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PREFACE
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The RADC Post-Doctoral Program is a cooperative venture between RADC
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Syracuse University (Department of Electrical Engineering), Purdue University

• (School of Electrical Engineering), Georgia Institute of Technology (School

of Electrical Engineering), and State University of New York at Buffalo

(Department of Electrical Engineering) act as prime contractor schools with

other schools participating via sub-contracts with the prime schools. The

U.S. Air Force Academy (Department of Electrical Engineering), Air Force

Institute of Technology (Department of Electrical Engineering), and the

Naval Post Graduate School (Department of Electrical Engineering) also
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their time between the customer location and their educational institutions. •
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for Rome Air Development Center (RADC), Space and Missile Systems Organiza-

tion (SAMSO), Aeronautical System Division (ASD), Electronics Systems Divi-
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1. Introduction

The penetration of electromagnetic fields through small apertures in

rotationally symmetric cavities (approximating cables, missiles , etc.)

presents a problem of considerable interest. Theoretical predictions of the

cavity fields are usually obtained with variations of “Bethe” Small-Hole

Theory [3-6]. In these methods an equivalent cavity excitation , comprised of

electric and magnetic dipoles lying adjacent to the aperture, is determined.

The strengths of these dipoles depend primarily on the aperture shape and

also on the apertureless (replace aperture with perfect conductor) scattering

current, J, induced on the body at the location of the shorted aperture.

For thin bodies the circumferential variation of 3 is often considered

uniform. The non-uniform mode of J is essentially sinusoidal and thus

appears as equal and opposite closely spaced currents which contribute little

radiation. Hence, for scatterer and antenna problems a uniform representa-

tion of 3 is usually sufficient.

With aperture coupling, however, the cavity field is quite sensitive to

the portion of ~ induced on the shorted aperture. The non-uniform mode of J,

significant for even electrically very thin bodies [9, 10], is then important

especially if the aperture is limited in circumferential extent. A recent

experiment [6] has demonstrated that consideration of only the uniform mode

could lend to errors in cavity field prediction on the order of 3 dB for thins

approximately 1.3 wavelengths long cylinders with small circular apertures.

1
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In th is report these exper imental results are verified theoretical ly
• for cylinders with diameters of O.l)t and 0.06Th . This is accomplished by

comparing the experimentally derived “patterns” of detected cavity voltage

with theoretically derived patterns of equivalent aperture excitation . The

latter is formed from a linear combination of the componen ts of ~ and the

surface charge (divergence of J) evaluated at the aperture (shorted). The

patterns are with respect to the angular direction of an incident plane wave.

These comparisons also serve to evaluate a computational method used to

determine 3 for (otherwise arbitrary) bodies of revolution. In particular

• the method ’s accuracy in predicting the circumferential variation of J for

thin bodies is assessed .

The theory is briefly discussed in the next section with a detailed

• derivation of the relationship between aperture-shorted scattering current

and cavity field left to an appendix. Section 3 follows with comparisons of

theoretically and experime~ic~’lly derived cavity-field “patterns”. Only

incident f ield polar ization orthogonal to the circumferential variation (+)

is cons idered. Hence , the q -directed component of J is found to contribute

little to the results.

2. Theory

Consider the thin , f inite, closed , conducting cylinder shown in Figure 1.

A coordinate system with z-axis coincident with the cylinder axis is also

shown. Throughout this report the excitation is assumed to be E’=~V/m ,

a 0-polarized unit plane wave incident in the • = 0 plane. The

2
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surface scattering current, .1, induced on the lateral wall is then given by

j j z ; + j +~~ (1)

where
J Z JZ(2 •) = J~ + J~ cos (2)

J4’ (z , •) = J~ sin ~ (3)

and ~ and • are z- and •-directed unit vectors respectively. The terms

4 and J~ are functions of z only. The term J~ is the uniform -in- •

contribution , and the terms 4 and J~ are the amplitudes of the sinusoidal

variations of the z and~ components respectively. Equations (2, 3) are

given by Body of Revolution Theory [1]. The absence of a uniform-in- i

4 -directed component, 4 , and additional cos+and sin~~ terms is a con-

sequence of the chosen polarization and plane of incidence of Ei. Further-

more, as a consequence of plane wave excitation the higher order modes

(sin(n~), cos (n~), n>2) are also absent from (2 ,3) since they are not sig-

nificant if the cylinder radius , a , satisfies 2rra<A where X i~ the wavelength

(Note behavior of Bessel functions in equations (77 , 78) of [2].).

In Figure 2 a small hole in the cylinder wall is shown which connects to

a thin-walled cylindrical sub-cavity. It is derived in the Appendix that,

for external excitation, a cavity field is equivalently excited by a cur-

rent source within the aperture equal to -3. Here J is the surface current

induced on the outside surface of the aperture after the aperture is covered

with a perfect conductor (shorted) . For the external excitation considered

4 
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here J is given by (1) localized to the shorted aperture.

It is alsc~ proven in the Appendix that for a flat aperture sufficiently

small the significant three terms in a Taylor expansion of 3 about a point

P in the aperture, for exciting the cavity field , are linearly related to J~,

J+ , and V J  evaluated at P. Here v~~ is a surface divergence given by

V• J = _L_ + .L ~L.. (4)
a ~z

Thus a detected voltage at some location within the cylindrical cavity can

be approximated by

• v = AJ~ + A’J~ + B V J  (5)

where the “ “ sign indicates “evaluation at point ! within the aperture

(shorted)” and the coefficients, A , A’ , B are independent of excitation.

• The A, A’ , B are usually functions primarily of the aperture shape and

internal properties of the cavity. In the simplified case of a small aper-

ture in a plane conducting screen it is well-known from Small Hole Theory

[3, 4, 5] that the first two terms on the right-hand side of (5) are con-

tributions from (equivalent) aperture-parallel magnetic dipole components

and the last term is a contribution from an (equivalent) aperture-normal

electric dipole. In this work A , A’ , B are treated as normalization con-

stants in comparing theory with experiment . Hence, the only approximation

necessary in applying (5) to the structure of Figure 2 is that the small

aperture be flat.

It is apparent from (1-4) that V~J and the components of J have 

the5
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following forms along the $=O, it , ir/2, and 3,T/2 paths on the cylinder sur-

face:

a) •=0 (Illuminated side) -

~ Z~~~~~Z 
~~~~ (6a)

J = 0  (6b)

= .~~~, + j~ - +  4_J~ (6c)

b) • = ii (Shadow side) -

J
Z

J _ 4  (7a)

J + = 0  (7b)

- • V’j = - 4 - -
~~

--

~~~~ t 
(7c)

c )$= ir /2 -

(8a)

= J~ (8b)

V.3 = (8c)

d)+ = 3ir/2 —

z zJ ~~~ (9a)

(9b)

V .3 = (9c)

Of course, all right-hand-side variables in (6-9) are functions only of z

and all derivatives , denoted by an overhead dot , are with respect to z. For

thin cylinders, therefore, the non-uniform circumferential variation of the

z-directed component of scattering current, j Z, is characterized by (6a, 7a),

and that of the •-directed component by (8b, 9b). Thus, by (5), 
equations6
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(6a, 7a, 8b, 9b) also exhibit the cavity field “magnetic mode”

dependence on cylinder “roll” angle. Similarly the cavity field “electric

• mode” dependence on roll angle is governed by (5, 6c, 7c, 8c, 9c). Although

fields externally scattered from thin cylinders are not sensitive to non-

uniform circumferential variations of scattering current this is not true of

aperture- coupled fields, particularly when the apertures have only small

circumferential extents.

The means of computing J, for the thin cylinder examples in the following

section, is a method of moments, body of revolution computer program [1,2].

The governing equation is an E - field formulation which constrains the tan-

gential E - field along the conducting surface to be zero. As will become

apparent j4I is not significant in these examples due to the e-polarization

of E’. However, for other polarizations of E’ an accurate computation of 341

may be required. Since, for thin bodies, use of the E-field formulation

alone appears to result in computational difficulties in determining J~ a

better set of equations to begin with might then be the “hybrid” equations

developed by Davis and Mittra [8]. In the latter a contribution from an

• H-field formulation is combined with an E-field formulation to result in a

set of equations, in unknowns and jZ, which partially decouple. This is

shown to permit a more accurate determination of J~. for thin cylinders than

does an E-field formulation alone.

3. Theoretical and Experimental Cavity Response Patterns

In Figure 3 a 4-inch diameter closed cylinder with a 1-inch diameter

7 
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Figure 3. Characteristics of cylinder , sub-cavity and small circular
aperture used in comparing theory with experiment
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circular aperture is shown. On the other side of the aperture is a thin-

walled cylindrical cavity containing a thin axial conductor. This coaxial

cavity is shorted at one end and loaded with a crystal detector at the other.

In accordance with the discussion in the previous section the detected

voltage, v, is given by (5) where ? is chosen to be the aperture center

with coordinates p=a , •=
~c’ 

Z Z c. In Figure 3 1 is the separation , parallel

to the axis, between P and the cavity short.

Experimental patterns of v, as ~ varies with 8 in the •=o plane , have

been taken at the Naval Surface Weapons Center (Dahlgren, Virg inia) and re-

peated at the University of Colorado (Boulder, Colorado) [6]. According to

(5) theoretical patterns formed from a linear combination of jZ, j’t~, and V~J

should agree with the experimental patterns of v. Theoretical values of j Z
,

J , and V~J were obtained with the body-of-revolution computer program . By

treating A , A’ , B as normalization constants a comparison between theoreti-

cal and experimental patterns of v is then possible. This comparison was

performed and is described below for three cases: a) l=O.Sk such that B 0

(magnetic mode), b) l.=0.25X such that A~0 (electr~.c mode), and c)l=0.33X

(combined mode). In all cases the i~term was found insignificant and, hence,

A’ was set to zero.

3.1 Magnetic mode

At a frequency of 305 MHz the separation between aperture center and

cavity short was adjusted such that l=0.5X . From transmission line theory

the cavity field was then expected to present an approximate null in E-field

at the aperture. Since the V •~ term in (5) is sensitive to the aperture-

9 
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normal component of s-field it thus was neglected . Also since I .I41 was found

to be quite small (Figures 4 and 5) the jt’ term in (5) was also neglected .

The f J Z~ shown in Figures 4 and S and the normalization (AJ 465 then

resulted in a reasonable correspondence between theoretical and experimental

patterns of v. This is shown in Figures 6 and 7. Figure 6 demonstrates a

significant variation in current (-3dB peak-to-average ratio) in going from

the illuminated side ($
~
=0) to the shadow side (+C=W) of the thin (a=0.05X)

• cylindrical scatterer. It is the 4 and -4 terms in (6a) and (7a) res-

• pectively that govern this effect. Along the +c~~1’2 and 3ir12 paths j 2 j~

given by (8a) and (9a). Here only the uniform current mode , J~ , is sig-

nificant. Thus the variation between the 
~c 

v/2 and 3ir/2 patterns (Figure

7) is theoretically zero and experimentally quite small.

3.2 Electric Mode

At a frequency of 200 MHz 1 was adjusted to l=0.25A . This was expected

to approximately null the cavity H-field at the aperture. Thus the and

J terms in (5) were omitted (I~’I is again quite small as is evident from

Figures 8 and 9). With V~J as shown in Figures 10 and 11 a normalization

of B~= 66.5 was then 
found to give good correspondence between theory and

experiment for $c O,11 patterns of v. This is shown in Figure 12. The cir-

cumferential variation of v (peak-to-average ratio) is again about 3 dB

which is especially significant since the cylinder radius is now only

a=O.033A . This front-to-back variation is due essentially to the 4 and

-4 terms in (6c) and (7c) respectively. (As made evident in Figures 10

10 -•
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Figure 4. Induced current at aperture (shorted) vs. 0 direction of incident
wave. Freq. = 305 MHz. Aperture 9n illuminated side (0=0) and
then on shadow side (fl=1T). E’ = OV/m .
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Figure 5. Induced current at aperture (shorted) vs. 0 direction of incident
wave. Freq. = 305 MHz. Aperture normal orthogonal to incident
wave normal (Ø=i~j2 and 3,r/2 roll angles). E’ V/m.
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Figure 6. Cavity response patterns vs. 0 direction of incident wave. Freq .
=305 MHz . Aperture on i l luminated side (0=0) and then on shadow
side (0= ir) . Magnetic mode coupl ing ( 1= 0 .5A) .

13

--- -.--- -~~~~ - -~~~~ ~~~~~~~~~~~~ - - - - -~~~~~- - ~~~~~~ -~- ---— - - ~~~~~ - -~~~~



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

g ii
- 

I

-

0
- -~~~~~~

N N ~~~~~~

-
~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~

-

~~~~~~~~~~~

--
-

-

~~~~~> ~ u~~u

o (1 “-.
LiJ O.. Q.

x x  0
-
~~~

I I  ~~

I

~~4-I-
~~~~ 4 J c ~

I I 
~~~~~~~~~

0 0 0 0 0a o 0 0 0
CD 1’ (‘J

~I*I

14

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~- - - ~



r’~ ______ - -
~~~

-
~~~~

---

0
10I I I I

“
.9- _

~0

- o

c

\

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N Q

4..’

SI’ 0
Lii

.0 0
— — 0  ci

I—
Lii
I

bti

0 0~~ •ss N N

0
2—) _) PS 

or;

o l o  

g
(LU/VW)If~I

15

—-- . - • _ -

~

-.-

~

- - -

~

-- -—- --..- -- -- - -~~~~~~~~~~~ --



‘
~~~~~~~~~~~~~~~~~~~~ - ‘— ~

--— --—----—---—--— -—.—
~-—~~~~—-——--~~

— -

12.0 I I I
o 

~
‘

~ J # # ,T/ 2 , 37,/2 
~~~~“\

10.0 - -

8.0 - -

I

E 6.0 - -

4.0 - -

2.0 - -

0.0 30.0 60.0 90.0 1 20.0 ( 50.0 180.0
THETA ( DEG )

Fi gure 9. Same as for Figure 5 except now frequency = 200 MHz .

16

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~---~~~~~~~~~~~~~~~~~~~~~~ -~~~ .•- •-



r ______

0.12 I
o ôJ t/ ôz  41~~0
£~ ~~~ 4 , 0

o i3j’iôz 4,~~
ij’ 

-0.10 - 
• v .a,

0.08 - -

4

D~ 
0.06 - -

N

N - -

0.02

I I I
0.0 30.0 60.0 90.0 120.0 (50.0 180.0

TH ETA (DEG)
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side (0=-n) . E’=OV/m .
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Figure 11. z-directed partial derivative and divergence of induced current
at aperture (shorted ) vs. 9 direction of incident wave. Freq . =
200 MHz. Aperture normal orthogoi~ai to incident wave normal
(Ø=w/2 and 3w/2 roll ang les) . E’=OV/m .
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and 11 , the + .jI/a contributions to ~~J are small).

The 
~c n/2 , 3ir/2 pattern s are shown in Figure 13. Here from (8c) and

(9c), only the J~ term contributes to V.J. Therefore, both theoretical pat-

terns in Figure 13 are identical and the two experimental patterns are quite

close to each other. Also the experimental curves are similar to the theo-

retical in shape but different in average level . This difference is

probably due to transmitter power variation between pattern taking. Note

that the same value of j B 3 used for Figure 12 was also used for Figure 13.

— An adjustment in normalization would place the theory and experiment in

better agreement.

3.3 Combined Magnetic and Electric Modes

The 200 MHz patterns were repeated with the aperture-to-short separation

lengthened to 1=0.33A . The cavity field was then sensitive to both the j z

and V J  terms in (5) with , of course , the term rema ining negligible

(Figures 8 and 9).  Real values of A and B were found to provide an adequate

fit of (5) to experiment. A three-point normalization, determining ~A I, IB I

and the sign of B/A , resulted in A=467 and B=-9 1. The corresponding patterns

are given in Figures 14 and 15. Again the effect of the sinusoidal circum-

ferential variation of current is prominent (Figure 14).

4. Conclusion

The scattering currents induced on thin , f ini te  (approximately A in

length) cylinders was computed with a method-of-moments , body-of-revolution

computer program . Particular attention was paid to determining the c ircum- 
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Figure 14. Same as for Figure 12 except now both electric and
magnetic mode coupling significant (l=0.33A).
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Figure 15. Same as for Figure 13 except now both electric and
magnetic mode coupling significant (l=0.33A).
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ferential variation . This variation was found to be on the order of 3dB in

peak-to-average value for cylinders with diameters of 0.lA and 0.067A . The

accuracy of the computational method was verified by comparison with ex-

periment after noting a relationship between the field coupled through a

small aperture and the scattering current induced on a pe fect conductor

covering the aperture. Thus the strong relationship between cavity fields

and aperture-absent scattering currents was also examined .

I

I
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APPENDIX

Small-Hole Theory

The following development of “Bethe” Small-Hole theory [3,4] parallels

that presented by Collin [5]. Whereas Collin began his development by

deriving an equivalent magnetic current with which to excite a small aper-

ture, the development here begins with an equivalent electric current

aperture excitation. It is shown that this equivalent excitation can be

approximated by a linear combination of the components of J and the surface

divergence of J (charge) evaluated at a point within the aperture. Here .1 is

the aperture-shorted surface current induced on the external cavity surface.

The only requirement is that the aperture plane be small and flat. The

shape of the remaining cavity wall , even near the aperture, is arbitrary

and conductors of any shape and number can reside anywhere within the cavity.

The development begins with an equivalence theorem, due to Schelkunoff

[7], which represents the general aperture coupling problem by the super-

position of a scattering problem and an aperture radiation problem. The

former provides the source for the latter .

Figure A-i (a) depicts a cavity of perfectly conducting wall except for

an aperture of arbitrary size and shape. The sources are external to the

cavity. The H-field at the aperture satisfies

n x (t!2 - 

~l) = 0 (A-i)

where n is an inwardly directed unit vector normal to the cavity surface.

If a perfect conductor is placed across the aperture , as shown in Figure

25
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Figure A-i. Illustration of equivalence.
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£

Figure A-2. Electrically small aperture observed from within a cavity.

26

_ _ _ _ _ _  - -



-

-

- • —

~~~

-.-- -- - - -

A-l(b), the H-field discontinuity at the aperture must be supported by a

current 4 given by

- n x H = J  (A-2)

The subtraction of fields in (b) from those in (a) results in the problem

shown in Figure A-l(c). Here, the original sources are absent since , in

their vicinity, the discontinuous fields that support them are the same as

for (a) and (b). Also the -J current source appearing in the aperture is

required to support the U-field discontinuity determined by subtracting (A-2)

from (A-l). The supperposition of (b) and (c) is equivalent to (a).

Since (b) is a straight-forward scattering problem the following

development begins with (c) where the equivalent aperture current excitation,

-J, is assumed known. By expanding J in a Taylor Series it will be shown

that for a sufficiently small, flat aperture, in an otherwise arbitrarily-

shaped cavity, the internal field is excited by a linear combination of

V J  and the components of J. Of course, this excitation is identical to a

linear combination of the normal electric and components of tangential mag-

netic fields on the external surface of the shorted aperture.

In Figure A-2 an electrically small, fiat aperture opening into a cavity

is shown as viewed from within the cavity. A coordinate system is chosen

with z=0 plane parallel to the aperture surface S and origin within S. The

un it vector , 
~c’ lies in the z=O plane and is norma l to the aperture contour

C. An aperture excitation, -J, is given which lies parallel to and within

the aperture. With ~=xx+yy the first two terms of a Taylor Series expansion

of each component of 1 about the origin results in

27
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J(p ) Z J ( O ) + x~~
ax~~~0 aY p 0

zj (0) + (0V ) j (A-3)

The short-hand notation in (A-3) is obvious.

From reciprocity a field 
~2 

at point r within the cavity is given by

= jEr .J ds (A-4)

where 11r is a current dipole located at r and oriented parallel to a

desired component of E2, and E1 is the field radiated by II’. Without loss

of generality (A-4) may be written

~~ J ~ 
x J ds (A-5)

where the equivalent magnetic surface current M = -z x Er is defined. Note

that M can be thought of as a source lying just within the cavity and

• adjacent to the aperture after shorting. Then, in the absence of internal

resonances , t4 radiates , with 11r the same cavity field as occurs with Ii ’

radiating alone and the aperture open .

The z x I term in (A S) can be approximated via (A-3) as

~~ ~~~~ x J (0) + (P V1) z x .1 (A-6)
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By adding and subtracting an appropriate term (A-6) becomes

z x J z x J (Q) - 1/2 (V~ J)1p x z + H’ (A-7)

lp=Q
where

H’ = (p.V ) z x J + 1/2 (V~J) p x z (A-8)
2 =9 e=9

With the definition

• 
Ht _ z x j _ U tx + H t

y

(Note that Ff~ is the tangential component of H-field external and adjacent

to the shorted aperture.) it follows that

H’ = x 3 H ~ x + y a H t 
>~

ax a>’

+ 1/2 (xy + yx) 3H + 1/2(x; + Y~ ) ~~~ (A-9)
—

~~~~~ 

—

~~~~~~ Ip=9 c=0

The substitution of (A-7) into (A-S) gives

~2 
I1 : zxj (O ) JMds + ( V .J ) I z j e ~~~~

i
~

5

H ds (A-b ) 
- 

-

The first integral in (A-b ) is proportional to a magnetic dipole moment .

-

• 
To see th is consider the integral
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[v 4~M ds = (~~
V.M + M .Vd~) ds

[4 ~!11cdl

x 71
~
d1

= 
(A-l i )

where 4 is an arbitrary scalar variable an~! one notes that Er.z x = 0

along C. Let 4 =x in (A-li). Then

JM xds = _fx V•M ds

By multiplying the above by x and adding the result to a corresponding

equation determined by setting 4=>’ in (A-il) one arrives at

JM ds = - j P v . M  ds (A-l2)

The integrals in (A-12) are proportional to the magnetic dipole moment

in = -1 (P v .M ds (A-l3)
julio j

The second integral in (A-b ) is proportional to the electric dipole

moment = - 

Cj

•• 
~ X 

~ ds (A-l4)

s 2

The third integral in (A-b ) after substitution from (A-9) is

JH
’. Mds = aH~ fxMxds + 

____ J ~ M ds
s ax~~~0S

+ I ~~~ J
’(XMy + yM~)ds

ax

30
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+ ~~ ~~~~~ 
~~~~~~ XMy + y M )  ds . (A-is)

where M = M  x + M
- X y

Let 4 in (A-li) be , f- and xy in turn . Thus (A-iS) becomes

-2fH’-.Mds = ~!Ll Jx
2v .Md s + ~~~~) JYr2v.Mds

+ fxyV.Mds + 
a4 

~~~j xyv .Md s (A-l6)

• If one defines the dyadic magnetic quadrupole q by

q = xxqx~ + yyq
~~ 

+ xyqxy + yxqyx

where -l• qxx = 
j~ i j’x2 V Mds

qyy = 
J
~~ c 

f y 2 V Mds

~xy = 
~yx = 

~~~ 
fxyV.Mds

and notes the dyadic representation of vU~,

• VHt = ____ + ~~~ aJ4 + ;~ 
a14 + ~; 

a~~

then a concise form for (A-16) employs a “dyadic double-dot product”

notation resulting in

fF1’ Mds = 
~~ 

q (A-l7)
S e 9  - •
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Equations (A-l2 , A-13, A-l4, and A-l7) in combination with (A-b )

results in

• I~ :jo*i~ zxj (Q) in - . (V J).z.p + ~~~~~~

2 
p=O (A-18)

- The quadrapole term in (A-l8) depends on the square of the aperture

dimension and , hence , can be neglected for a sufficiently small aperture.

Thus,

Ii j
~~, zx4 (Q) •n - 4v .~4 .p

as was to be shown.
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