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U. S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

1 A a A a A, a Pp P p R, »
3 e B @ B, b Ce C ¢ S, 8
B B e B Y, ¥ T T m 7. t
:ﬁ Fip r G, g Yy Yy y U, &
§ A4 a2 D, d vy @ ¢ F, f
} Ee E e Ye, ye; E, e* X x X «x Kh, kh
How R x Zh, zh Uu qd y Ts, ts
. 343 3 2, z Yy Y v Ch, ch
1 U wu H u e - W ow U w Sh, sh
‘ N i A a Y. ¥ Uy o w Shch, shch
H oK K «x K, k b 5 s "
i n N a oy ik bl b N uw Y,y
(Y M u M, m b b b » '
H H H N, n 3 3 5 E, e
o 0O o 0, 0 H w0 O » Yu, yu
nn m n P, p A n A a Ya, ya

*ye initially, after vowels, and after ®u, b; € elsewhere.
: When written as & in Russilan, transliterate as yé& or €.
] The use of diacritical marks 1s preferred, but such marks

may be omitted when expediency dictates.

4 GREEK ALPHABET

Alpha A o =« Nu N v

Beta Bi'B Xi R o

Gamma [ty Omicron 0 o

| Delta A 6 P1 n o

| Epsilon i Rho Y p

Zeta 250 Sigma e -

| Eta H n Tau s L |

| Theta 0 6 § Upsilon T v
i Tota by L Phi ® 9 ¢

- Kappa K % x = Chi X x

Lambda A A Psi Yy v

Mu M wu Omega Q w

Block Italic Transliteration Bloek Italic Transliteration




RUSSIAN AND ENGLISH TRIGONOMETRIC FUNCTIONS

Russian English
sin sin
cos cos

tg tan
ctg cot
sec sec
cosec cse

sh sinh
ch cosh
th tanh
eth coth
sch sech
csch ¢sch
arc sin sin~t
arc cos cos™t
arc tg tan~t
arc ctg cot™t
arc sec sec™!
arc cosec cse™t
arc sh sinh™t
arc ch cosh™t
arc th tanh™ !
arc cth ~ coth™t
arc sch sech™t
arc csch csch™t
rot curi
1g log

GRAPHICS DISCLAIMER

A1l figures, graphics, tables, equations, etc.
merged into this translation were extracted
from the best quality copy available.
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SOME LIMITING REGULAR LAWS FOR RANK

B. N. Gartshteyn
(Presented by Acadamecian A. N. Kolmogorov 1 April 1948)

Let the random values of a finite sequence

LAl

S Riiais v W

be independent and have the same distribution function F(x).

The random value 3 =. --7.  1is called rank where

i =R Sy G2, ¢ o v v Ny)-

A considerable number of works have appeared recently which
are devoted to the limiting distribution of rank in some special
cases (see, for example, [1, 2] and for further published
indications see [1]). The purpose of our work is obtaining
several more general results in the same direction.

Let us designate the distribution function of the value Pn
by on(r). Let us assume that with properly selected constants
a6 > 0 and bn and n + » functions ¢n(anu + bn) converge to some
eigenfunction* of the distribution ¢(u). Our problem consists of

*I. e., which 1s different from the improper distribution function

jUfor v a,
1 for«> 0, where a - constant
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determining the type of possible functions of ¢(u) which are
limited in the indicated sense. We solve this problem with certain

limitations which were imposed on the initial distribution function
F(x) of the values of Ek.

" s, G

First of all, we assume that F(x) is continuous. We require
another limitation in the formulation of -serum 2.

From the obvious equality

< ',<,‘-’;"T“D{:1;<z}"—P{:n‘<zv "hm>_V,::
=F"(z)—|F@)—FOI
we find that

aln—1}[F (z) = F(y)l* 2 dF (z) dF ().

¥

Hence, after integration

=n \ [Fle+r)—F@EP4F Q)
By means of «./(z) let us designate the distribution function
of the value ¢ , by means of ®“.(y) - the distribution function
of the value n,» and by means of Yn(r) - the composition of the
function «.(zy and «:*, (y), 1.e.,

"f' s et ' ]
W ()= | O — 3 dm ).

It is known that -'hL’;’(:’)L:F”(:)“nﬁhf").(_v)a-il—-F(—y“" whence

Ji 2

Va(ry=Frr)e 1 = F(=r)f=

=i § B = gl — F (= )} dF (= y)=

=i | FUr = 91— F (0 dF (3),

Theorem 1. In order for the proper selection of the constants
a, > 0 and b of the function Qn(anu + bn) to converge with n + «
toward some eigenfunction of the distribution ®(u), it is necessary
and sufficient for ?n(anu + bn) to converge with the same &, ¢ 0
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and b toward some eigenfunction of distribution. Here, both
limiting functions coincide.

Let us now impose an additional limitation on the initial
function F(x), and namely, let us assume that F(x) is such that
the limiting distributions of the maximum ;n and the minimum
term n, exist.

In work [3] it is shown that the class of laws which are
limiting for e,z --b,) (with n - @), where a, > 0 and b are
selected constant 'in the proper manner consists of laws of the
following three types:

1) O Gl . B <0,

et o 1 >0;

2) 11’« (u):."e~( .'.:)' for ll‘\<0,

{1 for 1 >0:

3) % (Il) = e“‘-'_‘"
o - a positive constant).

It is obvious that the class of laws which are limiting for
the function oY (a.n+b,. where a, > 0 and bn are constants selected
in the proper manney consists of laws of the same three types since -~

if nn = min(gl, 52’ v eies En), then - ﬂn = max('EI: ‘52: ) -En)'

The following assumption which provides an estimate of the
order of growth of values a 1s necessary to determine the class
of possible limiting distribution of rank.

Lemma. If with some selection of constants a > 0 and
b, 43 (a,u--b,) with n » » are reduced to the proper limiting law,
then with any € > 0 and n + = l 5
1) 6 caynrac@d® (@)=, (a) u.wc,;?'(}anf T T o dan =0

; &) L 0 A, y
2 8 ca _,nme@ B ()= (W) nucen a,n® o u a.n® =0

8) e-cayraq SN D u)=i (&) wieeant —o®anmc <o
Key: (1) In the case; (2) we have; (3) and




On the basis of this lemma the following 1s proved

Theorem 2. The class of possible limiting laws for
compositions of distribution functions of the maximum and minimum
terms consists of laws of the following six types: - 1

frs} L S

e I OV S N 3 0 (,)",. W, (m,)' v, (”)_ W, (rm), 3 (u). 5 (ak),

a - constant.

The direct consequence of theorems 1 and 2 is confirmation
that 1n our assumptions the maximum distribution of rank can belong
only to one of the indicated 6 types.

Our results together with §6 [3] permits, in particular,
obtaining Gumbel's result [1].

In conclusion, I consider it my duty to express my profound
gratitude to B. V. Gnedenko for his formulation of the problem
and constant assistance in its solution.

L'vov State University imeni
Ivan Franko

Received 1 April 1948
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