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ABSTRACT

The momentum theory of moderatel y loaded propellers has been generalized

to account for the effects of shear in the oncoming stream . A condition to

determine the distribution of thrust for optimum efficiency is derived wh i ch

generalizes a condition derived by Betz for a propeller in a uniform flow.
This condition leads to a nonlinea r integra l equation , and a computer program
has been deve loped for solving It . Results for a propeller of a gi ven radius

in particular wakes at different Reynolds numbers are presented and discussed.
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NOMENCLATURE

a axial  interference or induction factor u~/2U

a ’ rotationa l interference or induction factor —

C1 
thrust loading coefficient = T/’~p U s

d propeller diameter = 2R

~A 
Ujnd

KQ 
torque coefficient

IC1. thrust coefficient

n number of revolutions per second = W2rt

p pressure

P p o w e r = C~
Q torque

r radial coordinate

R r a d i u s  of propeller

S area of propeller disc = h R 2

1 thrust

u axial component of veloc i ty

u
0 

induced axia l  veloc i ty at actuator disc

ci i nduced axial veloc i ty in the far wake

U axial ve loc ity in oncom ing stream

velocity of oncoming stream at r=R

s h i p speed

v radial component of veloc i ty

V 2U—U~

w azimutha l vel ocity

x axial  coordinate

v 

__
~ L.~
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6 Dirac del ta function ; also symbol for first variation

11 eff iciency

X Lagrange multi p lier

p f luid dens i ty

Stokes stream function -

w induced rotational veloci ty

A j ump acros s actuator disc

rotational velocity of propell er

vi 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 4•~~



‘R—2003

I NTRODUCTI ON

The theory of propeller des i gn is a well—developed art that has pro-

gressed for over a century from axial momentum theory to genera l momentum

theory to blade element theory to lifting — line theory to lifting—surface

theory . It has thus become possible to predict the mean radial pressure

distribut ion with various degrees of refinement for a g iven propeller as
wel l  as the harmonic content , and also to determ i ne the mean load distribu-
tion for optimum efficiency .

Despite the sophist icated mathematica l treatments presented by many
authors , all theories thus far developed have been based on the existence

of a veloc i ty potential. Propellers which are placed near the stern of a

ship or submarine operate in the wake of the vehicle where the oncoming

stream contains vorticity and this is usually taken into account by para—

metrically varying the wake veloc i ty over the plane of the propeller and

retaining the assumption of potential flow . This procedure can be justif ied

only if the vort icity is weak (see Sears ,1 p.142). Thus , the lifting surface

theories presented by Morgan and Wrench ,2 Yamazak i ,3 and Greenberg ,14 are all

based on this assumption , arid Greenberg goes so far as to say that unless

the assumption is made “..the prob l em becomes hopelessly unmanageable.U This H

is very likely to be so for genera l unsteady lifting surface theory. However ,

it leaves unanswered the question as to the suitability of the assumption

for an actua l shi p wake whose vorticity may or may not be sufficiently small

to justify the assumpt i on .

In those cases where the vortic ity is not weak, a velocity potential

cannot be assumed and the presence of shear in the oncoming stream will af-

fect the flow field. Theories wh i ch account for the shear have been considered

by severa l authors for the flow about wings , the first such paper bein9 that

of Karman and Tsien ,5 but the parallel development for propellers seems to

have been i gnored probabl y because of the unmanageability of the prob l em .

“Superior numbers in text matter refer to similarly numbered references
listed at the end of this report.
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Nevertheless , it would be useful to have some simple solutions which

do account for shear so that comparisons can be made with the weak shear

approximation thereby allowing an assessment of the weak shear assumption .

Two possible “simple ” theories appear to be possible in which the effect of

shear is included .

The firs t such is momentum theory wh i ch is bas i call y a one—dimensiona l

theory and for which the wake profile can be allowed to vary rad iall y in an

arbitrary way .

The second such theory is a steady state lifting — line theory in which

shear is accounted for but the wake profile takes on a special shape for

wh i ch the field equation becomes no more comp licated than that for potential

flow.

The analysis presented below is confined to the firs t of these simp li-

fied theories , but it is intended to develop the second in a subsequent re—

port. In Section I the equations for the axial momentum theory are developed .

In Section II the equations for the genera l momentum theory are developed and

the condition of Betz for the optimum distribution of thrust is generalized

to an arbitrary wake distribut ion . ln Section III some numerical evaluations

are presented for a measured wake and comparisons made with results obtained

simply by varying the wake parametrically (weak shear approximation ) .

The analysis will generally follow the article by Glauert 6 for the

momentum theory of a propeller in a uniform stream . This a r t i c le  synthes izes
the main developments - of the theory which have changed very little since it

was written (but see Reference 7 for a recent deve l opment).

This research was sponsored by the David Taylor Nava l Shi p Research

and Devel opment Center , General Hydromechanics Research Program , under Con—

tract N00014—77—C—0297, DL Project ‘4512/023.
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I . THE AXIAL MOMENTUM THE ORY

We cons i der the Euler equations of mot i on for an i ncompressible

frictionless fluid. At x 0  , there is a propeller to be modelled by an

actuator disc that can sustain a pressure jump Ap p (x’=O+)—p(x O-). The axial

momentum equation in cylindrical coord i nates (x ,r) for axiall y symetric flow

is 

u~~~~+ v ~~~ +!~~~ =1 Ap(r)6(x) ; ~p(r) = 0  for r> R . (1.1)

Here u is the axial component of ve l oc i ty

v is the radial component of vel oc i ty

p is the pressure

p is the fluid density

6 is the Dirac delta function

The equation of continuity is

a
~~ — (ru) + ~~

— (rv) = 0 . (1.2)

Now assume there ex is ts  an oncoming stream U(r) , the so—called nomin al

wake , wh i ch has been generated by a body somewhat ahead of the actuator disc.

Since U(r) is taken to be i ndependent of the azimuthal angle , we will be

considering onl y the zeroth harmonic of the wake and the mean forces on the

propeller. The perturbation veloc i ty components imparted to the fluid by the

actuator disc are u ’ and v ’ . Then, upon setting

u = U(r) + u ’(x,r)
(1.3)

v = v ’(x,r)

and substituting into Eq.(l.2), we obtain

(ru’) + ~~
— (rv’) = 0 . (1.14)

On the other hand , upon substituting into Eq .(l.1), we obtain

U~~ — +  u ’ ~~_ +~~L v ’ +
~~
.
~
E
~o 1A

p(r)6(x) (1.5)

3

j  
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where the term ~~~~~
— v ’ has been i gnored as be i ng of hig her order. The

third term on the left—hand side of this equation represents the effect of

the shear of the oncoming stream .

The continuity equation can be satisfied identicall y by defining a

Stokes stream function such that

rv ’ = ; ru ’ = — (1.6)ax

in which case, Eq. (l.5) becomes

ô ’  l d U ~~ i a  1 ( 1 .7)

At this point we will drop the primes on u ’ and v ’ ; since we will rarely

be required to refer to the orig inal u and v this will cause little

confusion.

In order to solve for the veloc i ty components everywhere in the field ,

it is , of course , also necessary to consider the radial momentum equation

and solve it simultaneousl y with the axial momentum equation . However , for

our purposes we will be content to cons i der the overall momentum of the sys-

tem and with this view , onl y Eq.(l.7) will be required . Far upstream (x=—~),

all veloc i ty components vanish and the pressure will be taken to be zero.

Thus , upon integrating Eq.(1.7) with respect to x from x — ~ to x=0—

it is found that

Uu(O-) + ~—(O-) + ~i(O-)+ p(O-) = 0 . (1.8)

On the other hand , if we integrate Eq. (1.7) from x0+ to x=~ , and assume

that any difference in pressure in the wake from its value far upstream is
of hi gher order~~we obtain

U[u~~- u(O+)]+~-[u
2 

- u2(0.c.)] + — ~~O+)] = 
p (O-c-) ( 1 .9)

Upon forming the quantity ~E. by adding Eq.(l.8) and Eq. (l.9), it is found

that

= U u~ + + ~~~~~~~~~~ i~~~ + U[u(0-) - u(0+)]

+ ~[u
2(O_) _ u2(O+)1 + !~~[~,(O_) — ~~O+)] . (1.10)

*indlca~~d by von Mises L8] to be of third order. 

—.- . —..---— -. - -.. --——- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Finally, if we integrate Eq. (l.7) across the disc from x0— to x=0+

we see that

U[u(0_)_u(O+)]+~~[u
2(O_ )_ u 3(O+)]+3~~~[$(Q_)

_ 
~i (O+)]=O (1 .11)

Subtracting Eq.~ l. l1 ) from Eq. (l.lO) , we obtain for the pressure jump

a =  Uu~~+~~ — + 1~~~ $~ (1.12)

from which the thrust of the disc becomes

T = 
~~ 

ApdS = p$[uu~ +~~
-_ + !~~L 

~~}ls (1.1 3)

where dS is the element of area and the integration is to be carried out

over the area of the actuator disc .

This formula is identical to the result for the thrust as obtained from
dUord i nary momentum theory with the add itional term proportional to ~~
-

~
- that

accounts for the effect of shear.

At this point we may obtain a relationshi p between the stream function
and axial perturbat ion veloc i ty at the d s c  and in the wake to the order of
linear theory . Now in linear theory , the pressure must descend to — .~-A p

just in front of the disc and rise to + ~-A p j u s t  beh i nd the disc , so that

the quantity p (O+)+(p—) must vanish. Thus , upon taking the difference

between Eq.(l .8) and Eq. (l.9), and i gnoring the quadratic terms in u3 , we

obtain

u~ ~~~~~~~ f[u~~
+.L~j~~~

L iv ]  (1.114)

where

= 
u(O+) + u(0—)

o ‘ 2
(1.15)

— ~(0+) +

2

Upon eliminating u0 and u~ in favor of 4r~ and $ by virtue of the

def in i t ion (1.6) , it is easy to show that Eq.( l.lLi) becomes

d$ 4r d$o o l( 1 \ (1. 1 6)dli U 2\dU U ~~
/

This is a differential equation for when 4 is given , and its genera
l5
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solution is

= + KU (1.17 )

where K is a constant of i ntegration . However , for a propeller with no

boss , the axis r=O must be a streamline and hence both and $ vanish

there ; whence K=O - Thus to first orde r the perturbation stream function in

the plane of the propeller is half the stream function in the ultimate wake,

and hence the perturbation velocities are in the same ratio. This relation—

ship is , of course , the same as had previously been deduced for a propeller

in a uniform stream .

Now reconsider Eq.(l.ll) and let

Au = u(O—) — u(O+)

= 4(0—) — 4(0+)

Upon i gnoring the quadratic terms and utilizing the definition (1.6), it

is easy to show that this becomes

— u 
~~~~ 

(A4) + A$ = 0 . (1.18)

This is a differential equation for the jump in the stream function across

the disc. Its genera l solution is

- 

- 
A$ = K1 U . (1.19)

where K1 is a constant of integration . For a propeller wi th no boss , A4 must
vanish at r=0 , whi le  for a propeller wi th  a boss , A$ mus t vanish at the radius
of the boss. In either case , I(t must vanish , and hence we have proven that to
first order there is no jump in the stream function across the actuator disc ,
that is , no mass flow is created at the disc , and as a consequence of the
definition (1.6), the axial perturbation ve l ocity is also continuous across
the disc , a result that is the same as that for a propell er in a uniform flow .

Finally, we may cast Eq. (l.l3) for the thrust into another form by con-

sidering that dS 2TTrdr and integrating the shear term by parts. Then , by

virtue of the definition (1.6), the thrust becomes

u 2
Ta = p J’ (Vu + -f—) ds , (1.20)

where

6 
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V = 2U—l J~ (1.21)

and UR is the veloc i ty of the wake at the outer radius R of the propeller

disc. Equation (1.20) is identical in form to the expression for the thrust

without shear except that the oncoming stream ve l ocity is replaced by V

a quantity that will become negative whenever U(r)< UR/2

It is necessary to point out that the expression (1.20) is the thrust

developed on the propeller because it is operating in a wake of veloc i ty

U(r). In other words , it is the thrust that develops on a propeller tested

behind a screen wake in a water tunnel test facility (neglecting wall ef-

fects). It is not the thrust that deve l ops on a propeller mounted behind a

ship or submarine with this wake because the induced veloc i ty and pressure

fields created by the propeller w i l l  increase the resistance on the body over
and above that which would be present if the propeller were absent. Thus ,

when it is mounted on the ship or submarine , the propeller must not onl y

overcome the body resistance but also the additional resistance induced on

the body by the propeller. Hence , Eq.(l.20) represents only the apparent

thrust of the propeller and for this reason it is cal led Ta . Determ ination
of the induced resistance on the body is an important element in analyz i ng
the propeller ship comb i nation , but it is not the problem that concerns us
here.

We now cons ider the power requ ired to produce the thrust Ta which

will be called “a It is clear that the power at any annulus will be equa l

to the element of thrust times the ve l oc i ty (U+u0) at which it is being trans-

ported summed over all annular elements . In other words

= S (U+u 0)dT . (1.22)

Si nce to first order u
0 

u~ , then upon substituting for the thrust

density from Eq. (l .l2), there Is obtained

= p5(u+f) ~~ u + 
~~~~~~~

+ 
~~~~~~~~~~ 

dS . (1.23)

Finall y, the apparent efficiency is g i ven by the ratio of the usefu l

work to the power absorbed :

U T a (1 .214)

7
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where tj~, is the vel oc i ty of the propeller body comb i nation (wh i ch unfortunatel y
is not known for the present model since It depends on the connection between
the body wake and the speed of advance) . The appa ient efficiency can , paradox-
ically, be greater than unity since we have not deb i ted the prop eller with the
induced resistance on the body.

We w i l l  now determine the con dition to be s a t i s f i e d  for the propeller of
maximum efficiency . Thus , for a gi ven thrust , we wish to minimi ze the power
used to generate i t .  In other words , we wish to set the first varia tion of

• Pa+XIJ~s
Ta equa l to zero, where X Is a Lagrange multi plier. In Eq.(l.23), we set

— —S r1u (r1)dr1 . (1.25)

Then ,
6
~a + XU 6Ta

R 6u dU r
217p J’{u~ou + 2Uu~6u~ + U

2 6u~ — 
~~~~~~~~ 

~~~~~

. J r1u~~(r1 )dr1

u -  r
= I dU

— (U + 
~~ 

r16u~(r1)dr1

+ XU~(V6u
’ + u ô u  )}rdr 0 . (1.26)

Consider the term

_217p (u + dr 5 r1 6u~ ( r1)dr1

Upon interchang ing the order of integration , this becomes

—217 5 räu dr ~ (utr1) + 

~
) ~~~~~

. dr~

Thus the variation 6u~, may now be factored out of all the terms in Eq.

(1.26), and upon appl y ing the fundamental l emma of the calculu s of varia—

tions and letting

u,~ — 2aU~ (1.27)

where a is the axial interference factor , we find the condition for

optimum efficiency :

8 
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2 . dU/U r/R r
+ 4a(~_) + 3a2 

- ?7~ dr/R S ad

- J•(
U
R)

2 

r~R 
a d ~~~~

- + X L2 ~~
—. - .j

~
. + 2a] = 0 . (1 .28)

In contrast to the case of parametric dependence on U , the axial inter—

• ference factor , when shear is included , depends on conditions at al l  radial
stations across the actuator disc because of the presence of the integral

terms . One way to solve this integra l equation for a is by iteration. The

f i rs t  step is to specif y a va lue of A . Then i gnore the terms involving

d (U/U~)

d~rfRJ 
. The resulting quadratic can be solved exactly at each radial sta—

tion . The resulting va l ues of a(r/R) can then be used in the two integra l

terms and the quadratic solved again. This procedure is repeated to con-

vergence.

It will be noted that it is necessary to spec i fy the Lagrange multi-

p lier A , a quantity that is not , of course, known. The apparent thrust ,

on the other hand , is presumed given. Thus , once a(r) has been found for

a given A , the apparent thrust may be calculated from Eq.(L20) , the

apparent power from Eq.(l.23), and the apparent efficiency from Eq.(l.24).

Hence, by vary ing A over a range of values , a plot can be prepared of

Ta vs. ‘1a for optimum apparent efficiency of a propeller of radius R in

a gi ven wake. Note that these curves will change if the propeller rad i us

changes so that there may exist an optimum propeller radius especially for

wakes that are not monotonic.

The distr ibution of the axial interference factor as obtained by this

method is not likely to be realistic since rotationa l velocities are not

accounted for, but the curves of ideal apparent efficiency vs. thrust and

power will be very close to the curves when rotation is accounted for since

It is well— known from ordinary momentum theory that rotation affects these

curves only sl i ghtl y.

The equations for thrust and power may be put into coefficient form

by defining a thrust and torque coefficient:

9
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I

pn3d4
(1.29)

KQ 
— 

Opn2d~

Here

n is the number of revolutions per second =

d is the diameter = 2R

We define JA U /nd , then Eq. (l.20) becomes in coefficient form

—
~~= h S [ ( 2 F_ ~~~) +aJ a~~~d f r  

. (1.30)

Equation (1.23) becomes

K 1 - dIj/lJ r/R - . -
‘

j 3 
= + S ~~ +a) La(F + a,)- ~ dr/R S ~ a(~~~d 

~-J ~ dA 0

(1.3 1)

and the apparent efficiency becomes

1 (KT/JA
2 )

217 (K
Q
/JA ) 

. (1.32)

Finall y it should be noted that the des i gn prob l em of finding u~ , when

the load distribution Ap(r) is g i ven , can be solved by casting Eq.( l . l2 )
into the form

~~~~~~ + -f- — r1 u~dr1 (1.33)

which follows from the definition (1.6). This integral equation for u

can be solved by iteration in the following way : Ignore the shear term

and solve the resulting quadratic for u~ at each r . The integra l can

then be eva l uated and the quadratic solved again Including it. This

10
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procedure is repeated to convergence. Equation (1.33) can also be

expressed in non—d i mens i onless form :

- dr/R =8 { a + a2 ~~~~ r/R 

~~ a (1.314)

where

dr/R 
= 2(.~) ‘

~ 

(1.35)

- Is the thrust loading coefficient per unit radius.

11
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I I  • THE GENERA L MOMENTUM THEORY

In the axial  momentum theory as presented in Section I , al l  rotationa l
motions have been i gnored . In the genera l momentum theory we cons i der them ,

and hence we cons ider the radial momentum equation , viz.,

- 

(2.1)

Here w is the azimutha l component of ve loc ity. Now it is known from the
constancy of angular momentum that ahead of the propeller there is no rota—
t i o n , while beh i nd it the propeller imparts a rotationa l veloc i ty w to

the fluid. Since v and u are continuous across the propeller disc , we

obtain for the jump in pressure

- 

~~~~~ ( 2 2p d r  r

In a coord i nate system rotating with the propeller blades , the flow will be

s teady. Hence, let

w = - c 2 r + w’

= 
o~r

3p 
— 

, 
(2.3)

2 p

Equation (2.2 ) then becomes

= 2Ow ’ -~~--— . (2.4)

Now let w ’=Wr , and integrate wi th  respect to r . Then, if w is a
slowly varying function of r*, i t  is easy to show that approximately

Ap = pui r2(
~
) 4) (2.5)

where the primes have been dropped as superfluous. This relationshi p i s

the same as that developed for a propeller in a uniform stream . Fo l lowing
Glauert , we now let

w —  2a’() (2.6)

*ThI5 approximation is also lgherent in the momentum theory in a un i form flow
as pointed out by von Mises , although Glauert is tacit on the matter. - ;

12
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where a ’ is the rotationa l interference factor. Then ,

Ap = 2p~
2 r2 a ’ ( l—a ’) (2.7)

and this expression for the jump in pressure across the actuator disc must

be the same as that developed from the axial momentum theory as gi ven in

Eq.(l.12). Thus , upon substituting Eq.(l.27), we find the following relation-

shi p between the rotationa l and axial interference factors :

- d (U/lJ ) r
u~ [~— a + a2 

— 

r dr 5 a ri dr1]= C?r2a’(l —a’) . (2.8)

• 
- 

This relationshi p differs from the corresponding relation for uniform flow

in two respects : The terms U/U in the first term on the left—hand side

accounts for the parametric variation in the velocity across the wake,

while the term proportional to 
d(U/U~) accounts for the shear.

The torque may be obtained by considering the mass flow multi plied by

the moment of the rotational ve loc i ty, thus

= ~5 (U+u0)wrdS . (2.9)

Upon substituting relationshi ps already established or defined , there is

obtained

R u - ~
= LeTt p~~)J  (U + -~)a’r3dr . (2.10)

The apparent efficiency is the ratio of apparent work to the power

required to generate it , i.e.,

(2.11)

We will now determine the condition to be satisfied for the propeller

of maximum efficiency, i.e., we will minimize the power for a gi ven thrust.

Thus we set the first variation of OQa+XU a,Ta equa l to zero where , again ,

A is a Lagrange multip lier. For this purpose we use the form (1.20) for

the apparent thrust. Then

~
6
~a
’
~~~

6Ta 
L+TTpcl2 { S  (,u+ ~~)r

36a ’dr++J’ r3a ’6LI~dr}

+ 2T1XU~p ~ 
(V + u )ôu rdr = 0 . (2.12)

13
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We set u =2U a , as before ; then by virtue of Eq.(2.8), we can establish

the following relationship between 6a ’ and 6a

u [(F+ 2a)ôa — !~~~~
/U

rn~ 5 6ar1dr1 ]c~ r2 (l—2a ’)6a’ (2.13)

Upon substituting into Eq.(2.l2) , we obtain

5 ()~~~~ r U 2dr {(.
~

—. + 2a)6a - ! f (f) 5 6ar~drj

R R
+ Q2Urn 5 r3a ’öadr + XU 5 (v+ 2U a)6ardr = 0 . (2.114)

Upon interchang ing the order of integration in the second term , we find

R (U+U a) - R (U+U a) -

~ 
{ 1 —2a ’ Urn

2 
(~

__ 
+ 2a) — 

—‘~~~~ 
U 2 

~~~~~

. (•~;
) d r1

+~T12U r 2a’ + AU (V + 2U a)}ôar dr = 0 . (2.15)

Then , upon invoking the fundamenta l l emma of the calculus of varia—

t i o n s , it is found tha t the condition for maximum apparent efficiency is

• (
~

_- + a)~~— + 2a) 1 + a) f(~
_)

— s dr1
l—2a ’ 

r/R l —2a ’

+ 
~I

2 2  
a ’ + A [2~~

_ 
~~ 

+ 2a] = 0 . (2.16)

This equation is a generalization to shear flow of the condition for

maximum efficiency obtained by Betz over fifty years ago. It can be seen
that it reduces to Betz ’conditiO fl in the case of uniform flow. For by

setting U U R Urn constant , i t  becomes

(1+a)(l+2a) 
+ a ’ + X(l+2a)= 0

1—2a U

wh i ch , upon dividing by (l+2a), is identical to Betz’condition as quoted by

114 
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Glauert
6 if we s e t  X=-C . As in the case of axial momentum , the presence

of the integral terms means that the opt i mum distribution of the inter-

ference factors depends not onl y on local conditions but also on conditions

elsewhere on the actuator disc , and this dependence is caused by the effect

of shear.

In order to determ i ne the axial and radial interfe rence factors for

maximum apparent efficiency , it is necessary to solve Eqs.(2.l6) and (2.8)

simultaneous l y. These constitute a pair of simu l taneous nonline ar integra l

equations . The pair can be converted i nto a two—po int boundary va l ue

prob lem by using the definit ion (1.6) in (2.8) and differentIat ing (2.16)
with respect to r . One condition to be satisfied may be obtained by

setting r R  in Eq.(2.l6) and another by setting r=O in Eq.(2.8). Tech-

ni ques for solving two—point boundary value problems are readil y available

(see, e.g., Roberts and Shi pma n9) and they can be applied to y ield the

solution . it would appea r to be simpler , however , to obtain solutions di-
rectl y from the integra l equations themselves . Since the shearing term is

l ikel y to be s m a l l , the following scheme has been employed :

First , assume a va l ue for A (it can be seen from the limit of unifo rm

veloc ity that A is negative) . Next , solve the pair of equations as simul-
taneous algebraic equations at each value of r/R i gnoring the shear terms.

Use the va lues of a and a ’ thus obtained to determ ine the shear terms
and solve the equations again including the shear terms . Repeat this pro-
cedure until the results converge. A computer program has been prepared

based on this i terat ive procedure .

The thrust coefficient is to be calculated using Eq.(l.30), while the

torque coefficient is found from Eq.(2.lO) wh i ch, in coefficient form , becomes

K
Q
= A (.

~
— +  a) a’ (fr)

3
d .j

~ 
. (2.17)

The apparent efficiency is then given by Eq.(l.32), repeated here in

s l i ghtly different form :

‘la ~~~T (2.18)

15
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I I I .  RESULTS OF A SAMPLE COMPUTAT ION

A computer program for determining the optimum distr ibution of the
axial and rotational interference factors has been prepared and applied to
a particular measured wake determ ined from model tests.* The ratio of stream
veloc i ty to forward speed in the wake is presented in Table I and a listing

of the p rogram in Fortran IV is g iven in the Appendix.
JABLE 1

MODEL WAKE VELOC I TY DISTRIBUTION

r/R U/Urn

0. .225

.05 .2142

.10 .2 61

.15 .273

.20 .307

.25 .333

.30 .359

.35 .382

.140 .1413

.145 .14140

.50 • Le73

.55 .508
60 .5141

.65 .577

.70 .610

.75 .6140

.80 .671

.85 .696

.90 .720
- .95 .7143

1.00 .768

supp lied by the sponsoring agency .
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Self—po wered mode l tests had been car r ied out and it was found that this

wake was appropriate for the advance ratio JA=.891 and tha t the thrust

coefficient KT O. l7 .  In solvin g the pair of equations (2.8) and (2.16) ,
it is not possible to specif y I(i, but instead the Lagrange multiplier A

must be specified ; consequently, a value of A was assumed and the result-

ing value of KT computed . Then A was adjusted using a manual search

procedure until KT became equa l to 0.17. I t  is , of course , possible to

automate this search procedure but for the l imi ted number of computation s
carried out he re , this would have been unnecessari ly elaborate.

The pair of equations (2.8) and (2.16) were so l ved a second time with

the shear terms omitted and 2U
~
UR replaced by U . This corresponds to

considering U as a function of r only parametricall y, and thus in thi s
case all effects of shear are suppressed. A comparison of the results both
including and excluding the effects of shear are shown in Fi gures 1 , 2, and
3. The distribution of thrust loading was calculated usin g Eq.(l.3L+).

It can be seen from Fi gu re 1 that the di stribution of the rotational
interference factor is strongly dependent on shear only for the i nboard

sections wh i ch do not carry a si gnificant portion of the load. On the other
hand , from Fi gure 2 the optimum distribution of the axial interference factor

is strongly dependent on shear for the outboard sections and suggests that

a wake—fitted propeller des i gned without accounting for shear is p i tched at

the wrong ang le to obtain maximum efficiency . Indeed , the optimum load dis-

tribution as presented in Fi gure 3 shows that the ti ps should be more heavil y
loaded when shear is accounted for than when i t is not.

The measured model wake given in Table 1 was p rocessed ’ to determine

the wake on the full—sc ale vehi cle and the full—scale wake data are presented

in Table 2. it was assumed that the advance ratio and thrust coefficient are

the same at full—scale as for the model tests and p lots of the rotationa l in-

terference factor , the axial i nterference factor and the optimum load distri-

bution for these conditions are presented in Fi gures 14 , 5 and 6, respective l y,

both with and withou t shear. The relative effects of shear are seen to be

similar to the results for the model wake.

~
C
by the sponsoring agency .
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TABLE 2

FULL—SCALE WAKE VE LOC ITY DISTRIBUTION

r/R U/U

0. .270
.05 .291
.10 .314
.15 .328

.20 .369 
- 

-

.25 .3914

.30 .1420

.35 .14142

.40 .473

.145 .500

.50 .533

.55 .567

.60 .600

.65 .636

.70 .669

.75 .700

.80 .731

.85 .756

.90 .779

.95 .799

1.00 .820

It is also interesting to compare the optimum distributions for the

model wake with the optimum distribution s at full—scale including shear in

both cases. These comparisons are shown in Fi gures 7, 8 , 9. From Figure 7
we see that the rotationa l interfe rence factors are virtually the same

between model and full-scale at all radii . From Fi gure 8 we see that the

axial interference factor has a small but si gnif icant difference at a l l
radii and this suggests that even when shear is accounted for, the des i gn

of a full—scale wake—adapted propeller must be p itched differently from its

18
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model prototype in order to optimize i ts  perfo rmance . This is borne out in
Fi gure 9 where a comparison of the optimum load d is t r ibut ion for mode l and
full—sc ale indicates that the ti ps should be more heav il y loaded at the ex-

pense of i nboard stations in full—scale in comparison with mode l scale.

Since the momentum theory does not allow the load to drop to zero at

the ti ps as it must , these conclusions may require some modification . Never-

theless , momentum theory in combination with blade element theory has served
as a fairly reliable des i gn tool in the past and the conclus i ons drawn here

are very likely to be qualitatively correct. It is p lanned , as ment ioned in
the Introduction , to exam i ne a more sophisticated theory for a specia l famil y

• of wake profiles in which the ti p effect including shear is accounted for.

Finally it should be remarked that the optimum apparent efficiency at

full—scale is smaller than at mode l scale and that the effect of including

shear is to reduce the optimum ef f ic iency from that which would be obtained

if shear were neg lected.
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A P P E N D I X

Given below is a list of computer symbols and corresponding mathematica l
symbols for the program used to solve Eqs.(2.8) and (2.16) simultaneously :

COMPUTER SYMBOL MATHEMATICAL SYMBOL

AJ in i t ia l  value of

PNI initial value of A

NI~AJ number of values of

NNP number of va l ues of A

DAJ increment of

DPN increment of A

UR (l) values of U/U
rn 

g i ven in Table I or Table 2

URT va l ue of U/Urn at r/R =

H increment of r/R

URP(l) d(U/U )/d(r/R)

r X l a

X2 a ’

NOTES ON THE PROGRAM

QTFE IBM 360—SSP integration subroutine
using trapezoid rule

DET3 IBM 36O—SSp numerical differentiation
subrou tine using centra l differences

SUBROUTINE PG1 subroutine to solve Eqs.(2.8) and (2.16)
- si multaneously at given value of r/R for

g i ven values of BOT and TOP

BOT integra l term in (2.8)

TOP integra l term in (2.16)

21
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L I S T I N G  OF COMPUTER PROGRAM

•TY P(~ F
DIMENSION UR (2 1 ),U~~ (21 ) ,X l  (21 )s~~~(2) ),TOP C2 I ),BOT (21 )
DIM EN SION F~(2I ),FR(21 )
DI ’€JSTO N F1(J (2l ),F~(Q(2l )

DI ME NSION CTF (21 )
DOWLE PRECISION SHIP
~O*ON 1RT,PT,PN

,PJ’~
DATA X1,X2/~~*0.0/
DATA P 1/3 • 1415926/
CALL IFILE(21, ‘COODI )
ACCEPT 105,SHI P

105 FORM4T(AR)
ACCEPT IOO3AJ
ACCEPT IOO sPN 1
ACCEPT l0I,NAAJ,~NP
ACCEPT lOOi DAJ
ACCEPT 100,DPN

101 FORM~T(21)
READ(21.100) (UR (1),1=).2l )
IRT =(R (2 1 )

100 FOR’~~T(F)

• 05
CALL DET3(H,1R’IJ~Pi2I~ IER)
IF (TER .NE.0) CALL EXIT
TYPE 950,SHIP

• 950 FORI44T C • I , SX, • opr IM4i 1 1040 ING WI TM SMEAR - ‘AS//I X.,
‘ JA’~ x’LA’sx KT’Bx’KQ’Bx’Cr’7x’ETA’)
DO 991 M4J 1,NAAJ
PJ-4=PI/AJ
PJ 42 PJ 4*PJ4
PN=PNI
DO 990 NP=l,M’P
XI (2 1)= .5

00 93 L00P 1,I0
00 30 ~<=1,2l
Fl(K) (IJR(K)+XI (K))*IRPOO/(l .—2.t)~~W))

FBCI< )~ X1 O<)*(X~<—1 .)* .c35
30 CO!ffTMJE

22
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CALL 01FE(M, FT,TOP,2 I)
CALL OTFECH, FR, B0T~2 I )
DO 40 1=I~21

40 TOP(I ) TOP(2 1 )-1OP(T)
YI~ X1 (21)
Y2=)~~(2I )
DO 50 J=1121
1=22-J
XI =I

RT =H*(X I—I.)
CALL PGI (YI , ’2, P(I) ,U~~ (I),TO I)9B0T )1

~~~
XI (I) Y1
)~~(I)&V2

50 CONT I~LiE
CONTINUE
DO 00 I =I~2l
Xl =T
R (X I-l • )*)4

FK,I(I)=((2.*tJ~(1)—l RT)+XI 
C1))*X I (1)*R

F~<0(T)=(1J~(I)+X 1 (I))*X2(I)*R*R*R
IF CR.EQ.0.) 6010 01
CTF(T)=B.*R*C1J~(1)*XI(1) X1 (1)*x1d1))_8.*L~~~~T

)*BOT
~~
)

6010 80
RI CTF(1)=PI.

80 CONTINUE
200 FORW~T(2X,F4.2,4EI6.4)

CALL QSF(H,F~<.J,TOPi2I )
CALL QSFCH,FKO,BOT,21)
CT=R.*TOP(2I)

FJ=P I *AJ*AJ*TOP (21)
FO=.5*PT$PT*AJ*BOI(2I)

• EM=.5*AJ*FJ/FQ/P1
TF(P.GT.l) 6010 95
TYPE 900, AJ, PN, FJ,F(),CT,EH
(3010 990

95 TYPE 9Q~5,pN,FJ,F~,CT,EH
900 FORW4T(2X,6F10.4)
905 FOi~MAT (I2X,5Fl0.4)

990 PN PN-DPN
991. AJ~~J+DAJ

END
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SWROUTINE PGl(x1sX2,1J~,U~P,TOP,BOT,RI)
c0 1’ION U~T, P1, RbPJ’~
00 10 1=1,50
Fl =(lk+Xl )*(1R+2.*Xl )-TOP*(I .—2.*~~~)
FI=F1+PJi~~*RI*RIP)~ *(1 .-2.*~~

)
Fl=F 1+PN*(1 .-2.*)~~)*(2.*IJ~—1RT+2.*X1)
IF(RI.EQ.0.) (3010 30

F2=IR*XI +XI *XI -LRP*BOT/R I
(3010 40

30 F2=UR*X1+XlsXl
40 cONTINLE

F2 -PJ.~~.RI*RI*)~ *(I •-)~~~)

FSQ=FI *Fl +F2*F2
IF (FSQ.LT .1E-12) RE1U~N
FlXI—_3.*tJ~+4.*XI+2.*PNr*CI .—2.*X2 )
FI)~ =2.*10+P.IIe*RI*RJ*(I.-4.*)~ )
Fl )~ =FI )~ -2.*PNs(2.*LJ~-1JRT+2.*XI )
F2XI=U~+2.*XI
F2)~ =-PJI~*RI*R1*(l -2.*)~ )

XJ=F1 Xl *F2)~~-Fl )~~*F2X1
X1=X1.(~2*FI)2-Fl*F2x2)/X.J

~~=X2+ (Fl *F2XI -F2*F1 Xl )/XJ
10 CONTINUE

RETLRN
END

24 
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