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FOREWORD

?s part of the on—going program in “Decision and Control Models in

Opera tions Research,” Mr. Ronald Kaufman investigates the behavior of

multi—item inventory control systems in which the means of the under-

lying demand distributions vary in a cyclic manner, corresponding to

seasonal peaks for inventoried goods. Mr. Kaufman adapts the Ehrhardt

power approximation (Technical Report No. 7), which was originally de-

signed for stationary demand distributions, to the nonstationary

environment. Mr. Kaufman tests the behavior of the power approximation

in inventory systems where the demand distribution parameters are

estimated from a limited amount of historical information. Several

sections of this report parallel similar findings in earlier reports.

- Other related reports dealing with the research program are given below.

Harvey 11. Wagner
Principal Investigator
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ABSTRACT

(s,S) INVENTORY POLICIES IN A
NONST AT IONARY DEMAND ENVIRO N MENT

Ronald Louis Kaufman

University of North Carolina—].977

Scarf (1960) proves the optimality of (s,S) policies for a class

of discrete review nonstationary inventory models. A considerable

amount of inventory literature concerns computation of optimal and ap-

proximately optimal (s,S) policies under the Scarf hypotheses. Little

research has dealt, however, with the case of nonatationary demands.

This investigation examines the situation in which demand distributions

are independent, but not ideutically distributed, and vary in a cyclic

manner. Products that experience seasonal demands are a typical example

of such a demand process.

A detailed analysis of the nature of optimal policies in the non—

stationary environment is presented. The behavior of selected operating

characteristics such as period—end inventory, backlogged demand, fre-

quency of stockou t, replenishment frequency, and associated costs also

are examined. The above performance measures for an individual inven-

toried good are aggregated over all goods to provide an analysis of the

multi—item system behavior.

Approximately optimal (s,S) policies are derived for the nonstation—

ary environment. The policies are based on the power approximation of

Ehrhard t (1976), and require knowledge of only the mean and variance of

demand. The operating characteristics of approximately optimal policies

are compared with those of optimal policies.

The approximately optimal policy rule is examined in a statistical

~~ environment tha t generalizes MacCormick (1974). Policy parameters are

_ _ _ _ _  _ _ _ _ _ _ _ _ _



revised periodically using a limited history of past demands to estimate

the mean and variance of demand. Each time the policy parameters are

revised , forecasts of system operating characteristics are calculated

from a retrospective simulation employing the same sample of demands

that was used to revise the policy.

The statistical phenomena are studied by means of a computer

simulation program using time series analysis techniques.
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1. IN VENTORY MANAGEMENT WITH INCOMPLETE
DEMAND INFORMATION

This section describes the inventory model assumptions and the

inventory operating characteris t ics  that will be used to evaluate in-

ventory policies . The Ehrha~ power approximation is also presented ,

and we will show how it can be successfully adapted to inventory systems

with nonstationary demands.

1.1 The Model

1.1.1 Structure

We consider a single—item inventory model in which the inventory

level is reviewed each period, and demand for the item is generated

by a discrete time stochastic process. The demand process is non—

stationary ; Specifically, the demands are independent , but not identi-

cally distributed , non—negative integer—valued random variables. The

distributions used to generate these demands are cyclic with period L.

Let

~l’ ~2’ 
“‘ 

~L’ ~L+1’ ”’ ~2L’ ~2L+l’ ’~ 3L’ ~3L+l’”

represent the demand sequence: then the joint distributions of 
~nL+l’

. .,  and 
~~~+l’~~

• ’  
~(m-f-l L 

are are assumed to be the same for

any integers m and n > 0. Since there are at most L different

demand distributions , •~, for i — 1,.. .,L, denotes the distribution

function for the 1
th demand within the cycle. We assume that demand

is met as long as there is stock on hand , and when a stockout occurs,

unfilled demand is backlogged until sufficient replenishment arrives .

• ~~~~~~~~~~~~~
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Units of inventory are conserved, there being no losses by de-

terioration , obsolescence, or pilferage , and disposal is not allowed .

Inventory on hand at the end of .i current period is the inventory from

the previous period plus any replenishment that a—rives , less demand

in the current period . If inventory on hand is negative , the amount

represents backlogged demand . Replenishments are assumed to be de—

livered a fixed leadtime A after being ordered . The time sequence of

events withl.n any period is taken to be order , delivery, and de-

mand.

The cost functions for the model are simple. With no discount-

ing over time and an unbounded planning horizon , a resonable criter-

ion is minimization of long—run average expected total cost per period.

The cost of a replenishment quantity is assumed to be linear with a

fixed ordering cost K. The inventory holding cost is proportional to

any stock on hand , at unit cost h , assessed at the end of each period;

a unit penalty cost w is applied to any quantity on backorder at the

end of each period .

The associated control problem is to make optimal replenishment

decisions for this model. We assume that control over replenishment

Is exercised by an (s~~S1
) policy, for i — 1,. ..,L: Whenever in-

ventory x on hand and on order at the start of the period , 1 <

I < L, within a cycle of length L, drops below the value s~ , we

place a reple~1ishment order of size S1—x . When the objective of con-

trol is to minim~ze long—run average expected total cost per period ,

and the distributions and parameters specifying the structure of the
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model are comp letely known, it follows from the theory of dynamic pro-

gramming, [see Veinott (1966) and Karlin (1959)], that there is an

(s
1
,S
1
) policy, for I — 1..... ,L , that is optima l among all possible

policies .

When the distribution generating demand is not know, then

even though this is the only assumption relaxed , it may no longer

be true that a (s1,S1
), for i ~ l,...,L, policy is optimal, using

the criteria of long—run average expected total cost per period .

Nevertheless, in this study we shall use such a policy, since it

is in popular use in the applied situation of incomplete informa-

tion . Information about the L demand di8tributions 
~~~~~

, for

I 1,. ..,L, must be gathered by inference from a limited sample

of demands .

1.1.2 Algorithms to Set (s,S) with Partial Knowledge

When the means and variances o~ , for I — 1,.. .,L, of

each demand distribution in a cycle are known, approximations to

the optimal policy are available. The approximations are based

on asymptotic theory that assume large unit penalty costs and large

rep lenishment costs. The algorithm adopted here Is the power

approximation of Ehrhardt (1976), which Is a generalization of

earlier policies based on the work cf Roberts (1962). Ehrhardt extend-

ed Roberts ’ work by generalizing the functional forms for a and S—s

—----- -— - • - ——------ -.-
-, - -————-~ 
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and then fitting these functional forms to a larger set of known optimal

policies using least—squares regression. The power approximation was

designed by Ehrhardt for use in stationary environments; one of the

purposes of this study is to investigate adaptations of the power

approximation to nonstationary envirouments.

Let ~~~~~~and ~~~~~~~ for I 1,...,L, denote the arithmetic

average of the next A + 1 demand means and variances, respectively,

starting in the 1th period of the cycle. For example, if i 5 and

= 2, then ~
) 
and are the arithmetic averages of the means

and variances , respectively , of the demands in periods 5, 6, and 7. For

each pair of ~~~~1) and the power approximation computes,

(1) D — (1 463)( 
(A+l) ).364 (K/h ) .498 [(A+1)02 +l) 3.O691

and 
— (A+l ) —(A+l) + [(x+1)~ 

+i)).416 (~
2(A+l) /.u (A+ 1) ).6O3U ( z )

(2) S
1 s1 + D

where 13(z) is given by

U( z) — (.182/z) + 1.142 — 3.466z ,

(3) C~~
1
~Y 364 (K/hY 498

z — 
+ ~ ) [ ( A 4-l) ._2(A+1)~ .431

If ~~~~~~~~ is greater than 1.5, let 
~l 

and S1 — S1

Otherwise , compute

i
__•____ 

- -
~~ 

. -
~~

- -
~~~~ 

• 
,~ ~~~~~~~~~~~~~~~~~~~~~~~ 

— ____________________
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(A+l ) 2(A+l) ½(4) S2 — (k+l)u + v [(x+1) 
~ 

]

where v is the solution to

( 5) F (v)

and F(.) Is the cumulative distr ib ’~tion function of the ~rnit normal

distribution. The policy parameters are then given by

= minimum 
~~ 

‘

(6)

S = minimum , S2
}

Since d emands are integer—valued , we r ound S
j~~ D , and S2 to the

nearest Integer .

The policy (s1, S1) is u t i l ized at the beginning of the 1th period in

the cycle. The policy (s~~S~). for I = l,...,L, computed using the power

approximation, has been adopted in this study as the basic decision rule

in the case of limited Information about the demand distribution para-

meters.

1.2 Experimental Design

1.2.1 Nonstationary Demands

In this study , we assume that an item ’s demand distribution in any

period Is negative binomial. This distribution has parameters r and

p, where r>O and O<p<l , with probability mass function

r(r÷x) r xf (x) — F (x+1) r(r) ~~~~ p for x — 0,1,...

yielding mean -r~ 
and variance 2p (1—p)

Note that the variance—to—mean ratio Is -j~
--— which is a function of

and throughout this study the variance—to—mean ratio is fixed at 3; thus

p — 2/3. We Introduce nonstatlonarity by varying the parameter r
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cyclically. We select cycle length L — 12 , corresponding to a yearly

• 
demand cycle of 12 months’ demands.

We selec t for study five general types of cyclic demand structures .

Figure 1.1 illustrates the movement of the demand distributions ’ means

in each cycle. Figure l.lb displays a ~~~~~~~ model demand structure that

henceforth we refer to as model I. The mean demand level for this model

is a for the first nine periods of the cycle , and 2ct for the last

t hree periods of the cycle.

A more gradual increasing mean Ic shown for models II and III in

Figures 1.1.c and l.l.d, respectively . Both models maintain a constant

mean a for the first seven periods of the cycle. The mean gradually

increases to a maximum level in period 10 of 2s for model II and Sn

for model III. After period 10 the mean demand slowly decreases.

Model IV , depicted in Figure l.l.e shows mean demand varying in a

sinusoidal manner where cx is the lowest level of mean demand and Sn

is the largest level.

Throughout this study models I, II , III , and IV are compared with

the stationary model, depicted in Figure l.l.a. The stationary model

maintains a constant mean demand level a . The five models’ values

of ci are selected to ensure that overall mean period demand for the

entire cycle is equal to values specified in Section 1.2.2.

1.2.2 Design Parameters

The single—item model described in Section 1.1.1 is studied under

the range of input parameters given in Table 1.1. The demand distribu-

tion is negative binomial with variance—to—mean ratio fixed at 3. The

two mean values for demand are 8 and 16. Two values , 2 and 4 , are

assigned to leadtime . Since the cost function is linear in the para-

meters K,h, and ~T , the value of the unit holding cost i• set at unity.

- - . 
.::~~ - fl 

• _____________________________ —
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Essential changes in cost arise only with changes in the ratios K/h

and iT/h. The stockout costs are ii 4 and 99, and the fixed cost

values are K — 32 and 64. All combinations of input parameters are ex-

amined in the study.

Each set of 16 input combinations is examined under each of the

five demand structures discussed in Section 1.2.1, resulting in five

separate inventory systems. The systems are labeled model I, model II ,

model III , model IV , and the stationary model, corresponding to the

names given to the demand structures. These five systems constitute

our basic experiment .

Table 1.1

System Parameters

Number
Parameter Parameter Settings of Settings

Demand distr ibution Negative Binomial (V/u — 3) 1

Mean demand 8, 16 2

Unit holding cost 1 1.

Unit backlog penalty cost 4 , 99 2

Replenishment setup cost 32 , 64 2

Replenishment leadtime 2, 4 2

1.2.3 Decision Rules

This study examines three decision rules: optima]. inventory rules,

approximately optimal rules, and statistical approximation rules. The

computation of optimal policies is explained in detail in Section 2.1.

Approximately optima 2. policy rules are calculated using the power

approximation , discussed previously in Section 1.1.2. A third method

— ~~~~~~~ 
- , - -. -- 

—
~
---.

~~~
-—---- -- —---
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is the statistical power approximation , which is explained In the

r emainder of this section . Both the optimal and approximately optimal

policies are analyzed analytically in Section 2. Ssgtion 2 also inves-

tigates the effects of demand structure misspecification on the power

approximation . Computer simulation is used to investigate the étatistical

power approximation , and the findings are presented in SectIon 3.

For an arbitrary integer t , let G<t he the number of observed

demands during periods t—G to t—l. In order to use the statistical power

approximation of Ehrhardt (1976) in a stationary environment, the sta-

tistics required are the sample mean and variance of demand, ~ and V ,

respectively. If t is the period In which we decide to compute a

statistical policy, then

G

r.l t—r

G 2V — (G—l )~~ E (~~~— 0
T ’l

When using the statistical power approximation , we periodically obtain

a new (s,S) policy by substituting ~ and V f or A+~~ and —2(A+l)

in equations (1) through (6).

In a regression context ~ and ji are estimators of the regression

coefficient a and the variance of the disturbance term for the re-

gression model

y ax + c  for r l,...,G ,
t t  t — T

where , for the stationary environment

demand in period t — r  

.~~~~~~~ -
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cx — stationary mean demand level

x - l
t—T

E (c
~~~~

) 0 for all t > r

E(ct ck,..) 0 for t~k, t>r , k> r ,

E ( € ~~~~)  — 
2 

~or all t>t

In our nonstatlonary environment, however , x
~
_
~ 

is no longer

identically 1 for every demand period~ now xt 
depends on the posi-

tion of period t—t within the demand cycle. We assume that we know

the cycle length, and we let each period ’s mean demand in the cycle be

represented as the produc t of the appropriate value of 
~~~ 

and a

which is the smallest demand mean of the demand structure . We also

assume tha t the values of 
~~~ 

are known, but that ci must be estimated.

The appropriate regression model is

+ f or r — 1, . .

where

— demand in period t—t

ci smallest mean demand level in the demand structure

X
t T  

appropriate constant such that nx
~ 

is the mean

demand level in period t— r

E(E
~~~
) — 0 for all t>T ,

— 0 for t~ k , t> r , k>r ,
2 2

E (C
~~~~

) — ci..~(t—r ) for all t>r ,

— c for all  t > r ,ax~~~

y(t 1) — appropriate demand structure index used in period t—t .

. T .  -

. 

--.- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
---j- i

~~
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y ( t — r )  identif ies  the demand distribution used in period t—t , relative to

the cycle. For example, if y(t—T) 5, then period t—r receives demand

from the fifth period of the cycle, and the variance of demand in 
period

2
t—t is 0

5
.

Table 1.2

Valu es for x i—i

— 
Pe~~ od t h~~~~~~e_ —

_ _ _ _ _ _ _ _ _ _  __i_ ~~~ ~~~ ~~~ ~~~ ~~~ _L ~L 
9 !P~ ~ L. 12

Stationa ry Mode l 1 1 1 1 1 1 1 1 1 1 1 1

Model I 1 1 1 1 1 1 1 1 1 2 2 2

Model II 1 1 1 1 1 1 1 1.33 1.67 2 1.67 1 .33

Model III 1 1 1 1 1 1 1 2.33 3.67 S 3.67 2.33

Model IV -~~~~~~ 2.60 1.80 1. 1 1.80 2.60 3.40 4.20 5 ~ 4 . 20 3.40

The values of x within a cycle for each of the demand s t ructures
t —r

studied are given in Table 1.2. Observe that  x
~_ 1 i~ 1 when the mean demand

level in period t—T is a and 2 or 5 for the nonstationary systems when

the mean demand level in period t—t 18 at its largest value. Hence, in

models I through iv, a represents a base level of mean demand , and x~~1

determines how much above that level the mean demand in period t-r will be.

The nonstationary regression model contains heteroscadastic disturb—

ances. However, dividing both sides of the regression equation by

will eliminate the heteroscedasticity [see Johnston (1972)), and produce

a transformed model with disturbance variance equal to the variance—to—

mean ratio , which has been kept constant , times cx . The resulting

least squares estimator of a is

C
E

t~ 1
~ G

E
t— l

_ _ _ _ _  1~~~~~~ fl~~~ flfl -~~~~~ 
— - - — — . -—-— --.—— — -—-—
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and a s tandard estimator of ce the variance—to—mean ratio times ci , is

C 1 2
X ~~t—t 

— X
2 v 1  t— r

8 — 
C— ] .

Once ; and 
2 are obtained , we can estimate and

fo r i — 1,...,L, by

E c i x

— 
j—R

I A + 1
and

~2(A +i) 2—(A+l)
5 U j /~

respectively, where R is chosen such that Y (R) — 1. These estimates are

substituted for and in equations (1) through (6) of

Section 1.1.2 to obtain the statistical policy (s
1,
S
1
).

1.2.4 Policy Revision

In implementing a statistical inventory policy , in a real—life

environment , the policy parameters s~ and S1, for i — l, . . . ,L , wo u ld be

revised at regular intervals. With such revisions taking place, there

are system design choices to be made concerning the length of history

kept and the amount of information stored. For the simulation experi—

‘nents in this study, a history of fixed length is kept for each re-

vision, and equal weight is given to each observation. This is not

optimal if the demand process is known to be stationary, for then the

entire history should be accumulated to give progressively better know-

ledge and performance. Even when demand is known to be nonetationary, but

varying in a regular manner , such as by a trend or periodic cycle , or both,

an optim al decision rule would generally utilize the entire history .

_ _ _ _ _ _ _ _ _  - —— -. — —~ - - — -
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The decision—maker usually is not in a position to know, however ,

that conditions observed , even over the entire past history, will con-

tinue to prevail. This lack of complete information provides justifi-

cation for making frequent revisions, placing greater weight on observa-

tions from the immediate past and less on distant history . For this

study, an arbitrary choice has been made to keep a history of fixed

length and give equal weight to all observations in the history . In

this study, the revision interval and revision history length are both

24 periods , implying “monthly” demand data that are accumulated over the

same time interval. For a detailed discussion of demand generation ,

system initialization , and output analysis, in the simulation experiment

see MacCormick (1974, pp. 52—58).

1.2.5 Item Operating Characteristics

We exam1r~e detailed operating characteristics of each Item In the

five systems . These are the period—end inventory on hand , the period—

end stockout quantity, the frequency of period—end stockouts , the re-

plenishment quantity, the frequency of replenishment , and the total cost

Incurred. It Is assumed that the decision—maker is interested only in

the average performance of these characteristics between revisions ,

corresponding to the practice adopted by accountants of makir.” reports

to management at periodic intervals.

One objective of the study is to make inferences about the dis-

tributions of these operating characteristics for each of the three

decisions rules (optimal policies under full information, approximately

optimal policies , and statistical approximation policies), that were

discussed in Section 1.2.3.
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1.2.6 Forecasting

The method of MacCormi~ k (1974) is used to forecast operating char—

nte ristlc s when the system is controlled by the statistical power approx—

imatfon r,ilc . Of ten termed “retrospective simulation ,” this method takes

the recent demand history for the Items In the sample and estimates the

performance of the chosen policy for this history . Thus, the method uses

the same data twice , once to fix the policy parameters , and onec to fore—

cast the performance. As a result , the forecasts are biased , and th is

study investigates the extent of the bias.

At each revision , af ter the (s
1
,S )  parameters , for I = I,.. .,L,

have been set to new values , a forecast is made of the properties of the

system . A history of the latest G+X demand values is kept to make the

forecast. [W~ note that there are differences in information storage

requirements of considerable importance in practice. To make a forecast

of performance by retrospective simulation , the demands for the item In

each of G+A periods must be stored , whereas the statistical decision rule

may require only a handful of sufficient statistics to set the (s
1
,S

1
)

policies. Also , for multi—item systems the cost of accumulating in stor-

age the data needed to make fore asts by retrospective simulation is

likely to be so high that histories will be kept for only a representative

samp le of Items from the system.]

The forecas t s  are made every 24 periods by running the system , using

the new policy values of s~ and S
1 , for i — 1,. . ., L , and observing

the operating characteristics as If these policy values had been in force

when the history occurred . Each time there is a policy revision , (every

24 periods), there is a forecast for each operating characteris t ic. The

si;Iu Iation Initializes the stock on hand and on order at the actua l value

at the time of the forecast , that is, at the time of revision. As actual

0- 
~~~~~~~~~~~~~~~~~~~~~~~~ 

- -  -
~~~~

- — ——-— -~~~~
-— -- —- ----
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stock on hand is not recorded until the elapse of a leadtlme after re-

vision , the same interval is allowed to elapse before recording It for

the forecast. The Inventory on hand variable Is therefore initialized

at the initial value for inventory on hand and on order less the first

A demands in the history of G+A demands.

1.3 A Multi—Item System

Scientific techniques for Inventory control are generally applied to

systems of many items. This study combiner the results from the five 16

single—item systems into five multi—item systems . Since management general—

ly assesses the performance of control techniques for a multi—Item Inven-

tory system by observing indices tha t are aggregate operating characteris-

tics [Wagner (1962)], certaIn aggregate characteristics have been computed .

The operating characteristics of the multi—item system under statis-

tical control have been measured by aggregating the sample values of the

corresponding characteristics for each Item in the system . When the

system is operated under perfect information , these characteristics are

computed analytically. The aggregate of average total cost per period Is

computed as the arithmetic sum of the corresponding costs for each item .

The components of total cost for inventory storage , backlog penalty, and

ordering rep lenishments are similarl y computed . The aggregate backlog and

replenishment frequencies are arithme t ic averages of the corresponding

frequencies observed for each item In the system . Since the unit inv in—

tory holding co8t for all Items is unity, the average number of uni t s in

inventory at period—end is numerically Identical to the aggregate overage

holding cost per period . Finally, a weighted proportion of demand back-

logged is computed as the rat io of a weighted sum of the average quantity

backlogged per period to a weighted sum of the (exact) mean values of

demand . The weights used In both the numerator and denominator of the
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ratio are t h e  u n i t  cost of backlogging demand for the respertiv~- Item .

Throughout this study the nonstationary systems will be compared to

the system with stati~ narv demands.

- , - 
-
~~~~~~

-
~~ 

—
~~~~~~~~~~

-
~~~~

— -
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~~
. SYSTEM CONTROL WITH FULL INFORMAT I ON ABOUT DEMANI )

SectIon 2.1 contains a detailed explanation of the analytical models

used to obtain optima l policies and evaluate the operating characteristics

of arbitrary policies of the (s,S) type . Sections 2.2 and 2.3 record

information descriptive of single—item and multi—item inventory systems

controlled optimally and approximately optimally with full information

about demand . The main Intention of Section 2 is to establish bench-

mark values of the systems ’ operating characteristics foi later comparison

with systems controlled using only statistical information about demand .

The data in this section also illustrates that the Ehrhardt power approx-

imation can be adapted to control nonstationary inventory systems .

2 .1 Analytical Models Used to Obtain and Evaluate Optimal Policies

In Section 1.1.1 we denoted the length of the demand distribution

thv~ le by L. Hence if 4~ represents a demand density for the I

period in a cycle of L periods , then demand densities in successive

periods arc

~i’ 
+2~ 

. 
‘ ~L ’ ~l ’  ~2 ’ -

Thus , is the demand density in period 1, Is the demand

density in period 2, and 
~L 

is the demand density in period L.

In period L+l , the demand density is again •~, and the cycle repeats.
We denote the v+l— fold convolution of successive demand densities by

v+l v+l
~~

, ; that Is, is the convolution of I and the next v (knslt ics

that follow I In the cycle , for I — 1,... ,L.

When n periods remain in the finite horizon of a single—item

inventory model , an optimal (s ,S) policy is obtained by employing a

..
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recursive r lationshi p based on the results of Scarf (1960) and Veinott.

1 (19b6). We ut iii~ e the relationship f or n ~ A

i (x) mm {KS (y — x) + H(y,y(n)) + 1 
~n—l~~

’ —

E~ O

where

x inventory on hand and on order at the beg inning of period n ,

prior to the ordering decision

y = inventory on hand and on order after the ordering decision in

period n hut prior to receiving demand in period ri

n = number of periods that the item will be stocked

i (n) = the appropriate demand density index in the cycle when n

periods remain

0 fo r  z 0
ó (z)  =

1 for z~~~ 0

del ivery lag

h~ ~~~~ 
~A+l 

~~~ + ~~ (~-y) 
~A+i (ç) for Y O

y n  y

H(y,y(n))

1Tl (~ —y) $ () (~ ) for y c O

0.

I)ef Inc

G (y) - H (y,Y(n)) + Z f
1

(y -

S — smallest integer that minimizes G (.)

a smallest integer such that 0 (a ) < K + 0 (S ) .n n f l  n n
Then

~~+ G ( S ) fo r x < sfl it n
f (x) —

G ( x ) fo r x~~~ s ,n n

--- - 
— -
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and thus, (s ,S )  is an optimal policy when n periods remain.

Our algorithm calculates (s~~S ) ~ for n A + 1, A + 2

recursively. Due to the cyclic nature of the demand structure , an

optimal inventory policy consists of L, possibly distinct , (s,S)

policies: that is, one for each period in the cycle . We terminate

the algorithm when no further change in the policies occur . The just-

ification for employing this approach is mainly heuristic , since we are

not aware of any convergence theorem for this recursive process. In

fact , the computer program used to implement the algorithm occasionall y

does not converge to a set of policies but cycles between sets of

policies . An example is given in Table 2.1, which shows S12 
cycling

between 94 and 95. Note , however , that the difference in total cost

per period between these two inventory policies is negligible .

The operating characteristics of a specified inventory pol icy ar c

calculated by extending the methods of Wagner (1969), who considered

the stationary environment , to our cyclic environment. Wagner (1969)

solves a Markov chain to determine the stationary distribution of

inventory on hand and on order after ordering. These probabilities are

denoted
r(y), for y — a,...

where (s,S) Is a stationary inventory policy in use .

When demand distributions vary periodically, another dimension must

be added to the )~ rkov state space, namely, the period in the cycle. Thus,

our state space is (y,i) and represents the state of having y units of

Inventory on hand and on order after ordering at the beginning of the

period of the demand cycle. Since the policies used each period may vary,

y can assume values from to S, where s~ is the reorder point used

in the 1
th period of the cycle and S is the maximum S~ of all L

- —--~~~~~~ ------ - ----~---~~~~~---——
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Table 2.1

Optimal n—Stage Policies (s , S
n
)

Model II

Mean = 16, iT — 9 9 , K 64, A 2

n s S n s S n s S
_ _ _ _  

n n 
_ _ _ _  

n n n n

1 56 73 25 61 96 49 61 96

2 72 93 26 71 105 50 71 lOS

3 88 115 27 87 121 51 87 121
4 92 131 28 92 132 52 92 132

5 85 138 29 85 137 53 85 137

6 68 112 30 68 112 54 68 112

7 59 94 31 59 94 55 59 94

8 54 100 32 54 100 56 54 100

9 55 90 33 55 90 57 55 90

10 56 90 34 56 90 58 56 90

11 55 93 35 55 93 59 55 93

12 55 94 36 55 94 60 55 94

13 61 96 37 61 96 61 61 96

14 71 105 38 71 105 62 71 105

15 87 121 39 87 121 63 87 121

16 ~2 132 40 92 132 64 92 132

17 85 137 41 85 137 65 85 137

18 68 112 42 68 112 66 68 112

19 59 94 43 59 94 67 59 9/4

20 54 100 64 54 100 68 54 100

21 55 90 45 55 90 69 55 90
22 56 90 46 56 90 70 56 90

23 55 93 47 55 93 71 55 93

24 55 95 48 55 95 72 55 95

TOTAL COST WITH S — 94: 68.3967912n

TOTAL COST WITH S — 95: 68.3968412n
4 ———-—________________________________________________________ —— — —

_ _ _ _  - — --- ~~~~~~~ -~~~
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pe riods in the cycle.  In order to calculate replenishment probabiliti es,

the states (S 1, i) ,  for i — 1, . . . ,L , are decomposed into states

(S i (o rder) , i) and S1(no order) , i) ,  for i — 1, . .  ., L. The state

(S
i
(order),i) represents entering period I with inventory on hand

and on order befo re orde r ing less than s~ , so that an order occurs in

period I. The state (Si(no order),
i) represents already having S1

units of goods on hand and on order before ordering, so that no order

occurs in period i.

Due to the cyclic nature  of the model , the probability of entering

state (.,j), for 1 � j s L, given that the last state is (.,I ) ,  f o r

1 < I < L, is zero for j ~ i + 1, unless i = L and j 1. Thus, the

general s t r u c t u r e  of the transit ion m a t r i x  may be presented by examining

only the transition probabilities from any period I to period I + 1,

for 1 s i � L — 1, within the cycle. Such a matrix is shown in Figure 2.1.

The structure depicted in Figure 2.1 assumes that s~ < s1 + ~ 
< S1

< S1 + ~~
. Note in Figure 2.1 that the structure of this matrix is sinti—

lar to an upper t r iangular  s t ruc ture , whe n the last s~ + ~ 
— s~ r ows are

igno red . If s~ > a 1 + I’ then the upper triangular structure would appear

only in the first S — a . + 1 rows of the matrix.

Let

r(S1(no order),i) for I — l,...,L

r(S1(order),i) for 1 1,. ..,L

r ( y , i) fo r I l , . . ., L and

y — 

~~~~ ~~~~~~~

1

denote the stationary probabilities for the Markov chaIn. For notational

convenience , we also de f ine
I.

I 
_ _ _ _ _ _ _ _ _ _  

_ _  
_ _ _

- ~~- ‘j.- ----—- — - - - — --__,- - — - --- - --- .———--------—-- —~
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r(S
1,
i) r(S

1
(order),i) + r(S

1(no order),i) for I = 1, .. ,L.

After solving the Markov chain for r(,~~) ,  we can compute the

operating cha rac ter is t ics :

Expected Stockout Quantity S S r ( y , i) [  S (Q—y )~*~~~’(Q) ]
i l  y s 1 Q>y

L S y
Expected Period—End inventory = S S r(y,i)[ S (y—Q)~ 1 

1 (Q))
1=1 y—s

1 
Q=O

L
Rep lenishment Frequency = S r (S1(o rder) , i)

1—1

L S  y
Stoekout Probability — 1 — S S r (y , i) [ S ~k+l(~_J)]

i— i y s 1 j ’.O

Expected Replenishment Cost = K ( R ep lenishment Frequency)

Expected Holding Coat = h(Expected Period—End Inventory)

Expected Backlog Cost = ii (Expected Stockout Q u a nt i t y )

Expected Total Cost = Expected Replenishmen t Cost +

Expected Stockout Cost +

Expected Holding Cost.

Note that each of the L periods in the cycle contributes to the ex-

pected value of the operating characteristic. Hence, when we refer to ,

for exanple , expected total cost , we are not referring to the expected

cost incurred in a specific period of the cycle , but rather the average

value per period for an arbitrary period in the cycle over the in finitc

horizon .

in the stationary environment Veinott and Wagner (1965) prov e tha t

If an (s , S) po licy is opt i mal , the stockout probability is bounded above

by h/(h + i t) .  This upper bound is valid also in the cyclic demand

environment , as shown next .

4 —.--—-—--- - 
— —-- 

4— —-,—,-.—-______ -_____
~
_______________‘__‘_ _ __ _ _ - -. — - — —4——— - —--—-4- — — - 

_
T -



Let Cs . + C , S~ + C), for I = 1,...,L, represen t an inventory pot t cv

in a cyclic demand environment of cycle length L. The policy

(a . + C , S . + C) is used In the 1th per iod of the cycle. The tota l

expected cost of such an inventory policy over an entire cycle can 1w

expressed as
L L D . — —

(1) K r(S
1 

+ C( ord er ) , i) 4 L S~ H(S + C — y, i)r(S + C — y,1)
1= 1 1=1 ya.O

where

S = max (S
1
}

1). = S — s
1 , for i 1,.. .,L.

Wc seek an Integer C such that total coat with respec t to the pol icy

(s . * C, S
1 

+ C ) ,  fo r  i = 1,.. ,L , is minimized . Since shifting every

(s , S) po l i cy  in  t h e  cy cle by C can no t cha nge r ep lenishment frequency,

minimizing (I) with respec t to C is equivalent to minimizing

L D

~ l1(S + C - y,i)r(S + C - y,i)
1=1 y=O

with respect t o  C.

It is et s i l y verified tha t H(S + C — y, i) is convex in C. I ’h t t s  We

-o~ -k the sma lleot C such that

L D .
S ~ H ( S  + C + 1 — y , i ) r 1(S + C + I — y,i) —

1 =1 y~-O

L D
11(5 + C — y,1)r2

(S + C — y,i) � 0 ,
1=1 y— O

where r1(,~~
) and r

2(’
,~ ) are the stationary distributions assoc iated with

pol ic ie s 
~~ 

+ C + 1, S1 + C + 1) ,  f o r  I — 1,... ,L , and (s~ + C , S 1 + C),

for  1 1,. .. , L , respectively .  But since shifting all the (s,S) policies

in the  cyc l e  by a constan t can not a f f ec t the stationary distributions

r 1 (z + 1, 1) and r 2 (z , 1) are equivalent , for z + C , . . . ,  - F C and for

________________________ — —.————.—————.—-——..—--——--——
~
- ,—.————— -——-—— -—-- —— --
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a ll 1. Hence , we ca n use r ’( z , )  to denote r 1(z + 1, . ) and r
2

(z ,~~) .

Veinott and Wagner (1965) express H(S + C + 1 — y,  I)

— H(S + C — y ,  1~
) as A-fl —

(h + w )~~1 (S + C — y , i) — it ,

where A+l (z) S (v)
v-0

Therefore , we seek the smallest integer C such that

{(h + i t)  ~r’
(
~+ C — y, i)r~~~ + C - y, 1) - ir ’(? + ~ - y, I ) )  ~ 0

i—i y— 0

or

L D A
5 ~~ ~~~f~~(5 + C - y, i ) r ’(S + C — y, i) � i t / ( h  + i t) .

1=1 yaO

The left  hand side of the above inequality is , for  t he minimizing value

of C, the probability of having 0 or more uni ts  of inv entory In s tock.

Hence , the stockout probability is bounded above by 1 — ,r/(h ÷ i t)  or

h / (h  + i t) .

Since this proof is valid for arbitrary (s,S) policies , it is

valid for tie class of policies (s1 + C, S
1 

+ C), for i — 1 , . ..  , L,

where (s~ , S. ) ,  for I — l,...,L, differ from the optimal policy by

C. Hence , the proof remains valid for optimal policies.

2.2 Optimal Control with Full information: Multi—Item Systems

We let each item in the 16—item nystems described in Section 1.2.2

be controlled by using optima l rep lenishment pol1~-ies . Table 2.2 lists

the resulting expected values of average total cost per period and Its

components for the 16—item negative binomial systems with variance—to—

mean ratio of 3. Each component ’s percent of total cost is shown In

_ _--
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Table 2.2

Average Costa Per Period for a Multi—It em
Plcgailvr Binomial Syp te., Optimelly Controlled

STATIONARY MODEL MODEL MODEL MODEL
COST COMPON ~~~T MODEL I 

—— 
Ii 

- 111 IV 
—

iNVENTORY 439 (57.8) 433 (58.0) 438 (58.2) 429 (59.7) 434 (58.6)

UCKLOG 109 (I4.4~ 106 (14.2) 106 (14.2) 102 (14.1) 204 (14.1)

REPL~ 4LSW4ENT 211 (27.8) 208 ( 2 1 . 8 )  
-
~ 208 (27.6) 188 (26.1) 202 (i7.2)

760 (100.0) 747 (100.0) J 752 (100.0) 718 (100.0) 739 (100.0)

Observe tha t the stationary model ’s total cost serves as an upper

bound for the nonstatlonary models. Appendices A to E revea l that (he

total cost of each individual case in the stationary system also provides

an upper limit for the corresponding cases In the nonstationary systems .

Further experimentation is required to determine if stationary costs can

se rve as u s e f u l  upper  bounds for  nonsta t ionary models. Models I ll  and

IV , which have the largest variation in demand means, have the lowest re-

plenishment and total costs of all the models examined .

The apportionment of expected average costs for various classifica-

tions of the items in each multi—item system is shown in Tab le 2.3 which

gives the distributions by percentage of the expected average total cost

per period. Aggregate values of other operating characteristics for the

various classifications ire set out In Table 2
•4~ The c l a s s i f i ca t i ons  are

one—way in the sense that Items in the system are grouped according to the

value taken by a single Input pa rameter.

Table 2.3 reveals tha t  the re la t ive  di s t r i b u t i o n s  of cos t are virtu-

ally the same for the five models that we studied . This suggests that the

cost parameters , the leadtime , and overall demand mean are the dominant

factors in determining the distributions of system cost , whereas the na-

ture of the nonstationarity has little infL ~~ on the coSt distributions .

With the exception of the replenishment fre ‘ ic’ncles -f models LII and IV ,

-—.--  - - - -----
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the aggregati- values of operating characteristics in Table 2,4 of the

nonstationa ry systems are similar to those of the stationary model.

The sensitivity of operating characteristics and policy parameters

is suninarized In Table 2.5, which has been constructed by observing any

monotonicity in the relation for a multi—item system . With the exception

of the stationary model’s decreasing relationship of backlog frequency

with leadtime , the relationships of operating characteristics to input

parameters an- identical for the stationary system and all noti—stat lon—

ary systems , suggesting that the nature of the nonstationarity does not

play a major role in the sensitivity of operating characteristics to in-

put parameters.

Policy parameters a and S also follow identical relationships

for those systems studied ; however , the difference S—s , which i~ denoted by

D, does not generally maintain the same relationships for each s ys t e m .  For

example, while D increases with respect to leadtime in the stationary

system , no such simple relationship exists in any of the nonstationary

systems. The only monotonli relationship for D that all systems have

in common is that with respect to replenishment cost.

Finally, we explore one o her point , an approximation well-known

to writers or, inventory control , which Is potentially of grea t practical

use. As proved in Section 2.1 , for tn optimally—contro]led multi-period

inventory model with linear costs , the probability of a stockout occuring

is no larger than h/(h + yr). Inspection of Tables 2.4 shows that the

backlog frequencies are close to their upper bounds for every system . For

example , the 8 items having iT — 4 in the model I system have a combined

relative backlog frequency of .192 , compared to the upper bound of .200.
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Table 2.5a

Sensitivity of input Parameters of Operating Characteristics
ol an Optimally Cont rolled Inventory Sys tem When

Dema n d Has a Negative Binomia l Distribution

INPUT P ARAMETERS

_________ 
C (O UT) /C( IN ) C(F Ix ) /C ( IN ) LEADTIME f-lEAN DEMAND

STAT IONAR Y MODEL 
-

OPERATING CHARACTERISTIC

E(COST) + f t

E(PERLOD-END INVENTORY) +

E (BACKLOG COST) + + t

E(BACKLOG FREQUENCY) + t 4 t

PROPORTION DEMAN D BACKLOGGED 4 4 4

E(REPLENISHMENT COST) 4 4

E (REPLENISHNENT FREQUENCY) 4 + 4

POLICY PARAI-IETERS

1) 4 t 4

5 t 3- 4 4

S 1- 1- 1- 4

MODEL I

OPERATING CHARACTERISTiC

E(COST) + 4

E(PERIOD-.ENI) INVENTORY) 4 4 4

E(BACKLO G COST)

E(BACKLOC FRE QUENCY) t 4

PROPORT ION DEMAN D BACKLOGGED + 4 +

E ( REPLENI SH MENT COST) 4 4

E(REPL ENISH MENT FREQUENCY ) 4 t 
—

POLICY PARAMETERS

D 4 t

*3 -1 4 4

S 1 + 4

+ indicates relation is monotone increasing

~ indicates relation is monotone decreasing
“ii indicates re la t ion  is approx ima te ly  constant
? indicates no conclusion can ht~ d r a w n  i ron the data
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Table 2.5b

Sens i t iv i ty  of input Pa rameters of Operat ing Characteristics
of an Optimally Controlled Inventory System When

Deman d Has a Negat i ve Binomial Distribut ion

INPUT PARAMETERS
____________ 

C ( O U T ) / C ( I N )  C ( F I X ) / C ( I N )  LEADTIME M EAN DEMAN D
STATIONARY MODEL

OPERAT iNG CHA RACTERISTIC

E(COST) + 1 4

E(PERIOD—END INVENTORY) + t + 1

E(BACKLOG COST) + +

E(BACKLOC FREQUENCY ) 3- 4 3- 4

PROPORT ION DEMAN D BACKLOGGED + 4 + +

E(REPLEN I SHMENT COST) + 4 t

E(REPLE NI SHMENT FREQUENCY) 1 + + 4

POLICY PARAMETERS

U -
~ + 1-

S + 3- 1~ 
*

S 1- t I t

MODEL II

OPERATING CHARACTERISTIC

E( COST) I t

E(PERIOD—END INVENTORY) f t + I

E(BACKLOC COST) + 4 4 4

E(BA CKLOC FREQUENCY) 4 4

PROPORTION DEMAND BACKLOGGED 4 4 4

E(REPLEN I SHMENT COST) + 4 4

E(REPLENISHMENT FREQUENCY) I 4- 4-

POLICY PARANE’rERs

D 7 4 7 1

S 1 4- 1’ 1

- 
S 1 + 1 

________

indicates relation is monotone increasing
+ indicates relation is monoto ne dec r easing
“.‘ indicates relation is approximatel y constant
7 Indicates no conclusion can be drawn from the data

_ _ -- _ _ _
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Table 2.Sc

Sensitivity of Input Parameters of Operating Characteristics
of an Optimally Controlled Inventory System When

Demand Has a Negative Binomial Distribution

INPUT PARAMETERS
_______________—— C(OUT)/c(1N) C(FIx)/C(IN) LEADTINE M EAN DEMAN D
STATIONARY MOI)EL

OPERATiNG CHARACTERISTIC

E(COST) t + t

E(PER I OD—END INVENTORY ) +

E(BACKLOG COST) + 4 4 t

E(BACKLOG FREQUENCY) + 4

PROPORTION DEMAN D BACKLOGGED + + 1 3-

E (REPLEN ISHMENT COST) 4 + + t

E(REPLENISHMENT FREQUENCY) 3- 3-

POLICY PARAI-IETERS

D + 1 4

S 4 + +

S +

MODEL I I I

OPERATING CHARACTERISTIC

E(COST) t + I

E(PERIOD—END INVENTORY ) I I + I

E(BACKLOG COST) 1- +

E(BACKLO G FREQUENCY ) + + 4

PROPORTION DEMAN D BACKLOGGED 3- 4 4 3-

E(REPLENISHMENT COST ) 4 1 +

E(REPLENISIIMENT FREQUENCY) 1 + + 1

POLICY PARAMETERS

D ? +

S t 4- 4

S 
_•_ — —--- — 

1 4 + 1

I indicates r e l at i o n  Is monotone increasing
+ indicates relation is ux)not-)ne decreasing
‘
~~ Indicates r e l a t i on  is a p p r o x i m a t e ly  constant p
? Indicates no conclusion can be dr awn from the data

____________________________________ — ~~~~ ? 
—_ - —_———-—- .-_- _— _—_ - — —_——__ — — —_____________ _
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Table 2 .Sd

Sensitivity of Input Parameters of Operating CharacL iristics
of an Optimally Controlled Inventory System When

Demand Has a Negative Binomial Distribution

INPUT PARAMETERS
_____ ____ 

C(OUT)/C(LN) C(FIx)/C(IN) LEADTLME MEAN DEMAND
STATIONARY MODEL

OPERATING CHARACTERISTIC

E(COST) t + + 4

E(PERIOD— INVE N TORY ) I + I

E(BACKLOG COST) + + +

E(BACKLOG FREQUENCY) + + +

PROPORTION DEMAND BACKLOGGED + + + 3-

E(REPLENISHMENT COST) + + +

E (REPLENISHMENT FREQUENCY) t + + +

POLICY PARAMETERS

D 3- + +

5 + 3- + I

S 1 + + 1

MODEL IV

OPERATING CHARACTERISTIC

E(COST) 4 1

E (PER1OD—END INVENTORY) I + I

E (BACKLOG FREQUENCY) + + 4

PROPORTION DEMAND BACKLOGGED 4- 1 +

E(REPLEN I SHMEN T COST) + + 1

E(REPLENISHM ENT FREQUENCY) 4 4 + I

POLICY PARAMETERS + 4

I) ? I

9 I 4 4 1

S 
_ _ _ _ _ _ _ _  

I t I I

~ indicates relation is monotone inc reasi n g
+ indicates re la t ion  is monotone d e c r e a s in G
“ indicates relation is approximately constant
7 Indicates no conclusion can be drawn f rom the data

~~ .i— - — —7r .—-----— .- -.— . - --—-- ------ — - - -  * - - —— 
~~~~~~~ 

-— - 
—
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2 . 3  Optima l Control w i t h  Full Information: SIngle—ltem~~y~ t t-ms

Summary i nf o r m a t i o n  about  the  pe r fo rmance  of s i n g l e — i t e m  s y s t e ms  under

opt ima l cont ro l  w i t h  full information is tabulated in Append ices A Lu  E.

Two single—i tem cases are selected for the collection of more detailed In-

f o rm a t ion. Operating costs are examined for each period of the 12 month

cycle. For convenient reference , the cases are labelled A and B, and the

input parameters are set out In Table 2.6. These two cases are chosen he—

lOse tht- v best illustrate the effect of the  n o n s t a tio n a r y  demand s t r u c t u re

on the operating characteristics. To facilitate the analysis , Figure 2.2

disp lays the A + 1 fold convoluted demand means for both cases. Nute that
(A -f-i)

the eunvoluted means differ from only by the factor l/(A + 1) and

(A  +1)are deno ted by p
1

Tabl e 2.6

2 Single—I tem Cases

~~ Demand 
— ____ ______________________ ___________

Case jStructure MEAl: LEADTIME C(FlX)/C (IN) C(OUT)IC(EN)

A Model I 16 2 32 99

B
_ j

~~~~ del IV 16 2 32 99

Figure 2.3 shows the monthly cost contributions to average total cost

per period and its cost components for case A. Replenishment costs for

month I are the result of orders made at the beginning of month 1.

Since an order decision at the beginning of month I can not affect the

system until the order arrives A periods later , we associate the backlog

and holding costs Incurred at the end of period I + A with perIod 1.

Thus, backlog and hold ing costs graphed In Figure 2.3 actuall y eccur A

periods later. Table 2.7 lIsts case A ’s opt ima l (s1, S1) policy, f o r

i — l,...,12.

— .—.- - - - - - -.- -- -- - - - - -  - _____
~~~* __~~ _ —~~~~~
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The most ~.r rik f:ig property of Figure 2.3 is the presence of two

la rge sp ikis In each of the cost components. This phenomenon is best

explained by e xamining each period ’s order probability, which is pr r fl er—

ional to Its replenishment costs, and the optimal policy.

Table .~.7 reveals that s~ Is r e l a t i v e ly s t a b le  fo r  the  f i r s t

seven periods uf the cycle . Similarly, S
i 

is r e l a t i v e l y  c o n s tan t  f o r

the fit st five periods ot demand hut begins to decrease in periods 6 and

7. l’he policy emp loyed in period 8 devia tes sharp ly  from this pattern.

The policy parameters and S
8 

increase greatly over previous va l ues.

This  is caused by the value of p10 
= 2 5.6  , which is twice the value of

the first nine demand means in the cycle. Thus , is the flr~.t convo-

luted demand mean in the cycle tu reflect the presence of larger de~ ,ln d .

In anticipation of thc increased demand , 
~8 

greatly exceed s the f irst

seven values of s. in the cycle, so that the probability of ordering

in period 8 increases sharply. As p 1
(3) 

increases, so does s~~, both

reaching maximum values In period 10. The parameter S
1 

also increases

roughly with p.
)
, but the maximum value for S

1 ~ccurs in perton (9 ,

one period before the largest convoluted mean is en ‘untered . l i t - c e , the

movement of optima l polic ies for ease A can be ana l yzed by examinin g fli t-

behavior of t he convoluted means , shown in Figure 2.2.

Since 
~8 

is several units ~reaier than S7, there is it hi gh proba-

bil ity of order ing in perIo d 8. The Increase f S
8 

over past values

results in an increase in expected inventory costs and a corresponding

decline in expected penalty costs. If we assume rli . .t an order has taken

pla ce in pe r iod 8, then we enter perIod 9 with an expected \ llue o f

108 — 12.8 — 95.2 units of inventory on hand and on order , which gret t l v

exceeds 8
9 

— 86. Thus, the order probability In period 9 decreases ,

causing a decrease in expected holding cost and an Increase in expected

- a- - - -- - 
... - - - - --- --—-- - — - - -
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Table 2.7

Opt ima l P o l i c y  fo r  Case A

Period in
Cycle: I a S

1

1 57 82

2 57 83

3 57 82

4 57 82

5 57 84

6 59 77

7 55 67

8 72 108

9 86 130

10 105 128

11 89 112

12 73 95

I

= 
--

~~~~~~~~~~~~~ 

- ---
~~~~~~~
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penalty cost. Assuming that no order is placed In period 9 , we then

enter period 10 with an expected 95.2 — 12.8 = 82.4 units of inventory

on hand and on order , wh ich is significantl y less than s~~ — 105. Hence,

we again see an increase in order probability that increases expected

hold ing  costs  and r educes  expected backlog costs.  A f t e r  perIod I D ’ s

demand th e  expected  on hand and on order leve l is , assuming an ord er

occurs in p e r i o d  10 , S10 
— 2 5 . 6  — 102.4.

It is i m p o r t a n t  to note that in explaining the structure of the

cost components  in the demand cycle , we have assumed a d e t e r m i n i s t i c

p a t t e r n  in the order policy . Never theless , this de te rmin i s t i c  approach

approximates the actua l probabi l i s t i c  model well enough to explain the

presence of spikes in the cost components. If we were to continue the

analysis , we wou ld  observ e a small probabil i ty of ordering in per iod Ii

fol lowed by a larger  p robabi l i ty  of order ing in period 12. A f t e r  period

12 the (s , S) pol ic ies  and mean period demands are s table. This s t a b i l i t y

is r e f l e c t e d  in the  cost components which are approximately constant in

periods 1 th rough  6.

The u n d e r l y ing mean demand s t r u c t u r e  of case B , shown in F igure

l .l .e , e xh i b i t s  cons iderab l y more gradual  change than is observed in

case A. This slower movement results in a gradual change in the opti-

mal policies and their cost components. Table 2.8 dIsplays the optimal

pol icy for ~~,se B. Note tha t s . and S~ attain their lowest values

i n  p e r iods  2 and 3 and highest values In periods 8 and 9. The convo—

luted mean , ~~~~~~~~~~~~ plotted in Figure 2.2.b , attains its minimum and

maximum values  in the  s;JnIs - periods , r e s p e c t i v e l y .  The policy para-

meters  and S1 f o l l o w  a s i nuso ida l  p a t t e r n , s imilar to t h a t  of

(3)
“I

The 12 period cost components , disp layed In Figure 2.4, also follow

the sinusoidal pattern of The cost components do not reflect the
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Table 2.8

Optima l Pol icy for Case B

Period in

Cycle: I s~ S1

1 46 61

2 33 55

3 33 56

4 44 73

5 60 93

6 75 113

7 90 128

8 10 1 136

9 102 131

10 93 115

11 78 95

12 62 76

A 
_ _ _ _ _ _ _ _ _ _  - .~~~~

. - —
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shape of p
1
(3) 

as well as s~ and S
1 

do , but they nevertheless echo

the  basic shape of the convoluted means . Backlog costs dev ia t e  the

most from this pattern ; even for this component , however , its minimum

and maximum values occur near the corresponding extreme points of

Unlike case A , ease B does not d isplay  sig n i f i c a n t  spiking In any

of Its  operating characteristics. Case B ’s mean demand s t r u ctu r e  con-

tains gradual movements , in contrast to the step change of case A. Thus,

while case B’s reorder policy can adjust slowly to increasing demand ,

case A mus t adjust i~~ediately to the first indication of hi g her mean

demands, producing spikes in the cost  components.

2 . 4  Approx ima te ly  Op t imal  Cont ro l  wi th  Full Information: Multi—Item
Systems

The replenishment  pol icy  parameter values employed are ca lcu la ted

using the  modified version of the Ehrhardt power approximation (1976)

d iscussed in Section 1.1.2. Although the control is described as

utilizing full Information , actually only the means and variances of

the demand distributions need to be known in order to compute an Inven-

tory po l i cy  of the (s ,S) type .

The components of aggregate total coat per period fo r  ths various multi—

i tem systems ~, rI. - recorded in Table 2 .9 , and Table 2.10 contains a com-

parison of the systems controlled optimally and approximately optimall y .

Note  t ha t  f o r  all  systems the power approximation results in only

smal l  increases of total  cost  above the op t imal  total cost. The largest

increases occur under those models wi th  the g rea tes t  v a r i a t i o n  In demand

means : model I I I  and model IV. For these models the increases in total

cost are 5.SZ and 2.6%, respect ively .  Table 2.9 also reveals that the

inventory costs of each nonstationary model exceeds that of the s t a t ion-

ary model , whi le  n o n st a t i o n a r y  backlog and replenishment costs arc lower

_ _ _ _ _ _ _ _
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t han those of the sta t ionary  model . These d i f fe r e n c e s  are most notice-

able when contrasting models III and IV with the stationary model.

Table 2.9

Average Costs Per Period for a Multi—item
Negative Binomial Sys tei Conrrolled Appr oxima tely Op t imally

COST COMPONENT STAT IONARY MODEL MODEL MODEL MODEL
______________________ 

MODEL I Ii III iv

INVENTORY 440 (57.8) 445 (58.8) 442 (58.4) 466 (61.3) 461 (60.7)

$A~~LOG 109 (14.3) 105 (13.8) 106 (14.0) 95 (12.5) 97 (12.8)

REPLENI S 1INF .NT _212 (27.81 207 (27.3) 209 (27.6) 199 (26.2) 20 1 (2 6 . 5 )

- TOTAL 
— 

761 (100.0) 757 (100.0) 758 (100.0) 760 (100.0) 7S9 (100.0)

Note: Numbers in parentheses are percent of total.

Table 2.10

Average Cost. Per Period for a Multi—Ite m
Negative Binomial System

Comparison of Op t ima l and Approximately Optimal Control

COST COMPONENT STATIONAR Y MODEL MODEL MODEL MODEL
______  

MODEL I II III IV -

INVENTORY 1 (.1) 12 (2.9) 5 (1.1) 37 (8.7) 27 (6.3)

BACKLOG 0 (— .2) — l (—1.0) 0 (— .2) — 7 (—6 . 5 )  — 7 (—7.0)

R EP L E N IS I !M EN r  1 (.3) -l (-.~~ 1 (.5) 11 (6.0) 0

TOTAL - -~~ 1 (.1) 10 ( 1. 4 )  6 (.8) 42 (5.8)

Note: T i b le 2.10 shows the absolute increase or decrease in the c c~st components .~f
Table 2.9 over those in Table 2.2 with percent change. in parentheses.

Table 2.10 indicates that the nonstationary systems maintain hi gher

levels of inventory than that found In the corresponding optimal systems

which result in lower backlog costs under approximately optimal control.

This is moa t apparent  in models I ll  and IV .

The appo rtionment of aggregate total  cost per period for  va r ious

classif ications of the items in each system is shown in Table 2.11 , wh I ch

can be compared with Table 2.3. Observe that all systems follow approxi-

inatel y th e  same a p p o r t i o n m e n t  of cos ta .  Model I l l ’ s and model IV ’s

- - - ---- -- - — -
- - ~~

- —~.r’.~~~
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~Ipport1oIInk-nt of Inventory costs , howev er , a r C - slightly greatcr than

the othcr s I V S t t f l~ - . Det :iiled comparison of L1IC sys tems under opti n i~~l

2~nd dpprox lmately opt ima l control , expanding on Table 2.10, is In

Table 1.12 , s ho v i n g  t h e  p e r c . -n t a g ~- increases  per period in each corn —

potlen t of co s t .

Tahl 4--c- 2 l 2 ~ and 2 . 1 2 b  show tha t under low ~ini t penalty costs ,

the stationary model , model I , and model I i  Incu r  lower than op t i m a l

i n v e n t o r y  costs a t  the expense of higher backl og cos ts . I b i s  strategy

Is rcvt-r~~ud when t i l t -  u n i t  p e n a l t y  cost is 99. Under  the  h i~~f c - -r pi - na t ty

cost , t h t - s . -  sy st  ~ms ar r y  excess inventory to lessen the Inc  tdenc~- of

b a c k 1 og~— . M o d - l s  111 and IV , however , ca r ry  excess inventory rt-~ard—

less of t he  v a l u e of u n i t  p e n a l t y  cos t, although small pena lty L OS t S

r e s u l t  in  t ;nial ler  excess inventory levels than do larger penalty costs.

Tab it - 2.13 gives the values of other operating c h a r a c ter i s t i c s

f r  t h e  systems under a p p r o x i m a t e l y  optima l cont ro l  - The values of

these opera t ing  c h a r a c t e r i s t i c s  f o r  model III and model 1V a r c  d i f fe r e n t

f r o m  those ‘Cf the  remaining  systems . Model III  and IV’ s hi 8h Inventory

levels  Crc- distrihute~ differently from the other sys tems , and their

backlog f requenc ies  are less than those fo und in the s t a t ion a ry  model ,

model 1, ar id model I I .  These d if f u r e n ec ; a r -  a lso a p p a r e n t  in Tab le

2 .1 4 , w h I c h  g ives the  percen tage  changes in the  values of t h e  o p e r a t i n g

c h a r a c te r i ’~t ics  i n  T a bk  2.13 f r o m  the correspondif tg  ones in T a b l e  2 . 4 .

Table 2 . 15  1 ll us tr a t e ~ the  s e n s i t i v i t y  of ope ra t ing  c h a r a c ter i s -

t ics  and pol icy parameters to input parameters . With the exception of

ba cklog fr c-qrn ~-nc y with respec t to leadtime , the operating character—

istics of a l l  four  nonstationary systems follow identica l relationsh ips

over their input param eterc~. The stationary model , model £ and model

— — — — ___~~~ —~ — -~r— —  
- —
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Iv have Increasing backlog frequencies with respect to leadt1m~ , whereas

models II and III have decreasing backlog frequencies. Not e also that

unlike the stationary model , the nonstationary models do not follow con-

~tant rinlationshi ps with respect to unit penalty cost8 for rep lenish—

ment costs and replenishment frequency .

Policy parameters s and S follow ident ical  re la t ionships in

all systems under approximately optimal control. These relationsh ips

also are in agreement with tho8e observed under optimal control.

Policy parameter D, under approximately optimal control , follows an

increasing relationship with respect to mean demand in all systems,

except in model III for those items with a replenishment cost of 32

and a leadtime of 2 Further examination of model III reveals that

the largest values for ~~~~~~ in all the nonstationary systems occur

in that model. The power approximation fir8t computes D using equa—

— 
~A+l)tion (1) in Section 1.1.2; D/~.1 is a measure of order frequency,

and if this quantity is less than or equal to 1.5, the algorithm

attempts to find a smaller value for D that will increa8e order

frequency [see Ehrhardt (1976)]. Under small leadtimes and unit

replenishment costs, model Ill’s demand structure occasionally resulted

in small values for D that were not monotone with respect to mean

— (A+ i)
demand for large ~~

Finally, we examine the ratio 1/(1 + iT) as an approximation to the

probability of backlog in any period for each item (recall h ~ 1). The

entries in Table 2.16 have been extracted from Table 2 13. The approxi—

nation is a reasonable one for the stationary model and modt ls I and II.

For models III and IV, however , the actual backlog probability is

slightly overstated by 1/(1 + ii).
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Table 2.lSa

Sensitivity of Input Parameters of Operating Characteristics of
an Approx imately Opt imally Controlled Inventory Sy8tem

When Demand US a Negative Binomial Distribution

1N~ UT PARAMETERS
- - - 

C~OUT)/C(IN) C(FIX)/C (IN) LEADTIME MEAN DEMAN D
StAT IONARY MODEL

OPERATING CHA RACTERISTIC

E(COST) t • t

E(PERIO I—I-:ND LNVENTUK’i) ~ 
• -

~ t

E( BA CKLOC COST ) ~ t

E(BACKLOG FREQUENCY) + ~ t

PROPORT LON DE.MA~NI) hACKLOGGED 4 t t

E (REP LENIsuNE N ~r COST) -~~ + ~

E(REPL EN I~~I-iNEN T FREQUENCY) -
~
. • +

POLICY PARAMETERS

D ~“ t t t

S t 4 1— t

S -f 1- t 1—

MODEL I

OPERATING CHARACTERISTIC

E(COST) t t t

E(PERIOD—EN I) n~VENTOR Y) t • t

E(BACKLOG COST) ~ t + t

E(BAC KLOG FREQUENCY) ~
- 

~ +

PROPORTION DEMAN D BACKLOGGED ~
- t t

E(REPLENISHMENT COST) ~ 
t- +

E(REPLEN I SHME NT FREQUENCY ) + + 4- t

POLICY PARAMETERS

I) (‘- t ?

8 + + t

S t t +

~ indicates relation is i~~notone Increasing

~ indicates relation Is mori tone decreasing
‘s_i indica tes relation is approximately constant
? indicates no conclusion c~in be drawn from the data

-- - ------ --- -- --- -- - - - -
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Table 2.15b

Sensitivity of input Parameters of Operating Characteristics of
an A pprox ima te ly  O p t i m a l l y  Control led Inventory  Sys t em

When Demand H~as a Negative Binomia l Distribution

INPU T PARA~~ TERS
C(OUT)/C(IN) C(FIX)/C(IN) LEADTLME MEAN D EMAND

STATIONAR Y MODEL

OPERATING CHARACTERISTIC

E(COST) t f + t

E(PERIOD—END INVENTORY) t + + t

E(BACKLOG COST) ~ f t

E (BACKLOG FREQUENCY) ~ t t

PROPORTION D EMAND BACKLOGGED ~ t t

E (R EPLENIS HM ENT COST) ~
. + +

E(REPLENISHMENT FREQUENCY) ‘
~. + ~

POLIC’i PARAMETERS

I) ‘C.. t +

S -
~ + 1-

S 1- ~ 1-

MODEL II

OPERATING CHARACTERISTIC

E(COS T) f t t t

E(PERIOD—END INVENTORY) f 1- f f

E(BACKLOG COST) ~ t t

E(BACKLOG FRE QUENCY) ~ ~ ~
-

PROPORTION DEMAN D BACKLOGGED ~ t ~

E(REPLENISHMENT COST) + f ~ t

E(REPLENISRNENT FREQUENCY ) ~ + ~
POLICY PARAMETERS

U ‘4. t ?

0 1- -f t

S ~~~~~~~~~~~~~ —--—----- t 1-_______ _ t t

~ indicates r~-1ation is monotone inc reasis g
S indicates relation Is nx notone decreasing
(I, Indl ates r~-lat tuu is approximately constant
? indicate s no onclusion can be drawn f rom the  data
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Table 2.15c

Sensitivit y ot Input Parameters of Operating CharacteristiLs of
an A pprox imateiy Opt imally Controlled lnventor’.’ System

When Demand Has a Negative Binomial Distribution

INPUT PARAMETERS
C (flUT)/C(IN) C(FIX)/G(IN) LEADTIME MEAN DEMAND

STATIONARY MODEL

OPERATING CHARACTERISTIC

E(C OST ) t ~ ~

E(PER1OD—END INVENTORY) ~ f +

E(BACKLO ( COST) ~ + ~
E(BACKLOG FREQUENCY) 4 t ~

PROPORTION DEMAND BACKLOGGED ~ ~ ~
E(REPLLNISIIMENT COST) ‘~~ t ~

E(REPLENISHMENT FREQUENCY) ‘~~ ~
- 

~~

POLICY PARAMETERS
I) -‘4 -

~ t

‘ S ¶ 4- 1-

S 1~ 1~ 1- t

MODEL III

OPERATING CHARACTERISTIC

E(COST) t t t

E(PERIOD—ENi) iNVENTORY) ~ ~ t

E(BACKLOG COST) ~ t +

E(BACKLOG FREQUENCY) ~ t +

PROP ORTION DE MAND BACKLOGGEI ~ f t +

E (REPL ENI SW ’.IENT COST) ~ ~ -
~
.

E(RE PLE NI SHM ENT FREQUENCY) + + ~

POLICY PARAMETERS

D .5. t ? *

S 1- + 1-

S t 1- ~ _ _ _ _

t indicates rs-Iati oti Is monotone increasing
4- indicates re lation Is monotone decreasing
,). indicates relation Is approximately constant
? indicates no conclusion ran be drawn from the data
* indicates an explanation is given In the text

----- -- —- - - -—
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Table 2.15d

Sensitivity of Input Parameters of Operating Characteristics of
an Approximately Optimally Controlled Inventory Sys tem

When Demand Has a Negative Binomial Distirbution

INPUT PARAMETERS
C(OUT)/C(IN) C(FIx)/C(IN) LEADTIME MEAN DEMAND

~T~~ IONARY MODEL

OPERATING CHARACTERISTIC

E(COST) -f + t

E(PERIOD— EN D INVENTORY ) + + t

E (BACKLOG COST) + + + +

E(BACKLOG FREQUENCY) + + +

PROPORTION DEMAND BACKLOGGED 4- 4- +

E(REPLEN ISHNENT COST) ‘i. + 4 +

E(RE PLE NIS HMENT FREQUENCY ) ‘1. + +
POLICY PARAMETERS

D (‘4 t +

S t + + +
S + 1- + +

MODEL IV

OPERATING CHARACTERISTIC

E(COST) + + + +

E(PERIOD—END INVENTORY J + t +

E(BACKLOG COST) + t + +

E(BACKLO G FREQUENCY ) -s- + +
PROPORTION DEMAND BACKLOGGED + f + 4

E(REPLEN I SHMENT COST) ~ + 4

E(REPLEN I SHMENT FREQUENCY) + + + +

POL ICY PARAMETERS

D ‘5—, t ?

S 1- + +

_1 
~~_ t t -p

t Indicates relation is monotone increasing
4 indIcates relation is monotone decreasing
‘5_. indicate~- relation I~ approximately constant
? indicates no ucric l usion can be drawn from the data

- — - - - - — — - - — 
~~~

- --

-. -— _ _ -—-—-- —.-------- - - - -
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Table 2.16

Backlog Frequencies for Multi— Item Systems
With Negative Binomial Demands

— 
C(OIJT)/C(IN) (~~‘~

)

______________________________ 4 99

1/(1+7) 2 .01

SYSTEM :

St~stionary Model .200 .009

Model I .195 .009

Model II .197 009

Model Ill .178 .008

Model IV .181 .008

2 . 5  ~pproximately Optimal Control with Full Information:
Single-Item Systems

The approximate policies of case A , displayed in Table 2.17. follow

the same pattern observed in the optima l policy . Case A’s power approxi—

mation policy maintains a constant policy for the first seven periods of

demand . Both s~ and S
1 increase in per iods 8 through 10 and decrease

in periods 11 and 12, following the similar pattern of the optimal

policy. Comparing TabU .~.l7 with Table 2.7 reveals that althoug h opti—

mal and dpp oxima tely optimal policies follow the same basic patterns ,

the two policies ’ values for S1 may differ a great deal in some periods

of the cycle. The total percent excess cost for case A , however , is only

1.86% , sug~- - ~~t tng tha t acceptable inventory policies may differ a good

deal from optima l polIcies .

Figure 2 5  plots the cost components for Case A . Holding and rep len-

Ishment costs govern t h &- general shape of the total coat curve . Unlike

— —*____ —-- - -. - - - — - — - —- --- - - _ —.-- - a—-- - — — —
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Table 2 1 7

Approximately Opt imal Policy for Case A

Period in
Cy c le: I S

i 
S~

1 57 (57) 85 (82)

2 57 ( 5 7 )  85 (83)

3 57 (57) 85 (82)

4 57 (57) 85 (82)

5 57 (57 )  85 (84)

o 57 (59) 85 ( 7 7 )

7 57 (55) 85 (67)

8 72 (72) 104 (108)

9 87 (86) 122 ([30)

10 102 (105) 140 (128)

11 87 (89) 122 (1 12)

12 72 ( 7 3 )  104 (95)

Note : The optimal po licy is given in ~ srentheses.

- - -~~ ---- — -~~~ — -  - - ~~~~.-~~-~~,-_-- _-____  - — - - 
~

- 
~~~~~~

---------—,---- ---—
~ - -  ——--—- - - ---
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Tabl e 2.18

A pproximatel y Optima l Policy for Case B

Period in
Cycle : I ~l 

__  

S i

1 45 (46) 69 (61)

2 35 (33) 56 (55)

3 35 (33) 56 (56)

4 45 (44) 69 (73)

5 61 (60) 90 (93)

6 76 (75) 109 (113)

7 91 (90) 127 (128)

8 101 (101) 139 (136)

9 101 (102) 139 (131)

10 91 (93) 127 (li._ ,

11 76 (7 8) 109 (95)

12 6] (62) 90 (76)

Note: The optimal po l li-y is given in parentheses .

I

- — 
- 

— 

- ~~~~~~~~ 

- .- -

~~  

- . - - - -— - ——- 

~~~~~~~~~~~~~~~~~~~ 

-

~~~ 

--

.

— 

~ 
p - 

- 

~ I~



7R

I—
C,)
C~)(—II—-

(I_)

D 7:
C) uj (‘1

- - ~
-

(,~ > - - : (_)
ci rr~ ‘J~(~) ‘ )  5 - -  ( _~~

S 2~ C)
- ~ .-. U ;  _ J  I—.(C L A J  J
- ~- - 0.-. L .) 44C) -- w a-
I-- ~ . c~ in

C, 
‘HI I ~ i-_s

I ~ I ~ ~ 
—.

I I / I I

~ / : ~

~~;. , - ‘  ~ I~ I 1~ ~ 30 ~ 3’I . 4 )  L (~O ~ 9 t ?  a ..‘~~ 6 73 t -~~ 1.55

~ ‘t o’

— ~~~~~ 
— —  

~~~~~~~~~~~~~~~ 

——* —.. — - -- 

~ 

— — - 
_ 

— _________ — - ii



79

case A under optima l control , peaks in the rep len ishmen t cos t f u n c t ion

do not alwjy)-; produce peaks in backlog cost. This is mos t notl cable

in period 8 where a large increase in reorder probability has little

effect oti the corresponding backlog component.

Table 2.18 lists the approximate policy for case B. As under op—

tima l control , the approximate policy closely follows the basic move—

ment of the convoluted means . The differences between S~ in the opti—

mal and power approximations policies are significant in some periods ;

however , the power approximation results in excess total costs of only

L32%. The cost components of case B, illustrated in Figure 2.6 reflec t

thc movement of p~~
3) 

in the same manner as the optimal cost components.

For each period in the cycle , the total cost function under approxi—

mately optimal control does not deviate greatly from the total cost

func tion under optima l control , shown in Figure 2.4.

2 6  The Effec ts of Demand Structure Mlsspecification on the Power
Approximation

In Section 2.4 and 2.5 we assumed knowledge of the demand mean and

variance for each period in the 12 month cycle. The decision maker ,

however , docs not always have complete knowledge of the underlying de-

tnand structure . Section 2.6 investigates the effects of demand struct—

ure misspecification on the power approximation.

We first examine the sItuation in which the decision maker has

knowledge of only the overall mean period demand and variancr in the

cycle. Thus, we app ly the power approximation policies used in the

stationary model to the nonstationary models. We will refer to these

policies as stationary policies.

Table 2.19 contains the components of aggregate total cost per

period for the nonstationary multi—item systems when controlled by

stationary policies. Table 2.20 dIsplays the absolute and per~ cntag (’

~~~~~~~~ -~~~~~~~~ 
—- -
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Table 2.19

Avera ~ Costs Per Period for Multi—Item Negative Binomial Systems:
Controlled With S’ationary Policies

COST COMP .- - ENT STATIONARY MODEL MODEL MODEL MODEL

MODEL I II III IV

INVENTORY 440 (57.8) 451 (45.7) 447 (48.9) 492 (22.1) 466 (35.6)

BACKLOG 109 (14.3) 326 (33.1) 258 (28.2) 1530 (68.8) 636 (48.6)

REPLENISHMENT 212 (2 .8) 209 (21.2) 210 (23 0) 201 (9.0) 206 (15.8)

TOTAL 
_ 

761 (100.0) 986 (100.0) 915 (lOO.O)~~~~2 (100.0) 1308 (100.0)

Note: Figures in parentheses are percent of total.

Table 2.20

Average Costs Per Period for Multi—Item Negative Binomial Systems:
Comparison of Stationary Control with Optimal

Contrel Given Full information

COST COMPONENT STATIONARY MODEL MODEL MODEL MODEL

MODEL I II III IV

INVENTORY 1 (.1) 18 (4.1) 10 (2.2) 63 (14.6) 32 (7.4)

BACKLOG 0 (—.2) 221 (208.7) 151 (142.0) 1428 (1406.1) 532 (510.9)

REPLENISHM ENT 1 (.3) 1 (.4) 2 (1.2) 13 (6.9) 5 (2.4)

TOTAL 
_ 

1 (.1) 239 (32.0) 163 (21.7) 1504 (209.4) 569 (77.0)

Note: Table 2.20 shows the absolute increases in the cost components of Table
2.19 over those of Table 2.2 with percentage increases shown in
parentheses .
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incremental changes in costs when stationary policies are compared

to optimal control given full information.

Table 2.20 clearly indicates that stationary policies used in

nonstat1onar’~ environments Incur large percentage increases in expected

total cost. Model I has the smallest percentage increase (32Z) in

expected total cost. Models I and II, however , have percentage in—

creases in total cost that are much smaller than tho8e of models III

and IV. This suggests that larger variations in demand means contri—

bu tes to the poor performance of the stationary policies. The increases

In backlog cost componen t increases, vary ing from 142% to 1406%, are

the primary source of excessive costs in all the nonstationary systems .

With the possible exception of model III, replenishment and inventory

costs do not differ greatly from those obtained under optimal control.

The distribution of expected average costs for the various para—

meter settings is shown in Table 2 21. The large penalty costs of the

nonstationary systems result in different apportions for the components

of total cost when contrasted with the stationary system. The tota l

cost distribution of model I and model II, however , is similar to that

of the stationary system, while that of model III and model IV bears

little resemblance to the stationary system. (Recall in Section 2.4

that under approximately optima l control the distribution of total cost

for all systems was similar to tha t of the stationary model.) This

again suggests that greater varia t ion in demand means results in further

discrepancies in system s haracteristics from the stationary model under

stationary control.

Table 2.22 records the percentage increases over optimal contro l for

each component of cost for the various paramet~-r settings. For all the

nonstationary systems the backlog component Is the primary source of cx—

cessive cost. This is especially apparent for those items with unit.
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penalty cost of 99. Percentage increases in inventory and replenish-

ment costs are small in comparison to the backlog component for all

parameter settings in the nonstationary systems.

The values for selected operating characteristics are displayed

in Table 2.23. Table 224 gives the percentage change in the value of

these operating characteristics from the corresponding ones in Table 2.4.

Backlog frequencies are extremely high for all nonstationary systems.

For those items with unit costs of 99, the percentage increases range

from 156.2% in model II to 1033.62 in model III.

In summary, stationary policies are unacceptable approximations in

a nonstationary environment. The desirable simplicity of stationary

policies does not adequately compensate for the excess values of backlog’-

related operating characteristics.

We now examine the situation where the decision maker has knowledge

of the basic movement of demand means thr~ugh the cycle, but incorrect

information about the absolute values of the demand means. Model III

is selected for a detailed examination under this type of misspecification

We assume that we correctly identify the true values of the demand

means for the first seven periods of the cycle. During the last five

periods of the cycle, however, we assume that the mean demand gradually

increases to only twice the level of the first seven periods, reaching

a maximum value in period 10, and then gradually decreases. In other

words, we expect mean demand to peak at a much lower mean demand level

than is actually the case for model III. The variance—to—mean ratio is

still assumed constant at 3, so that a miaapecification in the mean de-

mand results in a misapecification in the demand variance. We now m v..—

tigate the consequences of such a miaspecification on the system ’s opera-

ting characteristics for model [II. The power approximation policy 

- -- ~~~~~~~~~~~~~~-
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resulting from such a misspecification will be referred to as a

mlsspecif led policy .

Table 2.25 contains the aggregate values of total cost per period

and its components for model III when controlled by the misspecif led

policies . Backlog cost is clearly the dominant cost component , account-

ing for 89.2% of the total cost. Table 2.26 provides comparisons for

the costs of misspecified policies with those of optimal control. Ap-

parently ~he smaller misspecif led peaks in demand result in insufficient

levels of inventory . Holding costs are 54.9% below their optimal levels.

As a result, backlog costs are over 3400% in excess of optimal control.

This huge backlog cost is chiefly responsibile for a percentage increase

in total cost of 462.2% for the multi—item system.

More detailed breakdowns of Tables 2.25 and 2.26 are provided in

Tables 2.27 and 2.28. Although large percentages of excess backlog

cost are found under every parameter setting, large unit penalty costs,

leadtimes , or means result in the greatest increment in backlog costs.

In contrast , the percentage decreases of inventory costs are much more

uniform over all of the parameter settings .

The values of operating characteristics are contained in Table

2.29 with the percentage excess over optimal control recorded in Table 2.30.

The higher values of backlog cost noted under large unit penalty costs,

leadtimes , or means are also reflected in the corresponding values of

backlog frequency and weighted proportion of demand backlogged in

Table 2.29.

Hence, we conclude that the savings in Inventory costs that resu lt

from the mlsspecified demand structure are not sufficient to compensate

for the increase in backlog costs and backlog frequenciea . Precise

knowledge of the movement of demand means and variancee throughout the

cycle Is crucia l in obtaining approximately optimal policies .

-. — — 
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Table 2.25

Average Costs Per Period for a
Multi-Item Negative Binomial System:
Controlled With Misapecified Policies

COST COMPONENT MODEL III

INVENTORY 193 (4.8)

BACKLOG 3606 (89.2)

REPLENISHMENT 243 (6.0)

TOTAL 4042 (100.0)

Note: Figures in parentheses are percent of total.

Tab~~ L.26

Average Costs Per Period for a Multi—Item
Negative Binomial System: Comparison of

Miaspecified Control with Optimal
Control Given Full Information

COST COMPONENT MODEL III

INVENTORY —236 (—54.9)

BACKLOG 3505 (3450.8)

REPLENISHMENT 5555 (29.3)

TOTAL 3324 (462.9)

Note: Table 2.26 shows the absolute increases in the
cost components of Table 2.25 over those of
Table 2.2 with percentage increases shown in
parentheses -

-- —‘.~~~ —.— - _ ___________
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3. SYSTEM CONTROL WITH STATISIICAL INFORMA I’ION ABOUT DEMAN D

We suppose that a manager responsible for the control of an inven-

tory system as defined in this section knows the cycle 1en~th and the

pattern of demand means through the cycle , that is, each mean relative

to the smallest demand mean . It was shown in Section 1.2.3. tha t ~sti—

mates of the mean and variance of the monthly demand distributions can

be obtained from this information and an historical sample of realized

demand . Such estimates are used below instead of the values for the

true means and variances in control policies that are approximately

optimal in the case of perfect information. Details of the control

policies were given previously in Section 1.1.2.

The operating cnaracteristics describing the performan’~e of inven-

tory systems under control using only statistical information about

demand have not been computed analytically. The results in this section

are statistical estimates of the performance of some selected inventory

systems found by computer simulation. During each simulation run the

control policy parameters are revised at regular intervals to allow for

potential changes in the underlying demand structure. Such changes do

not , in fact, occur during the simulation experiments, but in a real—

life system, periodic revision is essential to detect and adapt to a

possibly changing demand sirtictur. .

Section 3.1 discusses the results from the simulation ot multi—

item systems under statistical co~crol. Revision intervals and history

lengths are set to 24 periods , corresponding to two years of prev tous

data. The sensitivity of the operating characteristics to values of

the input parameters is investigated .

Under statistical control , the expected cost per period of the

stationary system is estim ;~ted to he 7.1% higher than when the syst-em

3

_ _ _ _ _ _  ~~ 0~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~
_ _ -
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is contr.’lled optimally with ful l information. For the nonstationary

systems, the estimated percentage increase in expected total cost per

period depends on the nature of the nonstationarity , varying from 7.9%

to 14.8%.

3.1 Performance under Control with Statistical Information about Demand

The input parameters for each item in the stationary and four

nonstationary 16—item systems were specified in Section 1.2.2. Esti-

mated average total cost per period and its components are shown in

Table 3.1. Under statistical control , holding and backlog costs are

significantly higher in each system than those found under optimal

control , shown in Table 2.2. With the exception of model III, however ,

replenishment costs are almost identical.

Table 3.2 shows estimates of absolute and percentage incremental

changes In expected coats per period when statistical control is com-

pared with optimal control given full information (cf. Table 2.2). The

stationary model has the smallest percent increase in expected total

cost, 7.1%. Model I and model II have increases only slightly above that

amount, but model III and model IV have percentage increases of 14.8%

and 10.6%, respectively. Apparently larger variations in demand means

produce greater percentage increases in total cost for model III and

model IV. All systems studied incurred excess inventory and backlog

costs -

When the items in each system are divided into subsystems accord-

ing to values taken by input parameters, the resulting apportionment of

costs between the subsystems is shown in Table 3.3. The distribution of

costs are similar to those in Table 2.3, which shows the same systems

controlled with full information . 

- • .—
~~~
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Table 3.1

Avera ge costs Per Period for Multi—Item Negative Binouisl Syste m. :
Controlled With Statistical Information About Demand

(Revision Interval 24 Periods . Revision History Length 24 Period.)

STATIONARY MODEL MODEL *)DEL MODEL
COST COKPONE~’T MODEL I 11 III IV

INVENTORY 463 (56.9) 473  (58.3) 469 (57.8) 496 (60.2) 492 (60.1)

RACKLOG 138 (16.9) 130 (16.1) 133 (16.4) 128 (15.6) 124 (15.2)

R~ PLPWI SkR4ENT 213 (26.2 )  208 (25.6) 209 (25.8) 199 (24 .2 )  202 (24 .7)

TOTAL 81) (10C .0) 810 (100.0) 811 (100.0) 824 (100.0) 818 (100.0)

Note~ Figures in parentheses are percent of total.

Table 3.2

Average Costs Per Period for Multi—ltc~ Negative Sinou~ial Systems:
Comparison of Statis tical Control With Optima l

Control Given Full Information
(Rev isio n Interval 24 Periods , Revt.ior’. Hi.tory Length 24 Periods )

STATIONARY MODEL MODEL W)DEL MODEL
COST COMPONENT MODEL I LI lit IV

1NVF.NTORY 24 (5 . 4) 40 (9 .2 )  31 ( 7 .2 )  68 (13.8) 58 (13. 4)

BACKLOG 28 (25.9) 24 (23.2) 26 (25.0) 27 (26.5) 20 (19.2)

REPLENIShMENT 2 ( .9)  0 (— .2) 1 ( .7 )  12 ( 6 . 2 )  1 ( .3 )

TOTAL 54 ( 7 . 1 )  64 (8.6 )  59 (7 .9)  106 (14.8) i~ (10. 6)

Note: Tab3c 3.2 ahoy. th, absolute increa ses  In the cost components of Table 3.1
over those of Table 2.2 wIth percentage incr ea ses  shown in parentht ’sc s.
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Table 3.4 shows the estimated percentage incremental changes in the

expec ted average total cost and its components. For the various sub—

systems, this table elaborates on the changes sun~narized before in Table

3.2.

An examination of the percentage increases indicates tha t for all

systems the excess backlog costs noted in Table 3.2 are due mainly to

those items with high unit penalty costs. This is also true to a lesser

extent for inventory costs. It should be noted , however , that the values

in Table 3.4 are only estimates of the increase in costs of controlling

the systems when the control is statistical instead of with full infor—

mation , as rules for optimal control in the identical circumstances of

statistical information and periodic revision have not been derived

[cf. Hayes (1969)].

The physical operating characteristics of the multi—item system have

their estimated values tabulated in Table 3.5, and Table 3.6 sets out the

percentage Increase of each over the corresponding values found in Table

2.4. As in the case of approximately optimal control , model III and

model IV have higher inventory levels and lower backlog frequencies than

the other systems.

The direction of the sensitivity of the policy variables and the

operating characteristics to changes in the input parameter is indicated

in Table 3.7. This table shows that the behavior of the stationary and

nonstationary systems has the same pattern with one exception . Whereas

the backlog frequency of model Ill is monotonically increasing with

respect to mean demand and monotonically decreasing with respect to

replenishment cost, the reverse is true for the other systems.

Some differences are apparent , however, when behavior is compared to

the system under optimal control (Table 2.5). The monotonic patterns, for

example, of expected replenishment cost, expected replenishment frequency,

-
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Table 3.7a

Sensitivity of Input Parameters of 0pera~ing C.haracteristlcs of an
Inventory System Controlled With Statistical Information About Demand

When Demand Has a Negative Binomial Distribution

INPUT PARANET~~ RS
C(OUT)/ C(IN) C(FIx)/C(IN) L!ADTIME MEAN DEMAND

STATIONARY MODEL

OPERATING CHARACTERISTIC -

E(COST) + t + -t

E(PER IOD— END INVENTORY ) + ~- + +

E(BACKLOG COST) + + +

E(BACKLOG FREQUENCY ~ +

PROPORTION DEMAND BACKLOGGED -~ + f ‘I-

E(REPLENISHMENT COST) + + + +

E(REPLENJ SHMENT FREQUENCY 4- + +

POL ICY PARAMETER S

D ‘\, + ‘I

8 t + + +
S + + + +

Z~~DEL I
OPERATING CHARACTERISTI C

E(COST) t + t

E(PER I OD— EN D INVENTORY • + + +

E(BACKLOG COST) t t + t

E(BACKLOG FREQUENCY) ~ t +

PROPORTION DEMAND BACKLOGGED 4- + + 4

E(REPL ENI SHMENT COST) 4 + 4 t

E(REPLENISHMENT FREQUENCY) ~ ~ 4

POLICY PARAMETERS
D ‘C. t ? t

8 t 4 1-

S _ -~ + 1’ + 
—

+ indicates r~ jatjon is monotone increa sing
4 indicate s relation is monotone decreasing

4~i. indLatee relation is approximately constant
? indicate. no COrRCAU &I 1Ofl can be drawn fro~n the data
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Table 3,7b

Sensitivity t~ f Input Parameters of Operating Characteristics of an
Inven tory Sv~ tem Controlled With Statistical Information About Dentand

When Demand Has a Nega tive Binomial Distribution

INPUT PARAMETERS
C(OUT)/C(IN) C(FLX)/C(IN) LEADTIME MEAN DEMAND

STATIONARY MODEL

OPERATING CHARACTERISTIC

E (CO ST) ~ ~ ~
E(PERIOD-~END INVENTORY ) t ~ +

E(BACKLOG COST) t + t

E(BACKLOG FREQUENCY) ~ + +
PROPO P TION DEMAN D BACKLOGGED 4 + 4 4

E(REPLENISH?-{ENT COST) 4 t 4

E (R EPL ENIS HX EN T FREQUENCY ) 4 4 4

~ 
POL ICY PARAMETERS

~ 
D “4 4 t

~ S -
~ 4 1’

S 1~ + 1’

~ 
MODEL II

~ OPERATING CHARACTERISTIC

~ 
E(COST ) -

~ 1’ 4

E(PERIOD—ENI) INVENTORY) t + t

~ 
E(BACKLOC COST) ~ t 4

I 
E(BACKLOG FREQUENCY) 4 t 4 4

~ 
PROPORTION DEMAND BACKLOGGED 4 4 4 4

~ 
E(REPLENISHNENT COST) 4 ~ 4

- 
E(REPLENISHMENT FREQUENCY) 4 4 4

~ POLICY PARAMETERS

~ D “4 ~ ?
- 

S t 4 + 1’

~ S _ t 4 + _~ 1’
~ t indicates rLlation is ,ionotone increasing

~ indicates relation is monotone decreasing
‘I, indicates relation is approximately constant
? indicates no conclusion cm be drawn from the data

_—_  — 
-.5.5,-—- - -



127
Table 3.7c

Sensitivity of Input Parameters of Operating Characteristics of an
inven tory System Controlled With Statistical Information About Demand

When Demand Has a Negative Binomial Distribution

INPUT PARAMETERS
C(OUT) /C( IN)  C ( FIx ) / C ( I N )  LEADTIME MEAN D EMAN D

STATIONARY MODEL

OPERATING C HARACTERISTIC

E(COST) + t + +

E(PERIOD—END INVENTORY) + + + +

E(BACKLOC COST) 4 + t +

E ( BACKLOG FREQUENCY ) + + +

PROPORTION DEMAND BACKLOGGED 4 + + 4

E(REPLENISH MENT COST) + 4 4 +

E(REPLENISH MENT FREQUENCY) + + 4 +

POLICY PARAMETERS

D “4 4 + +

S 4 + 1• 1-

S 4 + + 4

MODEL III

OPERATING CHARACTERISTIC

E(CO ST) 4 4 4 4

E(PERIOD—EN D INVENTORY ) 4 4 4 4

E(BACKLOG COST) 4 4 + 4

E(BACKLOG FREQUENCY ) 4 4 + 4

PROPORTION DEMAND BACKLOGGED 4- 4 4 4

E(REPLEN ISHMENT COST) 4- 4 4 4

E (REPLENI SHMEN T FREQUENCY) + + 4- 4

POLICY PARAMETERS

D “4 4 ? *

a 4 4 4 4

S 4 4 4 t

4 indicates relation is monotone increasing
4 indicates relation is monotone decreasing
“4 indicates relation is approximately constant
? indicates no conclusion can be drawn from the data
* indicates an explanation is given in the text
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Table 3.7d

Sensitivity of Input Parameters of Operating Characteristics of an
Inven tory Systt-m Controlled With Statistical Informa tion About Demand

When Demand Has a Negative Binomial Distribution

INPUT PARAMETERS
C(OUT)/C(IN) C(FIX)/C(IN) LEADTIME MEAN DEMAND

STATIONARY MODEL

OPERATING CHARACTERISTIC

E(COST ) 4 t 4 4

E(PERIOD-END iNVENTORY) 4 ~ 4

E(BACKLOC COST) 4 4 4 4

E(BACKLOG FREQUENCY) 4 + 4 4

PROPORTION DEMAND BACKLOGGED 4 4 4

E(REPLENISH NE NT COST ) 4 4 4-

E(REPLENISRMENT FREQUENCY) 4 4- 4 +

POLICY PARAMETERS

D ,‘• 4 4

S ~ 4 4 4

S ~ 4 4 4

MODEL IV

OPERATING CHARACTERISTIC

E(COST) ~ 4 4 4

E(PERIOD-END INVENTORY ) 4 4 4 4

E(BACKLOC COST) + t +

E(BACKLOG FREQUENCY ) 4 + 4 4

PROPORTION DEMAN D BACKLOGGED 4 4 t

E(REPLENISHNENT COST) 4 4 4 4

E(REPLENISHMENT FREQUENCY) 4 4 ~ +

POLICY PARAMETERS

D ,“ 4 ? 4

S 4 4 4 4

S 1’ 4 4 1’

4 indIcates relation is monotone increasing
4 indicates relation is monotone decreasing
•‘.4 indicates relation is approxiniately constant
? indicates no conclusion can be drawn from the data

- - .- - p -~~~~- — ---- --- - —S. - ~~ —---
-. - —- - --—-—-~~- -
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and expected backlog costs with respect to penalty cost are reversed from

those observed for the same operating characteristics under optima l control.

Policy parameters s, S, and D appear to follow the same relationships

as those found under approximately optimal control. Tb0 occasional depart—

ure from increasing monotonicity of D with respect to mean demand tha t was

noted in model III under approximately optimal control is also apparent

under statistical control in Appendix D.

We also consider the value taken by the ratio 1/(1 + ii), where is

is the unit backlog penalty cost, as an approximation to the frequency of

backlog thac can be observed for a typical item in a multi—item system.

Table 3.8, which is derived from Table 3.5, shows that when is 4,

11(1 + is) is a good backlog frequency approximation for all systems

except mode]. III and model IV , where 1/(1 + is) is a loose upper bound ;

11(1 + is) is a good approximation of backlog frequency for all Systems

when ii = ~~~~~ although it is slightly less than the backlog frequencies

for each System.

Table 3.8

Backlog Frequencies for Multi—Item Systems
With Negative Binomial Demands

C(OUT)/C(IN) (— iT)

_________- -- ________________________ 
4 99

l/(1+v) .2 .01

SYSTEM :

Stationary Model •195 .013

Mode l I .190 .012

Model II .192 .012

Model I II  .179 .012

Model IV .178 .011

s_ — .5 -,
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3 2  Statistical Control: Single—Item Sys tems

The average (sj,Si
) values, for I — I,• .,12, of the statistical

policy are recorded for case A and case B in Tables 3.9 and 3.10,

respec t ive ly. The values for s~ do not differ greatly from these

obtained under approximately optimal control. The statistical values

for  S
1 

are also close to those obtained under approximately optimal

control with full information with one exception: when ~~~~ is at its

largest value , the corresponding S
1 of the statistical policy is

significantly less than the approximately optimal S~ . This occurs

in period 10 in the cycle for case A and periods 8 and 9 for case B.

The statistical estimates for ~43’) during these periods are occasion—

ally much greater than the actual parameters. As mentioned previously

in Section 2.4, large means can result in small values for S~ —

that may cause the power approximation to produce small values for S1.

This explains the discrepancies in S
1 

under statistical and approxi-

mately optimal control. This difference, however , does not cause the

general shape of the cost components , displayed in Figure 3.1 for

case A and Figure 3.2 for case 8, to differ from those obtained under

approximately optimal control , shown in Figures 2.4 and 2.5.

~~~~~~~~~~
- — —--- — -.5 ——  .--

~~~~ 
- - -  

~~~
--- - - - - - -  --~~~~~~— -
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0

Tab le 3.9

Statistical Policy for Case A

Period in
Cycle : I S

i S
i

1 58.4 (57) [57] 86.5 (85) [82]

2 58.4 (57) [57] 86.5 (85) [83]

3 58.4 (57) [57] 86.5 (85) [82]

4 58.4 (57) [57] 86.5 (85) [82]

5 58.4 (57) [57] 86.5 (85) 1843

6 ~ 58.4 (57) [59] 86.5 (85) [77]

7 ~ 58.4 (57) [55] 86.5 (85) [67)

8 ~ 73.9 (72) [72] 105.8 (104) [108)

9 : 89.1 (87) [86] 123.6 (122) [130)

10 104.0 (102) [105) 131.2 (140) [128)

11 89.1 (87) [89) 123.6 (122) [112)

12 73.9 (72) [73] 105.8 (104) [9s]

Note: The approximately optimal policy is given in parentheses
and the optimal policy is contained in brackets.

~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~ ~~~~~~~~~~~~~ 

- 

. 
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Table 3.10

Statistical Policy for Case B

Period In

Cycle: I S S
_ _ _ _ _ _ _ _ _ _  

i I

1 464 (45) [46] 71.7 (69) [61]

2 35.4 (35) [33) 56.5 (56) [ss)

3 35.4 (35) [33] 56.5 (56) [56]

4 . 46.4 (45) [44] 71.1 (69) [73]

5 62.2 (61) [60] 9L3 (90) [93]

6 76.6 (76) [75] 110.4 (109) 1113]

7 92 .7  (91) [90] 127.3 (127) [128]

8 102.6 (101) [101] 132.0 (139) [1361

9 102.6 (101) [102] 132.0 (139) [131]

10 92.7 (91) [93] 127.3 (127) IllS]

11 76.6 (76) [78) 110.4 (109) [95]

12 62.2 (61) [62] 91.3 (90) [76]

Note: The approximately optimal policy is given in paren theses
and the optima l policy is contained in brackets.
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4. FORECASTING THE OPERATiNG CHARACTERISTICS OF INVENTORY
SYSTEMS UNDER STATISTICAL CONTROL

The behavior of an Inventory system controlled with statistical in—

formation about demand was investigated in Suction 3 using simulation

techniques . In the absence of analytic expressions for the operating

characteristics as functions of the input distribution functions and

other system parameters , sample distributions for the operating charac—

teristics were gathered from the simulations, particular attention being

paid to the estimation of expected values.

The manager of an inventory system operating with incomplete Infor—

matlon about demand will need to forecast the system ’s behavior, especially

to justify the installation of scientific control. Forecasting also may

be a routine requirement consequent upon the periodic revision of the para—

meters of the replenishment policies or even as part of a regular budgeting

procedure.

Forecasting methods have been considered in MacCormick [(1974),

Section 3.2]. In Section 4 information Is gathered about forecasts using

the same techniques as MacCormick which involve double use of the demand

history, for control and forecasting . Sample distributions of the fore—

casts are compared with those of thi operating characteristics , which were

obtained in Section 3.

The major issues to be resolved here are the extent of bias and the

level of dispersion of the forecasts , together with the variation of

these with system settings , including the demand process, unit costs , and

the replenishment leadtime . Little consideration is given to an important

sampling problem , namely, tha t since it is usually prohibitively expensive

to gather a history of demands for every item In a large multi—item system ,

- 
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a samp le of t Ii items must be selected to make a forecast. The accuracy

of such a forecast is likely to be criticall y dependent on the number of

itvms in thi’ sample and its composition . Forecasts made for the mult i—

item system j f l  this simulation experiment have used every item in Lh4~-

S V S t em.

4 . 1 Properties ~~ Forecasts für Operating Characteristics of MultI—Item

In the simulation experiments , point forecasts of the expected values

of the system operating characteristics are made each time the control

parameters (s,S) are revised . The demand history used to make a forecast

has been sele-ted to contain demands or the same number of periods as the

revision Interval. The actual values for the forecasts are obtained by

retrospective simuLitlon , wl l ch has been explained previously In Section

1.2.6.

Samp le average values of the forecasts of average costs per period

for a multi—item system are shown in Table 4.1 , th e sample standard de—

viations being shown in parentheses. The sample statistics for forecasts

shown in Table 4.1 can be compared with those In Table 3.1 for the average

cost per period . The comparison for expected average cost per period is

explicit in Table 4.2, which contains the percentage difference between

the forecasts and the estimated values.

On the average , every componen t of expected cost is underestimated

by its forecast , behavior pr edicted by the ana lysis of simplif ied models

in Section 2 of MacCormick (1974). For expected total cost per period ,

the underestima t ion is as high .~IS 10.8% in the case of model III. For all

syptema the bias is greatest for the backlog component .

To check the sensitivity of the bias of the forecasts to other sys—

tem parameters, Table 4.3 was constructed showing percentage values for-
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the biases. In every system examined , the bias in the forecast of expected

-“ average t~’tal cost tends to increase with an increase in the unit backlog

~~‘st or in the mean d emand . A very large increase in bias is observed in

backlog cost when unit penalty costs increases from 4 to 99. T~ b 1c 4.~

demonstra tes biases for forecasts of operating characteristlis other than

costs , exprt’ssed as percentages of the estimates of the act~i- i1 expected

valu es of t he  opt’rating characteristics. In particular , tile tOr (C245 t5 of

the b a c k l o g  f r e q u e n c y  do not  have a pe rcen tage  b ias  as large as those fo r

the weigh ted proportion of demand b~ ck1ogged . For both char,icterlstlcs ,

however , the percent bias Is much grea ter for those items with unit backlog

costs of 99 than those with unit backlog costs of 4. More devilled versions

(~4 f Tables 4.3 and 4.4 can he found in Append ices M , Q, U, and ‘
~~.

I L is i m p o r t a n t  to note t ha t each of the  200 sample va lues  f o r  an

operating cl1d racteristic that are collected during the simulation oI~ a

single item is b~ised on 24 demand periods of the simulation. Since 24 Is

a mul tiple of the demand cycle length , which is 12 , the fir st demand en—

countered in coli c_-c ling e~ich of ttu- 200 sample forecast valus’s is always

sampled f rom the same demand distribution in the demand cyci s- . Dema nd

distribution 12 — 2A + 1 , where X Is the leadtim€’, is arbitrarily SC—

lected by the simu lit ion as the initial distribution . Thus, t he question

arises as to whether initializing with i different demand distribution

could r e s u l t  in  changes In  the f o reca s ts , or w h e t h e r  24 demand p er i o d s  is

sufficient to diminish the effects that the spi lfic initial di str ihu—

tion may I t , i v t -  on the forecasted operating characteristic .

This iss~ii is Investiga ted by an additional simulation of model IV ,

under statistical control , using a different initializing distribution.

For each item in the system a new initi;i l distribution is chosen such that ,

of all the distributions within a cycle , the new distribution ’s mean

___ ___ ____ —- --5 —-5—-- -- -- - - -— —-  -5- - _—_ - ~~~~~~
- — —— - — —-5 - -
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differs the most , in absolu te value , f rom the pr eviously selec ted ini ti al

distribution. Hence, the demand dis tribut ions in periods 3 and 10 are

used as initial distributions for those cases with leadtimes of 2 and 4,

respectively. The resulting forecast values , shown in Table 4.5, are

virt ually the same as the original simulation of model IV. Wc, thus , c on—

d ude tha t 24 demand periods is sufficient to deter any potential effect

of an ini t ial d is tr ibut ion , and tha t this issue does not warrant any

further investigation .

‘ Table 4 5 5

Average Forecasted Values for Expected Costs Per Period for
Multi—Item Negative Binomial Systems

Controlled With Statistical Information About Demand
(Revision Interval 24 Periods, Revis ion His tory Length 24 Periods)

M lV 
MODEL IV

COST COMPONEN T ODEL 
(Using a differ ent

(From Table 4.1) initializing

______________________ ______________________ 
distribution )

INVENTOR? 470 (24) [63.6] 472 (24) [64 .0]

BACKLOG 67 (26) [9.0] 65 (26) [8.7]

REPLENISHMENT 202 (6) [27.3] 202 (6) [27.3]

TOTAL 735 (35) [ioo.o] 741 (36) [ioo.o]

Note: Estimates of the standard deviations for the forecasts
art- shown in parentheses , and each cost component ’s percent
of the total is shown in bracket8.

4.2 Properties of Forecasts for Operating Characteristics of Single—Item
Systems

The average forecasted values of cost components are displayed In

Figures 4.1 and 4.2, 4 - Fl rr esponding to cases A and B. The underestimation

‘If backlog (05124 , observed In Table 4.1., l ’ r  the multi—item systems he—

comes apparen t  i i i  (-uses  A arid B when Fi gures 4.1 and 4 . 2  are compared w i t h

Figures 3.1 )IFRI 3.2. Both single-item systems considerably underestimate
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their backlog costs incurred under statistical control.

Case A ’s increased  backlog cost in period 9 und er  s t at i s t ic a l  c o n t r o l

Is edsily seen in Figur e 3.1. This increase is predicted to SOflK- extent

in  the b~icklog component of Figure 4.1, but the forecasts also predict non—

existent increased backlog costs in periods 2 and 3. The backlog cost

terecasts for case A underestimate actua l backlog costs and do not accurately

refl ect the behavior of the backlog component in the demand cycle. l’he

general trends , howev er , of holding at-id rep lenishment costs under stat isti—

cal control ,lrc accuratel y reflected In the forecasts.

Case B also fails to accuratel y predict statistical backlog co sta.

The sinusoidal pattern of backlog costs under statistical control , observed

in F igure 3.2 , is not detectable in the forecasts. The forecasted backlog

values also underestimate , in general , the statistical values. As in case

A , however , e,~se B does accurately forecast the general sinusoidal shape

of statistical holding and replenishment costs.

Table A7 of Appendices A to E sets out , for each item in the five

sys tems , the bias estimated for the forecast of total cost per period .

Comparison of these biases with the standard deviations estimated for

the forecasts ~f total costs , set out in Table A8, leads to the conclu—

slon that except for certain cases with unit backlog coat of 99, the bias

is small relative ti~ the standard deviation of the forecast , or , .alterna—

tively, relative to the mean square error taken about the expected average

total coa t per period . For a single Item , then , there is little point to

making a corre ction to each forec~u;t of the long run value of expected

average total cost per period 5 The dispersion of the forecasts over—

wheims any bias . It a l r ead y has been observed that correction for bias

Is worthwhile for a multi—item system containing a sufficiently large

number of i tems with independent demand processes. According to the law

__ee ~~ 
—s-- S- ~ 
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of large numbers , asymptoti cally the dispersion becomes small relative to

the bias iii the forecast of am aggregate operating characteristic.

Table A7 also contains information useful to evaluate the forecasts

for the short run. The tabit his been constructed by analysis of the time

series of differences between the forecasts and the values subsequently

realized for the operating characteristics. A convention has been adopted

that the bias is positive if the realized value of an operating character—

istic exceeds on the average the forecast value. To test whether bias

observed in ;rny opera ting characteristic is significantly positive or

negative, a two—tail large sample test has been applied at the .05 level

of significance , assuming that the sample mean differences for 200 obser—

vatlons are normally distributed . The standard deviation used to construct

the unit ~iorma l test statistic is that estimated for the sequence of 200

differences . Results of the tests are shown in columns (6) to (11) of

Table A7. Note that the average total cost per period has bias signifi—

cantly positive for all the items in each of the five systems . A sig—

nif icantly positive bias also is present for average period—end inventory

and backlog quantity in most cases. Stockout frequency is significant ly

posit ive when the unit penalty cost is large .

In seminary , for single—item systems where the forecasts are to h&

used as predictions for long run expec ted val ues , the forecasts are esti-

mated to have standard deviations large relative to the expected values.

They are, therefore , not useful to predict well the long run performance

of a single— item system. For a multi—item system, bias in the forcc.~sts

has been observed to be quite general. Both this bias and the dispersion

‘of the forecasts are sensit~ve to the characteristics of the items [n the

system , however , and therefore the magnitudes depend on the overall compo-
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p SltiOfl of the multi—item system under consideration. For this reason ,

when fore .~st ing Is to be done using only a sample of items in t i ll- system 1

c it . must he taken to select a sample representative of the overall

structure of the multi—item system.
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5. [ ( ) l ’ I CS  FOR }-1IRT I-IER RESEA RCH

In this ~~ectjOfl we summarize the main  results of this report and

suggest top ics for further investigation .

in Section 2.3 we examined , in detail , the optima l policies and

corresponding operating characteristics under optima l control for two

typ ical single—item cases. We observed , in particular , that the movement

of optimal policies through the demand cycle was similar to that of the

means and variances of the A + 1 — fold demand distributions , ~~~~~

fo r  i = 1,. . . , 12. This suggested tha t an approximately optima l (s,S)

inventory pol icy ca n be compu ted in the begi nning of the i~
1
~ period within

the cycle as a function of the cost parameters and t~ie demand means and

var i ances  f o r  2aiY~ 
per iods  i to A + 1 + 1

S ( Ai - 1 )  2 ( - - i )the 12 convoluted means and variances , 
~~ 

and 
~ 

‘

i = I , . . . , 12 , were used in the Ehrhardt pows approxinia t ion to compute

12, possibl y distinct , (s,S) policies , (see Section 1.1.2 for le t ~i1s).

These policies resulted in operating characteristics that were very close

to that of under optima l control.

When the 12 individual demand means and var i ances  were nut  known ,

they were estimated using previous demand data. The techni que adopted

under statistical control assumed knowledge of the relative ma~’rli tud es

of demand means withi n the cycle by r epresen ting mean demand I n per io d i

as a x
~
, where t is the smallest demand mean encountered in the cycle

and the x~ variables are assumed known . n is estimated by regression

t echniques , (st -c  Se c t i on  1. 2 . 3  f o r  d e t a i l s) .  The results of Si -ct  itIll I

indica ted that this statistical approach resulted in relatively sIu.Ill

increases of total -os t~~ ever that 01 optima l control.

~~~~~~----- ———-- -
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WV r e l l i z e  that in th is study the amount of variation O f mean d u —

mand for the va r ious  f l Of l J t~ I t i O f l I r V  svstt-ms has been a r b i t r a r i ly  s e l e c te d .

~Mo~Ll~ I Old I I  v ar y  mean demand  f r o m  a base level ii to 2 u-, wil l  I .

models L I E  ~ind IV v l r v  mean demand f rom a to 5 ~~. Sect  j O O S  2 arI d 3

~~VeJ l .1 sI ight  de t  , r l o r a t i o n  in t he  p e r f o r m a n c e  of the  power  .-ip p r o x i —

i .it  Ion f o r  mu~1 I -  I s 11 1 and IV.  HI !1 t , i t  may be m t  c r u s t i n g  to ~~~~ccas •

t h I  fle~Ifl demand 1evf ~1s f o r  t he se  models to much h i g he r  levels  t h a n  5~ t ,

t t~I ~~~~ I I I u r t i l e r  d e g r a d a t  Ion 0 ~ I r s  1:~ t h e  . ven t  of f u r t h e r  d e g r a d a —

~ ~ O C . ,  t h e  i n l i v i d u  i i  v a r i a n ce s  ~~ 2 (  ~~~ , fo r  I ~ 1, ~ ~ - , 12 , mi ght  be

slightly .tltered to accoullt tot the  a m o u n t  of v a r i l t i o n  of m~-ai demand

w i t h in  a c y c le . F u r t h e r  r e s c ir c h  w i t h  n o n s t a t i n o r v  models t h a t  have

sma l l  v a r i a t i o n s  i~ m c ) c  demand m i g h t  :ilso he cons ide red  to -c - e  i f  the

st a t ic ~,arv poli~ J e s  ~n Section 2.6 improve their performance.

flie s tud y has r e q u i r e d  t h a t  a l l  demands ~tre stocastically Independent

of each o t h e r .  IIen ~- e , knowled ge 01 s imply t h e  demand in one p er i o d  pro—

vides N~’ ~,dditiona 1 information about future dcm~inds . Correlated demand

sequences con provide an int eresting ~Ir t - -i for further invest1l~ation .

The analysis of inventory policies when demands follow a Markov process

r ema ins  an (.)p efl : l r k a f o r  r e s c~i r c h .

Unc~er stotistical control in Secti~~it 3 we assumed knowled ge of the

g e n e ral  S I c I l I L  of the d em an d  means w i t h i n  a cyc le  via the x~~
1 s , ( see

Section 1.2 .1 for dei~~i l s) .  Comp lete knowled ge of the x
1
’s 1nd irc~ tly

gives us the cycle length. Relaxing these ~lusumt)tions would require

that new estimation schemes for the x
1

1 s and the cycle 1t-r i~ th , bas ’d

on the  observed d L f l t d I I d S , he deve loped .

-
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Appendix A

Single—item Data

SLitionary Model

Summary of Data for 16 Items with Negative Binomial Demand

Distributions (Vari.im’e/Mean 3) Control led with:

Optima l Policies (DP)

Power Approximation (PA)

Statistical Power Approxim ation

Table Al Aver~ige Total Cos t Al

A3 Period—End Inventory

A4 Period—End Backlog as Proportion of Me - in Demand A l

AS Frequency of Periods wit h Backlog

A6 Rep lenishment Frequency AS

A7 1:stim~i ted Bias of Fore ist of Total Cost A6

AS Estimated Standard Deviation of Forecast of
Total Cost A7

A9 Val ues for  
~~~~~~ 

,\14 t o  Al )

AlO Standard Deviations of (s
i
,s

i
) Values A [4 1 (1 A I ’~

Not e: For corresponding d,it i in MacCormick (1974), see tables
of the same number in App endices A of those reports.
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Append ix B

Single—item Data

Model I

Summary of Data for 16 items with Negative Binomial Demand

Distributions (Variance/Mean 3) Controlled with:

Optima l Policies (DP)

Power Approximation (PA)

Statistical Power Approximation

Table Al Average Total Cost hi

A3 Period—End inventory

A4 P e r i o d — E n d  Backlog as Propor t ion  of Mean Demand

A5 Freq uency of Per iods  w i t h  Backlog

A6 Replenishment Frequency

A7 Estimated Bias of Forecast of Total -ost

A8 Estimated Standard Deviation of Forecast of
T o t a l  Cost 117

A9 Values for (8
i~
S
1) 

BFI tIl BE )

AlO Standard Deviations of (s . , Si) Values 
~~~~~~ 10 1115

Note: For corresponding data In MacCormick (1974), see tables
of the same number In Appendices A of those report~ .

— — - ~~~~~~~~~~~
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A ppendix C

Single—item Data

Mode l II

S I l l a n Ir v  o t  Dat i f o r  16 I t ems w i t h  N e g a t i v e  Binomia l  Demand

D i s t r  i h u t  1 ( ) I I ~~ (V a r ~a l I c t / Mean ~ 3) Cont ro l  led w i t h :

Optima l l’III I C I I S  (DP )

Power A ppr oximation (PA)

Sta tistical Power Approximation

Table Al Average Total Cost (:1

A3 Pe r iod—End  In v e nt or ~

A4 Pe riod—End Backlog as Proportion of Mean Demand Ci

AS Frequency  of Per iods  w it h  Backlog

A6 Rep len  i shment  Frequency (~

A7 E s t i m a t e d  Bias of Forecast  of Tota l  Cost

A8 Estimated Standard Deviation of Forecast of
Total Cost

A9 Values  f o r  (S. , S1
) (~~ 1(1 ( I 3

AlO StandIrd 1)eviatiwis of (s .,S
1
) Val ues ~ I 4  t O  (~~ I ’~

~ ote: 1-Thr corresponding data in MacCormit -k (1974), see t a b l e s
I I I  t he  same numb er  i n  A ppend ices  A of those r e p o r t s .

S.
~~.— ~_ 
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~~I Append ix D

Single—item Data

Model III

Sununary of Data for 16 Items with Negative Binomial Demand

Distributions (Variance/Mean 3) Controlled with:

Optimal Policies (DP)

Power Approximation (PA)

Statistical Power Approxima t ion

Table Al Average Tota l  Cost 1) 1

A3 Period—End Inventory 1)2

A4 Period—End Backlog as Proportion of Mean Demand 1)3

A5 Frequency of Periods with Backlog 1)6

A6 Rep lenishment Frequency

A ? Estimated Bias of Forecast of Total Cost 1)1

A8 Estimated Standard Deviation of Forecast of
Total Cost

A9 Val ues fo r  (s 11 S~~) 1)8 t o il I

AlO Standard Deviations of (s.,S.) Values )i~ to i tiS

Note: For corresponding data in MacCormick (1974), Se t Lab !.:
of the same number In Append ices A of thoee reports.

_ _ _ _ _ _ _ _ _  

_ _ _ _ _  _ _ _ _ _ _ _ _  ~1_
‘•
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L Append ix  E

S i n g l e — i t e m  Data

Model IV

Summary of Data fo r  16 it ems wi th Nega tive Binomial Dema nd

Distributions (Variance/Mean = 3) Controlled with:

Optimal Policies (DP)

Power Approximation (PA)

Statistical Power Approxima tion

Table Al Average Total Cost I- _ I

A3 Per iod—End inventory

A4 Period—End Backlog as Proportion of Mean Demand ‘ I

AS Frequency  of Per iods  w i t h  Backlog

A6 Rep lenishment Frequency ES

A7 Estimated Bias of Forecast of Total Cost

A8 Estimated Standard Deviation of Forecast of
Total Cost 1

A9 Values  for  (s 11 S
1

) E8 to E l  I

AlO S ta n d a r d  Deviations of (s
1
,S
1

) Val ues E14 t~~, 1 1 5

Note: For corresponding data in MacCormick (1974), see tables
of the same number in Appendices A of those reports.
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Appendix F

Multi—item Data for the Power Approxima t ion

Stationary Model
System of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean ~ 3) Con t rol l ed Op timall y with Full Information .

Table Fl Sources of Expected Total Cost Fl

F3 Sources of Aggregate Period—End Inventory F2

F4 Sources of Aggregate Backlog Cost F3

F5 Sources of Aggregate Replenishment Cost F4

F6 Backlog Frequency FS

F7 Weighted Proportion of Demand Backlogged F6

F8 Replenishment Frequency F7

Note: For corresponding data in MacCormick (1974), see the table of the
same number in his Append ix C.

~~~~~~~ -~~~~~~--
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Appendix  G

Mult i-item Data for ihe Power Approx ima t ion

S t i t ionary Model

System ol 16 Items with Negative Binomia l Demand Distributions

(Variance/Mean 3) Controlled Approximately Optimally with

F u l l  In f o r m a t i o n .

Table G1. Sources of Expec ted Total Cos t Ci

G3 Sources of Aggregate Period—End I nventory

G4 Sources of Aggregate Backlog Cost C3

C5 Sources of Aggregate Replenishment Cost (‘.4

G6 Back log  Frequency (“5

G7 Weighted Proportion of Demand Backlogged (;h

G8 Rep lenishment Frequency G7

Gl5 Sources of Total Cost (% Excess Over DP) G8

Gb Sources (If Aggregate Period—End Inventory(% Excess Over DP) C9

C17 Sources of Aggregate Backlog Cost (% Excess Over DP) d O

GiB Sources of Aggregate Replenishment Cost (% Excess Over DP) Cli

G19 Backlog Frequency (% Excess Over DP) CU

G20 Weighted Proportion of Demand Backlogged (% Excess Over DP) C1 3

C2 1 Rep lenishment Frequency (% Excess Over DP) C14

Note: For corresponding data in MacCormlik (1974), Bce the table
1)1 the same number in his Appendices E and F.

—
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Appendix H

Multi—item Data for the (24,24) Statistical Power Approximation

Stationary Model

System of 16 Items with Negative Binomial Demand Distributions
(Variance/Mean 3) Controlled with Statistical Information from
a 24—Period Demand History, with Revision Every 24 Periods,
Using Regression Estimates of Demand Means and Variances .

Table Hi Sources of Total Cost Hi

H3 Sources of Aggregate Period—End Inventory H2

H4 Sources of Aggregate Backlog Cos t H3

H5 Sources of Aggregate Replenishment Cost H4

116 Backlog Fr equency H5

117 Weighted Proportion of Demand Backlogged H6

118 Replenishment Frequency Hi

H15 Sources of Total Cost (% Excess Over DP) 118

H16 Sources of Aggregate Period—End Inventory (% Excess
Over DP) H9

H17 Sources of Aggregate Backlog Cost (% Excess Over l)P) 1110

H18 Sources of Aggregate Replenishment Cost (% Excess
Over DP) 1111

H19 Backlog Frequency (% Excess Over 1W) 1112

H20 Weigh ted Proportion ot Demand Backlogged (Z Excess
Over DP) 111 3

H2l Repleni shment Frequency (% Excess Over DP) 1114

Note: For corresponding data in MacCormick (1974), ~~~~~ the table
of the same number in his Appendices K and L.

~~~~~~~~~~~ 
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Appendix i:

M u l t i — i t e m  Forecas ts  fo r  the (24~ 24) S ta t i s t i ca l  Power Approx ima t ion

Stationary Model

Forecasting Properties of Inventory Sys tem of 16 I tems w i th
Negat ive Binomial Demand Distributions (Variance/Mean = 3)
Controll ed with Statistical Information , Revision Taking Place
Every 24 Periods Using a 24—Period Demand History and Regression
Estim~t tcs of Demand Means and Variances. Forecasts Made~ i t  Each
Revision Using a 24—Period Demand History.

Table 11 Sources of Forecast of Total Cost 11

12 Sources of Forecast of Aggregate Period—End Inventory 12

13 Sources of Forecast of Aggregate Backlo~g Cost 13

14 Sources of Forecast of Aggregate Replenishment Cost 14

Is Forecast of Backlog Frequency 15

16 Forecast of Weighted Proportion of Demand Backlogged 16

17 Forecast of Replenishment Frequency 17

18 Sources of Variance of Forecast of Total Cost 18

19 Sources of S.D. of Forecast of Total Cost 19

110 Sources of S.D. of Forecast of Aggrega te
Period—End Inventory 110

Ill Sources of S.D. of Forecast of Aggrega te Backlog Cost Il l

112 Sources of S.D. of Forecast of Aggregate Rep lenishment Cost 112

113 S.D. of Forecast of Backlog Frequency 113

114 Sources of Total Cost (% Underestimate of Ac tual by
F o rec ast )  114

115 Sources of Aggregate Period—End I nventory (X Underestimate
of Actual by Forecas t ) 115

116 Sources of Aggregate Backlog Cost (% Underestimate of
Actua l by Forecast) 116

117 Sources of Aggregate Rep lenishment Cost (Z Underestimate
of Actua l by Forecast) 117

118 Backlog Freq uency (2 Underestimate oi~ Actua l by Forecast) 118

119 We ighted Proportion of Demand Backlogged (2 Underestimate
of Ac tual by Forecast) 119

120 Replenishment Frequency (% Underestimate of Actua l by
For ecas t )  120

Nott-: The corresponding appendices In MitcCormick (1974), are hi s
Append ices T and U .
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Appendix  J

Multi—item Data for the Power Approximation

Model I

System of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean = 3) Controlled Optimally with Full Information.

Tab le Jl Sourc es of Exp ected Total Cos t 31

33 Sources of Aggregate Period—End Inventory J2

J4 Sources of Aggregate Backlog Cost J3

J5 Sources of Aggregate Replenishment Cost J4

J6 Backlog Frequency J5

J7 Weighted Proportion of Demand Backlogged J6

J8 Rep lenishment Frequency J7

N o t e :  For corresponding data  in MacCor inick (1974) ,  s ic  t h e  t a b l e
at  the same number iii his Appendix C.

- - - - - ~~~~~ —
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A ppendix IC

~Iiil t ~~~~~~~~~~~ l er the Power ~ pp roximat ion

Model I
System of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean ~ ~3 ) Con trol l ed Approxima tel y Optimally with l~
’u1I

Informa t ion .

Table Ki Sources of Expected Total Cost KI

K3 Sources of Aggregate Period—End Inventory K2

K4 Sources of Aggregate Backlog Cost

K5 Sources of Aggregate Rep lenishment Cost K4

K6 Backlog F requency

K7 We i ghted Proportion of Demaud Backlogged K6

K8 Replenishment Frequency K7

K 15 Sources  of Tota l  Cost (
~ 

Excess Over DP) K8

K16 Sources of Aggregat e Period—End Inventory
(Z Excess Over DP) K9

K17 Sources of Aggregate Backlog Cost (% Excess Over DI’) K10

1<18 S(~u r - (s of Aggregate Replenishment Cost (% Excess Over DP) Kll

Kl9 Ba cklog Freque ncy (% Excess Over DP) K!.?

K20 W e i g h t e d  P r o p o r t i on  of l)t mand Backlogged
(% Excess Over DP) K13

K21 Replenishment Frequency (% Excess Over DP) 1(14

N~, t e :  For corresponding data In MacCormick (1.974), see th e  table
of the same n~i m h e t  in  his Appendices E and F.
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4 AppendIx L

Multi—Item Data for the (24 ,24) S t a t I s t i ca l  Power Ap p r o x i m at i o n

Mod el I
System of 16 Items with Negative Binomial Demand Distributions
(Variance/Mean 3) Controlled with Statistical Information from
a 24—Period Demand History, with Revision Every 24 Periods ,
Using Regression Estimates of Demand Means and Variances.

Table Li Sources of Total Cost Li

Li Sources of Aggregate Period—End Inventory 1.2

L4 Sources of Aggregate Backlog Cost L I

L5 Sources of Aggregate Rep lenishmne t Cos t L4

L6 B a c k l o g  Frequency 1.5

L7 Weighted Proportion of Demand Backlogged l~6

LB Replenishment Frequency L7

LlS S&iurc c- : of Total Cost (% Excess Over DP) L8

Ll6 Sour cs of Aggregate Period—End Inventory (% Excess
Over DP) L9

L17 Sources of Aggregate B~~
, 1og Cost (% Excess Over DP) 1.10

L18 Seurces o~ Aggr e ga te  Replenishment Cost (% Excess
Over DP) L i i

Ll9 Backlog Frequency (% Excess Over DP) LI .?

L20 Weight ed Proportion of 1)emand Backlogged (Z Excess
(Over DP) 1.13

L21 Replenishment Frequency (% Excess Over U P )  1 . IA

N o t e :  i er  co r r e s p o n d i n g  da t  a In  Mi i cCorm lck  ( 1974)  , set t h e  t ab l e
of the same number in h i s  Append ices  K and L.
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A ppendix ~1

M u t t  
~~~~~~~ 

F o r &  ~-~i st s  f o r  thc (~~-~~2~~) S t at i s t i ca i  Power Aj~p r u x L m a t i u n

Model I
E~~rec~i~~t ing Properti es ~ t i nv en tory Sys tem of 16 i t ems  w i t h
Nc~~~i:j ve B i n o mi a l  Demand l) i s t rib u t i o ns  (Va r i ance/ Mean  3)
Contra! led with Statisti ca l Informa t ion , Rev ision T.- kl ug Place
Every 24 Periods Using a 24—Period Demand Hist ry and Regr . ssion
Estimates of Demand Means and Varian - &s . Forecasts Math it Each
Revision Using a 2-~—Per iod Demand Hist~~rv.

Table  Ml Sources  of F o r e c a st  of T o t a l  Cost M A

M2 Sour:es of 1-irecast 01 A~ g r .~~~ t e  P e r i o d — E n d  Inventw  ~
‘

M3 Sources of Vorecast of Aggregate Backlog Cost MI

M4 Sourccs of Ior . cast of Aggregate Rep lenishment Cost

MS i o r e c :t s t  of Backlog Frequency N )

M6 k recjst of Weighted Proportion of Demand BAcklogged Mh

M / i’~’r c c , i s t  of Rep i e n i s t u n - : i t  Fr e quency

M8 Sources  of V ar i a f 1 c ~ of F o r t c i s t  of Tota l  Cost MS

M9 Sources of S.D. ~f Forecast .f Total Cost M9

MlO Sources of S.D. of Forecast of Aggregate
Per iod—End Inventory M l O

MU Sources of S.D. of Forecast of Aggregate Backlog Cost ME L

M 12 Sources  of S . D .  of Forecas t  of A g g t & ~ y t t e
Replenishment Cost

M l 3  S .D.  of I-~a rcca :t of Backlog F r e q u e nc y  Ml 3

M 14 Sources of Tot :~l Cost (% Un lcrestimate of Actua l by
Forecast) M 14

Ml5 Sources ot Aggregate Period—End Inventory (% Underestlinat .
of A ctua l by For~sast) Ml

M l6 Sources 01 A g~ re~’ i t  c B a c k l og  Cost (% U n d e r e s t i m a t e  of
Ac tual by ForL ast) M16

M17 S )t I rces of Aggregate Replenishm ent Cost  (% Underestin~~t .
of  A ctua l by Fore~- ast ) M17

M 18 Backl og Frequency (% Underestim ate of Actua l by For& c tst) M18

M19 Wei ghted Proportion ot Demand Backlogged (% Underestimate
of A c t u a l  by Fo recast  ) M l 9

M 2 C  R .p l e n isbm en t  F requen cy  (% U n d er e s t i m a t e  of Actua l hv
Fort ast) M20

N ote:  The co r r e spond ing  a p p i n i l c e s  in Na ( or l n i c k  (1974) , ar e  h i s
Appendi ces T and V .
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Appendix N

Multi—item Data for the Power Approximation

Model II

System of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean 3) Controlled Optimally with Full information .

Table Nl Sources of Expected Total Cost Ni

N3 Sources of Aggregate Period—End Inventory 142

N4 Sources of Aggregate Backlog Cos t N3

N5 Sources of Aggregate Rep lenishmen t Cos t N4

N6 Backlog Frequency  N 5

N7 We ighted Proportion of Demand Backlogged N6

N8 Replenishment Frequency N7

No te: Fo r correspond ing data in MacCormick (1974), see- the table
of the same number in his Appendix C.



Appendix 0

Multi—item Data for the Power Approximation

Model II

Sv~~tem of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean ~ 3) Controlled Approximatel y Optimally with

Ful l Information .

Table 01 Sources of Expected Total Cost (11

03 ~o i i r c e s  of Aggrega te  Per iod—End Inven to ry  02

04 Sources of Aggrega te  Backlog Cost 03

05 Sources of Aggregate Rep lenishment Cost

06 Backlog F r e q u e n c y  05

07 Wei gh ted  P r o p o r t i on  of Demand Backlogged

08 Rep l en i shmen t  F r e q u e n c y  07

015 Sources of Total C~~ t (% Excess Over DP) 08

016 Sources of Aggregat - Period—End Inventor’.’ (Z Excess
Over DP) 09

017 Sources of Aggregate Backlog Cost (% Excess Over DP) 010

018 Sources of Aggregate Replenishment Cost (7. Excess
Ov. r DP)  011

01~’ Back og F r e q u en c y  (% Excess Over DP) 012

020 We i ghted  P r o p o r t i o n  of Demand B a c k l i .o~ged (% Excess
Ov er  DP) 0! 3

021 Rep l e n i s h m e n t  Frequency  (Z Excess Over DP) 014

N o t e  : For c or r e s p o n d 1 t ~~ da ta  in M acCorml -k ( 1974 )  , see t he  tab Ic
of the same number in his Append ices E and F.
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App end ix P

Multi—item Data for the (24,24) Statl sti cal Power Approximation

Model II

System of 16 Items with Nagative Binomial Demand Distributions
(Variance/Mean 3) Controlled with Statistical Information from
a 24—Period Demand History, with Revision Every 24 Periods ,
Using Regr ession Estimates of Demand Means and Variances .

Table P1 Sources of TotRi Cost P1

P3 Sources of Aggregate Period—End Inventory P2

P4 Sources of Aggregate Backlog Cost P3

P5 Sources of Aggregate Replenishment Cost P4

P6 Backlog Freq uen cy P S

P7 Weighted Proportion of Demand Backlogged P6

P8 Replenishment Frequency P7

P15 Sources of Total Cost (% Excess Over DP) PB

P 16 Sources of Aggregate Pe r iod—End  Inventory (% Exceos
t ) ve r  DI’) p9

P17 Sources of Aggregate Backlog Cost (% Excess Over DP) PLO

P18 Sources of Aggregate Replenishment Cost (2 Excess Over DP) P11

P19 Backlog Frequ ency (~ Excess Over DP) P 12

P20 Weighted Proportion of Demand Backlogged (% Excess
Ov er UP) P 13

P21 Replenishment Frequency (% Excess Over DP) P14

Note: fo r orresponding dat a in MacCormick (1974), See the tabl e
of the  same number  in h i s  A pp end ices  K and L.

~~~.s--— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--.—---- -- -- - -- . - - - - - —
~ 

- —



I Append ix  Q

~ ~iuiti — 1t em Forcc-asts f o r  the  (24 , 24 ) S t a t i s t i c a l  Power Approximation

Model II

~ 
Forecasting Properties of Inventory System of 16 Items with

~ Neg a tive Binomial Demand Distributions (Variance/Mean 3)

~ Controlled with Statistical Information , Revision Taking Place
~ Every 24 Per iods Using a 24—Period Demand History and Regression

Estimates of Demand Means and Variances. Forecasts Made at
Each Rev ision Using a 24—Period Demand History .

: Table Ql Soon-es of Forecast of Total Cost Qi

~ 
Q2 Sources of Forecast of Aggregate Period—End inventory Q2

~ 
Q3 Sources of Forecast of Aggregate Backlog Cost Q3

Q4 Sources  of Fo recas t  of A g g r e g a t e  Rep l e n i s h m e n t  Cost

~ Q5 Forecast of Backlog Frequency

Q6 Forecast  of Wei ghted  P r o p o r t i o n  of Demand BackLogged Q6

Q7 Forecast of Replenishment Frequency Q7

L 
Q8 Sour-es of Variance of Forecast of Total Cost

~ 
Q9 Sources of S.D. of Forecast ot Total Cost Q9

~ Ql0 Sources of S.D. of Forecast of Aggregate

~ 
P e r i o d — E n d  in v e n tor y  QlO

~ Qil Sources of S.D. of Forecast of Aggregate Backlog Cost Qil

~ 
Q12 Sources of S.D. of Forecast of Aggregate

~ 
Rep lenishmen t Cos t Q12

~ 
QlJ S.D. of Forecast of Backlog Frequency Q13

~ Q14 Sources of Total Cost (% Underestimat e of Actua l by
!- c r t - : I st )  Q 14

Ql5 Sources of Aggregate Period-End Inventory (Z Underest imate

~ 
of  Actu al by Forecast) QiS

Q16 Sources of Aggregate Backlog Cost (% Underestimate of

~ 
/.e t ua 1 by Forec i ~. t ) Ql~

Q17 Sot ir:t s of Aggregat e Replenishment Cost (% Underestimate
I of  A c t u a l  by Fo reca s t )  Q I ?

~ 
Q18 Backlog Frequency (% U n d e r e s t i m a t e  of Actua l by Forecas t )  Q I B

~ 
Q19 Weighted Proportion 01 Demand Backlogged (Z Underestimate

of Actua l by Forecast) Q1’~

Q20 Repl enishment Frequency (% Underestimate of Actual by

~ 
Fore a s t  ) Q20

~ No te:  The corresponding ap pendi ces  in Ma ) Cornt ick ( 1Y 7 4 ) ,  a re  his

~ 
Ap p e n d i c e s  T and U.

L. ~~~~~~~~~~~~~
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App endix R

Multi—item Data for the Power Approximation

Mod el I I I

System of lb Items with Negative Binomial Demand Distributions

(Variance/Mean 3) Controlled Optimall y with Full Information .

p 
~ ~

Table  Ri Sou rces of Expec ted To tal Cos t RI

R3 Sources of Aggregate Period—End Inventory 1(2

R4 Sources of Aggrega te Ba cklog Cost R3

R5 Sources of Aggregate Replenishment Cost R4

R6 Backlog Freq uency R5

R7 Weighted Proportion of Demand Backlogged R6

R8 Rep lenishmen t Frequency R7

Note: For corresponding data in MacCormick (1974), see the table
of the sam e number j~ his Appendix C.

_
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A p p e n d i x  S

Mu lti— Item Data for the Power Approximation

Model III

Svotem of 16 Items w it h Negative Binomi al Demand Distributions

( V a r i a n c e / M e a n  3) C o n t r o l l e d  Ap p r o x i m a t e l y  Op t i m a l l y with

F u l l  I n f o r m a t i o n .

1ahlc Si Sources of Expected Total Cost SI

S3 Sources of Aggregate Period—End Inventory 52

S4 Sources of Aggregate Backlog Cost Si

S5 Sources of Aggregate Replenishment Cost S4

Sf) Backlog Frequency SS

S7 Weighted Propor t ion  of 1)emand Backlogged Sb

S8 Replenishment Frequency S7

515 Sources of Total Cost (% Excess Over DP) SM

S16 Sourcus of Aggregate Period—End Inventory (% Excess
Over LIP) S9

Sl7 Sources of Aggregate Backlog Cost (Z Excess Over [)P) SlO

Sl8 Sources of Aggregate Replenishment Cost (% Excess Over OP) SI!

Si9 Backlog Frequency (~ 
Excess Over DP) SE.?

S20 WclcL t ed Proportion of Demand Backlogged (7. Excess
Over DP) 513

S2i Rep lenishment Frequency (% Excess Ove r UP) S14

No t e: For cor responding  data  in MacCormick (1974) ,  see t h e  t ab le
of tb ’ same number in his Appendices E and F.

-
~~~~~~~~~ __l__ ~~~~~~~~~~~~~~ 
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A ppendix  T

Muiti—item Data for the (24~ 24) Statistical Power Approximation

Model III

System of 16 Items with Negative Binomial Demand Distributions
(Variance/Mean 3) Controlled with Statistical Information from
a 24—Period Demand History , with Revision Every 24 Per iods ,
Using Regression Estimates of Demand Means and Variances.

Table Ti Sources of Tota l  Cost Ti

T3 Sources of Aggregate Period—End Inventory T2

T4 Sources of Aggregate Backlog Cos t T3

T5 Sources of Aggregate  Rep lenishment  Cost T4

T6 Back log  Frequency T5

T7 W e i g h t e d  Propor t ion  of Demand Backlogged 16

T8 Rep len i shment  Frequency T7

Tl5 Sources of Total Cost (% Excess Over DP) T8

Tl6 Sources of Aggregate Period—End Inventory (% Excess
Over Dl’) 19

Ti7 Sources of Aggregate Backlog Cost (Z Excess Over Dl’) TlO

Tl8 Sources of Aggregate Rep lenishn~ n t Cost (¼ Excess Over DP) Til

Tl9 Backlog Frequency (% Excess Over DP) TI.?

T20 We ighted Proportion of Demand Backlogged (% Excess
Over DP) Ti l

T2l Replenishment Frequency (¼ Excess Over DP) [‘14

N o t e :  For cor responding  l~i t i  i n  Kac Corm ick (1974) , see t he t a b l e
of the same n umber in h i s  Appendices K and L.

. 
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A ppend ix U

Multi—item Forecasts for t h e  (24~ 24) Stati stical Power Approximation

N1()(l& 1 ii:i
For~~~ist ing Properti es of Inventory System of 16 Items with
Nog~i t ~VC Binomial Demand Distributions (Variance/Mean 3)
Controlled with Stat is tical Information , Rev ision Taki ic P1a c
Fverv 24 Periods Using a 2/4-Period Demand History and Regres—
sion Estimates of Demand Means and Variances . Forecasts Made
it E t ch Revision Using a 24—Period Demand History .

p

T.ible UI So)Ircts of Forecast  of Tot a l  Cost U I

U .? Sources  of Forecas t  of A g g r e g a t e  Pe r iod—End  I nv en t or y  U ?

113 Sources of Forecast of A g g r e g a t e  Back log  Cost 03

04 Sources of Forecas t  of Aggrega te  Rep len i shmen t  Cost U4

05 Forecast of Backlog Frequency US
Ch Fore~-~ist of Weighted Proportion of Demand Backlogged 06

1J7 Forecast of Rep l e n i s h m e n t  Frequency  U7

U8 Sour c es of V a r i a n c e  of Forecast  of T o t a l  Cost 118

139 Sour es of S .D .  ot Forecast of Total Cost (19

010 Sour -~~s of S.1) . of Forecast  of A g g reg a t e  P e r i o d — E n d
Invent ’ry (110

U l l  Sour -es of S .D .  of 1- o r € c a s t  of Ag g r e g a t e  B a c k l o g  Co s t  (111

( 112 Sources  of S . D .  of Fo recas t of A ggr c~~l t e  R e p l e n i s h me nt  Cost [112

(113 5.1). of Forecast of Backlog Freq uency 013

U l4 Sources of T o t a l  Cost (% Underestimate of Actua l h’.
F or e c a s t )  (114

(115 Sources of Aggrega te  P e r i o d — End L n v en t o r v  (% Unde r e s i  i S i t  e

ot Actu al by Forecast) Ul S

( 116 Sources 01 Aggregate Backlog Cost (% Vn lcrestimati ol
Ac tua I by Forecas t  ) I’ I h

( 117 Sources  of A g g r e g a t e  R e p l c n i sh r n en t  Cost  (X U n d e r e st  [m a l e
of  ,~i a t u aj  by For o -as t  ) [3 17

018 Back log  Frequency (% Underestimate of Actual by Forecast) 11 18

U19 Weighted Proportion of Demand Backlogged (% Under-ti ma t e
of A c t u a l by F o rec as t )  OH

1120 Rep l ( ’ t ) tblttI5~flt  F requency  (% U n d e r e~~ t m a te  of Actua l by
For ec :i st  ) [320

N o t e :  The co r r e spo i id ir ~~ i j p e n d i c e s  in M a cC orm i ck  ( 1974)  . a r e  h i  s
Appendices ‘1’ and U.
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App end ix V

Multi—item I)ata f o r  the Power Approximation

Model  IV

System of 16 Items with Negative Binomial Demand Distributions

(Variance/Mean 3) Controlled Optimally with Full information .

Table Vl Sources of Expected Total Cost V l

V3 Sources f Aggregate  Per iod—End Inventory  V2

V4 Sources of Aggregate Backlog Cost V3

V5 Sources of Aggregat e Rep lenishmen t Cos t V4

V6 Backlog Frequency V S

V7 Weighted Proportion of Demand Backlogged V6

V8 Rep lenishment  Frequency V7

Note: For corresponding data in MacCormick (1974), see the table
of the same number in his Appendix C.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Appe ndix W

Mu lti-item Data for the Power Approximation

Model IV

System of 16 Items with Ne gative Binomial Demand Distributio ns

(Variance/Mean 3) Controlled Approximately Optimally w i t h

F u l l  I n f o r m a t i o n .

Table Wi Sources of Expected Total Cost Wi

W3 Sources  ~ f A g g r e g a te  Per iod—End In v e nt o r y

W4 Sources  of Aggregate Backlog Cos t Wi

W5 Sources of A g g r e g a t e  R e p l e n i s h m e n t  Cost

Wf, B a c k l o g  F requency  145

(47 Weighted Proportion of Demand Backlogged 146

148 Rep len i s h m e n t  Frequency 147

1415 Sources of Total Cost (% Excess Over DP) 148

1416 Sources of Aggrega te  P e r i o d — E n d  Inventor’. ’ (7. Excess 149
Over DP)

Wl7 Sources of Aggregate Backlog Cost (% Excess Over DP) 14)0

1418 s~ t ir c c s  of Aggre~~a te  Rep l e n i s h m e n t  Cost (Z Excess Over f t P )  t~’1l

W19 ltd -klog Frequency (% Excess Over DP) WI.?

142( 1 ~44 1g h t e d  P r o p o r t i o n  of Demand Backlogged (2 Excess Over  D P )  141 3

142 1 K e p l & n t s h m e n t  F requency  (% Excess Over TIP) W 1/ 4

No t e : For ( e ) r r v ~ p ond iI1g dat a  In Ma cCor tn ick  ( 1974) , see t lie’ t a b le  of
C he ~ ~ i’ii - numhc r I 0 Ii I s A ppend I ces E an d F .

.
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Appendix X

Multi— item Data for th~~~~ 4,24) Statistical Power Approximation

Model IV
System of lb Items with Negative Binomia l Demand Distribtition ’
(Var i iro e/M ean 3) Coo t ro l led w i t h  S ta t  i st i c al  in f o r m a l  ion f r o m
a 24—Period Demand History , with Revision Every 24 Periods ,
Using Regression E~~~tmates  of Demand Means and Var iances .

‘table Xi Sources of Total Cost Xl

x3 Sources of Aggregate Period—End Inventory X2

x4 Sources of Aggregate Backlog Cost X3

X5 Sources of Aggregate Replenishment Cost X4

x6 Backlog Frequency X 5

X7 Weighted Proportion of Demand Backlogged

x8 Rep lenishmen t Frequency X7

XIS Sources of Total Cost (% Excess Over DP)

X16 Sources of Aggrega te  Per iod—End Inventory  (% Excess
Over DP) X9

X17 Sources of Aggregate Backlog Cost (% Excess Over DP) XlO

X18 Sources of Aggrega te  Rep len i shment  Cost (Z Excess
Over DP) Xli

Xl9 Backlog Frequency (% Excess Over UP) XI.?

X20 Weighted Proportion of Demand Backlogged (Z Excess
Over DP) X l i

x21 Rep lenishm ent Frequency (% Excess Over Dl’) X14

Note ’ :  For corresponding data in  MacCor mic k  (1974) ,  see tb .  tab ’e
o f  t hi t  same number In  his A p p e n d i ce s  K and L .
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Appendix Y

~~~~~~~~~~~~~~~~~~~~ for the (24~ 24) Statistir~i 1 P ower Approxima tion

Model IV

Forec- ist ing Properties of Inventory System of 16 Items with
Negative Binomial Demand Distributions (Variance/Mean 3)
Cont rolled with Statistical information , Revision Taki ng Place
Every 24 Periods Using a 24—Period Demand History and Regres-
Sj oo Estimates of Demand Means and Variances. Forecasts Madc
at Ea ch  RevI s ion  Us ing  a 24 -Per iod  Demand H i s t o r y .

Table ‘11 Sources of Porecast of Total Cost Yl

Y2 Sources of Forecas t  of Aggrega te  P e r i o d — E n d  I n v e n t o r y  Y2

Y3 Sources of Forecast of Aggregate Backlog Cost Y3

Y4 Sources of Forecast of Aggregate Replenishment Cost Y4

Y5 Forecast of Backlog Frequency YS

Yb Forecast of Weigh ted Prop ortio n of Demand Backlogg ed Y6

Y7 I rt cast of Replenishment Frequency Y7

Y8 Sources of Variance of Forecast of Total Cost Y8

Y9 Sources of S.D. of Forecast of Total Cost Y9

Yb Sourc es of S.D. of Forecast of Aggrega t e Period—End
I n v en t o r y  YlO

Yll Sources of S.D. of Forecast of Aggregate Backlog Cost Yll

Y l2  Sources of S . I ) . of F or t cas t  of  Ag g r e g a t e
Replenishment Cost Y12

Y13 S.!). of Forecast of Backlog Frequency Y13

Yl’/4 Sour es of To ta l Cos t (% Underestimate oil Ac tual by
Fort ’ ast) Y14

Yls Sour -es of Aggrega te  Period—End Inventory (% Underesti ma te
of Ac tua l by F o r e ca s t )  Y l S

Y 16 Sour ces  of Ag g rc~~it e  Backlog Cost (% Underestimate of
Ac t ual by Forecast) Y l 6

Yl7 Sources of Aggre gate Replenishment Cost (% Underest I mate
Of A t ual by Forecast) Y17

Y 18 Ha( ’k log Freq~o ncy (Z U n d e r e s t i m a te  of A ct u a l by F or e c ,~s t )  Yl B

Y~9 We i gh ted Proportion of Demand Backlogged (% Underestimate
of A c t u a l  by F o r e ca s t )  Y 19

Y20 Rep len i shmen t  F r e q u e n c y  (% Underest  m a t e  of Actua l b y
F or e c a s t )  Y .~O

Not e : Th e ( l o r r eup o n d in g  app end i ces  in Mat -Cormi ck  ( 1974)  , a re  l e t s

i p p e n i j i ce~ T and U.
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