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I. PROBLE M STATE MENT

1 .1 Backg round - The unstead y exhaust plume and blast field genera-

ted by a rocket launch has been of concern in the past principally to those

responsible for the structura l integrity of the launch pad and/or adjacent

structures. The transient therma l loads and forces may be conservatively

estimated without recourse to detailed ana l ysis of the plume flowf ield . How-

ever , the steady exhaust plume flowfield has been studied in careful detail

at both high and low altitude , since it may p rovide a trail of optically and/or

electromagneticall y observable gases suitable for remote detection and tracking

of a la unch vehicl e, and possibly diagnostic information as well. The objective

of early detection has pressed interest to the l owest practica l altitudes , but

the unsteady exhaust p l ume and blast fie ld at ignition has not been addressed

in this context since any signal (optica l , electromagnetic or acoustic) is

largely attenuated by the atmosphere near sea level . However , the p l ume tech-

nology base is nevertheless incomplete without an adequate description of the

plume flowfield at i gnition and lift—off.

1.2 General Descri ption of the Flowfie ld - The unsteady flowfield at

ignition of a rocket , as depicted in Figure (1) bears certain resemblances to

the muzzle blast field of a gun or mortar , shown in Figure (2). Both share

s t ruc tu ra l fea tu res  common to the stead y underexpanded rocket exhaust plume ;

princi pally, the now-familiar underexpanded supersonic core , bar re l shocks a nd
Mach disc. The steady exhaust plume is most frequently depicted in a veh icle—

fixed frame of reference , with the vehicle far away from the ground surface . In

this situation , the exhaust plume near the vehicle is , on the average , steady

and p redom ina tel y superson ic. Turbu lent m i x ing even tuall y decelerates the plume
to entirely subsonic conditions further from the vehicle , and asymptot i c a l l y  f a r
from the vehicle to a randomly fluctuating fi eld to be dispersed by p revailing

w i n d s , buoyan t forces or simply dissipated by viscous stresses. However , the

p icture is considerably altered at launch , due to the interaction of the plume

0 f with the ground plane . In simplest terms , an unsteady plume spreads over the
I: g round surface , displacing the air around it. The unsteady p l ume collapses as

the vehicle leaves the vicinity of th.~ ground plane , and the remaining propel lant

H . 
-1-
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gas cloud is eventually dispersed by prevailing winds and buoyant forces.

During the Interim period , however , the unsteady plume will produce a blast

field and flash analogous to (although perhaps less intensely than) the well-

known muzzle blast and flash of a gun . The strength of the blast field , as
measured in terms of overpressure , wi l l  depend on fac tors l i ke the igni t ion
time , vehicle acceleration , etc. The flash intensity will depend on these

factors plus afterburning of unbu rnt p ropellan t and/or combust ion p roduc ts ,
opacity of the surrounding layers , etc.

• 1.3 Present Approach - Obvio usly , the subjec t p roblem is very compl ex

to describe in complete de ta i l .  However , it can be reduced to an assembly of
component problems for whi ch approx ima te solu ti ons are t rac table , wh i ch y i e l d
physical insights to the overall problem , and from which lim ited scal in g laws
su itable for cer tai n app l ica t ions can be derived . The present repor t summar izes
the results of study of the various component problems and attempts to bring

them together into a unified , although approxima te, descri ption of the main fea-

tures of the unsteady plume and blast field generated by a missile launch.

The present approach to the subject problem derives in a large part from prev i ous

work or. muzzle blast field analyses for guns 1 ’2. These, in turn , ini tially view-

ed the muzzle blast as a spherical explosion , wi th a constant rate of energy ad-

ditlon3. This approach successfully described the trajectory of the leading

shock wave at early times , and thus lent credibility to further exp lo i ta t i on  of

the assumption of spherica l symmetry . The asymptotic shock motion was subse-

quently 2 described by Whitham ’s theory~. This approach also clearly identified

the rate and duration of energy addition as prima ry parameters controlling the

blas t field. Accordingly, the rate and duration of energy depos i tion at the

ground surface from an accelerating rocket Is derived in Section III .  The asymp-

• totlc Inv is c i d  structure of the plume and blast field is reviewed In Section IV .

Descri ption of the actual thermochem i cal properties In the unsteady inv Iscid

shock layer requires numerical solution of the governing equations; the method-

ology and sample solutions are presented in Section V. A simple model of the un- •

steady turbulent mixing layer that deve l ops along the interface between the cx-

haust gases and the a i r  has been developed and is discussed in Section VI. 
~3~•
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Fi nal ly ,  in Section V II an overview of the problem is presented In terms of the

model der i ved here in , and conclusions are discussed .

— 
•

F

U 
-I

I

H
-5- 

1 • • = • • ~~~~ - ‘~~~~g 1 ~~~~~ •~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~



TR 21e6

II. DESCRIPTION OF THE PRESENT MODEL

2.1 Time Scales - A rocket motor beg ins to transfer therma l and

kine tic energy to atmosphere upon emergence of the leading pressure wave from

nozzle.  A f te r  a ser ies  of reflections of pressure waves within the combustion

chamber , an approx i mately constant chamber pressure and burn i ng rate is achieved ,

If the combus ti on p rocess is s table , p roduci ng corres pond i ngly cons tan t thrust
and energy flux rate in the exhaust. The ignition transient period (for a

sol id propellant)* Is of the order 5:

t l /cr/L* 10 to 20 (1)

For examp le , using 1* = 10 feet and cr 
= 3000 ft/sec as representative va l ues ,

give ignition times of about 30 to 60 milliseconds.

As the vehicle lif ts off , the rate of energy deposition in the atmosphere at

the launch site varies due to a combination of relative motion between the

vehicl e and the ground surface , and turbulen t mixing of the exhaust gases and

the surround i ng air. For the present purposes , lift-off Is considered compl ete

when the rate of energy deposition at the launch site drops to zero. The h f  t-

off period , t~ , is thus defined as the time from ignition to completion of lift-

• - off. It will be shown subsequently that this period ranges from about 5 seconds

for a hi gh acceleration (100 g) l aunch to about 12 seconds for a low accelera-

II tion (1.2 g) launch. In the high acceleration case, t~ “~ a
1 ; thus even a

five-fold Increase in acceleration (500 g) will still resu l t  in t~ > 10t~ .

Therefore , for a very wide range of cond i tions of interest , ignition is virtually

lnstan teous on the time scale of lift-off , and the two proecesses may be con-

sidered independently.

2.2 Flow Pattern - In view of the different thne scales for ignition

and lift-off , the interact ion of the rocket plume and the ground plane can be

regarded as the Imp ingement of an established , steady plume on a moving, planar

~ *Liqu Id propellan t ignitIon transIent periods have not been examined , but should
be of a comparable order , i.e., the time for about 10 to 20 wave reflection s in
the combustion chamber.

H ~I— _ --
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surface , as i ndicated schematically in Figure (3). The flow is turned from

vertical to horizontal through a shock (Mach disc) and subsonic stagnation

point type flow pattern . The flow then expands radia fly outward along the

ground surface. The flow can either continue to decelerate , thus remaining

subsonic , or can re-expand becom i ng supersonic very quickly ; the former case

l eads to a continuously Increasing pressure which in genera l cannot match the

prevailing atmospheric pressure , whereas the latter gives rise to a cyl i ndri-

cally symmetric supersonic plume pattern (as Ind icated in Figure 1) in which

the flow shocks up to the p revai l ing back pressure , through a Mach disc , as in
the case of a muzzle blast field ’. Thus the supersonic plume pattern is as-

sumed to prevail , in general. This pattern has also been observed experiment-

ally in this case steady, underexpanded , sonic jet imping i ng on a wall 6.

Since the ignition time is short relative to the lift—off time , the flowfleld

can be considered to begin impulsively. Accord i ngly, a l eading pressure wave

Is driven ahead of the expanding propellant gases into the ambien t atmosphere.

Under suitable conditions , this wave can be represented by a semi-spherica l

blast wave, which asymptotically deteriorates to a sound wave , having it origin

at the point of impingement of the exhaust gases on the ground surface. As in

the muzzle blast case , the effective origin may actually be a ring within the

cylindrically symmetric supersonic plume wh i ch forms along the surface, l ead-
L. ing to a distortion of the assumed semi-spherica l shock shape , but , like the

muzzle blast , the distortion is probably most pronounced at very early times

and asymptotically negligible.

As in a muzzle blast , the flowfleld is quickly engulfed by turbu l ence , and the

inv l scld structure shown in Figure (3) at time t 1 is covered by a turbulent

cloud as Ind i cated at time t2. In the present problem , the exhaust plume shear

l ayers present one evident source of turbulence due to velocity jumps In the in-

~ 
viscid flow. However, as in the muzzle blast , the extreme temperature jump

across the radially expanding front between the propellant gases and air (termed

the contact surface in Figure 1) presents another source of turbu l ence. Although

C the effects of turbulent mixing are important , the Inv lscid structure of the

flowfieid must be determined first. The turbulen t mixing processes can then be

-7-
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superimposed on the inv isc id solution , in the usual vein of boundary layer

theory , as a first approx i mation .
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I I I .  ENERGY DEPOSITION

3.1 General Remarks — In an earth-fixed frame of reference , the

rocket motor can be regarded simply as a source of high temperature , high

pressure gases rel eased into the atmosphere in an confined stream which im-

pinges on the ground. The point of imp i ngement can , in turn , be viewed as an

effective source of energetic gases wh i ch spread over the ground as an un-

steady plume and blast field. This source is fed by the exhaust stream of the

rocket motor. Since , as noted , the ignition transient time is short relative

to the lift-off time , the process can be considered to begin impulsively.

In this source-flow approximation , the simili tude solutions of blast wave theory

apply, and the boundary conditions can be stated In terms of one-dimensional

flow representations of the rocket exhaust gases. The boundary conditions con-

trolling the superson i c p lume can be approxima ted from the same one-dimensional
model. However, the blast wave solutions can be stated in terms of the rate of

energy depos ton , whereas the plume additiona lly requires the knowledge of the

mass flow rate, since the plume is two—dimensiona l while the blast solution is

one-dimensional.
ci

3.2 Inviscid Scaling - A brief rev iew of the essential elements of

the theory of variable energy blast waves3 is informative with respect to the

subject problem . In particular , the energy rel eased at the source of the blast

wave must conform to the power-law;

E(t) Wt8 (2)

where W and 0 are constants. The shock wave trajectory is then given by:

r “ B ’ t” (3)
S

where

— ~-(j+3) 2 J~i’c_
2 •

• . •
-

~~~~~ 

-10- .
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[
n — ( 8 +2) I ( j+3 )  (5)

J0 (n,j,y) constant, apd B — constant (6)

The Index j is 2 for spherical symmetry (as i n  the present case), 1 for cy-

It lindrica l symmetry and 0 for planar symetry . Thus , wi th j = 2 and 8 0 the
classica l point explosion solution , n — 2/5, is recovered , whereas with 8 = 1

• the solution for a constant rate of energy addition , n = 3/5, is obtained .

Few actual processes of interest conform to a power law varia t ion , al though a
combination of different power l aws for different periods can provide a reason-

able approx i mation to the total energy rel ease rate. In the present problen

the combi nation of 8 1 for 0 < t ~ t1, 8 < 1 for t1 
< t < t2 and 8 0 for

t > t2 
will prove to be appropriate. However, the validity of blast wave

theory , or of scaling based on blast theory variables , may be questioned if

8 # constant. Dabora3 suggested use of a length scale R0 based on the total

amount of energy released as t ~~- 
~~. in the present case this l ength scale is

R0 — (2E(t 2)/P)
1”3 (7)

where dE/dt — 0 for t > t2, and the factor of 2 has been inserted to account

for symmetry with respect to the ground plane . Finite diffe rence solutions

for variable 8 and widely differing values of R0 were exam i ned in Reference (2);

the trajectories of the blast wave, and the contact surface were found to corre-

late accord i ng to:

— f1 (t c/R0) 
(8)

— 1 2 (t c/R 0) ~~

• ç for t < t2. Examples are shown in Figures (4) and (5), where the data points

are taken from the numerica l solutions of Reference (2) for various size and

• type high muzzle velocity weapons. The Mach disc position wasalso found to be
• 

I correlated by:

-11-
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rm/R — f
3 

(t c/R ) (10)

for t << t2. The behavior of the Mach disc for t -* t2 will be discussed later.

For va l ues of t >> t
2 

the shock trajectory decays to the weak shock solution of

Whitham ” :

r — c t  + R log~ (r5
/R0

) c~,,t (ii)

while the contact surface tends toward a constant of order R0. However , t he

Mach disc collapses back to origin as t -
~ t2. It is pointed out parenthethi-

ca l l y ,  that as this li m i t  is approached , the pressure becomes atmospheric

everywhere except immediately adjacent to the shock , and the (frozen) tempera-

ture of the propellant gases approaches

T T exp (i~S/C ) (12)

where t~S refers to the entropy increment in the propellant gases produced by

the combination of combustion and shock heating. Thus a substantial tempera-

• - ture increment across the contact surface w ill persist (in the absence of mix-

L ing ) as t -
~~

Therefore , determination of the rate of energy deposition is essential to spec i-

fication of the boundary conditions on the subject problem and of the l ength

scale for the inviscid structure of the f lowf ie ld.

3.3 Mass Flow Rate - The energy flow rate in the rocket exhaust is

given by the product of the total specific energy and the mass flow rate. For

this reason , and another to be disc ussed , I t is of interest to consider first

the rate of mass flow imping ing on the ground surface :

r
cc .

j  th — 21T p (u-V)rdr (13)

:11 “0

-14- 
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where re is the plume radius , u the gas ve l ocity in vehicle-fixed coordinates ,
and V the vehicle velocity, or equivalently the velo city at which the ground
surface recedes from the vehi cle. In the absence of mixing , the mass flow rate
in vehicle-fixed coordinates is constant:

r

S 

<th> = 2~t 

e 

purdr 
~e 

u A (la)

or

~e 
A = 2~ f prdr

<rn> (1A)u (z) = _____
S e p AC e

Thus

— qi~> (1-V/u ) (17)

The vehicle velocity is easil y obtained , assuming a vertica l launch:

¶ 1! V — g Isp [log (1 + (b.) 
~~~~ 

- i-h- i (l~ )

~ t [(~~t’
1

) - 1 ), for 
~~~~~ 

<< (
~~~~ ) ( 1 9)

Using

I U
e g Isp

1 1
1 

-15-

______________________ -~~~ 

- 

—-,
~—- S



TR 246

and

< in > = Th/g Isp (21)

the inv isc id approx i mation to the mass flow rate is:

= ~p E 1 + • ~~~
_

lOY (1 + (~!~~) ~
-
~~~ ) ]  (22)

1 — y
~

- (~t!~- - 1)], for << ~~~~~~ (23)

This expression yieids th Th/glsp = constant when t/Isp << (Th/m
0
g-lY~, and

— 0 as [log(1 +( 1i1~ ) yr— ) - y
~
— ) 1 ; i. e., a very slow rate of decrease

in the mass flow ra?e at the ground surface . Returning to Equation (17), it is

obvious that in this inviscid approximation , ii -
~ 0 only as the vehicle veloc i ty

approaches the exhaust gas velocity.

Mixing can be expected to have two important but opposing effects on the in-

visc id result expressed by Equation (17) or (22). First , the mas s f l ow ra te
in the plume <ri~> will increase due to entra i nment of additional mass from the

atmosphere , and secon d, the (mass-averaged) exhaust gas ve l ocity u (z) will de-

crease due to momentum transfer with the atmosphere . These effects have been

• 1_ examined by using actua l mixing ca l culations 7 for a full-scale , single nozzle ,

rocket motor producing approx i matel y 2 x 106N thr u s t a t sea leve l , wi th an ef-

f ec t i ve  exhaust v e l o c i t y  of 2800 rn/s and a nozzle exit radius of abou t

O.9m. The conv~ rsion from vehicle-fixed (axial distance ,z) to ground-fixed

(time ,t) coordinates was made using Equation (18) , i.e.:

z 
-f

Vdt - g Isp t 

{ 

~~~~~~~~~~~~ log [l + (~fl~) 
~~~J - 1 - 

~~sP} 

(24)

I
.~•::~!E — 

_
~~~~~~~~~~~~~~~ l.
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V
~~ 

~~~— (!i. - 1), for 
~~~~~~~ 

<< (~~
) (25)

Representative curves of non-dimensional mass flow rate , i .  e. , iu/<rh> , are

shown i n Figure (6), using isp = 250 s and Th/m g = 1.17, 1.25, 1.50 and 2.OC .

It is evident that mixing first produces a marked increase in the mass flow

rate relative to the inviscid value , up to nearly a factor of 10 in the l owest

acceleration case , but then an abrupt cut-off occurs as u
e 

is decreased and
approaches V. As the acceleration rate increases , the entra i nment of addi-

tiona l mass decreases , but the cut-off occurs earlier and more abruptly. It

is also evident tha t the viscous solution at Th/m
0
g = 2 .0  bears no resemblence

to the corresponding inviscid solution . The range of validity of the inviscid

solution will be explored further in the following discussion ; the point here

is to emphas ize the effects on the mass flow rate produced by mixing .

- - 
3 .4 Energy Deposition Rate - The energy flux at the ground sur—

face is g~ven by:

~(t) = 

{ 

2~ f ( )  [ ~~i (f Cvi dT + Ac) + ~ q~ ] rdr} (26)

z IVdt

where the contributions of therma l , chemical and kinetic energy have been in-

cluded . The corresponding energy flux in the steady exhaust plume , in vehicle-

fixed coordinates , is g iven by:

ti

- 2i~ J u  [r.ci. (fCv i dT + Ac ) + j - q2] rdr (27)

Again assuming inviscid flow , q u glsp, and e h << ~q
2, g ives :

-

S -Si
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- . . p A
g Isp ( 

~ + Th) (28)

Thus:

V E ( t )  < E~ > (1 - V/g Isp) (29)

S 
~ and

E(t) = J E dt <
~~~~~

> ~ 

{ 

2 +

0 (30)

m g  Isp
S 

(Th ) t log (i + (~~j) ~~~~~~~

m g  Isp
0

S 

In accord with the n~ cation adopted earlier , dE/dt ~ 0 for t > t2 , and E(t2)
denotes the total amount of energy deposited at the launch site. Then , from

Equation (30) ,  E(t) = E(t2) for

t t
log (1 + (Th~) 

~~- )  - 1 (31)

If t2/Isp << I and Th/m g >> 1 (i.e., a high acceleration launch) , then :

U 

0 

1 -ICe - 1) Isp (Th/m
0
g) = 1.718 Isp (Th/m0g) (32)

and

E(t2)/<E0> Isp (Th/m
9
g) {5.9o5 

(
~~

) + 0.718} 

- 

(33)

. . J
1T 

-

S •~~~~ 
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( or
(S . 

~~ 
A

(
C e + l

Th) -
q

E(t ) g Isp
2 -r - 1 2 5.905 (ItL) + 0.718 (34)

Th m g

~m0
g

r~! Th

2 2 p A
O.36 m (g Isp) for e e 

( )Th >> 1
m g

Equations (32) and (35) provide very simple formulas for the time required to

complete the deposition of energyat the launch site , i.e., the -lift—off time , and

the total amount of energy depos it ed , wh ich may be compared to the “exac t” in-

vIscid solu tion given by Equation (30). Solution s to Equation (30) for a

range of values of Ti-i/m g are presented in Figure (7). The values of t
2 

and
L E(t2) given by Equations (32) and (35) are also shown in Figure (7) as data
-. points for va l ues of (Th/m g-1) = 100, 50, 20 and 20. I t can be seen that

Equations (32) and (35) predict t
2 

and E(t
2
) very well for (Th/m g—1) = 100,

but the prediction of E(t2) becomes less accurate for l ower acceleration rates ,

and is over-estimated by a factor of 2 at (Th/m g-l) — 10. However , the lift- 
S

off time t
2 remains quite accurate over the considered range. It Is also ap-

parent from this figure that the (inviscid) energy release given by Equation
- 

(30) can be represented by a power law , i.e., Equation (2), with 8 — 1 up to

U 

a time t1 such that (Th/m g) (t1/Isp) << 1. A reasonable approximation is

1 t < t1 — 0.1 Isp/(Th/m0g)

B — (t2—t)/ (t2-t 1) t1 < t < t2 
(36)

S 0 > t
2 

— 1.72 Isp/(Th/m g) 
S

4 .

S 

-20-
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However , these results must now be qualified by examining the effect of vis-

cosity, which has been shown to predominate the mass flow results. Equation

(26) has been evaluated using the previously cited steady plume solution with

turbu l ent mixing 7 to produce the curves displayed in Figure (8) . Comparison

of Figures (8) and (6) indicates that the initial growth of energy flux , E , and

Its subsequent rapid cut-off are largely the result of the corresponding growth

• and cut-off of the mass flow rate. These curves have been integrated to obtain

the total energy released E(t), correspond i ng to Equation (30). The viscous

and Invisc id results are compared in Figure (9). it is clear tha t mixing re-

duces drama tically both the total amount of energy deposited at the launch site ,

and the lift-off time , t2 , as well  as i nc reasing the ra te of energy
deposition ; B > I for t < t2 .

• The viscous calculations were not carried to higher accelerations , i.e. ,

Th/m
0
g >> 2, because the nozzle exit plane would be closer to the ground at

time t
2 

than the first axial station of the steady plume solution7 sel ec ted for

integ rat ion . The f i rs t axial stat io n se lec ted was that at which the turbulen t

m i x i n g layer just reached the plume axis ; thus viscous effects would diminish

significantly at stations closer to the nozzle exit plane . Therefore, It is

clear tha t the inv isc id solutions must represent the actua l behavior for suf-

~ J ficiently high acce lera ti on ra tes , e.g., Th/m
0
g > 20. The dependence of

- E/cE0> on Th/m g will therefore be controlled by turbu l ent mixing for low ac-

celera t ion ra tes , Th/m g < 2, but will be essentially inviscid at high accéler-

atlon rates , Th/m g > 20. A minimum in the ratio E/<E0
> may be expec ted , as

suggested In Figure (10), for acceleration rates in the intermedIate range

U 2 < Th/m g < 20. However, the transition curve from the viscous to inviscid

solution shown in this figure is conjectured .

• -

- 

5 3.5 Representative Values of R0 and t2 - To demonstrate some repre-
sentatIve values , consider a specific mpu l se Isp—25Os and a thrust Th — 2x1O6N..
As a very low acceleration lift-off example , take Th/m

0
g — 1.17, for wh ich the 

-

viscous sol ution clearly applies. Assume 
~e 

A
~ 

Tb/b and y — 1.20, giving an

S 
I nitial (nozzle exit plane) energy flux E

~ 
— 4.9x109 N-rn/s and a total energy

S - deposItIon at the ground surface E — 2x lO ’’ N .m. Thus R0 1 57m and t2 l2s in

1 1  =22-
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this case. On the otherhand , as a very hi gh acceleration lift-off example ,

take Th/m g = 100, for wh i ch the i n v i s c i d sol uti on should  ap p l y .  Aga i n ass ume

I p A  Th/1O and ~ = 1.20, giving <E> = 4,9x109 P1-rn/s as in the previous case.

However, E = 8 8x109 N-rn , R 56 m and t 5s in this case.
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IV . ASYMPTOTIC INVISCID STRUCTURE

4.1 Unsteady Mach Disc and Plume Collapse - As noted by Erdos and

• Del Guidice 1 
, the supersonic plume is quasi-steady from the sonic line to

the Mach disc in the sense that it can be accurately described at any instant

by a steady solution subject to the boundary conditions prevailing at the

sonic line. However , the motion of the Mach disc is control l ed by the instantan-

eous pressure imposed on its downstream side; thus its position is determined

by the interaction of the quasi-steady plume with the unstead y blast field.

This interaction in general requires numerica l solution of the unsteady shock

l ayer contained between the Mach disc and blast wave’. However , cons i d e r a b l e
S insight regard i ng the role of the unsteady shock layer can be gained without

reverting to the numerica l solution itself. For example , as pointed out by

Schm i d t and Shear 8, at late times , when the blast wave weakens and the pres-

sure acting on the Mach disc decays to atmospheric , the plume and blast fields

uncouple. Thus , during the collapse of the plume , the instantaneous Mach disc

I position can be approx i mated closely by the steady state correlation

formula 8;

= 0.70 
~~~~~~~ 

M

whe re d is the d i ameter of the gun barre l , p
~
(t) is the muzzle exit pressure

and Me(t) is the muzzle exit Mach numbe r (usually un i ty). This behavior is

dem onstra ted 2 in Figure (11).

In the case of a rocket launch this formula can be rewritten as:

p
F r — 1.40 ( 

*
) (~3)

it p_~

- where c~ is the exhaust sound speed at the sonic line and E is given by Equa-

t ion (26). This form clearly shows the dependence of the Mach disc positioi~, . 5

I during the time of plume collapse , on the rate ~f ‘nergy desposition , rathe r

- than the amount.
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On the other hand , during the early period when the plume i s  g row ing ,  rather

than collapsing , the pressure imposed on the Mach disc is essentially that

p roduced by the blast wave. Thus , a correlation formula of the form given

by Equation (10) may be expected to app l y; this is confirmed 2 by the numeri-

cal examples shown in Figure (12). However , it should be noted that the

range of applicability of Equation (10) must be limited to the duration of

strong coupling between the blast f i eld and p l ume . I n t e r e st i ng l y ,  as ind i-

cated in Figure (12), the correlation appears to beg in to deteriorate when

the forward motion of the lach d i s c  drops be l ow Mach 2 (based on atmospheric

sound sieed).

Therefore , the behavior of the Mach disc over the entire duration of exist-

ence of the unsteady plume can be approx i mated by application of the corre-

lation formulas , or scaling laws , represented by Fi gure (12) and Equation

(37) or (38), in their appropriate range of validity , i.e., t << t
2 

and

t -
~ t 2,  respectively.

~+.2 Asymptotic Blast Field - The contact surface and blast wave

t ra jec t o r i e s  at ear l y t imes , i.e . ,  t t2 ,  have been shown2 in Figures (1+)

and (5) to c o r r e l a t e  in the form of Equations (8) and (9). During this timc S

the unsteady shock l ayer flowf ield Pias been described nur ’ierica ily 1 . No

attempt to correlate the radial distribution of f l o w  p ro pe r t ies was made 2 be-

cause of the ease and spee’i ‘-i ith which the numerica l solution could be car-

ried out. However , as the distance between the shock and contact grows ,

and the strength of the blast wave diminishe s , the accuracy of the numerical

solution deteriorates , and recourse to an asymptotic formulation becomes

desirable 1 . Note that for t > t 2, t he p li’ne has collapsed , and the exhaust

gases remaining at the iaunch site are contained in a constant (atmospheric)

pressure volume bounded by the inv iscid contact surface . However , the blast

wave continues to travel outwa rd producing a loca l perturbation in pressure ,

temperature , and velocity in the atmosphere. The asymptotic solution for

the flowfleld produced by such a spherica l shock wave has been der ived by

Wh itham~’. Ranlet and Erdos2 have correla ted their numerica l solutions for a • -

particular weapon , the M16 rifle , at late times when the blast shock Mach S S

number is between 1.10 and 1.04, In term s of the variables from Whitham ’s S

S 

-2 9-
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asymptotic solution , namely:

~~ . (.2 - 1) = f (q) (39)

. (..2_. - 1) = -~- f~~(r~) (40)

2
(1) (2. - - i—) — f

2(n) (41)

where

r - a t  (142)
— 

d Ln (r/d)

wh i c h  applies to 11 ÷ I and r ÷ ~~~, las opposed to the strong blast theory

used previously (Equations 2 - 10), which is li mited to M >> 1.] The
S asymptotic shock solution wa~ s ta ted ear l ier , Equation (11). (Note tha t the

gun bore diameter , d , was used by Ranlet and Erdos2 as the length scale ,
S 

rather than R0. However , t h s  simply introduces a constant factor whic i is

irrelevant to the follow i ng discussio n) . It should be pointed out that

S 
Whi tham4 finds the asymptotic flowfie ld to be an N wave , i.e. , a dual shock
system with the functions f1 and f2 linear and quadratic , respectively, be-

tween the two shocks.

The pressure distribution across the shock layer , from contact to blast wave ,

• 
c 

obtained 2 from the numerica l solution for an M16 rifle , is plotted in Figure

(13) In the form given by Equation (39) . It Is ev i dent that the nurner ica~
results are well correlated in terms of the variable n , al though a true N

wave Is not obtained. The corresponding densi ty distributions are shown in

Figure (14). In this figure the presence of an entropy layer adjacent to the

contact surface can be clearly seen; however , outside the entropy layer the .

density distribution s are also well correlated . The entropy l ayer consists 

- - •
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•
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of shock-heated air generated at early times , whe n M5>>l. The exis tence of such
an entropy l ayer is , of course , not included in Whitham ’s asymptotic theory.
The difference between the density and veloc i ty in the form given by Equation

(4) is shown in Figure (15) . In this fi gure the effect of the entropy layer

appears even more p ronounced ; howeve r , note that the conside red velocity-
density parameter is a higher order quantity than either the pressure incre-

ment or density increment. It should also be noted from Figures (14) and (15)

as well as Figure (13) , that the solu t ions nea r the blas t wave correla te at
the e a r l i est t i mes cons i der ed and the corre la ted reg ion subsequent ly  ex pands
i nward .

Si nce the asymptotic behavior of the blast field is i ndependent of the initia-

t i n g  mechan i sm , the numerical solutions for muzzle blasts of widely varying

guns should also correlate (asymptotically) in terms of the parameters given

by Equations (39) - (142). This has been verified by a comparison 2 of numer i cal
solutions for the M16 rifle (5.56 mm bore), a special purpose infantry weapon ,

SPIW (a 5.8 mm rifle with a non-standard round) and a howitzer (155 mm bore).

As can be seen in Fi gures (16) and (17) the pressure and density distributions

for these three weapons are again well correlated . However , the parameter

representing the difference between the density and veloc i ty (Equation 41) re-

ta i ns a dependence on the in i ti at i ng mechan i sm which does not appear to vani sh
aymp to t ica l ly .  Howeve r , as shown in Fi gure (18) , sca li ng of th i s pa rame ter to
a reference value chosen as the val ue at r — a t , m inimizes the dependence on

1k the Initiating mechan i sm and produces a satisfactory correlation for the three

weapons.

Although these correlations were origIna lly developed to demonstrate that the

I ~ numerical computat ion did , in  fact, retain a sat is factory degree of accuracy

as M5 
-, 1 and r -‘- — , provided adequate grid control was used2 , t hey furn ish S

additio nal valuable Insight regard i ng the asymptotic behavior of far field.

This Is par t i cu la r l y  useful in considera ti on of the boundary cond it ions on the
(1 turbulent mixing f ield which develops In the presence of the entropy layers S

I,
bound i ng both sides of the invisc id contact surface .

fl 
S
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IIONEQUIL IBRIU M UNSTEADY SHOCK LAYER

5.1 Introductory Remarks - The unsteady shock layer is defined as

- 
the region between the plume Mach disc and the blast wave. It contains pro-

pellant gases at temperatures on the order of combustion chamber temperature ,

located between the Mach disc and the contact surface , and shock-heated air ,

l ocated between the contact surface and blast wave (but mainly adjacent to

the contact surface). Turbulent m i x i n g  of the propellant gases and air a-

long the cont ac t su rfac e w i ll be consid ered in a follow i ng sec t ion ; fo r the
present they will be assumed to be separated by the contact surface , an im-

permeable membrane in the context of an inviscid solution .

Chemical reactions occurring in the combustion chamber typically freeze

during the rapid expansion in the exhaust nozzle , and rema in froz en in the

supersonic portion of the plume within which a continued expansion of the

flow occurs. Chemical reactions may be expected to reinitiate in the stag-

nation region where the exhaust flow impinges on the ground surface and turns

rad i a l ly  outward. However , a second freeze-ou t is likely in the supersonic

plume wh i ch forms along the ground , F igure (2). For the purposes of the

present exploratory study, the impingement reg ion has been neg lec ted , and
all chemical reactions have been assumed to freeze in the exhaust nozzle and

remain frozen until the unsteady shock l ayer is entered . (Howeve r , th is as-

sumption will be subsequently reexam i ned in the light of computational re-

sults.)

Supersonic expansion of the propellant gases produces the well-known under-

expanded plume configuration shown In Figure (1), incl udi ng the barrel shock
needed to match the continuousl y decreasing pressure with in the core of the

plume to the ambient field prevailing along its lateral boundaries. Conse-

quen t l y ,  the supersonic expansion Is not a true source flow , and the di ffe r-
ences , even along an axis of symmetry, can produce an appreciable shift in

the Mach disc l ocation , as demonstrated In References (1) and (2). Neverthe-

less , the supersonic source f low model i s ex tremely useful In an exploratory

study since the solution Is provided by well-known Isen tropic flow relations

rather than by a cumbersome numerica l solutIon . However , Its limitations in

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _



TR 246 S

::~~~~cY ard its lack of dependence on the ambient pressure should be recogniz- 
S

The flow pattern ind i cated in Figure (1) may begin at earliest times with

S roughly cylindrical symmetry ( re la t i ve  to the launch axis) ; however , a more
nearly spherica l symmetry should be expected near the blast wave after a short

time (during which the vehicle does not move appreciably) . The success with

which the gun blas t can be modelled as a spher i cal ly symmet ri c shock layer 1.2

suggests the same approx i mation should be equally useful in this case. There-

fore, the supersonic plume is represented by a spherical , quasi-steady source

flow . The unsteady subsonic flow between the Mach disc and the blast is des-

cribed by a finite-difference solution of the one-dimensional time-dependent ,

Invlscid equations of motion (with spherical symmetry) , in the same manner as

employed in Reference (1) and (2). Tne resulting solution should be most ac-

curate along the ground (or sea) surface , and least accurate along the launch

axis (where the blast is considerably less intense) . In addition , the existence

of turbu l ent mixing of the propellant gas and air along their interface and of

buoyant forces is pointed out; however , neither i~ included in the present in-

v isc id  model. The turbulent mixing problem will be addressed in the following

sec t ion .

5.2 Governing Equations and Solution Algorithm - The system of govern-

in g equation s (for a perfect gas) and the solution algorithm have been described

in Reference (1) and (2), therefore , they will be only briefly reviewed here .

The princ i pa l modifications relate to the non-equ ilibr lum chemica l kinetics ,

which wIll be described in depth. The system of govern i ng equations is stated

as:

Continu i ty: }1~ + -i-- (pu) — - k ~~~~~
. (43)

2
Momentum: [

~j~- + -
~~~ (pu

2
+p) — - k 2&. (44)

S Dc Dp drEnergy: + p Dt — o , on ~~
-
~

- — d ‘~ 5~
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Det. ~~~.

Species:~ ~~ (i=I ,2,3... ) ,  on ~~~~~~ u (4 6)

State: p = pR0T E ct /M. (47)

e = h - — E cz . h - R T E c~./M (48)
p i i  0 I I

h. = a . +b. T +c. T2 (49)

where k is an integer which is 0 for p lane symetry , 1 for cylindrical sym-

metry and 2 for spherical symmetry . Only k = 2 is used in the present study.

The reg ion between the Mach disc and the blast wave is divided into two layers;

the first extends from the Mach disc to the contact surface , which as prev i ously

mentioned , is an impermeable interface between the propellant gases and air ,

and th~ second extends from the contact surface to the blast wave . These

three boundaries are treated as moving surfaces of d i s c o n t i n u i t y  across wh i ch

certain gas-dynamic jumps occur. Denoting their instantaneous positions as

r1, r2 
and r

3
, respectively, a s t retched coordi nate 

~~
. for each laye r is de- 

S

f i ned by :

— (r—r .)/(r.~~1
— r .) (50)

where I — 1 refers to the first l ayer (from Mach disc to contact) and i = 2

to the second (from contact to blast wave). The above system of equations

is transfromed from (r,t) to (~ .,t) coord i nates by:

1 
~ 5 

(5’)

*Note that the use of Equation (46) for all species together with Equation (43)
S 

produces a redundant system . The redundancy is used to obtain an independe nt
check on error accumulat ion . The error defined as

- z

Is less than 1O~~ in all results obta I ned thus far 

-S ~~~~~~~~--S -~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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— — 

( i — c . )  u . + 
~ 

u~41 ( 2
S
~~ t 

— 
3t tsr .

where

A r .  = r.~ 1 
— r. (53)

dr.
= (9~

)

The two domains are each divided into a series of equally spaced intervals

of s i ze A~~. The magnitude of A~~ and 
~~2 

are independently controlled such

tha t the magnitude of the grid size (Ar j A
~~
) remains within a preselected

range. This is accomplished by adding or subtracting a single grid point

when the size falls out of the range , shifting the other points , and linearly

interpolating the data at the new grid ~oint locations. Since the resu ltin ç S

shift in grid location is of the order A~~ , no loss of accuracy is incurred

by the linear interpolation . 
-

Equations (43), (44) and (46) are expressed in finite difference form and

solved at each of the interior grid points by the MacCormack algorithm 9. Equa-

tion (45) is sol ved by a Lagrangian ~nethod , i.e., the streampath dr/dt — u is

traced from a grid pont back to its intersection with the p rev i ous time plane. S

Recall tha t in the case of a perfect gas Equation (45) reduces to:

- — 0, or S — cons tant , on u (~ 5)

‘I

Thus , interpolation of the value of the entropy,S, from the point of inter-

section of the streampath with the prev i ous time plane provides the “exact”

solution in this case , and accord i ngly any numerical diffusion of an entrop y

7 gradient Is minimized. To maintain a consistent deg ree of accuracy in the

solution of energy equation wi t~i chemic al reactions , Equation (45) was solved

in the same fashion as Equation (55) . -

A -42-
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e + p/p = constant on = u (56)

where p is the average pressure along the considered streampath segment.

Solution of Equations (43) and (44) by the MacCormack algorithm is stable (with-

out any additional numerical damping) if the standard CFL criter i on is observed 9.

In simple terms , the maximum permissible time step is limited by the time for

a wave to reach an adjacent grid point. However , addition of Equation (46) to

the system introduces a second time scale , namely that for chem i ca l relaxation .

By analogy with the results obtained by Cheng 10 for combined wave and diffusion

processes , the time step criterion for the present system is postulated as:

At = m m At
1 
wave + At chem i cal 

]L speed relaxation

whe re the characteristic time scales are : 
-

At
1 

= (u + cf)/Ar 
( 58)

speed

At
1

h i l  = max 
[

~~~~

__ (_i
)] 

(59)

relaxation
p ,T

and the frozen sound speed C
f 

is defined by

S 

c~ ~~~~~~~~~~~~~~ 
— - (

~~)/ (~
. - 

~-) (60)

which can be analytically evaluated using the state relations provided by

Equations (47 ) ,  (48) and (49) .

11
-43-
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It should be pointed out that only in the case whe re At and Atwave chemical
are of distinctl y different orders of magnitude does Equation (57) corre-

spond to using the minimum of the two time scales. On the othe r hand , if

they are approximately equal , Equation (57) y ie’ds:

At = \ t  - , or A t = — At
2 chem i ca l 2 wave (61)

re laxat ion  speed

This behavior may account for the empirical p roportionality constant which

Anderson 11 found to be necessary when using the minimum of the two time

scales. The case in which the time scales are of the same order of magni-

tude corresponds to a true non-equilibrium situation ; the cases in which

they are distinctly different correspond to frozen and equilibrium limits.

At the bounding surfaces of discontinuity, name l y; the blast wave , contact

surface and Mach disc , the method-of-characteristics procedure 1 for determ i-

nating the mot ion  of these surfaces and flow properties thereon has been re-

tained using a locally defined frozen sound speed and isentropic exponent.

The effects of chemical reaction are , therefore , neglected within narrow

zones of thickness (u + C
f
) At adjacer:t to each of these surfaces. The isen-

t rop ic exponent , y , is evaluated locall y from:

y = c~ p/p (62)

As ind i cated in the introductory remarks , the flowfield upstream of the Mach

disc is approximated by a supersonic spherical source. In effect , the sonic

line (surface) is located at a radius r*, and the Mach number at any radius

S 
r > r* is obtained from the i sentropic flow relationship.

S 

- 
y+l

2 1 2(y-1) -l 2 2(y-l) (6 )(r */r ) — [X~_] - M [ S ~ + !~~_ M ]

The instantaneous condit ions on the upstream side of the Mach disc are ob-

tam ed from the above equation with r — r
1 (t) and with the entropy, tota l

entha lpy and species concentrations on a streampath traced from the sonic

Il
-44-
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line to a position r
1 (t). The latter procedure introduces a t~~’e lag between

the variation of sonic line conditions and the resul ting variation of condi-

tions at the Mach disc which is only appreciable when r 1 >> ~~~

Ambient atmospheric conditions are assumed to prevail upstream of the blast

wave (i.e., any effects of precursor waves due to ejection from a silo , for
examp le , are neg lected). The instantaneous velocities of the Mach d s c  and

blast wave , u 1 
and u3, are determ i ned by matching the solution of the Rankine-

Hugoniot shock jump relations to the characteristic compatibility equation a-

long the wave imp inging each shock from the interior (i.e., an upstream run-

ning wave at the Mach disc and a downstream running wave at the blast wave).

The ve l ocity of the contact surface , u2, is determined by equating the pres-

sures and (norma l component of) velocities at the contact given by the com-

patibility equations on the pair of waves imp ing ing on the contact (one from

the propellant side and one from the air side) . Due to the assumption of

spherical symmetry, no tangential component of velocity exists. Therefore ,

onl y the entropy or related thermodynamic properties , and the species con-

centraJons are discontinuous across the contact surface .

5.3 Gas Dynamic Properties - As a prelude to analysis of the chem i-

cal kinetics of the propellant gases in the blast field , it is instructive to

study the gas dynamics of the problem wit h a view toward characterizing the

time scales , as well as temperature , pressure and velocities. This prel imi-

nary assessment can be conveniently carri ed out on the basis of a binary per-

fect gas mod el; one gas represents air (y — 1.4 and R = 1716 ft
2
/sec

2
/
0
R) and

the other represents the propellant gas (-y = 1.25 and R — 211+0 ft
2
/sec

2
/°R ) .

In this case Equation (55) is used in place of Equation (56) , 
~~ 

= 0, etc.

As pointed out earlier , the energy deposition process can be veiwed as be-

ginn i ng impulsive l y, t. << t~ , and the mass and energy flux into the blast

field can be approximated by I ntegrating flow properties radially across a

steady exhaust plume at various stations behind the nozzle exit plane. It

s assumed that a quasi-stead y supersonic exhaust flow and plume will be - S

established behind the lead i ng (double) shock system expelled from the nozzle S

as the chamber pressure rises; thus the time to establish a quasi-steady plume

45 

_ _ _ _ _ _ _ _ _ _ _S 
S S -- 

~~~~~~~~ S ~~~~~~~~~~~
— -

S — S 5~ 55 ~~S — S —



TR 246

should be even less than t~~. (Shadowgraphs 8 of the muzzle blast of the M16

rifle when the pro jec t i le  is s t i l l  within one bore diamet er of the muzzle

corroborate this assumption.) A quantitative assessm~~t of the effect of the

relative magnitude of t~ on the blast field processes of present interest has

been carried out by comparing the solution for an “instantaneous ” ignition

(t. 0) with solutions for a finite ignition time . The igni tion p rocess has

been represented by a chamber pressure rise time curve taken from Reference

(5). Using the engine and propellant parameters selected for Case 1 in Ref-

erence (5), e.g., axial engine length of 10 ft., nozzle area ratio of 4.0,

etc., the steady chamber pressure is reached in about 25 milliseconds. The

pressure at the sonic line was assumed to respond instantaneously to the

chamber pressure history . The sonic line pressure-time curve is reproduced

here as Figure (19). An intermediate case in which t~ = 2.5 milli-

seconds has also been carried out , using the same form of the pressure rise

curve .

The gas temperatures on each side of the ~1ach disc and at the blast wave are

shown in Figure (20) as a function of time . The temperatures on each side

of the contact surface are shown in Figure (21). It is evident that sub-

stantial differences in the shock laye r temperature field from the Mach disc

to the contact occur during the ignition transient , i.e. , t < t~ , but for

t > t~ the solu tions tend to converge. This results becomes obv~ous as the
time for energy deposition becomes small compared to the observation time .

Thus the effect of finite i gnition time need be considered only in (extreme)

cases where i t is comparable to the time scale of Interest.

Radial dis tributions of temperature at various instants are displayed in Fig—

ure (22). I t Is clear tha t the bulk of the propellant gas Is at a tempera-
S S ture characterized by that behind the Mach disc , w h i c h  i n  t h i s  perfedt gas

C . example is close to 8000°R. The blast wave produces a very minor heating of

the air , although the vol ume of a i r p rocessed by the blas t wave grow s qu ite
rapidly. The temperature ratio across the contact surface is of the order of S

6 to 1 , and , as will be discussed later , may produce a thermally-driven tue-

S bulent mixing along this interface . A steep temperature grad i ent is also oh- 5 5~~

served on the propel lan t side of the contact , which may be expected to further 
S
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S contribute to the turbulent mixing of hot propellant gases and air.

Radial d istribution of gas pressure , temperature and velocity at a much

later time are shown in Figures (23), (24) and (25). The assumption of a

chemical freeze in the rocket nozzle and supersonic exhaust plume are justi—

fied heur is t i ca l l y  on the basis of the rapid pressure and temperature drop

and increasing gas ve l oc i ty which characterize the exhaust nozzle and super-

sonic p lume , cf. F i gires (23), (24) and (25). These considerations pertain

to the quasi-steady flow which exists upstream of the Mach disc. However ,

the presen t uns teady ana l y s i s  is  i n i t ia ted when the Mach d i s c  f i r s t for m s ,

which is at a position close to the sonic line (as shown in Figure 1). At

this early time , the assumption of a chem i ca l freeze upstream of the Mach

disc is less tenable and the initial conditions may more closely correspond

to the local equilibrium , as will be seen be l ow.

The nearly constant pressure plateau between the Mach disc and contact sur-

face exhib i ted in Figure (23) extends well into the region between the contact

and blas t wave at later time ; cf. Figures (13) and (16). Thus , the veloc it y

fleld, shown in Figure (25), is correspondingly constant. The fact that no

veloc i ty jump* exists across the contact surface is reemphasized , in contrast

to the temperature jump, seen in Fi gure (24), wh ich persists forever in the

absence of turbu l ent motion . Therefore , the asymptotic behavior of the pro-

S pellant gas cloud mu st clearl y be dom i nated by thermal rathe r than inertial

or pressure gradients.

5.4 Thermo-chem i ca l Properties - The fol lowing chem i cal reac t ion
system was sel ected as a representative mechan ism for afterbu rning of a hypo-

thetica l hydrocarbon fuel which produces a combination of H20, H2, CO2 and CO

and N2 as princ i pal exhaust products.

U
*The assumption of spherica l symmetry precludes the existence of a finite velo-
ci ty component parallel to the contact surface , which could have a jump.
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H
2
0 + N

2 
= H + OH + N

2 
(64a)

OH + OH H
2
0 + 0 

I 
(64b)

O +OH — H + 0
2 (64c)

H + O H  = 0+ 11
2 (64d)

CO + OH = CO2 + H (64e)

0
2 
+ N

2 
= 20 + N2 (64 f)

P4
2
+ O  = N O + N  (64g)

NO + O = O
2
+ N  (C’eh)

Rates for the collisiona l dissociation of H
2
O and 0

2 
by N

2 
impact were taken

from Reference (12); the remaining rates were taken from Reference (13). The

thermodynamic data for the constituent species was taken f rom Reference (14)

and Reference (15).

For ll~ ustrative purposes , the chem i ca l composition of the exhaust stream at

the nozzl e exit p lane was taken from the stud y by Wood roffe16 . Two cases

were considered , designated as fue l rich and fuel lean ; the mole fractions

are listed in Table I. As mentioned earlier , the composition was assumed

to be frozen from the nozzle exit plane to the Mach d s c  of the ground sur-

face plume .

TABLE I
Assumed Chemical Composition of Nozzle Exhaust Stream By

Mole Fra ction (From Woodt-offe, Reference (16)

Species Fue l Lean Fuel Rich
S 

H2O - .30 .10

H2 .05 .25

S 
CO2 .30 .10

CO .05 .25

.30 .30 
5

~~~~~~~~~~~~~~ S —- ~~~~~~~_S_ -~~
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The species mass fractions at the propellant side of the contact surface

are shown as a function of time in Figures (26) and (27). The rapid varia-

tion during the first 10 psec , together with the fact that ~ t
1 

>>chem wave
indicate that a n e a r — e q u il i b r i u m condit i on p r e v a ils  i n i t i a l l y and the antici-

pated freeze-ou t wi l l  develop later. Therefore , non-equilibrium chemistry

should be included in the rocket nozzle and supersoni c plume solutions. In

addition , it may be more appropriate to initialize the shock laye r with

equilibrium , rather than frozen , species concentrations.

The variation of species concentration across the laye r from the Mach disc

to the contact surface at t = 254 psec (for the fuel lean case) is shown in

Figure (28). The corresponding temperature distribution is depicted in Fi g-

u~~ (29). It is apparent that the reaction zone is just downstream of the

Mach disc , with the flow equi l ibribrating as it approaches the contact sur-

face . On the other hand , examining the complete tempe rature distribution

across the shock l aye r , in Fi gure (30) , it also is apparent tha t the contact

surface is artificiall y separating the equilibrated propellant species from

a surrounding “bath” of shock-heated air. Therefore , additional afterburning

must be ant ici pated along the contact ~t a rate limited onl y by turbulent

dilution of the mixture. The mixing problem is addressed in the following

section . The present non-equilibrium chem i ca l kinetic model is also an

idealization in the sense that (a) the propellant exhaust products are as-

sumed to consist of a mixture of rela tivel y simp le mo l ecules such as water ,
I’ hydrogen , carbon dioxide , carbon monoxide and nitrogen , and (b) the reaction

scheme onl y includes collisional dissociation of water vapor and oxygen mole-

cules by molecular nitrogen , a few representative hydroxyl radica l reactions ,

and the Zeldovich reactions for atomic nitrogen p roduction . Future effort

should focus on expansion of the present basic reaction scheme to include all

well—established reactions have ng a potentially measurable impact on the tern-

perature and concentration of opticall y si gnificant species , w it h a view toward
quant fy ing the intensity and duration of the optica l flash. 
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.4

V I .  UNSTEADY TURBULENT M I X I N G  LAYER

6.1 General Ap pr o a c h  - Observations 8 of muzzle blasts show the

presence of intense turbutence at very early stages of development of the

f l owf i e l d , which eventually engulfs the entire propellant cloud . Press pho-

tographs of unclassified missile launches also exhibit the same sort of tur-

Li lent propellant cloud . (In retrospect , i t could have been very in ter esting

to examine movies of rocket launches to study the details at very early times

following ignition.) However , the source of the turbulence is not i dentifi-

able from these observations. Among the possible sources are high frequency

pressure oscillations originating in the combustion chamber ,shear-induced

turbulence along the latera l boundaries of the exhaust p l ume and/or ground

surface plume , and Taylor instability 17 of the con tac t sur face . Th e las t

mechanism is produced by acceleration of a. light gas toward a heavy gas17 .

Th us , a spherica l vo l ume of hot , light gas (propellant gases) expand i ng into

a heavier gas (a i r )  should experience Taylor instability along its front (the

contact surface) . As previously noted , no velocity jump exists across the

contact , but an extreme temperature jump is present. Therefore , the somewhat

unconventional notion of thermally-driven turbulence production along the

contact surface is suggested. If the ideas of similitude between heat and

mass transfer , and of a turbu l ent Prandtl number , representing the ratio of

eddy viscos it y to eddy conductivity, near un i ty, are accep tabl e, then the idea

of a similitude between an eddy viscosity p roduced by ve l ocity gradients and

an eddy conductivity p roduced by temperature gradients should be palatable.

Although temperature fluctuations are conventionally regarded as the product

of veloc ity f luctuat ions, it is suggested herein tha t the oppos i te may occur

in the absence of shear forces as a driving mechanism for the producti~ n of

veloc i ty fluctuations.

The developmen t of turbulence models and closure statements for steady bound-

ary layer and wake (free mixing) type flows has been the subject of consider-

able research , cf., the review by Mel b r  and Herring (Reference 18). While

extensIon of these models to unsteady f lows is not conceptually d i f f i c u l t  the

experimen tal data base Is considerabl y more meager. Unfortunately, most at- 
S

tentlon In the study of unsteady boundary layers has focussed on def ln it on

~fl -62- 
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and prediction of unsteady separation. In this regard , the subject problem

provides an attractive framework for the study of free turbulent mixing since

it is (at least approx i mately) two-d i mensional (i.e., time and radius) and

free of such complexities as laminar sublayers and separation . Furthermore ,

as shown in the preceding section , self-similar inv iscid solutions describe

the outer inviscid l ayer at early time (strong blast theory) and at late time

(Whitharn ’s asymptotic theory) , which may be combined using the method of match-

ed asymptotic expansions. The inner inviscid l ayer (between the Mach disc and

contact) still appears to require numerica l solution , although a posteriori

examination of the available solutions suggests certain simplif ying approx i-

mations may provide an adequate representation . Thus , the bounda ry conditions

on the mixing l ayer along the contact surface are well defined both in terms

of the present numerical so lut ion and asymptot ic theories.

Based on the observations of Baronti and Miller (Reference 19) for steady

boundary l ayers and of Tel ionis (Reference 20) for unsteady boundary l ayers ,

integ ra l methods continue to prov i de as good renditions of turbulen t flows as

do the more numerically detailed finite difference solutions. Therefore, a

two l ayer (i.e., two-strip) integ ra l method analysis of the subject free mix-

ing problem is strongly suggested by both physica l and pragmatic computationa l

cons iderations. The physical interpretation of the proposed two layer model

Is Ind i cated in Figure (31). The first layer grows radially outward from

the contact surface while the second layer 
~2 

grows radially i nward . The
S 

varia tions of elemental fractions of “pro pe l l a nt” (I.e. , the sum of all pro-

pellant species) and of “air ” (i.e., the sum of N2 and 02 
from the air) are

I: Ind i cated in this sketch. The temperature distribution should follow roughly

the curve shown for the “p rope l l a n t” mass fraction . It is emphasized that the

m i x i n g  l ayer model is  for mu l a ted in a coordina te system f ixed at the moving

contact surface ; thus the mean velocity is zero everywhere.

As mentioned above , the ava i l ab le  data base for mixing layers of this type is

rather meager. However , comparison shown In Figure (32) of the experimental

observations by Schmidt and Shear8 of the growth of the turbulent front along

the axis of a muzzle blast , with the Inv i scid contact surface prediction by

Er dos and ~~l Gu ld ice 1 provides one set of data whIch can be interpretted as the

_ _ _ _ _  S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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S S

g rowth of A corres pond i n g observa t ion of 6
2 

Is , however , totally ob-
scured by the propellant cloud. IS

6.2 rormulation of a Turbulence Model - The turbulent kinetic 
S

energy (IKE) equation forms the basis of most of the widel y accepted higher- S

order closure models now in use. The well-known term-by-term interpretation

of this equation is included below:

Ok ~U —~-— —
~~
---

~~p~~~.E. + pu v  + j r~- ( p v k + p v  )

(convection ) (production ) (diffusion )

+ =

(dissipation)

where : ~ — ~- (u 2 
+ v~

2) (66)

(The need for a mean veloc i ty gradient U/ y to drive the production of tur-

bulent kinetic energy is clearly seen.)

Spaulding ’s21 two-equation model of the TKE equation is one of t’ie more widely

employed closures:

— 2 —Ok ~U
~ 

- ‘T ~~~ - 

~y ~
‘T ~~~~ 

+ ~~ — 0 ( 7)

~
, 

~~~
. - 

~ 1 
~~~~ 

~~~~ 
- 

~Z ~~~~~ ~~~ ~~~ + C
3 ~~- 0 (68)

where — C pk /c (69)

The 4 constants C0, C1, C2 
and C

3 
have been selec ted by Spa u l d i n g 21 to pro-

vide the best agreement with the data base for steady turbu l ent boundary layers

(mainly i ncompressible) : S
11

‘~~ II -66-
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p

C0 
= .09 C

2 
— 1.43

(70)
C1 

— .77 C
3 

— 1.92

Obv i ously, since 3U/3y = 0 in the present problem , the necessary production

mechanism is absent in the TKE equation , and therefore also in the Spaulding

closure model. However , application to the therma l energy (or heat balance)

equation of procedures ana l ogous to those used to derive the IKE equation

yie lds 22 ’23 a turbu l ent therma l energy (TTE) equation , hav ing a similar term-

by-term interpretation :

+ 2 p 9  .~.1. + ~~— (pv O~)

(convection) (production) (diffus ion )

(71)

+ + 2 38 
— 0

(molecular transport and smearing)

where : 92 — (~~ 
- T3~ (72)

A two-equation closure mode l can be defined by analog y with the above TKE

closure model:

2 2D~ ,aT~ 3 ,

~ 
- rs..~. I~~~ ) - ~~~ ) + p — 0 7

p - C1 ~~~~~ 
“
~~ 

- C
2 ~~ 

(kT ~
.) + C

3
p ~~ — 0 (74)

where: Ic.i. — C
0 

p C (
1
)

2

/, ~~

Since no data base Is available with which to calibrate the constants C0, C1 ,
and C3, Spalding ’s21 values , given by Equation (70), for the TKE closure

have been adopted. If the assumed analogy between turbu l ent transport of heat

-67-
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and mass exists , these values should be at least approximatel y correct.

6.3 Method of Solution — The system of equations consists of the

statements of Conservation of mass , energy and species , the two-equation

TTE mode l , and an equation of state. For the present discussion , the species

equation can be dropped and a single-component perfect gas assumed for illu-

strative purposes. The system can then be stated consiseby by:

L ( f )  — 8 (76)

3 3 3 3
where L

~~~~
-
~
- + v

~~
— - A r- (k1~~

-—)

f — [p, T, ~
2 
•] (78)

A — [0, p
_ i

, p
1
, C2

p 1
] 

~~~

B 
~~~ 

3v 1 
~~~~ 

31 
~~) ,  (C

1 p~~2 ( - c 3~
2i~~ ~ 

(80)

(Note that y is measured outward from the contact surface and v is the mean
S ve loci ty  component in the y directionproduced by the turbulent heat conduc-

tion . Since spherica l symmetry has been assumed there are no grad i ents along

the contact surface or velocity component parallel to it.)

Fol lo w i ng standa rd p roced u res , the fIrst two components of the system repre-
sented by Equations (76) through (80),namely the continuity and energy equa-

t ion, can be integ rated from y — 0 to y — 5~ (t) and from y — 0 to 6 2 (t),
yie ld ing:

- 
~~ 

f

pdy (81)

0
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6
d6 . ~~~.

T —~~ + -
~~~~ ~~~ 

- p V T + p1 dy + (kT ~~ (~2)

j  ~~~~~oJ
and 

~ i i dt C~ dt i i i dt

where ( ) denotes y = 0 (i.e., at the contact surface) , i = 1 and 2 denotes
0

values at y — 6
~~ 

and y = 6
2 

respectively, and (3/3y) 1 
— (3/3y)

2 
— 0 is as-

stimed , in accord with standa rd practice for first order boundary l ayer theory .

Substituting Equations (81) into (82) g ives:

6 6

d kT ~~ 
(83)

J
I pT dy = T. 

~~ 

pdy = ~~~~ . - 

( 

3T~

Jo

Uti l iz ing the perfect gas equation of s ta te  the f i r s t  term in Equation (83)

becomes:

~
.P

~~ fR (84)d f pldy  
~~~~~~~~~~~~~~~ 

+ ó i
Jo

Assume:

_ _ _ _ _  
1

— — (1 + cos 1rr~) ( C5)
2

where

n — (y - 6~ )/ ( 6
i 

- 62
) (86)

TI~en:

( 

d6~ 
+ 6 ~2.\/R - 

d “~‘l 
+ 

~2
~~i I dt// k 2 ) 6i (87)

I
S 

- T
I 

~~ -. (0 1 
- 0

2) (6 i_
-
_6

~ \ 
&i 

~~~~~
- (k 31)

t k 2 it J - 

~~ dt \
T 3y
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If p, p 1 
and p

2 
are prescribed functions of time , from the inviscid solution ,

then Equation (87) provides two equation s (i = 1 and 2) for two unknowns ,

and 6
2, 

in terms of the turbu l ent heat conduction rate across the contact sur-

face, (k.1. 3T/3y) . Thus , it is only necessary to evaluate k
T 

a t y = 0 , using

the last two components of the system represented by Equations (76) through

(80). However , it is necessary to assume distribution functions for ~7 and

~
; the following have been selected .

= (1 - cos 2~ ~)/2 (88)

— (1 - cos 2w n)/2 (89)

Therefor e, the two-equation TIE model becomes:

do
2 k1 2w2 02 k1. 2
0 0 0 o 3T

— - -—  + —  — - $
dt p 

(61
_6
2
)
2 p 3y

d~ 2w2 

~~ 3T~~ 2/~~~ (91)- C
l 

— 
(6

1
_6
2
)
2 + C2 

—~— —

~~ ~ 
- C

3 ~~~~~

where

( 
31 

~ 
— ~~ ( 

~2
p l 

_______ 
(9 2)

3y ~ Rp 2 2

Thus , Equations (87), (90) and (91) represent 4 ordinary differential 
S

equations in 1+ unknowns , 6~ , 62, O~ and However , due to the present
assumption of a single component perfect gas , 62 

— 6
l 

necessarily follows ; ~~ S S

accord i ngly, Equation (87) need be solved only for 6
i~ 

reduc i ng the system

H 
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to 3 ODE’ s. A standard 1+th orde r Runge-Ku t ta integration method has been

used to integrate the system , g iven appropriate in i t i a l  conditions.

6.4 Numerica l Solution - The conditions corresponding to the

muzzle blast data of Schmidt and Shear
8 

shown in Fi gure (32) were selected

to test the model. The initial condit ions were determined from a laminar

solution of the heat condition problem:

T ~ (T
2
-T

1
) C 1 + erf y/(2/~~

) ) ]  (93)

Us i ng T = 0.995 (12
_T

I
) to define 

~ 
gives a laminar solution :

= 3 .65/~~~ (94)

The lam i nar viscos i ty , specific heat and Prandtl number were then used to

estimate a~ i p it i a l  va l ue of - Consequently, it was only necessary to

select arbitrarily the init ial ~ va l ue of ; fortinate ly, as will be

shown , the growth rate of is insensitive to arbitrarily small in itial

va l ues of

The transition time t at which the turbulent solution ‘~hould be initiated

was estimated at about 1+00 ~isec. us i ng the departure of the experimental

data from the inv i scid contact surface solution , shown in Fi gure (32) . As

demonstrated in Fi gure (33) the resulting solution for 6
1 

is in reasonably

- good agreL~”~nt with the experimental observations. (The last two data points

S represent the li m i t  of the field of view ; the arrows indicate that the tur—

bulent front was somewhere beyond this distance.) Howeve r, by increasing the

transition time to 500 ~sec the solution can be brought into virtually per-

fect agreement with the data , w h i l e by decr eas ing it to about 200 usec . the

growth of 6
1 is overestimated; note however that the comparison is made on

a log-log plot. Fortunately, the dependence on assume d transition time dimin-

ishes with increasing time and vanishes asymptotically. 4

_ - 
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It can be seen from Figure (314) that the RMS temperature fluctuation

predicted by the present two-equation TTE model asymptotes to about 1O~
of the mean temperature (T1

÷1
2
)/2. Furthe rmore , the eddy conductivity Kr~

as shown in Fi gure (35), appears to asymptotically approach a slowly varying

function of the quantity p(6
1
-6
2
) /C~ (T2-T~)~ which suggests that a classical

edd y-viscosity or edd y-conductivity first-order closure mode l may be adequate

(asymptoticall y) for this problem .

This numerical example and comparison with experimental data is regarded as

confirming the validity of the prescnt model. The extension to a chemically

reacting mixture could proceed along the follow i ng line. I nvoking a

“turbulent Lewis number~ to define the eddy diffusivity of the species , it

is only necessary to add the species continuity equation , including the

diffusion terms , to the present system . A species distribution function ,

similar to Equations (85) or (88) must be defined , e.g.,

a. = c~. (l-co s2w~)/2 + [ct . ~ + (l-n)c~. 1 (i + cos2wn)/2 (95)
I ‘o ‘i ‘2

The species continuity equation need then be evaluated only at y O , to

determ i ne aj~~, requiring one additional ODE to be solved for each species

in the reaction model. However , even with the relatively simple mechanism

given by Equation s (61+a) through (64h), some eleven species and accordingly

eleven additional equations are invo l ved . Al though the present integral

method is computationa ll y very efficient compared to, say, a finite differ-

ence scheme , it was not considered warranted in view of the exploratory

nature of the study and the absence of comparative experimental data ,-to

carry out any nonequilibrium chemistry examples.
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V I I .  CONCLUSIONS

Formation of an unstead y plume and blast field following ignition of a rocket

motor has been described. !t is pointed out tha t the supersonic plume which

is believed to form along the ground surface initiall y expands (i.e., the

Mach disc moves outward) as the blast over-pressure decays , but then later

collapses (i.e., the Mach disc falls i nward toward the origin) as the rate of

energy deposition at the ground surface d rops off. The rate and duration of

energy deposition have been shown to be highly dependent on turbulent mixing

in the steady exhaust stream of the rocket motor (prior to impingement on the

ground) for low acceleratic ~ (a < 2g) launches. On the other hand , very simp le

inviscid flow approxim ation s for the rate and duration of energy deposition ap-

S 
pear appropriate for very high acceleration (a > 20g) launches. The net effect

is to reduce the dependence of energy deposition on vehicle acceleration in

the range of intermediate rates (2g < a < 20g). This quantitative assessment

of viscous effects is , of cc~urse , somewhat dependent on the particular example

considered which involved ~ single equivalent nozzle approximation for the ex--
S 

haust stream of a mu lti- n o~zle engine in the 2xla6N thrust category .

The asymptotic behavior of the blast field (for both M5>>l and M5-- l) has

been exa mi ned , and the present numerical solution of the inviscid , unsteady

flow between the blast wave and Mach disc has been shown to be in excellent

agreement with asymptotic theory In both limits . The latter limit (M5÷l)

provides the more stringent test of the numerics . Correlations of numerica l

solutions for the shock laye r over-pressure and dens i ty distributions in

terms of the Wh i tham variables are presented , and may in point of fact , be
utilized in lieu of the numerica l solution for il~ <l .l .

The formulation of the numerical method of solution for the unsteady layers

between the blast wave and contact surface and between the contact surface

and Mach disc has been presented. Stability of the method subject to wave S

propagation and chemica l ra te limitations has been discussed. Interestingly,

when both limi tations are about equa l , the maximum permissible time step is
S 

about one-half of that due to either individual limitation ; only when the S •

-76-
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two are of distinctly different magnitudes does one or the other dominate

the stabi l ity of the system . An example is presented to cha racterize the

pressure and temperature field. The persistence of a major temperature jump

across the contact surface is empha s ized , as well as the absence of a velo-

city jump . The possib ility tha t the temperature jump , or more specifically

the associated density jump . could produce a Taylor instability of the con-

tact surface is pointed out.

Extension of the fluid dynanic model to include nonequi librium chemical

reactions has been discussed. Severa l numerica l examples are presented to

illustrate the thermochemica l characterist ics of the flow field. The

assumption of a freeze out of chemical reactions from the nozzle exit to

the ground surface plume ~1ach disc has been shown to be suspect. In the

absence of mixing across the contact surface , the reactions may be expected

to equilibrate on the time scale of the subject problem . However, vigorous
S afterburning of the prope llant gases may be anticipated as turbulent mixi ng
S entrains shock—heated air into the propellant gas,cloud . The afterburning

(and attendant optical flash) wil l , therefore , probably be mixing -con trolled ,

but the poss ibility of chem i cal non-equ ilibrium in the mixing layer in its

early stages should be considered.

An unsteady turbulent mixing l ayer analysis has been developed to describe

conduction and diffusion across the contact surface . The temperature grad-

ien t is assumed to be the driving mechanism for the production of turbulen t

therma l energy (RMS tempe rature fluctuations). A two-equation closure model

for the turbulent the rma l energy (TTE) is proposed , by analogy with Spaulding ’s

F 
two-equation mode l for the turbulent kinetic energy (TKE) equation . A two

strIp integra l method solution for the mixing laye r has been deve l oped.

G rowth of the mi x i ng l ayer th i ckness i s found to be in excel lent agreement

with experimental observations of a muzzle blast flow field. Extension of S

the method to a chemica lly reacting system has been outlined.

A complete description of the unsteady plume and blast field evolution follow-

ing Ignition and (ver t ica l )  I~ unch of a rocket has been presented . The meth

odology for quantitative analysIs of the blast over-pressure , af te r b u r n i n g  S

-77-
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of the propellan t gases , ai d associated optical flash , subject to the princi-

pal assumption of spherical symmetry , ha s been develo ped. However , the
considered processes represent only the initial formation of the propellant

gas c loud at the ground sur~ace following lift—off. The ultimate motion and

dispersion of this propellant gas cloud will result from the comb i ned effects

of buoya ncy and win ds , which have not been considered in this stud y.

Ii

Ii 
S

11 - 73-

4 5 
~~~~~~~~~~~ S5 5 S~~~~~~~~~~~~~~~~~~ 5-S _S55_5___5~~~~~~~~~ 

S _~~~~~ S



IS

1R 246

VI II.  ACKNOWLEDGEMENT

The author is pleased to acknowledge the ass is tance of Mr. John Ranlet , now

with the Brookhaven National Laboratories , in the conduct of this study and

in part icu lar for the rap i d  but careful development of the necessary com-

puter codes.

Ca pt . Lloyd R. Lawrence , J r . ,  USAF , served as Program Manager at the inception

of this study , and Major Thomas C. Mei er , USAF , continued as Prog ram Manager
through its completion . The guidance , encouragement and patience of these

gent lemen has been deeply appreciated , and is acknow ledged w i t h  pleasure .

F

I

S 
5~~ 

~~~~~~~~~~~~~~~~~~~~~~ 
S



TR 246

.1 REFERENCES

1. Erdos , J. I . and Del Gu idice , P . D . , “Calculation of Muzzle Blast
Flowfjelds ,” A IAA Journal , Vol. 13, August 1975 , pp. 1048-1055.

2. Ranlet , J. and Erdos. J., “Muzzle Blast Flowfield Calcula tions ,”
BRL—CR-2 07, U. S. Army Ballistics Research Laboratory, April 1 976.

3. Dabora , E. K., “Variable Energy Blas t Wav es ,” A IAA Journal , Vol .
10 , No. 10 , pp. 1 3814-1385 , Oc tober 1972.

4. Whitham , C. B. , “The Propagation of Spherica l Blast ,~’ Proc. Roy.
Soc. (London) A2O3, pp. 571-581 .

5. Kooker , D. E. and Zinn , B. T., “Triggering Axial Instabilities in
Solid Rockets: Numerical Predictions ,” A IAA Paper No. 73-1298,
November 1973.

6. Sterrett , J. R. ad Barber , J. B. , “A Theoretical and Experimental
Investi gation of Secondary Jets in a Mach 6 Free Stream with
Emphasis on the Structure of the Jet and Separation Ahead of the
Jet ,” AGARD Conf. Proc. No. 4, Separated Flows, May 1 966 .

7. Dash , S., Bocc i o , J. and Weilerstein , C., “A Computational System
for the Prediction of Low Altitude Rocket Plume Flowfie lds ,” GASL
TR 239, December 1 976.

8. Schmidt , E. M. and Shear , 0. D., “Optica l Measurement of Muzzle
Blas t, ” AIM Jour nal , Vol . 13 , pp. 1 088-1093, August 1975.

9. MacCormack , R. W., “Numerica l Solution of the Interaction of a
Shock Wave with a Laminar Boundary Layer , “ Lecture Notes in Physics ,
Vol . 8, Springer-Verlag, pp. 151—16 3 , (1971).

10. Cheng , S. I. , “Numerical Integration of Navier-Stokes Equations ,”
A I M  Jou rna l , Vol. 8, h o .  1 2 , pp. 2115-2122 , December 1970.

11 . Anderso n , J. D. , J r., “A Time—Depende nt Analysis for Vibrational
and Chemical Honequi librium Nozzle Flows ,” AIM Jou rna l , Vol. 8,
No. 3, pp. 545-550, March 1 970.

12. Bah n , G. S., Reaction Rate Compilation for the H-0-N System, Gordon
and Breach Science Publ . NY (1968).

13. Baulch , D.L. , D r y s d a l e , D. 0. and Lloyd , A. C., “Critical Evaluation
of Rate Da ta ,” University of Leeds , May 1 968 through Jul y 197P.

14. Moretti , G . ,  “A New Technique for the Numerica l Analysis of Non -
equilibrium Flows ,” AIAA Journa l , Vol. 3, No. 2 , pp. 223-229, Feb— S

ruary 1965.

15. McBrid e, B. J., He iffiel , S. , Eh l e rs , J. C. and Gordon , S . ,  “Thermo-
dynamic Properties to 6000°K for 210 Substances involving the F i rs t
18 El ements ,” NASA SP-3001 , (1963).

~~~~~~~~~~~~~~~~~ 

S
SS



TR 2146

REFERENCES (Continued)

16. Wood roffe , J. A., “One-dimensional Model for Low Altitude Rocket
Exhaust Plumes ,” AIAA Paper No. 75-21414, January 1975.

17. Taylor , G. I. , “The Instability of Liquid Surfaces When Accelerated
in a Direction Perpendicular to Their Planes ,” Proc. Roya l Society,
A , Vol .  CC I , pp. 192-196 , (1950).

18. Mel lor , C. L. and Herring , H. H., “A Survey of the Mean Turbulent
Field Closure Models ,” AIM J. 11 , 5, pp. 590-599, (1973).

19. Baront i , P. and Miller , C., “Integral Solution of the Turbulent
Energy Equation ,” AIAA J. 12 , 1 , pp. 108-110 , (1974).

23. Tel ionis , 0. P., “Calculations of Time-dependent Boundary Layers ,”
Proc. Conf . on Unsteady Aerod ynamics , Un i versity of Arizona , March
18-20, 1975.

21. Launder , B. E., Morse , E., Rod i , W. and Spalding, D. B., “Prediction
of Free Shea r Flows - A Comparison of the Performance of Six Turbu-
lence Models ,” published in Free Turbulent Shear Flows, Volume 1 -
Conference Proceeding ,~~ NASA SP-32 1 , Ju l y  1972.

22. Corrsin , S., “Heat Transfer in Isotrop ic Turbulence ,” Journal App !.
Phys. Vol. 23, pp. 11 3-118 , (1952).

23. John son , 0. S., ~‘Veiocity and Temperature Fluctuation Measurements
in a Turbulent Boundary Layer Downstream of a Stepwise Discontinuity
in Wall Temperature ,” J. App l. Mech. 325-336, Septembe r 1959.

II’j
~~ 

I —81— $ 1


