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SUMMARY
PROBLEM

Examine ih= respomse of the adaptive line canceller and ennancer (ALICE) processor
to inputs vhich contain sinusoidal interference in uncorrelated noise.

RESULTS

1t was found that under certain conditions the stcady-state output power spectrum
of ALICE cortains peaks at the frequencies of the interfering sinusoids. The growth time of
these peaks i generally much longer thian the ALICE's responie time to a signal. Once these
peaks appear at the interference frequencies, their presence can interfere with the detection
of other signal peaks in the output power spectrum.

Different methods of eliminating these peaks were examined:

1. Increasing the ALE delay to decorrelate the notch
2. Increasing the notch width
3. Adding uncorrelated noise to the ALE input

Experimental duta were generated to indicate the validity of these analyses.
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INTRODUCTION

It is frequently of interest to detect the presence of narrowbhand signals which are
corrupted by broadband noise and narrowband interferences. Since the center frequencies
of the signals and the narrowband interferences may not be known precisely and may pos-
sibly drift, bandpass and notch tilters, whose frequency response characteristics can continu-
ally adapt to provide simuituneous adaptive enhancement of the signals and adaptive cancel-
lation of the narrowbhand interferences, are of interest.

A promising implementation of such an adaptive processor uses the Widrow-Hoff
LM3 algonithm. and consists of an adaptive noise canceiler (ANC) followed by an adaptive
line enhancer { ALE) (references | through 4). This implementation (figure 1) is referred
1o as an sdaptive line canceller and enhancer (ALICE) processor (references 5 and 6).
The primary input to ALICLE, x(j). consists of narrowband signals as well as broadband and
narrowband aoise: the reference input to ALICE, x (). consists of narrowbaid components
at all trequencies where nerrowbard interference is expected to occur. In general, the
primary input will contain interference at some, but not all, frequencies preseat in the ref-
erence input. The output of the ANC, 4(j), is narrowband sigr.als, broadoand noise, and
notches at the frequencies of the narrowband components in the reference input. A typical
plot of the power spectra! denzities of x(j). Sy (w) and q0). Sq(u) is in figure 2.

primary . [
neut, xi)) 1
wdeptive alj) edaptive ALICE
noise line
oangalier snhanoer ouput, vij)

:*
nput, x )

Figure |. ALICE processor.

The output of the ALE and ALICE, y(j), idsally consists only ot the narrowband
sigrale. In practice, however, two factors connected with the ALE prsvent ALICE from
at*aining its ideal performancs. The first factoe, the weight vector noise occurring in the
ALE, arises from gradient estimation ervon in the Widow-Hoff LMS algorithm (reforerices 2
and 7). (The sffects of weight vector ncise on the power spoctral density of y(j), Sy(w) are
discumed in more detail on pagss 22 tv 25.) The second factor is more (undamentul and is
directly related 10 the basic goal of the ALE. As discusesd by a number uf suthors (refer-
eres 3,4,8,9,10, 11, and 175, the ALE is an adaptz+e implementation ol  linear
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Figure 2. Mot of the ANC input and cutput power gpoectm, Sy(w) md Sy(w), respactivaly. The rms
voltages of the input sigasl, interfersnce, and noies wev 0.6, 0.6, sad 1.0V, regpeciiv-iv. (Data ware
cbiained from 3 hardware implemestation of ALICE Dufli ;v NOSC) using ¢ 2546-weight ANC arl 3
256-weight ALE.)

prediction filter which attempts to estimate the input 4 steps into the future. (The pre-
diction distance & is referred to us the bulk delsy of the ALE.) Therefore, the basic goal
is prediction. When the input to the ALE consists of ainusoidal signals in noise, which has
an approximately flet power spectrel density, thy gocl of prediction it consistent with form-
ing bendpas filters at the simmoid frequencies (voferences 2, 3, 4, aixd 11). Thereisre, the
ALE sffectively flitsrs thn nolse from the sigaals for theae czaes. Howewr, when the back-
pround noise i3 nct 8 fiat power spectrvm, the besevior of twe ALE can dupert drasticaky
frem simple bandpass flltering ot the signel frequencies. in particuizr, whea the power
wpectrum af the input hackgmund nuise contains adtches which bove bean crested we 2
resalt of canoelling nurrowhand interfariass, as in the cass of the ALICE processor, the
"LE output power spectrum may oontein undesird paaks 2t the frequencies of tha
notches. This is clealy seon in (igure 3 where the output power spectrum of tho ALE,




(w), 1s plotted in accorGance with the input power spectrum, S_(w), in figure 2. The
enhanced signal is clasrdy evident in the ALE output and a peak is also evident s the
frequency of the notch. The prasence of this peak is & consequence of the behavior of
linear prediction filtem to input zpcctra which centain notches or zeroes.
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Figwe 3. Mot of the ALE output power spsctrum, Sy («2), when the input power spectrum contains
a notch and the ALE ress: neds (o tie notch. (Al parameters ars st ‘n liguie 2.)

1t is the purposs >f this report to examine analytically and exssrimcatally the
reaponss of ALICE o input wpectra which contain sinvecids! :aterferencus in uncorrelated
noiso. In perticuisy, it is shown in the aext re~tion that yhen sinusoidal interform.ices are |
prusent in ‘he primary Mput 10 ALICE the ANC responds by forming a notch at tiw ‘
froquency cf the interference, which cem, in tum, producs uiv sirable peeks in th. power
spectrum: of the Al ICE vutput at the frquencics of the natches. [t i alsc shown ucalyti-
cally and expsricnontally that the gerration of iuoes peslts in the ALE output can be
prevented by proper sslsciion of ALE and ANC parameters.




RESPONSE OF ALICE PROCESSOR TO SINUSOIDAL INTERFERENCE
IN UNCORRELATED NOISE

ANC RESPONSE TO SINUSOIDAL INTERFERENCE

As previously discussed, the ALICE processor is usually faced with the tsak of
simuitaneously cancelling narrowband interferences and enhancing narrowbzand signals
which are immersed in broadband noise. In this section, we will be pri-narily conce med
with the noise-canceiling capabilities of ALICE. In particular, the power spectral density
of the ALICE output, Sy(w), will be derived when the primary input to ALICE. x(),
contains an interfering sinusoid as well as uncorrelated noise. The reference input, l,-U ),
is assumed to contain a noise-free copy of the interfering sinusoid. The case where signals
ar alsc present in the primary input will nct be treated in this repoit.®

To exaraine the ALICE output power spectrum, the response of the ANC to 2
sinusotdal interference in broadband noise must first be determined. Glover (reference 1)
\as given a complete analytical treatment of the ANC response when x,(j) contains a
noise-free cuny of the interfering sinusoid, i.e., when

xl,U)-Ccosw,j. ()

In equation (1), w, represents the frequency of the interfering sinusoid (normalized to the
sample frequency, i.e., wy = 2%{;T, where f; is the sinusoid frequency in hertz ana T is the
sampiing intervad in secoads) and C is the ampiiiude of the interfering sinusoid. Glover ine
shown that to a good approximation the ANC will form a narrow notch filte: with the
transfer function, H , N(2) (from x to q in tigure i), given by

(z - e}Wr) (1 - ¢miwr)

HANC(I) "——(z—{dﬂi—%)—— (2)
where
zo ~ c'a + jwr (3)
and
c2
B~HNuanc @)

*If the signal fr:quencies are sepacated by at lsast the filter resclution of the ALE, ALICE will, to » good

spproimacion, repcad indepeadently to the signals. hammtmmdmnlm
10 rawitiple xpasls w drosdbend noite, uﬁnnnmsudll




In equation (4). N 1 the number of ANC filter weights and 4\ Nc 18 the adaptation constant
of the ANC tmeferences 1 and 2). The digaital troquency response of the ANC can be found
by plotiing INgANC ieX)i for values of w from 0 to 7. A typical plot of lHANC | 18
presented mn figure 4 It 15 important to note (equation (2)) that for a noise-free sinusoidal
~lereace the froquency responee of the ANC oquals zero at w = tw . e,

IHonc (et 1= 0. (5)
‘.‘“-V‘-"
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Figess 4. Thoeasetical pist of the digital frsquency respenss of the ANC for s o g0 = 003.C= 1,
smdNe=2
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Sq(w) = Sy(w) 1HANC(O ) 12, )




For the case of sinusoidal interference and uncorreiated noise in the primary input,
Sy(w) is given by

Y

S(w)=as+

0 S [ w-wp)+dlwt wl)l. (M

Q
'J w ro

3 )

In equation (73, ag is the white noisc power, o7 represents the power of the sinusndal
interference in the primary channel, and § (*) repre<ents a Dirac delta function which has
the following properties (reference 13):

[(,6(x-x0)¢(x)dx=¢<xo) ®

and
*(x) 6(x—x0)=¢(x0) G(x—xo). (9

In equations (&) and (9). ¢(x) 1s any functicn that is continuous at x = x, and C is any
interval that contains the point x = XQ- From equations (5), (6), (7), and (9), the power
spectral density of the ALE input is given by

S = 0 1HoNCle 1) 12, (10)

Equation (10) shows that, if there is perfect ANC cancellation at w = w,, the input pewer
spectrum to the ALE will consist of a notched noise spectrum. A typical plot of S (wiis
in nigure 5. Because of noise souices such as Guantization, |H, A-*’“’f lwill nol

exactly equal zero and, therefore, the ANC will not completely cancel the interfering
sinusoid. However, in most situations, such a small amou.nt of the interference gets through
to the ANC output that equation {10) provides a good approximation to the ALE input
power spectrum.

ALE RESPONSE TO NOTCHED INPUT NOISE SPECTRUM: WIENER SOLUTION

As previously discuseed, the ALE is an adaptive implementation of a linear predict-
ive fliter. The ALE uses the Widrow-Hoff LMS algorithm to update continually its filter
weights (reference 8):

wlit)=w )+, l4G)aG-a~Kk)
(e
L-1
-q-A-k) I Q“‘A")'l(ﬁ“. k=0,1,...,L~1
=0
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where wi () is the jth update of the kth weight of the ALE, up [  is the adaptation con-
stant of the ALE, and L and A are, respectively, the number of ALE weights ard the

ALE delay (or prediction distance). (A number of the properties of equation (11) is
discussed in references 2 through 4 and 7 through 12.) The particular property of
equation (11) which is needed in this section concems convergence. In particular, it has
been shown in references 8, 9, and 14 that for uncorrelated stationary inputs the expected
value of w (j) converges to the solution of the Wiener-Hopf matrix equation, if

0 <MALE < VA\max> Where Apax is the largest eigenvalue of the data autocorrelation
matrix:

bm Elw@®i = w,, k= 0,1,...,L=1. (12)

j—»en

L ]
In equation (12) E{+] denotes expectation and w) is the kth component of the
L-dimensional vector W*, which is the solution of the Wiener-Hopf matrix-equation:

R-W*=P. (13)

In equation (13) R is the L X L data autocorr=lation matrix with elements (Rgy = p(R - k),
where p(2) = E{q(j)q(j + £)] is the autocorreiation function for q(3), and P is the L-dimen-

sional vector with components (P),. = o(k + A). It is noted that p(2) may be obtained from
Sq{(w) through the transformation




» ,

o(R) = 2' sq(u)eiw’l dw . (14)
-"

Since the power spectral deunsity of q in cquation (10) wiil closely rssembie that
of uncorrelated noise, the uncorrelated property of q(j) is a good assumption, if § € 1.
Therefore, the analysis of equation (13) will provide a good description of the mean ’
steady-state behavior of the ALE. The effects of weight vector noise, as well as the transient
behavior of the ALE for a stationary input with a power spectrum given by equation (10),
are discussed on pages 22 through 25. .

An analytical technique which cun be used to solve equation (13) is discussed in
reference 15. However, before directly applying this techrniique to equation (13) with p(%)
given by equations (14) and (10), it is useful to replace Sq(w) in equation (14) with S‘é (w):

2 (eI - eWr) (¢~iW _ omiwr)

< = —— - i
Sq (w) 0 (ejw - ejwr-ﬁ) s e"Jwrm, )
(15)
2 1 - cos (w; - w)
=0g¢ cosh B~ cos (W, ~w)

‘ A typical plot of s¢ (w)isin ﬁgure 6 A comparison of figures S and G shows that, if wy is
‘ : not too close to zero and if § <€ l <€ (w) is a good approximstion to S, (w) for w > 0. The

solution of equation (13) for ""k wnt Sq{w) in equation (14) replaced%y S° {w) is much
more anienable to analysis than when p(R) is computed directly from equatlon (14). Fur
thermore, since SC (w) is a good approximation to S, () (especially in the vicinity of i
W W), itis expécted that the behavior of |H*(w){ near w = «, where

L-1
Hw= Dy elulk+Dyy (6)
k=0

Ny T ML fie o 1 0y = 1 2

can be described to a gaod approximation when Ss (w) is used to compute o(2). Therefore,
to gain insight into the stcady-state behavior of the ALE for a notched input noise spectrum,
we will consider the solution of equation (13) when o(R) is derived from equation /14) with
Sq(w) replaced by equation (15).

For this case, p(2) is given by

4
p(R) = —21; f S:(w) clwt g¢,
-

~ op ..5{6(2)-".":1%'_1,-““'*1%2 } _ an ;

19
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Figure 6. Plot of the approximation, S;(w). to the true ALE input power spectrum. og = 1.0 and = 0.05.

Equation (13) can now be solved by the method of undetermine i cocfficients (reference
15). in particular, since S¢ (w) has two zeroes, both at w = wy (as seen in equation (15)),
we can assume a solution for wk (corresponding to the treatment in reference 15):

“’k = Aedwrk 4 Byelwrk (18)

The constants A and B can be determined by substituiion of equation (1 8) into equation
(13). The result is

~2(1 - cosh )2 ¢~B8 *jwrd
(L (cosh - 1) +sinh B) (1 - ¢~B)

B = 2 (1 - cosh g)z '-ﬂA +jwrd

A= eBrL(1-eBy

P . (19)

(L (cosh B - 1) +sinh §) (1 ~ e~y
¥or § € 1, equation (18) is given to a good approximation by

" ~ - %mm

Mﬂu,.A
T E@- D pekerk. akd“r“] p<t .0y




Equatior. {2Q) is the expression for the impulse response of the Wiener filter to a
notched input spectrum given by equation (15). To obtain a better perspective on the
implicatior: of equation (20), the squar? of the frequency response, | H*(w) | 4, must be
examined. From eounations (16) and (20) we have

22
(%(L-nn) ¥ (- w)

2 24
(H®(w))? = B —Z
W) %'«w/zn 12

2h
' 2
".52[‘1‘(‘0'-"‘0)] } oB“
where
oplw) = (22)
l L i w0
and
|, cos wL/2 sin w/2 -~ sin Wk’ s W
do, 2 sinZ w2 Hw*0
¢'L(W)5-a-—~- o (23)
w O;ws0.

Equation (21) may bc further simplified for L>» 1:

2 ’
' H*(w) ‘22% e -0 ¢i (w,-w)'r(-& +6")"2 oL (w~w)l 2]

(24)
<i;L>1.

The conditions § € 1 and L > | are excellent approximations for the purposes of this study
and will therefore be assumed in the subsequent formulse. In figurc 7, a typical plot of
!H'(w)l2 from aquation (24) ir shown. Also, for sake of comparison, a plot of IH‘(w)lz,
calculuted using the res! autocorreiation function, p (), derived from S, (w), is also shown.
As expected, there is little difference batween the two plots in the ty of w = wy. An
interesting feature in figure 7 is the very large pesk value of |H*(w)|2 at the notch frequen-
cy. The iimiting value of this peak for large L is given by

2
IH* () 12 =g 2812 (25)

(from equition (24)). Equation (25) shows that the sque™s of the response cf
a linear prediction fllter to & notihed input spectrum incresses with L at tha frequency
of the notch. This result is in drastic contrast to the frequency response of a linear pre-
diction fiiter to an input spectrum with a sinusold and hrasdband noiss. in the latter
case, the limiting value of the frequency responie at the sinusoid frequency approachss
1 for larpe L (references 3, 4, 9, 10, and 11).
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Figure 7. Theoretical plot of the square uf the averaged, stsady-tate ALE frequency response
(corresponding to both complex and real sutocorreladon functions for the ALE input, o(2}).
$=005, L=200,snd A= 1.

These two quite difierant respousss of linear prediction fiters to notches and sinus-
olds can be understood intuitively from the *‘whitening™ fliter intarpretation of a lincar
prediction fliter. Briefly, it has beon shown, e.3., refesence 18, that when A = § the error
output cequence from a linesar prediction fliter, which is the input sequence less the output
requence from the prediction fllter, is approxiiaately uncorrelsted in the lim:t of large 1.
Therefore, the power spactrum of the prediction filter ecror sequence is spproximately flat.
Pescock and Treitel (referencs 16) have shown tha when Lislsrgeand A= |

¥min
n-rwit=g= 26)




where k.. is the ninimum-mean-square error of the prediction filter and S(w) denotes
the power spectium of the input. There are other ways of deriving equation (26), and the
reader is referred te refciences Y, 10, 17, and 18 for a more complete discussion. The
important poirit, however, is that when the input spectrum in equation (26) contains a
notch at <ome frequency, w,. the denominator on the right side becomes very small at

w * w,, dspending on the notch depth. Therefore, | H*(w,) | must become correspondingly
large. \lice versa, when the input spectrum contains a sinusoid at rome frequency, w(, the
deriominator on the right side bacomes very large at w = wg and H'(wo) must approach
one. It is interesting to note thai. with respect to the peak vaiue of |H*(w)lat w = Wy

or wy, a prediction filter can respond much more strongly to noiches than to signals. It
should also be noted that although ths “whitening™ filter argument only applies when

A= 1, it does provide an indication of the behavior of | H® (w) | near the notch frequency,
even when 4> 1. (Indeed, 2 is s2vn in equatior. (24), the parameter A enters into the
expression for | H* (w)lonly through the scaling factor, e PO, which drives the frequency
response to zero as A + o}

To appreciate more fully the implications of the above results as applied to the
ALICE processor, it is important to derive the ALICE output power spectral density S,,(w).
For the case of negligible ALE weight vector noise, i.e., u ALE™O, Sy(w) is obtained to a
good approximation from

Sy(w) = IH*w)I? S.w). @n

Since we are only interested in the behavior of Sy(w) in the vicinity of w = w,
equation (27) may be approximated by

Sy(w)~ |H® (w)!? 5§ (w), (28)
where | H*(w)|? is computed from equation (24). By substituting equations (15) and
(24) into equation (28):
9; 08 e‘m
Sytw) = L+ @%/2) - cos (W ~w) XL (@ = @), (29)
where .
uL (L cos uL/2 ain u/2 - un uly2 cos u/2)?
sin =+ - * jum0 ‘
¢ wedRalp B
xLw) = (30) L
0 3 usQ,
¥
{
14 ' q
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From equations (29) and (30) it is seen that Sy(w) can be expressed as a product of the
envelope function,

2 0(2) 0'25 a

F . - .
p(w, w)Iz I+(ﬁﬁ-co&(w,—w) 3"

and the cacillatory function, x| (w, - & ).

Aplotof Fg(u) and x1 (v) is in fignre 8. Basad on data from figure 8 and equation
(31), the shape of the envelope function, Fp(u), is suen to resemble closely ti:at of the
power spectrum of a finite bandwidth signal whose bandwidth is proportional to 8. The
peak of Fﬂ(u) at u = 0 is given by '

)(L(u,-u)
F"N'-U'
— X W)
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Figure §. Plot of thy snvelops "inction, Fg(w, - w), and the oxcillatory function, xg, (wy - w).
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Fgl0) = 0(2) 284 (32)

(from equation (31)). Note that the maximum of Fp(u) approuches ag for small § and A.
Based on data from figure 8 and equation (30), the oscillatory function, xp (u), is seen to
oscillate uniformly for values of u which are outside the interval, fu{ < 2#/L. Inside this

interval, xj (u) peaks to a maximum at u = x/L, which is approximately given by

XL (FD~1+am2~ 14 (33)

for L>» 28~ 1. It then drops to zero at u = 0. From equation (30) it is seen that x| (u)
converges pointwise to the following limiting function for large L:

L>» ;’r‘ | ; us*0
xL(v) ——p (34)
0 u=0

A plot of the product of Fgand x|, i.¢.. Sy(w), isin figure 9. It follows frcm equa-
tions (29) and (34) that, in the limit of large L, Sy(w) converges pointwise to the envelope
function, i.e.,
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Figurs 9. Theomtical plot of the cutput powss spectrum, 8y (w). $=0.05,L = 290,63 = 10,and 4% 1.0,
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In the vicirity of w = wp, Sy(w) peaks to a maximum which is approximately given by

Syfwptw/l) ~ 1400 e384 (36)

{from equations (32) and (33)). Therefore, if the effects of weight vector noise are
neglected, the ALE and ALICE output power spectra will closely resemble those of a

finite bandwidth signal, when the iaput to the ALE has a notched, fla? power spectrum.
However, there is an exception in the vicinity of w = w_, where Sy(u) peaks to 2 maximum

at lw - w, | = x/L (given approximately by equatior: (36)) and then drops 10 zero at
w=w,. 'llhis behavior is also evident in figure 9.

TECHNIQUES TO ELIMINATE PEAK IN ALICE OUTPUT SPECTRUM

Since the peak in Sy(w). which arises from a notch in the input spectrum, can inter
fere with the detection of signal peaks, it is desirabie to examine different techniques for its
climination. Perhaps the easiest way to remove the peak near w = w; is to increase A. As
seen from equation (29), the peak approaches zero as ¢~2BA. Therefore, increasing 4 so
that Abﬂ" will effectivety eliminate it. This is indicated in {igure 10A, where a family of
curves for Sy(u) is plotted for increasing valuss ol A. It should be noted that increasing

the ALE delay may also dccoirelate narrowband signals whose inverse bandwidths are much
smallar than A.

Another way (o eliminate the pesk at © # w, is to vary 8, which is yelated to the
ANC parameters and the power in the reference sinusoid through equation (4). In particular,
if B | 1/L, the ¢envelope function Fp(u) in equation (31) is 3 narrow thut the product of
FB(u) and x| (u) is apprccimately zero. (This resuit is reasonable, since, 25 6 aporGaches
zero, the input to the ALE becomes uncomeiated and the right side cf equation (13) approaches
zero.) Conversely, as 8 is increased so that =288 & 1, the peak of the envelope function
aprroaches zero (from ¢juation (32)) and thy peak in s,(u) near w = wy is eriminated.

The effects of varying § on Sy (w) are indicsted in figure 10B, where a family of curves for
Sy (w) 18 plotted for increasing 8.

The additior of uncorrelated noise of power 0'; to the ALE input, suggested by
Treichler in reference 19, may also be anothur wey of affectively reducing the pcak. The
ALE input power spectral dr.nsity near w = wy is approxim. - .ly giver by S&(whci.
whece SC(w) is given by equation (15). Note that the effoct of 04 i to reauce the notch
dapth. ;luufon. from the “whituning™ filter argumen: pressntad eartdier, it is expected
that the peak in Sy (w} rear w = w, will be mduced. Plots of Sy (w) are presented ia figure
11 for increasing values of ¢ lcé. As noted in refersnce 19, it is more effective to modify
the ALE's adaptive algorithm, rather than t0 add noise to the ALE ingut. Such a moifice-
tion, which has the same effect as adding noles to the ALE input, has been Geveliped by
Trelchler (refosance 3), and i~ callod the “Jesky LMS"™ sigorithm. it thouid be notad that

the disadvantage of adding noiss 10 the ALE input i3 that the ALE input signel-to-nois
rutio of low level signals wiil be further reduced.
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A final technique is to examine HW) = |1 - H* (w) 1=2 (with A= 1}, This quantity,
which has been referrcd to by Griffiths in references 9 and 10 as the medified, maximwa: entropy
spectral estimate, gives sharp peaks at the signal frequencies. Fusthennure, as can be seei froia
equation (26), if the input spectrum contains a notch, Q(w) it the limit of large L will alse
contain a notch. Tiis is secn in figure 12, where Q(w) is plotta:d corresponding o an input
spectral density given by equac on (i5). A possible disadvantage with using Q(w) is that the
resolution capabilities of Q(w) are highly dependent on the inpnt signal-to-noise ratios, anc
for low ratios the variebility in the peak vaiues of Q(w) ca.. be quite severe (r2ferenve 11).
Nevertheless, the us: of Q(w) in the ALICE processor, as cppcesed to Sy(w). may prove
quite useful in certain situations, i.e., for high signal-to-noise ratios, and shoulid be further
investigated.
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WEIGHT VECTOR NOISE AND TRANSIENT EFFECTS IN ALE RESPONSE TO
NOTCHED. INPUT SPECTRUM

In this section, we will consider two factors inherent in the LMS algorithm that strongly
affect the ALE's ouiput power spectrum. The first is the level of the background no.sc
spectrum in Sy (w). which mainly arises from ALE wcight vector noise. The second is the
ALE transient response time to a notch. If this time is very long. the peak values for Sy(w)
(pages 8 through 17) will acver be observed, since the ALE will noi reach its steady-state
behavior. In this section boti factors will be examined separately.

Background Noise Level in ALE Qutput Spectrum

To determine the effe<ts of weight vector roise on the ALE's output, we will devive
an expression for the power spectrum of the output, S_(w), which will include the weight
vector noise. To do this, the autocorrelztion function of the ALICE output, y(j), will be
considered first (in correspondence with the treatment in reference 20). The expression for
the ALE (ALICE) output, y(j), in terms of the ALE input, q(j), is given by

Ll
yGi) -z G+ W aG-k=~4) . (37)
k=0

In equation (37), vi () iz the difference between the instantaneous values of the weights
determined from equation (11) and the Wiener solution, i.e.,

v )= Wi Gy -wp (38)

The quantity vy (j) represents the ALE weight vector noise. Its siatistical properties have
been derived in reference 2 and are further discussed in references 20 and 2i. For the case
of uncorrelated inputs, vy (j) is a zero-mean noise component with variance given by gALE
p(0), where p(0) is equal to the total ALE input power. Furthermore, it has been shown
(reference 2) that, although each noise component, v) (), is highly correlated over time, the
weight vector noise componente are uncorrelated from weight-to-weight, i.e..

E [ viQ) viom (D) = upLE #(0) 8Gi-j) | (39
where 8(k) represents a Kronel:er delta function.
From equations (37), (38), and (39), as well as a few additional assumptions, we can

derive some statistical properties of y(j). In particular, the mean of y(j) is obtained from
equation (37):

L1 L-1
E(YO! Y Eln®aG-k-80+) wiE(aG-k-B). (40)
k=0 k=0
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Each sum in equation (40) vanishes, if q(j) is approximately uncorrelated, which is a very good
approximation for g € | (see equation (17)). In particular, for the case of uncorrelated
inputs, it has been siiown (reference 2) that v} (j) is uncorrelated with q(j) and, therefore,

the first sum on the right side of equation (40) vanishes since v} () is zero mean. Also,
assuming the uncorrelated noise component in the primary is zero mean and that the ANC
may be approximated by a linear, time-invariant filter (a good approximation, references 1

and 2), then q(i) is also zern mean and ‘he second sum on the right side of equation (40)
vanishes.

The autocorrelation function of y(j), ry(ﬂ), may also be obtained from equation (31):

L-1 L-]
ry@=E {9y + )} = z z El(vk(j) + w;) (v G+9) ~ "l:') QG ~k - A))
k=0 k"=0

q(i+9—k'—A)}. (41)

Using the previous assumptions as well as equation (39), we have

L-1 L-1

ry(Q) = (MALELP(O)) p(R)+ kzo kzo W; W;' p(A+k-~- k') . 42)

The mcaning of each term on the right side of equation (42) becomes clearer upon trans-
forming ry(ll) to obtain the power spectrum, Sy(w):

S:',( w)= z ry(Q)e‘j“’g

Q=00

'[he second term on the right side of equation (43) is the output power spectrum from an

ALE with negligible misadjustment noise. (This term was analyzed on pages 8 through 17)

The first term on the right side of equation (43) is a scaled versicn of the input pow- - spectrum,
Sq(w), and arises from the weight vector noise of the ALE adagtive algorithm. A typical

plot of Sy(w), calculated from equation (43), is presented in figure 13. The peak in Sy (v)

RECr w * wy is observed in contrast wit™ the background weight vector noise level, Sy.” The
magnhitude ~f this noise level, S;,. is approximately given by

q * BALE Lﬂg . 49
(from equations (10} and (43)).
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F:zu.e 13. Theoretical plot of the output power spectrum, Sy(w), which includes the effects of
weigist vector noise. §= 0.05; L =200;03 = 1.0; 4 = 1;and ity g = 0.0025.

The detesmining factor in whether the peak is observed in Sy(w) is the ratio R of the
peak magnitude to the background noisc level, 8; . This ratio is approximately given by

R 14-62P8)up g0l L) (43)

(trom equations (36) and (44)). When I‘ALEO&L € e~ 284, R becomer quite large and the
peak in Sy () near w = wy is clearly observed. Vice versa, for small vaiues of 6~484, e.g,

A -1, 'R decreases in value and the peak is lost in the background weight vector noise
level of Sy(w). It is interesting to nots that in this latier case |H*(c)|2 approaches zero (as
discussed on pages 8 through 17), and that the shape of Sy(w) resembles that of the riotched
input spectrum, Sq(w) (see equation (43)).
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Transient Response Time To a Notch

It has been shown (references 7 and 8) that by diagonalizing the R matrix in equation
(13) the transients in the mean ALE weight vector will consist of sums of exponentials with:
time constants given by

i
T, e ’ 46
where Ap is the pth eigenvalue of R. In general, a precise treatment of the dynamics of the
ALE is very complicated because of difficulties associated with diagonalizing R. Even for the
special case of a notched input power spectrum, given by either equation (10) or equation (15),
a closed-form expression for the eigenvalues of the corresponding R matrix for arbitre 3, L,
and wy has not been derived. However, as noted by Treichler (reference 19), wien the product
AL is much smaller than one, the autocorrelation function of q(j), viz, p(2), closely resembles
that for a sinusoid in white noise (see equation (17)). Theiefore, under the assumption that
BL € 1, Treichler (veference 19) shows (in correspondence with the analysis in referenc: 3) that
the ALE time constant for a notch is approximately given by

- AL <1. 47
2WaLE 0g (1-5L12)

TNOTCH ™

It is interesting to compare equation (47) with the ALE time constant for a sinusoid
with power 03' in white noise with power of:

TSIG ™ ~ 21 3 (48)
uypg(ogtag L/2)

(froin ceference 3). Comparing equutions (47) and (48) reveals that, with respect to the ALE
cogvergence timz, a notch in white noise may be thought of as 2 sinusoid with negstive power,
-04B, in the linit of amall SL. This, in tum, implies that the ALE revponsc time to notches
wiﬂ generally be longer than the ALK rcsponse time to signals. It must be emphasized that
these transient regults are only valid for SL € 1. A more general treatment of the ALE trans-
ient response to notches hrs not yet be 'n attempted.

EXPERIMENTAL RESULTS
ALE RESPONSE TG A NOTCHED INPUT SPECTRUM

In this section, experimental plots cf the steady-state ALE output power spectrum
are presented, where the input spectram consists of a notch in white noise. The input, q(),
is generated by passing white noise into the primary channel of an ANC and passing a sine
wave with voltsge, V.., into the reference channel of an ANC (figure 14). The ANC used
in thzse experiments was built st NOSC, whereas the ALE was built at the Autonetics Division
of Rockwell. In all experiments, the sampie frequency was 2162 Hz.
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Figure 14. Test setup used to generate ALE output power spectrum. The noise bandwidth was
| kHiz and the noise voltage was 0.6-V rms.

The €irst set of experiments (figures 15, 16, and 17) was performed to exatnine the
effect of increasing the ALE delay, 4, on the ALE output power specirum. As previously
discussed such an increase should decorrelste the notch and therefore eliminate the peak Sy(w)
near the notch frequency (see pages 8 through 17). This is clearly obzerved in figures 15 through
17, where A is increased from 200 to 1000 sa:nples or, equivalentiy, from 93 to 463 msec.
When A = 200 samples, the peak ini S_(w) is obviously evident (figure 15B). in figure 15D,
the fine structure of the peak can be examined in more detail; ins particuiar, a null in the
center of the peak is evident. The presence of this null is in agreement with the analytical
results obtained on pages 8 through 17. Also. a comparison between the 3-dB width of the
peak in figure 15D and the 3-dB noich width in figure 1SC reveals good agreement within
the noise variances of the spectrum plots. This is alsc in agreement with the analytical
results on pages 8 through 17. When A is increased to 350 samples, the peak is flattened
(figures 16B and 16D). When A = 1000, the notch is completely decorrelated by the ALE,
and the ALE output power spectrum also contains a notch (figure 17D). This is in agreement
with the discussion on pages 22 through 25.

In figures 18, 19, anc 20, the effects of increasing the notch width on the ALE output
are examined. As f . increased, the pesk in the ALE output pewer spectrum will eventually
decrease (sce pages 17 through 21). This is clearly evident in the figures, where the reference
voltage is increased. Increasing V¢ also increases § (equation (4)). In figure 18, where
Vief ™ 0.6-V rms, a large peak in y(m) ir otserved at the rotch frequency. However, when
Vref i3 further increased to §.3-V rms (figure {9), the peak is flatiened. When Vu« is further
increused to 1.5-V rms (figure 20), the product, SA, is large encugh 30 that the ALE has com-
pletely decorrelated the notch and a notch now appesrs in the output power spectzum (in
accordance with the discussion on pagec 22 through 25).
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’ - Part C. ALE input spectrum from 300 to 400 Hz.
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Figure 17. ALE retpoms 10 3 notch for L= 2046, N = 128, uar 5 = 2713, wapne = 2710, 4 = 1000, and
Voot = 6.88-V rme.
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Part A. ALE input spectrum from 0 to | kila.
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Part A. ALE input spectruin from 0 to | kHz.
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Figure 20. ALE response to a notch for L= 2046, N = 128, 241 = 2713, uanc = 2719, A = 200, and
Vier® 1.5V rms.
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ALICE RESPONSE TO NOTCHES

In this section, results of experimentc performed on a hardware implementation of
ALICE (designzd and built by Rockwell) are presented. This particular device implements
both the ANC and ALE in one unit and represents a realistic implementation of ALICE,

The purpose of this section is to establish a range of values for some of the ALICE
parameters so that undesirable peaks in the ALICE output, which arise from cancelling
sinusoidal interferences, can be eliminated. For thesc experiments, the ir:.its to the primary
channel of the ALICE consisted of white noise and & sine wave. The noise bandwidth
was | kHz and the noise voltage was 1-V rms. The frequency of the sinusoid in the primary
channel was 200 Hz ard the voltage was 0.1-V rms. The inputs tc the reference channels were
two sinusoids at 200 and 454 Hz. The voltages of the 200- and 454 Hz sinusoids were 0.1-V
rms and 0.5-V rms, respectively, and the sample frequency was 2167 Hz. A diagram of the
experiment is in figure 21 and a piot of the power spectrum of the primary input is in figure
22. The input to the ALE part cf the ALICE processor consisted of two notches at 200 and
454 Hz.

In the first set of experiments (figures 23, 24, and 25), the ALE delay was varied
from 200 to 1000. The adaptation parameters were set to u gy = 2-10 and u ALE™ 2-13,
In addition, N was set equal to 87 and L to 638. The trends of the experiments were similar
to those in figures 15, 16, and 17. In figure 23A, a plot of the ALICE output power spectrum
is presented 1 minute from the start of adaptation for A = 200; there are no large peaks at
the notch frequencies. (As noted on pages 22 through 25, the ALE ad2  tion of time for
noiches is generally much longer than the ALE adaptation time for signals.) In figure 23B,
which was made 5 minutes after the start of adaptation, two peaks at the notch frequency
are clearly visible. Even when A is increased to 500, two peaks are still evident (figure 24B).
However, when A is increased to 1000, the peaks at the notch frequencies are gone after §
minutes of adaptation figure 25B).

In figures 26, 27, and 28, the widths of both notches in the ALE input spectrum
have been increased by increasing ugANC to 2-8 and keeping the values for u ALEsN,and L
the same as in figures 23 through 25. The ALE delay is then once again varied from 200 to
1000 samples. When A = 200 samples, peaks at the notch frequencies can be seen after 5
minutes of adaptation (figure 26B). However, when A is increased to 500 and 1000, the
products of the notch widths and A are large enough s that ALICE has completely decor-
related the notches and the notcher now apoear in the ALICE output after 5 minutes of
adaptation (figures 27B and 28B).
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CONCLUSIONS

In this report, the response of an ALE to a notched input zpectrum was examined. In
particular it was found that when the input to an ALE consisted of a notch in flat noise, the
steady-state ALE output spectrum contained 2 peak at the notch frequency. in general, the
ALE response time to the notch was much longer than the ALE response time to a signal.
However, once the pesk in the ALE output power spectrum appeared at the notch frequency,
i‘s presence coukd interfere with tie detection of cther tignal peaks. Therefore, different
methods of eliminating the peak were examined. It was found that increasing the ALE delay
would decorrelate the notch and thus eliminate the vndesirabie peak. It was also found that
by increasing the notch width, the peak could be ehminated. Ancther method included the
addition of uncorrelated noise to the ALL input. Experimenta! data indicated the validity
of these analyses.
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