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FOREWORD

As part of the on—going program in “Decision and Control

Models in Operations Research ,” Mr. Richard Ehrhard t has developed

a number of formu lae that give approximate values for the operating

~.harac teristlcs of several classes of (s,S) inven tory policies .

The approxima t ions are accurate and require substantially less

compu ta t iona l e f f o r t than exac t calcula tion of the opera ting

characteristics. Many of the approximations are in a form that

make them particularly amenable to sensitivity analysis and systems

des ign studies.

Other related reports dealing with this research program are

given below .

Harvey M. Wagner

Principal Investigator
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ABSTRACT

OPERATING CHARACTERISTIC APPROXIMATIONS FOR THE
ANALYSIS OF (s,S) INVENTORY SYSTEMS

R i c h a r d  Ehrha rd t
U n i v e r s i t y  of N o r t h  Car o l i n a  — 1977

The o p e r a t i n g  c h a r a c t e ri s t i c s  of (s ,S) i n v e n t o r y  systems a re  o f t e n

d i i i  i c u l t  t o  compute , m a k i n g  s e n s i t i v i t y  ana l y s i s  a tedious and o f t e n

e xpensive undertaking . Approximate expressions for operating character—

i st i ~~s are presen ted  w i t h  a view towards s i m p l i f i e d  s e n s i t i v i t y  a n a l y s i s .

The op e r a t i n g  c h a r a c t e r i s t ic s  under considerat ion are the exp ected

v a lu e s  of T o t a l  cost per p er i o d , p e r i o d — e n d  i n v e n t o r y ,  p e r i o d — en d

stockout quantity, r ep l e n i s h m e n t  cost per period , and backlog f re q u en cy .

The approxima t ions are obtained by using least—squares regression to fit

s imp le f u n c t  ions  to the  o p e r a t i n g  c h a r a c t e r i s t i c s  of a large number  of

pa r amete r  s e t t i n g s . Accuracy  to w i t h i n  a few percen t  of a c t ua l  va lues

Is t y p i c a l f u r  most of the  approximat ions .

P o t e n t ia l  uses of t h e  approx imat ions  are  i l l u s t r a t e d  f o r  severa l

I d e al i z e d  des i gn problems .
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1. (s , S) INVENTORY POLICY OPERATING CHARACT ER I STICS

S

There a r e  many s i t u a t i o n s  in which  an i n v e n t o r y  systems des i gner  can

use es t imates  of o p e r a t i n g  c h a r a c t e r i s t i c s  of the sys tem.  For examp le ,

managemen t may d e s i r e  for e c a s t s  of i n v e n t o r y — o n — h a n d , or system o p e r a t i n g

cos t s .  The sys tems des igner  may also c o n f r o n t  ques t ions  such as

(a)  What  ire  the  cost and service i m p l i c a t i o n s  of c o n s o l i d a t i n g

demand f r o m  several d i s t i n c t  warehouses  i n t o  a single c e n t r a l

warehouse?

(b) How do paramete r  changes a f f e c t  the  system ’s ope ra t i ng

c h a r a c t e r i s t i c s ?

(c)  By how much do costs r ise  when service is increased?

(d)  What a rc  the  e f f ec t s  of changing the  rev iew—per iod  l eng th?

To f a c i l i t a t e  ana ly s i s  of design issues of t h i s  type , we seek s imple

a p p r o x i m a t i o n s  fo r  the  f o l l o w i n g  o p e r a t i n g  c h a r a c t e r i s t i c s :  average hold-

in g  cost  per  per iod , average backlog cost per period , f r e q u e n c y  of p e r i o d s

w i t h o u t  back logs , ave rage  r e p l en i s h m e n t  (:oSt per period , and average  t o t a l

cost per  per iod .  These c h a r a c t e r i s t i c s  are d e f i n e d  m a t h e m a t i c a l l y  in

S e c t i o n  2 . 1  of t h i s  r e p o r t .

1 . 1  The Model

Throughout th i s report , we dea l with a single—item inventory model.

We assume p e r i o d i c  review of an i t em ’s inven to ry  l evel and employ a s t a t i o n -

a r y ,  d i s c r e t e — t i m e  s tochas t i c  process to descr ibe  the  Item ’s demand . The

demand sequence  
~‘1’~~2’~~

• • ’  consists  of independent , i d e n t i c a l l y  d i s t r i —

~~ h u t e d  random variables taking non—negative integer values.

Demands a re  met as long as stock on hand is s u f f i c i e n t ; when a s t o c k —

out occurs , the  u n f i l l e d  demand is completely backlogged until a stock

4
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r e p l e n i s h m e n t  e v e n t u a l ly a r r i v e s .

I t em s  k e p t  in  I n v e n t o r y  are assumed to be conserved , t h e r e  b t 1 n ~ flU

losses  by d t t c u : i o r a t i o n , obsolescence , or p i l f e r a g e ; d isposa l  I s  not

a l l o w e d . i n v e n t o r y — o n — h a n d  at the end of a period is the  I n v e n t o r y  f rom

t i c  p r ev i o u s  p e r i o d  p lus any r e p l e n i s h m e n t  t h a t  a r r i ve s , less d e m a n d .

N t - g a l  ive  i n v e n t o r y — o n — h a n d  r ep re sen t s  the  amount  of back logged  d em a n d .

R ep l e n i sh i n e n t s  I r e  assumed to he de l i v e r e d  a f ixed  lead t ime L pe r iods

a t  I cr  b e i n g  or d e r e d . The t ime sequence of even ts  in any period Is t a k e n

t o  h~ order , d e l i v e r y ,  demand .

We assume no t ime d i scoun t ing  of costs and p o s t u l a t e  an unbounded

h o r i z o n  over w h i c h  the i tem is demanded and s tocked . We seek to m i n i m i z e

e x i e c le d  t o t a L  cost per per iod .

The cost of a r e p l en i s h m e n t  q u a n t i t y  q Is assumed l inear w i t h  f ixed

o r d e r i n g  cost K and c o n s t a n t  u n i t  cost c

fK + cq fo r  q > O
c ( q )  =

I.. 0 f o r  q 0 .

I tems a r t  n ot  lost f r o m  i n v e n t o r y ,  so demand is complete ly  f i l l e d .

Siu c cos t s  are  lo t  d i s c o u n t e d , the c o n s t a n t  un i t  cost c is not  a f a c t o r

in choos ing  1 m i n i m u m  cost p o l i c y ,  and is - appres sed h e r e a f t e r .

The i n v e n t o r y  h o l d i n g  ea s t is p r o p o r t i o n a l to  any s tock on hand at

Un i t  cost Ii

( h i  for  i > 0
h ( i )  =

0 f o r  1 0 ,

and the  u n i t  p e u l a  I t y  cost p is app i  led to any q u a n t  i t y  on bac korder

at  the  end of e.u h period

2
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r o
p( i ) = 

—

~ —p l fo r  1 < 0

The r e s u l t i n g  t o t a l  cost f u n c t i o n , t h e r e f o r e , is linear in K , p

and h and we may scale these p a r a m e t e r s  so t h a t  t h e  va lue  of t h c  u n i t

h o l d i n g  cost h i s  u n i t y .  N o n — t r i v i a l  changes  in cost  a r i se  on l y w i t h

changes in t h e  r a t i o s  K/h and p /h

I . i nv cn t o ~yj ~~p~ en ishment  P o l i c i e s

We p o s t u l a t e  th a t  con t ro l  over rep len i shment  is exercised b y an (s , S)

policy: whenever Inventory x on hand and on order  a t  the  s t a r t  of a

p er i o d  drops  b e l o w  the  va lue  “ l i t t le  s , ” an order  is p l a c e d  fo r  a rep len ish-

men t  of size S—x.

Given our a s s u m p t i on s , when the demand d i s t r i b u t i o n  and the  economic

p a r a m e t e r s  a r e  known , t he re  is an opt ima l po l icy  tha t  has the  (s , S) f o r m

[ I g le h a rt  ( l9 63a , b ) ,  V e i n o t t  & Wagner ( l965)~~. When the  demand d i s t r i b u —

l i o n  is not known , even though  t h i s  is t h e  on ly  a s sumpt ion  r e l axed , an o p t i —

mal po l i cy  may no longer  be of the (s , S) fo rm.  N e v e r t he l e s s , in t h i s  ex-

p e r i m e n t  we emp loy an (s , S) p o l i c y ,  since It  is in popular  use in the

appl ied s i t u a t i o n  of incomple te  i n f o r m a t i o n .

We seek approx ima t ions  for  t h e  o p e r a t i n g  c h a r a c t e r i s tic s  of t h r e e

(s , S) policy ru l e s :  op t ima l  p o l i c i e s , Power Ap p r o x i m a t i o n  p o l i c i e s , and

S t a t i s t i c a l  Powe r A p p r o x i m a t i o n  p o l i c ie s .  For each pol icy  r u l e  we d ev e l o p

s i m p l i f i e d  f u n c t i o n s  fo r  a p p r o x i m a t i n g  the  o p e r a t i n g  c h a r a c te r i s t i c s .  We

then fit t he  p a r a m t .t e r  va lues  of t h e  f u n c t i o n s  to the  ob served c h a r - c  1~~r is—

t i cs of a m u l t i - - i t e m  system u s i n g  least—squares regression.

i~1 -~~~~~~~ -

— 
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1 .2 . 1  ~~~~~~~~ Pol ic ies

We d ev e l o p  app rox i t n a t  t e x p r e s s  ions f o r  o p t i m a l po l icy O p t - r i  i i  ig

c i t a r a t - t o r i  St. I t -s in Sect  i o n s  2 and 3. T lue a p p r o x i m a t i o n s  are  compar ed

w i t h a c t u a l  v a l u e s  of the  oj i r a t in g  c l i a r a c t t ’ r i s t i c s , c a l c u l a t e d  w i t h

t h e  a l g t r i t h m  of Ve m o l t  and Wagner  (1965) .

1 . 2 . 2  The Power ~~prro x 1ma L ion

The Powe r A p p r o x im a t ion [ E h rh a r d t  ( 1 9 7 6 ) ]  is  an a l g o r i t h m  f o r  corn —

p u t  in g  ap p r o x  I i t t  t - l v  opt  imal v a l u e s  f o r  (s , S) u s i n g  only  t h e  mean ~
2

and  va r i ance  u of demand.  Tlue a l g o r i t h m  is e xe cu t e d  as fo l lows .

L t

( 1)  0 ( 1 . ; f ~3 i i

and

= ( L ; f l )  ~ + [( L+ 1)p ] 416 (o
2

/ u Y
603 U ( z )

(2) 

S
1 

= S
1 

+ 0

wher e  U ( z )  i s  p i v e n  b y

U (z )  . 182/z + 1 . 1 4 2  — I. 6h(e~

(3) I

I . P 4  .498
) p ( 5. / I t )

~ (i~~~) [ ( ÷ f ) ~~J .4u l

I f  L) / t  is  g r e a t e r  than  1.5 , l e t  S s~ and S S
1 

. Otherwise

nA Il) (it

(4 )  S
2 

— ( L 4 - h )  ~ + ~ [ i l ~~ l ) o
2
]~

_ _ _ _ _ _ _ _ _ _ _ _  
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whor e v is the so lu t ion  to

(5) ~ (v) =

and 1(~~) is tI +  cumula t i ve  d i s t r i b u t i o n  function of the unit normal

d i s t r i b u t i o n .  T u e  pol icy  pa rame te r s  a r t  then  g iven by

s = m i n i m u m  {s
1 , S

2
}

(6)

S = m i n i m u m  {S
1 , s2 }

If  demands  a re  in t e g e r  valued , S 1 , I) , and S2 a re  rounded to t h e

nea r e s t  i n t e g e r .

A p p r o x i m a t e  express ions  f o r  Power Approxima t ion o p e r a t i n g  c h a r a ct e r -

i s t i c s  are  developed in Sec t ions  2 an d  3. The a p p r o x i m a t i o n s  a rc  compared

w i t h  ac t u a l  v a lu e s  of the  c h a r a c t e r i s t i c s, c a L c u l a t e d  using the  methods  of

V e i n o t t  and Wa g er  ( 1965) .

1.2. 3 the S t a t  i s t i ~~.1l_ Power Aj~~~p x i m at I on

O f -o r s t - , In r e a l  app i  lc ; it i o f l S , the mean and va r i ance  of demand are

not  a l w a y s  known . For t h u  s i t u a t ion where  onl y samp le s t a t i s t i c s  of p r e —

v ious demand s a r t  a v a i l a b l e , t i e  S t a t i s t i c a l  Power Approx ima t ion  d e s c r i bed

be low can be imp l emented. T h i s  decision rule imp licitl y assumes tha t dc--

m ind  is s t a t i o nar y .  Such a r u l e  d e r i v e d  f o r  s t a t iona ry  cond i t ions  may be

a L e a s o n ab l e  a p p r o x i m a t ion to an op t ima l r u l e  when t h e  demand process Is

m i l d l y  n o n — s t a t i o n a r y ,  p r o v I d e d  t h a t  t h e  p o l i c y  parameters s and S I r e

rev ised  per lad i ca I l y  to meet  t l i e  chang ing  condi  t ions.

We assume I n  th is s t u d y  tha t a demand history of fixed length is  k ep t

to make each r ev i s ion , and equa l w e i g h t  Is  g iven to  each observation. This

Is not opt ima l i f  the  demand pr u- ess Is k n o w n  t o  be s t a t i o n a r y, fo r  then

5
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t t t r  e n t i r e  h i s t o r y  should be accumulated to give progressively better

k n o w l e d g e  and p e r f o r m a n c e .  Even when demand Is known to be non—station—

try , bu t  var\-ing in a re&ular manner , such as by a t r en d  or p er i o d i c  c y c le ,

or both , an op t ima l decision rule would generally utilize the entire

his tar y.

Tite decision—maker usually is not in  a pos i t ion  to  know , however ,

t h a t  conditions observed , even over the  e n t i r e  pas t  h i s t o r y ,  w i l l  c o n t i n u e

to prevail. Ihil s provides justification for making frequent revisions ,

p l a c i n g  g r e a t e r  wei ght on observations from the immediate past and less on

earlier hist ory . For this study the admittedl y arbitrary choice has been

made to keep a history of fixed length and give equal weight to all obser-

vations in this history. Let 1 hi the number of periods between policy

revisions , wh i h  will be termed the revision interval; assume tha t a his-

tory of T periods ’ demands is kept  for use at each revision.

The statistics required by our decision rules are the sample mean

and  v i r i a n e t  of demand , ~ and v , respectivel y. if t is a period at

ti le b eg inning of which revision is made , th en

~~ i ~r r
i=1 t — -t

= (~~~~)~~
1 

~~~~~~~~ t—T ’
~~~

When using t in St a t i stical Power Approximation we p e r i o d i c a l l y  o b t a i n

— — 2
v . i h i . s  fo r  (s , S) b y s u b s t i t u t i n g  1 and v f o r  p and a in

tq uat ions (1) t hrottg h (
~~

)

We d ev e l o p  ap p r o x i m a t e  e x p r c i sions f o r  S t a t i s t i c a l  Power Appr o x i—

mat I on o p e r a t i n g  h a r i  teristics in Sec t ion 3. TIn’ approximations a re

ut i i i r . d with i s t  1n~i t es of act ual values of  the characteri st ics , obtained

I r + m o n p i t  . -  r S Imiil .at Ion exper imetits
6
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1.3 Methods of Approximat ion

in Section 2 we develop “analytic ” approximations for the operating

characteristics of optimal and Power Approximation policies. We

approx ima te  the  exact expressions with  simp l i f i ed  f u n c t i o n s , genera l ize

these f unct ions , and then fit their parameter values to the observed

charac teris ti cs of 576 polic ies using least—squares regression . The re-

sulting approximations tend to be extremely accurate but rather diffi-

cult to evaluate.

In Sec tion 3 we develop “mul tiplicative” approximations for fixed

and statistical policies. The approximations are based on simple function-

al forms that are mo tivated by empirical observations. The functions are

multipl icativt ly separable into simple expressions that each depend on

two variables at most. We use least—squares regression to fit the para-

meters of these functions to the observed characteristics of 576 fixed

policies and 288 statistical policies. The resulting approximations are

accurate and easy to evaluate.

In Section 4 we use the approximations to study sensitivity analys is

ques t ions  tha t typ ical ly  confront systems designers . We also use the

approx imat ions to draw graphs disp lay ing the opera t ing charac ter istics as

func tions of system parameter settings.

7



2. ANALYTIC APPROXIMATIONS FOR FIXED POLICIES

In this section we develop approximate expressions for the opera ting

characteristics of fixed (specified) policies. We approximate exact ana-

lytic ex p r e s s i o n s  with simplified functions , generalize these functions ,

and then f i t  t h e i r  parameter  values  to the observed characteristics of

576 i t em s  u s i n g  leas t—squares  regression. The 576—item system is formed

by using t full—factorial combination of the parameters in Table 2.1.

Table 2.1

System Parameters

Number
Factor Levels of Levels

Demand d istribution Poisson (o 2/ u  — 1) 3
Negative Binomial (o 2/p 3)
Negative Binomial (~ 2/~ — 9)

Mean demand 2 , 4 , 8 , 16 4

Rep lenishment lead t ime 0, 2, 4 3

Rep lenishment setup cos t 32 , 64 2

Unit penalty cost 4, 9, 24 , 99 4

Unit holding cost 1 1

Policy Optimal policy , 2
Power approximation policy

The approx ima t ions  in this section are func t ions  of o i l y t h e CcOllUlItl c

parame ters , policy parameters , and the mean and variance of demand . We

obtain results for holding cost , backlog cost , backlog protection , rep lenish—

meri t cost, and total cost. On the average, the approximations deviate from

the actual values of these characteristics by 0.7%, 4.1%, 0.7%, 0.1%, and

1.9% respectIvel y.

8



p 2.1 The Analytic Derivation

Consider the nEdel of Section 1.1 and assume that demand follows a

probabili ty density 4t(~ ) and cumulative distribution 4(•). Let

and ~ 
( .)  be the r i—fo ld  convolutions of these func t ions . We consider

the following operating characteristics of fixed , infinite—horizon (s,S)

policies

H E average holding cost per period

B average backlog cost per period

(7) P backlog protection , i.e., frequency of periods without

backlogs

R average replenishment cost per period

T average total cost per period.

Let

m ( . )  - 

~n=l 
*fl

M ( )  - 

~n’l 
i~~’( )

We have , as in Roberts (1962), the exact relationships

H —

+ f~ (s_x)~
*(
~~

l )  (x)dx}

B = p(H/h + (L+l)ii—SJ + p [ l+M (D) J~~~f~ ym (y) dy

(8) P = [l÷M(D)]
_l

{f 
*(I

~
+l_)(S ) (y)d +

R — K( l+M (D)] 1

T - H + B + R ,

9
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I
w h er e

1) = S — s

It is difficu lt to obtain any insights from (8) regarding the sensitivity

of t he  operating characteristics to values of model parameters . Indeed

It is exceedIngly comp licated just to calculate values of the characteris—

ties for a give n set of parameter values. We proceed to simplif y the

f o r m  of expre’ ; i o n s  (8) by introducing approximations fo r  the functions

m(~~) , M(~~) , and

- —1
Replenishment frequency in (8) is given by [l+M(D)] . To

approxim ate ~-l(~ ) we use the following result of Smith (1954).

M ( x )  = x/i .~ + o~ /(2ij~) 
— 1/2 + o(1) ,

Th is yields the approximate value for replenishment frequency

(9) [l+M(D)]
1 

p/[D + (~i4~~ /p)/2] p

We identify the quantity (S—y) in (8) as inventory—on—hand—plus—on—

order (after ordering), with stationary distr ibution F(S) given by

M(y)/[l+M(D)] , s S—yES
(10) F(S—y) —

1 , S—y S .

The probabili ty densi ty f(’) of inventory—on—hand plus—on— order (after

ordering) on the open interval [s ,S) is

f ( S - y )  — m (y ) / ( 1 + M ( D ) ]

We approxima te f() by a constant c on the interval [s,S) . To

fix the value of c we normalize the approximated distribution

- 
~~~~

:‘

_ 

~ 
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Pr

(11) f
Sc dx + P r ( ( S — y )  s} 1
S

Using (10) we find that

Pr((S—y) Si [1+M(D)1
1

and we solve (11 ) for c , yielding

(12) c (1 — [1+M(D)J

Finally, we use (9) in (12) to obtain

(13) c m(y)/ [1+M(D)) ~ (1— p)/D , y c (o,D]

We use (9) and (13) in (8) to get

H h{[(1—p)/DJ 1
D
1
S—y 

— 
*(L+l)

(S—y x)4 (x)dxdy
0 0

S *(L+l)+ p1 (S—x)q (x)dx}
0

(14) B pEN/h + (L+1)~i — S + ( 1—p)D / 2 J

* (L-s-1P ~ p I ~~(~~~) 
— [(l—p)/D ] f

D *(L+l)
0

R ~ pl(

Finally we approximate the demand distribution with a gamma distribu-

tion having density g(~ Iu ,~~) . Let

~ ct— i

*(L+l) 
X exp(—x,8)/[h (ct)B~ J , x>O

(x) ~ g(x J ct ,l~)
o , x<O

(15)

*(L+l) xIII (x) ~ C(xl ci ,B) J g(y )u ,fb)dy

11

t 
_ _  __ _



re

(L+l)~~
2/ 2

We define t I~ notation

(f(x) (
b f(b) — f(a)

and use (15) i i i  (14) to yield

H h [SC (Sjr ,1~) 
— t8G(S~ ~+1 ,~ )J

+ [h ( l - c ) / 2 D ] (x 2G ( x j c t , ;~) - 2i~lxG(xIt+l ,B)

+ (C+1)U13 2 C(x~ t+2.P)

(16)

B ~ p [H/ h  + (L+l) — S + (1— r )D /2 ]

P ~‘ G(S~~i ,13) 
— [ ( l — ~ ) / D J {x G ( x 1z , l~)

— ct bG(xLi+1 ,B) I~
R ~ K

Observe tha t  the approximat ions  (16) depend on the policy parameters ,

economic parameters , and the mean and variance of demand . The C-functions

must be calculated by a numerical procedure . We use a series expansion for

G(x IL ,e) when x Is less than 1 or uB , and a continued—fraction

expansion otherwise. The procedure is part of a package of computer

programs ent itled “The IMSL Library” which is marketed by the International

Mathematical and Statistical Libraries , Inc., Houston , Texas.

12
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Despite the effort required to compux e C , the expressions in (16)

are an enormous computational simplIfication over (8). In SectIon 2.8

we discuss the possibility of using a Normal distribution function in lieu

o h  the C — f u n c t i o n ;  emp loying the Norma l d i s t r i b u t i o n  would f a c i l i t a t e

manual computations of the approximations we derive below.

In the following sec t ions we use expressions (16) to develop

regression models for the operating characteristics. We fit the

parameters of the regression models to the observed characteristics

of 576 items (Table 2.1). The approximations we obtain are labeled

with subscript “a” when they are used for the entire 576—item system .

Subscr ip t s  ‘ a ,p ” and “a ,o” are used to label expressions for  Power

Approximation , and op t imal policies , respec tively.

2.2 An Approximation for Rep lenlshment Cost

We use (9) in (16) to obta in the expression for replenishmen t

cost

R ~ ‘ u K/ E D + (p4o2/p)/2]

We manipulate the expression to form a linear regression model

(pK /R) — A
0 

+ A1 D + A 2 
p + A

3 
(a ’/ u )  + r

where A0,... ,A 3 
are constants to be fit and t~ is the error term. We

use least—squares regression to fit the model to the system of 576

inventory policies in Table 2.1. That is, for each of these policies we

use as data the actual values of pK/R , D , p , and a 2/p . The rt.sult

is the following numerical approximation for R

13 
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(17) R
a 

Ki/(l.003D+.4942p +.499& 2/p— .5339)

which has a coefficient of determination (fraction of variance explained)

of 0.9999 fo r  the quan t i ty  p K/R -

To characterize the quality of the approximation we define

(18) ~(R ) 1007. x IR —R j /Ra a

i n other words , A(R ) is a percentage measure of the approximation

error for a particular Item . The system of 576 items yields an average

value for A(R ) of 0.1%. Table 2 .2 gives the distribu tion of values

for ~(R) . The approximation is clearly an accurate one for the system .

Table 2 . 2

Frequencies of A(R ) in a 576—item System

Range Number Cumulative Percentage
for ‘~(R) of Items of Items

[O% , 2%) 574 100 Z

[2% ,4%) 2 100%

The largest value of ~(R) is 2.5% and it is attained by two optimal

policies : each has a variance-to mean ratio of I, leadtime 0, mean

dema nd 16 and setup cost r a t i o  32. The u n i t  penal ty  cost ratios are

24 and 99, yielding the optimal policies (16,39) and (20,43) , respectively.

14



Since the coefficients of D, ii , and c2 /p  In (17) are so close to

the theoretical values of 1, 1/2, and 1/2, respectively, we consider the

following regression model.

[pK/R — D — l/ 2 (p  + a2 /p ) ]  • A + c ,

where A is a single constant to be fit and c is the error t e rm . Using

leas t—squares  regression to f i t  the  model to our 576—it em system we o b t a i n

the approximation

— Kp/ [D + (p -4- o2/p)/2 — .51213

Approx ima t ion  R provides essent ia l ly the  same accuracy as ( 1 7 ) .  The

system of 576 items ylt-ids an average value of ~(R) of 0.1% and the dis-

tribution of values for t~(R) is the same as tha t given in Table 2.2 for

~(R ).
a

14a
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2 - 3 An A pprox ima t ion  fo r  Holding Cost

We can t r e a t  the u n i t  holding cost as a r edundan t  ( n o r m a l i z i n g )

parameter in our model , and so we d i v i d e  the ho ld ing  cost express ion  in

([h) by h y i e l d i n g

H/h p [ S G ( S J i . ~~) — L v  G ( S ~ +1 , v ) ]

+ E (1-;)/?D]~ x
2G ( x~ ~~, 

- 2i~.xG (x ~ L+l , ~~)

+ ( i± l )  t
~
2
G (xl t+2 , -)

We take advantage of our improved e s t i m a t e  of rep lenishment  f r e q u e n c y

rom ( 1 7 )  and rep lace  w i L l ;

(19) r R /K = , / ( l . O 0 3 D + . -Y~4 2 + .499&~~ / ; — .5339)
a

The resu l t  is a q u a n t i t y  t ha t we denote  as W , given by

(20) W r [ S G ( S I ; L ,~~
) — 

~v((S L + l . v ) I

+ [( l - r ) / 2 D ] ~~x 2( ;( x~ ~~~~
- )  - 2~~;xG (x i4i . - )

+ ( i-4- l) Lh G (xI -i+2 ,~ ) I~
We calculated values of ~~

‘ In the 576—item svs~ ern and in c o m p ar i n g  them

w ith the actua l values of B/h , we found  a systematic variat on with

reSN e t to p and o2 /p . This motivates the i i  a L r  r eg ress ion  model

H/h A0 + A 1 W + A 2 
p ÷ A 3 

(a 7/u) + €

where A0,. ..,A 3 
i re constants to be f i ~ and c is the error term.

As in  Sect ion 2 . 2 , we use least—squ i res regression to fit the model to

the  system of 576 i tems . The r e s u l t  i s  a euef icien t of d e t e r m i n a t ion

of 0.9999 fo r  lie approx im at t o n

I s

~~~
—

~~~~~
-
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S

(21) H
a 

- h(W -.1512 p + .1684 o2/p  + .0689)

We define ~(H) as in (18). The system of 576 items yields an average

value of 0.7% for A(H ) . The distribution of values for ti(H ) is
a a

summarized in Table  2 . 3 .  Our approximation appears to be an exce l len t

one .

Table 2.3

Frequencies of ~(H) in a 576—item System

Range Number Cumula t ive  Percentage
f o r  iS(H ) o Items of Items

[0%,2%) 553 96%

[2Z , 4%) 17 99%

[4% ,6%) 5 100 %

[6% ,8%) 0 100 %

[8%,10%) 1 100%

The largest value of ti(H ) is 9.2%, attained by an optimal policy with

variance—to—mean ratio 9, leadtime 0, mean demand 2, unit penalty cost

ratio 4, and setup cost ratio 32. In geneial , the largest errors appear

to ( u ( U r  f o r  h igh va lue s of variance—to—mean ratio and low v a l u e s  of a l l

o the r  pa r ame te r s .

2 .4 An Ap p r o x i m a t i o n  fo r  Backlog P r o t e c t i o n

Backlog protection is the frequency of periods without backlogs , that

Is, one minus the backlog frequency. Since it is a critical measure of

service , it is of central interest to the inventory systems designer.

16

- - — - - _ _—- — -



in Sect  ion 2 . i we o b t a i n e d  the  to  I l o w i n g  ap p r o x i m a t ion f o r  backlog

cc t i i’

P G ( S~~i , u ~) — [ ( l — ~~) / D ]  {SG(Skx ,f i ) — S G ( s t  L ,~~~~)

- - L~~~~~~ (S L + 1 ,~~
) + a G  (s ~+l ,~~) }

We r e p l a ce  w i t h  r , as g i v e n  by ( 19) , to ob ta in

P V r G ( S  L ,13 ) — [ ( l — r ) / D J  {SG(S i - i ,l~) — sG(sk , v )

- t~ ( ( S ( c L + 1 ,~~) + ~ - G ( s I  ~+l ,~- ) J

We t onn a I t i i e a r  regress ion  model by ad d i n g  terms or mean demand and t h e

variance—~ o—nic ; Iu  r a t i o  of demand , as we d id  in our approximation for

h o  t d l ;h  cost

( 2 2 )  1’ = 4- A1 V + A 2 p + A 3 
(o 2 /p )  + c

This  model y ie lds  a c o e f f i c i e n t  of d e t e r m i n a t i o n  of only 0.669 when fit

t o  the 576- i t em  system . We also fit (22) separately for Power Approx ima-

tion and o p t i m a l  p o l i c i e s , y i e l d i n g  -oct i I c ienis of v a r i a t i o n  of 0 .660

and (1 .681 , resl)L-( t lv e l y .  i h ese  poor r e s u l t s  f o r c e d  us to seek in

a l t e r n a t i v e  a p p r o a c h .

We can  revise the regression model by using a t h e o r e t i c a l  r e su l t .

When demand is continuously distributed , an opt ima l po l icy  y ie lds

(p/h) / (H-p/h) for backlog protection. When the demand distributions

are dIs ret& , (p/h) / (l+p/h) is a lower bound on P for optima l policies.

It was ohs~~i v t  in Khrhardt (1976) tha t the Power A ppr oximation and op—

t Imal p o l ic  I t - s  d i f f e r e d  in Li i i  h r  backlog frequency p e r f o r m a n c e .  l b -r e t F e

we dcc E d  d to f i t  t h e  we pui  icy ru I t s  st 1o l r a  ely.

17

_ _ _



r

We develop the revised linear regression model by multipl ying (22)

by (l+p/h) to yield

(l+p/h) P A
0 + A1 (p/h) + A2 V + A3 

(V p/h)  + A
4 

p

+ A
5 

(pp /h)  ÷ A6 (o2/p) + A
7 [(o 2/~~) (p /h) ) + C

This model dramatically improves the fit after only one step of a

stepwise—regression computer program . For optimal policies, the simp le

expression

(23) (0.0857 + p/h) / (1+p/h)

yields a coefficient of determination of 0.99999 for (1+p/h)P . We

have the same coefficient of determination for Power Approximation policies

w i t h

(2 4 )  
~a 

(0.0695 + p/h)  / (l+pfh)

We define 
~~

1)
a
) as the absolute value of the percentage error of

approximation when (23) and (24) are used . Table 2.4 is a summary of the

distribution of ~(P) for the 576—item system . The average value of

in the system is 0.7%. All items with 
~~~~ 

larger than 4% have

Power Approximation policies with 1)/h equal to 4. The app rox ima t ion

(21) is somewhat better than tha t in (24) as 40 of the items with devia-

tions larger than 2% are for the Power Approximation. All the items

with tt(P ) ~.urger than 4% have Powe r Approximation policies with p/It

equa l to 4. Of those items with deviations larger than 2%, 7 have p/h

equa l to 9 and 41 have p/h equa l to 4. Our approximations arc especi ally

18
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it irate I i  I .irgt p/h

Table 2.s

Freq uencies of ~(Pp) in a 576-i tem System

Number Cumulative Percentage
t or / i b ) of Items of Items

[0Z,2Z) 52M 92%

[2Z, t )  39 98%

[- .  ,b7)  8 100 %

[s; , 8%) 1 100%

The o rrors o ap p r o x i m a t i n s  (23) and ( 2 t )  display a mild (IeI)efldeuiLe

upon t In p i r e; i c r  N / h .  We t I t e r e f o r e  — e k  an a p p r o x i m a t i o n  of t he  f o r m

P (a
0 

+ a
1 I~/ K + p / h ) / ( I  + p / h )

wbi l i t  suggests t l i e  r g rt s ; - i  i i  model

Y [i’ — p / ( l i  + p ) ]  = A
0 

4- A
1

( h / K )  +

b i t e  model  I s  f i t  t o  m i n i m i z e  N i t t i v e  sq~iared error b y f i r s t  d i v i d i n g  by

t b  left hand id , yielding

A 0 ( 1/ Y )  + A 1
(h / K Y )  + c/Y

The t r a n s f o r m e d  model is then  fit using least—squares regression; I.e ..

the dependent v u  r i a b l e  Is set equal  one for each i tem and t h e  i n t e r c e p t

Is f Ixed i t  -~c r i .

We obta in the  following ;ipp rox lnii tio ns for optima l and Power Approxi—

mat ion p o i  i t i e s , respect i v e l y

19
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— (.0543 + .9958 h/K + p / h ) / ( l  + p /h )

— (— .0737 + 5.851 h/K + p / h ) / ( l  + p /h)

We define ~(P) as the absoulte value of the percentage error of approxi-

mation . The average value of ~(P) in the 576—item system is 0.6%. The

distribution of A (P’) is summarized In Table 2.4a. Although approximation

P~ does not appear significantly better than P on the average , it reduces

Table 2.4a

Frequencies of ~(P) in a 576-item System

Range Number of Cumulative Percentage

for 
~
“a~ 

Items of Items

[0%, 2%) 529 92%

[2% , 4% ) 42 99%

[4% , 6%) 5 100%

[6%, 8%t 0 100%

the  number  of items with errors in excess of 4% f rom 9 to 5. We recommend

aprir’ . . i  ~~ P for Power Approximation items with small values of p/h(s9).

2.5 An Approximation for  Total  Cost

We obtain an expression for total cost by summing cost components

H, B, and R , and using approximations (16) for B and R

f H + B 4 R

~ (1 + p/h )  H + p [ ( L + l ) p  — S + (1—p) D/2] + pK .

1 9a



We d i v i d e  b y h , rep lace  p w i t h  r , as given by (19), and use

approximation (20) for H to obta in

( 25) 1 /h  ~ (1+p/h)W + p/h  [ (L+1)p — S -4- (l—r)D/21 + r K / h

As we d i scovered  in o b t a i n i n g  a f i t  fo r  h o l d i n g  cost , a group of r e l a t e d

t e r m s  s h o u l d  be added to (25)  to o b t a i n  a good f i t  to the sys tem ’ s d a t a .

The l ine ir regression model we emp l oyed is

_ _ _ _  -~~~~~~ -~~~~~~~~~~~~~~~ ~~~~~~~~~—-



T/h = A
0 

+ A1 W + A2 
(Wp/h) + A

3 [ (L+ 1)p p /h J  + A4 (Sp/h)

+ A 5 (Dp/h) + A6 (rbp/h) + A 7 (rX/h) + A8 (p/h)

÷ A9 (rp/h) + A 10 [(L+l)p] + A 11 S + A12 D + A 13 (Dr)

+ A 14 r + A
15

p + A 16 (c~2/p) + A 17 
(pp/h)

+ A 18[(a 2 / p ) ( p / h ) ] + c

We f i t  the model to the system of 576 items using stepwise least-

squares regression. The following expression yields a coeff icient of

determination of 0.998

(26) T
a 

— 1.110 hW — .001049 pW + .3364 Kr

— .22 34 h + .3274 hi) + .4476 h 02/p + .003062 p

We define Ei(T ) as in (18), namely , the absolute value of the per-

centage difference between Ta 
and T . The average value of A (T )

for the 576—item system is 1.9%. A summary of the distribution of

A(T ) for the system is given in Table 2.5. The fit is rather good with

virtually all of the large errors occurring for large values of ~~/p

and small values of L, p ,  and p/h . Of the 63 items having A ( T )

greater than 4%, 52 are for the Power Approximation . We list the four

items with A (T
a
) exceeding 10% in Table 2.6.

1 
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Tabl e 2 5

Frequencies  of ~( T )  in a 576— item System

Range Number Cumula t ive  Percentage
f o r  

a~ 
of Items of Items

( ( b ’ . 27) 383 66%

( 2 7 , : )  130 89%

1 - ,  , b Y )  45 97%

13 99%

[8% , Tu ,~) 1 99%

[ l o % , l27 .)  2 100 %

[12% , 1 4 7 )  0 100 %

[147 , 1o1 ) 1 100 %

[16% , 1 t47) 0 100 %

[18% ,2(r ) 1 1 00%

Table 2.6

Items with 1~(T ) exceeding 10%a

Policy ‘3 2/p L p p/h K/h Error

Power Approximati on 9 0 2 4 64 10.3%

Power ApproximatIon 9 0 2 9 64 11.5%

Power Approximation 9 0 2 9 32 14.6%

Powe r Approx imat ion  9 0 2 4 32 18.2%

21
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The parameter settings contributing most often to large errors in

(26) are Power Appr oxima ti on it ems wi th ~ = 2 and p/h 4. We deleted

al l  18 items having their  comb ina tion of parame ter values and refit (26)

to obta in
1 ’ = 1.111 hw — .00105 pw + .3370 Kr
a

- .2190 h + .3269 hD + .4775  ho~~/p + .00306 p02/p

w h i c h  has an average value of ~~(T’ ) of 1.8% in the  558—item system . A

sununary of the distribution of A(T’) is given in Table 2.6a.

Table 2.ba

Frequencies  of A ( T ) In a 558—item System

Range Number Cumula tive Percentage
for A (T ) of I tems of I tems

a 
____________ _________ ______________

[0% , 2% ) 377 68%

[2% , 4% ) 126 90%

[4% , 6%) 4 2 98 %

[6%, 8%) 11 100%

[8%, 10%) 0 100%

[10%, 12% ) 1 100%

[12% , 14%) 0 100%

[14% , 16%) 1 100%

I
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Although the approximation appears to be accurate , we bel ieve that

it will degrade for significantly non—optimal polic ies. The differences

hetwecuu (25) and (26) and the pattern of values for tu(T ) suggest that

the econom i s of optima l policies is intrinsic to the approximation

o b t u i uied. i h e  robustness of (26) is discussed explicitl y in ~~ & -  tion 2.7.

2 .6  An App r ct x irni t ion ~~r B_a log ~~s_t

In  Section 2.1 we obtained the approximation for backlog cost

B p [H/h + (L+l)p — S + (l—p )D/2J

Using the approach of Section 2.3, we obtain the linear regression model

B/h A
0 

+ A
1 

(Wp /h )  + A
2 
[(L+l)pp/hJ + A

3 
(Sp/h)

4 A
4 

(pp/h) + A
5 

[ ( ~ 2/ii)(p/h)] + A 6 
(Dp /h )

+ A
7 

(rD p/h) + €.

where r is given by (19). and u. is the error term . When l i t  to the

system of 576 items the result is a low coefficient of determination ol

0.444. Splitti ng the 576-item system into a Power Approximation system

and an optimal policy system , and then fitting separately for each value

of p /h  , does not yield i significan t improvement . The two systems

ulso were fit separately for each value of 02/u wi thout success.

We obtain a better fit by emp loying the identity

B = T — H — R

Our first attempt used (17), (21), and (26) in

B’ i T  — hi - R
a ~u a

22
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U n t or t u n a t~ - l v , B ’ d e v t t t ~~s I ron B by an average of 18%.

We I orm , 1 i ; t  4-ad , a I i ne i r r eg r e s s i o n  model for B u s i n g  a l l  t l~€

vai i t h i t - . ~ ; .i ri.ng in our models for T, H, and R

(27) B/h = A~ + A
1 
W + A 2 (W p / h )  + A

3 [ ( L + 1) f J p / h ]  + A 4 ( S p / h )

4- A
5 

(l)p /h )  + A
6 

(rD p / h )  + A
7 

(r K / h )  + A
8 ( p /h )

+ A
9 

( rp / h )  + A 10 j(L+i)~iJ + A11 S + A 12 D

+ A
13 

(Dr )  + A
14 r + A 15 ~i + A

16 (i /p )

+ A 17 
(~~p /h )  + A18 [(p/h) (~

2/u)J +

When f i r  to t i i t  5 7 6 — i t e m  sysLem , (27) yields a c o e f f i c i e n t  of d e t e r m i n a t ion

of 0.957. To obtain a reasonably accurate approximation , we further sp lit

the data set Into Power Approximation and optimal policies , and fit (27)

separately for each value of p/h

We obta1~ average coefficients of determination of 0.999, and 0.998

fi r  optima l , and Power Approx imation policies , respectively. The I its

are of the form

(28) B / h  a
1 
W + a

2 
(L+1)p + 3

3 
S + 3

4 
D + Dr

+ a
6 

r + a
7 

Kr + p + a9 ~
‘/p + a10

We list the fitted values of ta1,i 1 ,lO} in Table 1 .7a for each of the

eight regressions.
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Table 2-7a

Coef I fc ient V a l u e s  f o r  Backlog  Cos t Express ion  (28k

Po l i cy  p /h  ;i

~ 
:i ,~ a

3 
a4 a

5 
a
~ 

a
7 

;i ~~ 1
9 

a
10

(1 ~~ 1 : 11 ‘ 3 .231 3.2 12 — 3 . 2 1(  1.680 —1.809  .1968 — .1658 .2600 — .0127 — .3 4 4 7

7 . 15 2  7 . 4 7 3  — 7 . 4 7 (  3 .854 — 4 . 0 4 6  .4851 .2 3 2 5  .3638 — .04 37 — .4 9 7 2

24 17 .39 17.37 —17 ,37 8.788 —9.026 1.034 — .2005 .3445 .0336 — .7617

99 62 . 8 6  62 .85  — 6 2 . 8 4  31.56 — 3 1 . 74 .9851 — .2572 . 3412  .0927 — 1 . 0 8 4

l owe r -. ~. 2 4 S  4 . 2 7 6  — 4 . 2 7 8  2 . 141 — 1 . 7 4 0  — 1 . 2 7 2  — .0758 — .1326 — .1099 — .0900
A pprox .

9 8.214 8.192 —8.194 4.152 —3.813 — .3054 — .1565 — .1044 — .0635 — .4659

24 19.18 19.14 —19.14 9.635 —9.228 — .3749 — .1844 — .1606 — .0059 — .6567

99 70.lh 70.18 —70 .18 35.22 —34.55 1.428 — .2483 — .3159 .1841 —1.327

As the hi gh c o e f f i c i e n t s  of de te rmina t ion  i nd i ca t e , the f i t s  a re

excellent in term s of abso lu t e  e r ro r s  of approximation.  To I l l u s t r a t e ,

the average  ab s o l u t e  er ror  of approximat ion fo r  288 optimal policies is

0.17 as compared with the corresponding average backlog cost 5.69 .

Nevertheless , be c 4u~ t many of the backlog costs  are numer ica l ly  small

v a l u e s  and t he  magnitud e of the app rox ima t ion  errors does not seem to

depend strong l y on the magnitude of the backlog cost , the approximation

displays some ‘—rg e ref - it lye errors. We define A(B
a
) as in (18), the

ib~o1ute value of  the percentage difference between 8
a 

and B f or a

given item . The average vaJue~ of A (B ) in the 576—Item system is 4.1%;

more specif ica l l y , the average is 4.3% for optimal policies and 3.9% for

Power Approx imation policies. We summarize the distribution of A (B )

24
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in  Table 2 .8. The l a r g e s t  va lues  of A ( B ) occur when ~~‘/u  equals 1

and p/h equals ~9 •  A l l  16 i t e m s  h a v i n g  e r rors  in excess of 20% have

2 / p eq ual  1-, and 13 of them ita~ p / h  equal  to 99. When we c ats i der

( n i  y I h e r a  i tens wit ii o 2
/~ t g rea t  ~~t t h a n  1, t he av er a g e  v a l ue  of 7 (B )

d r (1 s  t 2. t~,. but there ire  s t i l l  11 ou t  of 384 i t e m s  w i t h  d. v iai ions

e x c e e d I n g  101 . When r~~ consider onl y t h s.- i t e m s  w i t h  p/h less t i t a n  99,

th~ a v e r o ~e . I I ot  
~ 

(B
a

) drops to 2 . 4 % .

To inprove II t ~ approxi rn it Ion when p/1r equals 99, we cxli lb i t in

T a b l e  2 .7b  in ap p r o x i m a t i o n  f r  th is value of the unit penalty cost r tlo

that ala d ep e n d s  on i~ /u  . The avt r . g -  v a l u e  of (B ) f o r  t h i s

a p p r o x i m a t i o n  is 4 .2 . : , w i t h  16 ~ t the 14.  i t e m s  h a v i n g  d e v i a t ion s  in

excess of 10~L.

h. it tempted t o  ~~ . , . , ; :‘~~~i n i l  b y f i t t i n g  to m i n i m i z i

- I at i’;o squared  or r r is in Sect  iofl 2 . . (p .  19) . The result lug i f3 t r ox I Ill -

i o n  w i~ le ss i -ci r at t titan t hose  r ep o r t e d  above .

Since tlii ; approximation is somewhat less accurate than the others

we have de r i v ~- .f , we note  that we l i v O  a good a l t e r n a t e  measure of b a c k l o g

performanc e- to u t  a p p r o x i m a t i o n  f o r  P , (2 3 )  and ( 2 4 )

I d l e  2.7b

i nefficient Values t. Riclc l og Cast I:- ~1u cs~~1on (2~~
Wi t s  p / h  = 99

Pol icy O~~/~t a
1 ‘2 ~~ a . l~~ U

7 
a
8 ~~ a 10

Opt imal 1 71.44 71.37 —71.38 3 .76 —35 .99 2.246 — .1238 . 2 1 2 4  - . 4 7 7 0  — 1 . 0 8 4

1 83 .12 83.15 —83.1/i 41.63 — 4 i  .96 3.309 — .0362 . . ‘96 1 — . 14 5 3  — 1 . 0 8 4

9 75.13 75.14 —75.13 37.62 —37.50 1.764 — .1130 .0516 .0657 —1.084

Power 1 59.44 59.42 —59 .41 29.71 — I . ~3 ‘ . ‘)9 0 — .0428 — . ~t 4/ .4862 —1.327

Approx.
3 80.31 80.34 —80.33 40.21 ~~~~ 2 2 . 3  — .0853 — .0832 .0467 - 1 . 12 7

9 86.35 86.34 —86 .35 4 1 .2 ( 1  ‘~~~69 3.326 — .0577 — .28b6 — .0224 —1.327 j
2 5

——~~~~~~~~



Tabl e 2.8

F r e q u e n c ie s  of A ( B ) in a 5 7 6 — i t e m  Sy s t e m

hinge I or Number C u m u l a t i v e  P e r c e n t a ge
of i t ems  of it ems

(O% ,2Z) 275 48%

147 73%

51 82%

[6% ,8%) 27 87%

[8% , 1O’/.) 18 90%

[ l 0 % , 20%) ~2 97%

[20%,30%) 8 99%

[ 302 ,40.: )  6 100 %

1 100 %

[ S0% ,607) 0 100 %

[6o: , 702) 0 100 2

[70Z , 8(J 1) 1 100%

.7 Me asures of Robustness

We s u n h i i t u r i ~~er our r e s u l t s  by l i s t i n g  the- accurate approxim ations derived

in t h i s  s e c t i o n .

11 lib 1 r  2 ii , + .1684 ho2/i~ + .0689 h

P = (0.0857 + p / h ) / ( H -p / h )
a , C)

a ,p 
(0.0695 + p/h)/(l+p/h)

H K~i/(~~.0O3D + .4942 o  + .49 9 13 02 / l i — .5339)

B h[ a W + a (L+1)ij + a S 3- a , D + a Dr + , r
a 1 2 3 5

+ i
~~ 

Kr + a
8 

+ a 13 
y~~/ ~ + a

10
]
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T
a 

h( 1. 11O W + .3274  D + . 4 4 7 6  a 2 /~ - .2234)

+ p ( — .001049W + .003062 02 / b ) + .3364 rK

where

r R  / K
a

W = r [SC (SI a,3 ) — ai~
G(S

~~
+1,8))

+ [~~1 - r )/ 2 D ]  {x
2
G(xla,8) - 2 aB x C (x l a+l , V )

+ ( , L ~~I ) ~t~~
2 G ( x i a +2 , 2 )

L 1 ~x[r ( a ) ~ I y exp(—y/~~)d y , x

G(x J t ,f~) =

0 , x < o

= (L+ 1)p 2 /Y

~~

and th~ coefficients for B are given In T a b l e s  2.7a and 2.7b .

Recall that 11 , R , and T can be -‘~ p1ied to both optimal and Power
a a a

Approx ima t ion  p o l i c i e s .

In Tables 2 .9 and 2 .10 we summarize  the  m u l t i — i t e m  sys tem accu racy

of our app rox ima t ions  as a f u n c t i o n  of the parameter setting s (see

Table 2 .1) .  Each e n t r y  is the  p e r c e n t a g e  excess of the sum of approx-

imate value s over the sum of actual value s for 1l the item s having t h e

given parameter setting . The ,ilCprox i tnat ion we use for backlog cost

lie ludes the Imp roved  f i t  for p/h equal 99 (sOc Table 2. 7b) . i ) l t s e t  v

t b - i t  when the  t i p p r o x i m a t I o n s  a r (  i i g g r e p . i i  ed over several parame t or set t I ngs

t h a t  the e~rrers cancel to 1 large ext c u t  so that most of the relative

27
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errors in theso tables arc well under 1%. Even for the backlog cost

approximation , the relative errors for multi—Item aggregates are

t o l e  r ib Ic.

We test t h i i -  rI,I ’IJs t I less  ~f the approximations by using them In ~i

mIIlti — it (-m uv’iI m w i t h  t h e  p a r a m e t e r  s e t t i n g s  of l ab l e  2 .11.  Note tha t

i l l  i l e  UwIII-r ic,il p i t l i n e t  cr5 have values not found in the 5 7 6 — i t e m  system .

Table 2.11

.\ I ’ - ~- - i tci n System with Ne Parame Settings

F a c t o r  Levels Number of Levels

Demand d i s t r i b u t i o n  N e g a t i v e  Binomial  (0 2 /i i = 5) 2
N e g a t i v e  B inomia l  (~~2/ p  = 15)

Meari demand 0.5 , 7.0 2

Rep lenishment leadtime 1 , 6 2

Rep lenishment setup cost 16 , 48 2

buil t penalty cost 49 , 132 2

Unit. h o l d i n g  ‘ s t  1 I

Policy Optimal policy , 2
Power Approximat ion polic y

Each paramet -r b ias one Interpolated value and one extrapolated value .

A f ull fac t I t  :11 comb i n a t i o n  of the values is used , yieldi ng 64 i tems .

The system Is a rather severe test of robustness since only two i t  01115

have all parameters with values within the ranges used to derive the

approx imat ions . fbi-re are 10 items with one extrapolated paramete - ,

20 items with two extrapolated parameters , 20 wi th three extrapolations ,

10 wIth four extrapolations , and 2 items w ith all l ive parameters extra-

polated .
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We compare actual values of H , P, R , arid T for the 64 items with

our analytic approximations. Backlog cost B is not considered because

of the comp l exity of our approximation and the absence of an exp lic it

d t - p c r l c i e n c e ’  on p/h  in (28). The average percent deviations from actua l

va lues  of H , P, R , and T are 1.6%, 0.2%, 1.4%, and 2.6%, respectively.

The distributions of percent deviations are summarized in Table 2.12. Our

approximations are quite accurate considering the wide range of parameters

spanned by th e system .

The holding cost approximation is extreme ly accura te for  all  cases

with a greater than 0.5 or ~2/~s less than 15. All Items with deviations

greater than 42 have equal 0.5 and o2/p equal 15. If we conside r

onl y the item s with fewer than two parameters extrapolated , the average

‘z(}l ) is 0.4%.
a

Table 2.12

Percentage Deviations of Analytic Approximations
in a 64—i tem System

Range of Holding Backlog Replenishment
Deviation Cost Protection Cost Total Cost

[0% ,2%) 48 (75%) 64 (100%) 48 (75% ) 30 (47%)

[2 % ,4%) 6 (84%) 8 (88%) 22 (81%)

[4% ,6%) 5 (92%) 0 (88%) 6 (91%)

[67.,8%) 3 (97 %) 6 (97% ) 4 (97 % )

[8Z,10%) 2 (100%) 2 (100%) 1 (98%)

[]0%,12%) 1 (100%)

hi
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The backlog protection appro,dmation is excellent , with only one

Item having a deviation in excess of 0.7%.

Our approximation for rep lenishment cost is also robust. All items

with deviations In excess of 4% have ii equal  0.5, 1 2 / U  equ al 15 , and

K/h -qual it, . It ems  w i t h  fewer  than  two extrapolated parameters have

an average ~(R ) of 0.1%.
a

Low a and high a2Ip  are also sources of large errors for our

total c ’ .st ap p r o x i m a t i o n .  Al l  i tems w i t h  d e v i a t i o n s  in excess of 4% have

either ii equal 0.5 or 02 /h i equal 15 , or both. Items with fewe r than

two extrapolated parameters have an average deviation of 1.2%.

We commented in Section 2.5 tha t the approximation for total cost

may degrade for significantly non—optimal policies. The remark is

equally valid for tile backlog protection expressions (23) and (24), since

they are based on a theoretical result for optima l policies. We now

roceed to examine the accuracy of the approximations for non-optimal

policies.

Consider the following system of non—optimal policies. We choose

a base—case item with o2/p equal 5, ii equal 9 , L equal 2 , p/h equal

49 , and K/h equal 48. The optimal policy for this item is (43,73). We

now use this poi~~y on items with different parameter values. The new

parameters are obtained by increasing and decreasing each base—case

parame ter va l ue , one at a l ime , yIelding 10 items ; the parameter va l ues

of the system arc disp layed in Table 2.13. For each item we compare the

actual and approximate values of H, P, R, and T.

11 
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Table 2 .13

PercenLai~e Err ors of Aporpximption for Non-optimal Policies

Per cen tage Errors  of Approxima tions

Changed Holding Backlog Replenishment Total
Value Cost Protection Cost Cost

= 4 (—20%) .07% — .6% — .00% 6.0%

6 (+20%) — .05% .7% .00% — 5 . 07.

= 7 (—22%) — .11% —1 .3% — .03% 13 7%

11 (+22%) — .04% 2.9% .03% —22.2%

L = 1 (—50%) — .04% —1.6% .00% 12.6%

3 (-4-50%) .02% 5.5% .O07~ —36.2%

p/h = 39 (-20%) -.01% — .5% .00% 3 .9%

59 (+20%) — .01% .3% .00% —2.22

K/h 38 (-21%) — .01% .0% .00% 4.0%

58 (+21%) — .01% .0% .00% -2.2%

Average of .047. 1.3% .01% 10.8%
Absolute Values

The approximations for holding cost and replenishment cost are ver\-

accura te , with average percentage deviations of 0.04% and 0.01%,

31
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respectively. The approximation for backlog protection is somewhat less

accurate , with the largest errors occurring for large values of l ea d t i m e

and mean demand . The total cost app~ oximation does not perform well in

the system , deviating by an average of 10.8%. Thus we conclude that the

a p p r o x i m a t i o n s  f o r  backlog protection and total cost should be used with

caution for si gnificantly non—optima l policies. An approach to reducing

the errors might be gleaned from the pattern of deviations in Table 1.13.

N ,Ljce tha t when each parameter is larger than in the base case , the

approximatiun underestimates the total cost , and when the par ine ter is

smaller than In the base case , the approximation overestimates the total

cost. The reverse is true for backlog protection.

1.8 To~~ cs f o r  F u t u r e  R e s e a r c h

In this f i n a l  p o r t i o n  of Sec t ion  2 we suggest several extensions of

our research on anal ytic approximations .

Notice in the summary of the approximations in Section 2.7 tha t the

1 :-f unction Is used directly only in the calculation of W . As we ment ioned

in Section 2.1 , the computation of G is complex, even on a d igital

computer . As an alternative to W for manual computations , we could

calculate

r[SN(S ) — czb~N(S
1)J

+ [(1—r)/2D ] [S
2
N(S ) — 2a~ SN(S 1 ) + (ci+1)~~$

2N(S
2
)

— s
2
N(s ) + 2ctf3sN(s

1
) — (z+l)ai-:

2N( s
2

) ]

where N(S) is the unit Normal distribution function , and
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2 2
= [S — (-t+I) ~ / [ (i + i) ~~

s. = [s - (,*+I) I / [ ( ~+i) 6
2
] 

2

Fur the r r e sea rch  is needed to i nves t iga te  how much degradation in the

approximations occurs if W ’ is used instead of W - Also , I t  wou ld

be possible to refit the coefficients In the approximations for H, B,

and T utilizing W ’ instead of W

We now discuss an approach for improving the approximations for

P and B . Recall that these fits have some Items with large relative

er rors  desp ite very high coefficients of determination. That is , the

regressions were very effective in minimizing absolute squared errors ,

but several i tems w i t h  small values  of P or B were lef t wi th large

rela tive errors. Additional research is needed to devise a method to fit-

these approximations to data such that relative squared error is minimized .

A fin al research topic involves the potential use of the approx—

lm at i o n s  in forecasting the future performance of inventory systems . The

method u t  fo r e c a s t i n g  discussed in Eh r h a r d t  (1976) is based on a retrospec-

tiv e simulation of system performance using a sequence of past demands.

In actual practice , this method can be very expensive since a t ime series

of demand data must be stored for every item involved in the forecasting .

If the approximations of this chapter are substituted for the retrospecti ve

simulation , only the sample mean and sample variance of demand must be

stored. Additional research is needed to evaluate the accuracy of this

method of forecasting .

35
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1. Mu L -r i p L i cA  l IV E AP1’i-lOXlMjVi IONS FOR F LxF:1) ANI ) S1 A l l  STICAL POl 1C IL: ;

In Sect Ion 2 we- derived tiialy t ic J l v—mo t i v a t e - d  a p p r o x i r n a t ions for

o p e r a t i n g  c h a r a c t e r i s t i c s  of f ixed (s , S) p o l i ci es .  The approx i mations

t i e  a c cu r a t e  bu t  they lack the  case of interpretat ion and ~ t1culation

tha t  we d e s i r e  f o r  s e n s i t i v i t y  ana lys is  of sys tems design issues .

Furthermore , the - - Inherently do not treat statistically—derived policies ,

because tb -v ire based on theory tha t is valid only fo~ f ixed policies.

In t h i s  c h a p t e r  we develop appr ox imate expressio ns for  the o p er a t i n g

characteristics (7) of both fixed and s t a t i s t i c a l  p o l i c i e s . We postul ate

a f unctional form for the expressions from examining empirical observa-

tions and der i v e  explicit approximations using least—squares regression.

The e x p r e s s i o n s  are particularly attractive for sensitivity anal ysis

f t - c a u s e  they are products of simp le—to— compute functions , each of which

depends on , ii most , two parameters. Further , t h e y do not require the

calculation of the rep lenishment policy itself.

As in Section 2 , we obtain good approximations for holding cost ,

backlog protection , replenishment cost , and total cost. On the average ,

the fixed poli cy approximations deviate from the actual values of these

ii arar terist ics by 4% , 1% , 2% , and 3% , respectively. The stat istical

policy expressions have average errors of 4%, 1% , 2% , and 3%, respec-

tively. Using the approach in this chapter , we have not found a good

appr oximation for backlog c ost .

I h
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J. 1 Method o lo~y

Our motivation here derives from the empirical observations found

in MacCormick (1974), Estey and Kaufman (1975), and Ehrhardt (1976).

in i l l  t l t L ~~- iiis L . iii ,e ~~, m u l L  i — i t e m  sv s t ,  uls were  st ~~J i e d  w i t - i t  a

full factorial setting of pa rame te r s , and c o n s t a n t  demand v a r i a n c e - t o -

mean ratio. For each of the systems , the average total cost of an item

appears approximately to follow a multip lica t ivel y separab le function of

the economic and demand parameters. The relationship has been observed

when the systems are controlled with optima l policies, approximatel y

optimal policies , and statistically—derived polic ies.

For  an item controlled with an optimal or approximately optima l

policy , we postulate that the average total rest per period can be

approximated b y a f u n c t i o n  of the  form

(2 9)  Tilt cf
1

(L , 2/ii)f
2
(ti , ~2/ii)f3

( p/ h ,cx 2/ti)f
4

(K/h ,a2/tt)

Expression (29) is consistent with the empir icall y—observed property of

m u l t i p l i c a t i v e  s e p a r a b i l i t y  for  a g iven  value of o 2 / p  . We allow 0 2 / I J

to  en te r all four functions because we have no reason to expect separa-

bility in this parameter. For subsequent analysis , we limit consideration

to functions of the form

y (x , o 2 / p )
(30) f

1
(x ,a2/~) - x e-xpf 61

(x,:3 2/tJ)], i = 1,... ,4

where ~1 (x,a
2 /i ) and 61 (x,

o 2/ii) are linear combinations of the variables

1 , x , l/x , o 2/ ~j  ~~~~

(3 1 )  ~ 2 , l/x
2 , (o 2 /j~)

2
, (1/ , .)2

xo2 /p , xjl /02 , o2/px , 41 / 1 7 x

37
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As in Sect ion 2, we transform thc characteri st ics (7) to 11/il ,

B/h , P ( l + p / h ) ,  R / h , and T/h . We seek approximations for all five

quantities using linear least--squares regression on models of the form

(19), ( 30) , (ii). Given the m u l t i p l i c a t i v e  form in (29), we make a

logarithm ic transformation before app lying ieast—squa~ e9 computations;

hence, in reporting below the resulting coefficients of determination ,

we always c h i ll be referring to the proportion of variance exp lained for

tue lu .e tr i tlii ~ i cii l y transformed variables. The 576—item system of

Table  2 .1 p r o v i d e s  the data source for separate fits for the character-

istics of o p t i m a l  and Powe r A p p r o x i m a t i o n  po l i c i e s .

For the statistical policy characteristics (see Section 1), we use

t he 7 2 — i t e i ~ sys tems of Table 3.1. We s i m u l a t e d  the system w i t h  Q 2/4~J

equal  3 u s ing  a 2 6 — p e r i o d  r ev i s i on  i n t e r v a l .  For the system with 02/li

equal 9, we uti lized revision intervals of 13 , 26 , and 52 per iods. We

Table  3.1

72— item System Parameter s

F a c t o r  Levels Number of levels
in each system

Demand di strIbution Negative Binomial (~~2 / 4 J 9)
or Negative Binomial (~

2/u .3
~

Mean demand 2 , 4, 8, 16

Unit holding cost 1 1

Unit backl og penalty cost 4, 9, 99 3

Rep l en i shment  s et u p  cost 32, 64 2

Rep lenishment leadtime 0, 2, 4 3

38
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seek a p p r o x i m a t i o n s  f o r  statistical policy operating characteristics by

performing separate fit s for each of the 72—item systems . We use regres-

sion models of the form (29), (JO) with y
~ and ~~ being linear

comb inations of the variables

2 -
,

( 32)  1 , x , l/ x , -x , i/ x

For several operating c h a r a c t e r i s t i c s  we seek an explicit functional

relationship with revision-interval length T . These operating

characteristics are fit in the o2/p equal 9 system using y
1 

and

that are linear coml)inations of all the variables

( H ) 1, x , lJx , T, l /T ,

2 2
x , l/x

As we shall  observe , severa l  f i t s  f o r  i nd iv idua l  y
1 

and do net

do not  r e q u i r i -  the  presence of all these v a r i a b l e s .

3.2 Approximations for Fixed Policies

In this section we describe approximations for f ixed policy

o p e r at i n g  charac  ter  i s tics .  Since opt imal  and Powe r Approximation

policies are fit separatel y, we adopt the convention that a subscript

“o” f u e l s  an o p t i m a l  p o l i c y  a p p r o x i m a t i o n , and a subscri pt • C ~~~ fl labels

a Power Approximation quantity. In some instances we use summaries tha t

combine results for optimal and Power Approximation systems . We use the

subs cr ip t “f” to label combined fixed-policy results.

3 .2 . 1  yer~~~~ liolding C t per Period

The following approximation for optimal holding cost yields a

c o e f f i c i e n t  of de t e r m i n a t i o n  of 0.992 for the 288 da ta  points

_ _ _ _  
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H 2.022 h exp(.U9835O2/U)
4788 (L+l )~~

2509 47002 _ U
~
9
~~

02

( p /h )
2 (

~
24 jf) )

~ 609p/~~
2+.0l552o2/t~

(K/hy
3
~ 
60— .t)2~ j 

-

On the aver u~ i- , H is withIn 4.2% of H for the system .
0

We obt uit the following approximation for Power Approximalio ti

holding cost

- / - . 5O76— .004964o~ /~iII = 2.598 h exp(.L04-r /tu )tJ
p

(L+l)  .2287+ .Ol472 o 2 / u — .090O~j / cy 2

(P,h)
3.040 P+ . l370 .07292

~~~~
+.03355(

~~
hh/P~~

(K/h)  . 3O57— .02 667 o 2I~ + .O305 8ia/o 2

wh ich  ~‘Ields a coeff i cient of determination of 0.994 and is w i t h i n  3 . 9 %

of H , on the average.

The d istribution of errors for the optimal and Power Approximation

fits ire so alike that we summarize them as one system . Define

as in (18), the absolute percentage difference between H or H
P 

and H

for an item . Table 3.2 is a summary of the distribution of f(H
f
) in the

system . The largest values of A (H
f
) occur consistentl y for u variance—

to-mean ratio 9, icil time of 0, unit setup cost ratio of 32, and penalty

co st ratios of 4 and 9. ThIs is a p a t t e r n  we noted a lso in Sec t ion  2.3

b r  the analytic approximation of holding cost.

We a t t e m p t e d  t i mprove the approximation by refitting separatel y for

~~tc} va l O t -  of leadt Im e I .  ftc r e s u l t i n g  a pp rox ima t ions  were not s Igni f—

Leant 1’ better than H oud I!
0 p

40



1 ; u h L 1 .2

Frequencies of A(Uf) in a 576-item System

R u i p~e for ~umher Cumulative Percen tage
t ( H

f
) of ltems of items

[0Z ,2 )  l ot  28%

I2% , -~ ) 181 60%

101 77%

57 87%

39 94%

[10Z ,12%) 20 98%

[127 , 147) 7 99%

[147 , 117)  3 99%

[16Z ,18%) 2 100 %

[l8X ,20%) 0 100 %

[2 0% , 22 % )  1 100 %

[22% ,2 47) 0 100 %

0 100 %

0 100 %

[287., ]0%) 1 100%

3.2.2 Average Backlog Cost per Period

We have not found a very good inl t i p il- -- a t lve fit for t - cklog ost.

The r e s u l t  is not si r pris ing since a m u l t i p l i c a t i ve  f o r m  is not abs. red

empi ri cally fo r this characteristic.

In fitting a m ult i p li  -~ t lye moW- of the form (:9), (30), (31) to

—,- —~~~~~.-- -—- - -.. — — -  - - — .—
~~~~~~~



backlog cost , wi obtained coefficients of d e t e r m i n at i o n  of 0.976 and

0 . 9 52 , r e s p e c t i v e l y , [or  op t ima l  and Power Approx imation policies. An

improvemen t  r e c t i l t e d  when we ran the regressions separatel y for each

value of p/h. We obtained aver- age- coefficients of determination of

t .988 and 1 .981 for optimal and Power Approximation po1~ cies with a

unction of the following forn

h —b - ; : / t ~ c +c o’~/~~~c fJ/C ’

B / h  = r (0 2/u )  1 2 l 2

d
1
+c1

2ii/~
2

(L+l) (K /h )

Values of t1~ coefficients a , b1,. . . ,e2 are listed in Table 3. 1 fo r

each p o l l - v  and etch value of p /h

Table 3. 1

Values of Coefficients in B
1

Policy p/h a h
1 

b
2 

c
1 

c
2 

c
3 

d
1 

d
2 

- 

e
1 

e
2

i t  fred 4 . 3398 1.003 — .0100 .5240 - - .0119 .0056 .4239 — .17 92 - .0008 .289 1

9 .5800 .779 6  .0034 . 4909 — .0189 — .0321 .2999 .0528 .0034 .1063

. 4  .2 7 0 7  1.706 — .0350 .3310 — .0104 .1854 .2318 .1799 — .0033 .2646

99 . 3 2 2 2  1.580 — .0303 .2786 — .0104 .16W) .1739 .2939 — .0020 .1378

Power 4 .3704 1.167 - .0806 .3775 .0070 — .0296 .3174 — .0074 .h 80 .2748
Appr ox.

1 .331 6 1.221 — .0596 .3711 .0043 .0168 .3870 — .0018 .0162 .2557

?~ .25 - ; 1.520 — .0456 .3759 — .0111 .1135 . 3 2 3 7  .1619 .0077 .2296

90 1532 2 ,2 3 5  — .08 / . 144 — .0258 . 4 5 3 7  — .0614 . 7401 .0240 .1297

4 2
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On the average , approx im at ion B
f 

deviates from actual values of

B by 6 . 2 % .  In Table 3.4 we summarize the distribution of percentage

deviations in the multi—item system . We see that the approximation is

not accurate , with 18% of the deviations exceeding 10%, and 5% of the

dev ia t ions  l a r g e r  than 20% . The pattern of errors is similar to that

Table 3.4

Frequencies of Lt(Bf) in a 576—i tem System

Range for Number Cumulative Percentage

~ (B
f) of Items of Items

[0% ,27.) 164 28%

(2% ,4%) 116 49%

[4 % ,67) 85 63%

[6% ,8%) 53 73%

[32 ,10%) 52 82%

[ lO% ,20%) 78 95%

[20% ,30%) 22 99%

[30Z,40 %) 5 100 %

[40% ,SO%) 0 100 %

[50% ,60%) 1 100%

noted in Section 2.6 for the analytic approximation for backlog cost.

The largest errors occur for items having high p/h and low 0 2/ t i

We tried improving the approximation by fitting separately f or each

comb ination of values of p/h and o 2 /p  , but the results did not

improve significantly.

4~1



We Improve the approxima t ion by fitting to minimize relative squared

e r r o r  as i n  Section 2 . 4  ( p . 19 ) .  We obtain a separate fit of the following

form for c- it - it combinati on of values of p /h  and 2
,

B
f
/h = a~~~(L+l)

C ( K / h ) d

The results did no t  improve for items with a
2
ji = 1 but the average per-

c en t a g e  errors dropped to 5.7% and 3.3%, f or items with 0 / U  equal to 3

and 9 , r e s p e c t i v e l y .  Va lues  of the c o e f f i c i e n t s  a,b ,c and d fo r

e q u a l  to  3 and 9 ar e  l i s t e d  in Tabl e  3.4a and the  d i s t r i b u t io n  of pe rcen t -

age ~rrors is summarized in Table 3.4b.

Table 3.4a

Values of Coefficients in Bf

2 2
0 /1.1 3 0 / U  9

Po licy p /h a b c d a b c

Op t I m a l 4 . 7164  .5 123 .3958 .1614 3.029 .4356 .4267  — .0369

o 1.7 6 7  . 4236 . 3 1 1 5  — .0175 3.550 .3113 .3072 .0345

:4 1.455 .3525 .3001 .0563 4.870 .2512 .2355 .0067

99 2 .03 1 .2851 .2660 — .0079  5 .643  .1975 .1986 .0035

Power 4 .8282 .3927 .2867 .2349 .9887 .4456 .3352 .2714

Approx. 9 .4450 .4280 . 4 2 5 5  .3302 1 . 7 2 2  .4233 .3892 .1332

14 1. 171  . 3775 .3938 .0932 3.115 .2864 .3250 .0814

99 1.015 . 2790  .1934 .1870 ~..2 37 .0288 — .0093 .2013

4 3a
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T I l ) 1 e  3. 4h

F r e q u e n c i e s  of 7(B
f) In a 384—Item System

Number  of__Items Cumulat ive_ Percenta~~
of  I tems

f o r  • ( B f ) 
Items items All Items Items All

2
s’jth ,w i th Items 

2
with 2with Items

0 /I- 1 3  ~~/: 
:9 a /U= 3 .‘ /~~~9

[02 ,2%) 34 74 i08 18% 28%

[22,4% ) 42 55 97 40% 67% 53%

[4% , 6%) 38 34 72 59% 85% 72%

[62,8/1 25 14 39 72% 92% 82%

[82,10%) 2e; 7 36 88% 96% 9 2 %

[loz.l 2~~ 10 6 16 93% 99% 96%

[122 , 14 %) 5 2 7 95% 100% 98%

[142 . 16% 5 5 98% 99%

[161 ,18%) 1 3 99% 100%

[181,20%) 1 1 100% 100%

4 3h
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We examined other ways of approximating backlog cost with multi-

p l icative expressions . The quantity [l—B/(tip)] was fit to our data

without SuccesS .  Even with separate fits for each value of p/h our

c o e f f i c i e n t s  of determination were only of the order 0.93. We also

examined the  quantity

T
1 

— R
1 

— H
1

where T
f 

, R
f , and H~ are our fixed—policy multip lica tive expr essions

for total cost , rep lenishment cost , and holding cost , respect ively. This

approach also was unsuccessful; B~
’ deviates from B by an average of 17%,

3.2.3 Backlog Protection

To ob tain a multip licatIve expression for backlog protection , we

used the quantity (1+p/h)P as the dependent variable in a regression

model of the form (29), (30) , (31). For op t ima l policies we ob tain a

coefficient of determination of 0.99995, and , dividing by (l+p/h)

we have

(34) P = 49.47 (p/h)
7
~
324h/

~~exp(.01045p/h)/(1+p/h)

Fo r l owe r A p p rox ima tion pol ic ies we have a coeff icien t of de termina ti on

of 0.99986 with the expression

(35) P
p 

49.74 (p/h)
_7
~
35Thh’Pexp (.0l04lp/h) / ( l+p /h)

We def ine t:(P
f
) as the percentage deviation of (34) or (35) from

the actual value of P for an item . Table 3.5 is a summary of the

distribution of ~ (P~) in the 576-Item system . The average value of

in the system is 0.7% with fewer than 1% of the items deviating
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Table 3.5

Frequencies of ~ (P
f) in a 576—item System

Range f or Number Cumula tive Percen tage
~(P1) of Items of Items

[0% ,2%) 525 91%

[2% ,4%) 43 99%

[4%,6%) 7 l00~%

[62 ,8%) 1 100%

by more than 4%. The pa ttern of errors is quite similar to that noted

for the analytic expressions P in Section 2.4. The largest deviations

occur for items with small p/h  . Items with p/h equal to 4 account for

all errors greater than 4%, and 44 of 51 items with deviations greater

than 2%.

The patt ern of errors for P
f 

is nearly identical to the pattern

noted for P (23), (24) in Section 2.4 Sinc e P is much easier to

compu te , we suggest that it be used rather than P
f

3.2.4 Average Replenishment Cost per Period

The following approximation for optimal rep lenishment cos t y ields a

coefficient of determination i i  0.996 and an ave-rage deviation of 2.2%

from actual values of R

R .bO5Oh exp(_ .O8549a2/U)p~
5l26

~~
0043330

~~~

(L+l)
.03847_ .0061470

(p/h)
.O9O9S

~~~~~
.O2l3O

~~
0

(K/h ) .SlOl+.014920 h1

Table 3.6 is a summary of the distribution of percentage errors for R
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Table 3.6

Frequencies of ~ ( R )  in a 288—Item System

Range for Number Cumulative Percentage
1(R ) of items of items

0

[07 ,21) 163 57%

[22 , 4 ’ )  88 87%

[42 ,6:1) 21 94%

[6%,8~ ) 11 98%

[87 ,10%) 3 99%

[102 ,12%) 0 99%

[122 ,14%) 1 100 %

[142 ,16%) 1 100%

in the 288—item system . The two items with values of A(R ) exceeding

10% have a variance to-mean ratio 9, iead time 0, mean 2, and unit penalty

cost ratio and unit setup cost ratio of 4,64 and 99,32, respectively.

We obtain an even better f i t  f o r  P ow er  Approximation rep lenishment

cost. The fo1.lo~ ’rg approximation has a coefficient of determination of

0.999 and an average percentage deviation of 1.4% from actual values of R

R ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(L+ 1) 05744 ( K/h Y 6O46 O6S63 1 /’G

There are no signifi int outliers in the distribution of ~ (R~) . We

fi nd 74% of the 288 i t e m s  with t~(R) In [02 ,2%) and all the remaining

items have values of t (R ) l : i (22 , 4 % )

46
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The reason for R having smaller errors than R is that the
p o

Power Approximation has a simple multi pli cat ive formula for setti ng

(S—s). The multi plicative nature of the formula and its independence

of the parameter p/h make the associated cost a natural candidate for

a regression fit of this type.

3.2.5 Average :~~~~LCost_per Per iod

We would expect to obtain good multiplicative approximations ~or

total cost because of the empirical observations described in Section 3.1

We also would expect the Power Approximation and optimal pol icy f its to be

similar because actual total coat values for these policies are nearly

equal. Both of these con j ectures are correct.

The following approximation for optimal total cost yield s a coeffi-

cient of determination of 0.994 and an average percentage deviation of 2.7%

(i6) T = 2.663h exp(.09784a2/p)
4947 .004?92a

~~~

(L+1).1479+ .0l2680
~~~~~

.06757
~~

0

—1 .143h/p— .O2488p/~~’+.Ol3O2a 2/u
(p/h)

(K,h).409~~~
.023761;

~~~

The following approximation for I’ower Approximation total cost yields a

coefficient of determination of 0.994 and an average percentage deviation

of 2.8%

(37) T = 2.438h(02/U)
3836 +964 .005209a /p 

(p/h)
_ .923Oh/

~
)
~~

OlS0Bd I’
~

(L+l).l49H+
.0123l0

~~~~~
.O7O)0h1

~
’
~

(K/h).3O9S .0l3lO0 /
~~~

.1073
~~

0

.

~~~~~~~
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The distributions of percentage deviations for the two approximations

~ir c nearly id ntical. We summarize them as one system in Table 3.7 The

Table 3 .7

Frequencies of %(Tf) in a 576—item System

Range f o r  Number Cumula t ive  Percen tage
of I tems of I tems

[02 , 2 1) 272  47%

[22 ,4%) 176 77%

[41 , 6%) 69 90%

[62 ,8%) 31 95%

[82 ,10%) 22 99%

[10% ,~~2%) 1 99%

[122 , 141) 5 100%

largest err -r s ~re consistently ;L.soeiated with small leadtime and large

var I-i rc~ c- - - t’ --mean ratio.

We attempted to improve the approximation by fitting separatel y for

each value of - 1/ U  , bu t the approach was unsuccessful.

The approximation does improve when we fit separately for each value

of leadtlme . We obtain coefficients of variation averaging 0.996 and an

~iv e- r1ige perc e nta g e - deviation of 2.1% with expressions of the form

48
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c +c : i~~~/~~
( 18)  

T; / h = a exp(b
1
c2/o+h

2
o/c’)~i 

1 2

d
1
h/p+d

2
- - /~ +d 3~

i/o 2 e
1
+e ~2/~

(p/h) (K/h) 2

Values  of the  c o e f f i c i e n t s  In (38) are given in Table 3.7 for each policy

and each value of L . We summarize the distribution of errors for (38)

Table 3.7

C o e f f i c i e n t  Values in Expression (61) f o r

- 

Policy L a b
1 ) 

b
2 

u
~ 

c
2 

d
1 d

2 
d
3 

e2

OptImal 0 2.084 .0798 — .0153 .4929 — .0033 — .8398 .0158 .0l98 .4601 .0218

2 3.212 .1196 — .0584 .4955 — .0054 — .226 .0124 — .0282 .4024 — .0249

4 4 .21 6 .1289 — . 1042 .4958 — .0057 — 1 . 3 7 7  .0108 — .0280 .3652 — .0246

Power 0 2.095 .0791 — .0198 .4951 — .0041 — . 8052 .0160 — .0 159 .4552 — .0212
Appr ox.

2 3.216 .1198 — .0606 .4976 — .0058 —1.211 .0125 — .0266 .4003 — .0248

4 4. 2 1 6  . 1296 — .1098 4968 — .0058 —1.358  .0109 — .0258 .3644 — .02 48

in Table 3.8. The number of items having deviations within 2% has increased

by store than a third , and the number of items with deviations exceedIng 6%

has been nearly halved. The four items with deviations exceeding 10% are

listed in Table 3.9.

3.3 Approximations for Statistical Policies

We consider four 72—item systems (see Table 3.1) controlled with

the Statistical Power Approximation (see Section 1). One system has a

49
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Table 3.8

fre qu encies of ~(T) In a 576—Item Sys tem

Range b r  Number Cumulative Percentage
of Items of Items

[0Z ,2~~ 36-. 63%

[ .  ,47) 145 882

95%

[ # ~~~, M ) 13 97%

14  99%

LlOZ ,i~~Z) 4 100%

Table 3 .9

items with t~(T)~~ Exceeding 10%

P o l i c y  c 2 /u L ~i p/h K/h Error

Opt ima l 9 0 2 99 32 —11.8%

Povee App roximation 9 0 2 99 32 —11.5%

Power Approx imation 9 0 2 4 32 10.9%

Op tima l 9 0 2 4 32 10.9%

- — —
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v a r in i ce- -- t o -mean ratio of 3 , and r ev i s ion  i n t e r v a l  length equal  t~~ 26

periods. The othe r three systems all have a variance—to—mea n rati o of 9,

with revision interval lengths of 13, 26 , and 52 periods.

We develop separate operating characteristic approximations for

each of the systems using regression models of the form (
~ 9), C ia), ( ~~~~

) .

We l abel a q u a n t i t y  w i t h  subsc r ip t  (x ,y)  when i t  p e r t a i n s  to a sys tem

with ~2/~ equal x , and a y—period revision interval. For examp le

0
3,26 is the holding—cost approximation for the system with c2/p equal

3 , and revision interval equal 26 periods.

We also develop approximations tha t explicitly include revision

interval length T is a variable. For these approximations we use

regress ion  models of the f o r m  ( 2 9 ) ,  (30) .  (33) on the systems with

v a r i a n c e — t o - m e a n  equa l 9. We label these approximations with the sub-

script (9,1)

When we summarize error distributions we combine the systems Into

one 288—item system . The s u b s c r i p t  “s” is used to label the system .

Recall tha t our statistical policy data contain random simulation

errors. Hence , we can expect tha t the quality of the regression fits

will degrad e as compared with those for fixed policies.

3. 3 .1 Averaj~e Holdln~ Cost per Period

We obtain the followi ng approx imation s for statistical policy holding

cost

Li 3 2 6  4.96~ ll
4881(L+l).2679(p/h)

3.394l
~~~(K/h)~~

l934

H 9 1 3

SI
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ll q 2 ~ 
= iO .4Ohc~~

4824
(L+1)~~

3722
(p/h)

3 730h/P (K/h)~~°99
87

= l0.27h
49S8(L+l).364S (p/h)

_3.743
~~ P(K/h)

.09743

the  a p p r ) \ i m . l t i o n s  have c o e f fi c i e n t s  of d e t e r m i n a t i o n  of 0 .9 8~~, 0 .990 ,

) . Q 92 , and 0 .994 , r e s p e c t i v e ly .  Average  p e r c e n t a g e  d e v i a t i o n s  f r o m

act c c l  values of H are 5.0%, 5.4%, 4 . 7 7.,  and 4 .3% , respectIvely, as

compared w i t h  3.9% for Power Approximation fixed policies.

The p e r - i l i t - -Ige deviations are distributed similarly for the four

-.vstems. We summar ize  the d e v i a t i o n s  in Table  3.10. U n l i k e  the  f i x e d - -

policy f its, we f ind no general pattern in the parameter settings of

Table 3.10

F r e q u e n c i e s  of ~ ( lI ) in a 2 8 8 — i t e m  Sys tem

Range- fo r  Number C u m u l a t i v e  Pe rcen tage
1 (1I ) of Items of Items

(O% ,2%) 63 22%

[22 ,4;:) 76 50%

[42 ,67) 59 66%

[6 2 , 11 ) 43 81%

[82 ,107 ) 23 89%

[102 ,12%) 11 97%

12 100
_

%

[14%, 16~) I 100%

52
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o u t l i e r s .  N e a r l y half of the i ten s wi  th  l u ;  iations larger th;en 101 have-

P e q U l  I t o  99.

We also perform ed separate 1 i t s  f o r  e ach v.i lue of p u t  , and explicitl y

included revision ijiterv a l length T as a v a r i a b l e  in the rJ / n  eq ucI 9

system . The evc r:o:e percen t  d e v i a t i o n  decrease s to 3 .8% f o r  t h e

app rex m a t  i l lS

1.365bp
4905(L+1~~

2076 (K/h~~
2319 

, p /h  = 4

. 4861 . 2 4 7 4  .2082
= 2.l561— q (L+l) (K/h) , p / h  = 9

4. /92l c~ ~~~~
7
(l.+lY 

3488
(K/h) 

.1400 / 1 99

2 .7”OIU 
.4655+ .0003)T(I÷l).29O2+l.4O9/i (K,i)

.llSS 
, p / h  = 4

= 4 .0 OO hp . 4
~~~~~

.O0042 T ( L + I ) . 2 9 9 4 ~~~
.25

~~~
T ( K / h ) . l 2 8 O  . p/h = 9

9 .698h 46S4+ .00047T (L + l) .3 9 3 5 + 1 . l S 3~
’T (K /h Y °Sbb 

, p/h =

A I t i - u 1 d c  the st ep wi s e  regresn~ on p r o g r a m  p e r m i t t e d  the v a r i a b l e s  T and l /T

to enter every exponent , notice Itiet T and l/ T  each e n t e r  only once

in II ’

We summarize t h e -  d i s t r i b u t i o n  of e r r o r s  or the a p p r o x im a t i o n s  in

Table i .  Ii. The d i s t r i b u t io n  i s  c l o s e r  to  (31 t h a n  i n  Table  3 .10 , w i t O

27% more items with deviations less tletti 4%.

S .  5 . 2  Aver age ~a~klu ~~Cost per Period

We encounter ed serious d i f f i c u l t i u c  I - c  t i t l i n g  m u l t i p l i c a t i v e  e x p r e — ~-

sion~ to S t a t  1st i cat p o l i c y  b e k l u g  costs. Wt een we use the mode l (~~9)

( 3 0 ) ,  ( j : ~) on lice t our s t - i l l s t l e - .el syslen . we o b i - c i n  c o e f f i c i e n t s  of

Ie- t e r m i n a tio n  ev e rag i rcm ~ 0.80.
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Table  3.1 1

F r e q u e n c i e s  of 1(11 ’ ) in ci 288— i tem Sys t em

R~~~i c ~~~e -  ~or N u m b e r  C u m u l a t i v e  Per cent ege

1( 11 ’)  of  I tems of I tem s
-s

(02 ,2::) 9o 33%

[21 , 41) 80 61%

[4 ,62) 48 78%

( 6 2 , 8%) 36 90%

( 82 .101 )  18 97%

(102,12%) 5 98%

[ u 2 , 14;’ ) 4 iOO Z

[142 , 162 ’ ) 1 100%

———— — .——. - -.-- . i — - -  — — . — -



We o b t a in  improved r e s u l t s  by f i t t i n g  each sys tem s e p a r a t e l y  f o r

ea ch value of p/h , yielding expressions of the form

b
2
—b

3
/~c (:

1
-+-(

2
(L-*l) dh/K

11 = a h exp(b
1
/m4 u (L+i) (K/h)

I n  Table  ~.12 we l ist  va lues  of the cons tan t s  a , . .  ., d f o r  each

~t i t i s t i c a l system and each va lue  of p / h  . The q u a l i t y  of li ce f i t  I s

Table 3.12

Values of Constants in B
S

System p/h c c b
1 

b
2 

b
3 

c
1 

c 1 d

(3,26) 4 6.355 - .6755 .2258 —1.067 .3691 .0087 -3.989

9 2.599 — .3709 .3581 .0952 .4952 .0066 —2.697

99 .4842 1.568 .6172 2 .856 .3656 — .0132 —1 . 3 8 0

(9 , 13) 4 1.983 — .1610 .5620 1.012 .6015 — .0171 —1.609

9 3.319 — . 370 .4052 .4183 .5499 .0070 — .3021

99 .1781 2.833 1.294 6.461 .3405 — .0008 — .6803

(9 , 26) 4 7 . 4 2 7  .8536 . 2 3 4 6  — .7821 .5433 — .0105 — 2 . 7 9 1

‘1 1.380 .4098 .6079 1./~~-~ .5070 .0066 — .2855

99 4.251 .8241 .2755 2 . 5 1 3  .1585 .0207 —1.120

(9 , 52 )  4 4 . 4 2 8  — .4380 .3681 — .1355 .5 166 — .0l2 ~ — 2 . 7 6 3

9 4.376 — .2043 .3079 -- .0763 .4799 — .0031 —1.333

99 7.242 .5117 .0~~Io 1. 690 .0555 .0082 -1.030

_ _ __ _ _ _ __ j _ _ __ _-
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rather good for p/h equal 4 and 9 , with an average deviat ion of 4%

f r o m  a c t u a l  va l ues of B . The a p p r o x i m a t i o n  f o r  p /h  equa l 99

Is~’e v ,r , de v i a t e s  by an eve c age of 10%. We summarize the di s tribution (if

deviations in lable 3.13.

I t ,  s.13

Fr e~~u e c c c i e s  of L~( B )  in a 288—item System

Range for Number of Items Cumulative Percentage of items
(B ) I t e m s  Items I t ems  lt ~ ms

w i t h  w i t h  All w i t h  wi th  Al l
p/h<99 p/h=99 Items p/h<99 p/ha99 It ems

[0%,2%) 72 10 82 38% 10% 28%

[22 ,41) 48 Ii 59 62:: 22% 492.

[41,6%) 37 8 45 82% 30% 65%

[e~ ,8%) 16 9 25 90% 40% 73%

(8% ,I0%) 6 12 18 93% 52% 80%

[102 ,201) 13 16 49 100% 90% 97%

[ 20% , 30 1) 9 9 99% 100 %

[302,40 ) 1 1 100% 100%

We uu tf ofl that the approximations may not he robust, One reason

is that we used only 24 items to fit the seven constants in each regression.

Another reason is tha t mo ,t of the coefficients in Table 1 .12 do not vary

monoton ica l l y w i t h  the  three values for p/h ; interpolating coefficient

values for other settings ot p/h would not be warranted.

>6
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I . I . i B a c k l o g  Pro t ec t i on

Recall our observation in Section 3 .2.3 that for fixed—policy backlog

pr te~~ti on , t h e e  e a s y — t o — c a l c u l a t e  exp re s s ions  (2 3 )  and (24) are is accurate

is t h e e  comp l i c a t e d  m u l t i p l i c a t i v e  expressions  ( .34) and ( 3 5j .  T h e r e f o r e  we

i t functions of the form ( 2 3 )  and (24) to the statistical—policy data.

We have average  percent  d e v i a t i o n s  of onl y 1.3% for the following

backlog protection approximations

P (3 26) 
= (— .0925+ . 9 9 9 5 p / h ) / ( 1+ p / h )

1 (9 13) = (— . 005]+ . 9 853p / h ) / ( l+ j i l h)

1 (91 6) 
= (.0167+ .9904p/h)/(l+p / h )

P(9C > 2) = ( . 051l+ .9 9 4 3 p/ h ) / ( l + p / h )

We summarize the distribution of errors in Table 3.14. We see t b w  same

pattern of errors as wi th  the a p p r o x i m a t i o n s  fo r  back log  p r o t e c t  I i i  in

~ucl1ons 2.4 and 3 .2 .3. [ito largest errors are due to items wi th low

values of p/h , for examp le , fifteen of the twenty items with dev ia t ions

grea te r  than 4% have p/h equa l four or nine.

Table 3 .14

Frequencies of ~(P) in ci 288-item System

Range for Number Cumulative Percentage
of i t ems of I t ems

(02 ,2%) 223 77%

[22 ,4%) 45 93%

[42 ,6%) 18 99%

[62 ,8%) 2 100%

57
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m~ approximation is improved by fitting to m i n i m i z e  r e l a t i v e  —o 1uare d

e r r o r  cis in S e c t i o n  2 . 4 .  R e v i s i o n  i n t e r v a l  length T Is e l s ~ in t r o d u c e d

,is a v a ri ab le in th e e sy s te m s  h a v i n g  01/ p  = 9. The resul t is the f ollowing

• ep p r o x i m a t ion wit t r i m  b e t s  tic ave rage  per - e a t  c ge- error of 1.3%

1 ,lci ) 
= (— .272 + 5 . 66 h/K + 1.00 3 p / h ) / (l + p/ti)

(9 ) 
= (— .081 + 5.42 l i / K  — 1 . 11 9/T + .994 p/ti )/ (1 4 1 ’/ h )

g, sunima r I ~ th e d i st r i hu t  ion  of r r r o r ~ f o r  titi s approxima ti on in  - 1- c l )  I c -

3. 4ce . A l t  Ii emg lc I’ ’ has t Ile same average percentage error in tile 2HH— i t enc

Table 3. Lee

F r i - q ueue  i us of t~(P~~) in a 288—item System

Rang e f o r  N u m b e r  C u m u l c i t  ly e  P e r c e n t a g e
I (I’ ’ ) of I tells o f i t e m s

[o%,2~~) 220 76%

[2z ,32 ) 53 95%

lOOZ 
—

system , there are fewer i tems with large percentage errors usi ng

approximation b~~.

57 - c

— —-——-- — —- - -.---—-- --—---- - —— - - - —- —I-- .-



3 . 3 .4 Avera~ c Rep lenishment Cost pc Period

i~’ e o b t a i n  t h e  f o l l ow i n g  a p p r o x i m a t i o n s  f o r  s t a t i s t i c a l  p o l i c y  rep li-i t -

ishment c o o t

R
326 

= .4313hij~
5174(L+l)

06109
(K/hY

5818

R913 ~
- . 2 6 7 6 b p ~~

5688 (L+l) ”384 ( K/ h Y 647°

R
926 

= .2949 hti~~
5526 (L+l)~~~

07235 ( K/ hY 6269

R952 
= .3012hu~

5563
(l+l)~~

06014
(K/hY

6165

The approximations have coefficients of determination of 0.999 , 0.989,

0.998, and 0.999, rt -spe ctivel y. Average percentage deviation -s from

ac tual  v a l u e s  of R cro 1.1%, 4.0%, 1.6%, and 1.2%, respec tively, as

compared with 2.0% for l owe r A p p r ox i m a t i o n  f l ~~~~e - ( i  policies.

We suimnarize the di stribution of errors in Table 3.15. Of thec 34

items with deviations larger than 4%, 28 are f rom the (9,13) -ivS Lem. All

of the items with deviations larger than 10% are from this system , and also

have L equal 4 , and p/h equal 99

We al so performed separate fits for each value of p/h , and exp licitl y

included revision interval length T and its reciprocal l/T as variables

in the a 2 / IJ equal 9 system. The average p ercen t  dev ia t ion  decreases

from 2.0% to 1.6% for the approximations

.4427hu~
5155 (L+l)~~

0586
(K/hY

5761 
, p / h  4

. e 9 e C I C . i l  t h )~~~ ~(c / l ~Y 
~~~ , ~~~

>
~ I ( J > ‘ e C t >  —

. .L5T1t~’~ 
( I t  ~, - ih) 1 > 1  C

58



Table 3.15

F rea iue lu los of ~(R) I n a 288-- i tern System

Range t > r  Numb er  C u m u l a t i v e  Pe rcen tage
of Items of Items

[02 ,21 202 70%

52 88%

[42,6,-,) 20 95%

[67 ,8%) 6 972

[H- ,10%) 4 99%

1102 ,12%) 1 99%

[122 ,141) 0 99%

[141 ,16/) 2 100 2

[167 ,IM/) 0 100 %

[182 ,201) 0 100 %

[202 ,21/) 0 100 %

[222 ,24/) 0 100 2

[242 ,26/) 1 100%

.2903h0.5470(L+l)
.0638 .1269F/T (K/h).6344 , p /h  = 4

R
~ 9T) 

= .2872hp
.5540

(L+l)
.0568 .3930/’T(K/h).6333 * p/h 9

.2852h
S?66

(L+l)
.O363 l 3S

~~
T(K/h).622? , p/h 99

o b serve that in  t he - atepwise least—squares fitting procedure , the revision

interva l entered only throug h a s ing l e t erm in l I T  , and was not selected

fo r  any of the e other coefficients.
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We susunarize the distribution of errors for the approximations in

Table 3.16. The distribution is better than in Table ,.15 , wi th outliers

still coming from the (9,13) system . All the items with deviations greater

than 6% come from this system . They al3o tend to have L equa l 4 , p/h

eq ual 99 , and small p

Table 3.16

Frequencies of L~(R~) in a 288—item System

Range for Number Cumulative Percentage
of Items of Items

[02 ,2%) 208 72%

[22 ,4%) 63 94%

[4%,6%) 11 98%

[62 ,8%) 2 99%

[82 ,10%) 2 99%

[102 ,12%) 1 100 %

[122 ,14%) 0 100 %

[142 ,16%) 1 100%

3.3 .5 Average Total Cost per Period

We obtain the following appr ox iricitions for statistical policy total cost

T326 
— 2.370h

4702
(L+1)~~

I9S8
(p/hY~~

S€O
(K/hY

3O22

T9 13 
= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

T926 3.798hIi
.4309(L+1).3O24(p/lt).2SSO (K/h)~~

9l?

T952 
— 3.7S8ho~~

440
~
(L+1)’2779 (p/hY

2397
(KIh)~~~

964 
.
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[he a pproximat ions  have coefficients of determination of 0.989, 0.987,

0.983. and 0.985, respectively. Average percentage deviations from

- i c i c e i l  values of T are 3.8%, 5.1%, 5.4%, and 4.9%, respectIvel y, as

nicp ircd to 2.82 for the Power Approximation fixed policies.

We summarize the distribution of percent age deviations in Table 3.17.

The patterns ‘ f  pe rcent cegl - e r r o r s  a re  q u i t e  s imi l a r  in all  f o u r  sys tems ,

with large errors tending to occur for items with large p/h and sma l l

We also performed separate fits for each value of p/h , and

explicitly included revision interval length 1’ as a variable In  the

G 2 /~i equal 9 system . The l ev e r a g e  pe r cen t  deviation drops from

Table 3.17

Frequencies of ~(T) in a 288—item System

Range t u r Number Cumulative Percentage

~(T ) of Items of Items
S

[0Z,1,~) 83 29%

[22 , 4;.) 69 53%

[42 ,6)) 39 66%

[62 ,8%) 43 812

L8% ,10Z) 19 88%

[102 ,12/) 16 93%

[122 ,14%) 11 97%

[142.16%) 7 100 %

[162 ,18%) 0 100 %

[182 ,20%) 1 100%

4.8% to  2.6% for the following approximations

6 1
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2 .299h i c~~
4922 (L+l)~~~

544 ( K/ h )~~
3641 

, p/h = 4

-1- ’ 3 1831
(3,26) 

= ~~
.4 842 (L + l ) . l 8 S 8 ( K/ h) . 3 l 7 9  , p/h = 9

~6.607hp
.4343

(L÷ly
2470

(K/hy
2246 

p/h 99

3.790ht1~
49ôl

(L+lY
24O3

~~
8479

~
’T
(KJ 

.2572+.0400/T
h) , p/h 4

•1’
(9;c) ~6.002hp .4680 (L+l) .2659

~~~
9762/ T (K/ .2008+ . i l l s/ T

h) , p/h 9

p / h  99

We summarize the distribution of errors for the approximations in

Table 3.18. The distr ibution is markedly better than that in Table 3.17.

The number of items with deviations smaller than 4% has increased by more

titan half , and all 35 items that previously had deviations greater than 102

now are within 10%.

Table 3.18

Frequencies  of ~(T’) in a 288—item System
S

Range for Number Cumulative Percentage
of Items of Items

S

[02 ,2%) 130 452

[22 ,4%) 100 80%

[42 ,6%) 49 97%

[62 ,8%) 8 100 %

[82 ,10%) 1 100%
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3-. 4 Measures of Robustness

In t h i s  section we analyze t h e e  robusticess of our multiplic ative

approximations for fixed— and statistical—policy operating characteristics.

We use the approach  of Se c t i on  2.7 to examine the aggregated behavior of

he ep pr >xim a t ions and to invest ig i t e their accuracy when par iiric e ter va lu- s

ire ext r . tr o l a t c d .

In Tables > .19 and 3.20 we a u n w ie r i z e  tier accuracy of our fixed—policy

lepprox ima t ions H
f 

B~ P~ R
f 

and T~ as a function of t h e e  p a r a m e t e r

s e t t i n g s  in the 576—item system . Each en~ r~ is the percentage excess of

the sum o f  c i o c r o x i m a t e  va lues  over the  sum of a c t u a l  values f o r  a l l  i t ems

leavin g tie > given parameter setting . As we noted in Section 2 .7, most of

the  l ergo errors tend to ca ncel  when the I t ems  ~ere aggre ga ted I n  this way.

Even the large errors we found for backlog cost wi th p/h equal 99 do not

c e l’l i ar in Ici h lrs 3.19 and 3.20. l I e> l~ir c€s t systematic errors appear for

the Power Approximation holding cost when a 2 / p  equal s  1 * T h i s  p a t ti -rn

did not appear in Section 3.2 when we examined single—item behavior.

Table i .21a is a multi-ite m summary of errors for the statistical—

policy approximations ii , B , P , R , and T . We summ ateze the
S S S S S

multi—item behavior of i i ’ , R’ , and T ’ In Tabl e 3 .21b. These tables
S S S

exhibit the lic ence property noted cebeive t h a t the I arge  s i n g l e — i t e m  e r r o r s

tend to can> i- I when the items are aggregated. Approximations II ’ .

and 1 ’ appear  to be more accurate than 11 , R , and T , respectivel y ,
S S 8 8

in ~li systems except for th e- ~
2/p equals 9 systems where R has

smaller errors than R ’ . The i i r ~ & s t systematic errors appear in th~

tot a l cost approximations T for p/h equal to 99 and p equal to 1
•

We test the robustness of our fix e d— p olI> y approximation s by using

th em In  the ( ‘c -item sys te m of Table 2 . 1 1 .  The parameter settings are
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interpolated and extrapolated in such a way that no item has any one

parameter with the same value as in the 576—item system used to derive

the approximations. We examine errors of approximations H
f 

R~ , and

T
f 

only. We already have a simple, robust approximation for P that was

analyzed thoroug hl y in Section 2.7. Our approximation for B is not

tested here because of its inaccuracies and lack of an exp licit dependence

on the parameter p/h

We summarize the distributions of percent deviations of H
f 

R
f

and T
f 

in Table 3.22. Optimal and Power Approximation policies disp lay

similar patterns of errors, so we summarize them as one 64—item system .

The approximations clearly lack the robustness that we noted in Section 2 .7

for the analytic approximations. Even if we confine our attention to items

wi th fewer than two extrapolated parameters , we find average errors of

7.8%, 4.5%, and 5.-4% for holding cost , replenishment cost , and total cost ,

Table 3.22

PexcentaRe Deviations of Multiplicative Approximations

in a 64-item System

Range of Number of Items (Cumulative Percentage)
Deviation Holding Cost Rep lenishment Cost Total Cost

[O%,lO%) 12 (19%) 31 (48%) 31 (48%)

[lO% ,20%) 16 (44%) 23 (84%) 12 (67%)

[20X,30%) 21 (77%) 9 (98%) 14 (89%)

[30% ,40%) 12 (95%) 1 (100%) 6 (98%)

[40% ,50%) 2 (98%) 1 (100%)

[50% ,60%) 1 (100%)
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respectivel y. The worst single—parameter extrapolations for all the

approximations are o2/u equal to 15 and p equal to 0.5 - We conclude

tha t the multi p licative approximations should be used only with great

caution when parameters are extrapolated beyond the ranges of the ~76-item

system (Table ~.1).

We also examine the behavior of the  s t a t i s t i c a l — p o l i c y  approx ima t ions

H P
S 

, , and I for interpolated and extrapolated parameter values.

We are unable to extrapolate these approximations for values of 0 2 / l i

so we use the 16—item system of Table 2.11 with a2/p fixed at 9 - The

results a n -  similar to the fixed--policy results. In Table ~.23 we summarize

the distribution of errors for the 16—item system using the approximations

for o 26—period revision—interval length. Remember that the deviations are

a composite of the error Introduced by using a multiplicative form as well

Table 3.23

Percentage Deviations of Statistical Policy Approximations

in a 16—item System

Ran t- of Number of Items (Cumulative Percentage)
Dev iation Holding Cost Backlog Protection Rep lenishment Cos t Total Cost

[0Z ,lO%) 8 (50%) 16 (100%) 9 (56%) 7 (44%)

LO% ,20%) 4 (75%) 1 (62%) 3 (62%)

[20% ,30%) 3 (~~ -~~ ) 2 (75%)  3 (81%)

[30%,40%) 1 (100%) l (81%) 2 (94%)

[40Z ,50%) 1 (88%) 1 (100%)

[50%,6OZ) 0 (88%)

[60% ,70Z) i (94%)

[70 % ,80Z) 1 (100%)

(I I I
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as a random component from the statistical aspect of the data. Backlog

protection has an average deviation of 0.4%. If we consider only items

with fewer than two extrapolated parameters, the average deviation Is

only 0.2%.

The holding cost approximation H has an average deviation of 13%,

which drops to 4% when items with more than one extrapolation are ignored .

The worst single-parameter extrapolation is for p equal 0.5

The replenishment cost approximation R has an average deviation of

18%. If we consider only items with fewer than two extrapolated parameters ,

the average deviation is only 3%. The worst deviations occur for ~i

equa l 0.5

The total cost approximation T
~ 

has an average deviation of 16%,

which drops to 5% when only single—parau~eter extrapolations are included .

The worst single—parame ter extrapolations are for p equals 0.5 and p/h

equal 132.

We conclude that the statistical—policy approximations should not be

used for extremely small values of ii , and that multiple—parameter

extrapolations should be considered cautiously .



I I I E  SENSITIVI TY OF OPERAT IN G C H A R A C T E R I S 1 I C S
TO PARAMETER VALUES

in S e n t  ions  2 and 3 we developed a p p r o x i m a t e  t - x p r e s s i o n ~ I or h i t

‘-~~C s I L i n g  chil l I c tt -r Istics 4 1 1  f i x e - d — p o ] i c y  and  s t a t i s l i i - a l — p o l  i c y  i~-

v t T I t o r v  SV St ’iTIs . Now that we have the a p p r o x i m a t i o n s , we a r c i i i  a

) I 4 ~~ i t  ion  to  n - c  f o r m  ana I v s & - S  t h a t  Were hitherto i nt rac  t~~hle - i l l  I his

h . l p t c r  W C  wi il make s i mp l e  s t a te m e nt s  ab o u t  the f o l l o w i n g  q u e s t  io ns :

I. What al - 1.- the cos t and s e r v i c e  i m p l i c a t i o n s  of a change- in

1111. 4 II demand?

2. Wha t are the effect s ccl consolidating demand from severa l

distinc t wareIIoIIse- s into a sing le centra I warehouse?

3. By 110W much do Cos t s  rise when se r v i c e  is in creased ?

4. How much is i t  wot-th  to o b t a i n  q u i c k e r  d e l i ver y  of

replenishmen t orders?

5. Wha t .1cc  tI le cost imp i ic,it Ions c l  a (l1.IiIg(- In unit holding

cost

6. Wha t are the efi er ts of changing t h e  review period length?

For each question we p r e s e n t  c a l c u l a t  ionS based on a simp i it led

model to Ili us t rate tin - on-~; of the approximations in Sect Ion ~~ . in

11~~ I1~~ cases , o ur  assumptio ns will he ulirealiStic a ll.y s imp Ic f o r  t h e

systems p l an n er  who may r e q u i r & -  extensive analyses (Cl such questions .

Never th e  l e n s , our  resul ts ~~~~l ( . 4  t e genera l t r en d s  and th us t rat - the~

p o l e - l i t  I l l  uses of the approx inlat. io ns .

in Se-c t ions 4. 1 t hrou~~i I -~ - 5 we- d isc uss 1111. SC I l S  I t lvi ty ~~~t I’owc r

App i xim atl on and Statisti ca l Power A ppro~ Iniation operating character—

nt ics 10 I I I e S I I I  demand p , unit pena it v cos t  r - I t  to p/h , Iead t [me L, s C ’t u p
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cost ra t io  K/h , unit holding cost h, and review period length. In each

sec tion we present a simp le analysis of one or more of the above questions.

We also include graphs displaying the operating characteristics of Sec.-

tions 2and 3 as functions of parameter values. Throughou t these sections

we assume that o2/p equals 9, and in the grap hs we examine s ingle par. 1—

meter variations about the settings p equals 8, L equals 2, p/h equals

9, and K/h equals 48.

For the Power Approximation we draw graphs using the anal ytic ap-

proximations Ha (Section 2.3), P (Section 2.4), R (Section 2 . 2 ) ,

and T (Section 2.5). We note that approximations H , R , and T arc

dlsco:tinuous functions of the parameters p ,  o
2

/ p ,  L, p, K, and h. Tills

Is because the -ipproximations depend on the policy parameters s and D

which are rounded to the nearest integer. We have drawn smooth curves

for the characteristics by omitting the round—off procedure for s and B

in the computation of H , R , and T .  We perform sensitivity ana lyses

for Power Approximation policies using approximations H (Section 3.2.1),

“a (Section 2.4), R (SectIon 3.2.4), and T (Section 3.2.5). WI th

equal 9 we have

~ 7.678 h (L+ 1Y
3512

(p/h)
2’738 h/p ÷ 0942(K/h)

0691

~a,p 
(.0695 + p/h)/(1 + p/h)

(39)

R .3133 ii p~~
5666 

(L + l)
0574(K/h)

5973

T 5.663 ii p
4495 (L + l)

.2528 
(p/h) ~~

23O h/p + 
~

l 3 S l ( K/ h Y  203

We consider the statistical poli t y  with a 26—period revision Interva l

and a /p equa l 9. We draw graphs us ing  two s e t s  of approximat ions .  ~he-n

p/h is held - c c I l s t ; I n t  at 9 we use H - (Sec t ion 3. Li), R (Section 3.3.4),
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and ~~~ (Sin t ion 1.3.5). We draw the remaining graphs and p&~-rIn rm

seI lSi t Iv i t y  ana lyses using the following approximations from Sen t ion  3. 3

H ( 9 2 1 )  10.40 h 4824 
(L + ~~~J?22 (p/~~~

3 730 h/P(K/ l ).U999

( .0167 + .9904 p/h) / (1 4- p / h )

(40 )

R (9 I t )  
= 2 949 h p~ 

5526 (I, + l)~~ 
072 4  (K/h) 

6269

= 3.798 h p 4309  (L + l ) . 3 0 4 ( p I h ) ~~
255 ° ( K/ h )

We do not use the approximations for backing cost in this chapter

hu c a u sc  u i  I heii c o m p l e x i t y  and t h e i r  ir l a cc l l r , I y tor ct rta [ II  p I r , t I l I c - t  Cr

Set  t in gs.

4 . 1  Sens i t  i v i ~~ y~~~~o Mean Demand

Con sider a situation in which mean demand i
1 

changes to tile va l ue

.
~ i ) ~i - ~ a

and all other pir .Imeters remain  u n c h a n g e d . p r o m  (39) and (40) we s e e

hat backlog protect Ion will be approximately unchange-d t o r  ho ) z p o l i ci e s

since t he  ex p ress ion s  f o r  P Ire Independent of the par.imt -ter ~ . A l l  other

( . 1)51 -xpress i c l l - ~ a r e  ol t i l e  f o r m

(41) Cost (~~~1

where c and .~ are independent of p . Let Cost and Cost 1 be values ~ 1 i i
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l ost component when p equals p1 and ~2 
respectively. Then (41) and (42)

yield

Cost2/cost1 
.. a~,

tha t is, the ratio of approximate costs is a function of the ratio of the

two mean demands, and the exponent of p in the cost approxima tion . In

Table 4.1 we display approximate percentage changes in operating cha racteris-

tics for several values of the parameter a. Similar behavior is exhibited

by the fixed policy and the statistical policy. All three cost components

are roughly proportional to the square root of p . with replenishment Cost

Table 4.1

Approxima te Perce n ta ge Changes in
Operating Charac te r i s t i c s

Percentage 
Holding Backlog Replenishment Total

Policy -

increase
Cost Protection Cost Cost

in ii

107. 4.52 07. 5.5% 4.4%
Power

25% 11/ 0% 14% 11%
Approx.

507. 2L % 0% 26% 20%

StatIstica l 10% 4.7% 0% 5.4% 4.1%

Power 25% 11% 0% 13% 102

Appr ux. 50% 22% 0% 25%

being slightly more sensitive than the other costs to changes i i i  u

Now we c ons ider  a si t u a t i o n  in w h i c h  demand from n independent  and

identical wu rehouses is consul Ida l C d  i n to  .1 i; ing I e cen t r a l W I r e-hnu~ e .

Let Cost  he I lie sum ot value s I c r  . 4  c c c i i i c omponent 1)V e r t i l e  n W~I I t -hltcII s S

a
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(bet O F e  c o n s o l i d a t I o n ) ,  and  le t  Cost 
2 

he the valis - of the cost compc)rle-nt

at tcr consul i d i  Lion. Using (42) we have

Cost
1 

u c p

Cost .) = c (n )

C o m b i n i n g  these exp r e s s i o n s, we h a v e

Cos t
2

/Cos t
1

wh i c h  is i n dep e n d en t  o t  all, parameters exce pt f o r  thc  n u m b e r  ot  w a r c  —

h ouses  b e f o r e -  c - onscc l ida i ion , and t h e  exponent of i i i  t h e  c o S t  . I l c h ) r ( c X i f l h I t  lo l l .

Tabl e 4 .2

Aj 1t ’ o x i m.at e F er c i in t a ~~~ L)ecreases f o r
( ) j c er a t i n~~ (h a  rac t e ri s t  Ics

Pol icy  ~ 
H o ld in g l  B a c k l o g  ~ ep L en i s hm e nt  T o t a l

Cost Protect loll 1 Cost Cost

- - - ~~~~~~~~~~~ : 
2 31% 0% 26% 32 %

Powe r
52% 0% 45%

Approx.
8 67% 0% 59% 68%

2 30% 0% 27% 3 3%
St atistical 5~% 0/ 46% 55%l owe r

A ppr ux. 8 t c t c ~~ 0% 6? ~
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Since the values of n in (39) and (40) are all less than 1, we know tha t

Cost
2 
will be less than Coat 1 for all values of n greater than 1. In ii

Table 4.2 we list approximate percentage decreases in costs for severa l

values of n. The savings are considerable for both fixed and statis ilial

p olicies.

Finall y we consider consolidating demand from two warehouses tha t

diff er in one respect. Let the mean demand in one warehouse be much

smaller than  t h a t  in the  o ther  warehouse.  Tha t is , the  i t em Is a “ slow

mover ” in one location and not in the other location . Let the ratio of

mean demand at the two locations be a, with a less than one. We use

(41) to c a l cu l a t e  the total cost T
1 

at the two warehouses before

consol idat ion , y i e ld ing

T
1 

c[ p ” + (a

After conso lidation we h~ ye total cost T2 
given by

T2 ~ c [(1 + 
a)p)

U

After combining the two expressions we have

T2
/T

1 
(1 + a)

m/(l + am)

We also consider  the r a t io  of the m ar g ina l  total cost of the small dem.lnd

after consolidation to its total cost before conso l idation , glveii

appr oximately by

(T
2

— ~~~~ 

il
) /  (a p ) ~ ~ 1( 1 + a)

1
— 1 ] /I  ~

En Table 4. 3 WI! list approximate values lc d tot ill Cost rcduc -t Eons b r

sever;I 1 value s of  a when the Powe r A pproximation is used . Tile r e d u c t i o n  III

76 

-. -- - - — -____ -- —---



‘1~ I l ) l & ’  4 . 3

Approx te - Pe-rccn t
~!

j(educt ion s in
Powe r_ Approxinia lion Total Cost

R I  t io ol Smal l  Demand C o m b i n e d  M ar g in ;i  I (~ c c s t

c La r ~ e- Demand Sys t er n  o f S low Movc - r

~ 

0.1 2 3% 88%

0. 25 28% 80%

0.50 31% 73% 

tota l coSt~ I or the combined system is q~ i te large 1-veil  when  t i l e  rat in ot

tue -u i demands i s  u t i l  y 0. 1 . The p e r c ent a g e  r e - d o :  I iOfl in t he lila I l I l a  1 c OS

ol the slow move r i s  q u i te -  drama I i c , e~ 1p e l a l ly  for the lowest  va l i i , - (~l

a .  ‘Ihe re- i l t s I i c r  S ta t  1st . ica I polic tes ar e  l e a r  ly  i d e n t  i~ al

In l ’i~-u r c’ s ‘C .  1 , 4.2 , and 4 .3  We p re se -t i t  g rap hs of the a p p r c x i l l l a t i u l l s

[or holdinp. c o s t , r e p l e n i s h m e n t  c o st , . l l C d  L o t , I  I , c s t  , resp ectiv e l y, as

f u n c t i o n s  ol mean demand .  Tile I I X e c i —  and s t a t i s t  [ c a l — p ol i c y  a p j C r o x i —

mat i ons  e x h i l i t  s i m i l a r  b e h a v i o r .  ‘l ’ h i c ’  st i l t l o t  i c a l  p o l i c y  has I l i g h e r

Va l c i c o and sI  igil t l y C r a t e r  ~ c ’ i i~~iL i v i t y  t o  p f o r  holding c o s t  aI ld Lot.il

i’ oSt . R I ! 1) l e l l i s h l I I l e l l t  c Os t  valu e-s arc’ nearl y id entical b c ,~ b o t h  ~c o l id es.
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. + . 2  S e n s i t i v i ~~ t o u n i t  P ena lty  Cost

Co~ S i d t ~ a situati on In which  a systems desi gner wants to ISSUSS

cost imp i lt itions of incri osing the level of service . The d es i gn e r  does

this by a s s i g n i n g  a value to backlog protection P and computing tin corre—

sponding va l ue of the unit penalty cost ratio p/h. Approximate values b r

the  o p o r a t i n g  characteristics are then calcul ated using this value of p/ l i .

Exp re s s ions  (39 ) and (40) f o r  b a c k l o g  p r o t e c t i o n  a re  of t lu  f o r m

P (a + b p / h ) / ( 1  + p / h )

We solve f o r  p / h , yielding

p / h  (P — ‘) / ( b  — P)

Suppose backlog  p r o t e c t i o n  is Increased from P
1 

equals 0.90 to P 2 equa l s

( 1.95. For L I w  l’ ower A p p r o x i m a t i o n  we have

= 8 .2

p 2 /h = 1 7 . 3 ,

and for the Statisti cal Power Approximation we have

p
1
/h 9.8

p
2
/h 2 3.1

For both policies the unit pt nalty cost ratio increases more than two—fold.

We list [lie approximate percentage Increases in t h e  ope ra t ing

characteristics in Table  4 . 4 .

81



f o i b l e  4 . 4

Approximate Percentage Increases in Operating Characteristics
When P Increases from 0.90 to 0.95

Polic 
Holding Backlog eplen ishinent Total

y 
Cost Protection Cost Cost

Power Approximation 387. 6% 0% 2O~

j Statistical Power 44% 6% 0% 25Z
Approxima t ion

Replenishment costs remain approximately unchanged since the expressions

for this characteristic are independent of p/h. All other costs rise by

20% to 44%, with the statistical policy display ing larger inc reases.

In Figures  4 . 4 , 4.5 , and 4.6 we present graphs of the approximations for

h o ld ing  cost , backlog protection , and total cos t, respectively, as

f u n c t i o n s  of p / h .  All the curves are concave over the  range 01 values

p lotted. The holding cost curves disp lay hi gher values for the statis-

tic al policy than for the fixed policy . The curves for backlog protection

;~ a re nearly parallel, wi th larger values of P for the fixed policy. For bo th

p o l i c i e s  we see that  backlog p r o tec t i o n  is much more sensitive to p / l i  for

small values of p /h .  The t o t a l  cost curves show t h at  the s t a t i s t ic a l
S

policy has higher values of tota l cost and greater sensitivity o f t o ta l

cost to p/h for ill values displayed in the  f i g u r e .
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4.3 Sensitivity to Leadtime and Setup Cost

In this sect ion we consider the four th question raised at the begin-

n ing of the chapter. Suppose a quicker means of rep lenishment del ivery is

being considered. What is it wo r th? We assume tha t  a quicker  d e l i v e r y  is

paid for by means of a higher setup cost. Therefore we are confronted with

a trade—off decision where leadtime L is decreased and setup Cost  K is

increased.

For simp licity, we assume that the time beiween ordering arid d e l i v -

ery (L 1 + 1) is an even number of periods and that it can be reduced to

(L 1 + l ) / 2  per iods .  The setup cost is s imult :aneously increased f rom K 1

to aK 1, where a is greater  than 1. We assume tha t a l l  o ther  pa ramet er s

remain unchanged. From (39) and (40) we see tha t t o t a l  cost per period

is of the fo rm

f c (L + i) ° ( K/ h ) ’3

where c , u , and p are independen t  of L and K. The to ta l cost 1~ b e f o r e

L and K are changed is approximated  by

T
1 ~- (L

1 
+ 1) 0 (K

1/h )~~,

and a f t e r  L and K are changed we have

T2 
— c [(L 1+ l ) / 2 j U (aK

1/h)~~.

J~_ _ _ _  
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We estimate that the reduced leadtinte will realize a savings in tot al

cost if

T~ /T
1 

= a 82 n 
< 1

In other words , approximate total cost is reduced if

* c;l b
a < a  = 2

Wt~ int erpret a
* as an approximate break—even point. That is, if the

*setup cost corresponding to the quicker delivery is less than a K, th en

th e quick delivery method has lower total cost. Using values of a and ~

*f r o m  (39) ai , d  (40) we see tha t  a equals  2 . 4  f o r  the Power A p p r o x i m a t i o n

p o l i c y  and 3 .0  for  the s t a t i s t ic a l  po l icy .  Therefore , i t  is worthwhile

to pay more than double  t he  se tup  cost fo r  a d e l i v e r y  scheme tha t Is

twice  as f a s t .

We calcul ate n u m e r i c a l  r e s u l t s  for  the case of a equals  2. flic

cost components in (39), (40) a re  all of the form

Cost = c (L + i) ° (K/h)~

Let Cost
1 

be the value of a cost companenc before chang ing L and K, and

let Cost
2 

i .e the value a f t e r  the change . Then we have

Cos t
2

/Cos t
1

Specifica l ly, for the Power Approximation We have

H hi 
., — . 282

2 1

h R - .655
R 2 i 2

— .049
T
2/T

1
2

87
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and for the statistical policy we have

112 /H i 2
_ .272

R
2/R

1 ~ 
2.699

T
2/T1 

= 2 ’ ill

We list numerical results in Table 4.5. The quicker delivery reduces

Table 4.5

Approximate Percent Changes in Operating Characteristics
[ (L ~ + l ) / ( L 1 + 1) 1/2; K

2
/K

1 
= 2 J -

Holding Backlog Rep lenishment~ Total
Policy 

Cost Protection Cost Cost

Power Approximation —18% 0% 572 -3%

Statistical Power Approx . —17% 0% 62% —7%

total cost by 3% for the Power Approximation and by 7% for the statistical

policy. These are impressive savings since we assumed that the quick

delivery was twice as expensive as the normal delivery. Backlog protec-

tion is approximately unchanged since the expressions for P are independent

of L and K. The quick—delivery system has lower holding costs and higher

replenishment costs.

In Figures 4.7, 4.8 , and 4.9 we present  graphs  of the approximat ions

for holding cost, replenishmen t cost, and to tal cos t, respectively, as

functions of leadtime. Although the curves are plotted as if leadtime
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were a continuous variable , we note tha t leadtime is required to be

integer—valued in our model. The curves  f o r  h o l d i n g  cost and replenish-

ment cost differ only sli ghtly for fix ed— and statistical—policy

approximations. Rep lenishment cost Is e s p e c i a l l y  i n s e n s i t i v e  to chiatiges

In leadt imo. The curves fur total (-oat disp lay a grea ter  s e n s i t i v i t y

to leadtime I n c  the  s t at i s tt c a l  poi  i c y  than  fo r  ti le f i xed  p o l i c y .  T h e

statistical policy curve also has larger values of total cost for all

values  of lc.icltliiie except for a small region n ear  L equals 0. I i i  t h i s

reg ion the  va lues  of to ta l  cost may be cons idered  e s sen t i a l ly  L li ~ a - .

since the difference never exceeds 2~ which is less than the average

errors of approximation for total cost.

In Figures 4.10, 4 .11 , and 4.12 we present graphs of the approx i-

ma tions f or hold ing  .-ost , rep lenishment cost , and total cost, respectiv ely,

as f u n c t i o n s  of K.  The rep len i shment  cost curves are  near ly  i d e nt i c a l

f o r  s t a t i s t i c a l —  and fixed—policy approxima t ions.  For ho ld ing  cost , the

statistical—policy curve has higher values and a s teeper  s lope than ihe

f i x e d — p o l i c y  cu rve .  The t o t a l  cost curves are  essen t ia l ly two p a r a l l e l

lines , with the statistical—policy curve about f o u r  units above th e

fixed—policy curve.
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4.4 Sensitivity to Unit Hold~pg Cost

$

Suppose the unit holding cost changes from h
1 

to h
2
. What

happens to the operating characteristics? We assume that the de-

signer chooses to maintain the same level of backlog protection , so

p/h will remain unchanged . From (39) and (40) we see that all the

other characteristics are of the form

Cost = c h (K/h)~~

where c and u are independent of h. Let Cost
1 
and Cost

2 
be the va lu es

of a cost component when h equals h
1 

and h2, respectively. We then

have
Cos t

2/Cost1 (h
2/h 1
)~~~~

Specifically, for the Power Approximation we have

(h 2 /h~ Y
931 --

R
2/R 1 ‘ (h

2/h 1y
403

T2 /T 1 
(h 2 f h

1Y
796

, -

and for the statistical policies we have

H2/H1 
(h 2 /h1Y

900

R
2/R

1 
= (h2 /h 1Y

373

a (h
2

/h
1Y

808
.

We present numerical results in Table 4.6 for the case of h2/h 1

equal 1.1.

_ _ _ _ _ _ _ _ _ _  

96 

_ _ _ _ _ _ _  _ _  

- - 
- -~~~~~~~~~~~~~~
-

~~~~~~~~~~~~
_ _  -_



‘fable 4.6

~poroximate Percentage Increases in Costs
(1i
2

/h
1 

= 1.1; p/h held constant )

‘ Policy ~~Hold ing Rep lenlshment~ Total 

-

Cost Cost Cost

-f --

Powe r 9% 4Z - 8%
A p p r o x i m a t i o n

Sta tistical 
9% 4’,’. 8%

Power
Approximat ion

in F i g u r e s  4 .13 , 4. 14 , and 4. 15 we present  graphs of the  I i p p r o x l —

mations for holding cost , rep lenishment cost, and total cost , respectivel y,

is f u n c t i o n s  of h. As in t h e  discussion above , we have held p/h constant

at  9. The curves f o r  holding cost and rep lenishmen t cost arc nearly t h e

same fo r  fix ~-d and s ta t i s t i c a l  pol ic ies .  The s t a t i s t i c a l — p ol i cy  c u rve

f o r  t o t a l  cost is about  10% hi gher t h an  the  f ixed—po l icy curve . N ot e

t ha t  the cu rv e s  f o r  holding cost and to ta l  cost are nea r ly  s t r a i g h t  l i n e s .
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-.e .~~ Sensitt v L~~o k evJ.(.,~ Period L~~~~th

I n  t i t  ~, ~~- - - t i o n  W i -  t - x J m j I I l _ I l i t -  c f t i - c t s  of chIlIIgi ng t l z t -  N - v l c w

p er  i~)d k-ngt  Ii by compa r ing  two s v 5 t c I n ~~. Let  the r ev i e w  per iod  i ro

SVSI -RI 2 h i -  t w i  I i l S  l o ng  t h a t  in  Sy s te m  1 . We list l i i i -  I I I  4 5 5 )

~~ t i-it- S V H - t s 1 ( I :  I I I  I.lI)11 ’ ‘4 . 1.

l i b l e  4 . 1

l i r i n c - t e r  Values

S i / ~ p / h  

—

~~ (1 + 1 )  K 

— 

Ii

9 l)~~/ I1~~ (L 1
f 1) 

~i

2 ~~ ~~~ 9 p~~ h~~~ L~+1)f2
_
Kjahi

t he  dt flLl Css  per pe r iod  in :;ystcm 2 i s  a c o n v o l u t i o n  of two per iods

deman d I l l  Sy s t e m  1, sc, p is t w i c e  as l a rge  in Sy s t e m 2 and u Ii’ is the

~ , i4TI In both  syst ems . We assijicic that the systems ire designed I or t h e

~~- imi level of backlog p r o t ect  ion so p/h  Is held c o n s t a n t .  The t Ime

between ~~l I (  i i i ~~ç - ‘  rep lenishment  orde r and I ts  d e l i v e r y  is c o n s t a n t , so

we St- t I t - i t  (L 1) p er iods  in Sys tem I and (L I)  / 2 perIods in

Sys tem 2 , w i t h  (L.i+ 1) assumed to be an even I n te g e r .  The S t i  up cost

per rep l e n i s h m e n t  order  K is the  same In bo th  systems.

We assume tha t the  u n i t  h o l d i n g  cost h
1 

changes b y a mul t I plicative

cons tant  a when the  rev i ew p er iod  length is doubled . We expec t a t o  take

on a val Ut’ between 1 and 2 i i i  most s~~ Lems . I t Won Ed equal  1 ii all the 
—

holding cost were attributable to review functions tha t occur once t- ic I~

101 
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period. On the other hand , a would equal 2 if all the holding cost were

proportional to time—in—storage.

We now examine the effects of review period length on the cost

components of the Power Approximation . Since 0
2
/u and p/h are the

same in both sys tems, we express the cost approx imations (39), (40)

for Systems I and 2 in the form

Cost
1 

c h
1
p~~ (L

1
+ l)~ (K

1
/h

1
)
6

Cost
2 

c(ah
1
) (21,1

)°[(L
1
+ I)/2J ~ (K

1
/ah

1
)
6

wher e c, a , , and 6 are independen t of review period length. We

take the ratio of costs_p~r un it time by dividing the costs in System 2

by twice the costs in Sys tem 1, yielding

Cos t
2
/2 Cost

1 
.. 2~~~~1a’~~

Specifically, we have

H
2

/2H
1 ~ 

.540 a~
93’

.403
R
2

/2R
1 

= .771 a

T
2

/2T
1 ~ 

.573 a~
796 

-

In Table 4.8 we list approximate values for the percentage by which costs

in System 2 differ from those in Sys tem l,for several values of a. Sub-

stantial cost reductions occur for the longer revision interval when a

is close to I, and very small changes occur when a equals 2.

~ For the statistica l policies we assume tha t the policy ri-vision in—

terva l is the same length of time in both systems. That is, revision

L t
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l ab le  4 .8

A j j ~roxi a~i t e  P er c e n t aj~~ Change in Costs per UnIt T inc
(Powe r Approximation_ P o l ic i e s )

H o l d i n g  Rep lenishmen t To ta l

Cost Cost Cost

—46% —23%

1 .5 —21% — 9% —2l/

- -  
.~.O 3.0% J 1.9% -.5% 

-~~~~

oc cu rs ev er ~- I
~ 

periods in Sys tem I , and every T 1 / 2  periods Lu Sys tem 2 ,

w i t h ,  T
1 

assume d to  be an even i n t ege r.  We use th e  approx imat  iot i s  oh—

L a m ed in Chi i t&- r 9 t h a t  a re  e x p l i c i t  f u n c t i o n s  of r ev i s ion  i n t e r v a l

l e n g t h .  W s t  p/ I )  equa l  to 9 and use the a p p r o x i m a t i o n s

4 .000 h u 4
~~~

7 + . 000421 (l~ + 1)
.2994  + 1

~~
2 50t1 ( K / h Y  

L~i1()

(4 3)  R ( 9 T) = . 2 8 72  II 5540 (L + i 0568- . 39 j o/ I (k / b Y  
h33i

r (9 r ) (1.002 Ii ~ .6680 ( I .  + [)
.2 ~~~9 + . 9 7 6 2 / 1  ( K / h ) ~~~

°08 +. I l l S / I

Wi- express these cost componen t s  in t h e  f o r m

~f- rT ~1~+m/T 6-4-n/T
Cost c ii p (L + I , (K/h )

where c , Li, I~, 6 , r , m , and n are independent of revision interva l length.

As b e f o r e , We t ak t -  the  r a t i o  of cost in Sys t em 2 to twice the cost In Sys-

t e m  1 , y i e l d i n g

Coat
2

/2 Cost 1 ~ [2~~~
_ l

a l_i. 
f12

rT
1
/2 — 2m/ T 1 a

_2
~~~

T
i1

[

_rE
i

/2 (L
1
+ 1)m/T 1 (K

1
/h

1
)~~~

’
I] .
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Specifically, we have

H
2

/2 H
1 

.5584 a
872
[~~

00021T
1
_2.50I’T

i 
.00021T1 (L

1
+ l) l.250/T]

R
2

/2R
1 

.7636 a~
367 

{2
.786/T

1 (L
1+ l)

_ .393/T
l]

T
2

/2T
1 

.5752 a~
799 

[a

_
~

223/T i 2-1.95/T1 (L
1
+ l).976~~ I (K

1 /h
1
) .11 2/h

l]

Wu evaluate a numerical example for the case of ii 

~ 
equal s 4 , ~~ equals 3,

K 1/h1 equals 64, and T
1 
equa ls 26. The results are listed In Table 4.9

for three va lues of a. Each entry in the table Is the percentage by

Table 4.9

Approximate Percentage Changes in Cost per Unit Time
(Statistical policy with p = 4 , L1 3, K

1
/h
1 

64, T
1 

26)

a Holding Replenishment To tal
Cost Cost Cost

1 —44% 
- 

—24% —41%

1.5 —21% —11% —19%

2.0 1.8% —1.5% 1.3%

which  a cos t in System 2 differs from a cost in System 1. The effects

of the  change in revision interval length are nearly the same as for

the Power Approximation . Substantial cost reductions occur f o r  t in-

longer revision interva l when a is near 1, and very small changes occur

when a equals 2.
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4 . 6  Si-r is l t  lv i  t y  to Var laricc— to—m ea,, R a t i o

In F i g u re s  - i .  16 , 4. 17 , and 4.  18 we p r e s e-I l  t g r a p h s of the Ip p r o x  I —

mat is ) !15 f o r  h o l d i n g  cost , rep lenishment  cost , and t o t~i I cost , N - S p i l t  i v e l y ,

is functions ~ f o2/p . We have curves on l y  for Power A p p r o x l m a t 1041 15 ) 1  I c  li~

usc t he sI i t  1st ic - i i—pc i icy approximations do riot have an exp i Ic  it cl~~

p& Tldc l ) c - on 0 / p . We do not have a curve for b a ( - k I o g  p r o t e c t i on  S I 1 R t  t h e

appr s lx  m a t  iou f o r  P is i f u n - t  loll  c l i  o n l y p / h .

The curve for holding cost I s  nea r l y l i nea r w i t h  an i n c r - i s e  of a j l p r o x —

lunate ly  70% wlit’n o
2
/p is inc rt - ;ised f r o m  one to  01 u .  The rep l i n I shim ent

coSt cu rve  Is convex in shape , decreas ing  by about 20% when 0 /)1 i i  rcast- s

f rein one to nine . For t o t a l  i-os t we see a n e a r l y  t i n  c i  r r e l i t  I oush  I p and

an i c r  4 - i  St i i i  a bout  507. when o 
2~ 

~~ inc reased f r o m  one to ni nt -

I
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