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Preface

This report demonstrates how rece iver operating characteristics
may be calculated for a broad class of nonlinear detectors , those
whose outputs are quadratic forms of the inputs. Of particular
Interest is the capability to perform these calculations for
arbitrary bandwidth-integration time products and dependent
time samples. The work documented by this report was
performed in the Signal and Digital Processing Branch under
Task No. A03S370B/OO1B/7F11/l00—000.

EDWARD C. WHITMAN
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— COMPUTING R.O.C. FOR QUADRATIC DETECTORS

Prepared by:

L. E. Miller

CHAPTER 1
• COMPUTING RECEIVER OPERATING CHARACTERISTICS

FOR QUADRATIC DETECTORS

• 1. INTRODUCTION

For comparing performances of different signal detector configura-

tions, the functions known as receiver operating characteristics (ROC)

are a standard tool. A given detector ’s ROC may be expressed

S 

~D 
= y(h2;a) (1—1)

where

= probability of detection

a 
~FA 

= probability of false alarm

h2 = input signal—to—noise ratio (SNR). (1—2)

The probabilities are computed on the assumption that the detector

output undergoes a statistical test to decide between the hypotheses

H :  no signal is present

H :  a signal is present

The test is performed by comparing the value of the detector output

z to a number t called a threshold. If z > t , H Is accepted; if

• z < r , H is accepted .

5
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If there actually Is no signal (h
2 
= 0) and z > r , then the test

yields an error of Type I or false alarm, with the probability

a = f dz P~
( zI h2 =0) (1—11)

where p
~
(zI h2=0) Is the probability density function (pdf) of the

detector output subject to the condition that there is no signal.

• If the value of t is chosen to keep a at a particular value, then a

-• is known as the “level” of the test .

• If there actually is a signal present but z < r , the test yields

an error of Type II, with the probability

B = f dz p
~
(zI h2#0). (1—5)

• — a

• Conversely, if z > 0 when there is a signal present, the test result

is correct with the probability

a

= 1 — 

~ =Jdz p~
(zIh2

~
0) . (1—6)

T

• If r has been constrained by a so that i t(a), then y = y(h2;a) and

Is known as the “power function” of the test.

It is clear that to compute the HOC for a given detector requires

• knowledge of the probability distribution of the detector output .

• Often the functional form of this distribution is very difficult to

obtain analytically.

• The purpose of this report is to document methods for calculating

the ROC of a class of detectors. Attention is first paid , in

6
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• Chapters 2—11, to cases in which samples of the detector inputs are

considered independent , thus allowing direct calculation of the ROC .

In Chapters 5 and 6, the more general case is treated, using an

approximation method .

1.1 Channel Model.

It is assumed that the detector has one or more Inputs x1(t) ,

• where

x1(t ) = s1(t) + n1(t ) ,  I—].,2,...,L. (1—7 )

and the noise terms n1
(t) are Jointly Gaussian, stationary random

processes with zero means and LxL covarlance matrix sri’ with elements

E’n 2tt~~ = 2
I. 

~

, ,, a
1

E{n1
(t )n~(t)} = ~~~~~~~~~~~~ 1#J. (1—8)

• Two types of signals will be considered , deterministic and random.

Random signals will be considered to be from Jointly Gaussian,

stationary random processes with zero means and LxL covariance

matrix 
~~~~ 

with elements

E{si
2(t)} = d1

2

• S E{s1(t)s3
(t)} = r

13d1
d~ 3 i~j. (1—9)

Bandwidth and spectra. Two categories of detector bandwidth will -

be treated, low—pass and narrowband . In either case, a (two-sided)

bandwidth of W hertz and ideal (flat) response Is assumed. This

7
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bandwidth Is lumped with the signal and noise models, so that,

assuming flat spectra over the bandwidth, we have

a1
2 = N1W, d1

2 = P1W (1—10)

• for the random waveforms. Deterministic signals are modeled as

s1(t) = S1(t)cos[w0t—01(t)J 
(1—li)

in which the envelope S1 and phase 01 are slowly varying, so that

signal power is given by -

s1
2(t) = sf

2, lowpass signal

s1
2(t) = S12/2, narrowband signal. (1—12)

Thus input SNR ’s are taken to be

s 21a2 , lowpass deterministIc signal

h2 = S2/2a2, narrowband deterministic signal

d2/a2, random signal. (1—13)

An alternate form for the information represented in a detector ’s

ROC Is to write

= h2(y,a), (1—111)

a function which answers the question , “Wha t SNR is required to

produce 
~D 

— y when the false alarm probability is a?” Often this

8
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relationship Is abbreviated by giving its value for specified

( y, a )  = (y l  a 1) ,  say (y , a) = (.5,10 ”), and calling it “minimum

detectable signal (MDS):

MDS = h2 (y1,a1). (1—15)

• Also, for deterministic signals a number called “detection threshold”

(DT ) is often quoted and is the MDS referred to a one—hertz bandwidth :

DT = Wh2 (y1,a1) . (1—16)

-
• In the case of narrowband signals and noise, the detector Input s

can be written

xi(t) = X1(t)cos[w0
t_$

i(t)]

= Xic (t)Cosw ot + X i5 (t ) Si flw 0t

= ic+5ic~~
0
~~o

t + (n15+s15)sinw0t. (1—17)

Under this expansion, 
~ic 

and n1~ are independent and each set

and {n15} has covariance matrix ~n
• A similar statement is true of

• the signal terms if they are Gaussian.

The envelopes of the random inputs’ correlation functions have

the factors

sin(ivW~t)/irW~t, narrowband

sIn(2irW~t)/irWAt , lowpass. (1—18)

9
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Therefore, if samples of the inputs are taken 1/W and 1/2W seconds

apart, respectively, the samples are uncorrelated and, being Gaussian,

• independent .

1.2 Detector Model.

Let M samples of the L detector inputs be assembled to form

a vector :

~ [x1(t1),. . . , X
L

(t l ) ; X 1(t 2 ) ,  . . •~~ Xj_~(t~~ ) ;~~ . . ; x~~(t~~ ) ,  . . . , x
L
(t

M
)] ,

(1—19)

where the prime (‘) indicates transpose. Detectors will be considered

which produce as an output decision variable or statistic the

quadratic form

z = 
~~~~~ ~M 

LMxLM , (1—20)

and therefore termed “quadratic detectors.” L~i Part II (Chapters 5,6) ,

expressions will be developed at this level of generality in order

to treat correlated Input samples. However, in Part I (Chapters 2—11 )

and in calculations based on the more general cases, it will assumed

that

-
• 

z = F ’~ Q~~, Q LxL (1—21)

where j=l

= [x i(t~ ). x2(tj)~ .... xL(tj)]. (1—22) . 
-

10
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Effectively, this is the same as saying that is a block diagonal

-: matrix with identical LxL diagonals Q./M.

The detector form (1—21) is illustrated in Figure 1—1. The

“quadratic processor ” is assumed memoryless , so that the sampling

operation can be placed after the processor for convenience.

This model is of interest because it is an idealized representation

of the non—sampled case with post—detection integration .

That Is,

J~~]. 
z(jAt).*+~r J’dt z(t). (1—23)

0

If ~t = 1/W , then the - equivalence M WT Is made , and is

commonly referred to as the “time—bandwidth product” in communications

theory .

11
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CHAPTER 2

COHERENT POWER DETECTOR

In this chapter, and in the two which follow, three types

of quadratic detector of frequent interest are treated for the

case in which time samples {Zj } of the processor output are

independent, allowing us to compute ROC exactly .

2.1 Detector Configuration.

A great variety of practical detectors can be modeled

by the configuration of Figure 2-1, in which the detector inputs

x1
(t )  are summed and then squared. Commonly it is called the

“square—law detector”, and sometimes the “conventional detector.”

Let the sum of inputs be

L
x(t~~) = 

~ 
x1

(t 1 ) (2—1)
i—i

±_ ~~~~~~~
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— so that

E (xJ — a — E ~1 DS’
0 RS (2—2)

and

Var{x} ~2 I~P1J
OIOj DS

a2+d2 ~~~ Ur d d  RS (2—3)

Thus, for example, a2”a 1
2+2pa 1a2+a2

2 for L—2 and a deterministic

signal.

In the lowpass input case, the detector output is

= 
~~EX J

2 , M— 2WT. (2—11)

j =1 
-

Now, the sum of the squares of v independent Gaussian random variables

with unit variances and means is a noncentral chi—squared variable

(x ’2) with v degrees of freedom and noncentrality parameter x —

Therefore , we have

2WTz is X’2{2WT,2WTh 2} DS

and
is X 2 {2WT } 

‘ ~RS (2—5)

where x2 denotes a (central) chi—squared variable — one for which A=O.

‘Using “DS” for deterministIc signal and “RS” for random signal.

15 
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In the narrowband input case the detector output is

x ~~~ 2
= 2 M=WT (2—6)

j—l

Since E{Xci} = S
~
cos9i and E{x51} = S1s1n01 for deterministic signals,

we have

2W’~z 
~~ x ’2 {2WT ,2WTh 2)  DS

is x 2 i 2wn , RS (2—7 )

the same result as for the lowpass case.

2.2 Receiver Operating Characteristics

From (1-6) we have

‘v’ = f dzP (z)

= f dv

2WTr/a2

Q(2WTT/a2I2WT ,2WThZ), DS (2—8)

where Q(x ’2 1v ,A )  is the noncentral chi—squared probability integral.

Similarly, we have

y = QC2WTr/ (a2+d2)I2WT], RS (2—9)

where Q(x 2 Iv ) ,  the chi—squared probability integral, Is widely

tabulated .

16
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EXAMPLE 2—1. Problem: What is the probability that a chi—squared

random variable with 18 degrees of freedom exceeds the value 30?

Solution: Using Table 26.7 of [1], we find that Q(301 18) = .037145.

Setting h2—O in (2—8) or d2—O in (2—9) yIelds

~FA a = Q(2WT1~/a2I2WT). (2—10)

EXAMPLE 2—2. Problem: Find the threshold value T necessary to main-

tain a false alarm probability of 10
_k 

when WT = 100.

Solution: In Table II of [2], the function P(a,c)~ l—Q (2a/2c) Is

tabulated. Under P= .9999 and c=100 we find that a=l141.530 or

r”2a2a/2WT”1. 111531,2.

The procedure for obtaining ROC is diagrammed in Figure 2—2.

For either type of signal, the process begins with the selection

of a false alarm probability a. Using the Identity

a Q(X
~~a

Iv ) (2—11)

and (2—10 ) ,  the false alarm threshold is found to be

T 
~~~~ x~

_
~
(2
~
1T) . (2—12)

We may speak also of a normalized false alarm threshold d , given by

— E{z) (2WT)—2wT
d = a = 1—a (2—13)a /Var~z} 2v’W’r

17
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PICK a

1 -

2FINDX

IN TABLE
—~~~- 1~

1 1
PICK d2 PICK 7’

= x ~~~WT) 
—~~~ x 1-7

1 1
COMPUTE COMPUTE

v 
[ h

2

7(h2.a) h2(7,S)

ON E POIN TO N ROC

FIG. 2-2. PROCEDURE FOR COMPUTING ROC
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since E{~ 2(v)} =v and Var{x2(v)} 2v. The quantity da is interpreted

as the number of detector output noise standard deviations above the

mean at which the threshold t must be set to produce a false alarm

probability a.

EXAMPLE 2—3. Problem: Find d for WT=lO and a .Ol .a
Solution: The table on page 252 of [3] gives PEQ(x 2 1v ) .  For P— .Ol

m d  v 2 0 , we find x299(20) 37.566. Therefore da= (37•566_20)/2i10=2•777•

For convenience, values of X~_a(2WT) and d are given in Table 2—1

for various values of a and WT. Also d is plotted vs a for WT=l , 10,

50, a in Figure Lj of [14].

HavIng fixed the value of r
~
, the ROC is a plot of PD=y (h

2) or,

if It Is more convenient, h2 h2(y). For Gaussian signals, from (2—9)

and (2—12) we have

= Q[X~ _ a( 2WT) #
~l+h 2 fl2WT ]• RS (2—111)

One approach Is to Interpolate in a chi—squared table to find the value

of Q(x2Iv) corresponding to the number

~~~~~( 2WT)
x2_ ( 2wT ) = . (2—15) -

l+h2

However , it is simpler to calculate Q, since it is given by the f ini te

sum [1]

2 v— i
Q(x 2 I2~

) e~~ 
/2 z x2/2

k/k!
k=O

= e~~
212 e

~_ 1
(x 2/2) , (2—16)

19
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~~~~ 10
_ i I io 2 [ io 3 f io~

4 io~
_________ ________ ~~~~ 

(2WT)

1 4.60517 9.21034 13.816 18.421 27.64
2 7.77944 13.2767 18.467 25.513 33.38
5 15.9871 23.2093 29.588 35.564 46.86

10 28.4120 37.5662 45.315 52.386 65.42
20 51.8050 63.6907 73.402 82.062 97.66
50 118.498 135.807 149.449 161.319 182.12

100 226.0210 249.446 267.458 283.060 309.84

da, NORMALIZED FALSE ALARM THRESHOLD

1 1.3026 3.5052 5.9080 8.2105 12.82
2 1.3362 3.2798 5.1149 6.8989 10.3874
5 1.3388 2.9537 4.3800 5.7163 8.2421

10 1.3301 2.7775 4.0027 5.1207 7.1815
20 1.3198 2.6487 3.7345 ‘.7027 6.4466
50 1.3080 2.5319 3.4966 4.3359 5.8068

100 1.3011 2.4723 3.3729 4.1530 5.4920

~~ 1.28155 2.32635 3.09023 3.71902 4.7534

NOTES:
VALUES FOR WT = 100 AND/O R a io~

6 TAKEN FROM TABLE II OF 121 ;
THE REMAINDER FROM TABLE 26.8 OF 111 .
COMPUTED USING VALUES OFX2

1~~
(2WT) FROM TABLE II OF 121 .

TABLE 2-1. FALSE ALARM THRESHOLDS.

20
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using the program of Figure 2—3 . This calculation was performed for

a number of cases , and the results are plotted In Figures 2_LI and

2—5 for a10 2 and ~~~~~~~~~~~~~ respectively.

EXAMPLE 2-k. Problem: - What integration time T is required to

achieve 90% detectIon ahd 1% false alarm probabilities when the Input

SNR Is zero dB, if the bandwidth Is 0.25 Hz?

Solution: From Figure 2_lI, y— .9 and h2=0 dB correspond approximately

to WT=25. Thus about 100 seconds of Integration time is required.

For deterministic signals, from (2—8) and (2—12) we have

= Q EX ~_a ( 2W T) I 2W T s 2WTh2 J •  (2— 17)

Here, direct calculation Is not as simple since the noncentral chi—

squared probability integral is given by the infinite sum [1]

Q(x ’2 1v ,A ) = e~~
’2 (x/2 )~

C 
Q(X ’ 2 1v +2k) .  (2-18)

Tables for this function are relatively rare [5,6], of which [6] is

fairly extensive for 2WT < 100 and a ~ ~~~~~ For W T 1 , Q is well

known to communications engineer s as Marcum’s Q-function, thoroughly

tabulated in [7] and given by nomograph in [8]. Urkowitz [9] uses a

nomograph for the (central) chi-squared probability Integral [10]

and an approximation technique due to Patnaik [11].

In order to avoid both the labor of interpolating tables and the

inherent inaccuracy of nomographs, an excellent Gaussian approximation

21
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76/09/10. 111.22.33.

PROGRAM CH15314

1O READ A, X, M
20 PRINT “M = “M , ~~~ =~~~~ , “X =

30 PRINT
110 PRINT “SNR(DB)” ,”PD”
50 FOR V=2.5 TO 3 STEP .1
60 H=l0+V
70 Y= .5* X/(1+H)
80 Sl=S2=l
90 FOR K=l TO M—l
100 S2=S2’Y/K
110 Sl=Sl +S2
120 NEXT K
130 Sl=Sl’EXP(—Y)
1110 PRINT l-O’V,Sl
150 NEXT V
i6o STOP
170 DATA .0001
175 DATA 23.5] 3,2
180 END

H~~~~h
2

X~~~~
2 —

1~
Si Q( x

~...~~I 2M )

FIGURE 2-3

Program to Compute the Chi—Squared Integral 
—

22
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0: 

WT

~~
10 0/ i/ f/  

_ _ __0.96 _  _

~~~0~~~~

_ _
__  

-

1 ::: /

/ 
_ _ _

001
10 O~~~~~~~~~~~~~~~ 10 20 30

INPUT SIGNAL-TO.NOISE RATIO (h2), dB

FIG. 2~4 RECEIVER OPERATING CHARACTERISTICS, SQUARE-LAW DETECTOR.
FOR PFA = 0.01 AND WI VARIED (RANDOM SIGNAL)
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0.9999
WT—10 0 I5O 20 10 5 2

__ 
/::

__ //
_

~ 0.4 -

0.3

0.2

0.1

:: /i~ 10 20 30 40

INPUT SIGNAL-TO-NOISE RATIO (h2). dB

FIG. 2-5 RECEIVER OPERATING CHARACTERISTICS, SQUARE- LAW DETECTOR.
FOR PFA - 0.0001 AND WI VARIED (RANDOM SIGNAL)
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to the noncentral chi—squared distribution, due to Sankaran (12],

• was used to obtain h2 in terms of y. In Appendix A it is shown that

d d2+1 d 12d
h2 ( ) a + — ...x....j ...~~. + 2~~~l , 

- (2—19)
- .

where d
1 
is defined by

E Q(d ) ~{l—erf(d //~)] , (2—20)

Q(X) being the Gaussian probability integral* and erf(x) the error

function, both universally known and tabulated. For reference,

Table 2—2 provIdes several values of d .

It is interesting to note that if the value of h2 yIelding r .5

is taken to be the minimum detectable signal (MDS), then from (2—19)

it Is given simply as

d
MDS =  a (2—21)

/W~ 2WT

This is to be compared with the heuristic value of MDS=da//~~~
in [14],

which Is based o’i ~iIstributional properties when WT is very large

( i .e . ,  the central limit theorem).

~XAMPLE 2—5. Problem: Find the MDS for a”1O~~ and WT=5O.

Solution : Since no table of ~ is available for this value of a,

~e use the approximation (2—21), yieldIng MDS—k .3359//rO+.Ol=.6232=

-2.05 dB, where d
~ 
was obtained from Table 2—1. If W=.l Hz, the

‘One of the spinoffs from this study is the discovery that Marcuxn’s
Q—function Is rather easily and accurately approximated by

Q (ci ,B )  ~~ Q(18—l/2 — v’~~-1/2).

25
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r

-
~ I

7’ d7’ 7- 0(d 7’
)

10~ 4.75342 NOTES:
10~ 4.26489 (1) d — - d
10 3.71902 (2) VALUES TAKEN FROM TABLES 26.5
.0002 3.54008 AND 26.6 OF (ii .
0006 3.29053
.001 3.09023
.002 2.87816
.005 2.57583
.01 2.32635
.02 2.05375
05 1.64485
.1 1.28155
.2 0.84162
.3 0.52440
.4 0.25335
.5 0

TABLE 2-2. GAUSSIAN PROBABILITY INTEGRAL.

26
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corresponding detection threshold is

• . 
DT — (.1) MDS — —12.05 dB.

Using (2—19), ROC were computed for the square—law detector

with deterministic input signal, and are displayed In Figures 2—6

- 

and 2—7 for a — l02 and lO~ ’, respectively.

t —

_ _ _  - 
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0.9999 I l

0: 

WI - 100 

~~~~~~~~ 

10/

/

,
)

!

~~~0.96

0.9 _____  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _

~

1
: 

__ _

_

_

INPUT SIGNAL-To-NOISE RATIO (h2), dB

FIG. 2-6 RECEIVER OPERATING CHARACTERIST ICS. SQUARE-LAW DETECTOR,
FOR PFA - 0.01 AND WI VARIED (DETERMINISTIC SIGNAL)
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~~~~0_7

0.001
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INPUT SIGNAL-TO-NOISE RATIO (h2), dB

FIG. 2-7. RECEIVER OPERATING CHARACTERISTICS. SQUARE-LAW DETECTOR ,
FOR PFA - 0.0001 AND WI VARIED (DETERMINISTIC SIGNAL)
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CHAPTER 3
CORRELATION DETECTOR

3.1 Detector Configuration

A second , broad class of practical detectors can be modeled

by the configuration of Figure 3—1, in which the detector Inputs

{~~ ; i—1 ,
2 ...L} are first partitioned , then the partitions summed

and multiplied together. Thus the output y(t) of the multiplier

has the form

ILl  i l L  1
y (t) u ( t )u (t ) — Z x1(t)~ ~ x1(t)l (3—1)

2 JLi=L]~
+] J

Let us define for J—l ,2

E{u
3
(t)} = 

J sj (t ) DS

0 RS (3—2)

Var{u~(t)J — foj
2 DS

ka j
2 + d~

2 RS (3—3 )
and

Cov{u (t),u (t)} — Jp a1a2 DS

1pa 1a2+rd1d2. RS (3—14)

30

-5 - - — - - -~~~~ —-~~~~~~~~- -~~~~~~~~-- - -



- --5 - - - - - - -.-------- .-- —_-‘-_—----, ,--,--•-- - - ---‘-5- -5-—-— - - -  - 5 - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.5---

NSWCIWOL/TR 76-148
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The product can be written -

u u — u2 — u2 ( 3...5)
1 2  3 4

where

u = ~(u + u )  
-

1
U =-~~(u — u ) . (3— 6 )

1* 1 2

The two new Gaussian variables thus defined have the moments

E{u } ~~ = +5 ) DS
3 ~~ 3 1 2

(0 RS

E{u } = ~s —  ~ ( 5 1— ~ 2 ) DS

(o RS ( 3—7 )

Var~u } — a2 ~~a2+2pa a +a2) DS
3 3 1 1 2  2

a2+d2~.~a2+1~(d 2_2rd d +d2) RS
3 3 3 1 1 2  2

Var{u I = a 2i1~~(a 2 +2pa a +a 2) DS
I. 1 1 2  2

~~~~~~~~~~~~~~~~~~~ d +d2 )  RS ( 3—8 )
k k Ii 1 1 2  2

and

Cov{u ,u I — no a 4(a2_a2) DS
3 4 3 4  1 2

no a +6d d 4(a2+d2_a2_d2) RS. (3. 9)
3 ’ .  3 ’ .  1 1 2 2

In the lowpass case the detector output is

32 
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z = 
~~ 

[u 2(t1) — u 2( t 4 ) ]
‘I ~~-

~ z — z , M—2WT (3—10)

where for deterministic signals

(2WTz

\ 1 
i~~ X ’2(2WT,2WTh2) - 

-

i a2 3
J 3

DS

) 2WTz —

/ 2 
is ~

‘2(2WT,2WTh2) (3—li)
1 ~ 2 I.

I .

and for random signals

2WTz 2WTz
1 2 2
,~ and ,

~ 
,, are x (2WT). RS (3-12)

o2 + d  a + d
3 3 ‘4 ‘4

Thus the detector output is the difference of two scaled, correlated

(central or noncentral) chi-squared random variables. However , f rom

(3.9), If the input noise power Is the same in each channel (a a a),

these output variables are uncorrelated (and independent) for determinis—

tic signals; for Gaussian signals, the same effect results If a2 + d2 =

a
2 

+ d2.
2 2

In t he narrowband case the detector output Is

-~~~ 

33
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r~
2 +u 2 u2 +u2 1

M I 3d 35± ‘.ci ksi
~_ i v I _ _ _ _  — _ _ _ _

M ‘ 2 2

- 

~~ :~~~~: 

(U 2 - u 2 )

£ z — z , M=WT, (3- 13)

where U and U are the envelopes of u and u . As in the instance
3 ‘4 3 ‘4

of the square—law detector, with an appropriate change in the

interpretations of h2 and h2, the “sum” and “difference” channel

SNR ’s, the narrowband correlation detector output components z and

z are distributed In the same way as in the lowpass case (as indicated

in (3-11) and (3—12)).

P When the conditions for independence of z and z are met, as

described above, then the SNR ’s become

h2 = ~
1 [h

2
+h

2
+2h h cos(e — e )]

~ 
2( +p) 1 2 1 1  1 2

DS —

2 2 2  
-

h 1 [h +h —2h h cos(e —e )]. (3—114)
‘. 2(l—p ) 1 2 1 2  1 2

F 3.2 Probability Distribution. 
—

The functional form of the distribution of the correlation

detector output z, In the case of no post—detection integration (M—1),

has been developed In complete generality for the assumed model [13,19]. - 
-

This form is very complex and far from being “closed”. A great

31$ - 
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simplification, however , occurs if the equal Input variance conditions

discussed above are assumed, so that z and z are independent.
5 1 2

Using those assumptions, in Appendix B it is shown that the

probability density function of z becomes, for deterministic signals, - •

2 M—].
p (z)  —~.( 4~’ ) exp 1—M(h +h )}

z n t r n~
EM (l_p)h /2

~~~
M (l+P)h /2 DS (3-15)

n 0 m 0  3 ‘4
(M=WT )

exp ~_2Mz/a
2
(1_p)~ G ~~~4Mz/a

2
(1-p

2
J, z> 0

exp ~2Mz/a
2
(1_p)I G

~~~
1[-14Mz/a

2
(l—p

2 )], z<0

where

Gm (x )  A 
~ 
(n-I-m—k)x (3— 16)

k=0 m ki

are polynomials whose properties are discussed in [13]. For Gaussian
2 2

signals, the pdf is obtained by setting h = h =0 In (3—15). Using

p a a + r d d p+rh h
1 2  1 2  1 2

* a p n+s Z 2 = -

• a +d /(l+h2)(1+h2)
1 2

and

0 2 + d2 = a2 + d2 ~ 2 + d2 = a2(l+h2), (3— 17)
1 1 2 2

35
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(3—15 ) becomes

M 1_~,
2 M— l M l  

~ 14 M I z Ip ( Z )  — 2 ~~
‘
i~~ 

( 14 S M—i I 2 2 2
a (l+h )

RS

2 2

~
. exp {—2Mz/a (i+h )(l+~p)} , z>0

(M=WT )I 2 2
‘ exp (2Mz/a (l+h )(l—*)I , zc O. (3—18 )

In [15], the following integral is derived: -

dx e~~~G~ (x )  = ~~-bt 
K~o

: b K
~~~~ 

, (3-19)

where the incomplete exponential function eK(.) is given in (2—16).

Thus the probability of detection for the correlation detector is

2 M-l
PD(t) = (~~2-)(1’~ ) exp{—M(h +h

2
)— 2Mt/c,

2
(1+p)}

DS

Z ~1~~1
[M _ h

2
,2Jn[M(l+I,)h

2
/.23m

n O m— O ‘4

n+M-1 2M+n+m-2-K 2 K
x Z ~ m+M—l ~ e (2Mt/a 2(l+p)] (3—20)

K 0  K

(M - WT)

36
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3—3 Receiver Operating Characteristics.

The computer program presented in Figure 3—2 was used to

calculate a truncated version of (3—20). False alarm thresholds are

- first computed according to the procedure diagrammed In Figure 3-3,

which illustrates the case of a=l0~~ and p—O. A number of values

of the threshold thus obtaIned are listed in Table 3—1 for

different a and WT.

An impression of the rate of converge of the distribution of the

detector output to that of a Gaussian variable can be gained from

Table 3—2, in which thresholds from Table 3—1, normalized by

lVar{z} = a
2
/(l+p)/2M , (3- 22)

are compared to their Gaussian counterparts taken from Table 26.6

of [1].

Having computed false alarm thresholds corresponding to various

values of a , the method of Figure 3—14 was employed to compute 
~D=

~
for fixed a and WT, and for input SNR varied when the signal is

deterministic . For computation, the case for which there Is no

inter—channel noise correlation (p=0) and for which the signals are

of equal phase and power (S =3 =3, 0 =0 ) was selected. For this
2 2 2 2 1 2

case , h =2h and h = O , where h2 is the input SNR in each channel.

The resulting ROC are given In Figures 3—5 and 3—6 for al 0 2 and 10~~,

respectively.

EXAMPLE 3—1 . Problem: Find the input SNR required to achieve a

Iletection probability of .95 when a is constrained to be 1% for a

Icorrelation detector whose bandwidth is 0.1 Hz and the IntegratIon

37
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60 H3=2*H/(l+RO)
70 H14=0
71 IF H3>O THEN 73
72 L2 = 0
73 IF H 14> 0 THEN 75
714 Li = 0
75 C 9=CO
80 UO= .5*M~~(i+RO) *H14
90 VO= .5*M*(l_RO)*H3
110 Y=2*M*X/(l+RO)
120 3=0
130 Ui=i
135 CO=C9
1140 FOR N=O TO Li
150 IF N=O THEN 180
160 Ul=Ui*UO/N
170 CO=C0*(2*M+N_2)/N+M_1)
180 vl=1
190 CL=CO
200 FOR J=O TO L2
210 IF J=O THEN 2140
220 Vi=Vi~VO/J230 C1=Ci*(2*M~i~N+J_2)/ (M+J_l)21)0 wi=w8=1
250 C2=C].
260 FOR K=0 TO M+J—1

— 270 IF K=0 THEN 310
280 w8=w8*Y/K

• 290 wi=wi+w8
300 C2=C2*(M+J_K)/(2*M+N+J_1_K)
310 S=S+Wl*Ul*V1*C2*(2/(l_RO))+K
320 NEXT K
350 NEXT J -

1400 NEXT N - -

1410 3=S*EXP (_Y_M*(H3+H14))
1420 S=s*(i+RO)*(1_RO+2)+(M_l)
1430 3=S*2/14tM

Mnemonics: RO p , .Y ~~2S. , H3 h2, H4

Wi ek ( Y ) ,  Ul~~[M( 1+ p ) h 2 / 2 ] N /N~ ,
Vi [M ( l _ p ) h 2 / 2 ] ~~/J !, , C2 = ~2M~~~J~2_K )

S = 4 (1+RO)(i~RO2)M~~ exp [-Y-M(H 3+H4)]4 ’
Li L2 M+J-i

~ Wi•Ui.Vi•C2 2 -

N—U 3=0 ~~~ 
iR 0 5-

FIGURE 3-2
Program to Compute Correlation Detector Probabilities
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SPECIFY PARAMETERS
M.p. h3

2.h4
2

Co’(ZM-2
~~M-1

L 1 — U— O

SPECIFY ARGUMEN~ I ]

CHANGE xj 
- COMPUTE S 

~FA 
1 } 

PROGRAM OF FIG. 3-2

NO 
-

YES

THRESHOLD

FIG. 3-3. PROCEDURE TO COMPUTE FALSE ALARM THRESHOLDS.
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TABLE 3-1
False Alarm Thresholds

N W T , p 0

PFA~a M 1  2 5 10 20 50 100

101 .804719 .599316 .393138 .282004 .200966 .127726 .090467

102 1.956012 1.297955 .775559 .535128 .373254 .234027 .164992

io~ 3.107304 1.951070

10’4 4.258597 2.584154 1.407855 .924418 .623690 .381497 .266446

io~~ 5.409889 3.205650

106 6.561182 3.819675 -

~~, \ 3.534526 2.547767 2.275093
~~12

) 1 2 - 70 48620 x 1010 x 1028 x 1058

~M-lf

TABLE 3-2
Normalized False Alarm Thresholds

M = W T , p = O

T/2M/~~
M a = 10’ 102 10’.

1 1.138045 2.766219 6.022566
2 1.198632 2.595910 5.168308
5 1.24321.2 2.452533 — 4.452028
10 1.261160 2.393165 4.134123
20 1.271021 2.360664 3.944562
50 1.277260 2.340270 3.814970

_l0O 1.279397 2.333339 3.768116

1.28155 2.32635 3.71902
(Gaussian)
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SPECIFY PARAMETERS
M,p, C0 —f2M.2

X(PFA )=  T, 2

SPECIFY SNR
h32, h42

SET NUMBER OF TERMS
L1—L2 20

_ _  _ _

INCREASE Li . L21 COMPUTE S= P D 1
NO SAME AS

LAST CHANGE SNR
VALUE

7

YES

ENOUGH
POINTS ?

STOP

FIG. 3-4. METHOD FOR COMPUTING
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FIG. 3-5 RECEIVER OPERATING CHARACTERISTICS. CORRELATION DETECTOR.
FOR PFA 001 AND WT VARIED (DETERMINISTIC SIGNAL)
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It ime Is 200 seconds. Solution: Prom Figure 3—5 , the WT—20 curve,
21we find that r .95 corresponds to h ——1.1 dB. Referred to one hertz

kandwldth, this value gives a detection threshold of —11.1 dB.

EXAMPLE 3—2. Problem: For a correlation detector with WT—1O, what

can be achieved by a SNR of zero dB if a—l0 14? Solut ion: Prom

E?igur e 3—6, I’D” .56

~XAMPLE 3—3. Problem : What integration time is required to yield
2

~D~~
9 when a lO , h ——3 dB , and W 2Hz? Solution: From Figure 3—6,

we see that the point (y,h
2
) — ( .9 , —3 ) falls between the WT—50 and

WT—l O0 curves, say at WT—60. Therefore, T should be set to about

3,0 seconds.

To compute ROC for the correlation detector when the signals

are Gaussian, the procedure of Figure 3— 14 Is used, except that with

h— h —O , the summation is finite (Ll—L2—O in program). The signal

parameters are included by using the notation (3—17) in the program,

with no noise correlation (p—0) and perfect signal correlation (r—l),

or
h h

1 2
p In program -‘ 2 In program

1 +h

2 2 2
a in program + a (l+h ) In program. (3-23)

Figures 3-7 and 3-8 give ROC for a Gaussian signal case, assuming

h— h —h, when a”].0 2 and l0~~.

EXAMPLE 3— 14. Problem: What increase in input SNR is required to

mintain 
~D

=•95 for a correlation detector with Gaussian signals

and noise, if 
~FA is decreased from io

2 to ~~~~~~~~~~~~~ and WT—2?
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0.9999

wi-ioo/so/ 20/ io/ ~/ 1
0.999 7

// /•/ /~~~~~~_E 0.95
z
0
I— 09aw
I-

~~ 
__________ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _

~~ 
_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _____

0.4

:
~~1o~~~~~~~~~~~~~ Q 10 20

INPUT SIGNAL-TO-NOISE RATIO (h~-h~ hi). dB

FIG. 3-7 RECEIVER OPERAT ING CHARACTER ISTICS. CORRELATION DETECTOR .
FOR PFA = 0.01 AND WT VARIED (RANDOM SIGNAL)
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0: 

WT=100/ 50! 20 10 

7

/

///~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

____

-

_

10 20 30

INPUT SIGNAL-TO-NOISE RATIO (h2-h? = h?). dB

FIG. 3-8. RECEIVER OPERATING CHARACTERISTICS , CORRELATION DETECTOR,
FOR PFA = 0.0001 AND WI VARIED (RANDOM SIGNAL).
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Solution: From Figure 3—7 , h2 — 9.8 dB for WT — 2 and y — .95, in

- ~Figure 3—8 , for the same WT and y; h2 - 12.3 dB. Thus an increase

Lof 2.5 dB is required .

IPLE 3—5. Problem: How does the detect ion performance of a
correlator compare with that of a “sum and square” detector with

two Gaussian inputs? Solution: Assuming that the signals are

perfectly correlated (r=l), the noises are independent (p=O), and that

che SNR ’s in the channels are equal , the SNR at the input to the

square-law device Is twice that in the input channels. Thus we may

use Figures 2_i) and 2—5 if we subtract 3 dB from the SNR indicated .

Table 3—3 summarizes the comparison to be made, using data from

Figures 2—14, 2—5, 3—7 , and 3— 8. From the comparison, we observe

that the square-law Is better (requires a smaller SNR) than the

correlation detector for the case modeled , but only by about 1 dB or

less, typically.
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TABLE 3-3

Detector Performance Comparison

~D
95

P = l02 P —10 ”FA FA WT

h2(correl) h2(SQ.L) th2 h2(correl) h2(SQ.L) ~h
2

16.8 16.5 0.3 19.7 19.5 0.2 1
9.8 9.5 0.3 12.3 12.1 0.2 2
4 .5 3.8 0.7 6.5 6.1 O. k  5
1.7 1.0 0.7 3.14 2.8 0.6 10

—0 .6 —1.5 0.9 0.9 0.2 0.7 20
—3.2 —4.3 1.]. —1.8 —2.7 0.9 50
— 4 . 9  — 6.2  1.3 — 3 .6  — 4.7  1.1 100

= .9
13.6 13.4 0.2 16.6 16.4 0.2 1
8.0 7.7 0.3 10.5 10.3 0.2 2
3.4 2.7 0.7 5.-k 5.0 0.4 5
0.8 0.1 0.7 2.6 2.1 0.5 10

—1.3 —2.2 0.9 0.3 —0.4 0.7 20
—3.8 —14.8 1.0 —2.3 —3 .2 0.9 50
—5 .5 —6.7 1.2 —4.0 —5.1 1.] 100

=

11.8 14.5 0.3 8.1 7.9 0.~ 1
2.1 1.7 0.14 5.0 14.8 - 0.~ 2

— 0.7 —1.3 0 .6 1.8 1.5 o.: 5
—2.5 —3 .2 0.7 —0.2 —0.7 0.’ 10
—11 .2 —5 .1 0.9 —1.8 —2.6 0.1 20
—6 .2  — 7 .3 1.1 —14.2 —5 .0 - 0.1 50
—7. 8 —9 .0 1.2 — 5 .8 — 6.8  l.~ 100
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CHAPTER 14
— INCOHERENT POWER DETECTOR

11.1 Detector Configuration

A third class of quadratic detector whIch can be analyzed

conveniently Is that in which the inputs are squared and then summed ,

as Illustrated in Figure 14~1. The output of the lowpass filter

i~ , In the lowpass detector bandwidth case,

L
y(t) = ~ x~ ( t ) ,  ( 1 4 — i )

1=1

where the inputs {x1} are correlated and have different variances

in general. If they were Independent and of equal variance,

the sum would be distributed ~
2(L) and the detector output , ~2(LM).

119 - 
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Rather than treat this specialized case, we shall maintain the genera—

lity and restrict the number of inputs to L=2, the cases of larger

dimension being encompassed by the approach given in Part II.

For L=2, then

2 2
y = x1 

+ x
2

= 2(u
2
+u

2
) , (4—2)

3 ”

where u and u are the sum and difference terms defined before in
3 I.

(3—6), with the moments given in (3-7), (3-8), and (3—9). The

detector output is

2 M 2 2
z = ~ [u ( t~ )+u Ct,)]

~ j=l ~ k J

+ z  . ( 4 — 3 )
1 2

For both lowpass and narrowband detector cases,

,—WTz
1 1 2 2

is x ’ ( 2WT ,2WT h )
~ 2 3

% a
I 3

- 
- - DS (14-4)

~\ WTz
I 1 , 2 2

I 2 
is x (2WT,2WTh ),

Ii
51
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so that z is the weighted sum of c3rrelated noncentral chi—squared

random variables.

11.2 Receiver Operating Characteristics

The pdf for the output of the square and sum detector with two

inputs is developed in Appendix C. From (C—i1)), the probability

of detection is

/ \W T  / F 2 2
P = ~~~~~~ 

exp.~—WT I ~ 
+ h +hD \lp /  ~ La (l+p ) ~

DS

n~ 0 JO ~~~~~~~~~~~~~ n I r n I K V~ m+n+K+2WT_ l [ Z )]

(11-5)

where the equal input noise variance assumption has been made. The

corresponding false alarm probability Is

p = (i±2.’~’~ex 5 -WTt ~ (?.2.\ (1~~
T_ 1\e I WTT 1

FA \l—s / 
P
~ka

2
(1+p ) J  K .0\ ’~~ J\ 

K ) K+ 2WT_ lLa Z
(l +p ) J

—l < p < 1/3

= ( )~~ exp { z~ l
TT )} K~O(l+P)~~~K )i~+2~T_i[ai(i_p)] 

‘

—

~~~~

. < p  < 1 .

(14—6) 
- 

-
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For deterministic signals, the computer program of Figure 14—2

was written to compute ( 1 4 - 5)  when the input SNR ’s are equal and the

signals are in pI\ase. The program was used according to a strategy

- very analogous to that diagranur:ed in FIgures 3—3 and 3_Il . False

alarm thresholds for cz=1O 2 and ~~~~~~~~~~~ are given In Table 4— 1, and

ROC for the same a are shown in Figures 14_ 3 and 14_14 for deterministic

signals.

EXAMPLE 4—1. Problem : How do the three types of detectors we have

considered compare as to minimum detectable signal (P~~.5, a=10
14) - 

-

as WT varies, for two channels of uncorrelated noise and a deterministic

sIgnal common to the charnels? Solution : Using Figures 2—7, 3—6,

and 14_14, the comparison in Figure 4—5 was ccnstructed , showing that

in this instance the coherent power or square—law detector is

consistent]y “best” and the Incoherent Is consistently “worst” ,

although the difference in MDS Is at most 1.6 dB.

For the Gaussian sIgnal case, (14—6) was computed using
2 2 2 2 2

p=h /(l+h ) and replacing a with c (li-h ) in the program, as done

previously for the correlation detector. Figures 14—6 and 14~7

provide the HOC for the two—input sum and square detector when a=lO~
2

and respectively.

EXAM PLE 14—2. Problem : Perform the same comparison as in Example

~4—1 for Gaussian signals. Solution: Using data from Figures 2—5,

3—8, and 14—7, the comparison plotted In Figure 4—8 shows much t~e

same result as in the deterministic signal case.
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80 DO=2*M*H/(l+RO )
82 AO=-2’RO/(l—RO)
85 IF DO>O THEN 100
86 Ll—O
100 Y=X*M/(1+RO)
105 S=O
110 Dl=1
120 FOR 1=0 TO Li
130 Al=BO=B1=CO=i

• 140 IF 1—0 THEN 160
150 D1=Dl*DO/I
160 FOR J=1 TO I+2*M_l

F 170 BO=BO*Y/J
180 B1—Bi+BO

- . 190 NEX[’J
194 S1=Bl
195 IF RO>O THEN 200
197 L2=l
200 FOR K=1 TO L2
210 A].=Al*AO/K -

230 BO=BO*Y/(K+2*M_l+I)
2140 B1=Bl+BO
245 CO=C0*(M+K_1)
250 S1=Sl+Al*CO*B1
26O NEXT K
265 S=S+S1*Dl
270 NEXT I
275 S=S*EXP(_Y_DO)*((i+RO)/(1_RO)) +M

H~~~~h 2

RO~~~ p

X

M~~~WT

FIGURE 14-2

Program to Compute Square—And—Sum Detector Probabilities

511 
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TABLE 4-1

False Alarm Thresholds, Square and Sum Detector

Threshold, Tic12 Normalized threshold

WT a = l02 10~~ l02 l O ”

1 6.638352 11.756371 3.279 8 6.8988
2 5.02256 7.9569]. 3.0226 5.9569

5 3.75662 5.23860 2.7775 5.1207
10 3.181454 4.10311 2.6487 14.7027

2.80822 3.39456 2.5558 4.4100

50 2.49445 2.83060 2.4723 4.1530
L00 2.34362 2.56828 2.14298 4.0254

~aussian — — —— 2 . 326 4 3.7 190

- 
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0.9999 
WT .. 100/ 

7 
20

/ 7 7
o.~~ I /I/ i  / 2
0.99

~~~~095
z

~~~ 0.9

:
_ _  

/ /

o~~~~~~~~~~~5 .  5 10

INPUT SIGNAL-TO-NOISE RAT IO (h2 h~ - h? ), dB

FIG. 4-3. RECEIVER OPERATING CHARACTERIST ICS, INCOHERENT DETECTOR .
FOR PFA - 0.01 AND WI VARIED (DETERMINISTIC SIGNAL)
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0.001
-5 0 5 10

INPUT SIGNAL-TO-NOISE RATIO (h2 = = h~). dB

FIG. 4-4. RECEIVER OPERATING CHARACTERISTICS , INCOHER ENT DETECTOR.
FOR PFA = 0.0001 AND WI VARIED (DETERMINISTIC SIGNAL)
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INPUT SIGNAL-TO-NOISE RATIO (h 1
2 = h2), dB

FIG. 4-6 RECEIVER OPERATING CHARACTER ISTICS, INCOHERENT DETECTOR,
FOR PFA = 0.01 AND WI (RANDOM SIGNAL)
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0.9999 I l  I I I
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/ 
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1 1/  7

//~~~~~~~~~~~~~~~~~/

_

0.4 ___________  ___________  __________— ___________ _____

0.3 ___________  ___________ __________— ___________ _____

0.2 — ________________ ________________ _______

0.1

0.001 
10 20 30

INPUT SIGNAL-TO-NOISE RA TIO (I~l
2 h? — h2)dB

FIG. 4-7 RECEIVER OPERATING CHARACTERISTICS , INCOHERENT DETECTOR ,
FOR PFA - 0.0001 AND WI VARIED (RANDOM SIGNAL)
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- 

- CHAPTER 5
APPR OXIMATION TO THE DISTRIBUTION OF QUADRATI C FORMS

Having treated in the previous three chapters selected cases of
quadratic detectors, we now turn to the more general case in which

= the detector output is an arbitrary quadratic form of the input
samples. Whereas before the assumption that the samples are
independent permitted direct calculation of probabilities, the removal
of that assumption now will dictate resorting to an approximation

technique. However, the approximation used Involves an asymptotic
series, in which any desired accuracy can be obtained by controlling
the number of terms.

In this chapter, the theory behind the approximation technique

known as Edgeworth’s series is developed for quadratic detectors.
Specific computational procedures and examples of receiver operating
characteristics obtained by this technique are given In Chapter 6.

5.1 Characteristic Function
Let M samples of the L detector inputs be assembled to form

a vector:
r ’~~~~r 

~ 
.
~ ~~ —l— L 

~~~~~ 21’~~ Li’ 22’’~~ ’ ~~~~~~~~~~~~~~~ LM

where
xii 

x1(t~) . (5—2)

The covarlance matrix Is then
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zi 

- 

Z 2 
. . . 

~ ~M—l

~~
1 ~~ 0 ~~1 

• 
~M—2

E
~~~

’} =
‘ . . . (LMx LM)

1M—1 ~M—2 
- 

~~M — 3

(5- 3)

where each sub-matrix is LxL and

= t E x 1 t x
1

t+KAt~~- I I

I I R i j ( KA t ) I I  ,

being the cross—correlation function between Input channels

I and J. If a deterministic signal vector p Is defined analogous

to ~ In (5— 1), the joint probability density function for the

components of ~ is given by

-½ -l
p(~ ) = [(2w)LMdet~] exp( —~

.(
~—u )’.~ (~ —I 1 ) }  (5—5)

in the lowpass detector case, and by

p(~ ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(5-6)
In the narrowband case.

L 

~~~~~~~~~ 

-
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Adopting the detector model of’ Figure 1—1, we postulate a

detector output of the form

M
z — 

~ 
F ’  Q~ , (Q LxL) (5—7)

i—l i I

with

~
.j  = (x lj , x 21,... , xLI ) . (5-8)

Alternately, this output can be written

= 
~~~~ 

or 2~ c~ m~c + 
~~~~~~

(lowpass) (narrowband)

in which

1 
°L °L • °L

~M
’
~~V1 : : (5—10)

.Q

an LMxLM block diagonal matrix. (OL denotes an LxL null matrix.)

The characteristic function for the distribution of the detector

output z Is given by

= E{Ipz} = E {Ip~~’Q~~ } ( lowpass)

= Et
~~~~

Qm~c
}E{i

~~~
’Q
~~~

} (narrowband) (5 1].)
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Using the results of Mlddleton [18, Chapter 171, who likes to refer

to this distribution “generalized x2 , “ we have - -

= (det A) 2
~xp~

_ ? 1 (I~~_A~~)p} (5—12)

- 
- 

in the lowpass case, and

= (det AY ’ exp {— 
~~~

1.1
~~. E~~~

(ILM_A ’) p
c 

—

(5—13)

In the narrowband case, using

1LM 2
~~~~rn’ lowpass

narrowband (5-14)

Now, although these expressions are exact , the corresponding probability

density functions

P~~
(z )  = ~~~fdp $z( 1e

’
~~ 

(5-15)

are “intractable t’ exce pt for LM = 1, 2 and the degenerate case where

= o2I~~, according to [18]. Thus another approach is taken.
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5.2 Asymptotic expansion for the pdf.
We use M1dd1eton~ formula,

— A 1 — ~ (21~)m (ZQ )
m (5_ 16)

rn—i (lowpass)

arid t he relation

det A — exp { — Z  
(2~~)m tr[(IQM)

m]
m=l

(lowpass)

where

tr[C] = ~ (5— 18)
i

is the trace of the matrix C. Thus we can write the characteristic

function as

= exp {~ am (ip)
m} (5—19)

rn-i

with

am = 2
m_l

{P tI_ l(~QM?P 4 ~ tr[(IQM)
m]} (5—20)

for a lowpass detector , and

am — ½{PCr1CZQM)
m 

~~ 
+ 
~~

Z_ I (Z QM )
m
P$ + ~ tr[(~QM)

m]}

for a narrowband detector . (5—21)

For small correlation between time samples (ipM<c l) and a lowpass
sampling rate twice that of the corresponding narrowband detector, It
is shown in Appendix D that (5-20) and (5-21) are equivalent .
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Putting together (5—15) and 5—19), we

have the asymptotic expansion with respect to the number of variables LM

p
~

(z) 241 dp exp {—ipz +J1
am(ip)

m}

~
4 f dp exp{-ip(z - a )  - p 2a I  exp ( I a m (Ip) m )

= 
2ir/~~~~..,.[ 

dp exP{_iP(,,...~~)_ 
p2i2}exp{Zb (ip )m} (5—22)

where

b = a /(2a )mi2 (5— 23)m m 2

Now, the first term in the Integrand by itself would yield

t /Z—a \ I
I dp exp {—ipl ‘~ — p2/2} = (2/r~~ Y’ exp {— 

~~~ 
ai1

2ir/~~~ J 2
2~~~~ 2

— _ _ _ _  f
z_ .a1\ ( 5—2 4)

2

In which •(x) is the pdf of a Gaussian variable with zero mean and unit

variance. The second factor in the integrand of (5—22) can be recognized

as a power series:

exp{ ~ brn(ip)
m) = ~ ~~ [ ~ bm (ip)

m]k

m 3  k—0 m=3

- 

= 1 + ~ bm 
( 1~)m + ½ 

~ ~ 
bmbn 

( Ip )m+n
m-3 m—3n—3
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— 1 + 
~ 

0m (1~)
m~ (5— 25)

m—3

Since the integral ( 5—22 )  is actually a Fourier transform, we recall

that

F 1{(ip)k F[g(z)]} — (_1)k gt~~ (z). (5— 26)

Thus we find that

P (z) ~ (
z-a~~ + ~ (1)m cZ 

~~~~ ( \ /~~~/ m-3 m v~~ —i
2 2 2

z—a ‘ ‘z—a
— ~ •( 1\ ) l + ~~ cHe

( 
1\

/~~ ~ 
m=3 m m 

~~~~ , (5—27)
2 2 2

Hem ( s )  being the Hermite polynomial.

Accurate representation of the density function by means of the

asymptotic expansion (5—27) requires that terms be arranged in order

of magnitude with respect to dimension LM. Truncation of the

series then yields an error no larger than the absolute value of

the first discarded term [16 , § 0.33].

A truncation of (5—27) accurate to o[ 6.5) Is the finite series,

= • (z ’) { 1 + bHe (z’) + [b He (z ’) + ½ b2He (z ’)]

+ [b He (z’) + b b H e  (z’) + ~ b3He (z’)] (5— 28)

+ [b He (z’) + (½b2 + b b ) He (z ’) + ½ b2 b H e (z ’)

+ ~~ b~He (z ’)],
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where bracketed terms are of the same order of magnitude, and

(z/— a)//rr . (5—29)

5.3 Asymptotic expansion for the probability integral.

The probability integral (or complementary cumulative

distribution function) for the output of the quadratic detector is

P(-r) = Pr{z>r}

T 

p~~ (z )

or

P(t) /~~ I d x P ( x ~’~~~~~+ a )
2 J  

Z 2 1

‘r—a
1

2

= Q (r ’) + +(t’){b He (~~‘) + [b He (t-’) + ½ b2He (t ’)]

+ [b He Cr ’)  + b b He (i ’) + ~~~
- b~He C r ’) )

5 1 3 ’ . 6 0 3 8

+ Eb He (t’)  + (½b 2 + b b ) He (‘r ’) + ½ b2b He (i ’)
6 5 I. 3 5  7 3 4 9

+
~~ 4 b” He (-r ’) ] } ,  (5-30)

again for convenience using

(t — a )//~
‘
~T. (5—31)

1 2
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4

CHAPTER 6

COMPUTING R.O.C. FOR GENERAL QUADRATIC FORMS

Although sufficient information is provided In the previous

chapter to compute receiver operating characteristics for the

more general cases of quadratic detectors, it Is appropriate to

document some of computational techniques which have been used —

with success. In this chapter these techniques are described

and illustrated with example calculations, and results similar

— to those in Chapters 2—14 are given also.

6.1 Generation of Expansion Coefficients

A general outline of the procedures followed in this chapt er

is diagrammed in Figure 6— 1. As indicated in the figure , the

first task Is compute the expansion coefficients used in (5—28)

and ( 5— 3 0 ) ,  based on signal , noise , and detector parameters .

The remainder of the procedures are useful for computing any

distribution for which these coefficients have been generated .

From (5— 21) and (5—23), expansion coefficients for narrow—

band detectors are given by

am - 2m_l{~~? QM(ZQM)
m_l

pc + P~QM(~ QM)
m l~5 + ~~~

-_ tr[(IQM)
m]}

(6— 1)
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MODEL SIGNAL . NOISE. PARAMETERS 
a COMPUTE PDF

Z .i’. M, L, Q I

____________ 

I 

___________ ___________I COMPUTE EXPANSION COEFFICIENTS 
_____ ____ ____ 

COMPUTE PROBABILITY
a1, a2, b3 b12 INTEGRAL

PARTICULAR TO I COF OR ROCQUADRATIC DETECTORS I

I GENERAL — GOOD FOR ALL
TYPES OF DISTRIBUTIONS

FIG. 6-1. OUTLINE OF COMPUTATION PROCEDURES.
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bm = a /(2a )m~’2, m > 3, (6— 2)

where } and 
~M 

take the form shown In (5—3) and (5—lO),respectively .

To begin, the user chooses values for L, M, ~~, and Q.

The L x L matrix Q is chosen to reflect the detector configuration.

For example, for a (two—input) correlator,

ro ½1
Q 1  I (6—3)

L½ O~J

Construction of the UI x UI covarlance matrix involves assuming

the form of the submatrices 
~ 

. Here we shall assume “pink noise,”
k

or

RIj(k~t) = p a a i p k , 1*1<1 , (6—4)

where correlation between time samples decreases geometrically

with the time separation of the samples. With this given, the

sub—matrices take the form

v - k~’Lk — * L0, (6—5 )
which makes it rather simple to generate ~~, as performed by the

program In Figure 6-2, which computes 
~~
. Q~, and ~~M’ given

L, M, Q, 
~0 , and *. Figure 6—3 illustrates the output of the

program for L = M = 2, Q as in (6—3), ~ = .1, and

= [1 ½1 (6—6)
0 L½ lJ .

Once the signal component s p 0 and p5 are specified ,

computation of the expansion coefficients is straightforward .

For the stationary signal case, which was assumed throughout

72
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5 BASE].
10 DIM Q(40,Ls0),Z (4 0,110) ,V(lO,lO),W (10,lO)
15 DIM R(150,40)
20 M—2
30 L—2
iso W(l ,l ) — W (2 ,2 )—i
60 w( 1,2 ) — w ( 2 ,l ) — .5
80 P— .1
90 V(].,l)—V(2,2)—0
100 V(1,2)—V(2,l)— .5
105 MAT Z-ZER(L’M,L’M)
106 MAT Q” ZER(L ’M ,L’M)
107 MAT R=ZER(L ’M ,L’M)
110 FOR 1-0 TO M—l
120 FOR J—i TO L
130 FOR K-i TO L
1110 Jl—J+I ’L
150 K1 K+I’L
160 z(J1,Kl)—w(J,K)
170 Q(Jl,Kl)—V(J,K)/M
180 FOR Il-i TO M—1-I
190 K2=K1+I1*L
200 Z(J1,K2)— (P+Il)’Z(J,K)
210 Z(K2,Jl)—Z(Jl,K2)
220 NEXT Ii
230 NEXT K
2110 NEXT J
250 NEXT I
260 PRINT “ MATRIX Z”
270 PRINT
280 MAT PRINT Z
290 PRINT” MATRIX Q”
300 PRINT
310 MAT PRINT Q
320 MAT R=Z’Q
330 PRINT” MATRIX Z*Q”
34 0 PRINT
350 MAT PRINT R
500 STOP
600 END

FIGURE 6-2

• Program to Construct Matrices
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MATRIX Z

--; -E--
~
-- 

~f 1~MATRIX Q
.25 0 0

-~~~ 0 0 0
0 0 J 0 .25

l...0 0 .25 0

MATRIX Z Q
.25 .0125 .025

I 25 .125 .025 .0125I—— —— ZOM
I .0125 .025 .125 .25

L .025 .0125 I .25 125

FIG. 6-3 EXAMPLE OF COMPUTED MATRICES.
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chapters 2— 11,

p — S cose i — j + nLci. ‘6i — i , 2, . . . L
— S~sin03 

n — 0, 1, 2, . . .,  M—i

If, as a ref erence case , we suppose that

— ~ all j, (6—8)
= e

then (6—i ) takes the simple form

a
m = 2m—l {szp I%(lQm)

rn_l# ~ tr ~(1QM)
m } (6—9)

with
= (1, 1, ...., 1). (LM elements) (6—10)

The program of Figure 6—4 implements the expressions (6—9) and

(6— 2), and for the simple matrices of Figure 6—3, gives the expansion

coefficients listed in Table 6-1.

EXAMPLE 6—1. Problem : Find the expansion coefficients for a sum—

and-square detector with four inputs and WT = 10, assuming no

signal, an intersample correlation factor of * — .12, and an

Input covariance matr ix

1 .24 .05 .01
.214 1.5 .3 .05 (6—11)

10 — .05 .3 1.5 .211 .

.01 .05 .24 1

Solution: For this configuration,

1 1 1

11 1 1 1

I~ 
1 1 1 , (6—12)

1~ —
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5 BASE1
10 DIM o(1lO,40),Z(k 0,130),V(l0,l0),W(l0 10)
15 DIM R(110,110),U(40,l),Y (4 0,1),F(l,405,A(12)
16 DIM 1(1,1)
20 M—2
30 L 2

- - 35 Ll”L’N
- 

- 

40 w(l,l)=W(2,2)—l
60 w(l,2)—w(2,i)— .5
80 P= .].
85 S—i
90 V(l,l)=v(2,2)=0
100 V(l,2)=V(2,l)=..5
105 MAT Z=ZER (L*M ,L*M)
106 MAT QaZER(L’M,L’M)
107 MAT R_ZER(L*M,L*M)
110 FOR 1-0 TO M-l
120 FOR J-1 TO L
130 FOR K-i TO L
1110 Jl=J+1 L
150 Kl=K+16L
160 z(Jl,K1)=W(J ,K)
170 Q(Jl,K1)=V(J,K)/M
180 FOR Il—i TO M-l—I
190 K2 K1+116L
200 Z(Jl,K2)=(P+Il)*Z(J,K)
210 Z(K2,Jl)-Z(Jl,K2)
220 NEXT Ii
230 NEXT X
2110 NEXT J
250 NEXT I
260 MAT R-Z’Q
270 MAT U—CON(LI,I)
280 MAT Y—CON(LI,I 1405 A(K)=A(K)/2
290 MAT Y—Q.’U 1110 IFcK 3 THEN 1130
300 MAT F—COV(l,Ll) 1120 A(K)=A (K)/(2*A(2))+(K/2)
305 MAT F—TRN(Y) 1430 MAT Q=(l)*Z
310 MAT z=(l)’R 11110 MAT Z=Q’R
320 MAT Q—IDN(L1,L1) 1450 PRINT K,A (K )
330 FOR K=1 TO 12 1160 NEXT K
3110 MAT Y—Q’U 500 STOP
350 MA T T-F’Y 600 END
360 A( K ) — 0
370 FOR J—l to Li
380 A(K)aA(K)+Z (J,J)
390 NE X T J
1100 A(K).’S*I(l,1)+2’A(K)/K

FIGURE 6- 14

Program to Compute Narrowband Coefficients
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TABLE 6-i

EXAMPLE NARROWBAND CORRELATOR COEFFICIENTS

a2’a2 1 , p .5, p.1, S S l, 0 =0 ; L=M 2
1 2  1 2 1 2

rn am o r b m

1 1
2 .364062 } a 2
3 .19305 6
11 - 8.62lo9E—2
5 3.9l863E—2
6 1.82383E—2
7 8.5753oE—3
8 

- 4.06278E—3
9 l.93408E—3
10 9.23871E—)4
11 4.14239oE—11
12 2.l22l7E—11

TABLE 6-2

EXAMPLE SQUARE-LAW COEFFICIENTS COVARIANCE MATRIX GIVEN BY
(6— 11); *= .l2, L=14, M=lO

rn am orbm

1 6.78
2 2.35877k a 1, 2
3 .10948
11 2.75998E—2
5 7 .57808E—3
6 2.20737E—3 -

7 6.71795E—4
8 2.11502E— )4
9 6.8399 4E—5

10 2.260 ’4 9E— 5
11 7.6011315E—6
12 2.5960 11E—6
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and In the program of Figure 6—3 is defined by the statements

90 MAT V = CON(11,4)

100 (deleted). . —

The covariance matrix is entered by the statements

110 MAT W = ZER(11,-4)

60 MAT READ W

510 DATA 1, .211 , .05, .01

520 DATA .211, 15, .3, .05

530 DATA .05, .3, 1.5, .214

540 DATA .01, .05, .24, 1

Other changes to the program required are

2 0 M = l O

30 L =

80 P = .12

85 S = 0.

The coefficients, as computed by the program, are given in Table 6—2.

As a quick check, note that the mean value of the detector output,

given by a , agrees with the correct value , which in this case can

easily be calculated by summing all the elements of 
~~~~~ 

Finally ,

since *
M << 1, these results apply for both lowpass and narrowband

detectors.

I--
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6.2 Computation of PDF and CDF

After obtaining the coefficients for the asymptotic expansion
(5—19) for the characteristic function of the detector output ’s
probability distribution, it is straightforward to compute
either the probability density function, using (5—28) or the
cumulative distributIon function using (5—30). Common to both
of these expressions are the Fie~—mite p~ 1yn~- mials, which are
given by

d11
He~ (x) = (_ ~~) 1~ 

~ r c~ ( x ) J ,’*(x)
dx~

= xHe ( x )  — (n—l) He (x ) ,  (6— 13)
f l— i  11— 2

with He0(x ) — 1, He (x) = x .

Continuing the example of the correlator with 
~~ 

given

by (6—6) and Q by (6—3) and with h2 = h2 = 1 (S = /~ in (6—8)) and

* = .1, Figure 6—5 shows the detector output PDF for different

values of M, the number of samples. Two effects are evident

In the figure as N increases: the variance of the distribution

decreases (the peak becomes narrower), and the distribution begins

to approach symmetry about the mean value ( = 1.5), indicating

a slow convergence to a Gaussian distribution. These effects

are perhaps more obv!ous in Figure 6—6, in which the probability

Integral (5—30) is plotted , using the following approximation [i]

for the Gaussian probability integral:

Q(x){ •(x) [dy + d y 2 + d y ’], x > 0 (6—114)

l—Q (— x), x <  0

with y = 1/(1 + .33267x)
d = .4361836
d ’— — .1201676
d2= .9372980.
3
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I I I I I I

1.0 — —
P — 0.5
h1— h 2 1

— M=16 —

0.8 — —

M=8
N
a.

-

a.
I-
a.
I-

- -

M=4

~~~~0.4 — - -

0
C.) M=2

02 —

/
C I I I I

0 1 2 3 4
CORR ELATOR OUTPUT (z)

FIG. 6-5. CORRELATOR PROBABILITY DENSITY FUNCTION.
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0.9999

0 999 

~~~~~~~~~~~~~~~~~~ M~~16 

¶:~j 2=1
1 

____________

I

0•~ t _ _ _ _

- 

0 

- 

1 2 3 4
COR RELATOR OUTPUT GIVEN VALUE (z)

FIG. 6-6. CORRELATOR PROBABILITY INTEGRAL
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EXAMPLE 6-2. Problem: What effect do inter—sample and inter-channel

correlation have on the distribution of an incoherent power
- - detector with five inputs and M 6? Solution: In terms of’ the —

notation we have adopted, L = 5 and Q — I. The effect of the

inter—sample correlation Is found by varying the parameter p .

Inter—channel correlation is modeled by the covariance matrix

Let us assume that the sensors feeding the five channels are

so oriented, and the noise field is such that the elements

of ~ are given by0 (1, ~~~~jE(n1n ) = (6—16)
(p , i~~~j

With these parameters specified, the computation of the pdf’

and probability integral Is accomplished by modifying the program

of Figure 6—3 and by the addition of the statements listed in

Figure 6-7. The probability integral for this case is shown

in Figures 6—8 and 6—9 for i~ varied and p varied, respectively .

It is shown in these figures that positive correlation increases

the dispersion (variance) of the distribution and that negative

inter—sample correlation (*<0) can decrease the variance for small

values, but has a degrading effect in the sense that convergence

to a Gaussian distribution is retarded (as evidenced by an increase

in curvature in Figure 6—8 for ~ji<0).
— 

6.3 Computation of’ ROC

Given the ability to compute the probability integral

for the types of quadratic detectors we have been considering,

it Is relatively simple to obtain receiver operating characteristics

82

- —~~~~~~~~~~~~ ~~~~~~~~~~~~ - ~~- -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
— -

~~~~~~
-— —-—-

~~~~~
— — A- --— -- - ————-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -- A -_~5-s~



- - -.- , 

- 

-••,——---- -—— --— - , _ _

NSWC/WOL/TR 76_l118

14110 MAT Z=Q*R
1150 NEXT K
1160 REM COMPUTE PD~ , PROB INTEGRAL465 PRINT “X” , ” P ( X ) ” , ” Q ( X ) ”
1170 X1=0
1180 X2=4
1190 X3= .5
500 FOR X=Xl TO X2 STEP X3
510 X14=(X_A(l))/SOR(2*A(2))
520 H(2 )=X 11 +2— l
530 H(l)=X14
540 FOR K=3 TO 12
550 H(K)=X1I*H(K_1)~.(K._1)*H(K_2)
560 NEXT K
570 GOSUB 1000
590 GOSUB 1200
600 PRINT X ,P2 ,P3
605 NE)a’X
610 STOP

1000 REM PDF SUBROUTINE
1010 P2_1+A(3)*H(3)+A(11)*H(ll)+A(3)+2*H(6)/2+A(5)*H(5)
1020 P2=P2+A(3)*A(14)*H(7)+A(3) j3*~ (9)/6+A(6)*~ (6 )
1030 P2=P2+(A(14) f2/2+A(3)*A(5) )*H(8)+A(3)+2*A(LI)*H(10)/2
10140 P2=P2+A (3)+11*H(l2)/211
1050 P2=P2*EXP(+X14+2/2)/ (2*SQR(Pl*A(2)))
1060 RETURN
120 0 REM PROB INTEGRAL SUBROUTINE
1210 P3=A(3)*H(2)+A(4)*H(3)+A(3)+2*H(5)/2+A(5)*H(4)+A(3)*A(11)*H(6)
1220 P3=P3+A(3) +3*H(8)/6+A(6)*H(5)+(A(ll)+2/2+A(3)*A(5))*H(7)
1230 p3=P3+A (3)+2*A(Ll)*H(9)/2+A (3)+1I*H(11)/214
1235 IF X14<OTHEN 121411
1240 T1=1/(1+.33267*X4)
1242 GO TO 1250
121111 Tl=1/(1_ .3326 7*X4 )
1250 P5= .11361836*T1_ .1201676*T1+2+.937298*T1+3
1252 IF x 11>o THEN 1256
1254 P5=EXP(X14+2/2)*SQR (2*Pl)_P5
1256 P3=P5+P3 

-

1260 P3=P3*EXP(_X4~t2/2)/SQR(2*P1)
1270 RETURN
2000 END

FIGURE 6-7

Program to Compute PDF and Probability Integral
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&

0.9901 8 12 16 20
DETECTOR OUTPUT GIVEN VALUE (z)
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for them . As in chapters 2—11, the first step Is to calculate

false alarm thresholds. The probability integral is then evaluated . 
-

at these thresholds for various signal—to—noise ratios.

This report Is concluded with an Illustrative system

comparison problem .

EXAMPLE 6— 3 .  Problem : Compare the detection performance of’ the

quadratic detectors shown in Figure 6—10, when a Gaussian signal

is common to the four channels, and the inter—channel noise and

inter—sample correlations are zero.

Solution : Under the conditions stated , L = 14 , M = 10,

= 0 , and

1 + h 2  h2 h2 h2

- h2 l+h2 h2 h2
— 

( 6 —17 )
h2 h2 1+h 2 h2

— 
h2 h2 h2 l+h 2

For the three detectors, the quadratic forms they implement are

characterized by the matrices

0 .5  0 0

Q = .5  0 0 0 (Correlator) (6—18)
0 0 0 .5

0 .5 0 
-

1 1 1 1

= 1 1 1 1 (square—law) (6—19)

1 1 1 1

1 1 1 _
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! fT dt o z

x3 O-5_
~ I W j  —1 _ _

X4~ p w - ]  I WI- b

CORRELATE-AND-SUM.

Xi p  
_ _ _

X2 0- W 

____ I )2 J  fT  dt ~~ -O Z

x4 0  I w j - wr— 1o

CONVENTIONAL SQUARE-LAW

X1p  wf j ( ) 2 1

X2~~~~I w J  1u 21 I H

_ _ _  _ _ _  _ _  

Z j  3 f ~~~
dt p z

- - 
x3 p  f w  I I ( ) 2 1  L
X4 0 w F— J 

( )2 WT 1O

INCOHERENT POWER DETECTOR

FIG. 6-10. FOUR-INPUT DETECTORS
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0 0 0

0 1 0 0
( incoherent )

0 0 1 0
(6—20)

0 0 0 1

After varying the argument of the -probability integral with h2=0

to determine the false alarm thresholds for a = l0 2 and 10~~

for the three detectors; These values of argument were fixed while

h2 was varied, producing the ROC’s of Figure 6-11 and 6-12.

From these curves it is evident that, for the signal and noise

correlations stipulated, the square—law configuration

requires about 2 dB less for detection than the correlator, which

in turn requires about .5 dB less than the incoherent power

detector .
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FIG. 6-11 FOUR-INPUT DETECTOR COMPARISON. PFA a 0.01, RANDOM SIGNAL (WT - 10)
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APPENDIX A
S

APPROXIMA TION TO THE NONCENTRAL x 2 DISTRIBUTION

In [12] it is shown that when the noncentral chi—squared random

variable X, with v degrees of freedom and noncentrality parameter

A , is transformed into the variable Y by the relation

Y = ~‘X— ½ (v — 1), (A—l)

the variable Y very closely approximates a Gaussian variable with

unit variance and mean equal to

E (Y ) = /X~~½ (v — 1). (A—2)

Thus, the probability integral for X is approximately

Q(x lv ,X )  Q( {x —~½ (v — 1) — IA + ½ (A — 1)), (A—3)

where Q(x) Is the Gaussian probability integral. Defining a

normalized detection threshold d~ analogous to the false alarm

threshold d , we have —

d = ~x 2 - ½ (2WT - 1) - /2wm2 + ½ (2WT - 1) (A-4)

or

h2 = 2
~~~~~+~~~~~~[V5~ija

_ W T + ½ _ d
Y
]2• (A—5)

From (2—13),

~~~~~~~ 
= 2/

~~~~
d

~~ 
+ 2WT , and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( A — 6 )

v’WT 2WT v’W~ WT 2WT

A-i

- - -—~~~~~—-—-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~
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The accuracy of this. approximation to the noncentral chi—

squared distribution was checked against the table of [6]

for a — 10 2, with the result

v X 
_ _ _ _ _ _ _  

yapprox . %dev. -

2 8.~.9O .5 .14986 — .28
13.881 .8 .7998 — .02

________  
27.1415 - .99 .9902 +.02 -

14 10.232 .5 •14974 — .52
16.749 .8 .7997 — .014

________  
31.7914 .99 .99014 + .o 14

10 114.126 .5 .496]. — .77
22.177 .8 .7995 — .07

_ _ _ _ _ _ _ _  

140.021 .99 .~~905 — 
+.05

20 18.145]. .5 .4957 — .87
28.162 .8 .79914 — .08

________  

149.027 — .99 .9907 ___________

~40 214.5142 .5 .14955 — .90
36.550 .8 .7993 — .08

________  

61.572 .99 .9908 + .o8 —
100 36.6114 .5 .4958 — .83

53.103 .8 .7994 — .08
86.175 .99 .9908 +.08

A-2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --~~~~~
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APPENDIX B

DERIVATION OF CORRELATOR PDF

As indicated in the text, the output of the correlation detector

with deterministic signal input is the difference of two scaled

noncentral chi-squared variables:

z — z  — z  (B—i)
1 2

where, using M = WT

2Mz
15 X ’2(2M, 2Mh2)

(3-2)

2Nz
~
2 is X ’2(2M, 2Mh~).

Under the simplifying assumption of equal input noise power

a = a 2 = a, z and z are Independent, and

2Mz 2Mz
= (1 + ~) ( 1)_ Cl — ~) ( 2) (B—3)

~ (3. + p)v — (1 — p)v .

The characteristic function for the distribution of a non—

central chi-squared variable V with 2v degrees of freedom and

noncentrailty parameter X is, from [ii],

B-i

~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ __ _ _ _
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•~(ip lv , A) ~ E{eiP~}

exp (ipA/(l 21p)]
(l — 2ip)~

—A /a (A/a)1~ 1e 
n~O 

nI (1 — 2ip)v+n

Therefore, the characteristic function for the distribution of

v — 1IMz/a2

~ (ip) = E{e~~~~ 
+ P)’~1 1} E {e 1

~~~ 
— P)’~ 2 }  

(3- 5)
V (Mh 2)fl (Mh 2)m

= exp{—M(h2+h2)}~~~~Z n~ (B 6)

3. ].
[1 — 2ip(1 + p)JIll+fl [3. + 2ip(]. —

Making use of an expression in [itt], we may write

[1 — 2ip(l + ~)]_M_n[1 + 2ip(l —

n+M (2M+m+n-1-3~ (~~~~
M+m 
(~~~~

M+n_J 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~ \M+m—l / \ 2 / \ 2 / 11 — 21p(1 + p)]J

( B —i)

m+M (2M+m+n_1_k\,~~~\M+n(i+ ~
M+m-k 

_ _ _ _ _ _ _ _ _ _ _ _

k~l ~~
M+n—l J’t~2 1 11 + 2ip(i—p)Jk

I

IITII~



I

This expression allows a representation of the pdf of v in terms

of chi—squared pdf’s:

½ (i~ 7_i exp{-M(h + h~~~~~~~~
[ M_ p 2 M ( 1 _

~~~~~
2]

- n+m—l -

- 

/2M+m+n—2—3V \jE ~~M+m—l A~
) p

~
2 (T~~ I 2+2j), ’

~.~.
0

j=O (B—8)

m+M-l /2M+m+n-2-k\/ \k

~ M+m—l Px2 (~~~ I 2+2k), v 0,

k=0 .

where

p~2 (XI2~) e~~”~ 
(x/2)v_ 1 

, ~~ 0.
2F(~ ) 

(B—9)

Alternately, to get the double Infinite series Into a

mor e recognizable form , such as -

~~~~~~~~~~~ f~~ ( v) ,  (B— b )

n 0  m—0

B-3

I
_ _ _ _ _ _ _ _ _ _ _ _ _  J ~~-- -—-—-~~~ — -~~--~~~—--~~-—
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we define the polynomials

~ /r+s-k\ ~• G~ (x )  k~0 ~% S J ~r (B—li)

whose properties are summarized in [13]. ThIs allows the pdf of the

detector output to be written as

1
~M I~4Mz\

~~~~

= 
M 
(i
~~2)M_l exp{—M (h2 + h2 ) }

~ [M(1—P)hI/2]’1 tM (1+P)h~’~2]
m

n=0 m=0 n! m! (B—12)

exp{—2Mz/a 2(l+p)} ~~~~~ [ZMZ/ø 2(l — p 2)], z > 0

x

exp{2Mz/o2(l—p)} ~~~~~ [— ~Mz/a2(1 — p 2)), z c 0.

S

4 ’ —

B-k

~

- - -  
- — - —~~~~~~~ - - 

- - -
~~~~~~~~~ 

—-- —-
~~~

—
- - - ~~~~~~~~~~

-—
~~~~~

— - - -
~~~~~~~L ~~ —~ -- — — 

~~~~~~~~~~~~~~~ ~~~.
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APPENDIX C

DERIVATION OF SQUARE-AND-SUM PDF

As shown In the text , the output of the Incoherent or square—

and—sum detector with two deterministic signal inputs can be

considered the sum of two scaled noncentral chi—squared variables:

Z — Z + Z (C—i)

where , using M WT,

Mz
IS ~

‘2(2M, 2Mh~)

(C— 2)

Mz
is ~

‘2(2M, 2Mh2).

Under the simplifying assumption of equal input noise power, a

4 a a, z and z are Independent, and
2 1 2

Mz 1 Mz 2

(C—3)
• 

~ (1 + p)v + (1 — p)v .
1 2

C—’

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
___

~

— -

~

A

~  

j
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The joint pdt of v and v Is

p1 (v
1, v2

) ¼ e~~A l 
+ A

2 
+ v

1 
+ v

2
)/2

1M—]. ~~~~~~ ‘M—l (lAy ), v , V
2 

> 0 (C —k )

where

A = 2Mh2
1 3

4 (C— 5)
A 2Mh2

* 
2 Ii

I
~
(x) Is the modified Bessel function of the first kind, of order K.

Consider the following change of variables:

v1 — + ~~~~~~~~~~~~~~~~~ x (l+p)v +(l—p)v > 0

or (C—6)
(l+p )y ~.V —cJC

V 2 2

Then the pdf of x and y Is

p (x , y~ — ½ p 1  ~~~ + 
(1— p)y 

— 
(1+p)y

— (1/8) exp {— ½(A + A
2 

+ 
~~~
, — ~jf~1) { _ Y E P Y +2xj~~~

_________________  
___________  

(c—i )

‘N—i {/A [
!4~

. + 
(l
;

~D) 

~~ ‘N—i ~~~~~~ 

(l+p~yA2 }

C—2

L~~. ~~~~~~~~~ - - -

a— ~~~~~~~ 
aaana.nta .x . -
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forx> 0 and - 1
2
~~~< y < O .

Since x is the variable of Interest, we obtain Its

pdf by integrating out y:

p (x) -J d ~~~ (x~ ) _ f
i_P~

yp 2
(
~
, -y)

l—p~

— f  (x) f  dy ~~~~ [y(y — a)] ~ (C—8)

IM_ 3.{/A1 2  [ct - y]} ‘M—l 
{/(1+P)A2 y}

using a - and

f ( x ) = 
~
. I ~-~- P ~~] T ’  exp {— ½[A A + ~~~~~~~ (C—9)

By expanding the Bessel functions into their series representations,

we have

p (x) — f (x) ~ ~ [(].— p ) A i/8r [(l+P)A2/8]m
3 2 n— 0 m 0  n!(n+M—].)! rnl (m+M—l)l

a dy e’~~~’~
2 y

m+M_l
(a — ~)fl+M 1, (C— b )

• 

with

t 2
(x) — ~~~~~~~~~~~~~ ~~ f (x). (C—il)

c-~ 

-

~~~~~

-_
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From [16], formula 3 .3 83 .1 , we learn that

f dy e~~~
’2 ~m+M 1 (a — ~)fl+M 1

(C—12)
0

~~+M—i ) !(ri +M—1 )j 
~

where F( ) Is the confluent hypergeometric function. After

substituting Into (C-.lO), we obtain the pdf of the detector output Z:

P~~
(z) =~~~~P3

. (
~

-)
= a’(i+p) a’(i+p) ~~~ 

exp{—M az(1+p) + hs +h k ] }

~ [~~iU l +p ) / ( 1 —p ) ]~ (Mh~ )m [MZ/Ø 2 ( l +P )~~
+m

n=O m=O n I  m l (n+m+2M— l) !
(C— 13)

• x FçN+n ; 2M+m+n; -2pMz/a2(b—p 2)], z > 0.

This expression can be shown to be a special case of that given

in [17], page 59.
• By expanding the hypergeometric function, the probabiiity integral

4 is found to be

p (t) p
~
(z)aZ 
(

~..÷~)M exP{—M[0Z(~ +~) + h + h ] }

-
. 

• ‘ ( express ion continued )

C—k 

- •_ _-_-•~~ — -- ~~~~~~~~~~~ -

-~
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X 
0 JO nimlic i f r.i~2 

~
±2

~I 
(Mh2 )m

~~~4 
(n +M ) (C.-lk)

x em+n+k+2M 1{Mt/’a2(1+p)}, t ‘ 0.

Special cases. (1) For h2 h2 — 0,

— ~+o) e MTi~0
2(1 )~~~~(~~i~)k ek+2M_l{Mr a2(i+p)},

P(t) (2..2.)M e_MTb0
2(1_0)~~~

(
~ .~~1c ek+2M 1{Mt/a

z(l_p)}

— I < < is

(2)  For p • 0 (Input noise uncorrelated),

P ( r ) - exp {—M ( 
~~~ 

+ h2 + h2) } I 
~~~~~(Mh ~~) ‘)

~~~~~ em+n+2M_iMT/a2}

(C—17)

C—5
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APPENDIX D

EQUIVALENCE OF LOWPASS A-ND NARROWBAND DISTRIBUTIONS

Given a narrowband detector samp].ing rate of B samples per
4 

second and a lowpass detector sampling rate of 2B samples per

second. For T seconds, the number of samples M in the expression

for the narrowband expansion coefficients (5—21) is M — BT ,

and for the lowpass coefficients M = 2BT in (5—20).

For M • 2BT, from (5— 3)  and (5— 10),

V *
BT

~~~(BT) ~~~BT)
(2BT) ‘- (D—l)

~BTE
(BT ) (BT )

— 

and

~BT 0 (BT )

~2BT - ½ -
~ 

(D-2)

0(BT)  ~BT
Now, If  we write

• (E 
~2BT) 

- ~

(2BT ) 
f. (E Q )m e (Em (BT ) BT m (BT) BT

D-. 1
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it Is true that

= 

1 ~iPT em_
i1

~~~m ) 
*
BT i

rn-1
~,BT

- 

~BT ~ *
BT ~ (D-k)

since e =  1 and f *
BT. Thus em is of the order 3. + O(*

BT),

and 
~m ~~ 

O(*
BT), with the consequence

tr 
[(;23T 

Q
2BT)] 

= 

2rn~~ 
tr
[(~~B) 

QBT) 
] B T  

(D-5)

Therefore, under the assumptions made here, the noise power terms

in (5—20) and (5—21) are equivalent for

Equal signal power for the two cases of bandwidth is represented

by

= A1(t~ ) cos[wt~ + e1(t~ )] (n-~rrowband~)

= ~~~— A1(t~). (lowpass)

If the signals are stationary over the entire integration period,

then P1 (BT) 131
(2BT) I I (D—7)

L~(BT )J ,

D-2
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• and also
• - I

J 1~I
’ Q (i Q
(2BT) 2BT ~ (2BT) 2BT/ (2BT)

— 
1 

~~
‘ 

~ 
(‘5_’ Q

~ (BT) BT\ ‘~~~ BT) BT/ (BT)

• x (em_i + CD—B)

Thus, in the sense of (D—6) the signal terms in (5—20) and

(5—21) are equivalent to order o(iP
BT) for the assumptions which

• have been made.

•

-i

_____________ _ _  J
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