ •5• ~5 x3 x1 < x2 
< x4

< x  < x  (9.2)— m - 2 — m

(or so that all inequalities in (9.2) are reversed)
when m Is an even integer, and adjacent activities
are located as near one another as possible subject to

f satisfying the interdiatance constraint, we say that
the activities are arranged in alternating order.
Pratt [9.22] has shown that an alternating order
arrangement is optimal to the version of PMS for which
w(uj~uj) — ujU

j 
. than and Francis (9.4] have shown

than an alternating order arrangement is optimal to a
number of versions of P~1S and P?~fl~ now to be specified.
In particular, define three special cases of PMS and
P~Q1 as shown in Table 9.1.

For a number of the cases in Tab le 9.1, arrange—
ments other than alternating order are also optimal;
details are given in (9.4]. Note that the alternating
order solutions are, roughly speaking, all either such

- —•-~~~~~~—- —.-— —1: —- - 
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Table 9.1 Special Cases of Problems PMS and PMM

Special Case Form of w(uj~uj) Form of c(A
1~
A~)

PMS 1 f(u
1
) + f(u~) unity

PMS 2 f(u~) f (u~) unity

PMS 3 unity (Ai+Aj) /2

PMM 1 nondecreasing in unity
each argument

— 
I PHM 2 unity (A1+A~)/ 2

that activities with largest usage (ui) ~ or smallest
• size (A1) are closest , and in the middle ; this is the

major qualitative conclusion obtained from the analysis
of PMS and P)I(, and suggests similar approaches for
solving analogous planar layout prob lems . When neither
of the functions w(.,.) nor c(.,.) is unity, prob—
lems PMS and PMM become much more difficult to solve;
whether or not any useful qualitative insights are
obtainable remains to be determined.

Next, a planar layout problem is considered. Con—
sider unit squares In the plane , each having a lattice
point (a point with integer entries) as a center and

• sides parallel to the axes , as representing potential
• sites for activities. Any choice of m distinct lat-

tice points, which specifie8 a choice of m distinct
• unit squares, is called a conf1~guration of size m ,

and denoted by Cm A configuration of size m may

be considered either to represent a choice of in sites
for activities, or alternatively, the unit squares may
be considered modular construction units constituting
a single facility. Given any two points X1 — (x 1,y 1)

and — (x2,y 2) in the plane, the rectilinear dis—

tance between X1 and X2 will be denoted by

r(X1,X2) , where by definition,

-r -~~~~ • - ----— ‘
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r (X 1,X2) — x
1—x 2~ +

The use of the rectilinear distance is of ten appro-
priate in commonly occurring situations where travel is
carried out on a set of rectilinear aisles. Thus, for
a configuration of size m , the rectilinear distance
between any two lattice points may be consIdered to be
an approximation to the distance travelled between the
centers of the two sites represented by unit squares.
For any conf iguration C~ , the diameter of Cm
denoted by d(Cm) , is defined to be the rr~axImum recti-

— linear distance between all pairs of lattIce points in
Cm ; 

d(C ) is always a positive integer, and may be
considered to represen t the distance between any two
sites in a configuration that are farthest apart, in
the rectilinear sense. The problem of finding a config-
uration of size in of minimum diameter may then be
considered to be a nilnimax facility configuration prob-
lem. To state the main results for this problem, let
f(m) be the minimum diameter of all configurations of
size in , and define the function g(i) , which is
readily verified to be integer—valued and strictly
increasing, as follows.

g(i) = (i2+2i+2)/2 if I Is an even, nonnegative
integer

(12+21+1)/2 if i is an odd, positive integer

Then It can be proven that, for any positive integer
I , f(m) — i for every integer in satisfying g(i—l)

• + 1 < in < g(i) . Further, a configuration C
~ 

Is a

miniinax configuration if and only if d(C ) — I ,
where

i — mm {j: in < g(j) , j a positive integeri

Proofs of these results, as well as a simple geometric
procedure for constructing minimax configurations, may

• - —
~~
--‘-—..
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be found in [9.7] or [9.9].
To this point the discussion has dealt with the case

where the activities to be located are indIvisible, in
the sense that an activity is assigned to a specific
site, or Is represented by an Interval on the line.
We now consider situations where activities may be
divisible; a specific example of such a situation
would be a building served by a parking lot , with the
two halves of the parking lot on opposite sides of a
building. In order to pursue the discussion, a more
general definition of a layout is needed. Suppose that
the vector A = (Ai,A2,...,A~) consisting of in posi—

— 
I 

tive entries is given and that L is a region in E~ ,
Euclidean n—space, of measure at least
Def ine {S1,...,S } to be a layout, where S1 is a

compact subset of L , of measure A~ , and S1 and

share no common interior points, for 1 < i 
~ 
j

< i n  • As an example of the def inition, 
~~~~~~~~~~

migh t represent a warehouse layout, If in items are to
be laid out in a warehouse, with L representing the
floor of the warehouse, and S~ (contained In L )

representing the region of the floor taken up by item
I , with A

i being the area of S1 , for 1 < i < in
As a second example, {S1,S2} might represent the lay-

out of a building and adjacent parking lot, with S1
representing the region taken up by the parking lot,
and S2 the region taken up by the building.

With the foregoing definition of a layout, two close—
ly related minImax layout problems , and their solutions,
may be stated. For convenience, define

B - A  +A . +~~•.+ A1 z in

B — B — A  for 1 < p < mp p — —

B1 2 — B - A 1 — A 2 -

- •— —• • —• 4P•~ •-)#~ ••~~~ .-•. — •___•_•• _-•___•*.• ••— -_ ‘_•__._ -‘ — —_•— •—•• — • •- 1 ~~~~~~~~~~
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and let activities be numbered so that

A1 
> A2 max (At: 2 < I < in)

Given any layout {Si,...,S
~

} define

F1~ (S1~ S~ ) = max {d(x~~x~): x1 t S1~x~ £ S~)

where d(x1~x~) is either the rectilinear distance

when L = E2 , or the absolute value distance when
L E’ ; then define an objective function for the
layout by

F(S1,...,S) max {F
1~

(S1~S~): 1 < I < j cm) (9.4)

The minimax layout problem is to find a layout that
minimizes (9.4); roughly speaking, such a layout has
the property that it minimizes, from among all layouts,
the greatest distance between any two activities. When
n 1 , so that the layout Is a layout on the line,
Papineau and Francis [9.18] show that a layout

* *{S1,...,s ) minimizes (9.4) if and only if, for some
1 < p < in such that A

1 
= A , T U{S~ : 1 < i ‘C in

i ~ p} is a closed interval of length B~ , and

* ‘* ‘** ‘*S = S U S , where S and S are bothp p p p p
closed intervals of length A~/2 abutting opposite

ends of T ; further, F(S~,...,S*) — B — (A~/2)
The answer has come intuitive appeal, since if the
“largest” activity (5*) were not placed on the “ends”
of the layout, the distance between other activities
would necessarily be increased.

When n — 2 , so that the layout is a planar layout,
Papineau et al. [9.19] have shown that an attainable

lower bound on (9.4) is given by ~~~ a0 , with

.•— . - - ---•—- •• — —~ -----• _______t
~~~~ — .— -
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miii (ci1~ci~~) , where

(1/2) [B
h12 + B~~2]

“II (1/2) [(~~)
l/2 + (2B1)

l/2] B1 2  < (A
1
B1/2)~~

2

< B1

— 
I 

• 

(1/2) [(B1,2 
+ B1) (B

1,2 
+ B2)/B1,2]1/2 ,

(A
1B1/2) L’2 $~ 

B12

E ~ , otherwise

When = , any layout {5~ ,•••,5*} for which

S~ {(x ,y) : (B1/2) ”2 < xl + ~ (B/2) U2 )

T~ U{S~ : 2 < I < i n )  - {(x ,y): lx i + l~l < (B
1/2) 1”2}

*
Is a minimax layout. We note that T

2 
is a square of

area B1 with center at the origin, and that U{S~ : 1
< 1 < in) is also a square of area B , with center at
the origin; each edge of each square makes an angle of

• +45
0 or _450 with the x—axis. Further, the region

taken up by activity 1 , which has the largest area,
“surrounds” the other regions. In orde r to describe
miniinax layouts obtained when a0 

— , ImagIne a

cross composed of two rectangles making right angles
with each other , let and denote the hori—

‘*
zontal and vertical rectangles respectively, let S1 ,

_ _ _ _
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and S
1 

represent that part of to the left and

right respectively of R2 , let S
2 and S2 repre-

sent that part of R2 above and below R1 respec—

*
tively , and let T1 2  US2 represent R1 f l R2
Let a and d be the width and height respectively

‘* ? 1 *
of both 

~l 
and S1 , and let b and c be the

width and height respectively of both S
2 and

*
so that the width and height of T1 2 U ~2 

are given
by b and d respectively. The symbols a , b , c
and d will be called the dimensions of the layout,
and each will have a subscript 1 or 2 attached to
indicate whether one type or another type of a layout
is being considered. When = and B12
< (A

1B1
/2) hh’2 (af ter the cross is rotated clockwise

45° from the vertical, so that each edge of each rec-
tangle makes an angle of ±45 ° with the x—axis) , then

is a mlnimax layout if It has dimensions

2a1 = d1 
(A
1)~~

2
, b1 

= (l/2) (2B
1)

l/2
,

ci 
= (1/2) [(2B1)

h/2 
- (A

1)
l/2]

• and Is defined by

H * ‘* ~~1*
Si 

_ S
i US1

• * 1* , I*
S
2 — S 2 US2 US2

T1 —U {S~ — 3 ~~. 
1 ~~m}

• - - • - • - — - - - 
~~——~~~~

•--
~~~

- —-- —~~
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may constitute any portion of fl of area

A2 
— 2b

1
c1 . When a

0 
= a11 and (A1B1/2) 1”2 ~ B12

(after the cross is rotated clockwise 45° from the

vertical) then {S1,...,S*} is a munimax layout if it

has the dimensions

a2 
= (A

1
/2) [ (B1 2 +B1) / (B 1 2 +B2)B 1 2 ]

1”2

b2 
= [B 1 2 (B1 2 +B1)/ (B 1 2+B2)J~

”2

= (A
2/2) [ (B1 2+B2) / (B 1 2 +B1)B 1 2 ]

1”2

d2 
=

* 1* 1 1*  * ‘*and is def ined by S~ = U 5
~ ~ ~2 

= 

~2 
U 

~2 ~
*

= • , and T1 2 =U{S1: 3 < I < m} . These two
“cross” layouts are clearly unorthodox, and should
perhaps best be viewed as design benchmarks, In the
sense that they provide an absolute basis of compari-
son for implementable layouts. Also, they provide
a basis for fur ther analytical enrichment, and do
have an intuitively appealing property in that the
two regions taken up by activities having f irst and
second largest areas (recall (9.3)) are not enclosed
by other regions.

It should be clear that a variety of Class II prob-
lems remain unsolved; we mention a few unsolved problems
with the hope of encouraging others to study such prob—
lems. The first unsolved problem Involves finding the
shapes and relative locations of two or more planar sets
of known area to minimize the total weighted average
distance among the sets; the closest version of this
problem which Is solved is due to Newman [9.17] for two

- — - - ------ - ~~-• -• • • •  S .  -~~~
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seté which are subsets of the line instead of the pl~.iie.
A second problem would be to impose the additional re-
striction upon the first problem that all sets must be
rectangles. A third problem would be to add perimeter
costs to either the first or second problem. A fourth
and much more general problem would be to construct
meaningful, analytically tractable objective functions
that Incorporate aspects besides distance. Hopefully
it is now evident from this discussion that a great
deal remains to be done in developing a cumulative,
analytical body of knowledge for Class II problems.
Class II problems are of course being “solved” in prac—

— tlce every day , but there is still much to be done in
providing a theoretical basis to support (or not to
support) the contention that they are being well solved.
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Chapter 10

REVIEW OF STATISTICAL PROBLEMS AND
METhODS IN LOGISTICS RESEARCH*

S. Zacks
Case Western Reserve University and
The George Washington University

10.1 Introductiou
This c~ .pter provides a review of some problem areas in
1~~istics research in which specific statistical math—

— od. have been developed. Statistical estimation pro—
cedures are co only applie whenever operational ana—
lysts study stochastic systems with unknown or uncoin—
plet. information on the distributions of the random
variables under consideration . Certain areas of logis-
tics research have revealed specific types of statisti-
cal prob lems. The present paper discusses the specific
statistical problems in five of these areas. More
specifically , we review here some developments that
have taken place in the areas of demand prediction ,
adaptive inventory control , operational readiness ,
detection of wearout and surveillance. There are hun-
dreds of papers in the various j ournals that may be
ascribed or related to the five problem areas mentioned
above . The present discussion is limited , however , to
a relatively small number of papers that are specifi-
cally related to the research which the author has

• carried out for the Program In Logistics .

10.2 Demand Prediction
The statistical analysis of demand for spare parts in
mIlitary systems occupies a central place in logistics
research . These demand prediction studies are oriented
towards special problems of inventory control, mainte—
nance and replacement , surveillance , and so on. Many
studies were perfo rmed on the demand patterns for spare
parts in different types of military systems , aircraft ,

*Preparat ion of this chapter was suppor ted by the
Office of Naval Research under Contract N00014—67—A—
0214-0001 with the George Washington University.
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ships, missiles, and others. A complete reference list
of papers written on the subject of demand prediction
will include dozens of papers. We refer the reader in
particular to Reference [10.1].

The statistical methods for forecasting and predict-
ing the demand f or spare parts can be classified into
two main types: (I) methods appropriate for extremely
low demand patterns, and (Ii) methods appropriate for
regular and high rates of demand. The first type of
extremely low demanc& has been observed especially in
naval systems such as the Polaris system. This kind of
low demand is apparently typical of a high percentage

— of spare parts in vessels. On the other hand, demand
prediction for aircraf t systems, fixed—wing or rotary,
falls apparently In the second category. In the pres-
ent exposition we focus attention on the methodological
problems associated with these two types of demand
patterns.

10.2.1 Statistical Methods for Low Demand. The study
of demand patterns f or spare parts for naval systems
has been conducted at the Logistics Research Project of
The George Washington University since its beginning.
The first major study of demand behavior was completed
in 1957. As summarized by Solomon [10.27] the context
of the study was the so—called “allowance list problem .”
The data consIsted of mechanical and electrical parts
used by twelve submarines over a four—year period. The
important conclusion was as follows.

“The demand for items was extremely low and sporadic.
About 75% of the items were not demanded at all .
Moreover, during the entire four—year period for
each submarine and its supply activity, 70% of the
Items demanded were demanded only once. Approxi-
mately 90% of the items demanded were demanded at
mos t twice • “ [Furthermore] “almost all items that
were demanded in one year were not demanded in
another year. ”

These results were further reinforced by subsequent
studies on the Polaris system (see (10.4]).

Haber, Sitgreaves, and Solomon (10 .12] proposed a
new methodology f or estimating usage estimates of line

__________ --
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items. According to this methodology the prediction
for the demand of parts is determined by the parent
component of the system in which the part is installed.
As usual , they distinguish between the range of parts
in a component , that is, how many different parts are
installed , and the depth of demand which is the fre-
quency of demand for the individual part. Since many
have not shown any demand, the authors of [10.12]
adopted a binomial model concerning the number of parts
in each component that show (at least one) demand.
Accordingly, if the range of parts in a given component
is N the model assumes that the parts fail Indepen—

— dently and the probability for a demand 0 is the same
for all the parts in a given component, that is, the
number of parts X showing demand is binomially dis—
trlbuted B(N,O) . Furthermore , since N is large and
O very small, this binomial distribution is approxi-
mated by a Poisson distribution with mean A N O
A structural model is proposed, which takes into
account both the “component unreliability” and the
“patrol severity” factors. Accordingly, it is assumed
that the expected number of parts showing demand in the
vth component at the ith patrol Is A~~ — NVCVSI
where C,~, is the unreliability factor of the ~th com-
ponent and is the severity factor of the ith pa-

trol. It was also assumed that ES1 — s , where s is
the number of observed patrols. Accordingly, the mean
of the patrol severity factors is assumed to be 1.
Haber, Sitgreaves, and Solomon proposed in [10.12] a
simple method for estimating the factor C

~ 
and S~

from all the data. If we denote by X~~ the number
of parts shoving demand in the vth component at the ith
patrol then the proposed estimators are

vi
S — s  (10.1)

xi V vi

and

— 

.—.—- _ _S___•
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— ~ X~~/sN (10.2)

There Is only a heuristic discussion In (10.12] lead-
ing to the construction of these estimators. An exten-
sion of the multiplicative model Is given there for the
purpose of estimating also specific unreliability fac-
tors of individual parts within components. The model
was tested on 49 ,682 parts during 82 patrols of Polaris
submarines. The data from the first 61 patrols con-
stituted the historical period for the estimation of
the parameters of the model. The data of the later 21
patrols were used as the future (test) period. The
test confirms the proposition that the probability of
demanding a repair part increases with the component
unreliability factor.

Zacks and Zinmter (10.38] have studied the problem of
estimating the factors in such multiplicative Poisson
models for general reliability systems. They have
derived the maximum likelihood estimators (MLE) of the
severity factors and have shown that these estl.mators
coincide with the least—squares estimators of severity
factors. Bayes estimators with respect to Dirichlet
prior distributions of p~ — S

i/s (il ,...,s) were
derived also. The mean square error efficiency of the
Bayes estimators relative to those of the MLEs was also
investigated. According to Zacks and Zimmer, the esti-
mators (10.1) proposed by Haber, Sitgreaves, and Solomon
are ~~Es and those given by (10 .2) are best unbIased
ones. Furthermore , it was shown that in certain situa-
tions , especially when the severity factors of the dif—
ferent patrols are not supposed to differ substantially ,
the Bayes estimators are more efficient than the MLEs.

In another study [10.11] Haber and Sitgreaves
approached the prob lem of demand prediction in a dif-
ferent manner. They have classified the parts into
classes according to the kind of part (transistor,
motor, valve, and so on). In each class there are many
different parts of the same kind . Their model assumes
th at the number of replacements (depth) of a certain
part has a Poisson distribution with some mean 0
Different parts in the same class have different 0
values. If we consider the variation in the 0 values

• . —.5- . — — — —5—- 5.— -.. .•—‘—--—~~~ -. —.5-’ . ,‘.,—S—~~~ ,—————.5———- ~~~ -.5 -—-- ~~~~~~~~~ r
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as a realization of a sample from a gamma distribution
G(ct /B , cx) , where ct/8 is the scale parameter, the mar-
ginal distribution of the number of units X demanded
altogether in a given class, T patrols, will follow
a negative binomial distribution, with a probability
function

p x’i — 
(a \~ . ( T8 ‘V F(a+i)

( ~ \a+TB/ \cs+T8/ r(i+l)r(c*) ‘

— 

1 —  0,1,2,...

The negative binomial distribution of the demand for

• parts showing movement was reported also previously
in the Allowance List Test Program, by Solomon and
Denicoff (10.28] and Denicoff, Fennell, and Solomon
[10.5]. The parameters a and 8 for each class were
estimated by the method of moments according to which
the sample mean and sample variance in each class were
equated to the expectation and variance of the negative
binomial distribution. Fifty—four different classes

• of items were considered and in 36 of these classes the
negative binomial distributions fitted the empirical
distributions. The unique feature of the model is that
in addition to providing positive usage estimates (of
the expected values) it can be applied also to new parts
that belong to a certain class, without any demand his—
tory of these new parts. As will be discussed later,
these negative binomial distributions can also be used
as anticipated demand distributions in Bayes procedures
for adaptive control of inventory levels. At last we
mention that Badley and Whitin [10.13] have also ob-
tained the negative binomial distribution for low demand
items in an interesting model of a one—echelon multi—
depot system.

10.2.2 Statistical Methods for Demand Rates Which Are
Not Extremely tow. When one studies systems with demand

* rate that is not extremely low, a variety of forecasting
methods and techniques are available. Markland [10.9]
compared 6 a thods of forecasting which were found
appropriate for demand prediction of military helicopter
spare parts . He furnished 43 references of papers in

• which other methods are employed. The methods that
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Markland compared are the following.

1. Issue Interval, the average demand rate (per
flying hour) is multiplied by the expected number
of future flying hours to give an estimate of the
future expected number of spare parts that will be
demanded (a ratio estimate).

2. Moving Regressions. Multiple regressions were
fi tted by the method of least squares for the ini-
tial experience period , with the number of demands
X as the dependent variable. The regressors con—
sidered were: flying hours, helicopter density over
time. Various transformations of these two variables
were tried. Best fitting regressions were deter-
mined according to the size of the multiple coeffi-

cient of determination R2 . Af ter each f orecasting
cycle the parameters of the regression equatIons
were revised.

3. General Exponential Smoothing. The forecasted
demand for the t—th period is

+ (1_A)

where X~ is the actual demand during the t—th

period , St_L is a multiplicative seasonal effect,

L is the number of months in a cycle period, Tt
is the current estimate of the linear trend effect,
and A is the exponential smoothIng coefficient
0 < A < 0.1

4. Single Exponential Smoothing. The forecast is

a —~~~~t+i t

where is the simple average of demand during the
first t periods.

- •.• ~~ •• ~~~~~~~~~~~~~~~~ •__ ~~_~ ~~~~~~~~~ .5 ~~~~~~~~~~~~~~~~~~~~~ - •-_•‘~~~5-
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5. Double Exponential Smoothing. The forecast is

~t+i 
= 

~t 
+ 
~t
I

where b
t 

is the linear trend during the first t
months.

6. Triple Exponential Smoothing. The forecast is

A A a 1 ~ 2
—

~~ 

d
~+i

= a
~~

+ b
~ 
.1 + — c  ‘I

where is the slope of the linear trend during

(0 ,t)

These procedures were compared by Markiand according to
the associated coefficients of variation over the fore-
casting horizon

cvL k / L

~ ( ~ 
d~~j/k

t—l\i—l /

where k N - L + l  , and

1k /L /.
— 

~t~1 
~~~~~~~~~ 

— d
~+1))

2

)

The numerical results obtained indicate the general
superiority of the triple exponential smoothing tech-
nique over the other forecasting methods .

10.3 Adaptive Inventory Control
The literature on the stochastic control of inventory
systems is voluminous. For a general review of the
field one could refer to Veinott (10.29]. The various
stochastic models assume the knowledge of a specific
distribution function(s) of the demand ran’ am vari-
able(s). The problem is that of statistical control

5 5 ‘—k. - • _-_______
~
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when the distribution functIon of the demand is un-
known or not completely known. For example, suppose
that the stochastic model assumes that the failure of
parts in a certain system follows a Poisson process
with intensity (mean number of demanded units per time
unit) A . However, the parameter A is unknown. A
common practice is to estimate the unknown parameter(s)
independently of the control process and substitute the
estimates of the parameters in the original control
formulae . Such pr ocedures may often prove useful.
However, they require good data on the systems to which
they pertain. Statistical control procedures provide

— methods of control that can be employed simultaneously
with the collection of data. A general theoretical
framework for statistical control of inventory systems
is furnished by statistical decision theory. There
are many papers In which a Bayesian approach has been
employed. We mention here for example only a few
papers : Scarf [10.26], McGlothlIn (10.23] , McGlothlin
and Radner (10.24], Zacks [10.32], Zacks and Fennell
[10.35, .36].

Scarf considered in [10.26] an inventory system in
which, at the beginning of each period a decision is
made concerning the stock level required. There is
no backlogging and replenishment of stock Is instanta-
neous (zero lead time). The purchase of Z units cost
CZ , the holding cost is h per unit per time period
and shortage cost is p per unit. It is assumed that
the demand distribution belongs to a specif ied expo-
nential type distribution, that is , the probability
function of X is

P(x;w) — h(x)exp{—xw)8(w) , w c ~

The actual value of the parameter w is unknown. The
optimal stock level in the case of known w is

S0(w) — ~~l(
’
~—c(1—a) f w\\ p +h /

where ci , 0 < a < 1 , La a discount factor. If S~
is the actual stock level at the beginning of the nth
month , the optimal ordering level is max{0~S0(w)—S~ }

- _ . —__-—.t 
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The paper proposes a Bayes solution for cases where w
is unknown. It is shown that there exists a sequence

S0( T )  , n > 1 , where

n
T = ~ X where ]L~~~ 0n 1=0 1 U

is the total observed demand, such that the optimal
ordering is max{0,S

~
(Tn

)_S
n} . Properties of th€

S~ (T~) functions are derived. In particular, It is

proven that the S~ (T~) sequence is monotone increas-

ing. This follows from the monotone likelihood ratio
property of the exponential family. An asymptotic
expansion is obtained , as n ~ , for the critical.

functions S°(Tn) Under general regularity conditions

it is shown that

S°(p) ~ 5
0(o )  + a(p)

where ~i — E {X} and w(ii) = w value for which

(d/dw) log 8(w) = 1.1 . The function a(i.i) is detez~-
mined explicitly. Since w(T~/n) is the maximum
likelihood estimator of w(ii) , the Bayes optimal

policy given by {S°(Tn)} approaches the maximum like—
0lihood estimator of S (v) , namely

S°(T
n) 

— p_i(P_;~ ;
_a) 

I

TLe regularity conditions on the chosen prior distribu-
tion are quite mild and we have accordingly a general
large sample approximation to the Bayes solution , pro—
vided by the substitution of the maximum likelihood
estimator of w in the formula o .  S°(w)

- 
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Zacks [10.32] considered a simple inventory system
whicn can be adjusted at the beginning of each period
(month) in order to minimize the anticipated (expected)
inventory cost during that period. This adjustment
allows for decreasing high stocks and Increasing low
stocks. It is assumed that the demand variables 1(1,
X2,. . are independent having the same Poisson distri—

butioLl P(6) where 0 Is unknown. The Bayesian model

assumes a prior ganmia distribution G(t~~ ,v) for 0
It follows that after n months, the posterior distri-
bution of 0 , given the sufficient statistic T~ dis-

played above, is the gamma distribution G(t ’+n~v+Tn)
The monthly inventory cost due to overstocking or to

shortages is C(S,X) = h(S_X)+ + p(S—X) , where S is
the stock level at the beginning of the month (after
adjustment) ,  X is the demand during the month , h is
the holding cos t of a unit not demanded and p Is the

- shortage cost per unit. Moreover, a+ = max {a,0} and
a = —min {a,0} . Similar to the case in Scarf’s model ,
if 0 is known the optimal stock level 50 , at the
beginning of each month is

S0(e) — ~_l(_.~~ ;

This is the p/(h+p)th fractile of the Poisson distri-
bution. When 0 Is unknown, It Is shown by Zacks that
the optimal stock level at the beginning of the (n+l)st
month is

S~~1(T) — N.B.~~(j% I ~~~~ \)+Tn)
where

— t/(l+(n+1) t~ 

5
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and N.B. ’(alp, v) denotes the a— fractile of the
negative binomial distribution having a probability
function

P[X jlp,v] = 

~~~~~~~~~ 
(l—p)” p~ , j = 0,1,...

This result is similar to the one mentioned earlier of
Haber and Sitgreaves [10.11] concerning the determina-
tion of allowance lists according to the negative bi—

— 
nomial marginal distribution of demand for parts that
belong to the same class. We notice that the Bayes
procedure yields an adaptive sequence, which strongly

converges to the optimal stock level S0(0) , whatever
the value of 0 is. In other papers [10.30, .33] pro-
vIded a non—Bayesian adaptive procedure for determin-

ing S°(0) , based on a sequence of uniformly most
accurate tolerance limits. These procedures are based

on the following idea. The optimal stock level S
0(0)

is the p/(h+p)th fractile of the Poisson distribution
P(0) . A (1—cz)—upper confidence limit f or a y—fractile
of a distribution is called a (l—a ,y) tolerance limit.
As shown in 110.33] the uniformly most accurate (1—a,
p/(h+p))—upper tolerance limit after n observations is

S ~_l(~~._ ; K~• 
(T)) (10.3)

where Ki_~
(T
~
) is a uniformly most accurate (1—a)—

upper confidence limit for 0 given by

K ( 0 ) — — ~~~~na , T = 0
1—cs n n

I(
1 (T) — 

~~ 
x~_~ 

[2T ] , T > 1

We notice that u r n  K1
(T~) — 0 almost surely (a.s.).

This follows from the fact that Tn/n 
+ 0 a.s. Thus ,

— . 5  -.5-—-.--- -5 
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the sequence {S
n

} given by (10.3) either converges

a.s. to S°(0) , or fluctuates between S°(0) and
0S (0) — 1 whenever

o — 
~ 

(2j+2] for some j 0,1,...

h+p

Notice that this procedure can be applied also in cases

— 
of parts with extremely slow demand , because Sn 1~
positive even if T — 0 . Furthermore , the presently
described procedure does not depend on any assumptions
concerning a prior distribution of 0

t It should be remarked , however , that if a is small
the tolerance limits adaptive approach will generally
yield procedures that are too conservative at the

f. beginning. That is, the corresponding stock levels Sn
are too large compared to the sequence of stock levels
provided by the appropriate Bayes procedures.

The Bayesian and the non—Bayesian adaptive procedures
described above can be generalized also to more compli-
cated inventory models. In (10.35, .36 ] Zacks and
Fennell developed Bayes adaptive control procedures for
two—echelon inventory systems. These procedures provide
algorithms for the optimal ordering of the lower
echelon stations from the upper echelons , based on the
objective of minimizing the total prior expectation of
the lower echelon cost. On the other hand , in order to
avoid a tedious dynamic progr~m’nIng determination of the
upper echelon’s ordering levels, a Bayes prediction
policy was adopted for the upper echelon.

This Bayes prediction policy determines a reordering
level , which is the smallest quantity required in order
that the posterior probability of satisfying the lower
echelon anticipated demand will exceed a tolerance
level a , 0 < a c 1 . The computations become quite
complicated. Algorithms and computer programs are
available.
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10.4 Operational Readiness
The problem of measuring and making statistical in-
ference on operational readiness has not attracted much
attention. The papers that studied this problem con-
sidered the model of a two—state Markov chain, “up” and
“down.” The system is in a state of readiness when it
is “up.” The problem is to estimate the probability of
readiness as defined in the following development.

Gayer and Mazumdar [10.9] and Mazumdar [10.22] stud—
ied the problem in the context of a stationary (homoge—
neous) Markov process. The system starts at state U
(up) and stays at this state for a random length of

— 
time X1 then it switches to state D (down) and stays

: there for a random length of time Y1 . From D it
switches to U and from U to D alternately. Thus,
if one comes to observe the system when it is at U ,
he will observe a sequence of independent random van —
ables X1,Y1,X2,Y2,.... All the X’s are exponentially

distributed and the Y’ s are exponentially distributed.
X ‘

~~ G(~i, 1) and Y ‘
~~ G(A , 1) . The steady—state proba-

bility of U is defined as the operational readiness.
This parameter is P — A/(A+p)

The operational reliability is defined as

A
— exi {— ~it}

Gayer and Mazumdar derived the maximum likelihood (M.L.)
and the uniformly minimum variance unbiased (N.M.V.U.)
estimators of P and p , and compared the mean
square errors of these estimators by Monte Carlo simu—
lation. There is an interesting problem of sampling
design , namely , when and for how long observations
should be taken . Gayer and Mazumdar proposed a “patch—
snapshot” design . This sampling method consists of a
sequence of observations made continuously on intervals.
These observations are called “patches. ” In addition,
isolated observations are interlaced between the patches

- ~
-
. at widely dispersed instants. These observations are
• called “snapshots.” The authors do not explain why one

— - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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should consider patches designs reinforced with snap-
shots if the model of stationary process prevails.
There may be , however , systems which Impose technical
constraints so that observations cannot be taken con—
tinously over a long time interval, but only on short
patches. Such a design would be necessary f or control
purposes , if there is a possibility that the parameters
of the system may change at unknown time points.

Zacks (10.31] considered a two—state Markov chain
that may change its state at the beginning of each
period (day) and stay in that state du ring the pre-
scribed period . The two states that are considered are

— 
U (up) and D (down). Observations on the state of
the system are done regularly at the beginning of each
period. The main problem under consideration is that
the system may shift from one matrix of transition
probabilities to another at unknown epochs . Also , the
exact values of the transition probabilities are un-
known. Thus , the study of Zacks provides a method of
estimating the current values of the operational readi-
ness without assuming that the Markov process is time
homogeneous .

The operational readiness of a system at time period
t is 0(t) and is defined as the probability that the
system will be in state U during the t—th time
period. Zacks ’ method of estimating the current opera-
tional readiness parameter is developed within a
Bayesian framework which assumes at most one shift ,
from a matrix of transition probabilities 0 to a
matrix ~ where

f °oo ooi\ f+oo +ol
0 — 1  1

\elo °uuJ +11 
-

The epoch of shift J from 0 to 4’ is considered as
a random variable having a prior discrete distribution
over the set of nonnegative integers (0 ,1,...) . Let
us adopt the following notation : (J—O ) means that the
shift has occurred before we have started to observe
the system; {J—j } , j — l,...,n—l , means that the
shift occurred right after the jth observation; {J n)
is the event that the shift has not yet occurred. The
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values of 000 ‘ 
0~~ ‘ •o~ 

and are given prior

uniform distributions on (0,1) with the assumption of
prior independence. These assumptions can be obviously
replaced by other, maybe more suitable, assumptions.
Bayes estimators of the current transition probabilities
are derived. On the basis of the derived posterior
distributions Bayes estimators of the current opera-
tional readiness parameter , 0(t) , are derived. Fur-
thermore, Bayes estimators of the expected number of
periods during which a system stays in q state of readi-
ness are also given.

— 
1 

10.5 Replacement When A Constant Failure Rate Precedes
Wearout

The planning of stock levels of spare parts depends
as we have seen on the distribution of the demand f or
these parts. Consider a system with parts having a
constant failure rate. That Is, the life distributions
of these parts are exponential with certain failure
rates, A1,A 2,.... Suppose that the inventory system of

spares for these is designed in an optimal manner rela-
tive to the specified A—values. Systems enter gener-
ally at certain epochs to a wearout phase. This is a
phase in which the failure rate is increasing. If
these epochs of shift In the failure rate regime are
known then the inventory system can be modified in due
time to take care of the increasing demand for spare
parts . Hunter and Proschan (10.15] studied such reli-
ability problems where the wearout epochs are known. In
systems that they considered the replacement of parts
takes place exactly after failure or at the epoch of
wearout, t, whichever comes first. Hunter and Proschan
derived , by using standard renewal theory, the distri-
butions and the expected values of the numbe’r of planned
replacements, and of the number of removals due to fail-
ures or due to planned replacement. Examples of appli-
cations are given also.

An important and more realistic problem is, however,
how to plan the spare parts management when the epoch
of shif t t is unknown. Lorden and Eisenberger [10.20 ]
and Zacks [10.34] studied this wearout prob lem for un—
known epochs of shift in the fram ework of the quickest
detection theory . Lorden and Eisenberger consider a
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model in which a sequence of independent random van —
shies X1,X2,... are -distributed exponentially , that

is, X1 “~ G(A 1,i) , where A1 
= A

1 
— A (known) and

A A~~2 A +2 ... — A(l+0) where 9 , 0 < 9 < ~

is also known. The problem of deciding whether the
system has entered a wearout phase can be considered *

as a problem of choosing a stopping variable N . This

is a random variable that assumes positive integer
values and for each n = 1,2,... the event {N>n} is
measurable in the sigma—field generated by the first
n obserj~~~ons. Whenever N is realized, the part

— has to be replaced by a new one or some other rectifying
action should take place. Lorden and Eisenberger devel-
op the following criterion for a “good” detection pro—
cedure. Consider the conditional expectation , under m
of the excessive number of observations, that is,
Em

{N_ (m_ l) 1X1,...,Xm_i ) 
, where {X

1
,...,X 1} c {N>m}

Define for each m > 1

cm sup {Em{N_(m_l) I X1 x1,... ,X~~1 — x~~1
}

c {N>m )

Furthermore , define for a given 0 , and a stopping
variable N ,

E0 {N} sup c
m>l 15

The objective is to choose a stopping variable N
having a finite expectation E0

{N) < , for which
i0{N) is minimized over a specified range [0 1,02 ]
Without a constraint the procedure may yield too many
“false alarms.” Thus, Lorden and Eisenberger impose the
constraint that E{N) > y > 1 , for some specified y •
E0{N) is the expected stopping t ime when there is no
shift (0—0) . The performance of a stopping variable
prop ..sed by Page [10.25] in a control charts context
was also investigated. Page ‘a stopping variable can be

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -.5-.-.-.- _.5___~~~~
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defined in the following manner.

N — least positive integer n such that

Tn 
> log y , where T0 — 0 and (10.4)

T~ max{0 , T~~ + log (1—0) — OX~}

It is shown that Page ’s procedure is asymptotically , as
-5,. 

, optimal in the shove sense. Approximations for
the expected values of N which is defined in (10.4)

— ~. are provided and compared to Monte Carlo estimates • A
modification of the procedure is proposed for the case
when, in addition to the unknown epoch of shift m
the scale parameter A is also unknown. It is shown
that if S - X.. + X + ... + X , thenn .i. 2 n

S
2 S3 

S
4

- log ~— , 2 log r , 3 log ~ —
1 2 3

is a sequence of independent exponentially distributed
random variables, independently of the unknown A • The
Page procedure is then applied on the sequence of random
variables W1,W2 , ...  where W~ — n log (S~÷1/S~

)
After the epoch of change the distribution of Wn is

lik e that of Weibull random variables with a shape
parameter a — 1/(1+0) and arbitrary scale parameter.
The Weibull distributions have increasing on decreasing
failure nate functions according to the value of a •

Thus , the above transformations reduce the prob lem from
that of detecting the epoch of shift in the scale
parameter A to a problem of detecting the epoch of
shift from an exponential distribution to a Weibull dis—
tnibution.

Zacka (10.34] studied the problem of detecting an
epoch of shift from an exponential to a Weibull distri-
bution in a Bayes adaptive framework. It is assumed
that the failure rate function is

h(t;r) — A , if t < t
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= A + Aa(t_r)a l  
, if t > t

where T is the epoch of shift and a is the shape
parameter of the Weibull dIstribution. It is assumed
that t is a random variable having a prior continuous
distribution, with a density function ~~~t) . The
observed random variables X1,X2,...,X ,... are trun-

cated exponential random variables. The values of X
are the minimum of the failure time or planned replace-
ment time of a part. After observing = 

~~~~~~~~~~
the posterior probability of {t>t } given X , where

— 
I tn X1 + + • • ~~ + X~ , is computed. As long as this

posterior probability II is greater than a pre—assigned

level , the replacement scheme continues as though
the shift has not yet occurred. The switching to the
replacement policy appropriate for the Weibull distri—

*
bution takes place as soon as Ji

~ 
< 11 . A computing

algorithm for the posterior probabilities II , under
a prior exponential distribution of t , Is given. The
operating characteristics of the procedure are studied
by Monte Carlo simulation. There are still several
open questions for further research .

(1) The relationship between the critical level

fl* and the expected number of false alarms,
on the one hand , and the expected delay in
detection on the other hand

(2) The sensitivity of the Bayes procedure wi th
regard to the choice of the prior distribution
of t

(3) The extension of the results to cases where the
scale and shape parameters are also unknown

(4) The comparison of the (relative) efficiency of
the present Bayes procedure to that of Page

Harris , Harchal , Singpurwalla and Zacks (10 .14 ] and
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Goldschen and Singpurwalla [10.10] presented several
other statistical methods of testing for a change in
the failure rate function of a system. Some of these
procedures proved by Monte Carlo estimates to be quite
effective.

10.6 Surveillance
Under surveillance problems we Include a class of
inspection problems of reliability or production systems
that deteriorate or fail in time. The objective is gen-
erally to keep the system in operational or standard
condition. In other words, it is desirable to replace

— units or components of the system that fail immediately
after their failure epochs. However, generally the
inspection of the system is a costly operation and in
many (situations) cases the systems are quite reliable
in the sense that it may take a long (but random) time
until the failure of its units. A continuous monitoring
is in many cases not justified. The surveillance prob-
lem can be described in general terms as the prob lem
of determining , or planning , the schedule of inspection
epochs so that, the expected cost due to inspection and
due to failure of components will be minimized. Two
major optimality objectives are discussed in the litera-
ture: minimizing the total discounted expected cost
for the entire future of the system, or minimizing the
long—run average cost per unit time.

There are many papers in the literature that study
surveillance prob lems or related maintenance problems
under stochastic failure regimes . We mention here only
a few which present some of the main approaches. One
of the early papers is that of Barlow and Hunter (10.2].
For the general theory see Chapter 4 in the book of
Barlc’w and Proschan (10.3]. Barlow and Hunter provided
a solution to the prob lem for cases of known failure
time distributions. Ehrenfeld [10.7] consIdered the
problem from the point of view of designIng binomial
experiments when N units operate in parallel and have
the same exponential failure time distribution. The
available information at the inspection epoch is how
many units among the N failed during the last period
between inspections. Since the assumed model Is expo-
nential the replacement strategy is equivalent to that
of replacing all the units with new ones at every
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inspection epoch. The cost function typically consists
of two components: the cost of inspection, which de-
pends on the number of units or components in the sys-
tem, and the cost of failure per time unit. Variations
of the cost structure and of the replacement strategy
in cases of failure times that are not exponential has
produced many studies. We cite here in particular
those of Kamins [10.16], Kander [10.17] and Kander and
Naor [10.18]. Zacks and Fenske [10.37] have provided
a sequential adaptive procedure of determining the
epochs of inspection when the failure time distributions
are general and the units are not replaced before their

— failure time. The objective in that paper is to mini-
mize the average expected cost per inspection interval.
After m inspections the determination of the (m+l)st
inspection epoch is a function of the first m inspec-

tion times and of the random vector N(m) = (N~
m) ,4m),

where N~m) 
(j=O,.. . rn—i) is the number of

components that were replaced at the jth inspection
epoch and are still in operation at the current inspec—
tion. In particular, the Weibull family of dlstribu—
tions with increasing or decreasing failure rate func-
tions is considered.

StatistIcal surveillance problems arise when the
distributions of failure times are either unknown or
not completely known. The problem of determining
optimal inspection epochs when the distributions are
unknown are much more difficult. Consider for example 4even the relatively simple model of exponential failure
time. When the mean time between failures 0 is known
the solution is simple and the time period between
inspections remains the same as long as 0 is unchanged.
On the other hand , when 0 is unknown the determination
of the optimal inspection epochs becomes a difficult
matter. One can obvioualiu obtain Bayes determination of
the inspection epochs over a finite planning ~torizon
for a fixed number of inspections n by the method of
dynamic programming , assuming a prior distribution func—
tion for the unknown parameter 0 (see Kander and
Rabinovitch [10.19]). The numerical procedure involved
may be quite laborious. Another possibility is to con-
sider adaptive estimation of the unknown parameter 0

‘~ ._T ~~~~~~~~~~ ~~~~~~~~~~~~~~~~ -~ ~~ .. - ~~~— U *
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by an appropriate Bayesian or non—Bayesian procedure,
which is combined with the sequential determination
of the inspection epochs. Fenske [10.8] compared nu-
merically the characteristics of such adaptive proce-
dures based on Bayes estimators and an average maximum
likelihood estimator. The two procedures proved to
yield effective results and to converge quite fast to
the optimal Inspection interval for a given 0 . How-
ever , the Bayes procedure requires a substantial amount
of computer time while the average maximum likelihood
method can be easily and quickly executed. The research
in this type of adaptive statistical surveillance prob—
lem has only begun and it seems to be an important and
promising field of research. We conclude this section
with a comment that a minimax solution to the surveil-
lance problem when the distributions are unknown is
easy to obtain (see Derman [10.6]). However, the main
criticism against the minimax approach is that it is not
adaptive. The whole schedule can be determined ahead.
Accordingly, if the number of allowed inspections and
the planning horizon are large, a consistent adaptive
procedure can reduce the average surveillance cost per
time unit since it converges to the optimal solution
for the case of known distribution. The adaptive pro—
cedures are based , however, on more specif ic models
concerning the failure time distributions. Such models
are generally justified.
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A SURVEY OF INVENTORY ThEORY AND PRACTICE *

Donald Gross
The George Washington University
and
David A. Schrady
Naval Postgraduate School

11.1 Introduction
Inventory theory is commonly said to have begun with

— 
the development of the economic lot size formula of
F. Harris in 1915 [see Harris (1915)]. The same formu-
la was apparently independently developed by R. H. Wil-
son and W. A. Mueller in 1926 and often goes by the
name of “economic order quantity” (EOQ), or WIls on ’s
lot size formula [see Wilson and Mueller (1926—7)].
This formula and varIations of It are still in common
usage today. Since that time and especially post 1950,
a voluminous body of theoretical inventory literature
has evolved. Even so, the EOQ formula still enjoys
great popularity. What does this, then , imply about the
Implementability and general usefulness of the massive
theoretical developments of the 1950s and l960s? Is
there a gap between theory and practice and if so, how
large is it? We will attempt to provide some insight
concerning this question as we survey both the theoret-
ical developments and the policies In common usage
today.

One can conveniently display the “levels of effort”
in inventory control by a Venn diagram as shown in
Figure 11.1. The set T represents the theoretical
development in inventory control policies, while the
set R represents the real world of Inventory policies.
The policies used in the real world must be implemen—
table and computatlonally feasible. Many computation—
ally feasible policies in use are not derived from any

*The first author was supported In the preparation of
this chapter by the Office of Naval Research under
Contract N000l4—67—A—0214—000l with the George Washing—
ton University. 
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Figure 11.1 A Ven n diagram.

theory (for example , keep thirty days of. supply on hand
for every item) . The intersection T 1) R (cross—
hatched area) represents those policies used in practice
that are computatlonally feasible and actually emanated
from the theory. Thus, the gap between theory and prac-
tice could be measured by

G 1- (TflR)/R
a p —  ( T f l R ) / R

so that if (T fl R) /R 1, Gap 0, while if (T fl R)/R
— 0 , Gap — ~ . Hence we desire a feel for the relative
magnitude of (T fl R)/R , and hope to gain such a feel
as we survey the theory and practice of inventory
control.

The organization of the chapter is as follows. Sec-
tion 11.2 gives the theoretical survey while Section
11.3 investigates the policies in co~~ on usage, with a
detailed look at the military. Finally, in Section
11.4 we return to the discussion of the Gap.

11.2 Theoretical Surv!y 
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Because of the tremendous volume of work in the
theory of inventory control, one must impose constraints
if any such survey of inventory theory is to be com-
pleted in a reasonable amount of time. First, we have
limited ourselves here to considering only stochastic
inventory models. This regrettably eliminates a great
deal of fine work on deterministic production and in-
ventory control. However, since we are ultimately
interested in how the theoretical work relates to prac-
tical situations, and it is our belief that in most
practical situations uncertainty is present, we feel
this to be a reasonable restriction. Second, we
thoroughly surveyed only three key journals and there—
fore the bulk of our survey is comprised of articles.5 published therein , although articles from other journals
are included when the bibliography of key references
and our own knowledge led us elsewhere. The three key
j ournals surveyed are Qperations Research, Management
Science and Naval Research Logistics Quarterly, which
we believe to be representative of theoretical work in
the field of inventory logistics. Third, certain areas
of special concentration were also omitted; for example,
we omit the interesting work on perishable inventory
models.1 Again, we find these types of omissions
regrettable but believe them to be necessary for the
sake of expediency. Finally, there are undoubtedly
inadvertent omissions even within our own constraint
set, so that the references surveyed should be thought
of as a sample (hopefully large and representative) of
stochastic inventory theory .

There are rnaerous ways in which one could attempt
to categorize inventory models. For our purposes here,
we concentrate on the following three: (1) type of
policy; (2) solution approach, and (3) results obtained.

‘For typical references in this area , see S. Nahmias
(1974) , Inventory depletion management when the field
life is random , Man~gement Sci. 20 1276—1283; W. P.
Pierskalla and C. Roach (1972), Optimal issuing policies
for perishable inventory , 

~~~~&ement Sci. ~~ 603—614;and C. C. Pegels and A. E. Jelmert (1970) , An evalua-
tion of blood bank inventory policies : a Markov chain
application , Operations Has. 18 1087—1098. 
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There are two basic types of inventory control poll—
cies, namely, periodic review (P) or continuous review
(C). In the former, Inventory is reviewed on a peri-
odic basis (the period generally being deterministic)

— and the order quantity , which depends upon the inven-
tory position at review, is a random variable. Work on
P policies c.an be further subdivided into single
period (static) cases (P1) , or (dynamic) finite

horizon ( P )  , or infinite horizon (P) cases. Gen-

erally , the decision variables to be determined are the
inventory position level, which indicates if an order
should be placed , the amount to order (or equivalently

‘ the inventory position desired af ter ordering) if an
order is to be placed, and sometimes the length of the
review period itself. These periodic situations lead
quite naturally to (s,S) type rules , which indicate
an order is to be placed to bring inventory position
up to S if upon review the inventory position is be—
low s . Much of the theoretical work on P policies
Involves the study of the characteristics of such
rules and the necessary conditions (on costs, demand
densities, and so on) that yield (s,S) policies as
optimal. The criteria of optimality are generally the
total costs (profits) for P

1 
and P cases and

either the sum of the discounted cost (profit) stream
or the average cost (profit) rate for P,~ situations.

In some 
~n 

cases, discounting is also considered.

For C policy situations, inventory position is con-
tinuously monitored so that the decision variables are
the level of inventory position that triggers an order
and the amount to order. Here the order quantity is
deterministic but the time between placing orders Is a
random variable. These can be looked at as continuous
review (s ,S) policies , where s denotes the trigger
point and the order quantity is given by S—s ; how—
ever , it is common to see them referred to as (r,Q)
policies , where r and Q denote the trigger point
and order quantity, respectively (r— s , Q—S—s) . The
criterion of optimality for C models is generally
the average cost (profit) rate over an infinite hori—
zon. Very little work has been done on finite horizon 
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C policies and for the purposes of our study here, C
policies will Imply an infin ite planning horizon.

Essentially for all P and C situations , condi-

tions on costs, demand , etc., must be assumed station-
ary (time—independent) by the very nature of consider-
ing an infinite planning horIzon, although Bather
(1966) does attempt to model a nonstationary C situa-
tion by using a Wiener process to describe demand.

Generally, three cost functions are considered to
make up the cost (profit) optimization criterion,
namely, a cost of procurement, a cost of holding inven-
tory, and a shortage cost. The most common assumptions
for these cost functions are linear (with an additional
fixed portion for ordering cost also quite frequently
considered) although a sizable number of papers have
dealt with generalizations of these cost functions
(concave, convex, and so on). Shortages are assumed to
be b ack—ordered in about two—thirds of the papers while
the other one— third considers lost sales.

Not all studies consider optimizing pure costs or
profit functions of the decision variables. Lately ,
more emphasis has been put on constrained optimization,
for example, minimizing ordering plus holding costs
subjrct to service constraints (service having to do
with back—order or lost sales amounts) , or minimizing
shortages subject to budget constraints . In a few
papers, such things as the structure of the stochastic
process or the stability of certain policies from a
control point of view were considered. However, in the
eajority of the studies, one does find as the criterion
of concern the optimization of costs (or profits).

With respect to assumptions concerning demand, the
most co on single assumption has been Poisson, although
uumerous papers work with general demand distributions.
One finds that general demand distributions (no specific
assumptions) are more common with P policIes while
for C pclicies the Poisson or compound Poisson is
almost always used. A number of the early papers on
P~ models also considered exponential density functions
for demand.

So far we have neglected any mention of the important
parameter lead time. In most P situat ions , lead time
is treated as deterministic and quite often as zero 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~.~~---——— — ~~~~~~~~~ .5 -- __ J - _ _  - -



Gross and Schrady 253

(Instantaneous replenishment) while for the C cases,
stochastic lead times are somewhat easier to incorpo-
rate , and lead times are treated as such in many of the
articles.

Turning attention now to the second categorization
factor (solutions approach), four major approaches ap-
pear in the theoretical literature. The first we refer
to as the direct approach, where expressions in terms
of the decision variables are derived from basic proba-
bilistic considerations and, if optimization takes
place, differential calculus, methods of finite dif-
ferences, or numerical search procedures are employed.

— The second major approach is the recursive analysis of
dynamic programming , the third a renewal theoretic
approach , and the fourth a Markov process analysis.

Subjective judgment is sometimes required in cate-
gorizing the approach an author actually used. For
example, in some approximate C models, the average
costs over a cycle can be written down directly and then
divided by the average cycle time to yield an average
cost rate. While we consider this a direct approach,
it does require the renewal— reward theorem of renewal
theory to give it legItimacy. We do not go into any
details of the different approaches here but refer the
reader to any of the excellent survey articles listed
in the ref erences , particularly Scarf (1963), Veinott
(1966) and tglehart (1967). Although these are some-
what out of date, no new methodological developments
have been achieved since, except possibly for the work
of Veinott on lattice programming, which to the best of
our knowledge, has not been published as yet.

Our third and final major categorization involves
the types of results. Results are generally of four
types: (1) concise analytical formulas; (2) numerical
results such as those from search algorithms or dynamic
programming; (3) general results Involving integral
equations, transforms, and so on; and (4) policy charac-
terizations such as necessary conditions for optimality
of (s,S) policies. Again, some subjectivity is used
since a single paper can have several types of results.
For example, a paper may basically present general re-
sults, but for some specialized cases (say exponential
demand) a formula or two may also be given. For the
“statistical analyses” to follow, we subjectively 
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weighted cases such as these.
Another factor explicitly considered in our analysis

of theoretical work is whether any attention is given
to demand estimation. Most of the work in inventory
can be considered as risk modeling, that is, the demand
probability distribution is a~stmted to be known. Some
papers, however, do consider the problem of decision—
making under uncertainty, usually treating this by (1)
a decoupled forecasting procedure such as maximum like—
lihood or exponential smoothing plugged into the risk
inventory model, (2) a Bayes forecasting procedure
imbedded into the model itself , or (3) a mm —max ap-
proach. The decoupled approach is the most common ,
followed next by the Bayes approach. Only a very few
early papers considered the mm —max approach.

Finally, of interest also is whether the authors
treat single—item single—echelon problems, multi—item
problems or multi—echelon problems.

Our Intent In this theoretical survey is not to
present an annotated bibliography or paragraph descrip-
tion of each reference—time and space prohibit this.
We do desire, however, to gain an overview of the total
work done and thus are interested in summ ary informa-
tion. Specifically , our goals for this section of the
paper are the follow~.ng.

1. To ascertain any time trends in
a. Total research effort
b. Type of research effort

2. To investigate the relationship between
a. Policy type and type of approach
b. Policy type and types of results
c. Type of approach and types of results

3. To provide information for comparison with
Section 11.3 to gain insight as to the relative
magnitude of T f l R .

The statistical analyses to follow are based on the
159 research articles and moi~ographs listed in the bib—liography , with the exception of Harris (1915) and
Wilson and Mueller (1926—7) , asking a total sample size 

— .5 . 

~~
.. .  - - ———-

~~~~~~~.t_ .-v -
’_.—__--_ _ _ i -—— ~——~~~

-—---—- .. .5 -‘-.5-
’

—-— .5 - - -.5 
.5 

- .



Gross and Schrad~~ 255

of 157. Also listed in the bib liography , under sepa-
rate headings , are survey articles and textbooks that
are not included in the sample used for the statistical
analyses. We first investigate time trends In inven—
tory research . Figures 11.2 through 11.6 are graphs
of n~~~er of articles , policies treated, approaches
used , and results obtained versus year.

In viewing Figure 11.2, in which is plotted the
number of articles in the sample versus the year in
which they appeared, a sizable effort begins to appear
in the late l95Os [stimulated by the classic paper of
Arrow, Harris and I4arschak (1951)] and continues
through the Sixties and Seventies. This may be due in
part to sample bias favoring the current years, but
even taking this into consideration , effort on inventory
research does not seem to be on the wane as many have
claimed. The emphasis is changing , however, and this

- 

- will show up in the subsequent analysis. The year 1958
stands out due to the publication of a series of arti-
cles (each treated separately in the sample) in the
classic book , Studies In the Mathematical Theory of
Inventory and Production , edited by Arrow , Karlin and

- — - .5 - -
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Scarf , Stanford University Press , 1958. ThIs book also
served as a stimulus to further research. In Figure
11.2, multi—Item and multi—echelon research Is broken
out separately. Effort in these areas began in 1957—
1958, and continues , although it represents only 35%
of the total effort, with multi—echelon representing
20% and multi—product representing 15%. The late 1960s
and 1970s show an Increase in multi—product effort.
These problems are difficult but, of course , more real-
istic than single—Item single—echelon problems.

Figure 11.3 shows , by year , the precentage effor t In
P versus C policies. The P policies represent

— about 77% of the total research effort to date. The
early stochastic inventory work was entirely devoted
to P policies , with C policies coming on the scene
in the latter half of the l950s . The early Sixties
show a return to P policies , followed by a small but
consistent eff ort on C policies from the latter
Sixties to the present, with some evidence of an in-
creasing trend in effort devoted to C policies. This
could be due to one of two reasons : (1) the large
historical effort  in P policies leaves more research

[I] p Po~icEu C Polici ..
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FIgure 11.3- Percent policy type ( P versus C ) by year.
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potential in C policies , or (2) the increase in com-
puter capacity and decreaue in computing cost make
transaction reporting systems a realistic phenomenon
and the research is following the practice.

In Figure 11.4, a breakdown of the P polIcy effort
with respect to P

1 , 
P and is given. The total

P polIcy eff ort over all years breaks down to approxi-
mately 21% for P

1 policies , 44% for 
~n 

policies,

and 35% ror P~ policies. The P1 policies had their

greatest effort in the early days (these were relative—

— 

ly “easy” to treat), with P policies enjoying their

greatest popularity In the late Fifties and early to
middle Sixties. The P policies enjoy a rather con-

stant popularity but, as we mention below, a change in
research attitude appears in later years.

P1 PoIicl~~ P0 Pohciu IhPoliciu

iTI~~~~~~~ 

~~~~
1951 1955 19*0 1965 1970 1974

V..,

.5 

- 
- 

Figure 11.4 . Percent P policy type by year.
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We now turn our focus on the type of approach.

Professor Iglehart in an unpublished report2 states,
“... two principal analytic techniques used to study
inventory models: dynamic programming and the station-
ary analysis of a fixed class of ordering rules.”
These two approaches are also presented in Iglehart ‘s
published survey [see, under survey articles, Iglehart
(1967)]. The principal philosophical diff erence
between these two methods is as follows. The recursive
approach of dynamic programming (we label this DP)
makes no assumptions as to the form of the policies
and attempts to characterize the conditions necessary
to ensure that simple policies are optimal and/or
provide a means of calculating optimal values for the
two decision variables, when and how much to order.
The stationary analysis approach assumes a simple form
for a policy [say (s ,S) ] and concentrates then on how
to find the optimal values s and S over an infinite
planning horizon. This stationary analysis (it is
called stationary since, when dealing with an infinite
horizon, all factors must be time—independent to ensure
a steady—state solution) generally utilizes either a
Markov process analysis (NP) or a renewal theoretic
approach (RT). We have attempted to make this addi— .5

tional differentiation in our sample. .5

We also include a four th approach type which we call
direct (Dir). This covers a variety of different things
from P

1 analyses which are generally direct arguments

from probability theory and calculus to approximate and
heuristic models.

Figure 11.5 shows the four approaches by year. Total
ef fort over all years breaks down approximately as
follows: 44% Dir, 30% DP, 7% RT, and 19% NP. In the
early years when much effor t  was on P1 

policies , the

Dir approach often appears. From the mid—1950s on, NP
seems to be rather consistent and is used both for P

2lglehart, D. L. (1969). Recent developments in sto-
chastic inventory theory . Technical Report No. 9 ,
Department of Operations Research , Stanford University,
p. 1.

*
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Dir OP RT NP

- t  

~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

.5 1951 1955 1960 1969 1970 1974
V..,

Figure 11.5 - Type of approach by year.

models , where the state probabilities of inventory
level at the beginning (or end) of each period are
found via a discrete paramater Markov—chain analysis,
and for C policies, where the inventory level at
any time t (In steady state) is found by an analysis
quite similar to that used in queuing theory (continu—
ous parameter Markov chain). In fact, most C poli-
cies can be analyzed by changing them into an equivalent
queuing model , with the queuing system corresponding to
the order processing portion of the inventory system. .5

For both P and C policIes , once the inventory
level probabilities are determined, a cost structure
is superimposed and optimization then takes place.

The RT effort is the smallest and has been used for
the most part for P, policies , where the expected

cost over a cycle (defined as the tf me between succes—
sive inventory levels of a specific quantity, for exam—
pie, S ) and expected cycle time are developed with
the aid of the renewal function and key renewal
theorems. Then the renewal—reward theorem is invoked
to allow division of cost per cycle by cycle time to
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obtain average cost rate. Dynamic programming was very
popular in the Fifties and Sixties when a great effort
was placed on characterizing conditions necessary for
optimality of (s ,S) policies. The recent DP effort
has shif ted toward obtaining numerical results for
small—dimension , discrete—state—space situations,
usually imbedded in multi—echelon models. Further , the
Dir approach appears to be making a comeback in recent
years and Is due to a shift of research emphasis toward
approximate and heuristic models.

With respect to multi—product and multi—echelon
models, recent effor t has been concerned with develop-
ing workable models , even at the expense, perhaps, of
theoretical rigor. Examples of this are the recent
multi—echelon design work of Pinkus et al. (1973), the
multi—echelon models of Sherbrooke (1968) and Muckstadt
(1973) and the multi—product work of Schaack. and SIlver
(1972) and Schrady and Choe (1971). Pinkus et al.
utilize, In an approximate fashion, the early multi—
echelon work of Clark (1960) and Clark and Scarf (1962),
which results in a DP calculation of P policies.n
Schaack and Silver consider a multi—product C policy
with a joint ordering provision for items supplied by
a vendor common to the one supplying an item that has
reached its trigger point. Schrady and Choe consider a
nonlinear progr~imn1ng model of a multi—product C
policy so as to minimize shortages subject to budget
and ordering frequency constraints.

The above discussion quite naturally leads us into
ci nsideration of the types of results emanating from
the research. We have characterized types of results
as analytical (closed form solutions in the form of
relatively simple formulas), numerical (iterative or
algorithmic procedures), general (transforms, Integral
equations, and so on) and characterization (conditions
needed for optimality of simple policies such as
s,S ). The abbreviations we use are a , n , g and
ch , respectively. Figure 11.6 shows results by type
versus year. The thick black line divides a+n from
g+ch and can be looked at as a kind of dividing line
between results potentially useful in practice (a+n)
and results mainly of theoretical Interest (.g+ch)
However , it can be argued that some of the a and n
results are for unrealistic policies while the knowledge

.5 .5 .5 .5 -.5 .5, - _t.., 
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Figure 11.6. Type of results by year.

that (s,S) is an optimal policy ( ch type res~iit) is
practically useful since the practitioner must find .5
only two values and perhaps could employ simulation to
do so. Thus, once again we remark that any attempt at
analyses of the kind we are doing in this section is
intended to provide only a general impression and is
the reason we placed “statistical analyses” in quotes
when we first introduced the term.

The total effort over all years breaks down as fol-
lows : 302 a, 28% n, 16% g, and 26% ch. Thus, over half
of the results are comprised of a and n , so we might
consider about 60% of the research effor t as potentially
of direct use in practice. In reality, we feel the
results actually used are considerably smaller than this
•lnc• aany of the couputationally feasible policies
~nor. factors that ~uat be considered in real life

~~. povca*t a+n results are lowest during the l960s
eh. es~.r t warn on ch.ract.risation of con-

•s.s~~. s.c ~~s tmsit ey ,  uwrb of this work being the
. i.,s.ra3 ê$.s. rt at 1~~~ . There u~~rn to be a
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continuing) to effort that produces computationally
feasible policies. As previously pointed out, much of
the recent work has been on approximate and heuristic
policies that yield actual numbers, and judging by the
papers presented at recent professional meetings, it
appears that this will be the trend in the immediate
future. Some examples of this are “Approximate (s ,S)
Policies: Revisited ,” by T. E. Norton and D. Pentico,
presented at the joint national meeting of ORSA and
TINS in Boston, April, 1974; “Statistical Problems in
Inventory Models ,” by A. McCormick and H. M. Wagner,
presented at the present Logistics Research Conference,

— and “Inventory Information Storage and Retrieval and
Optimal Decisions,” by E. Naddor, presented at the 44th
national ORSA meeting In San Diego, November , 1973, to
mention only a few. .5

One factor that greatly separates inventory theory
from practice is the assumption in most theoretical
papers that the demand probability distribution is
known (that is, decision—making under risk rather than
under uncertainty). Only 11% of the papers In the
sample treat the problem of estimating demand. Gener-
ally, the approach is to use some type of forecasting
scheme to estimate demand and then , treating it as If
it were known , utilize a risk inventory model——a sort
of decoupled approach. The other approaches are a
Bayesian forecasting procedure imbedded in the inven-
tory model, and a mm —max approach. The most common
approach is the decoupled one (44% of those papers
treating uncertainty), while the other two approaches
split the remainder at 28% each. Mm —max is generally
found in the earlier work and associated with P
policies. Some Bayes work appears in certain of the
multi—echelon research, for example Sherbrooke (1968)
and Zacks and Fennell (1972). .5

We conclude our statistical analyses by considering
the interaction among polIcy type , approach type and
types of results obtained. In Figure 11.7 we present
three matrices : (a) policy type versus approach, (b)
policy type versus results, and (c) approach versus
results. In each cell there are two numbers separated
by a diagonal. The lower left number Is associated
with a row while the upper right number is associated
with a column. The numbers represent percentages . For
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(a) Policy versus approach
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Figure 11.7- Interaction among policies, approaches. and results.
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example, in (a) the cell P
1
—Dir shows that 100% of

the P1 models were analyzed directly while 332 of the

direct analyses were performed on P
1 

models. The

figures to the right of each row show the percent of
total effort that the row designator represents while
the figures at the bottom of each column show the
percent total effort of the column designator. Again
in (a), observing the first row and column totals, we
see that 16% of the sample involved research on P1
policies, while In 44% of the cases the direct approach

— was used. Figure 11.7 confirms our analyses so far.
We see fr om the matrices the great effor t In DP analyses
of 

~n 
policies and NP analyses of C policies. The

Dir analyses for 
~n 

p and C policies represent,
for the most part, approximate and heuristic treatments.

In viewing Figure 11.7(b) it is interesting to ob-
serve that mos t of the analytical results (Column 1)
appear for 

~~ 
and C . This is again due to the

approximate—heuristic effort. Most of the characteriza-
tion effort was put on P and P , and the same

Ii
holds true for general results. Numerical results were
obtained mostly on P and C . The former were ob—n
tam ed via DP. The latter were obtained via numerical
search procedures for trigger point and order quantity
values after the NP (queuing) analysis with a super-
imposed cost function yielded an objective function of
these decision variables . In considering combined a
and n , C policies show up best. From a realistic
point of view one should keep in mind that these often
require some restrictive assumptions such as Poisson or
compound Poisson demand, one—for—one ordering, no queu-
ing in the order—filling process (ample server queuing
model), and so on.

Finally , viewing Figure 11.7(c) by columns, we see
the greatest possibility for yielding analytical re-
sults was a direct analysis , f ollowed by NP . For
numerical results, again the direct approach was high-
est, followed next by DP, and then NP. Combining a
and n , direct is by far the highest followed next by
HP and then DP. In observing row percentages , the
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direct approach was quite successful at yielding a
or n results but, of course, was used either in rela-
tively simple cases (such as P

1 policies) or in
heuristic or approximate treatments. The NP approach
also produced , in half the cases on which it was used,
a or n results, again mostly coming from the queuing
type analyses on C policies.

We now suinniarize this section as follows:

1. There does not seem to be any indication of a
decrease in effort In inventory research.

— 
4 2. The direction of the research is changing toward

heuristic and approximate models which can yield
computable results.

3. A greater effort appears to be focusing on C
policies, although P policies thus far have
received the most attention.

4. Multi—item and multi-echelon models appear to be
gaining of late in their share of attention.
Much of the recent effor t appears to be concen-
trated on workable approximate and/or heuristic
models.

5. Treatment of uncertainty still occupies a small
portion of the effort but this area also seems
to be getting more attention of late.

6. Computational results are generally produced for

~n policies by DP and for C policies by NP.

A direct probability approach (Dir) can be used
to obtain computational results for heuristic
and approximate models.

11.3 Survey of Practice
In SectIon 11.2 we have presented a survey of stochastic
inventory theory from its “beginning” in the early l950s
to the present day. In this section we survey the
application of inventory control techniques in practice,
based mainly on situations found in the armed forces.

In order to describe the applications of inventory

.5 .5 o -~~~-~~.-ui 
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control techniques in the armed services, It is neces-
sary first to describe a military supply system. The
Navy supply system illustrates the general structure.
Inventory control is exercised at many levels and inven-
tory stocks exist at many levels. The system Inventory .5

managers are called inventory control points (ICPs),
national ICPs , or supply centers. Within a service all
Items carried in the supply system are the responsibil-
ity of one and only one ICP , which may or may not
physically have an inventory. At the first lower eche-
lon are stock points which warehouse inventory stocks
and may or may not be inventory managers. For the Navy

— at least, a further echelon exists in the mobile logis-
tics support force (MLSF) ships , which service opera-
ting fleet units. Finally, there are the operating
forces, ships, squadrons , and battalions.

The structure of the Navy supply system is illus-
trated in Figure 11.8. There is a wholesale system and
a retail system. Wholesale material is Navy—owned and
managed by the ICPs. Retail material Is managed by the
Defense Supply Agency (DSA) and controlled within the
Navy by the Fleet Material Support Office (FMSO). FMSO
control Is exercised through budget apportionment and
inventory control policy specification to the stock 

.5

points that carry DSA material . A further dimension
of inventory control in military supply systems is Con-
gressional funding by material groups and fiscal year.

To suninarize, inventory control is exercised at the
following levels.

1. ICPs—--”when to buy and how much” decisions for
wholesale material , and how to distribute order
quantities to reporting stock points.

2. Stock point s—— ”when to buy and how much” deci—
sions for retail and locally procured material. .5

3. MLSP and tenders——construction of load lists,
range and depth decisions.

4. Combatant ships——what to carry and in what depth.

Prior to approximately 1960 , mos t “when to buy and
how much” decisions were based on the simpla “three and

~~. -- . ----- --.-‘-- — . 5-  — -  - - ~~~~~~~~~~ —.5 — -  .5 .5 — 
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one” rule. This rule stated that for all items , the
order quantity was to be equal to three months’ worth
of demand , and that a one—month safety stock should
be maintained. This, of course, implies an average
stock of two—and—a—half months’ worth of demand.

From first principles (that is , economic order quan-
tity or as it is coninonly called, Wilson lot size or
Q Wilson) we know that treating all items equally is
not optimal . For example , more expensive items should
be ordered in smaller quantities than cheaper ones.
Department of Defense Instruction (DODI) 4140.11 of
June, 1958 requested the services to Implement mathe—

— matical inventory control theory and the services did
so.

The description of the inventory theory implemented
is somewhat less extensive and rich than the theoreti-
cal developments described In Section 11.2. For the
most part, the prevalent form of policy is the con-
tinuous—review policy with fixed order quantity Q (Q
Wilson) and variable safety level. Computing systems
and conmiunications systems for transaction reporting
generally led to the adoption of continuous—review
inventory policies at the ICP level.

The continuous -rev-jew formulations usually assumed
fixed lead times , and were single—item, cost—minimizing,
and unconstrained in nature. Theoretically, in such
models the order quantity and reorder point are inter-
dependent and iterative solutions are required unless
the distribution of lead t ime demand is very “conve-
nient.” The Army utilized a time—weighted shortage
measure in the io—called “MIT model ,“ which assumed
that lead time demand was normally distributed.3 The
problem of determining a shortage cost was circumvented
by requiring the input of a desired level of service.
The model got around the iteration problem and tabled
factors from which the order quantity and reorder point
could easily be determined as a function of item charac-
teristics and the desired service level. It was an

3Deezaer , R. L. and Hoekatra, D. (1968). Improvement of
M.I.T. non—repairable model. U. S. Army Logistics
Management Center , Final Report AD 670977, Fort Lee ,
Virginia (April).

-
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unconstrained, single—item model.
The Defense Supply Agency used a continuous—review

policy with the order quantity determined independently
from the reorder point . The Wilson Q was the order
quantity. The reorder point was then determifled as a
function of Q and other factors in the standard contin-
uous—review formulation. Details of the procedure and
costs and other factors differed in each of DSA’s
Supply Centers.

Navy applications will now be described In more
detail. At the ICP level the continuous—review model
was adapted to a large multi—item, budget—constrained

— environment by using fixed order quantities and vari-
able safety levels. The setting of safety levels is
accomplished by substituting a material class multi-
plier for the individual item shortage costs, and then
manipulating the multiplier until policies are produced
that are fundab le under the material class f iscal pro-
curement budget. This procedure’s greatest fault is
that the same shortage cost is imputed for all items
within a material class. If a $10 shortage cost is
applied to a l0~ item and a $10,000 Item, all other
things being equal , the cheaper item gets all the
protection.

At the stock point level, policies for retail items
are continuous—review policies with a variable order
quantity in terms of months of demand and a variable
safety level. For stock points, the order quantity and
reorder point determinations are linked through the
requirements that average investment must not exceed
two—and—a—half mouths’ worth of demand. These policies
are determined in the Variable Operating and Safety
Level (VOSL) progran.

At the shipboard level significant (dollar—value)
stocks of material are maintained. Every part installed
in every assembly or equipment on board is a candidate
for spare part stockage. From this large universe of
candidate items, decisions must be made as to what to
stock and in what depth. The criterion in this problem
comes from the desire to make an individual ship self—
sufficient for a specified operating period with a
certain probability. The algorithm for this problem is
the Fleet Logistic Support Improvement Program (FLSIP)
and the shipboard stock produced is called a coordinated

.5 - .5 •-
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shipboard allowance list, or COSAL .
As indicated by Figure 11.9 , the procedure does not

represent an optimization algorithm. For demand—b ased
items the depth of stock is determined from the re—
quired operating period and probability of suff iciency
desired , and from the demand probability distribution
assumed. A Poisson demand distribution is assumed for
all demand—based items. The CNO—directed criterion .5

specified , prior to f iscal year 1974 , 90% prob ability
of meeting all demands for 90 days. The vast majority
of COSAL items are replenished on a one—for—one basis.

Relatively few COSAL Items are identified for selec-
tive item management (SIN) . Such items have sufficient
demand that they have continuous—review , order—quantity,
reorder—point policies. In approximate magnitudes a
ship with a 25 ,000—item COSAL may have but 300 or so
SIN items. The policies for SIM items are determined
from table lookups which depend on item cost and demand
characteristics. .5

In summary , then, at the system level and stock point
level the inventory models implemented have been adapta-
tions of continuous—review policies. In most cases a
fixed order quantity and variable safety level are
employed. Exponential smoothing is employed in fore— .5

casting demand parameters. We also note that variance
is seldom kept or forecasted directly. One scheme is
not to collect and maintain variance data but simply to
estimate them using an analytic function dependent on
mean demand and Item characteristics such as unit cost.
Another popular alternative is to estimate variance from —

mean absolute deviation (MAD) using the relation that
a — 1.25 MAD . This relation is correct for the normal
distribution and approximate for other distributions. .5

The most popular distributions of lead time demand are
the normal, Poisson, negative binomial, and an exponen-
tial as fit ted to the right tail of the normal.

Shifting attention to non—military applications, we
note that the IBM OS/360 inventory control application .5

.5 for the civilian sector is quite similar to the descrip— .5
tions above. The IBM inventory control package employs 

.5

-

a fixed—order quantity (Q Wilson or months of supply)
with a variable safety level and exponential smoothing
for demand forecasting. The question of determining
shortage costs is circumvented by requiring the input of

.5 - ,k
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a desired service level. The procedure is to select
the desired service level (that is, 

~~~out 
) , and

then to compute a service function that depends upon
the orde r quantity,  MAD, and service level. Next,
through a table lookup , the service function is con-
verted to a safety factor. The safety factor times
MAD is the amount of saf ety stock , and the reorder
point Is the mean lead time demand plus the safety
stock. Finally, expeiential smoothing Is employed in
demand prediction.

As a final comment on practice, we note that the new
DODI 4140.39 requires that all military supply systems
utilize a common inventory model, or rather a coninon
formulation of the problem. It is a formulation that
could be considered to be multi—item , cost—minimizing
and employing a time—weighted measure of shortages.
The DODI specifies the formulation but not its solution.
Each service is free to work out a solution/implementa-
tion procedure for itself.

11.4 Conclusions
In this sectloti we attempt to compare the information
gathered in the previous two sections and hopefully to
arrive at a better feel for the magnitude of the Gap
(the relative size of T fl R ) . The research In inven-
tory surveyed In Section 1.1.2 shows the following pic-
ture.

1. Most effort was devoted to single—Item, single—
echelon cost minimization problems.

2. P policies were predominantly studied.

3. In only a little over half of the cases could
numerIcal results actually be obtained.

4. Very little of the research effort took into
account uncertainty (forecasting of demand) .
Ninety percent of all models were decision—
making under risk (probability distributions
assumed completely known).

The practice surveyed in Section 11.3 indicates the

__- 
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following.

1. Pre~IomInantly, approximate continuous—review
models are in use.

2. Constraints on service level , budget, and so on,
are used as secondary criteria in conjunction
with the minimization of costs.

3. ForecastIng Is always necessary and generally
is accomplished by exponential smoothing.

— 4. Problems are really multi—product and multi—
echelon in nature.

Comparing these two lists , there is evidence of a con—
siderable Gap between theory and practice. However, as
we pointed out in Section 11.2, there seems to be a
change in the research direction toward approximate and
heuristic models, which easily yield numbers, more
emphasis on C policies, and greater concern over
multi—product and multi—echelon models. Also, with the
advances in nonlinear programming , more consideration
appears to be given to constrained optimization (see,
for example, Schrady and Choe (1971)).

With respect to problems of forecas ting , there has
been relatively little effort shown in the survey on
research (recall that approximately 11% of the sample
considered problems of uncertainty); however, even here
a slight trend toward this end may be present. Of the
11% of the papers that considered uncertainty problems
at all , about 44% were published after 1969. Thus,
while it appears to us that a sizable Gap does exist
(putting a numerical value on it would be highly subjec-
tive and we refrain from doing so here) , it also appears
to us that the change in the direction of research ef-
fort is toward a narrowing of the Gap.

We conclude this survey by noting several supply
problems which perhaps require not so much a new model
or technique but the careful orchestration of analytic
tools and techniques. The first of these concerns the
general area of data collection and forecasting for
inventory control. If the data are deficient, the

— - 
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only a garbage processor and management still knows
nothing about how to proceed——though , unfor tunately ,
after processing the data through the model, data
deficiencies are obscured. The transaction reporting
systems that mos t supply systems use do much to aggre-
gate data in peculiar ways. Some examples of the kind
of demand data seen at the system or ICP level are

given in Figures ll.lO— .12.~
Another significant problem area is that of supply

system response time. The ability of a supply system
to respond to the need for material is obviously a func-
tion of inventory stocking rules such as whether mate—

4 rial is On hand or a stock—out condition exists. How-
ever, response time also depends on decisions about
whether an item will be stocked at a given echelon at
all (Pinkus et al. (1973) is one of the few theoreti-
cal attempts to treat this problem). Further, It de-
pends on the procedures used in requisition processing,
the degree of automation, the transportation modes
used, and the level of resources devoted to all these
functions. Intensive management and high levels of
stock in the system can be traded off; today’s funding
climate does not allow both , and so this trade—off
problem is very important.5

Finally , there Is a need In large systems of any
kind ‘o assure that goals are structured for individual
activities of the system, so that the system objectives
are achieved. For stock points the traditional measure
of effectiveness has been net supply effectiveness.
This is the percent of requisitions filled from stock

.5 on hand for Items that the stock point is “supposed” to
carry. With the marginal funding in the years since the
buildup for the conflict in Southeast Asia , we now have
stock points periodically redefining their stocking

• criteria. This is apparently being done without any
overall guidance or control by the system. The stocking .5

criteria are being made more stringent so that the

4For an example of relatively recent work on this “lumpy
demand” problem, see SIlver (1970).

5Prichard , J. W. et al. (1973). Ships supply support
study. Department of the Navy , Washington. (15 June).
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Figure ~ 1.10- Five years of monthly system demand observations,
item unit cost — $0.30, sample item 273.
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available dollars are spread over fewer items and
supply effectiveness can be maintained. By doing this,
the stock point’s repor t card looks good but the impact
on response time is unclear and probably detrimental.
At the system level the new measure of effectiveness is
system response time, but the stock points are still
playing the supply effectiveness game. Goal consis-
tency in large systems is a difficult problem; no
specific analytical. technique alone is adequate to deal
with the prob lem , but the operations analyst is uniquely
equipped to t ackle such problems as a challenge in
applied research . Applied research for the client ’s
specific needs is advocated . Operations research began
in this spirit and needs to return to this spirit.

In the Wall Street Journal of February 14, 1974,
there was a front—page article on the impact of mathe-
matical inventory control in business. The article
statø~

-1 . ~~~~~~ people still do not realize that inventory
mat. has come a long way in the past 15 years .”
True , ater in the ar ticle there is another quota-
tion : “My wife operates her kitchen on the order point
system. If she can open the cupboards and nothing falls
out , she has reached the order point .” In many ways
the application of inventory theory has been closer in
spirit to the second quotation than to the first.
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Chapter 12

PROBABILITY MODELS IN LOGISTICS*

Donald P. Gayer
Naval Postgraduate School

12.1 Introduction -

The term logistics covers a wide range of special top-
ics, even if one attempts to be restricted by Webster’s
definition: “that branch of the military art which
embraces the details of the transport , quartering , and

— supply of troops.” Current usage of this term certain—
ly extends broadly to include many non—military govern-
mental and civilian activi ties , so it is not surprising
that probabilistic methods have been applied to only a
few of the possible logistics situations that arise in
our complex society . This chapter in no way aims to be
a comprehensive survey , but rather points out and brief-
ly explores certain problem types , and approaches to
problems , that have been , or promise to be , of interest
in the logistics area, and that seem to be approachable
by probabilistic methods .

12.2 A Logistics Interpretation of the Birthday
Problem
Many of us are familiar with the famous “birthday prob-
lem” that asks: “How many individuals mus t be present
in a group in order that the chance be 50% that at least
two group members have the same birthday?” This problem
is discussed by Feller [l2 .l](i , p. 33) and is an exam-
ple of an occupancy problem in classical probability.
Many were also initially surprised to learn that the
answer is only about 23. No doubt some of us who teach
probability have been chagrined at responses of classes
much larger than 23 that have admitted to no common
birthdays.

Our purpose here is to show that the “birthday prob —
lam” is analogous to a problem in logistics——specifical-
ly, in supply——and, in the process, to describe a

*The author gratefully acknowledges the research support
of the Office of Naval Research and the National Science
Foundation Grant Number AG—476.
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simple dynamic version of the usual birthday problem
formulation.

A reformulation of the birthday problem is the fol-
lowing. Imagine that an observer stands at the corner
of Hollywood and Vine (or Pennsylvania and 18th, or
Columbus and Broadway , as luck dictates). He asks
passersby the day of their birth , and waits until for
the first time he has received exactly r (r>2) iden-
tical replies (for example f or r = 2 , until 2 indi-
viduals have appeared with, say, May 5 birthdays ;
otherwise there are no matches). At this point he goes
home. We are interested in the time he must wait until

— the experiment is complete. If passersby appear at
unit rate then we migh t expect a match before 23 cus-
tomers appear with probability about 50%, by analogy
with the classical formulation.

In order to relate this experiment to a logistics
situation, simply identify possible birthdays with
with distinct failure—prone elements on a ship that goes
out to sea on a mission. Of course, there will be many
more than 365 such distinct elements. Let the ith
such element be backstopped by k~ — 1 spares, permit

neither interchangeability of these nor replenishment
or repair of spares during the mission. Next, suppose
that elements fail at random , that is , each fails
independently and in accordance with a Poisson process,
the ith at rate A~ . What, then, is the probability

distribution of the time until some element is rendered
completely inoperative, owing to one failure more than

, for some I ? Notice that if k
1 

1 and A~ X

then this is equivalent to a dynamic birthday prob lem ,
in which passersby appear in Poisson manner with over—

n
all rate E A1 = nA , n being 365 , the number of

1—1
days per year , and we wait until the first matching
birthday occurs. This particular birthday problem is
analogous to a ship that goes out to sea with n
randomly failing components and no spares; we ask for
the probability that a mission is accomplished without
lose of function.

The situation described is a classical extreme value
problem. Let Tk represent the random time, measured

i 

-•‘_._——.~.,. — . •— .-~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ . -  -, . _ _ - _ , ~_ _~~~~ ______ _.•._~~~_ ~~~~~~~~~~~~~~~~~~~~~~~



Chapter Twelve 298

from (a) initiation of observation (birthday version),
or (b) beginning of mission (logistics version) until
the listing of (a) k

1 + 1 birthdays on day i , or
(b) the failure of the last spare for failure—prone
element I (we are assuming that the spares are in a
cold standby condition; see Gnedenko [12.4]). Then
clearly the density fun ction of T

k is gamma:
i

—A 1x (A
1

x) 1~
k A

i , x > 0
— I

If T represents the time until n—element system fail-
ure (failure = event that at least one element fails
with no spare backup), then

T mm T~
i “h

i

and

n f t  1
P{T>t} Ii ~1 — 5 f i(x)dx l (12.1)

i—i L 0 J

In order to simplify (12 .1) , consider the special case
in which A

1 
A , and k

1 
= k . Put nA — ~ , a fixed

constant, and study (12.1) as n becomes (realistical-

ly) large. Let us scale by n~ and attempt to deter-
mine Cs in such a way that a nondegenerate limiting
dietribution for T results. Now (12.1) gives

r . k  1n
P{T>n~

Zt} — f e~~~~~ 
(Xx) 

uxj
L 0 l

r a—i 1pn t k n
11 

— / e~~~ ~ j- dzj — (1—I )‘~ (12.2)n
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It now may be shown that if a is selected properly
nI -

~~ constant for every fixed t and k . In order

that nI tend to a constant , I must tend to zero
n -lso 0 < a < 1 and hence t is less than unity fQr

sufficiently large n . Therefore, for such an n
value,

a—l cs—lptn k lltn k
0 < / (l—z) dz < f e~~ dz

0 0

a—i k
< 5 ~

-j- dz (12.3)
0

so

a--i k+1 cs-l k--2 a—l k+l
(pn t) (yn t) T 

< 
(~n . t) 4(k+1)~ 

— 

(k+2)kl ‘n (k+1) I

and nI -
~~ constant if as n ~• n

n (n~~~)
”
~~ + 1 (12.5) —

for which 1 + (a—l) (k+1) 0 is required , or

ka — (12.6)

k+l
This enables us to conclude that nI~ + and

— _______

P{T>nCst} + e (k+l) I for t > 0

(12 .7)
+0 t < O

This leads to an approximate expression for survival of

- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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a mission of length t

k+l k+1(pr )  —k 
— 

(AT)

P{t>t} ‘s.’ e (k+l) ! ~ 
= e (k+1) ! 

(12.8)

which is recognized as a form of the Weibull distribu-
tion. Consequently the expected time to failure of the
system of n elements is

k+1
- 

(it t )

— 
E[T ] ‘~‘ f e (k+1) ! dt

0

k 1 k

~n
’
~~ [(k+l)!]~~

1
f e~

’v~~~~~~dv (12.9)
U 0

and

Median T ~ ~~~~ [ (k+1) ! £n

= [(k+l)! ~n 2]~~~ (12 .10)
k+lAn

Connection with the birthday problem is made by putting
p = 1 , n = 365 , and k = 1 in (12.10) . We find that
the median of the time until first match is about 22.5——
close to 23——and so our dynamic birthday problem yields
very nearly the same answer as does the classical for-
mulation. The median time to the first occurrence of a
triple birthday is predicted to be 82 time units.
Relating this to the logistics situation is direct: if
a system’s elements and spares have mean time to failure
of 365 days , say , and 365 different elements are fur-
nished with k — 1 spares each then the median length
of a system failure—free mission is, according to our
approximation , 23 days if k 1 , and 82 days if
k — 2

Examination of (12 .8) shows th at if expected failures

_________________________________________________________ •—•_ ._.-_-•--._
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over a mission t ime , AT , is less than unity then the
exponent drops precipitously with increases in k ,

while if AT exceeds unity the exponent may actually
increase with k for a time. The source of this
anomaly is our in itial assumption that nA = p , a
constant, implying that A must be small in order that
the approximation be valid. We should therefore beware
of (12.8) when AT > 1 , and t rust  its accuracy espe-
cially when AT << 1 . Fortunately , this case is of
considerable interest in many spares stocking problems
of logistics.

Expression (12.8) suggests that the optimal stocking
— of noninterchangeable, exponentially failing, spares

can be expressed as a nonlinear integer programming
problem: consider g groups of elements, each of
which has characteristic failure rate A1 (i=l ,2 , .. . ,g).

The number of elements in group I. is n~ . To stock,
choose k

1 
(11 ,2,...,g) to solve the problem

k1+l
§ 

______mm I (k +1)’ 
n1k~~i=l i

subject to, say

n~ (k1—l) < K
i—i

nj (kj_ l)w
i < W  (no more than W lbs , or dollars ,

i_i invested)

One can also confine solutions to the region (in
space) for which

k +1

(k
i
+l) 1 n~ < U

i 
(12.11)

where U1 defines a chance constraint for the ith

• 
- 

• — 
- ~~~~~~ .— - - -~~~~~ - . -•,— —~~ -~~~~~
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group: if (12.11) is satisfied then the probability
that any member of that group fails during a mission

-U
(of unit length) does not exceed e • We do not
offer algorithms for solution of these mathematical
progrrnnming prob lems at present .

Of course , alternative formulations of the above
setup suggest themselves in abundance. Some randomly
selected targets of opportunity may be quickly disposed
of. For instance, suppose that failures are not expo—
nential but are gamma wi th sl~ape parameter one , so that

— 

•

- f(x) = e V2
~~(A/2)

2x , yielding mean time to failure s

of A 1 once again, but displaying a wear—out charac-
teristic. Then norm by setting n(A/2) = p and re—
place k by 2k in our various expressions (12.2— .lO)
to obtain a limiting form like (12.8). Notice that
since behavior of the density f near x 0 inevi—
tably governs the minimum, it is not necessary to insist
on the form of f throughout ; this is familiar in the
theory of extreme values. The assumption that spares
f all , that is, that standbys are “hot,” yields

P{T>t}.= [1 _ [~ f(x)dx]
”
~]n

-At k n[l — (l—e ) ]

-nkAt

if nA — p constant as n + ~~ .

I point out that the preceding models simply per-
mitted the replacement of failing elements, and did not
consider the possibility of repair. Under present
circumstances repair personnel are an expensive resource,
and it will be of interest to examine strategies that
range between labor intensive (ample repair personnel)
and materiel intensive (mainly replacement) extremes.
Nodels involving repair——that are to a greater degree
labor intensive——will be considered subsequently.

_________ - ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - - 
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12.3 An Adaptive Decision Problem Involving a Markov
Chain
Again, let us consider the situation in which f allure—
prone elements must be backed up by spares , but in
addition suppose (i) that failure rates differ between
elements, may actually change occasionally , and are
unknown, and hence (Ii) a fixed spares allocation cannot
be relied upon forever. We propose and analyze a very
simple but adaptive spares allocation process that we
call “play the loser.” Our illu stration is too simple
to be immediately useful, but may perhaps be elaborated
upon with profit. No doubt it is but a country cousin
of the Markov decision processes of Howard [12.5].

Begin by assuming that exactly two elements are of
concern, and a spare for only one of these may be bud-
geted. Under Configuration 1 the spare is allotted
to Element 1, while under Configuration 2 the spare
backs up Element 2. Suppose that time is measured in
terms of missions (of length t , say), and that the
spare assignment may be made anew at each mission’s
beginning.

The general idea is as follows. Imagine that Config—
uration 1 is in effect (spare allocated to Element 1,
no spare to Element 2) at the beginning of a mission.
Let us examine the possible events that may occur during
the mission, and ask ourselves which of these might
suggest the wisdom of changing to Configuration 2 for
the next mission. The possibilities are shown in Table
12.1 where we use the symbol “F” to denote a failur e,
and “?“ to denote no failure. Offhand, there is no

Table 12.1 Possible Events during the Mission

Case Component 1 Component 2

1.

2. F F

3. F~~~~
4. F ?  F

5. F F I

6. F F F

— I — •-~~~~ ~~— -~~~~~~~~~~~ ~~~~~~~~~~ 
—~~~~ 

• —
~~~~~ 

-
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reason to make a change unless Element 2 fails; if this
event occurs in concert with at most one failure of
Element 1 there is reason to consider Element 2 the
more failure prone (“the loser”) and hence we adopt the
following:

Decision Rule. If the spare is assigned to Element 1
on a mission and if Cases 2 or 4 occur, then switch
the spare to Element 2 on the next mission. Otherwise
continue in Configuration 1. The same rule, with the
names of the elements reversed, prevails if the spare
is initially assigned to Element 2.

We shall work out the implications of this rule for
the case of constant failure rates, after pointing out
that it is obviously quite adaptive. If, say, the
failure rate of Element 2 changes for the worse , our
rule will automatically allocate the spare to Element 2
with higher probability. Of course, an occasional
freak outcome will send the spare back to Element 1,
but this will happen infrequently. Various refinements
of this rule are possible, such as the use of the last
two missions’ history , and the addition of cost or
essentiality indices of the elements.

Analysis of the One—Stage Play—the—Loser Rule. Be-
cause of our assumption that failur es occur indepen-
dently and exponentially the imposition of the rule
means that the spare location is a simple Markov chain
with stationary transition probabilities. Let U1(t)

denote the probabili ty that Configuration 1 is in force
at the beginning of patrol or mission t , and U2(t)
be the probability of Configuration 2. The one—step
~.~ansition probability matrix clearly appears as shown
in Table 12.2. The usual conditional probability argu-
ments relating to Markov chains now show that

U1
(t+l) — U

1
(t)p11 + U2(t)p21 (12.12)

Since the chain is irreducible and ergodic there is a
stationary or long—run distribution denoted by U~
(1— 1,2) ,

• - -• - 
~~~~~~~~~~~~~~~~~~ - •s ~~~ -*_ - _-,._ ~~~~~
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Table 12.2 One—Step Transition Probability Matrix

Configuration at t + 1

att 1 2

- — A N
(l+X1M)(l—e 

2

1 1 — p12 = p11 p12 = 
A
1
M 

—

e

— -A1M(l+A 2M)( 1—e )
2 p21 

= A2
1.! — — 1 — p21 = p22

- e

= lim U~ (t)
t-)~

Since U2 
— 1 — U1 we get iumiediately from (12.12) the

information that

u —

Now the system reliability, given Configuration 1, is

-AN - A M
R1 

— e (l+A~~4) 
2

while given Configuration 2 it is

- A N  - A M
R2 e 2 (1+A2M)e 

1

Hence the long—run system reliability obtained by follow—
ing our one—stage play—the—loser rule is

____ _______ • •~~~ - . - - -- - ~~~~~~~--~~~ - - — ~~~~~~~ 
-
~~~

- 
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R = U
1
T
1 + U

2T2

Numerical studies of the operation of the decision rule
have been made, and indicate that it is quite effective.
Of course, a realistic application would involve changes
across many candidates for spares. Other realistic
touches will undoubtedly occur to the reader, but we
feel that this example illustrates a somewhat novel
application of Markov chain methods in the context of
logis tics .

12.4 Manpower and Personnel—Related Problems: Two
— Simple Examples

CX~ing to increases in the expense of recruiting and
training high quality suppor t personnel , there is con-
siderable reason for the Navy , and the Department of
Defense in general, to manage the assignments of such
personnel as wisely as possible. It seem obvious, for
example , that the presence of adequate skilled mainte-
nance (and operating) manpower aboard ships , or at
shore facilities, will increase the availability of com—
plex new equipments and hence force effectiveness. On
the other hand , policy dictates that assignments not be
indefinitely long: an incumbent must be allowed to

- - rotate from ship to shore and back after a reasonable
time period (usually several years) . It can be antici—
pated that many a new assignee will not have the train—
ing and experience necessary to cope adequately with
his tasks , and that a period of learning must be antici—
pated. Our model attempts to highlight the tradeoff
between advantages of rather long tours of duty , during
which on—the—job training and working experience may
increase effe ctiveness, and the necessities of rotation.

Model 1. Rotation Frequency and its Effect upon
Availthi1i~y. Suppose that when a particular piece of
equipment (for example, sonar, communications gear) is
in use it is prone to random failure at rate A , and
then to repair at rate p . Further , A and p values
are influenced by experience of the repai rman : If a
man is inexperienced his preventive maintenance capa-
bilities are low, so A — A 1 , and his repair rate is

also relatively low, that is, p — p
1 

. Af ter a time S

~~~~~~~~~~~~~~ - - • - •~~~~~ - ~~~~— ---~~ 
— -
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he gains experience and A — A 2 < A1 , while p =

Now assume that it is a policy to rotate or perhaps
replace the repairman every R units of time , for
example, when enlistment is up, where R may be of
order 3—4 years. Assume also that when a new repairman

• comes aboard , he is inexperienced. Our objective is to
study the dependence of the system availability——the
probability that the system is up——upon R . Clearly ,
lengthening R may be expensive, but It should provide
higher system availabili ty, and we Investigate the
tradeoff.

— The model examined Is simplified. Features that,
among others , influence availability are (I) quality of
personnel, as reflected, for instance by p1 

and p2
values and the time to change from the low rate to a
higher one, (ii) availability of shore or tender repair
facilities, (iii) the number of repair personnel
assigned to carry out repair , and (iv) the design of
the equipment , since the latter influences failur e rate
and repair rate , that is, the workload . The following
steps lead to formulas for studying availability versus
R .

(1) Let “1” denote the Up state, and “0” the Down
state. Then

a11(t) — Prob{system Up (In State 1) at t iUp  at O}

a10(t) — Prob{system Down (in State 0) at tiUp at 01

the a—transition probabilities apply to the inexperienced
man; we find

p
1 A1 

_ (A
1
+p
1)

t

a11(t)~~~~~~ +~~~~~ , e
.1..1. #%

~~~ 
J
~
i
~~ 

F~1
vjI

--— —- -—— ---- ~~ - - -~~~~~~~ -- — - • ~~~~ -~~~~- -• ~ • - -~~~,-—-—- ~~~~~ •
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A

1 f — (A
1
+p
1)tla10(t) = A

1
+p
1 

Ll_e J

1.11 1 — (A1+p1)tla01(t) = 

~~1
+

~~~1 

Ll—e J

A1 
p
1 

—(A
1
+p
1)ta (t)— e

— 00 A
1
+p
1 

A
1
+p
1

(2) The corresponding probabilities applying to the
experienced man are as follows.

p A — (A +p )t

b (t)=— 2—— + 2 2 2
11 X

2
+it

2 
X

2
+p

2

A

2 

f —(A2
+p
2)t

b10(t) — A
2
+p
2 
[l~e

p
2 ~ 

—(A2+p2)tl
b01(t) — 

A
2
+p
2 

Ll—e J

A2 
p
2 — (A

2

+p
2

)t
b00(t) — 

A2
+p
2 
+ e

(3) In our initial model, let us start a cycle (of
length R ) with an Inexperienced man, and then calculate

- - P11(R) — Prob{system up at R~system up at O}

— P{u(R) — lIU(O) — 1)

a, .
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We have let

U(t) = 1, if system up at t

= 0, If system down at t

Let us denote by S the time at which “experience sets
in,” that is, when rates change favorably. The formula
for P11(R) is as follows

P11(R) = a11(S)b11(R—S) + a10(S)b01(R—S) (12.13)

— 

I if S < R , In which case there is time to attain the
level of experience yielding the lower failure rate
A

2 
, and higher repair rate A

1 

. The argument is

that if the system is u~ initially it may (1) be up at
S , when “experience sets in,” and in turn be up at
R , having been up at the change point. Notice that we
are utilizing the Markov property of the process in
writing (12.13). Alternatively, (ii) the system may
be up ini tially , be down at S , and then be up at R

We can then evaluate P11(R) explicitly in terms of

our formulas for the a’s and b’s ; P10(R) — 1—P11(R).

Note that if R < S , so zotation occurs before skill
level increases, then

P11(R) — a11(R) (12.14)

Similarly,

P01 (R) — a01(S)b11(R—S) + a00(S)b (R—S) (12.15)

and

P00(R) — I — P01(R)

Fancier models, in which S is a random variable ,
can be worked out with only a little trouble. So can
situations in which p

1 
and p2 ‘ 

A~~ and A2 are
drawn from some distribution.

.* -  

~~~~~~~~~ 
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(4) Probably S and R are of the order of years
(for example, S ~ 1 year, R % 2 or more). However,
f or many equipments the mean time between failures
(MTBF) A

1 may be of the order of days or weeks, the
same being true for ~i

1 (the latter may be less than
one day) . This fact suggests that we can sometimes
use the steady state values (disregard exponential
terms In expressions for a’s and b’s). This will
simplify results.

Now let us derive consequences. Consider first the
short run. Suppose the equipment is up ini tially

— 
(just been serviced by an expert). Let us look at
average availability over one R— cycle : actual avail—
ability at t Is U(t)——one or zero at t——so expected
average availability is

= E~~~~~~ 
f U(t)dt~ ~ 

f E[U( t)]dt

S • R—S
— a11(t)dt + a11(S) / g11(t)dt

+ a10(S) 
R—S 

b01(t)dt (12.16)

In view of comments (4) , drop the exponentials and
integrate.

1~~ A
1
+p

1 

dt + 
A
1
1ii

1 

R~~S 

A
2
+p

2 

dt

A1 R—S p
2

~~A +  J A +p dt
1 1 0 2 2

—

~~

-- 

:T~T~~~~~~~~~~~~ Ti~~~’T~!!~
-
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s()~~~~

~~~~~
(A

~~~~~~~~~
i 

- 

A

2

+~~~
2)

~~~~ A

2

+p
2 

(12.17 )

Numerical example. Suppose

p
= “inexperienc*’d availability” = 0.65

1 1

p
2
+ 

— “experienced availability” = 0.95

S 1If

C&R ~ ~(0.65—O.95) + 0.95 — 0.80

S — iIf R 5

ctR 
— 0.89

S iIf

c1R~~~
O.92

Clearly, availability is penalized by rapid turnover of
personnel.
In the long run, that is, after several R—cycies

(repairman replacements) have occurred, the probability
that the system is up initially is not one, as has just
been assumed. The state of the system at moments of
personnel change is actually a two—state Narkov chain,

—

--

-- -• —- 
~~~

—--- •-
~~~
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with (12.13) , (12 .14) , and (12.15) supplying the one—
step transition probabilities.

Let P
1 be the long—run or steady state probability

that the system is up at the beginning of an R cycle.
Then P

1 satisfies an equation of probability balance:
put Q1 

= 1 — P1 , then

P
1 P10 (R) =

= (l—P1
)P01(R)

so

P 
— 

P01(R)
1 

— 

P10(R) + P01(R) (12.18)

Now one can evaluate this probability by means of
(12.l3— .15). Then the job is to evaluate a modification
of (12.16) that accounts for the fact that the system
may be in one of two states. If ct

R
(co) denotes the

long—run availability ,

cz
R

(oo) [P
1a11(t) + Q1a01(t)]dt

+ [P
1~~1

(S) + Q1a01(S) ] f b11(t)dt

+ (P
1
a10(S) + Q1a00(S)] I b01(t)dt( (12.19)

The tedious evaluation requiring exponentials is prob—
ably not required in view of comments under (4) above
about magnitudes of R , S , A~~~~ , and p

1 

.

We can derive useful approximate formulas . If
(A+p) S and (X+ p ) ( R— S )  are large (safely , at least 10),
then

• • - --  - - 
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p
1 • 

p
2 

+ 
A

1 
p
2 

— 

p
2

P01(1~ 
- X1+p1 A 2+~i2 A1+p1 A2+p2 

— 

A

2

+p
2

and substitution into (12.18) gives

p
2 

A
2

- 

A

2

+p~~ 
‘ 

-

Then if one substitutes into (12.19) ignoring all expo—

— 
nential terms the result once again is (12.17):

S/
~~~~~~l ~~~2 

\ 
~~22~~— I  — 1+

R R \A 1+~1 
A 2+p2J A

2+~
i
2

Thus, effectively the “long run” is achieved nearly
immediately for the situations we consider here.

The model and analysis contain several implicit
assumptions that are worth review. These can be relaxed
if need be.

(a) Equipment is assumed to fail and be repaired
“at random,” that is, with an exponential distribution.
One can ask whether actual times between failure are
influenced by equipment usage, for an equipment is not
likely to fail if it is “off ,” that is, not in use.
Further models that include consideration of usage
patterns can be constructed if desired. Actual sup-
porting data will be of use in giving truly credible
support to the models ; perhaps the Navy’s Maintenance
and Material Management (3M) system can furnish such
data. However, the models can also use subjective or
judgmental inputs. If desired, subjectivity of input
can be quantified by means of the Bayesian methods of
statistics. With respect to availability, our present
formulas apply even when quite general time to failure
and repair time distribution prevail. To a good first
approximation, the exponential assumptions are of
secondary importance.

(b) Our present models assume that repair action
begins as soon as failure is detected. That is, there
is no delay because of Ci) the unavailability of spare

- -~~~~— - • ..—• -•-•.—--•• • - —• ---——-—~~~~ — — --• - _J -__-ii_ ::~
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parts, or (ii) the unavailability of expert supervisory
talent. One possible way of handling the effect of
skilled supervision is solely data—analytic and prag-
matic: we obtain data on ships or installations that
utilize the same equipments but that have different
complements of repair talent. Then we compute estimates
of p and A under the differing conditions, and com-
pare. Unfortunately, such data are not readily avail-
able , and, if they are, may not lead to conclusive
comparisons because of the influence of other factors.
Nevertheless, the analysis of such data will give a
useful check on conclusions derived from analytical

— models, or such methods as the SHIP II simulation
developed by the Naval Personnel Research and Develop-
ment Laboratory (now Center) of San Diego, California.

Model 2. Doctors on Ships? Our next model is devel-
oped In response to the question: Should expensive
specialists, for example, medical doctors, be assigned
to ships beginning a mission? The issues that arise
are as follows.
(1) If a man is injured or becomes seriously ill

while a mission is in progress, and if no doctor is
present, it may be necessary to transfer the indIvidual
from the ship to a hospital for treatment. Presence of
a doctor will , at least in some cases, permit the treat-
ment to take place on the ship. Thus, the cost of the
transfer may be eliminated——at, of course, the expense
of maintaining the doctor. Similarly, but not entirely
analogously, breakdown of key equipment entails loss of
military effectiveness and may require that the mission
be prematurely terminated. If a skilled specialist is
aboard such events may be forestalled.

(2) The cost of retaining doctors or other trained
specialists is very high. The cost for such a special-
ist may rightfully include some of the expense of his
original recruitment and training.

The Occurrence of Demands. Basic to the question of
whether a doctor or highly trained and expensive repair-
man should be added to a ship’s complement is the like—
lihood of demand for services that he alone can supply.
We propose some probability models for this question.
Actually, a complex variety of sources may conspire to
cause demand .

• - • -- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Model 2—A. Simple Chance Demand, Caused by Accidents
or Sudden Dise.~~~ Imagine that a ship has n indi-
viduals aboard when it sets out on a mission of dura—
tion M . Each individual is thought to have a con-
stant probability Adt of experiencing an accident or
sudden severe illness between t and t + dt , dt
being a small number. The occurrence of accidents or
illness is first assumed to be independent fr om indi-
vidual to individual . Then our simple model implies
that each individual experiences his demanding event
at time Ti 

(i=1,2,...,n) measured from the start of

— 
the mission , T1 

being distributed In accordance with
an exponential distribution with rate parameter A

P{T j .~.t } = l _ e At

= 0 ,  t < 0

Next, the occurrence of the smallest T . Oil the ship

of crew size n is the distribution of the minimum of
a sample of n independent Ti’s , which is exponential

with parameter n • Let us call this time ; then

P{r >t} = e~~
At 

, ~~ ~~. ~~

= 1 ,  t < 0

According to this model , if no doctor (or repairman) is
-
• 

present :

(A) The probability that the mission does not terminate
during M for the cause associated with A is

P {t >M } — e~~
AM

(B) The expected time to the scheduled end of a mission
that involves a rescue (or terminates early) is

t

k _____________________ 
_ _ _ _ _ _ _ _ _ _  -- -.

~~~~~~ — -— .~~~~~- — —~~- ~~~— - — ~~~~V.- •~



Chapter Twelve 316

M -nAxJ (M-x)e nAdx
E [M—r It <M] = 

0
n n -nAM

1 — e

= 

1 — 
—nAM 

— (12 . 20 )

It is of interest to see what this formula approaches
as A becomes small, a condition likely to be true in
practice. Write (12.20) as

-nAM
E(M—t It <N] = 

e — 1 + nAM 
(12.21)n n

and then expand in Taylor ’s series to obtain

2(nAM) + o(nAM)
P(M—t It <M] = nA(nA Mfo(nAN) )

M

This states that in the limit of vanishingly small
accident or disease rate an average of one—half the
mission time will be lost , provided that an event occurs
(r <M) and that the probability is very small of ann
accident or breakdown of the Sort envisioned (for exam-
ple , a heart attack, stroke, severe injury, in the
medical case).

Model 2—B. Chance Demand, Differing Demand Rates. We
can realistically generalize Model 2—A to the situation
for which each individual has a different characteristic
rate or probability of requiring the vital service:
A~ dt is essentially the demand probability for individ—
uai j (j—1,2,. . . ,n) . Then the overall demand rate is ,
assuming independence , equal to

— 

:~~
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A (n) — A + A + “-• A1 2 n

and the distribution of t is still exponential , with

A (n) replacing in (12.20). ~11 this is well known;
see Feller [12.1].

Practically speaking, one might consider classes
of individuals who are morc ~r less susceptible to
disease or accident, and who can be characterized by
the same failure or catastrophe rates within the class.
For example, the older officers (ship captain, executive
off icer, and so on) may be less likely to incur an

— appendicitis outbreak than would a younger man; on the
other hand, an older person might be more susceptible
to heart attack. This sort of consideration would sug-
gest putting individuals into classes, with character-
istic rates {A ’ , u = 1,2,...,c} ; then

A(n) = ~ n(u)A ’
u 1  u

where n(u) is the number of individuals in the uth
class.

Medical data might well be available to provide esti-
mates for the above rates. For equipments, 3M data
might well be interpreted for the same purpose.

P{t >xIA 1, A2,...,A }  = e

Now, by assumption , each A~ is independently drawn
from a population with distribution H(y) , and density
h(y) . Consequently , removal of the condition on the
A’ s amounts to integrating:

P {t >x} — fl I e~~~ h(y) dy —

i—i 0

________________ _ _ _  _ _ _  _ _ _ _ _ _ _ _
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where h(x) represents the Laplace transform of the
density h .

Example. Let h be a Gamma density

—c*y, ~~—l
h (~~~~~~~~=

e ~StYj
r (8

Then

— h(x)

and the chance that a mission proceeds with no demand
is

P{t~~M} = f- i)
It will also be interesting to derive the expected lost
mission time under this model. It is

~~~~~~~~~~~~~~~~~~~~~~~ 

— / (~~x)e~~~~
)x A (n) dx

Next , the conditions on the A’s must be removed. This
can be done easily in terms of our gamma density illus-
tration . The result is

E( ( M- •t )
~~~

] — N — 

~:—~ 
+ (cr1-N)

A generalization can be carried out for the case in
which several subgroups of crew methers are described
by their specific gamma distributions .

Armed wi th models that describe demand for service by
a medical doctor or other specialis t we can formulate
decision analyses . Our demand models provide inputs to

- - . 

~~~~~~~~~~ 
&____ _ _..._ __J-_-•_
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these analyses , as do certain costs .

Decision Model 1. Suppose ship missions are of approx—
imately constant duration M . Let D be the (dollar)
cost per unit time of maintaining a medical doctor
aboard ship . Then MD is the dollar cost per mission
of keeping the doctor aboard ship while the ship is
engaged in an active mission .

Let R be the cost of the evacuation or rescue
operation necessary when an emergency arises and no
doctor is present. Think of R as being an average
cost; clearly this cost will vary with the location of

— 
the ship , and also with the individual , that is , the
recipient of the rescue.

Let p(n;M) denote the expected nwther of emergen-
cies that arise when a crew of ii individuals embarks
on a mission of duration M • Our previous models
provide various bases for evaluating p(n;M).

Model 2—A implies that the nuthet of demands during
a mission is binomially distributed with mean p(n;N)

— n(i_e~~
M) . Suppose that each emergençy~ requires a

separate rescue or evacuation operation . Then the ex—
pected cost of rescues or evacuations is p (n;M)R per
mission if a doctor is not aboard . Presume that if a
doctor is aboard all of these can be avoided , but at
cost MD . The optimal decision rule is then

Carry a doctor if MD < n(l_e
AM)R

Do not carry a doctor if MD > n(1—e~~~)R

If A is qui te small , as should often be true , this
becomes a good approximation:

Carry a doctor if D < nAR

Do not carry a doctor if D > nAR

Of course if there Is equality (D — nAR , for example)
then other considerations must settle the matter.

Decision Model 2. This model simply recognizes the
differences between demand (in~)ury , accident , or

• - ~~~~~~~ 
-
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sickness) rates between individuals , as in Demand
Model 2—B. For that model the expected number of
demands is

n - A M
p(n;M) = ~ (1—e )

i—i

Hence our decision rule becomes

n —A 4J
Carry a doctor if MD < R ~ (1—e ~ )

j—l

n -A M
Do not carry a doctor if ND > R ~ (1—e )

i—I.

Some additional comments may be made on these models.

(A) The models tacitly assume that R , the cost of
a rescue operation , is the same regardless of mission.
In fact, one can assign a cost that depends upon the
mission and then decide on the basis of our various
decision models whether a doctor can be justified.

(B) The same comment as in (A) above holds for the
rates or A—values likely to prevail on different
missions.

(C) The above decision rules, derived for ships ,
can apply also to groups of ships. The doctor can be
located on one ship of the group, and emergencies will
then be transferred to that ship when they occur.

(D) In the above discussion the A—values are taken
to be known . To make the decision we must obtain esti—
mates , and then treat these estimates as equal to the
parameter values actually prevailing. A more sophis-
ticated approach explicitly recognizes that estimates
are uncertain; one standard way of handling that situa-
tion is by means of Bayesian decision theory .

• 
~~~~~~~~~~~~~~~~~~~~~~~ 
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The above decision models assume that emergencies
generate rescue costs, but do not shorten missions.
In other situations , perhaps having to do with the
failure of a major weapon sy stem, this might not be the
case. It may well be that if a major system goes out
on , say , a submarine , the latter must return to port
prematurely. We set up a simple and tentative model
for this situation, anticipating that refinements in
the model may suggest themselves.

Decision Model 3. Suppose the initial cost for a copy
of the ship in question is S (dollars) , and that the

— anticipated life is equivalent to L missions of
length N . It Is reasonable to assess a penalty of
S /LM dollars per unit time that the ship Is not carry-
ing out its assigned task during a mission, ~.wIng to
lack of specialized repair personnel or spare parts.

The expected lost time per mission of length N is
obtained for Demand Model 2—A by multiplying (12.21) by
the probability of at least one demand during M

-nAN
namely 1 — e . Thus,

~ 
-nAM

E [max(M-t ,O)]  - M - nA

Thus , the expected cost of lost service if a specialist,
or requisite spares , are not carried over the life of
the ship is

Expected cost — 
(~~)L E [max(M— r~~ O ) ]

- Sil - [1 ~~~~~~M]I

The optimal decision rule Is then derived from the
principle that cne should carry the specialist if his
total cost over the life of the ship I’fl..D is less than
the expected cost of curtailed missions :

- 

~~~~~~~~~~~~~~~~~
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r1Carry specialist if MLD < S 1 — L nA~f

(12.22)

fj -nAN
Do not carry specialist if MLD > s 1 — L n~M

A very similar formula can be written down if Demand
Model 2—B is invoked. Note that n now refers to the
number of failure—prone elements to be serviced by the

— 
specialist.

One qualitative fact that emerges from (12.22) is
that for fixed total mission time ML T one can
reduce the need f or a specialist by shortening mission
time, N , (and correspondingly increasing L ) . By
Indefinitely shortening N the right—hand side of
(12.22) can be brought very close to zero, which guar-
antees that our decision rule will recommend that the
specialist be left ashore. Of course, indefinite
shortening of the mission time is impractical , but
the tendency is of interest and can be quantitatively
assessed by use of formulas like (12.22).

Elaborations of the above models may be made to
reflect (a) lack of independence between events of
disease, injury, or equipment failure, for example, as
caused by the outbreak of an epidemic or a fire or
occurrence of a military engagement.

12. 5 Repei.r Models
The situations that are considered in this section are
logical extensions and elaborations of some of those
previously dis cussed . Our concern is with the avail-
ability status of a unit (ship , airplane , submarine,
satellite , and so on) that carries a multitude of dif-
ferent but interrelated subsystems, together with sup—
port personnel and b ackup spares. Whefl a unit first

- 

- - departs on a mission it is likely to be in a better
condition of readiness or system availability than is
the case as the mission progresses , awing to superior
facilities at base or tender. Such facilities include
considerable diagnostic anO repair talent and equipment,
as well as spares . The models that we Introduce are 

— •.——‘•-•——-—-- --•-- --—‘- ,- - y ~~—•--- — -- - -*~;11 —- ~~~~~~~~~~~~~~~~~~~~~~~ — .— — — - —
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aimed at representing the degradation of overall ship
system performance as the mission progresses. It will
be interesting to relate this degradation to the qual-
ity and numbers of personnel aboard ship (including the
quality of leadership , and organizational structures),
to equipment design (extent of modularization, for
example), and to the frequency of overhauls or tendar
visits. Empirical investigation of these questions
seems possible to initiate by making use of the 3M
data base, although difficulties arise. This section
considers certain mathematical models that may be a
useful framework •for conceptual and data analysis and
prediction. They are oversimplified but flexible. An
alternative analytical tool is the so—called SHIP II
simulation model developed by the Naval Personnel
Research and Development Laboratory (now Center). This
simulation model attempts to represent many of the real—
lIfe constraints and priorities that affect shipboard
maintenance , but is quite complex and requires exten-
sive computer running t ime. Our analytical models
provide useful supplementary Information at a much

• reduced cost of manipulation.

Model 1. Suppose that a repair force is assigned to
handle fai lures that occur in a particular section of
the ship. Several repair forces may be present——one
for each of several sections aboard ship. When failures
occur , the crew Immediately begins service . In the
present model we assume that certain equipment fail-
ures are secondary or non—disab1It~gj that is, merely
degrade equipment performance , whil e others are killing
or disabling, bringing the equipment down immediately .
At such moments the repair force immediately begins
equipment repair ; repair action means tha t both the
killing and the secondary failures are repaired , return—
Ing the equipment to an essentially new condition .

Let denote the Ith up or available period , and
the ith repair period (which immediately follows

the termination of U1 ). Then it is clear that for
• our model ~~~~~~~ I — 1,2, . . .)  is a sequence of inde—

pendent pairs of random variables , but and

have tendency to be positively correlated. Propertie s

k - -

_ _ _ _ _—
-
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_
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of the (j~~, ~~) renewal process are derived in the

dissertation by Luckew [12.10], and will be summarized
here.

(a) (j~ +~~) is an ordinary renewal process.

(b) Suppose the killing event occurs exponentially , so
— Ae~~~ is the density of an up time; B. is the

sum of the repair times of killing and secondary
events. Then the Laplace transform of the joint density

— of an up time and subsequent down time is

— U — R AL
0(~)[l—k(s+A)]

~~ R~~’~~ 
= E(e ~—e— 

~
—] ,. - (12.23)

(s+A) [1—L(r)k(s+A)]

where , k , and £ are respectively the Laplace

transform of the densities of the repair time of the
killing event, the interarrival times of secondary
events, and the repair times of secondary events.

(c) Moments are available from (12.23) :

EjU] — -
~~~ E[~ ] — 

E[R1

1—k (A)

Var[~J ~ Var[R] — 
Var[R1 

+ (E(R] )2 
~~A l—k (A) [l—k(A) ]

cov[~ ,R] — — 
E [R]k ’(A)
( 1—k(A)]

where R is a secondary failure repair time , and k ’(A)
is the derivative of k , evaluated at A ; since the -

latter is negative, the covariance is positive as
anticipated.

• -~ —~‘.- ~.- - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - ~~-~ • ~~~~~~~~~~~~~~ - - -~
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(d) Consider the renewal process generated by the
alternation of + , I = 1,2,.... Let U(t)

represent the prob ability that the system is up at t ,

conditional on just entering the up state at t = 0
Then , from renewal theory,

E(U]
= ~~~~~~~~ E(U-f-R]

Explicit formulas come from (c).

— (e) Let Vt be the forward recurrence time until the

end of a repair period , and let r(w,t) be Its density:

P {V
~

c(n ,w+t
~
w) ,tc(~) 1

r(w ,t) = u r n
Aw-~O

where tc( !) signifies that the system is in the re—
pair state at time t • The Laplace transform of the

long—run density may be shown to be (here

E(U+R] 
l—R~(r)

— — ~[1—&(~ ) k ( A ) ]

f rom which moments may be derived. Fur thermore , let a
repair period be In progress at t ; then, In the long
run, the number of repairs completed at the instant of
observation is geometrically distributed if U Is
exponentially distributed . Similarly , the number of
secondary event failures accumulated before an observa-
tion during a long—run up time is geometric.

Model 2. In this model we shall again differentiate
between secondary failure that may degrade but not
disable performance , and a killing failure. However ,
we shall assume that the secondary failures become
apparent imdiately—not just  when a killing failure
occurs. Furthermore, we suppose that secondary failures

.. “• -•- 
:--~~~

..--—— 
- ~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~ 

-.--



Chapter Twelve 326

are repairable, although they may be required to wait
for repair facilities to become available.

Now, if the overall secondary failure process is
approximately Poisson with parameter a , and if one
crew is furnishing repairs with expected repair time
E[R] , then the repair queue is M/G/l , and as p
— aE[R] becomes close to, but below, unity, a diffu-
sion approximation for backlogged repair jobs is suit-
able. Let R(t) denote total accumulated repair time
at time t after an instant at which no equipment is
down, and let U denote the time until a killing

— 
event occurs ; U has exponential density Ae~~

’ 
. Now

it may be shown, see [12.2] that the total accumulated
repair time at U , R(~~ ) , is exponentially distributed:

f ‘ ‘ ‘A’R(~~y
x/ ii~ ,e

where

~~~(A) - ~~~~~~ + (
~ 
+ 2aA)

] 

, if p < 1

~~~[
1_ € + 2:2A) 

]
~~~If p > l

Here p and ~,2 are the infinitesimal mean and vari-
ance of the approximate diffusion

E(R(t +h)—R(t) J — ph + 0(h) ~ (czE(R]—l)h (p—l )h

Var (R(t+h)—R(t)] — a2h + 0 (h) ~ aE [R2 ]h

By means of these results one can estimate the backlog
of repair time that accumulates b~, the time an emergency
event occurs , necessitating return to port or tender.

TT”~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ —
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Note that the occurrence rate of emergency events A
can to some degree be controlled by logistics (spares
availability) and repair personnel policy. Since unit
availability is affected by A , a , and E[R] , the
expected repair time for secondary failures, an oppor-
tunity exists for an overall optimization that includes
tender sojourns. Rather than pursue this further we
turn to another model.

Model 3. Let us suppose that m failure—prone systems
are cared for by r repai:men, or teams. Suppose, too,
that each system fails in Poissonian fashion at rate

— A( t) , where t is measured from time of departure on
a mission; likewise repairs are completed at rate

The time dependence of A(t) and p(t) may be
introduced to represent a learning effect: perhaps
A( t) decreases with t , and ii(t) increases with
time t to reflect training and leadership improvements.
Now, with the aid of independence assumptions it may be
shown that {N( t) ,  t > 0} , the number of systems down
and awaiting maintenance at t , is a birth arLd death
Markov process. Usually, however , simple explicIt
representations for P{N(t) = j I N(0) ii , E[N( t) ]
and more interesting f igures of merit are diff icult to
come by.

It has been shown by [glehart [12.6], using results
of C. Stone on weak convergence, that if m is large
a properly normalized version of N(t) may be approxi—
mated by a diffusion, Ornstein—Uhlenbeck (O.U.) process.
Further developments were given by Schach and McNeill
(12.11], and by McNeill [12.12]. We produce a simple
heuristic derivation , and then suggest some useful cal—
culations and further models .

Let dN(t) denote the change in N(t) in time dt
This may be thought of as a deterministic, average,
movement plus a random element:

dN(t) — A(t)[m—N(t) ]dt — N(t)p(t)dt
+ ,5~(t)[m—N(t)]+N(t)p(t) dW(t), (12.24)

if N(t) < r

- _________ • - ~~~~~~~~~~~~~~ ~~~~~~
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while

clN(t) = A(t)[m—N(t)]dt — rp (t)dt

+ /A(t)[m—N(t) ]+r~i(t) dW(t)

if N(t) > r

In (12.24) the right most term is a scale factor that
is proportional to the standard deviation of the dif-
ference of two Poisson processes operating over
(t,t+dt) multiplied by dW(t) , the increment of a

— Wiener process, the latter having mean zero and vari-
ance dt . We have thus replaced the actual “differ-
ence of Poissons” random component by a Gaussian com-
ponent. The latter is certainly plausible in the limit
as large m makes the Poisson arrival rate large.

Now, if r = (infinitely many servers), the f all-
ures are repaired without delay, and N( t) has a
Poisson distribution. The latter approaches a Gaussian
form as m ~ . Consequently, we expect that if
r = cm we can derive a Gaussian form approximating
N( t) . To this end , put

S( t) = 
N(t) — mx()~

‘
I;

or

N(t) = nix(t) + V~ S(t)

where x(t) is a deterministic part , and S(t) a ran-
dom noise; the latter 1s assumed to be bounded with
prob ability one . Then formally

dN(t) — mdx(t) + v dS(t) = A(t) [m(1—x(t) )

- ? S(t)]dt — ~i(t)(mx(t) + v~~S(t)]dt (12.25)

+ /p(t)(m(].—z (t )—/ S( t)]+p(t)[mx(t) .’,c S(t)] dW(t)

- - - ~~~~~ —~~~~~ 

~~
-.. - 
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if mx(t) + & S(t) < r = cm

and

dN(t) = mdx(t) + & dS(t) = A(t)[m(l—x(t))

— 
~~~~~~ S(t)]dt — p(t)cm dt (12.26)

+ /A(t)[m(1— x(t ))—vc S(t)] + p(t)cm dW(t)

4 if mx( t) + & S(t) > r = cm

Next, divide throughout by & and let m + • We
find that in order for equality to hold in (12.25) and
(12.26),

A(t)[l—x(t)] — p (t )x( t )  , if x(t) < c
(12.27)

= A (t)[1—x(t)] — p(t)c , if x(t) > c

The solution of these equations describes the mean
motion of the backlogged repairs according to our approx-
imation. In particular, if A(t) = A , p~~~) — p , both
constants and t + ~ we f ind that

A Ax(~ ) — , if x(oo ) — ~~~
-
~~

— < c

while

x(oo) — 1 — -
~~~ c , If x(co) > c and pc < A

- 
Next, the terms of order & remain ; after taking limits
inside the scale factor term, recalling that S(t) is
bounded in prob ability , we find that

— —(A(t)+p(t)]S(t)dt + 
-.

•

•

- 
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+ /A(t ) [1—x(t) ]+p (t )x(t) dW(t) , (12.28a)

if x(t) < c

and

dS(t) = —A (t)S(t)dt + v’A ( t) [ l—x(t) ]+p (t)c  dW( t)

if x(t) > 
~~ 

(l2.28b )

Our conclusion is that the limiting (m+o) noise pro—
— cess {S( t) , t > 1) is a nonstationary 0.U. diffusion;

however, one such 0.U. diffusion, (12.28a) , describes
the noise for x(t) < c , and a different one , (12.28b )
x(t) > c . In passing we note that if X(t) = A

p(t) p , and the time scale change t (A+p)t is
made that then (l2.28a) is directly solved to give

S(r)  — S(0) e T + f e t )dW(t)

indicating that the noise is Gaussian with limiting

variance Ap/(A+p)2——entirely in conformity with the
results of Iglehart and Lemoine [12.7]; limiting
results for (12.28b ) will also agree with those of
[12.7]. While definite conditions must be imposed on
A(t) and p(t) to validate our derivations , the
results obtained seem to be fully in agreement with
those obtained by careful weak convergence arguments.
Of equal importance in the applications is the quality
of the approximations obtained when the number of
systems m and repai rmen r is finite. Numerical
and simulational comparisons are under way at the Naval
Postgraduate School to check (and improve) the quality
of the approximation .

One obvious use of the above approximat ions is that
of represent ing system failure status at t , t being
measured from start of a mission. Clearly the expected
number of failures awaiting repair is , if N( 0) — 0 ,

E [N ( t ) ]  ~~mx(t)
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x(t) being the solution of (12.27); the variance may
be found from (12.28a ,b). These approximations allow
an assessment of system status at any f ixed time t
Moreover , at least in the case of constant A and i.i
we can , us ing tables of Keilson and Ross [12.8] , assess

the probability that N(t) % nix(t) + & S(t) < B(t)
for all t , 0 < t < T . Other functionals , for
example , total accumulated time spent waiting for re—
pair, are similarly accessible; such is not usually
true when birth and death formulations are utilized in
the manner of Feller [12.1] (i,Chapter 17).

The modeling procedure described can also be applied
— to situations in which overall repair rate has general

state dependency , represen t ing a sort of priority
assignment. It may also be used to represent the con-
sequences of simultaneous , shock—model type failures .
Owing to the relative simplicity of the solutions, one
can contemplate an assigament of maintenance and repair
facilities and personne] so as to optimize various
meaningful measures of effectiveness subject to desired
constraints.

12.6 Conclusions
Although a variety of probabilistic methods useful in
logistics studies have been illustrated , the historical
accounting is far from complete. An informal list of
omissions should include (a) classical Inventory theory
(Iglehart, Veinott, Arrow, Karlin, Scarf , Harris and
Gross , and so on), (b) sequential Bayesian methods
(Chernoff , De Groot , and so on), probabilistic mathe-
matical programming and stochastic control theory
(many authors) , and manpower modeling (Oliver , Marshall ,
Grinold) . Finally , it seems worth noting that under
present circumstances much opportunity exists for prob—
lem formulation and solution In areas that include both
manpower supply and allocation and diagnostics, mainte—
nance , and repair.
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Chapter 13

RECENT RESEARCH ON CLASSES OF LIFE DISTRIBUTIONS
USEFUL IN MAINTENANCE MODELING*

Frank Proschan
The Florida State University

13.1 Introduction
In this chapter we shall survey some classes of life
distributions recently Introduced for use in the study
of maintenance policies . We consider mainly two types

— 
of planned maintenance policies.

Definition. Under an age replacement policy, a unit
Is replaced upon failure or at age T , whichever
comes first. (13.1)

Definition. Under a block replacement policy , the
unit in operation is replaced upon failure and at
times T,2T ,3T,.... (13.2)

An age replacement policy is more difficult  and costly
to administer since it requires keeping track of the
age of the device. However, It does have the advantage
that fewer relatively new items are replaced. Block
replacement is generally used in the maintenance of a —

“block” of similar items, such as the set of neon tubes
used on a given floor of an office building. Minimal
record—keepIng is involved , since all tubes are replaced
at regular intervals , and in addition , failed tubes are
replac~d at failure. Intuitively, It seems clear that
block replacement will lead to replacement of a greater
nwther of unf ailed Items . In addition to the above two
planned replacemer.t policies , we shall consider the
policy defined In

Def inition. Under a replace at failure only policy ,
the unit is replaced only when it fails . (13.3)

*The preparation of this chapter was supported by the
Air Force Office of Scientific Research under Grant
AFOSR 74—258 1. 
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Note that the sequence of failure intervals corresponds
to a renewal process .

In Section 13.2, we compare stochastically the three
replacement policies as to number of failures during
operat ion , number of planned replacements , total number
of removals , and so on. We find that certain classes
of life distributions arise naturally and play a cru-
cial role in the comparison and study of these mainte-
nance policies .

Definition. A life distribution F (or survival

function ~ def 1—F ) is said to be New Better than
Used (NBU) if (13.4)

P(x+y) < P(x)P(y) for all x ,y > 0

This means that for each x > 0 , the probability ~ (x)
that a new item survives a period of length x is
greater than the corresponding probability that an
unfailed item of age y survives an additional period
of length x . Another way of stat ing this is that a
used Item has stochastically smaller remaining life
length than does a new item. Mathematically , (13.4)

states that —log P(t) is superadditive.

Definition. A life distribution F (or survival

function P ) is said to be New Better than Used in -;

Expectation (NB UE) If the mean p of F is finite
and (13.5)

I (P(t+x)/P(t)]dx < p
0 

—for all t > 0 such that F(t) > 0

t
Note that f [F(t+x)/F(t)]dx represents the condition—

0
al mean remaining life of a unit of age t ; hence the
inequality states that a used unit of age t has small—
er mean remaining life than a new unit if F is NBUE.

:TTTT~ - 
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By reversing the direction of inequality for F in
(13.4) and for the integral in (13.5) , respectively,
we obtain dual classes , New Worse than Used (NWU) and
New Worse than Used in Expectation (NWUE). The results
stated below for NBU and NBUE have obvious duals for
NWU and NWUE ; these dual results will not be explicitly
stated.

In our discussion of the application of the NBU ,
NBUE , NWU , and t~WUE classes in the study of maintenance
policies , we will find it helpful to recall the defini-
tions of other classes of life distributions, some of
which have already played a significant role in reli-
ability and life testing.

Definitions. A distribution function F or sur-

vival function F is said to be or to have (13.6)

(i) Increasing Failure Rate (IFR.) if F(x+t)/F(t)
is decreasing in t whenever x > 0

(ii) Decreasing Mean Residual Life (DMRL) if

f [P(x+t)/P(t)]dx is decreasing in t

(iii) Increasing Failure Rate Ayerag~e (IFRA) if
[P(t)]hh’t is decreasing in t > 0

Wh en F has a density , (I) is equivalent to the condi-
tion that for some version f of the density,  the
hazard rate r ( t )  d~f f ( t )/ P (t )  is increasing in t

Also F Is IFR if and only if log P is concave. To
say that the life distribution F of an item is Ifl Is
to say that the residual life length of an unfailed
item of age t is stochastically decreasing in t
To say that the life distribution F of an Item is
DMRL is equivalent to saying that the residual life of
an unfailed Item of age t has a mean that is decreas—
ing in t . When a failure rate exists , (iii) is
equivalent to the condition that the failure rate

l t
average t J r(u) du is increasing in t

0

- - - - ~~~~~~~~~~~~ ~~~---
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Equivalently , (iii) also says that -t 1logF( t) is
increasing in t , that is, —logP(t) is a star—shaped
function.

Dual classes are obtained by replacing “decreasing”
by “increasing” and “increasing” by “decreasing” In
(13.6) (i) , (ii) , and (iii) ; these classes are called
respectively , Decreasing Failure Rate (DFR), Increas-
ing Mean Residual Life (IMRL), and Decreasing Failure
Rate Average (DFRA). The inclusion relations among the
classes defined above may be graphically displayed as
shown In Figure 13.1. See , for example , Bryson and

— Siddiqul (1969). An additional class of distributions
has recently been introduced by Haines and Singpurwalla
(1974); it is defined and discussed in SectIon 13.6.

13.2 Replacement Policy Comparisons
A major purpose of planned replacement policies is to
minimize the probability of failure during operation.
Thus, it is of importance to compare stochastlcally the
numbers of failures observed under the three types of
maintenance policies described in Definitions (13.1,

I DMRL1~~~~~~~~~~

I F R  N B U E  J
IF  R A

Figure 13.1 . lnc luison relations among classes of life distributions.
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.2, and .3). Recall that random variable X is
stochastically larger than random variable Y , written
X Y , if P[X > x] > P[Y > x] for each real x
Let us also adopt the following notation.

N( t) the number of failures during [O,t] under
a “replace at failure only” policy; that Is, it
equals the number of renewals in an ordinary renewal
process

N(t) the number of renewals during [0,t] in a
stationary renewal process, that is, in a renewal

— process that starts at time -
~~~

NA(t,T) = the number of failures during [O ,t]

using an age replacement policy with planned replace-
ment age T

N
B

(t ,T) — the number of failures during [0 ,t] using

a block replacement policy with planned replacement
interval T

Marshall and Proschan (1972) prove the following
results.

N(t )  S,t N(t)  for each t > 0 < >  F is NBUE. (13.7)

Thus , the NBUE class is the largest class of lif e dis-
tributions for which the number of failures observed in
a “replace at failure only” policy is larger stochas—
tically in the long run than it is when the process
first starts.

N(t)  V NA(t ,T) for each t > 0 , T > 0 <—> F
is NBU. (13.8)

Consequently, the NBU class is the largest class of
life distributions for which age replacement stochas—
tically decreases the number of failures. It follows
that the NBU class is the natural class of life distri—
but ions in the study of age replacement policies. A

- -..- -- --~~—,-- - 
.— -— 
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similar result holds for block replacement policies.

N(t)  s>
t NB(t,T) for each t > 0 , T > 0 < >  F

is NBU. (13.9)

Next we can compare block replacement policies calling
f or different intervals between planned replacements.

NB(t,kT) ¶t NB(t ,T) for each t > 0 , T > 0 ,

— 
k = 1,2,... <—> F is NBU. (13.10 )

Therefore, the NBU class is the largest class of life
distributions for which a planned replacement interval
length of an integer multiple of T , as compared with
one of length T , results in more failures stochas—
tically. A similar result holds for age replacement.

- 

NA(t,kT) V NA (t ,T) for each t > 0 , T > 0 ,

k — 1,2 ,... <=> F is NBU. (13.11)

A finer comparison is possible if we confine ourselves
to the more highly structured class of IFR dIstribu-
tions.

N
A
(t ,T

l
) 
5
<
t 

N
A
(t ,T

2
) for each T

1 
< T

2 , t > 0 < >  F

is IFR . (13.12)

Note that this stochastic comparison no longer requires
an ~~~~~ multiple of planned replacement interval T

Up till now, our comparisons have been confined
within each class of replacement policies. Next we com-
pare age versus block replacement policies. Let

• R
A(t,

T)(R
B(t,T)) denote the number of removals during

(0 ,t] , including both failed and unf ailed items , using
an age (block) replacement policy with planned replace-
ment interval T . Barlow and Proschan (1964) prove
the follow ing .

—~~~~~~
--- 
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For each t > 0  , T > O

For every life distribution ,

RA(t ,T) ~~ RB(t,T) (13.13)

For an underlying IFR life distribution,

NA(t,
T) ~~ N~(t,T) (13.14)

13.3 Models for the NBIJ and NBUE Classes
A number of physically motivated models have been pro-
posed that yield the NBU and NBUE classes of life
distributions.

Coherent systems of repairable components. Ross (1974)
considers a coherent system of components. (See Barlow
and Proschan (1975) Chapters 1 and 2 , for a discussion
of coherent systems.) Component i has exponential
life length with failure rate ; upon failure,

repair is initiated requiring exponential repair period
with repair rate v~ . All life lengths and repair
periods are mutually independent. Ross proves that the
time to the first system failure has an NBU distribution.
He fur ther notes , by contrast, the interval of time be-
tween later successive system failures need not be NBU.

Shock models. Esary, Marshall, and Proschan (1973)
consider a device subject to shocks occurring in time
according to a Poisson process with shock rate A
The probability that the device survives k shocks is

, where 1 — ~ P1 ~ P2 ~~~ 
... . Then the survival

probability 11(t) over time is given by

11(t) — 

k~~ 

(At) k 
e~~t 

~k for t > 0 (13.15)

Esary, Marshall, and Proschan obtain results In which
various classes of life distributions are “preserved”

- 
- I
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under the transformation (13.15). Specifically , they
prove the following.

Theorem 1 (a) If 
~k 

is discrete NBU (that is,

~k+~ 
<
- 
P
kE’
~ 

f or each k 0,1,2,... ; t = 0,1,2,

.. ), then 11(t) is NBU.

(b) If is discrete NBUE (that is, ~ P.
j=O ~~

— 

~ 
for k = 0,1,2,... ) , then 11(t)

j =0

is NBUE.

A—Hameed and Proschan (1973, 1975) obtain similar pre-
servation results in the following more general models.

(1) Shocks occur according to a nonstationary
Poisson process

(2) Shocks occur according to a birth process

Preservation of classes of life distributions. An
Important question in formulating classes of life dis—
tributions is the following. For which standard rell—
ability operations is the class of life distributions
closed? For example, is the convolution of NBU distri-
butions itself NBU? Note that the convolution of dis—
tributions corresponds to the addition of independent
life lengths; such an operation arises routinely in the
determination of spares kits. We summarize the situa-
tion in Table 13.1. The operation “formation of coher-
ent systems” refers to the situation in which a coherent
system is formed of independent components, not subject
to repair. An arbitrary mixture F of distributions
Fi~~•~~

Fn 
is given by

F — p F + ... + p F11 n n

where each > 0 and 
~~ 

— 1 . Finally ,

- 
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Table 13.1 Preservation of Life Distribution Classes
Under Reliability Operations

Formation of
Class Coherent Systems Convolutions

NBU Preserved Preserved
NB UE Not Preserved Preserved
NWU Not Preserved Not Preserved
NWUE Not Preserved Not Preserved

Arbitrary Mixtures of Distribu—
Class Mixtures tions That Do Not Cross

NBU Not Preserved Not Preserved
NBUE Not Preserved Not Preserved

NWU Not Preserved Preserved
NWUE ? Preserved

distributions F
1 and F

2 are said not to cross if
there is no pair t1 , t2 such that F

1(t1
) — F

2(t1)
> 0 and F1(t2) — F

2(t2) 
< 0 . The preservation

results sumnarized in Table 13.1 are proved In Marshall
and Proschan (1972) and Esary , Marshall , and Pros chan
(1970) .

13.4 Bounds for the NBU and NBUE Classes
In this section we survey results on bounds for m di—
vidual components and bounds on system mean life.

Bounds for individual components. Marshall and Pros chan
(1972) develop the following simple bound for the NBU
distribution .

Theorem 2. Let F be NBUE with mean p • Then

F(t) < t/p for t < p

~~~~~~~~~~~~~~~~~~~~~~~ -
-
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and the bound is sharp.

It is interesting to note that the above bound cannot
be improved even if F is restricted to the smaller
NBU class. Haines and Singpurwalla (1974) do obtain a
stronger b ound f or the NBUE class by assuming addition-
al information is known , as stated in the following.

Theorem 3. Let F be NBUE with mean p and

= a fo r some 0 < t0 
< p • Then

~ (t )  > Max (a , ~ ; t) for 0 < t <

>~~~
- [p—t 0—a (t—t0

)]  for 0 < t
0 

< t <

p + t0a —
where ~~~~= a

For the NBU class, Marshall and Proschan (1972) present
the following bounds.

Theorem 4. Let F be NBU and P(t0) a • Then

— 1/k 
______ 

t
0 I

F (t)>c~ for k + l < t <
~~~~~

a n d k l ,2 ,...

while

P(t) < a
k for kt0 < t < (k+l)t and k = 0,1,2,...

and these bounds are sharp .

The upper boun d is itself an NBU survival function ; the
lower bound is ~~~~
Bounds on system mean life. The bounds given above have
been for individual NBU and NBUE components. Marshall and
Proechan (1970, 1972) give bounds for the mean life of
series and parallel systems of NBUE components.

Theorem 5. Let ~~~~~ be the mean life of a series

~

- - -

~ 
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(parallel) system of n independent NBUE components
with mean lives respectively of p~ ,...,p . Then

jn .I r  —1~—1

~
‘s~ - ~~ )

n / -x/p \1
p < f [ i _ n  (~~— e  i

)Jd1

— 
and the bounds are sharp .

Note that the bounds represent, respectively , the mean
life of a series and parallel system of exponential
components.

13.5 Statistical Inference
Given a sample X1,...,X f rom life distribution F ,
Hollander and Proschan (1972) propose a test of the
hypothesis

H
0: The distribution F is exponential with un—

specified scale parameter versus the alternative
hypothesis

H1: The distribution F is NBU (and not exponen-
tial)

The test statistic proposed Is motivated by considera-
tion of the parameter

y(F) d~f Jf[P(x)P(y) - P(x+y)]dF(x)dF(y) (13.16)

Note that the integrand is identically 0 when F is
exponential, and nonnegative when F is NBU . The test
statistic is developed by first replacing in (13.16) the
unknown distribution F by the empirical distribution
F . Next the U—statistic which is asymptotically
equivalent is used , since U—s t atistics have many desir—
able properties and a fully developed theory. The test

- ~~~ 
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 
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statistic essentially counts the number of triples of
ordered observations X

(i) 
< < X~~ such that

X (1) + X
(

~~~

) 

> X~~ and rejects for large values . The

statistic is unbiased , asymptotically normal , and is
consistent. The asymptotic relative efficiency of the
test statistic is determined relative to statistics
designed against IFR alternatives (since no other test
statistics have yet been proposed against NBU alterna-
tives). The NBU test statistic proposed shows reason-
ably good asymptotic relative eff iciency , especially if
one takes into account the fact that the class of IFR

— alternatives is more restricted than is the class of
NBU alternatives. To permit application of the test ,
small sample null tail prob abilities are derived , and
additional critical values are obtained by Monte Carlo
sampling. Tables are provided for sample sizes up to
50. For larger sample sizes , the asymptotic normality
may be used , along with the calculated asymptotic mean
and variance.

Other than the test for NBU , statistical inference
for the NBU, NBUE , NWU , and NWUE has not been developed
as yet. A useful contribution would be to develop an
estimator with desirable properties for, say, the NBU
class of distributions.

13.6 Related Classes of Life Distributions
Several other classes of lif e distributions have been
proposed for use in the study of maintenance policies.
In certain respects, they seem less appropriate for
maintenance modeling than do the NBU and NBUE classes
and their duals , discussed above. However, we sum-
marize some of the recent work on these classes. We
consider in particular the DMRL class , defined in (13.6),
and the following new class introduced and studied by
Haines and Singpurwalla (1974).

DefinitIon. A distribution F has Decreasit~,g Per-
centile Residual Life (DPL) if for some a ,
o < a < 1 , the lOOcz—th percentile of the residual
life of an item of age t decreases in t > 0

(13.17)

A DPL distribution Is somewhat similar to a DMRLI

— — - .— - — -— ——- — -  - -~~~ - ~—~ --a~~~~_~ - — - -
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distribution in that In both cases a parameter measur-
ing residual life is a decreasing function of age.
Haines and Singpurwalla (1974) develop a number of
properties of the DPL class and relate it to classes
of life distributions developed earlier. A typical
result is the following.

Theorem 6. An IFR distribution is DPL f or each
value of a in (0 ,1)

One seeming disadvantage of the DPL class is that ex-
cept for the inclusion stated in Theorem 6, the DPL

— class neither contains nor is contained in any of the
other classes of life distributions. Another somewhat
discouraging aspect of the DPL class is that none of
the preservation properties shown in Table 13.1 can be
claimed for either the DPL or its dual class.

Haines and Singpurwalla obtain bounds on the survival
function of both the DPL and the DMBL distribution func-
tions having a known mean and a percentile. They pre-
sent a series of graphs portraying various bounds for
the various classes of distributions ; the graphs show
how the bound improves as additional information is
used.

Finally , we mention an interesting display of the
empirical mean residual life for a group of cancer
patients , shown in Bryson and Siddiqui (1969) . The
graph shows quite dramatically that the mean residual
life length is decreasing in time measured from diag—
nosis of cancer; that is, the population is DMRL. It
would be desirable to have an estimator for the DMRL
class having optimal properties.
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Chapter 14 -_______________________________________

EXTRENAL METHODS IN LOGISTICS RESEARCH :
A DEVELOPMENTAL SURVEY*

A. Charnes
The University of Texas
W. W. Cooper
Carnegie—Mellon University
Edward S. Bres III
The University of Texas

— 14.1 Introduction
The inventory in this chapter represents a compilation
f rom the articles published in the Naval Research
Logistics Quarterly which we hereafter refer to as the
Quarter1y.~ Our list is by no means exhaustive but it
does contain over 275 titles covering 20 years of pub—
lications in one of the most prominent sources of
results from logistics research. We hope that our list
will provide a convenient source for examining some of
the uses of extremal methods in logistics and that it
will portray research aspects and developments in a
relatively prominent form.

At the outset we should Indicate that “ext remization”
or an “extremal method” refers to the optimizing opera-
tors such as “max” or “m m ”  or “mm —max” or “max—mm ,”
and so on. It also extends to the operations such as
“inf” or “sup” where a direction of optimization is
indicated . Finally , an “ext remal equation” refers to
any equation whose elements are required to satisfy
prescribed extremization conditions or operations.
This is by analogy , or extension, of the way one char-
acterizes differential equations or integral equations
in terms of differentiation or integration operations.

A check of the articles surveyed below will make it
apparent that there has been a vigorous and “varied”
growth in the development of extremal methods. Ideally,

*The preparation of this chapter was supported by the
Office of Naval Research under Contracts N00014—67—A—
0126—0008 and N00014—67—A—0l26—000 9 with the University
of Texas .
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we would have liked to match these methods against sig-
nif icant classes of problems to portray their potential
(or actual) uses and shortcomings. At a minimum, we
would have liked to arrange a two—way classification or
matrix array in which we could have at least Indicated
where uses of linear progranining, game theory, or other
such developments embodying extremal methods or ap-
proaches had been used on classes of logistics problems
such as manpower planning or fleet provisioning with
further breakdowns into recruitment and procurement,
storage and transfer , and so on. The format of the
articles and the arrangements in the Quarterly, however,

— prevented us from doing this. But we were able to make
a rough classif ication of these articles by methods and
prob lems addressed and , in the next section, we discuss
specific strategies for applying extremal methods to
logistics problems.

14.2 Strategies for Applications
In order to enhance the usefulness of our survey, and to
provide perspective, we will discuss strategies of the
kinds we have ourselves used in bringing ex~.remal meth-
ods to bear on logistics problems. We will proceed in a
somewhat informally structured way , using four ques-
tions.

What are Some of the Rationales for the Use of Extremal
Methods? We have become so accustomed to discussions
about the relevance or realism of particular objectives
of optimization in game theory, economic theory, and so
on, that we can fail to remember that optimizations can
also be used as artifacts to simplify an otherwise com-
plex analysis or diminish ambiguity , and so on. We have

discussed these uses elsewhere in considerable detail1
and hence we simply indicate below some of the related
further considerations.

(1) Representation in extreinization form can provide
ease in formulating problems and assessing potential

‘See A. Charnes and W. W. Cooper (1963). A strategy
for making models in linear programmir.g. in R. Machol ,
et al. (eds.) Systems Engineering Handbook. McGraw—Hill .
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further consequences. An example would be game theory
as used in representing and studying traffic flow prob—

lems 2

(2) Extremal methods can provide ruggedness in the
face of data defi’iencies and can supply computational
power as required for operational implementation. The
example just supplied becomes a case in point when the
already achieved game theoretic formulation for traffic
flow is transformed into a corresponding linear program
in order to achieve computational power. The associ-
ated optimization may then also be arranged so that the
results are not responsive to minor data variations,
or even to marked data variations that lie away from
the frontier on which an optimum occurs. This illus-
trates what we refer to as the property of ruggedness
associated with such optimizations.

(3) Extremal principles can facilitate and provide
access to interpretations that might otherwise not be
possible. An example would be optimization of a traf-
fic flow problem to provide access to equilibrium char-
acterizations that would not have been apparent from
other approaches such as unguided simulation. Such op—
timizations as in, for example , Pareto types of opti—
mality, 3 can also supply clues to underlying behavior,
and hence also provide guides to system redesigns when,
for instance, alternate routes are to be opened to
drivers in search of origin—to—destination times.

How Can One or More Extremal Methods be Evaluated for a
Particular Application? This question is, of course,
not independent of the preceding but let us use it to
concentrate on “flexibility and ease of extension.”

2See A. Charnes and W. W. Cooper (1961). Management
Models and Industrial Applications of Linear Program-
ming. II Wiley . Chapter XX.
3More precisely , the reference is to Wardrop ’s second
principle as discussed in Charnes and Cooper (1961) ,
Section XX.5.
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Specifically, extremal methods can be evaluated on the
following bases.

(1) A method can involve useful alternative repre-
sentations. One example is linear programming and the
way it provides access to a dual prob lem whose solution
at an optimum may be used to study the original problem.
A second example is that recourse to an appropriate
extremal model may be used to guide or control a simu-
lation that, lacking such a guide, may be inefficient
and ambiguous as well. See, for example , the preceding
discussion of traffic flow models.

(2) An extremal method can involve alternative
methods or mechanisms. An example would be a decompo-
sition for computation and also for control of decen-
tralized operations by placing bounds or provIding
operational guides. This can be regarded as a compu-
tational expedient, as when the optimization of a large
problem is replaced by optimizing several smaller ones.
It can also supply insight into new modes of operation
or ways of improving existing modes as when, say, feed-
back mechanisms are utilized to alter data supplied for
guidance in the decisions of decentralized divisional
managers.

How Can Extremal Methods be Justified? Again, there is
overlap with our other questions but here we particu-
larly address problems of convincing managers.

(1) An extremal method may be distinguished by the
ease of explanation of its managerial uses . For exam-
ple, this should be the case for a tradeoff analysis
where assurance can be given that there are requisite
(that is , extremal) tradeoff terms .

(2) A method may constitute a guide for further
scientific research as when , say , the deeper analysis
provided by an extremizing characterization ties to—
gether and reveals relations between many seemingly
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disparate problems or approaches to problems.4

How Can Extremal Methods Provide Entrance to New
Methods or New Problems? Examples of the former were

— touched upon under preceding questions. Here we wish
to discuss how new methods, and especially methods
involving extremal approaches , lead to new problems;
and conversely , there is the possibility that as one
approaches new prob lems , or refinements of old ones ,
it may become evident where and in what forms new
methods or combinations of preexisting methods are
wanted.

— An example from some of our own recent experiences
with developing manpower planning models in conjunction

with R. J. Niehaus and others of the U. S. Navy5 may be
used for illustration. In response to this problem,
the state of the modeling art was altered by including ,
for the first time, Markovian elements in a goal—
programming format. Next, the customary divisions be—
tween “manpower planning” and “career analysis” were
seen to be capable of simultaneous rather than separate

• treatment. This led to a reconsideration of the ideas
of organization design in a new dynamic format. Thus,
new possibilities for future research (for example, in
organization theory) were identified , as were areas for
possible new applications. The work undertaken with
D. Cass and others at the Bureau of Naval Personnel pro-

vides an example.6 This work, which was directed to
extending the consideration of Navy officer rotations

4See A. tham es , W. W. Cooper, and D. B. Learner (1975).
Constrained information theoretic characterizations in
consumer purchase behavior , Market Research Corporation
of America Report 75— 1. Submitted to Journal of Market
Research.
5See A. Chamnes , W. W. Cooper , and R. J. Niehaus (1972) .
Studies in Manpower Planning. U.S. Navy Office of
Civilian Manpower Management. Washington.

6See D. Case, A. Chamnes, V. W. Cooper , and R. J.
Nlehaus (1973). A program for Navy officer distribu—
tion models . Submitted to Management Sci.
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beyond a single period , also opened the possibility of
considering the career profiles associated with each
such rotation. This, in turn , identified a need for a
model and associated methods to match these possibili-
ties within a multiple—objective optimization——and,
naturally, further such possibilities for development
will continue to evolve as this work proceeds. This
work, along with the work at the U. S. Navy Office of
Civilian Manpower Management, also resulted in problem
enlargements that made the need for improved algorithms
apparent. One set of such developments brought the

officer rotation models7 within range for some of the
ultra high—speed algorithms that have been developed
for transportation and assignment type models.8

Another set has yielded improvements in the solution
routines for goal progr~mm~ng by virtue of special
structures which can be associated with such multiple

objective optimizations.9

7See D. Cass, A. Charnes, W. W. Cooper, and R. J.
Niehaus (1974). A multi—page goal programming model
and algorithm for Navy officer rotations. Submitted to
Management Sc
8See , for example, R.S. Barr, F. Glover, and D. Kling—
man (1972). An improved version of the out—of—kilter
method and a comparative study of computer codes .
Center for Cybernetic Studies Report C. S. 102 , Uni-
versity of Texas , Austin. To appear In Math. Program-
ming. Also see V. Srinivasan and G. L. Thompson (1973).
Benefit—coat analyses of coding techniques for the
primal transportation algorithm. J. Assoc. Comput. Mach.
20 194—213 . (The relative efficacy of these codes has
brought the computer usages within the range of inter-
active managerial—computer uses that would otherwise not
have been possible.)
9See A. thames , W. W. Cooper , D. Klinginan , and R. J.
Niehaus (1975). ExplIcit solutions in convex goal pro—
gramming. To appear in Management Sd. The Initial
ideas underlying goal programming were , curiously enough ,
also first set forth in a personnel manpower—planning
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Many more such developments can be expected as such
applications lend point and relevance to the research,
and conversely. We have offered the preceding discus-
sion, and the listings and commentaries that follow,
not only for some insight into past history but also as
a general guide, and perhaps a stimulus, for future
interactions between research in extremal methods and
applications in logistics.

14.3 The Survey
What follows is a compilation of articles from the
Quarterly tk~at have dealt with extremal principles

— applied to problems of logistics where the latter is
considered in its most general sense. This collection
is by no means complete, and classifications are of
necessity somewhat arbitrary, but it is hoped that these
articles will give some examples of the development of
extremal principles and their applications in logistics.
We preface the classifications with a few introductory
comments and include a few brief descriptions.

Linear Programming Methods. The development of effi-
cient linear programming (LP) methods, paralleled by
the rapid growth in computational capacity, has been
central to the widespread application of mathematical
management tools in the post—World War II era. With
these developments, large linear programming models are
increasingly amenable to solution. Models of a useful
size have become practical as operational tools. Beyond
the benef its in linear programming applications, these
methods have enabled solution of more general problems.
Linear programs are repeatedly solved with nonlinear,
integer , and combinatorial algorithms , as well as with
game theoretic solution procedures. Existence of effi-
cient LP codes is essential to the success of such
approaches. The availability of efficient LP procedures
gives a direction of attack for solution of more complex
problems. A problem that can be shown equivalent to,
or approxima ted by a linear program, even a large such

organization—design context. See A. Charnes, W. W.
Cooper and R. 0. Ferguson (1954) . Optimal estimation
of executive compensation by linear programming.
Management Sc 1 138—151.
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program , is accessible to solution.
Of the articles listed below, Lemke ’s [14.11] is of

particular importance. His approach from the dual side
was a fundamental contribution to linear programming
methods. Elements of this approach have recurred fre-
quently in dual and primal—dual algorithms.

[14.1] Alway , G. G. (1962). A triangularization
method for computations in linear programming. Naval
Res. Logist. Quart. 9 163—180.

[14.2] Beale, E. M. L. (1955). Cycling in the dual
simplex algorithm. Same J. 2 269—275.

[14.3] Gass, S., and T. Saaty (1955). The compu-
tational algorithm for the parametric objective func-
tion. Same_J. 2 39—45.

[14.4] Graves, G. W. (1965). A complete constructive
algorithm for the general mixed linear programming prob-
lem. Same J. 12 1—34.

[14.5] Greenberg, H. (1969). A note on a modified
primal—dual algorithm to speed convergence in solving
linear programs . Same_J. 16 271—273.

[14 .6] Hadley , C. F.,  and N. A. Simonnard (1959).
A simplified two—phase technique for the simplex method.
Same J. 6 221—226.

[14.7] Harris, N. Y. (1970). A mutual primal—dual
linear progrRnmdng algorithm. Same J. 17 199—206 .

[14.8] Hartman, J. K., and L. S. Lasdon (19 70). A

generalized upper bounding method for doubly coupled
linear programs. Same J. 17 411—429.

[14.9] Jacobs, W. (1957). Loss of accuracy in aim—
plex computations . Same J. 4 89—94.

[14 .10] Kelley , 3. E. ,  Jr. (1957). A threshold method
for linear programming . Same J. 4 35—45 .

[14.11] Lemke , C. E. (1954) . The dual method of
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so’5-ving the linear programming problem. Same J. 1
36—47.

[14.12] Marshall, K. T., and J. W. Suurballe (1969).
A note on cycling in the simplex method. Same J. 16
121—137.

[14.13] Nenthauser, G. L. (1964). Decomposition of
linear programs by dynamic programming. Same 3. ~~
191—195.

[14.14] Thompson, P. M. (1957). Editing large linear
programming matrices. Same J. 4 97—100.

[14.15] Wagner, H. M. (1958). The dual simplex algo-
rithm for bounded variables. Same J. 5 257—261.

Theory of Games. Military research and applications
have been a major force in the development of the theory
of games, subsequent to J. von Neumann and 0. Morgen—
stern’s foundation of game theory in 1944. A number of
articles dealing with game theory have app2ared in the
Quarter1.~~ The diversity of the articles listed below
is a small indication of the wide scope of possible
application of the theory of games. Articles in the
Quarterly have dealt with formulation and characteriza-
tion of specific problems, game theoretic approaches to
classes of problems, development and extension of the
theory of games, and solution procedures. Examples of
current relevance are Blackwell’s [14.20] and L. S.
Shapley ’s [14.47]. The theory of vector payoff games is
still being developed and the concepts of these earlier
articles retain relevance.

(14.l~] Agnew, R. A., and R. B. Hempley (1971).
FinLe statistical games and linear programming. Naval
Sea. Logist. Quart. 18 99—102.

14.17J Beale, E. M. L., and C. P. N. Heselden (1962).
~ .ppr xiaation method of solving Blotto games. Same

• ~a5— 79 .
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[14.18] Blackett, D. W. (1954). Some Blotto games.
Same J. 1 55—60.

[14.191 Blackett, D. W. (1958). Pure strategy solu-
tions of Blotto games. Same J. 5 107—109.

[14.20] Blackwell, D. (1954). On multi—component
attrition games. Same J. 1 210—216.

[14.21] Braithwaite, R. B. (1959). A terminating
iterative algorithm for solving certain games and
related sets of linear equations. Same J. 6 63—74.

[14.22] Charnes, A., and R. G. Schroeder (1967).
On some stochastic tactical antisubmarine games.
Same J. 14 291—311.

[14.23] thattopadhyay , R. (1969). Differential game
theoretic analysis of a problem of warfare. Same J.
16 435—441.

[14.24] Cohen, N. D. (1966). An attack—defense game
with matrix strategies. Same J. 13 391—402.

[14.25] Danskin, J. M. (1954). Fictitious play for
continuous games. Same J. 1 313—320.

[14.26] Danskin, 3. M. (1964). A game over spaces of
probability distributions. Same J. 11 157—189.

[14.27] Davis, M., and M. Maschler (1965). The kernel
of a cooperative game. Same J. 12 223—259.

[14.28] Eisenman, R. L. (1966). Alliance games of
n—persons. Same 3. 13 403—411.

[14.29] Griesmer, J. H., R. E. Levitan, and M. Shubik
(1967). Toward a study of bidding processes, part IV;
games with unknown costs. Same 3. 14 415—433.

[14 .30] Grlesmer , 3. H . ,  and M. Shubik (l963a). Toward
a study of bidding processes: some constant—sum games.
Same 3. 10 11—21.
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[14.31] Griesmer, 3. H., and M. Shubik (l963b).
Toward a study of bidding processes , part II: games
with capacity limitations. Same 3. 10 151—173.

[14.32] Griesiner, J. H., and M. Shubik (1963c).
Toward a study of bidding processes , part III: some
special models. Same 3. 10 199—217.

[14.33] Hale, J. K., and H. H. Wicke (1957). An
application of game theory to special weapons evalua-
tion. Same J. 4 347—356.

— [14.34] Hershkowitz, M. (1964). A computational note
on von Neumann ’s algorithm for determining optimal
strategy. Same J. 11 75—78.

[14.35] Isbell, 3. R., and W. H. Marlow (1956).
Attrition games. Same J. 3 71—94.

[14.36] Marchi, E. (1967). Simple stability of gen-
eral n—person games. Same J. 14 163—171.

[14.37] Naschler, M. (1966). A price leadership
method for solving the inspector ’s non—constant—sum
game. same J. 13 11—33.

[14.38] Maschler, M. (1967). The inspector’s non—
constant—sum game: its dependence on a system of
detectors. Same 3. 14 275—290.

114.39] Moglewer, S., and C. Payne (1970). A game
theory approach to logistics allocation. Same J. ~j
87—97.

[14.40] Mond, B. (1964). On the direct sum and tensor
product of matrix games. Same J. 11 205—215 .

[14.41] Morrill, 3. E. (1966). One—person games of
economic survival. Same J. 13 49—69 .

[14.42] Owen, C. (1971). Politic~al games. Same J.
18 345—355.

[14.43] Peleg, B. (1965a). Utility functions of money 
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for clear games. Same J. 12 57—63.

[14.44] Peleg, B. (1965b). An inductive method for
constructing minimal balanced collections of finite
sets. Same J. 12 155—162.

[14.45] Pruitt, W. E. (1961). A class of dynamic
games. Same J. 8 55—78.

[14.46] Sakaguchi, N. (1962). Pure strategy solutions
to Blotto games in closed auction bidding. Same J. 9
253—263.

[14.47] Shapley , L. S. (1959). Equilibrium points in
games with vector payoffs. Same J. 6 57—61.

[14.48] Shapley, L. S. (1967). On balanced sets and
cores. Same J. 14 453—460.

[14.49] Shubik, N., and C. L. Thompson (1959). Games
of economic survival. Same J. 6 111—123.

[14.50] Sweat, C. W. (1968). Adaptive competitive
decision in repeated play of a matrix game with uncer-
tain entries. Same J. 15 425—448.

[14.51] Thompson, S. P., and A. J. Ziffer (1959).
The watchdog and the burglar. Same J. 6 165—172.

[14.52] Thrall, R. M . ,  and W. F. Lucas (1963).
n—person games in partition function form. Same 3. 10
281—298.

[14.53) Verhulst, N. (1956). The concept of a mission.
Same 3. 3 45—57.

[14.54] von Neumann, J. (1954). A numerical method
- - to determine optimal a(rategy . Same 3. 1 109—115.

(14.55] Yasuda, Y. (1970). A note on the core of a
cooperative game without side payment. Same 3. 17
143—149 .

- 
- 
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game—theoretic implications. Same J. 4 131—138.

Transportation and Assignment Problems. Transportation
problems were among the first linear programs studied :
for example , Kantorovi ch in 1939 , Hitchcock in 1941,
and Kooprnans in 1947. The classical Hitchcock—Koopinans
transportation (or distribution) problem, and the
assignment prob lem , are characterized by a special
structure but there are many other possible transporta-
tion problems . Specialized algorithms for the distri-
bution and assignment problems were developed at an
early date, using special structure to advantage for
greater efficiency and the ability to handle larger
problems than general codes. Examples are Kuhn’s
[14.72], Charnes and W. W. Cooper’s “stepping stone”
method of 1954 , and C. B. Dantzig’s “row—column sum”
method of 1951. Articles in the Quarterly have dealt
with algorithms for the distribution and assignment

- problems, extensions of these problems, and formulation
of other problems of tra~isportation. An article of
importance here is Ford ind Fulkerson’s [14.61]. Here
they extended their network flow algorithm to the impor—
tant case of the distribution problem where routes have
limited capacities. Ford—Fulkerson methods, which
rigorized Boldyreff’s heuristic “method of flooding, ”
have been a standard approach in distribution and net-
work problems.

[14.57] Beale, E. M. L. (1959). An algorithm for
solving the transportation problem when the shipping
cost over each route is convex. Naval Rea. Logist.
Quart. 6 43—56.

[14.58] Bellmore, M., W. D. Eklof, and G. L. Nem—
hauser (1969). A decomposable transshipment algorithm
for a multi—period transportation problem. Same J.
16 517—524.

[14.59] Brigga, F. E. A. (1962). Solution of the
Hitchcock prob lem with one single row capacity con-
straint per row by the Ford—Fulkerson method. Same J.
9 107—120.

[14.60] Charnes, A., F. Glover , and D. Klingman (1971) .
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The lower bounded and partial upper bounded distribu-
tion model. Same J. 18 277—281.

[14.61] Ford, L. R., Jr., and D. R. Fulkerson (1957).
A primal dual algorithm for the capacitated Hitchcock
problem. Same J. 4 47—54.

(14.62] Gaddum , 3. W ., A. 3. Hoffman , and D. Sokolow—
sky (1954). On the solution of the caterer problem.
Same J. 1 223—229.

[14.63] Galler, B. A., and P. S. Dwyer (1957) .
Translating the method of reduced matrices to machines.
Same 3. 4 55—71.

[14.64] Garfinkel, R. S., and M. R. Rao (1971). The
bottleneck transportation problem. Same J. 18 465—
472.

[14.65] Gassner, B. 3. (1964). Cycling in the Trans-
portation problem. Same J. 11 43—58.

[14.66] Clicksman, S., L. Johnson, and L. Eselson
(1960). Coding the transportation problem. Same J.
7 169—183.

[14.67] Hammer, P. L. (1969). Time minimizing trans-
portation problems. Same 3. 16 345—357.

[14.68] Hammer, P. L. (1971). Communication on “the
bottleneck transportation problem” and “some remarks
on the time transportation problem.” Same J. ~~
487—490 .

(14.69] Hoffman, A. 3., and H. N. Narkowitz (1963).
A note on shortest path , assignment, and transportation

• - problems. Same J. 10 375—379.

(14.70] Holladay, J. (1964) . Some transportation
problems and techniques for solving them. Same 3. fl
15—42.

j (14.71] Jacobs, W. (1954). The caterer problem.
Same 3. 1 154—165.
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[14.72] Kuhn, H. W. (1955). The Hungarian method for
the assignment problem. Same 3. 2 83—97.

[14.73] Kuhn, H. W. (1956). Variants of the
Hungarian method for assignment problems. Same J.
3 253—258.

[14.74] Lagemann, J. 3. (1967). A method for solving
the transportation problem. Same 3. ~~ 89—99.

[14.75] Prager, W. (1957). Numerical solution of the
generalized transportation problem. Same 3. 4 253—
261.

[14.76] Rigby, F. D. (1962). An analog and derived
algorithm for the dual transportation problem. Same J.
9 81—96.

[14.77] Simonnard , N. A., and C. F. Hadley (1959).
Maximum number of iterations in the transportation prob-
lem. Same J. 6 125—129 .

[14.78] Szwarc, W. (1971). The transportation paradox.
Same 3. 18 185—202.

[14.79] Szwarc, W. (1971). Some remarks on the time
transportation problem. Same 3. ~~ 473—485.

Integer Programming. An important special case of
mathematical programming requires that elements , or all ,
of the solution be integer valued. Many problems to be
modeled require allocation of indivisible units , such
as men , ships , or aircraf t, or include decision vari-
ables that can be represented as (0 ,1) integer vari-
ables . Although dis t ribu.tion and assignment prob lems
in integers produce integer solutions , this situation
does not hold for more general cases. As it is known
that continuous approximations to discrete problems
can be distinctly suboptimal, exact integer solutions
become of interest. R. E. Goniory ’s cutting plane algo-
rithm and solution of the integer programming problem
of 1958 was a major development in the theory of
integer linear programming and most subsequent work
springs from this development. Some examples will be 
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found below. Articles in the Quarterly have dealt with
alternative cutting plane approaches, solution charac-
terization, and the central question of finite conver-
gence. An example is Gomory and Hoffman’s [14.82]
which characterizes Dantzig cuts and shows the process
not to converge in the general case. Bowman and Nem—
hauser in [14 .80] show that Charnes and Cooper ’s modi-
fied cuts do give convergence.

[14.80] Bowman , V. J . ,  Jr. , and C. L. Nemhauser
(1970). A finiteness proof for modified Dantzig cuts
in integer programming. Naval Res. Logist. Quart.
17 309—313.

[14.81] Dantzig, C. B. (1959). Note on solving
linear programs in integers. Same J. 6 75—76.

[14.82] Gomory, R. E . ,  and A. J. Hoffman (1963). On
the convergence of an integer progrannning process.
Same J. 10 121—123.

[14.83] Robillard, P. (1971). (0,1) hyperbolic
programming problems. Same J. 18 47—57.

[14.84] Salkin, H. M., and P. Breining (1971). Inte—
ger points on the Gomory fractional cut (hyperpiane).
Same J. 18 491—496.

Economics. Problems of economics have been closely
associated with the development of mathematical pro-
gramming. Linear programming economic models and eco—
nomic interpretations in mathematical programming were
developed early in the history of linear programming.
Leontief’s development of input—output models of inter—
industry economics (1936) was an important related fac-
tor that served as one of the spurs to the development
of linear programming. Input—output models were sub-
sequently fused with mathematical programming models
to produce powerful econometric models.

Art icles in the Quarteri,y have dealt with Leontief
models , linear and goal programming applicat ions in
economics , and characterization and extension of von
Neumann ’s economic equilibrium model. The von Neumann
model of 1937 is of current interest for its treatment
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of an expanding, rather than static, economy and its
provision of growth index possibly superior to GNP (see
Norgenstern and Thompson [14.90]). Another important
article was Gale’s [14.88], which established a class
of examples for which the competitive equilibrium is
not globally stable. -

[14.85] Enzer, II., S. D. Berry, and J. I. Martin, Jr.
(1968). Economic impact and the notion of compensated
procurement. Naval Res. Logist. Quart. 15 63—79.

(14.861 Enzer, H., and D. C. Dellinger (1968). On
some economic concepts of multiple incentive contract—
ing. Same 3. 15 477—489.

[14.87] Frisch , 11. (1969). Consumption, the rate of
interest and the rate of growth in the von Neumann
model. Same J. 16 459—484.

[14.88] Gale, D. (1963). A note on global instability
of competitive equilibrium. Same J. 10 81—87.

[14.89] Manne, A. S. (1960). Conm~ents on “inter—
industry economics” by Chenery and Clark. Same 3. 7
385-389 .

[14.90] Norgenstern, 0., and G. L. Thompson (1969).
An open expand ing economy model. Same 3. 16 443—457.

[14.91] Quandt , R.. E. (1958) . Probabilistic errors in
the Leontief system. Same J. 5 155—170.

[ [14.92] Quandt, R. E. (1959). On the solution of
probabilistic Leontief systems. Same 3. 6 295—305.

[14.93] Spivey, W. A., and H. Tamura (1970). Goal
programming in econometrics. Same 3. 17 183—192. - •

[14.94] Wong, Y. K. (1954)-. An elementary treatment
of an input—output system. Same .J. 1 321—326.

[14.953 Wurtele, Z. S. (1961). A note on pyramid
building. Same J. 8 377—379 .
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Quadratic and Quadratic Assignment Problems. Quadratic
prograimning , optimization of a second degree objective
function subject to linear constraints, was a natural
extension of linear programming. The quadratic objec-
tive function is attractive as a second—order approxi-
mation of more general functions and has a physical
basis in terms of euclidean distance, area, power, and
so on. Specialized algorithms were developed for this
case because of its importance and relative accessibil-
ity. Articles in the Quarterly have dealt with algo-
rithms and solution approaches to this prob lem and the
special case of the quadratic assignment problem. An
important early algorithm was given by N. Frank and P.
Wolfe in [14.97]. Their algorithm solves a linear pro-
gram at each iteration to determine step size along the
gradient from the current point, relying for successful
implementation upon efficient LP codes. Because of slow
or nonconvergence numerically sometimes, other algo-
rithms by Beale, van de Panne, Whinston, and others ,
have come to the fore.

[14.96] Beale, E. M. L. (1959). On quadratic program-
ming. Naval Res. Logist. Quart. 6 227—243.

[14.97] Frank, M., and P. Wolfe (1956). An algorithm
for quadratic programming. Same J. 3 95-110.

[14.981 Gaschutz, G. K., and J. H. Ahrens (1968).
Suboptimal algorithms for the quadratic assignment
problem. Same 3. 15 49—62.

[14.99] Greenberg, H. (1969). A quadratic assignment
problem without column constraints. Same J. 16 417—
421.

[14.100] Hildreth, C, (1957). A quadratic programming
procedu re. Same J. 4 79—85 .

[14.101] Markowitz, H. (1956). The optimization of a
quadratic function subject to linear constraints.
Same J. 3 111—133.

(14.102] Pierce, J. F., and W. B. Crowston. (1971). Tree—
search algorithms for quadratic assignment problems.
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Same 3. 18 1—36 .

[14.103] van de Panne, C., and A. Whinston (1964).
Simplicial methods for quadratic programming. Same J.
11 273—302.

[14.104] Whinston, A. (1965). The bounded variable
problem——an application of the dual method for quadra-
tic programming. Same J. 12 173—180.

Probabilistic Programmin.~~ The problems we have been
been examining can be called deterministic in that
parameters are assumed to be known constants. In many
situations parameters are either not known precisely or
are subject to variation as, for example, fu ture demand
for goods or services. There have been several ap-
proaches developed to deal with these problems. Among
these are G. B. Dantzig’s “linear programming under
uncertainty” of 1955 and A. Charnes, W. W. Cooper, and
C. H. Symond’s “chance constrained programming” of 1954.
Examples of both approaches will be found in the arti-
cles listed below. One article of importance here is
Charnes and Cooper’s [14 .107] which further developed
the theory of chance constrained programming in the con-
text of investigating forward planning problems for
time—phased transport requirements.

[14.105] Baron, D. P. (1971). Information in two—
stage programming under uncertainty . Naval Res. Logist.
Quart. 18 169—176.

[14 .106 ] Bracken , J., and R. M. Soland (1966). Sta-
tistical decision analysis of stochastic linear pro-
gramming problems. Same 3. 13 205—225.

[14.107] Charnes, A., and W. W. Cooper (1960). Some
problems and models for time—phased transport require-
ments, chance constrained programs with normal deviates
and linear decision rules. Same J. 7 533—544.

[14 .108] Midler , 3. L. ,  and R. D. Wollmer (1969).
Stochastic programming models for scheduling airlift
operations. Same J. 16 315—330.
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[14.109] Yechiali, U. (1971). A note on a stochastic
production-maximizing transportation problem. Same J.
18 429—431.

Mathematical Programming Results. The quarterly has
served as a forum for a variety of articles describing
theoretical results in mathematical programming.
Topics have included constraint qualif ication , duality,
and equivalent formulations in nonlinear and convex
programming , semi—infinite programming , linear fraction-
al programming , linear programming equivalences , and
dynamic programming . A major article is Karlin ’s
[14.125] but, the work referenced below of Arrow,
Hurwicz and Uz awa, Bellman , Charnes and Cooper , and
Shapley indicate the great scope and variety included.

[14.110 ] Arrow , K. 3., L. Rurwicz , and H. Uzawa (1961).
Constraint qualifications in maximization problems.
Naval Res. Logis t. Quart. 8 175—191.

[14.111] Bellman, R. (1956). Notes on the theory of
dynamic programming IV——maximization over discrete sets.
Same J. 3 67—70.

[14.112] Bellman, R. (1960) . Functional equations and
successive approximations in linear and nonlinear pro-
gramming. Same J. 7 63—83 .

(14.113] Charnes, A., and W. W. Cooper (1958) . Non-
linear network flows and convex progrmnm~ng over
incidence matrices . Same J. 5 231—240.

(14.114] tham es , A., and W. W. Cooper (1962). Pro-
gramming with linear fractional functionals . Same J.
9 181—186.

[14.115] Charnes , A. ,  and W. W. Cooper (1968).
Structural sensitivity analysis in linear programming —

and an exact product form left inverse. Same J. j~517—522 .

[14.116 ] Chamnes , A., W . W. Cooper , and K. 0. Kortanek
(1969). On the theory of genii—infinite programming and
a generalization of the Kuhn—Tucker saddle point theorem
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for arbitrary convex functions. Same J. 16 41—51.

[14.117] Chamnes, A., W. W. Cooper, and M. Miller
(1961). Dyadic programs and subdual methods. Same J.
8 1—23.

[14.118] Chamnes, A., and C. E. Lenike (1954). Mini-
mization of non—linear separable convex functionals.
Same 3. 1 301—312.

[14.119] D’Esopo , D. A. (1959). A convex programming
procedure. Same J. 6 33—42.

[14.120] Ericson, W. A. (1968). On the minimization
of a certain convex function arising in applied decision
theory. Same J. 15 33—48.

[14.121] Evans, 3. P. (1970). On constraint qualifica-
tions in nonlinear programming. Same 3. 17 281—286.

[14.122] Gale, D. (1956). The basic theorems of real
linear equations, inequalities, linear programming and
game theory. Same 3. 3 193—200.

[14.123] Hoffman, A. 3. (1963). On abstract dual
linear programs. Same J. 10 369—373.

[14.124] Joksch, H. C. (1964). Programming with frac-
tional linear objective functions. Same 3. U 197—
204.

[14.125] Karlin , S. (1955). The structure of dynami c
programming models. Same 3. 2 285—294.

[14 .126 1 Karush , W. (1959). A theorem in convex pro—
grRtmn1ng. Same J. 6 245—260.

(14.1271 Malik, H. 3. (1968). A note on generalized
inverses . Same 3. 15 605—612 .

[14.128] Mangasarian, 0. L. (1963). Equivalence in
nonlinear programming . Same 3. 10 299—306 .

[14 .129 ] Martos , B. (Translated by A. and V. Whinstou)

~

. —~~~~~~~~~~~~~ ~~- 5- - - - -5- — .5 --  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

5-55.5.5.5.5~ ~~~~~~~~~~~~ •_~_ . ~__—_ - — — --5 —



Chapter Fourteen 372

(1964). Hyperbolic programming. Same J. 11 135—155.

[14.130] Randolph, P. H., and G. E. Swinson (1969).
The discrete max—mm problem. Same J. 16 309—314.

[14.131] Ritter, K. (Translated by N. Meyer) (1967).
A method for solving nonlinear maximum problems depend—
ing on parameters. Same j . 14 147—162.

[14.132] Saaty, T. L. (1968). On nonlinear optimiza-
tion in integers. Same j. 15 1—22.

— [14.133] Shapley, L. S. (1962). Complements and sub—
stitutes in the optimal assignment problem. Same 3.
9 45—48.

[14.134] Taylor , R. 3., and S. P. Thompson (1958).
On a certain problem in linear programming. Same J.
5 171—187.

[14.135] Whinston, A. (1965). Conjugate functions and
dual programs. Same 3. 12 3~.3—322.

[14.136] Zionts, S. (1968). Programming with linear
fractional functionals. Same J. 15 449—452.

[14.137] Zwart, P. B. (1970). Nonlinear programming——
the choice of direction by gradient projection . Same 3.
17 431—438.

Fixed Charge Problems. Fixed charge problems are char-
acterized by a fixed cost that is incurred any time an
activity is operated at a nonzero level, in addition to
variable costs. Minimum plant investments and set—up
charges are examples of this situation. Articles in the
Quarterly have dealt with formulations of the fixed
charge and f ixed charge transportation problems , and
with algorithms for exact and approximate solutions.
Hirsch and Dantzig ’s [14.143] is a publication of a 1954
Rand Corpora tion paper that was among the f irst treat-
ments of this problem and is of historical interest.

[14.138] Almogy, Y., and 0. Levin (1971). The frac-
tional fixed charge problem. Naval Res. Logist. Quart.
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18 307—315.

[14.139] Balinski, 14. L. (1961). Fixed cost transpor-
tation problems. Same J. 8 41—54.

[14.140] Cooper, L., and C. Drebes (1967). An approx-
imate solution method for the fixed charge problem.
S ame J. 14 101—113.

[14.141] Denzler, D. R. (1969). An approximate algo-
rithm for the fixed charge problem. Same J. 16 411—
416.

[14.142] Dwyer, P. S. (1966). Use of completely re-
duced matrices in solving transportation prob lems with
fixed charges. Same J. 13 289—313.

[14.143] Hirsch , ~.1. H .,  and C. B. Dantzig (1968).
The fixed charge problem. Same J. ~~ 413—424.

[14.144] Kuhn, H. W., and W. J. Baumol (1962). An
approxiniative algorithm for the fixed—charges trans-
portation problem. Same J. 9 1—15.

(14.145] Steinberg, D. I. (1970). The fixed charge
problem. Same J. 17 217—235 .

Sequencing and Scheduling Problems. Sequencing and
scheduling have been important areas of logistics
research. These cover a wide range of practical prob—
lems , from scheduling of individual machines, to
production scheduling, to project management. Articles
in the Quarterly indicate a part of this range and

• diversity . These articles have dealt with prob lem for-
mulation and extensions , solution approaches , and algo—

• rithms, and have included several reviews of the litera-
ture. Solution approaches here include the use of linear
programing , probab ilistic progrATwm~ng, network methods ,
graph theory , dynamic programming, critical path methods,
and simulation. The first major paper was S. 14. John-
son ’s [14.162], which presented the original results on

• mult i—stage job shop scheduling. The Bartlett—Charnes
[14 .1481 cyclic scheduling results are still un ique and
in use in the railroads .
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[14.146] Arthanari, T. S., and A. C. Nukhopadhyay
(1971). A note on a paper by W. Szwarc. Naval Res.
Logist. Quart. 18 135—138.

[14.1471 Balas, E. (1970). Machine sequencing:
disjunctive graphs and degree—constrained subgraphs.
Same J. .17 1—10 .

[14.148] Bartlett, T. E., and A. Charnes (1957).
Cyclic scheduling and combinational topology : assign-
ment and routing of motive power to meet scheduling and
maintenance requirements ; Part II , generalization and
analysis. Same J. 4 2O7—~20.

[14.149] Bratley, P., M. Florian , and P. Robillard
(1971). Scheduling with earliest start and due date
constraints . Same j .  18 511—519 .

[14.150) Burt, J. N , Jr., D. P. Gayer, and N. Perlas
(1970) . Simple stochastic networks : some problems and
procedures. Same J. 17 439—459.

[14.151] Buzacott , J. A. ,  and S. K. Dutta (1971).
Sequencing many jobs on a multi—purpose facility.
Same J. 18 75—82.

[14 .152 ] Cremeans , J. E , R. A. Smith, and G. R. Tyndall
(1970) . Optimal multicommodity network flows with
resource allocation. Same J. 17 269—279 .

[14.153] Day , J. E .,  and N. P. Hot tenstein (1970) .
Review of sequencing research. Same J. 11 11—39 .

[14.154] Elmaghraby, S. E. (1968a). The sequencing of
“related” jobs. Same J. 15 23—32.

[14.155] E].maghraby , S. E. (1968b). The machine sequenc-
ing problem——review and extensions. Same J. ~~ 205—
232.

[14.156] Evans, J. P., and F. J. Gould (1971). Appli-
cation of the GLM technique to a production planning
problem. Same J. ~~ 59—74.

‘I.
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[14.157] Giffler, B. (1963). Scheduling general
production systems using schedule algebra. Same J.
10 2 37—255.

[14.158] Giffle r , B. (1968) . Schedule algebra: a
progress report . Same J. 15 255—280 .

[14.159 ] Gleaves, V. B. (1957) . Cyclic scheduling and
combinational topology : assignment and routing of
motive power to meet scheduling and maintenance require-
ments ; Part I, a statement of the operation problem of
the Frisco Railroad. Same J. 4 203—205.

[14.160] Mu , Te Chiang , and W. Prager (1959) . Network
analysis of production smoothing. Same J. 6 17—23.

[14.161] Jackson, J. R. (1956). An extension of
Johnson’s results on job lot scheduling . Same J. 3
201—204.

[14.162] Johnson, S. N. (1954) . Optimal two and three
stage production schedules with setup times included.
Same J. 1 61—68.

[14.163] Klein, M. (1957) . Some production planning
problems. Same J. 4 269—286.

[14.164) Kortanek, K. 0., D. Sodaro, and A. L. Soyster
(1968). Multi—product production scheduling via ax—
t reme point properties of linear progrniMm1ng. Same J.
15 287—300 .

[14.165) Levy , F. K. ,  G. L. Thompson , and J. D. Wiest
(1962). Multiehip, multishop, workload—smoothing
program. Same J. 9 37—44 .

(14.166 ] Maxwell , W. L. (1964) . The scheduling of
economic lot sizes . Same J. 11 89—124 .

(14.167) O’Neill , R. R. ,  and 3. K. Weinetock (1954) .
The cargo handling system. Sai~e 3. 1 282—288.

(14 .168] Smith , W. E. (1956) . Various optimizers for
singl. stage production . Same 3. 3 59—66 .
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[14 .169] Spinner , A. II. (1968). Sequencing theory——
development to date . Same J. 15 319—330 .

[14 .170] Srinivas an , V. (1971). A hybrid algorithm
for the one machine sequencing problem to minimize
total tardiness. Same J. 18 317—327.

[14.171] Szwarc, W. (1968). On some sequencing prob—
lems . Same J. 15 127—156.

[14.172] Szwarc, W. (1971). Elimination methods in
the m x n sequencing problem. Same J. 18 295—305.

— 

1 [14.173] Thompson, C. L. (1960). Recent developments
in the job—shop scheduling problem. Same J. 7 585—
589.

(14.174 ] Thompson, G. L. (1968). CPM and DCPM under
risk. Same J. 15 233—240 .

d

[14.175] von Lanzenauer, C. H. (1970) . Production and
employment scheduling in multistage production systems .
Same J. 17 193—198.

[14.176 ] Wagner, U. N. (1959) . An integer programming
model for machine scheduling . Same J. 6 131—140.

Mathematical Programming Applications. There have been
a number of articles published in the Quarterly des-
cribing applications of mathematical progr~mntfng models
to problems in logistics, view~ad in its most general
sense. Some of these will be found below. Categories
of application have included, among others, the follow-
ing where we omit the chapter prefixes 14. from the
citations.

Aircraft procurement , deployment , operations , and
rework (188, 189 , 190 , 198 , 200 , 203, 207 , 229 ,
232)

The Naval t anker routing problem (178 , 185, 195 ,
217)

Commercial and military shipping requirements and
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allocation (199 , 212 , 219)

The Naval electronics problem (222 , 233 , 235)

Transportation allocation and scheduling models
(186, 193, 225, 227, 230, 234, 236)

Manpower planning (205, 216, 221, 228)

Bid evaluation (179 , 204 , 240)

Other financial and economic problems (184, 196,
209 , 211, 231, 238, 239)

Supply system and resource allocation prob lems
(177 , 187 , 206 , 208 , 213, 215)

Location problems (192, 197, 220, 223, 241)

A typical article of interest is Laderman , Gleiberman ,
and Egan ’s [14.219) which describes the use of a linear
programming model to schedule a heterogeneous fleet for
a season’s shipping requirements on the Great Lakes .
Experience with this model in actual use is discussed.
Bartlett’s [14.178] is of pathbreaking originality.

(14.177] Allen , S. G. (1958). Redistribu tion of total
stock over several user locations . Naval Bee. Logist.
Quart. 5 337—345.

[14.178] Bartlett, T. E. (1957). An algorithm for the
minimum number of transport units to maintain a fixed
schedule . Same J. 4 139—149 .

[14.179 ] Beged—Dov , A. G. (1970). Contract award
analysis by mathematical programming . Same J. 17
297—307.

[14.180] Bellman, R. (1954a). On some applications of
the theory of dynamic programming. Same 3. 1 141—

- : :.
~~

- -
~ 

153.

(14.181] Bellman , R. ( ].954b) . Decision making in the
face of uncertainty——I. Same 3. 1 230—232.
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[14.182] Bellman , R. (1954c). Decision making in the
face of uncertainty——fl. Same J. 1 327—332.

[14.183] Bellman , R. (1957) . Form’..tlation of recurrence
equations for shuttle process and assembly line. Same
J. 4 321— 334.

[14.184] Bellman , R.,  and S. Dreyfus (1958) . A bottle-
neck situation involving interdependent industries.
Same J. 5 307—314.

[14.185] Belimore, M. (1968). A maximum utility solu-
tion to a vehicle constrained tanker scheduling problem.
Same J. 15 403—412 .

[14.186] Bennington, C., and S. Lubore (1970) .
Resource allocation for transportation. Same J. ~~
471—484.

[14.187] Blitz, M. (1963). Optimum allocation of a
spares budget . Same J. 10 175—191.

[14.188] Bracken , J., and P. R. Burnham (1968) . A
linear programming model for minimum—cost procurement
and operation of Marine Corps training aircraft. Same
3. 15 81—97.

[14.189] Bracken, 3., and J. D. Longhill (1964) .
Note on a model for minimizing cost of aerial tankers
support of a practice bomber mission. Same J. 11
359—364 .

(14 • 190] Bracken , 3., and K. W • Simmons (1966) .
Minimizing reductions in readiness caused by t ime—
phased decreases in aircraft overhaul and repair activ—
ities . Same J. 13 159—165.

[14.191) Bracken , 3 , and T. C. Varley (1963) . A
model for determining protection levels for equipment
classes within a set of aubsyst.aa . Same 3. 10 257—
262.

(14.192] Breuer , N. A. (1966) . The formulation of some
allocation and connection problems as integer programs .
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Same 3. 13 83—95.

[14.193] Charnes , A.,  and N. H. Miller (1957).
Mathematical programming and evaluation of freight
shipment systems, part Il——analysis. Same 3. •~~
243—252.

[14.194] Cheney, L. K. (1957). Linear program plan-
ning of refinery operations. Same J. 4 9—16.

[14.195] Dantzig, C. B., and D. R. Fulkerson (1954).
Minimizing the number of t ankers to meet a fixed ached—— ule . Same 3. 1 217—222 .

—

[14.196] Daubin, S. C. (1958). The allocation of
development funds : an analytic approach . Same J.
5 263—2 76 .

[14.197] Davis, P. S., and T. L. Ray (1969) . A branch—
bound algorithm for the capacitated facilities location
problem. Same 3. 16 331—344 .

[14.198] Dellinger , D. C. (1971) . An application of
linear prograimr’1ng to contingency planning : a tactical
airlift systems analysis . Same 3. 18 357—378.

[14.199 ] D’Esopo , D. A.,  and B. Lefkowitz (1964) . Note
on an integer linear programming model for determining
a minimum embarkation fleet . Same J. 11 79—82 .

[14.200 ] Donis , J. N . ,  and S. N. Pollock (1967) .
Allocation of resources to randomly occurring oppor—
tunities. Same 3. 1’- 513—527. -;

[14.201) Evans , G. W. (1958) . A transportation and
production model. Same 3. 5 137—154 .

(14.202] Virs tman , S. I. (1960). An approximation
algorithm for an optimum aim-points algorithm. Same 3.
7 151—167.

(14.203] Fitzpatrick , C. R. ,  3. Bracken , N. 3. O’Brien ,
L. C. Wentling, and J. C. Whiton (1967). Progrmmu4ng
the procurement of airlift and sealift forces : a linear

— ~~~~~~~~~~ ~~~ - -~~——-—~~~ -——-~ - — — ~~~~~~~~~~~~~~~



Chapter Fourteen 380

programming model for analysis of the least—cost mix
of strategi . deployment systems. Same J. 14 241—255.

[14.204] Gainen, L., D. P. Honig, and E. D. Stanley
(1954). Linear programming in bid evaluation. Same
J. 1 49—54.

[14.205] Gaas, S. I. (1957). On the distribution of
manhours to meet scheduled requirements. Same J. 4
17—25.

[14.206] Gilbert, J. C. (1964). A method of resource
allocation using demand preference. Same S. 11 217—

4 225.

[14.207] Gross, D., and R. N. Soland (1969). A branch
and bound algorithm for allocation problems in which
constraint coefficients depend upon decision variables.
Same J. 16 157—174.

[14.2081 Hadley, G., and T. N. Whitin (1961). A model
for procurement, allocation , and redistribution for low
demand Items . Same J. 8 395—414.

[14.209] Hitchcock, D. F., and 3. B. MacQueen (1970).
On computing the expected discounted return in a Markov
chain. Same J. 17 237—241.

[14.210] Houston, B. F., and B. A. Huffman (1971). A
technique which combines modified pattern search methods
with composite designs and polynomial constraints to
solve constrained optimization problems. Same J. j

~91—98.

[14.211] Howard, G. T., and G. L. Nemhauser (1968).
Optimal capacity expansion. S~~e J. 15 535—550.

(14.212] Hunt, R. B., and E. F ~~sholdt (1960).
Determining merchant shipping requirements in integrated
military planning. Same 3. 7 545—575.

[14.213] Jewell, W. S. (1957). Warehousing and distri-
bution of a seasonal product. Same J. 4 29—34 . 
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[14.214 ] Karlin, S., W. E. Pruitt, and W. C. Madow
(1963). On choosing combinations of weapons. Same J.
10 95—119.

[14.215] Karreman, H. F. (1960). Programming the
supply of a strategic material——part I, a nonstoch astic
model. Same 5. 7 261—279.

[14.216] Karush, W •,  and A . Vazsonyi (1957). Mathe-
matical programming and employment scheduling. Same 3.
4 297—320.

[14.217] Kelley, 3. E. (1955). A dynamic transporta-
tion model. Same J. 2 175—180.

[14.218] Kolesar, P. 5. (1967). Linear programming
and the reliability of multicamponent systems. Same J.
14 317—327.

[14.219] Laderman, J., L. Gleiberman, and J. F. Egan
(1966). Vessel allocation by linear programming.
Same J. 13 315—320.

[14.220] Love, R. F. (1969). Locating facilities in
three—dimensional space by convex programming. Same J.
16 503—516.

[14.221] McCloakey, J. F., and F. Hanssmann (1957).
An analysis of stewardess requirements and scheduling
for a major airline. Same 3. 4 183—191.

[14.222] McShar’’, B. E., and Henry Solomon (1958).
Letter concerning Naval electronics problem. Same J.
5 363—367.

(14.223] Nair, K. P. K., and R. Chandrasekaran (1971).
Optimal location of a single service center of certain
types. Same J. 18 503—510.

[14.224] Noble, S. B. (1960). Some flow models of
production constraints. Same 3. 7 401—419.

[14.225] O’Neill, R. R. (1960). Scheduling of cargo
containers. Same J. 7 577—584. 
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[14.226] Pollack, N. (1958). Some studies on shuttle
and assembly—line processes. Same J. 5 125—136.

[14.227] Pruzan, P. N., and 3. T. R. Jackson (1967).
The many—product cargo loading problem. Same 3. 14
381—390.

[14.228] Rau, S. G. (1971). A model for manpower
productivity during organization growth. Same J. 18
543—559.

[14.229] Rice, E. W., 3. Bracken, and A. W. Pennington
(1971). Allocation of carrier—based attack aircraft
using non—linear programming. Same 3. 18 379—393.

[14.230] Saposnik, R., A. R. Lindeman, and V. L. Smith
(1959). Allocation of a resource to alternative
probabilistic demands: transport—equipment pool assign-
ments. Same 3. 6 193—207.

[14.231] Schemer, F. N. (1966). Time—cost tradeoffs
in uncertain empirical research projects. Same J.
13 71—82.

[14.232] Schwartz, A. N., J. A. Sheler, and C. R.
Cooper (1971). Dynamic progrinnmfng approach to the
optimization of naval aircraft rework and replacement
policies. Same J. 18 395—414.

[14.233] Smith, 3. W. (1956). A plan to allocate and
procure electronic sets by the use of linear program—
ming techniques and analytical methods of assigning
v ues to qualitative factors. Same J. 3 151—162.

[14.234] Soyster, H. R. (1957). Mathematical program-
ming and evaluations of freight shipment systems, part
I——applications. Same 3. ~ 237—242.

[14.235] Suzuki, G. (1957). Procurement and allocation
of naval, electronic equipments. Same J. 4 1—7 .

[14.236] Szwarc, V. (1967). The truck assignment prob—
lem. Same 3. 14 529—557.
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[14.2371 Vergin , R. C. (1968). Optimal renewal poli-
cies for complex systems. Same J. 15 523—534.

[14.238] Wagner , H. N. (1960). A postscript to “dy-
namic problems in the theory of the firm .” Same J.
7 7—12.

[14.239 ] Wagner, H. M., and T. N. Whitin (1958).
Dynamic problems in the theory of the firm . Same J.
5 53—74.

[14.240] Waggener, H. A., and C. Suzuki (1967). Bid
evaluation for procurement of aviation fuel at DFSC: a
case history. Same J. 14 115—129.

• [14.241] Wesolowsky, G. 0., and R. F. Love (1971).
Location of facilities with rectangular distances among
point and area destinations. Same 5. 18 83—90 .

[14.242 ] Whiton, 5. C. (1967). Some constraints on
shipping in linear programming models. Same 5. 14
257—260.

Network Theory. Network theory has important applica—
tions in logistics. Transportation and transshipment
problems are but two examples of cases where network
models and techniques have been used to advantage. The
Ford—Fulkerson network flow approach to distribution
problems was previously noted . Articles in the Quar—
terly include treatments of the convex cost minimum
flow network prob lem, interdiction and isolation prob-
lems with military interpretations, and network flow
functions. One important early article in this field
was Dantzig and Fulkerson ’s [14.244]. Shapley’s
incisive [14.252] is also included below.

[14.243] Belimore, M., C. Bennington, and S. Lubore
(1970). A network isolation algorithm. Naval Has.
Logiat. Quart. 17 461—469.

[14.244] Dantzig, G. B., and D. R. Fulkerson (1955).
Computation of maximal flows in networks. Same 3. 2
277—283.
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[14.245] Ghare, P. H., D. C. Montgomery, and W. C.
Turner (1971). Optimal interdiction policy for a flow
network. Same J. 18 37—45.

[14.246] Clover, F. (1967). MaxImum matching in a
convex bipartite graph. Same J. 14 313—316.

[14.247] Hu, T. C. (1966). Minimum—cost flows in
convex—cost networks. Same J. 13 1—9.

[14.2481 Jarvis, 5. J. (1969). On the equivalence
between the node—arc and arc—chain formulations for the

— multi—commodity maximal flow problem. Same J. 16
525—529.

[14.249] Lubore, S. H., H. D. Ratliff, and G. T.
Sicilia (1971). Determining the most vital link in a
flow network. Same J. 18 497—502.

[14 .250] McMasters , A. W., and T. M. Mustin (1970).
Optimal interdiction of a supply network. Same J.
17 261—268.

[14.251] Menon, V. V. (1965). The minimal cost flow
problem with convex costs. Same J. 12 163—172.

[14.252] Shapley, L. S. (1961). On network flow func-
tions. Same 5. 8 151—158.

[14.253] Woilmer, R. D. (1970). Interception in a
network. Same J. 17 207—216.

Search and Surveillance Problems. There have been
several articles in the Quarterly dealing with problems
of search and surveillance. Some of those articles
that employed extremal principles are listed below.
One example is Derman and Klein ’s [14.256] where linear
programming is used to find the optimal sequence of
inspections.

[14.2541 Blachman, N. N. (1959). Prolegomena to
optimum discrete search procedures. Naval Res.
~~giat. Quart. 6 273—281.
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[14.255] Derman, C. (1961). On minimax surveillance
schedules. Same J. 8 415—419.

[14.256] Berman , C.,  and M. Klein (1966). Surveillance
of multi—component systems: a stochastic travelling
salesman ’s problem. Same J. 13 103—111.

[14.257] Bobbie, J. M. (1963). Search theory: a
sequential approach. Same J. 10 323—334 .

[14.258] Enslow, P. H. (1966). A bibliography of
search theory and reconnaissance theory literature.

— Same J. 13 177—202.

[14.259] Isbell, J. R. (1957). An optimal search
pattern. Same J. 4 357—359.

[14.260] Roeloffs, R. (1963). Minimax surveillance
schedules with partial information. Same J. 10
307—322.

[14.261] Roeloffs, H. (1967). Minimax surveillance
schedules for replaceable units. Same J. ,~~~~~, 461—471.

[14.2621 Smith, M. W., and S. E. Walsh (1971). Opti-
mum sequential search with discrete locations and
random acceptance ratios. Same J. ,~~~~~ 159—167.

Miscellaneous. Included below is a selection of arti-
cles from the Quarterly related to a variety of logis—
tical or mathematical issues not elsewhere classified.

An article of interest is O’Neill’s [14.275] which
presents an analysis of cyclic linked cargo handling

• systems and demonstrates use of simulation techniques
in the solution of several examples.

[14.263] Antoaiewicz, H. A. (1955). Analytic study of
war games. Naval Has. Logist. Quart. 2 181—208.

[14.264] Aumann, R. 3., and 5. B. Kruskal (1958). The
coefficients in an allocation problem. Same J. 5
111—123.

(14.265] Aumann , H. 5., sud S. B. Kruskal (1959).
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• Assigning quantitative values to qualitative factors in
the Naval electronics problem. Same J. 6 1—16.

(14.266] Brandenburg, R. C., and A. C. Stedry (1966).
Toward a multi-stage information conversion model of
the research and development process. Same 3. 13
129—146.

(14.267] D’Esopo, D. A., H. L. Dixon, and B. Lefkowitz
(1960). A model for simulating an air—transportation
system. Same J. 7 213—220.

— [14.268] Flood, N. N. (1958). Operations research and
logistics. Same 5. 5 323—335.

[14.269] Gourary, M. H. (1958). A simple rule for the
consolidation of allowance lists. Same J. 5 1—15.

[14.2701 Harary, F., and N. Richardson (1959). A
matrix algorithm for solutions and r—bases of a finite
irreflexive relation. Same J. 6 307—314.

[14.271] Hershkowitz, H., and S. B. Noble (1965).
Finding the inverse and connections of a type oi large
sparse matrix. Same J. 12 119—132.

[14.2723 Isaacs, R. (1955). The problem of aiming and
evasion. Same J. 2 47—67.

• [14.273] Jackson, 3. R. (1957). Simulation research on
- • • . • job shop production. Same J. 4 287—295.

• (14.274] Mellon, V. G. (1958). A selected , descriptive
bibliography of references on priority systems and
related , nonprice allocators . Same 5. 5 17—27.

(14.275] O’Neill, H. R. (1957). Analysis and Monte
Carlo simulation of cargo handling. Same 3. ~
223—236 .

• (14.2761 Pfanzagl, J. (1959). A general theory of
• measurement—applications to utility . Same 3. ~~~, 283—

294.
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[14.277) Salveson, M. E. (1961). Principles of
dynamic weapon systems programming. Same .~~~~ 8 79—

• 110.

[14.278] Wortham, A. W., and E. B. Wilson (1971). A
backward recursive technique for optimal sequential

• sampling plans. Same 3. 18 203—213.
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Chapter 15

RECENT ThEORETICAL AND COMPUTATIONAL RESULTS
FOR TRANSPORTATION AND RELATED PROBLEMS*

Gerald L. Thompson
Carnegie—Mellon University

15.1 Introduction
Although it was probably the first linear programming
problem to be stated formally, and in many ways is one
of the simplest such problems, research on the theory
and computation of transportation problems continues to
be active. It is the purpose of this chapter to discuss
these and analogous developments for two closely related
problems——the generalized transportation and time
transportation (bottleneck) problems. In Section 15.2
we discuss the operator theory of parametric program-
ming for the transportation problem which was recently
developed by V. Srinivasan and the author. The dual
matrix is defined and managerial interpretations given.
Rim and cost operators are defined and their use in
solving a variety of applications briefly discussed.
In Section 15.3 we carry out an analogous discussion
due to V. Balachandran and the author of the operator
theory of parametric programing for the generalized
transportation problem. In this case the idea of basic
solution is more complicated and a new operator , the
weight operator, is developed. Some applications are
also included. The algorithms of Szwarc and Hammer for
solving the time (bottleneck) transportation problem
are briefly discussed in Section 15.4, together with
some applications. In Section 15.5 we present some of
the moat recent computational results with the primal
transportation codes and the Szwarc time transportation
code. A brief discussion is also made of computational
results of one of the dual methods . Finally in Section
15.6 we give some recommendations for future studies on

*This chapter was prepared as part of the activities of
the Management Sciences Research Group , Carnegie— Mellon
University , under Contract N00014—67—A09314—0007 NR
047—048 with the Office of Naval Research .
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I the comparison of algorithmic efficiencies.

15.2 Operator Theory of Parametric Programming for
Transportation Problems
We summarize briefly here some of the results obtained

1 by V. Srinivasan and the author [15.27]. The standard
transportation prob lem for distributing a homogeneous
good from m warehouses to n markets is given by

m n
minimize ~ ~ c14 x~4 (15.1)

i—l j—1

n
s.t. ~ x~4 = ai (15.2)

i—i .1

U

~ x~ 4 = b4 (15.3)
i—l

x
ij~~. O

where

• 
X
jj 

= amount shipped from warehouse W~ to market

C
jj 

unit cost of shipping from W~ to M~

a~ amount stored in W~

• 

• 

•; 
- 

b~ amount demanded in
~

I Frequently the additional condition

• • 

~ a~ ~ b 4 (15.4)
• i’l j 1 ‘

ii also imposed We shall not assume here that (15 4)

~~~~~~~~~~~~~~~~~~~~~~~~ ___*f _ - 
~~~~~~ 
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holds . Instead we add an additional row and column to
the problem with the cost definitions

$
~~~~~ — 0 for I —
cm,.13 

— 0 for 3 l,...,n

c -M -;urfl,n+l

where M is a large number. We also make the rim
conditions be

If lai > lb~ then am,1 — 0 and b +1 Ia1 
— lb3

If Iaj  < ~b
3 

then am,1 lb3 — lai and b +1 — 0

so that the analogue to (15.4) always holds for the
larger problem. We also will assume that the following
pert urbation of coefficients has been made:

a a i + €  for i — 1 ,...,nr+1

b~+l - b~~1 + (m4-l) c

where ~ satisfies 0 < c < l/(m+l) . It is well —
known (15.8 , .10, .14] that this transformation makes
the problem be nondegenerate.

The enlarged transportation problem now is

m+l n+1
minimize ~ } c~ 4 x 14 (15.5)

i—l i— i

n+l
- 

• s.t. I a~ for i — 1,...,m+1 (15.6)
• i— i J

m4~1I — b~ for 3 — ].,...,n+l (15.7)
i—i -‘ J

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .—.~~ — -—--- r r —.—.- •
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> 0  for I — 1,...,m+1 and 3 — 1,...,

n+1 . (15.8)

For a nondegenerate problem a basic optimal solution
has m + n + 1 positive x~3

’s ; all the rest are 0
The cells in the basis form a tree. The dual to the

• p roblem in (15.5) — (15.8) is

m+l n+1
maximize I u1a~ + I v

3
b
3 

(15.9)
i—l 3— 1

s.t. U
j + V

3 
c~3 

for i — 1,...,m4l

3 
— l,...,n+1 (15.10)

where u~ and v
3 

are unconstrained variables . It is
easy to show [15.14] that there is a one—parameter
f amily of solutions to the dual prob lem. That is , if
we fix any one of the u1 or v

3 
variables then all

others are uniquely determined (for nondegenerative
problems) .

Because of the non—uniqueness of the dual variable
solut ions the standard parametric programming techniques
of linear programming are not directly applicable.
However , Srinivasan and the author showed in [15.25 3
that by defining the dual matrix (which is unique) with

— u1 + v
3 

for i — 1,...,&1 ,

3 — L ,...,n+l (15.11)

a much richer and more detailed kind of parametric
analysis was possible. What we showed was that , instead
of having jus t the m + n + 2 dual variables and

and v
3 

of the problem in (15.9) and (15.10) , it is
possible to interpret each of the (i*].) (n+l) numbers

in (15.11) as “dual evaluators” entirely similar
to ordinary dual variables • Some of these result. ar e

• - --————— .~.— -. --—.——— - — .- -
~
- — - 
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summarized in Figure 15.1. (The complete results
appear in [15.25] p. 250.) In Figure 15.1(a) the
(nrI1)x(n+l) dual matrix is shown divided into four
areas by dotted lines. Also a special row k which
is a row in which a basis cell of the optimum solution
occurs in column n + 1 , and a special column L
which is a column in which a basis cell of the optimum
solution occurs in row in + i . If we then define rim
operators which replace a1 by a~ + 6 or ai 

— iS

and b
3 

by b
3 
+ 6 or b

3 
— 6 , and alter the primal

and dual solutions accordingly to maintain optimality,
— we see that we can predict ‘-he effect on the optimum

shipping cost by using the entries of Figure 15.1(b) .
Note that the prediction depends on whether Eai is

= , or > Zb
3 
. Also there is a definite range

over which the prediction holds true , as in ordinary
parametric analysis for linear progranmting. The details
of ranging are given in [15.25].

A specific 3 x 3 numerical example is shown in
Figure 15.2(a), together with its optimal primal and
dual solution. The dual matrix for the problem appears
in Figure 15.2(b) and various predictions as to changes
in optimal shipping cost as the result of changes in
rims appear in Figure 15.3. Note that predictions of
the effects of changes in just  an a1 or a b

3 
are

given by d~3 
entries in column n + 1 or row in + 1

while predictions of the effects of changes in both an
and a b

3 
are given by d~3 

entries in the in x n
mat rix in the upper left—han d corner of Figure 15.2(b).
In part icular , note the fourth row of Figure 15.3
where by adding 1 to a3 and 1 to b2 we can ship
one more ton while !! ~~~in the total shipping cost by
2 . This is the so—called transportation paradox which
occurs when rim changes permit “shipping more for less. ”
Note that the dual matrix permits a complete prediction
and explanation of the “paradox .”

One of the most interesting nuithers in the dual.
matrix is d which can be shown to be the “down—m+1,n+l
ward marginal cos t” or the “cost of the most expensive
unit shipped. ” It can be shown to satisfy

- • ~~~~~~~~~~~~~~~ - —-~~ • - — 
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9

‘ u s  d1,~ j d1~~.,. 1

d21 d22 ... d~~ d2~~~1

k —.—~~ I
dm1 dm2 ••• dmn dmn+i

— a a a a — — — — — — — — — — — — — — _ •
dm+i i  dm +12 • s 5  dm+i n I dm +ln +i

• (a)

changes in 2a4~~b. 2a. 2b. ~ a.C2b.
data ‘ I I I

— a1 ±. 6

±d.. +d..
b — b 1 ±.6 U ‘1

4 — a i +6 d1~~~1 d. 5~~1 d~9

I~~~~I ~ ~~i,n+1 .
~~9

b1~~
b,+6 dk, dm+i j  dm+ i j

~~kj ~~m+ 1J

(b)

FIgure 15.1 - Dual matrix and dual variable predictors for data changes.
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v 1 =O v2 = -3 v3 =O

u1 3 ®30 2 ®20 ai =50

u2 8 10 ®60 ®1O 82 =70

u3 1 @20 • 3 10 83 =20

b1=50 b2 =60 b3 =30

(a)

I

3 0 3 I -.~~

k—P 8 5 8 1 0

1 -  ..2 1 I - i. — — — — — — — — — —1~ — — —
- 

0 —3 0

• (b)
~1~~~

F~~~. 16.2 - A num.~cal exam~ e
y .- •~~• . ~~~~~

- ~~ ~
•
~ -~~ •~~~-

-
~
•—-— 

--.— .-. _
~~~
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Total Cost Change
a changes changes Prediction

a1 =51 -- -5

-- b2=61 -3

82 h1 b1 — 5 1 +8

a3=21 b2 — 61 —2

a2 =69 b1 —49 —8

Figure 15.3 - Predictions f chang es in optimal shipping costs.

dm,.1~~+1 — —d~~ and its effect is illustrated in rows
3 and 5 of Figure 1~.3.

Besides rim operators , Reference [15.25] discusses

L 

cost operators which simult aneously change costs c~3
• and alter the primal and dual solutions to maintain

optimality . Predictions for the effects of such changes
are given by the corresponding x~3

’s. For both rim

and cost operators , Reference [15.25] provides a cam—
• plete discussion of the following.

(a) The maximum extent of the data change permitted
while retaining the same optimal basis——these
are basis preserving operators.

(b) The necessary basis changes to permit further
data changes——these are g~p~al operators.

(c) The extension of both rim and cost operators to
permit several rims or several costs to be
changed simult aneously——these are area operators.

____________________________________________________________________________________________________
.-. - --- -~ , :-~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ — — -—
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Space does not permit fuller discussion of these but
an interested reader may consult [15.25].

Our purposa in developing the operator theory of
parametric programming was not to carry out a mere
technical exercise but to provide a tool for the
solution of other problems. As a by—product we also
found that operator theory gives new algorithms f or the
solution of the transportation problem! We discuss
several of the applications of operator theory that
have so far been made.

(A) Optimal Growth Paths. In 115.26] V. Srinivasan
and the author studied the ~~ç~th path of a transpor-
tation system, that is, the way “that the total cost,
supplies and demands at origins and des tinations, and
the pattern of optimal shipments change when the total
volume handled in the system increases subject to lower
bounds on each origin’s supply and each destination’s
demand.” The kinds of questions that one might answer
by solving this problem are: (1) How best to expand
production facilities located at different places;
(2) How to react to a growing market; (3) When to
open or close factories or warehouses to react to a
changing market. The technique employed in [15.26] for
the solution of the problem was first to derive a
modified problem having an extra row and column and then
to apply a rim operator that simultaneously reduces the
rim amounts on these new rows and columns. By applying
this special rim operator using the algorithm described
there we were able to trace out the optimal growth path
as additional resources were invested in the problem.
More details , including a numerical example, are given
in [15.26].

(B)~~ 
Assijni~g Uses to Sources. Consider a transporta-

tion problem with the added requirements that every
market (use) must be supplied from a single warehouse
(source). Such problems arise (1) in the scheduling
of jobs to a group of identical computers where the
added condition is that a job should be completely done
on a single machine and (2) in the assignment of super—
visory tasks to managers where the added condition is
that a manager should either be assigned complete res—
ponsibility or no responsibility for any given super— 

•—- • . —  
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visory task. From a technical point of view, what
this means is that we want the lowest cost feasible
solution that has exactly one basis cell in each column
except the last. In [15.27] V. Srinivasan and the
author describe a branch and bound method for solving
this problem that makes use of cost operators to
drive cells into and out of the basis as required during
the course of the branch and bound search. Thus, to
drive a cell into the basis it is only necessary to
apply a cost operator to drive it to a very small value
(say — M ) and to drive a cell out of the basis we apply
another cost operator to make it very large (say N ).
Usually , only a few primal pivots are necessary to do
either of these, so the work of applying the operator
is much less than solving the transportation problem
from scratch. Further details are given in [15 27].
The algorithm has been generalized by V. Balachandran
[15.1]. His generalization is briefly discussed in
Section 15.5.

(Cj Solving SchedulinR Problems. In [15.30] V.
Srinivasan and the author made use of cost operators
to aid in the branch and bound solution of two schedul-
ing problems, the traveling salesman problem, and the
decision critical path problem. In the case of the
traveling salesman problem, we used a modification of
the subtour elimination method in which we use the dual
matrix to obtain at low computational cost weak lower
bounds for decision nodes , and then used cost operators
to drive cells into or out of the basis as search pro-
ceeded up and down the search tree. A similar approach
was used in solving the decision critical path problem.

(D) Cash Management. In [15.23] V. Srinivasan dis-
cusses a very interesting application of transportation
prob lems to solve the cash management problem of a firm
that has cash payments and securities coming due jil
each of several future months, a possible line of credit
f rom a b ank, and certain needs for cash in each of these
months. His work was a reformulation of that of Y.

Orgier [15.22]. The problem is to determine what is
the optimum schedule of liquidating the securities,
perhaps before their due date, in order to meet the cash
needs . Also , if there is surplus cash, how should it 

. - - .- — -_a_..-. — • - s.-—- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - r— -, - ~~~~~~~ - -•
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be invested in securities to meet debts arising still
fur ther in the future? Again , the dual matrix and
operator theory are useful in solving the problem. In
fact, in his numerical example he used a negative rim
operator to determine the optimal balance to keep in
the bank.

(E) Choosing Modes of Transportation. There are
several applications in which we have a transportation
problem with more than one objective function. For
instance , in many real transportation problems a ship-
per may want to minimize the time as well as the cost
of shipping goods. These usually are contradictory
objectives so that it is not possible to achieve both
simultaneously. Instead, it is perhaps best to follow
the suggestion of Geoff non [15.15] and trace out a
Pareto optimal surface in the time—cost space. In
[15.31] V. Srinivasan and the author solved the problem
of choosing different modes of transportation (rail ,
truck, airplanes) to try to minimize total costs and
average shipment times. We used operator theory to
trace out the Pareto optimal surface in time—cost space.

(F) Cost Operator Algorithm. The operators previously
discussed permit the derivation of new algorithms for
sol~ing transportation and assignment problems. One
of these is the cost operator algorithm which V.
Srinivasan and the author described in detail in [15.32].
In this algorithm we first find the minimum entry in
each row and subtract that amount from each row entry;
then we find the minimum entry in each column and sub-
tract that amount from each column entry. This gives
an equivalent problem with at least one 0 cost in each
row and column . Next we find a primal feasible starting
solution by any convenient method. If all the basis
cells of this starting solution have 0 Cost, then it
is optimal. If not, let A be the subset of basis
cells having positive cost. We change the costs c

fcr (i ,j) € A to c~j 
— 0 and now the solution is

optimal for the altered problem. We now apply cost
operators to drive the costs for (i,j) c A back to
their original values. In [15 .32] we prove that this
algorithm converges, even for a primal degenerate

- - - ~~~~~~~~~~ • • - - • __________________________
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-: problem. We also compare computational times with this -;

code with our 1971 primal code and find that the cost
operator algorithm takes about 3—4 times longer than
the primal method for tranap ~rtation problems and
1.5 — 2 times longer for ass .gnman t problems. In
[15.32 ] we also derive theoretical bounds on the number
of pivot steps needed and show that these bounds are
consid~rab ly stronger than the corresponding bounds
derived by Ford and Fulkerson [15.11] for their dual
maximum flow method.

* 15.3 Operator Theory of Parametric Programming for the
Generalized Transportation Problem
In a series of papers [15.4, .5, .6 , .7] V. Balachandran
and the author have extended the operator theory of
parametric programming to the generalized transportation
problem. We found that most of the same results hold
t rue in the generalized case , and in addition some new
results can be obtained. We briefly survey some of

4 these results and then discuss applications of the
model.

In order to define the model we use the familia r
machine loading problem for its interpretation. Sup—
pose we have m machine types i 1,...,m and n
product types j — 1,. .. ,n. We define the following.

— the amount of product type j  to be produced
on machine type i

C
jj 

— the unit cost of such production

— the production time required by machine I
‘ to produce one unit of product j

a1 — the total time available for machine I

b~ — the number of units of j  needed

We want to make the required production at minimum
total Cost • Hence , we have the following generalized

• transportation problem.

-
- 

•
~~

-
~
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m n
minimize ~ ~ c~4x~4

i—l i—i ~ J

s.t. ejjxjj ~ . ai (15.12)

~ x1 — b
i—i j

xij~~.
O

Note that the only difference from the ordinary trans-
portation problem (15.1) — (15.3) is constraint
(15.12) which has the ejj coefficients and a
sign. However, this change makes the problem consid—
erably more difficult to solve.

As in the previous case, we add another row and
column by def ining the following

cjn÷l 
— 0 and e1,~+1 — 1 for i — l,...,nrfl

(15.13)
Cm+l j 

= M and e~~1j  — 1 for j l,...,n

where N is a large number. We also define

a~~1 = M

Thus , the last column acts as a slack column and there
is no constraint on the x4 , variables. The last

- 
• £ ,fl+.i.

row permits an easy starting solution to be found and
because of (15.13) optimality requirements will drive

-
• 

- 
-

- Xm.~l ~ 
— 0 for j — 1,...,n , if possible.

The new problem is defined by

mfl n+l
maximize ! } 

c~~x~i.l j+1 ~

- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- .
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n+1
s.t. 

~ 
eijxjj 

= a~
3—1

m+l

~ x1~~= b
i—i

xij > O

For a nondegenerate problem a basic optimal solution
will have m + n + 2 positive x13 ‘s and the rest
are 0 . However , the topology of the solution is more
complicated than in the previous case. In the present
case it is a forest (union) of 1—trees where we define
a 1—tree to be a tree with one additional edge.

The dual problem is

mi-i n
maximize 

~ 
u1b~ + ~ v1b4 (15.14)

i—i 3=1 ~~~~~~

s.t. u1e13 
+ Vj .~~. c13 

for i l,...,m+1

and j i,...,n (15.15)

In this case the solution for the dual variables is
unique. In addition, it can easily be proved that
u~ < 0 at the optimum. If cjj ~ 0 and e

i3 ~~. 0 it

can also be proved that V

3 
> 0 at the optimum.

The dual matrix for the optimum solution is defined
to have —

d~3 
— e

i3
uj + v3 

for I — 1,...,ni+l and 3 — l ,...,n

As in the previous case if we define rim operators that
replace a~ by a~ + epq ô and bq by bq + 6 we
can show (see [15.4 , .7]) that dpq predicts, over a
certain range , the change in total cos t of the optimal

— — --  
~~— . ~~~~
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solution to the changed problem. Note again that
instead of the m + n + 1 dual variable evaluators
that one would normally expect from the dual problem
(15.14) — (15.15) we find (urFl)n such evaluators,
each with a range and rules for proceeding from opt imum
basis and primal and dual solution to the next as the
operator is applied for larger and larger 16 1  . There
Is also the possibility of a “production paradox”
similar to the “transportation paradox” of the ordinary
problem. In [15.5, .7] we describe how cost operators
can be applied to the problem with results similar to
those in the ordinary transportation problem case.

— Finally , in [15.6, .7] we describe a new type of opera-
tor, the weight operator, that can be applied to a gen—
eralized transportation problem with its opt imal solu-
tion and drive it to another such problem that differs
only in its weights from the previous problem. All of
these operators permit the solution of problems that do
not directly fi t the generalized transportation frame-
work. We proceed to discuss some of the applications
so far made.

fA) Uses to Sources for the Generalized Problem. In
[15.1] V. Balachandran generalized the results of
[15.27] to apply to the generalized transportation prob-
lem. He used as a specific example the problem of
optimal job assignment in a computer network. In this
case the e~3 

coefficients measure how much time the

ith computer needs to work on job 3 and it is possible
in this model to have the efficiency of various com-
puters in the network to be different for a given job.

(B) Stochastic Generalized Transportation Problem. In
(15.23 V. Balachandran utilized operator theory for the
solution of a generalized transportation problem in
which t1’~e demands , the b

3 ’s , vary stochastically . He
first derived the Kuhn—Tucker conditions for the prob—
lem and then showed with successive applications of
area rim operators how these conditions could be satis-
fied. His work is a generalization of that of Garstka
(15.13] for the ordinary transportation problem who
suggested resolving the problem at each iteration

~~~~~~~~ ~~~~~~~~~~~~~ 
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(C~ A Cash Management Example. In (15.23] V.
• Sn inivasan mentioned that a more realistic version of

the cash management example could be obtained by using
a generalized transportation model. Specifically , if
a bill due in period 1 is paid with cash from period
1 , it has an e factor of 1.02 because of a 2% dis-
count for cash . However , if the bill from period 1
is paid (late) with cash from period 2 , its e fac-
tor is 0.98 because of a penalty for late payment.
Figure 15.4 shows a simple two—period example with
sources of cash being cash coming in and securities
coming due, and needs being cash payments coming due
and accounts payable. It is assumed there is a 2%

I ¶ discount for cash , and that cash can be invested for 1
period at a 1% return. The securities have various

-• returns indicated by the e~3 
factors in the upper

left—hand corner of each cell. The costs are the
negatives of the profit realized from the transaction
in the cell. The positive x

13
t s are shown In the

upper right—hand corner of basis cells and the objective
function is the negative of the profit. Since we
minimize negative profits, this is the same as maxi-
mizing profits. The objective value is —3.916 so that
the rate of return is 3.916/87 = 0.045 on cash and
securities per period. The optimum dual matrix is
shown in Figure 15.5. From the last column we see that
more cash in period 2 is of no value but is worth
0.0097 per $ in period 1. Also, additional securities

• in period 1 are worth 0.146 per $ and 0.138 per $ in
period 2. Note also that if we can increase cash inflow
in period 1 from 30 to 31.01 and cash payments in
period 2 from 22 to 23 we can increase profits by 0.0098.
On the other hand , if we can increase cash income in
period 2 from 35 to 36 and increase cash payments in
period 1 from 15 to 16 we will decrease profits by
0.0097. Many other interpretations of dual evaluators
can be deduced from this dual matrix.

15.4 The Time (Bottleneck) Transportation Problem
The time transportation problem , somet imes also called
the bottleneck problem, differs from an ordinary
transportation problem only in its objective function.
Using the same notation as in Section 15.2 it can be

— 
—
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C.ih Du. Account, Pay.til.
-

~~~~~ r

1 2 1 2 ___________

6.379 23 0.156 iJ
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Figuro 15.4 - A cash msnagsm~nt .xampl. whsrs tM optimum valus is —3.916.
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0 -0.0098 -0.02 -0.03 -0.0097

0.0097 0 -0.01 -0.02 0

-0.16 -0.171 -0.182 -0.194 —0.146

-0.145 -0.16 .0.168 -0.183 .0.138

-0.0097 0 -0.01 -0.02 0

I ;

Figure 15.5 - Optimum dual matrix for cash management example.

stated as

minimize maximum c~ (15.16)
x
13
>0

s.t. 
~ 

x~3 
= ai

3—1

x1 - b
i—i

X

where we also assume Eai — Lb
3 
. Several solution

procedures have been proposed by Szwarc (15.34],
Haim~er [15.17 , .18] , and Garfinkel and Rao (15.12].
V. Srinivaa an and the author are preparing a comparison
of these methods (15.33]. Specifically , we find a
close affinity to operator theory of the methods of
Swarc and Haniner. We have prograimned these Szwarc
methods as well as the cost operator method of our own

~~~~~~~~~~~ 
.
~~~~~~~--~-~~~~~~
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for the problem. Some computational experience with
Szwar c’s method is given in the next section.

Although the time transportation problem has only
rarely been applied in practice, it seems to the author
that it is a very attractive model for applications ,
especially in cases where adding together costs from
different cells is not necessarily meaningful as in
Example (B) below. In any case the existence of fast
computer codes may encourage its application in the
future. We conclude with two examples of such appli-
cations.

— (A) Shipping Perishable Goods to Market. One of the
earliest suggested applications of the time transpor-
tation problem is that of shipping perishable goods
from warehouses to markets, where C

13 
is the time

to send the goods from W1 
to M

3 
. Then the quantity

maximum c
x >0
ii

measures the longest in—transit time of any shipment.
Clearly, the objective function (15.16) means that we
want to find a shipping pattern whose longest transit
time is minimal.

(B) Personnel Assignment Problem. In [15.9] Charnes,
Cooper , Niehaus and Stedry proposed several different
problem formulations to take into account the multiple
objectives that organizations may consider in assigning
men to jobs. In (15.28] V. Srinivasan and the author
showed that their reformulation for static multi—
attribute models which used the Chebyshev metric could
be reformulated as a bottleneck assignment problem.
The bottleneck assignment problem is a square time
transportation problem in which all a1 

— b
3 

— 1 . We

will illustrate this in terms of a simple example .
We use the notation of (15.9, .28] by defining

x
1• 

amount of job I assigned to individual s

ru — amount of jth attribute required by job i

- - -----—- . -. —•.- ~~~,-- - .~• 
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a54 
= amount of j th  attribute possessed by

‘ individual s
/

Then if we define

c~ — maximum r~3 
— a

3 f for all I and s (15.17)

we can formulate the bottleneck personnel problem as

minimize maximum c (15.18)
x > O  is
is

s.t. ~ x1 — 1 for all s (15.19)
i

— 1 for all i (15.20)

x19 1 0 for all i and s (15.21)

Then, because the bottleneck transportation or assign-
ment problem always has integer solutions if the origi—

— nal rim data are in integers, we also know that the
solution will satisfy x~8 

= 0 or 1 as well.

Note that the definition in (15.17) of the objective
function coefficients indicates that c measures theis
maximum deviation above or below ~he goal of any attri-
bute a when a given individual s is to be assigned
to job i • Then the solution of (15.18) — (15.21)
yields an assignment of men to jobs so that the overall
maximum deviation from the goal of any assignment of a
man to a job is minimi~.ed. This means that every assign-
ment of a man to a job is no worse than the optimum
bottleneck value.

-
- 

- A specific example of such an assignment problem
- 

• - having 5 jobs and 5 men is shown in Figure 15.6. The
solution to the problem considered as a bottleneck

- 
- problem is shown in Figure 15.7(a). For comparison, its

solution as an ordinary assignment problem is shown in

1 
-

~~~~ 

- - - -- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~ • — --- - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Men

1 2 3 4 6

1 7 1000 12 6 0 1

2 1000 5 20 1000 1000 1

.~~~ 3 7 1000 1000 11 90 1

4 6 12 13 1000 6 1

5 12 25 0 J
b000 1000 1

1 1 1 1 1

Figure 15.6 - An assignment problem.

I J C(I J) I J CO,J)
1 4 6 1 5 0
2 2 5 2 2 5
3 1 7 3 4 1 1
4 5 6 4 1 6
5 3 _Q 5 3 1

24 22

(a) Bottleneck Solution (b) Assignment Solution
(Bottleneck cost =7) (Largest cost 11)

FIgure 15.7. Two solutions to assignment problem.

— — - ---- - - — — ---- - - 
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Figure 15.7(b). Note that the solution of Figure
15.7(b) has two men perfectly matched while that of
Figure 15.7(a) has only one match. However, the worst
match in Figure 15.7(a) has a penalty cost of 7 com-
pared with the worst penalty of 11 in Figure 15.7(b).
Here is an application for which the bottleneck metric
seems much better suited than the ordinary one.

15.5 Computational. Comparisons of Algorithmic Eff i-
ciency
Since the mid—Fifties when computers became available,
computational tests of various algorithms have been

— made and reported in the literature. Unfortunately ,
most of these reports were given in the form “algorithm
X runs K times faster than algorithm Y. ” Thus , compu-
tational speeds became a matter of forklore to be passed
by wo rd of mouth . In recen t years the standards for
reporting results h ave improved but comparisons are
still made on a given coding of a given algorithm by one
group with a previous coding of a different algorithm
by another group. For instance, here are some of the
published reports of computational comparIsons between
the primal (~~ DI) method and primal—dual (Ford—
Fulkerson) method .

1. In 1963 Ford and Fulkerson [15.11] reported that
the stepping—stone method ~l5.8] takes about
twice as long as their method to solve a trans—
portation problem.

2. In 1972 , Hatch , Naut a , and Pierce [15.19] re-
ported th at their DSAI-MAXFLOW algorithm was
from 2—24 times faster than the Ford—Fulkers on
maximum flow algorithm.

3. In 1973 , Srinivas an and the author reported that
our 1971 primal code solved either transportation
or assignment problems in about the same time as
the Hungarian assignment problem algorithm re—
qui res for the same size assignment problems
only ; see (15.29].

4. In 1974 , Glover , Karney , Klingman , and Napier
reported that their primal code was 2—20 t imes 

- ~~~~~~~~ - ~~~~~~~ ‘—- •- ~~~~~~~~~~~~~~~~~ ‘~~~~~~~~~~~~~~~~~~~~~~ -.‘---— ~~- — —-
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faster than Fulkerson s out—of—kilter dual
method (15.16].

5. In 1974 Srinivasan and the author repor ted
(15.33] that Szwarc’s algori thm for the time
transportation problem runs approximately twice
as fast as their 1971 primal ordinary t ranspor-
tation code in solving problems of the same
size.

With the exception of 3 and 5 above these comparisons
were made between codes written by different people
and run on different machines. However , it is easy to
show that running times depend upon , at least , the
following Lactors.

(a) The mathematical algorithm used and its precise
description

(b) The computer science methods used, such as list
structures, search techniques , and so on

(c) The way test prob lems are generated

(d) The computer language used

(e) The “cleverness” of the progra er

(f )  The compiler used——some compilers execute much
faster than others , even on the same machine

(g) Computing machine used

From this we can conclude that timing tests between
algorithms will probably reach different conclusions
when performed by different groups at different loca-
tions at different times . It is also clear f rom the
timing tests reported above and those soon to be
released , that the sophistication and size of prob lems
that can be solved are both increasing rapidly .

The author can also report his personal experience
that friendly competition and cooperation among groups
attacking the same kinds of problems is highly benefi-
cial. to everyone .
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There are still a number of questions to be answered,
among which are the following.

1. For what kinds of problems is the primal (NODI)
method necessarily better (or worse) than the
primal—dual method?

2. Are there other algorithms (such as [15.32])
that are superior to either of these?

3. For any given algorithm, what is the best way of
organizing the actual code, that is, what are
the best list structures, the best search tech—
niques , best labelling methods, and so on?

4. Are there other experimental results, such as
the minimum cost effect of [15.28], that help
to characterize problem difficulty?

15.6 Conclusions
Research on the mathematical presentation and algorith-
mic implementation of transportation codes has been and
will continue to be intensive. Relative judgments as
to algorithmic efficiencies change as new mathematical
or implementation ideas are developed.

One clear conclus ion is that the old paradigm that a
mathematician develops an algorithm and a progranmer
writes the code must be abandoned. Instead, work on
the problems discussed in this paper clearly shows that
the best codes are developed by intertwining mathe-
matical and algorithm ideas together with experimental
results . The programmers must also be mathematicians
and vice versa.

George B. Dantzig has recently recommended the
development of “centers of computational excellence”
at various places in the country, with each center
taking responsibility for certain algorithm areas. Such
a center should provide the following.

(a) Test problems both of the randomly generated
and “real” varieties

(b) Facilities for testing codes written by other
people

___________________ - ~~~~~~~~~~~~ - .— ~~~~~. .- - - - -. —~~.—---- — - - — 
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(c) Codes for users

These centers would require substantial financial sup-
port since algorithm testing requires many hours of
fast computer time. However, the results reported on
so far already show the potentially large benef its
available from such in—depth studies of computer algo-
rithms. The author heartily endorses and supports the
idea of the establishment of such centers.

References
[15.1] Balachandran, V. (1972). An integer general—

— ized transportation problem for optimal job assignment
in computer networks. Management Science Research
Repor t No. 308, Carnegie—Mellon University, (November).

[15.2] Balachandran, V. (1973). The stochastic gen-
eralized transportation problem——an operator theoretic
approach. Management Science Research Report No. 311,
Carnegie—Mellon University, (February).

(15.3] Balachandran , V.,  and C. L. Thompson (1973).
The four index algorithm for the generalized transpor-
tation problem. Management Science Research Report No.
310, Carnegie-Mellon University, (March).

(15.4] Balachandran, V., and C. L. Thompson (l975a).
An operator theory of parametric programming for the
generalized transportation problem. I. Basic theory .
Naval Res. Logist. Quart. 22 79—100.

[15.5] Balachandran , V.,  and C. L. Thompson (l975b).
An operator theory of parametric programming for the
generalized transportation problem. II. Rim, cost and
bound operators. Naval Res. Logist. Quart. 22 101—
125.

[15.6] Balachandran , V. ,  and C. L. Thompson (1975c).
An operator theory of parametric programming for tha
generalized tranbportatic~n p~ob1em. III. Weight opera—
tors. Naval Res. Logist. Quart. 22 297—315.

[15.7] Balachandran, V. ,  and G. L. Thompson (1975d) .

-. - ~~~~~~~~~~~~~~~~ 
~~~
---—--—

~~~~~~
---- ~

- - -
~~~—.. ~~~~~~~

-.



Thompson 413

An operator theory of parametric programming for the
generalized transportation problem. IV. Global opera-
tors. Naval Res. Logist. Quart. 22 317—339.

[15.8] Charnes, A., and W. W. Cooper (1961). Manage-
ment Models and Industrial Applications of Linear
Progrnmmlng. I and II. Wiley.

(15.91 Charnes , A., W. W. Cooper, R. J. Niehaus, and
A. Stedry (1969) . Static and dynamic assignment models
with multiple objectives and some remarks on organi-
zational design. Man~gement Sc 15 365—375.

[15.10] Dantzig, C. B. (1963) . Linear Programming and
Extensions. Princeton University Press.

[15.11] Ford, L. R., Jr., and D. R. Fulkerson (1962).
Flows in Networks. Princeton University Press .

[15.121 Garfinkel, R. S. ,  and M. R. Rao (1971). The
bottleneck transportation problem. Naval Res. Logist.
Quart. 18 465—472.

[15.13] Caratka , S. J. (1970) . Computation in stochas-
tic programs with recourse. Management Science Research
Report No. 204 , Carnegie—Mellon University, (April).

[15.14] Gayer, D. P., and C. L. Thompson (1973) .
Progriimmlng and Probability Models in Operations
Research. Brooks/Cole.

[15.15 ] Geoffrion , A. M. (1967). Solving bicriterion
mathematical programs. Operations Res. 15 39—54.

[15.16] Clover, F., D. Karney, D. Klingman, and A.
Napier (1974). A computational study on start proce-
dures, basis change criteria, and solution algorithms
for transportation problems. Management Sc 20
793—813.

[15.17] Hammer, P. L. (1969). Time—minimizing trans-
portation problems. Naval Res. Logiat. Quart. 16 

~~~~-.- .-- ~~~~~~~~-. - - :~~~~~~~.



Chapter Fifteen 4~~

345—357.

[15.18] Hammer, P. L. (1971). Communication on “the
bottleneck transportation problem” and some remarks on
“the time transportation prob lem. ” Naval Res. Logist.
Quart. 18 487—490.

~15.19 ] Hatch , R. S . ,  F. Nauta , and M. B. Pierce
(1972). Development of generalized network flow algo-
rithms for solving the personnel assignment problem.
Decision Systems Associates , Inc. (April).

[15.20] Klingman, D., A. Napier, and J. Stutz (1974).
Netgen: a program for generating large scale capaci—
tated assignment , transportation, and minimum cost
flow network problems. Management Sci. 20 814—821.

(15.21] Kuhn, H. W. (1956). The Hungarian method for
the assignment problem. Naval Res. Logist. Quart. 3
253—258.

[15.22] Orgler, Y. (1970). Cash Management: Methods
and Models. Wadsworth.

[15.23] Srinivasan, V. (1974). A transshipment model
for cash management decisions. Management Sci. 20
1350—1363.

(15.24] Srinivasan, V., and C. L. Thompson (1972a).
Accelerated algorithms for labelling and relabelling
of trees , with applications to distribution problems.
J. Assoc. Comput. Mach. 19 712—726.

[15.253 Srinivasan, V., and C. L. Thompson (1972b).
An operator theory of parametric programming for the
transportation problem, Parts I and II. Naval Res.
Logist. Quart. 19 205—252.

(15.26 ] Srin ivasan , V., and G. L. Thompson (1972c).
Determining optimal growth paths in logistics opera-
tions . Naval Res. Logiet. Quart. 19 575—599.

[15.27] Srinivaaan, V., and C. L. Thompson (1973a).
An algorithm for assigning uses to sources in a special

iiiiIiiiTi~ 
~~~ ~~~

‘ 
-, -



_ -

Thompson 
- 415

class of transportation problems . Op~rations Res.
21 284—295.

[15.28] Srinivasan, V., and C. L. Thompson (1973b).
Alternate formulations for static multi—attribute
assignment models. Manager.aent Sd. 20 154—158.

[15.29] Srinivasan, V., and C. L. Thompson (1973c).
Benefit—cost analysis of coding techniques for the
primal transportation algorithm. J. Assoc. Comput.
dach. 20 194—213.

[15.30] Srinivasan, V., and C. L. Thompson (l973d).
Solving scheduling problems by apply ing cost operators
to assignment models. in S. E. Elmaghraby (ed.)
Symposium on the Theory of Scheduling and its Appli—
cations. Lecture Notes in Economics and Mathematical
Systems 86 Springer. 399—425.

[15.31] Srinivasan, V., and C. L. Thompson (l974a).
Determining cost vs. time Pareto—optimal frontiers
in multi—modal transportation problems. Management
Science Research Report No. 292 , Carnegie—Mellon
University , (Revised January) .

[15.32] Srinivasan, V., and C. L. Thompson (l974b).
Cost operator algorithms for the transportation prob-
lem. Management Science Research Report No. 344 ,
Carnegie—Mellon University , (August) .

[15.33] Srinivasan , V.,  and G. L. Thompson (1975).
Algorithms for minimizing total cost , bottleneck time
and bottleneck shipment in transportation problems.
Management Science Research Report No. 353 , Carnegie—
Mellon University, (January).

• [15.34] Szwarc, W. (1971). Some remarks on the time
transportation problem. Naval Res. Logist. Quart.
18 473—485. 

- 
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - 

-V-- ~~ _ -



1~

Chapter 16

A SURVEY OF APPLICATIONS OF INTEGER AND
COMBINATORIAL PROGRAMMING IN LOGISTICS*

Jeremy F. Shapiro
Massachusetts Institute of Technology

16.1 Introduction
There are a number of definitional ground rules to be
established before we enter into our survey. First,
an application is taken to be a study in which concern
over a real—world problem caused the formulation of an
integer or combinatorial programming model, the collec-
tion of data for this model, and the calculation of
numerical solutions using a computer. This is in con-
trast to studies in other social science fields where
mathematical models are used to obtain qualitative
insights without necessarily requiring data and numeri-
cal calculations .

A second ground rule is to agree that we will not
try to define logistics , but rather to consider specif-
ic illustrative applications that most of us would
agree address logistics problems. These applications
are chosen from the functional areas of distribution,
location , scheduling, production/inventory control,
communications and reliability.

Another reason for considering illustrative appli-
cations is that the number of applications is enormous
and a comprehensive survey is not possib le . Our pur—
pose instead is to discuss by example the underlying
principles used in these applications. The principles
are derived from the synergism that exists between
mathematical programming theory as it relates to algo-
rithms, the construction and use of computer systems ,
and the institutional aspects of the applications
themselves.

*The preparation of this chapter was supported in part
by the Army Research Office—Durham under Contract DA
HCO4—70—C—0058 with the Massachusetts Institute of
Technology.
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16.2 Discrete Progr~tming
In mathematical terms , the most general statement of
the class of mathematical programming models we will
discuss is the following. The object is to minimize
the quantity f(x) where the vector x is chosen
from a finite or denumerable set X contained in a
finite dimensional space, say R’2 . The set X may be
given implicitly or defined explicitly by a set of
constraint functions including integrality res trictions
on the variable values. Discrete programming differs
f rom nonlinear programming in that differential meth-
ods cannot be used directly to analyze the objective

— and constraint functions. Moreover, convex combina—
tions of solutions from X may not themselves be
points in X and therefore linear programming approxi-
mations may be inexact .

Within the class of discrete progrRmm{ng problems
there are two overlapping subclasses: integer pro—
granuning and combinatorial programming problems . We
can think of integer programming problems as being of
the form

minimize f1
(x) + f2(y)

s.t. A1
(x) + A2 (y) > b

x > 0 , y > 0 and integer

where usually A2 (y) A2y , that is, the function
A2

(y) is a linear fun ction , and slightly less often
f2(y) f2y . For a system problem such as this one,

one uses integer programming system theory including
number theory and branch and bound (for example,
Geoffrion and Marsten (1972) , Gorry, Northup and
Shapiro (1973)).

By contrast, combinatorial programming problems have
a less explicit mathematical statement. They contain
network optimization problems as substructures including
shortest route , maximal flow, minimum spanning tree and
minimum cost flow prob lems . All of these network opti-
mization problems can be solved by “good” algorithms

— — 
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which means algorithms with a number of steps upper
bounded by a polynomial in the parameters of the prob-
lem (Edmonds (1971) , Karp (1972)). An algorithm is
not “good” if it is possible for the algorithm to re-
quire on some problems a number of steps that grows
exponentially with the parameters of the problem.
“Good” algc--ithms are good in a practical as well as
theoretical sense and network optimization problems of
significant size can often be solved in a matter of a
few seconds on large—scale computers (Clover et al.
(1974)).

There are other relatively simple combinatorial
— 

optimization problems which appear as subprob lems in
applications. These include simple covering and match-
ing problems (Carfinkel and Nemhauser (1972)), discrete
deterministic dynamic programming problems (Wagner
(1969)), and others . Although “good” algorithms may
not exist for these problems , they are often easy to
solve relative to the complex combinatorial program-
ming problems found in practice.

Specifically , the combinatorial programming models
arising in logistics applications are often a synthe-
sis of several similar or different problems of the
above types, plus complicating constraints or rela-
tions. Practically all of these prob lems can be
formulated as integer programming problems , but often
the special structure of the problem is lost. A good
example of this is the symmetric traveling salesman
problem for which there is an integer programming for—

mulation with approximately 211 constraints, where n
is the number of cities to be visited (Held aná Karp
(1970)). The majority of these constraints, however,
describe a minimal spanning tree problem , and Held and
Karp (1970, 1971) exploit this structure in a special
purpose algorithm for the traveling salesman that
involves the solutio n of an effective n constraint
approximation of the problem. —

The choice of an integer programming or combina—
ton al programming formulation of a discrete optimiza—
tion problem is closely related to the choice one must
make between a general purpose or special purpose algo-
rithm for the given problem . Unfortunately , this choice
cannot always be made as definitively as it can be for
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the traveling salesman problem. The conflict can be
resolved in large part , however , by the modular design
of integer programming and netwo rk optimiza tion com-
puter codes so that the synthesis required for a spe-
cific application can be made without a complete setup.
As we shall see, the synthesis of a model from its com-
ponent parts can be effected by the application of dual
or price directive decomposition methods of mathemati-
cal programming. Decomposition can also be effected
by resource directive methods, but this approach has
found little if any application. See Lasdon (1970)
for a discussion of these approaches.

Illustrative Application One. Multi—item Production
Scheduling and Inventory Control (Lasdon and Terjung
(1971)).

Consider a manufacturing system cons isting of I
items for which production is to be scheduled over T
time periods. The demand for item i i’i period t is
the nonnegative integer rj~ ; this demand must be met

by stock from inventory or by production during the
period. Let the variable xi~ 

denot e the production
of item I in period t • The inventory of item i
at the end of period t is

— 

~~ ,l — l  + xj~ 
— 

~~~ 
t — 1,...,T

;ihere we assume 
~~ 

— 0 , or equivalently, initial
inventory has been netted out of the rj~ 

. Associated

with x~~ is a direct unit cost of production ci~
Similarly, associated with y~~ is a direct unit cost

of holding inventory hit 
. The problem is complicated

by the fact that positive production of item i in
period t uses up a quantity ai + b1xj~ 

of a scarce
resource to be shared among the I items. The

parameters ai and b1 are assumed to be nonnegative .

Laadon and Terj ung (1971) applied this model to the
scheduling of automobile tires production. The scarce 

.- ~~~~—~~~ - - -. - -~~ -~~~~~~~~~~~~ -~~~~—.- ----—-- ~~~~~~~~~~ ~~~~~ ---~~~
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resource in each period was machine capacity. The
number of different items (tires) was approximately
400 , and the planning horizon was approximately 6
periods .

This problem can be written as the mixed integer
programming problem

Problem 16.1

I T
Find v — minimum ~ ~ ~~~~~~~~~~~~~ (l6.la)

i—i t—1

s.t. 

~ 

(a
i~j~

+b1xj~
) 

~~~~~~~~ 
(16.lb)

t = l,...,T; for i = l,...,I

t~l 
xj~ 

— y~ = 

~ 
ri~ (l6.lc)

s — l~ ...,T

xj~ < M i~
d j~ , t — l,...,T (l6.ld)

> 0 , 
~~~ 

> 0 (l6.le)

0 or 1 , t —

T
where Mit 

— E r15 is an upper bound on the amount
s—t

we would wan t to produce in period ~ • The constraints
(l6.lb) state that shared resource usage cannot exceed

For simplicity, we have assumed a single resource

to be shared in each production period. The model can
- - 

- clearly be used when there are K shared resources in
each period. The constraints (l6 .lc) relate accumu—
lated production and demand through period t to -. - 

-

ending inventory in period t , and the nonnegativity
of the ~~~ implies demand must b.c met and not delayed

- - . - - -
~~~~~—..- ._—•_-. C - - - ~~
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(backlogged). The constraints (16.ld) ensure that

— 1 and therefore the fixed charge resource usage

a~ is incurred if production x~~ is positive in

period t . Prob lem 16.1 is a mixed integer program-
ming prob lem with IT zero—one variables , 21T contin-
uous variables and T + 21T constraints. For the
application of Lasdon and Terjung, these figures are
240 zero—one variables, 480 continuous variables, and
486 constraints which is a mixed integer programnlfng
problem of significant size.

For future reference , def ine the set

4 N1 = {(S j~
,xjt,yj~

) , t = l,...,TI-6 j~
,xj~

,yj~
(16.2)

satisfy (16.lc) , (l6 .ld) , (l6 .le) }

This set describes a feasible production schedule for - 
-

item i ignoring the joint constraints (16.lb).
The integer progrnmming formulation (16.1) is not

effective because it fails to exploit the special
structure of the sets N~ . This can be accomplished

by dual (price directive) decomposition with proceeds
as follows. Assign prices u~ > 0 to the scarce
resources and place the constraints (16.lb) in the

objective function to form the Lagrangian .

T
L(u) — 

~
t=l

I T
+ minimum 

~ 
{(cj~+u

~
bj)xj~1]. t—l

+ u~
a16j~ 

+ hi~
yi~

}

Letting

—----—--—------.--.-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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T
L1(u) 

= minimum 
~ 

{(cj~
+utbj)xit

~~it ‘~
c1~ ,y1~~~~1 t l

(16.3)
+ u

~
ai

Sj~ 
+ ~~~~~~

the Lagrangian function clearly separates to become

T I
L(u) = — ~ u~q~ + ~ L~ (u)

t—l i—i

Each of the problems (16 .3) is a simple dynamic pro—
gramaning shortest—route calculation for scheduling item
I where the dual prices on shared resources adjust the
costs as shown.

It is easily shown that L(u) is a lower bound on
the minimal objective function cost v in Prob lem
(16 .1) . The best choice of prices is a vector u~which provides the greatest lower bound ; namely , a

*vector u that is optimal in the dual problem

w — maximum L(u)
(16.4)

s.t. u > O

where clearly w > v • The reason for this selection
of prices is that if the maximal dual objective function
value w equals the minimal primal objective function
value v , then it is possible to solve (16.1) by

calculation of Li(u*) for each item I . Approx imate

equality between v and w obtains when the number of
items I is significantly greaten than the number of
joint constraints (l6.lb) in the planning problem.

The dual prob lem (16.4) can be solved in a number of
ways. One algorithm is generalized linear programming ,
otherwise known as Dantzig—Wolfe decomposition (Lasdon
(1970)). This is the approach taken by Lasdon and
Terjung who, in addition, used the generalized upper
bounding technique (Laadon (1970)) to solve the linear
programming subproblems that arise in the use of this
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-____

algorithm. Further discussion about generalized
linear programming and duality is contained in }lagnanti,
Shapiro and Wagner (1973).

If there is a substantial duality gap between the
primal prob lem (16 .1) and the dual prob lem (16.4)
(that is, if v — w is a large positive number), then
problem (16.1) becomes more difficult to solve. In 4
this case , the dual decomposition approach needs to be
combined with bran ch and bound (see Fisher , Northup
and Shapiro (1974))- . To the best of my knowledge, the
model (16.1) has never been used to analyze a real—
life logistics prob lem where the number of joint con—
straints (16.lb) is of the same order of magnitude as

4 
- the number of Items for which production is being

scheduled and a large duality gap is likely .
Another application of combinatorial methods to

production is contained in NUller—Nerbach (1973).
He considers a production system consisting of a
hierarchy of assemblies to be merged into final prod-
ucts. The assembly process is described as a network
for the purposes of analyzing explosion of material
requirements and costs.

Illustrative Application Two. Warehouse Location and
Multi—Commodity Distribut ion (Ceoffnion and Graves
(1973)).

In the previous application, we considered a dis-
crete optimization problem for which the mixed integer
programming formulation was inefficient because it
failed to exploit special structure. We consider now
an application in which mixed integer programming was
successfully applied. The model used in the applica-
tion is an example of a large class called location—
allocation problems (see Lea (1973) for an extensive
bibliography).

The application of Geoffnion and Graves involved a
two—level distribution system with plants, each pro-
ducing a number of different commodities to be shipped
to warehouses f rom which wholesale customers are sup—
plied. The decisions to be made were : (1) what
warehouse sites should be used ; (2) what should be the
size of each warehouse; (3) wha- .. customers should be
served by each warehouse; and (4) what is the optimal
pattern of multi—commodity transportation f lows?

~~~~~~~~~~~~~~~~~~~~~~~~ J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---~~~- -~~~~~~~~-~~~~~ - - ~~~~~~~~~~~~~~~~~~~ - — --- -- - -
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Let i be the index for commodities , j  the index
for plants, k the index for possible warehouse sites
and 9. the index for customers. Define the variables
x1j k9. as the nonnegative amount of commodity i pro-

duced in plant j for delivery to customer £ via a
warehouse at site k • Let the zero—one variable
determine whethe r (zk=l) or not (zk=O) a warehouse
is constructed at location k • Let the zero—one vari-
able determine whether 

~~k9.=1
~ 

or not
customer 9. is supplied from warehouse k

The warehouse location and multi—commodity distribu-
tion prob lem can be written as the mixed integer pro-
gramming problem

Problem 16.5

minimize 
~~~~

C
iJkL

X
ijk9. 

+ 
~ 

{f
kzk + vk~~di9.ykL}

(16.5 a)

s. t. 
~~

xijkL .
~~
. 
s1.~ all iJ (l6 .5b)

— dj Lyk& all ikL (16.5c)

— 1 all £ (l6.5d)
k

~~
Zk < 

~ 
di9.yk9. ~ ~kZk all k (16.5e)

Linear configuration constraints on
y and z 

. 
(16.5f)

Xijkt > 0 for all ijkL

— 0 or 1 for all k , £ (l6.5g)
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zk O o r l for all k

The constraints (16.5b) limit the supply of commod-
ity that can be shipped from plant j  . The con-
straints (l6.5c) and (l6.5d) together state that the
demand for commodity I by customer £ mus t be met
and by shipment from exactly one warehouse . The con-
straints (l6.5e) state that if warehouse site k is
selected (zk=1) , then total storage of all commodities

for all customers supplied from k must be between the

lower and upper limits and Vk • The constraints

(l6.5f) are a variety of logical constraints on the
zero—one decision variables such as

~~i 
Z~~ C l

keK

implying no more than one warehouse site can be select-

ed f r om a subset K’ of the possible sites. Finally,
the objective function (l6.5a) consists of linear
terms and fixed change terms involving the variables

and
For the application of Geoff n o n  and Graves, there

were 17 different commodities , 14 plants , 45 poss ible
warehouse sites and 121 customers . The mixed integer
programming problem (16.5) cons isted of 11,854 rows ,
727 b inding variables and 25 ,513 continuous variables .
These large figures are somewhat misleading because
the continuous part of the problem consists of a num-
ber of transportation problems with simple structure.
Fortunately , it was possible to exploit these struc—
tures, and at the same time solve the mixed integer
programming problem, by the use of Benders ’ method for
mixed integer programming as shown schematically in
Figure 16.1.

The integer programming subprob lem (IP) involved the
variable and and the constraints (l6.5d) ,
(16.Se) , (l6.5f) and the zero—one constraints in
(16 .5g) plus constraints approximating the objective
function (16.5a) from below. The transportation models

-
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TRANSPORTATION MODELS

~~~~~~L~~~~ CO~~~ODITY

- INTEGER .IA RIASLES 

~j~J_ SHA DOW PRICES

IABLES SHADOW PRICES

-‘L’
~~ 

-

INTEGER VARIA BLES 

~j~J SHADOW PRICES

INTEGER CONSTRAINT

Figure 16.1 - So’ution of a mixed intege r programming prob ’em.

consisted for each commodity I of (16 .5b) and (l6.5c)
where the variables 

~k& were fixed at zero—one values .

The objective functions consisted of the linear terms
E for each commodity i . Benders ’ method

jk L ~
proceeds by alternatively solving the integer program—
ming subproblem and the continuous transportation prob —
lem. It stops when the integer constraint derived from
the transportation subprob lems does not cut off the
previously optimal solut ion to the integer programming
s ubproblem.

As we indicated , each solut ion of IP produced a
better lower bound to the optimal obj ective function
value in (16.5) . Moreover , each solut ion of the 17
transportation prob lems produced a feasible mixed
integer programming solution to (16.5) . Thus , it is
possible to terminate computation before optimality
is reached (or proved) , and have a bound on the obj ec-
tive function cost loss due to nonoptimality .

Illustrative Application Three. Optimal Design of

- ________ - - - - - 
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Offshore Natur al—Gas Pipeline System (Rothfarb et al.
(1970)).

The previous two examples have involved continuous
as well as discrete decision variables and therefore
they required mixed methods of solution . Specifically ,
dual pricing of scarce resources was required in order
to adjust the costs on discrete decision variables .
By contras t , the application to be discussed here is
purely discrete and requires combinatorial algorithms
adapted from algorithms for simpler prob lems of similar
type. Moreover , the complexity of the problem neces-
sit ates the use of heuristic methods because optimality
is too costly to obtain.

1 -  Figure 16.2 depicts a typical design of a pipeline
system connecting offshore gas fields (nodes) to an
onshore separation and compressor plant. The location
of the fields is assumed given and the graph of the
system is always a tree (that is, one and only one path
from a gas field to the plant). The pipeline system is
required to carry known flow per day from each gas
field according as

f low — K (p~;~sur~~ chai
1
~~e) 2 

(pipe diameter) (16.6)

where K is a proportionality constant. The variables
on the right side of (16.6) are the design parameters.
In addition , there are upper bound constraints on pres—
sure due to safety and design considerations, and
lower bounds due to delivery requirements at the plant.
The cost of a pipeline link depends on its diameter and

• the depth of the water. The plant costs depend upon
f low and delivered pressure.

The two main problems addressed by Rothfarb et al.
were the following.

(1) The selection of minimal cost pipeline diameter
given a pipeline network and delivery require—
ments

(2) The design of a minimal cost pipeline network
given gas field locations and delivery require-
ments

—- -- ~~~~~~~~ - - . - - - -~~~~~~~~~~~~~ - - -—-— - --, —• - ~~~~~ .~~~ ~~~~~~~ - - -~~~ 
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~~1 SEPARATOR AND
I I COMPRESSOR PLANT

I
SHORE

p

Figur. 16.2 - TypIcal design of an offshore pipeline system.
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Problem (1) is a subproblem of Problem (2) .
Problem (1) was surprisingly difficult to optimize

because the relation (16.6) and the pipe costs are non-
linear , the number of different pipe diameters was 7
and the number of gas fields was 20 or more. As a
result, the number of design combinations was quite
large and the nonlinearities made it difficult to iden-
tify dominating subsets of the combinations. Heuristic
rules were developed to eliminate apparent uneconomical
diameter combinations without exhaustive enumeration.
The heuristics were based on looking at critical paths
which are those to the ends of the trees where the flow
and therefore the pipe diameters are smallest. The

4 heuristics entailed local optimization at these ends
followed by a merging of the nodes at the end into a
single node with an aggregate design and flow require-
ments. The analysis was then repeated on the reduced
network .

Problem (2) subsumes Problem (1) and required addi-
tional heuristics. First , it is known that the pipes
connected directly to the plants , called arms , play an
important role in determining overall cost. It is
assumed e’~her that these are given by the user, orProblem (2) must be solved for all possible combinations
of arms. An automatic tree generator is used to gener-
ate a distribution of candidates for solution . The
following two guidelines were used.

(I) Efficient trees have low total pipe length

(ii) Efficient trees have nearly equal flow in their
arms

If the first guideline was the only criterion , then the
prob lem of pipeline network design could be solved as
a minimum spanning t ree problem by a “good” algorithm.

This illustrative application is only one of many
examples of network design and analysis for prob lems
where exact optimization is difficult.  An attractive
possibility is to use man—machine interactive computer
programs to find satisfactory designs. Such a program
has been constructed by Schneider et al. (1972) to
design urban transportation networks .

A class of network design prob lems from an entirely
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different application area giving rise to optimization
problems with similar mathematical structure are com-
puter communications network design problems. A number
of remote terminals are to be attached to a central
computer by a communications network. The costs to be
minimized are line costs plus concentrator costs for
those nodes where many lines are accumulated. See
Frank et al. (1971) for a discussion of models of this
type .

Application Four. Routing Prob lems .
We have not found in the literature a single applica—

tion of the routing problem illustrating many of its
aspects. A simple version of this problem is the fol-
lowing. A trucking company must deliver a quantity
qj of a single commodity to customer I for I = 1,

,m . The company has an unlimited number of trucks
of capacity Q which can transport the commodity from
the warehouse to the customers. We assume < Q

for all i and orders can-not be split between two or
more delivery trucks. The objective is to minimize the
total distance traveled by the delivery trucks. Let
dii dii denote the distance from customer i to

customer j where d01 
is the distance from the ware—

house to customer j . Figure 16.3 depicts a typical
problem of this type with a solution involving four 

—

trucks.
An integer programming formulation of the problem

has been given by Balinski and Quandt (1964). A
generic activity a

1 
, called a tour , is an m—vector

with components

a
11 

— 1 if delivery route j visits customer I

— 0 otherwise

where the a11 satisfy

~~~ 
a~~q1 < Q
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WAR EHOUSE

Figure 16.3 - A solution involving four trucks .

The objective function coefficient c
1 

associated with

a
1 

is the shortest distance tour , starting and ending

at the warehouse , of the customers visited by the
activity. The calculation of c

1 
is a traveling

salesman prob lem. The delivery problem is solved by
solving the set partitioning problems.

n
minimize ~ c4 x4

j—l

n
s.t. ~ a14 x4 — 1  1 l,...,m (16.7)

1—1

x
1

O o r l ,

where n is the total number of tours satisfying 
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~ a1 q~~ < Q
i=1

This number can be quite large and Balinski and Quandt
sugges t a column generation technique similar to the
one discussed in the multi—item production scheduling
example. Of course, there are a number of generaliza-
tions of the problem as stated including the use of
trucks of diff erent sizes, multi—commodity delivery,
and so on.

Hausman and Gilmour (1967) applied a model of this
— general type to the problem of scheduling fuel—oil

delivery to home customers. The costs of delivery
included a fixed cost for each delivery in addition to
distance traveled , and the frequency of delivery was a
factor in the prob lem. The optimal tOur distance for
each group of customers serviced by a single delivery
truck was approximated by multiple regression , using a
f ew simple statistics for the group . Practical prob-
lems involving 120 customers were solved with a sub-
stantial cost reduction over hand solutions.

An importan t class of routing problems with the form
(16.7) are the airline crew scheduling prob lems (for
example , see Arabeyre et al. (1969) and Simpson (1969)).
For these prob lems , the “customers” are cities and the
“warehouse” is a home base for crews and planes . A
route map is given with the existing flights, and their
times , that must be flown between cities during a givexi
time period , usually a few days or a week. An activity
a
1 

corresponds to a sequence of cities connected by
flights that can be flown by a crew without violating
safety and union constraints. The cost c

1 
of such an

activity consists of the bonuses , per diem and overtime
payments . In practical applications of the airline
crew scheduling problem, there can be more than one home
base for crews, and additional constraints limiting the
number of crews that can begin and end their tours at
each home base.

Laderman (1966) and Lasdon (1973) have formulated
and solved some large routing prob lems for ships on the
Great Lakes . Mevert (1974) reports on a large trans—
Atlantic shipping problem that has been formulated as a

- .,~‘ Y~~~Ti,-: ~~~~ 
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problem of the type (16.7) with a numb er of side con-
straints.

16.3 Conclusions
We have tried to present applications of integer and
combinatorial programming in logistics that illustrate
the current state of the art of these methods and
some principles to be applied to new applications.
There are a number of application areas that were not
mentioned , including for example , reliability (Kershen—
baum and Van Slyke (1972)), decision CPM (Crowston
(1970)) ,  and the setting of t raff ic  signals (Little
(1966)). Finally, we have tried to indicate a repre—

— 

I 
sentative rather than an exhaustive list of references.
Extensive bibliographies can be found in Garfinkel and
Nemhauser (1972) and Scott (19 70) .
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