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ABSTRACT

I The development of a method for uniquely characterizing the

many diffe rent symbols wh i ch are used to represent data and having this

I characterization genera l enough to allow for minor variations in the

I symbols would enable a computer to obtain information diree~tly from

written text.

I The chaiacterization consisted of obtaining a Fourier Transform

- representation for each character of the alphase t a1,d a study of the

j harmonic spectra l density in order to obtain a pattern by wh i ch the

character m ay be recogn ized , The pattern by necess i ty must be ~nique

I and recogni zable. After establishment of the reference al phabet , each

• character was distorted in a like manner so that the effects of the

distortion upon all the harmonic coefficients could be seen. The

~ L letters , A , E, R, and $ were stud i ed i n  greater depth and the results

are given.

-, The characterizations~-o~ta l ned from these methods show a

defini te uniqueness of representation and according ly a reference
~~~~~~

alphabet was characterized , The resb.J~ tion used In obtaining the

Ii Fourier Transform representation seemed”\o-be the major limiting

-
~ 

factor as to the amount of distortion accept~~II~~?The most
Important outgrowth of the thesis was the fact that , by us i ng only

• H the resolution wh i ch was used in the characterization of the ltsted —~’,~~,-?

i l l
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reference set, a machine should be capable of reading almost any

I material consisting of capital letters and being somewhat’symetric
- 

- In physica l shape.

I
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Chapter 1

I INTRODUCTION

I Objectives

The ability to rapidly perform repetitive ca l culations and

I store large amoun ts of da ta are onl y two of the many advantages of a

i 

computer. Before either of these abilities can be used, the mach i ne
- must first receive its commands and data from a set of rig idly stan-

I dard i zed symbols which man uses as his commun ication s link with the

machine . These symbols must follow strictly un i form patterns as to

hei ght , width , and relative posItion i ng one to the other. Because of

- 

the need for this rig id standard i zation, man must do the translating

of his knowledge, wh i ch i s usua l l y in the form of printed text, into

symbols recogn i zable by the machine. Although man may use the same

set of symbols as that of a mach i ne, he restricts his symbols to very

little uniformi ty. This is shown best by noting that the English

- - language has but one alphabet consisting of twenty six letters

(symbols) , yet there are almost unlimited variations of each letter used.
- However, in mos t cases no matter what varia t ions are used, man is ab le

to distinguish one letter from another. If a computer was likewIse

- 
able to distinguish one nonuniform character of the alphabet f rom

another, then such a machine could obtain informa t ion d irectly from

text written in almost any form or format.

In the machine ’s case , as in the human case, there are

l imI tations In the amount that a symbol can be varied and still be

-~ Ii
II 1

_______ - - - *~~~~ •~~~~~~~~~ .
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• 
I recogn i zable. The limitation s are almost totally dependent upon how

I 
intelligent the machine is or put another way , how much Information

about a spacific character the mach i ne has access too. Since a

I rigidly standard i zed alphabet requires the minimum amount of

Information necessary to distinguish one character from another , this

I is the place to begin the characterization .

I Method of Procedure

As mentioned before, one of the computer ’s greatest

I advantages was its ability to rapidly perform repetitive calculations.

-

‘ Thus, If a mathematical model were used to represent each character

- of the alphabet , then the machine could be used to obtain this

1 representation . The specific math model used was important only to

• the point that it be understandable , its computations be relatively

I short, and it must uniquel y represent each letter or symbol. The

uniqueness of representation was the most important aspect of the

mathematical model.

After a suitable method of modeling was established for a

particular reference alphabet , the characterization of each symbol

TT~;- was tested to see how much distortion was permissible ~rkiIle still

having the representa t ion recogn i zab le. Because of the many

-- d i fferen t ways a character may be d is torted, an ex tremely comprehen-

sive study would have to be made if one wishes the representations to

extend any further than the printed alphabet. This paper, however,

limited i tself to the consi derations of only the Future (5) type

capita l letters. This set of characters was used as the reference

set referred to in this paper because of their geometric stru..ture

and un i formi ty of stroke. The type also seemed to give the best

~~~i1
—

~~~~~~~~ •~~
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accessible example of a commonly acceptable alphabet wh i ch was

- I readable and easily reproduced by hand or machi ne.

Although the entire reference alphabet is distorted in only

I a few ways, four specific characters are chosen and studied in

i greater depth. The results of the studies are given in the appropri-

ate section . They are not conclus i ve, but they do show cer tain

1 Interesting aspects about the mathematica l modeling and characteriza-

tion schemes used . For example , the characteristic patterns obtained

1. by the limited resolution are uni que , easily recogni zable, and

F I ~ seemIngly can withstand any norma l distortion wh i ch occurs.
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I Chapter 2 

-

-: I THEORY

I An Overview

If the capabilities of a computer are to include the optica l

I scanning , understanding , and manipulation of text written in a non-

I uniform alphabet , the machine must be able to distinguish one

character from another. The scanning and manipulation of information

j has already been deve loped to a high state, but the understanding of

- 
information is still dependent upon the mach i ne ’s capacity for

- character recognition . Since the computer is just an extens i on of

man t s own abi lities , it would seem possible to extend to a machine
* 

the process used by man in character recognition . The i dentification

and implementation of such a process must begin at a very basic leve l ,

and from here it can be built upon.

The bas ic level referred to is that point wh ich i s equ ivalent

to a child’ s learning the alphabet. This first set of characters must
- 

be d stinct , recogni zable, and easil y reproduced because from this

point on the child will mentally refer to this base set whenever there
• 

‘ $ 
- 

Is need of character recognition. So, as with the child , the computer

must have a reference set of characters for future referra l needs.

- ;  Since the ultimate goa l is recognition of nonuniform characters,
- 

the computer must store this reference set i n such a form that li mi ted

dis tor t ion of i ndiv i dual charac ters wI l l  not matter. Man overcomes

the problem of recognizing distorted characters by observing the shape

Lii 
~~~~ -~~ -- - - -  -in ~~~~~~~__ * t -  . ~~~~~~~~~~~~~ - - ‘ p
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of a particular character and comparing this shape to his reference

set. Admittedly, this is an oversimp lificat ion of man ’s men tal

• I 
process , but for the purpose intended the anology will suffice.

Therefore, the problem is that of finding a suitable reference set

and a method of characterizing the set in such a way that each

character is uniquely represented.

1 The available characterization techniques are numerous ,

and all use an optica l scanner, in one way or another, to obtain

information about a character. A few of the more successful methods

are stroke processing (1), the use of a feature-template preprocessor

for feature extraction (6), classification in ad hoc fashion based on

strokes, concavities , enclosures and blobs (6), and the Clemens ’

Technique (6). All of these techniques have had only limited success

. when app lied to nonuniform characters ; therefore, the characterizations

obtaIned for each letter were not uniquely recognizable. The method

used in this paper was basi cally a preprocessing of the character to
- obtai n cer ta i n information , formulating a mathematical model using the

information obta ined from preprocessing , and characterization based

ii on the coeffIcients of a unique mode l.

Character Preprocessing

Each charcter referred to in this paper was preprocessed by

• hand . However , the method was the same as one wh ich could be

1~
•- - employed by an opt ical scanner , an d as such , the preprocessing

technique will be exp lain ed from this point of view .

1.
It
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I
The purpose of preprocessing was to change a particular charac-

1 ter into dig ital data and have this data i n  a spec i f ic for mat . To do

I this , the character was scanned to find the uppermost, lowermost, right-

most, and l eftmost points in order to set the character boundaries .

I These boundary lines consisted only of horizonta l and vertica l lines

where any two adjacent lines form a right angle. This had the effect

- of normalizing the letter to a rectangular area. The rectangle was

• then subdivided I nto 64 smaller but equa l areas as shown in Figure 1A

and these areas were called cells.

To obtain digita l information , the cells were assigned va l ues

of zero or one dependi ng on the contents of each cell. If a cell

contai ned any part of the character, it was assigned a va l ue of one;

otherwise, the cell had a value of zero. The process Is shown in

Figure 2A, and the resultant was an eight by eight matrix of zeroes

and ones.

Next, the matrix was read, and the points were plotted as dis-

Crete samples with un i form spaci ng on an x-y graph (rectangular

coordinate graph). Certain letter characteristics could be observed

by the particular choice of a starting point and direction of reading .

After deliberation over the different symmetrica l characteristics of

- 
‘ each letter of the al phabet, a method was chosen so that the symmetry

of a reference character about a vertica l line drawn through the center

1 of the matrix could be observed. The method of reading consisted of

4 
I starting at cell (1,4) which was the first point , and reading toward

U 
the left until cell (1,1) was reached. Then the same procedure was

repeated from cell (2,4) to cell (2,1) and repeatedly until cell (8,1)

* * 
—-- -
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L i  _ _  _ _  _ _  _ _  _ _  _ _  _ _  _ _

O 0 0 1 1 0 0 0

O 0 1 1 1 1 0 0

•

1 

_ _  _ _  _ _  _ _  

: 

_ _  

: :

i i 0 1 1 1 1 1 1 0

1 1 0 0 0 0 1 1

- 1 0 0 0 0 0 0 1

V .

ii Figure 2A Eight by Eig ht Matrix of Zeros and Ones

I CELL VALUE

19 29 3 Q A A R A f \ / \ [ \ J j
— .5 ~~~~~~~~~~~~~~~~~~ 

I ~~~~~~ I • - ~
-

—1.0 4 SAMPLE POINT

Fi gure 3A Shifted Wavesha~e Showing Negative Hal f-Wave Symmetry
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H

~~

-A ~~~~~~~~ 
-‘C - ’  — 

_ _ _  
-



~ “ ~~~~~~~~~~~~ — —---- — -  —--——-- —---— 
-

-

~~~~~~ 1 9

i
was reached. These points were then p lotted parallel to the negative x

I axis of the x—y graph . The next points to be read were cells (1,5) to

1 (1 ,8). Then , repeating t h i s  lef t to right movement , ce l l s  (2,5) to (2,8)

were read. This was done until cell (8,8) had been reached. These

I 
points were plotted parallel to the positive x axis on the x-y graph

with the first point be i ng cell (1,5).

I The result of this method of reading was that it showed a char-

acter which was symmetric about a vertica l line drawn through the center

‘ of the matrix as having ha l f-wave symetry. However, the characteriza-

tion of a lette r with such symetry gave a large d. c. component. To

avoid this , the ha l f-wave symmetry was changed to negative half-wave

• - symmetry by changing the si gn on the points located in the left half

plane of the x-y graph . in order to better visualize the shape of the

graph , each sample point was connected by a strai ght line to the next

one. Then the resultant waveform was shifted 32 sample points to the

right so as to locate the entire wave In the ri ght half plane as shown

In Fi gure 3A.

I r The fina l preprocessi ng step was obtaining data from the x—y

‘ graph wh i ch will be used in cal culating the mathematical model of a

letter. This was accomplished by digitally samp l ing the waveform at

128 equally spaced intervals. The sign of each data point must be

preserved.

1 i i Mathematica l ModelIng

The character, at this point , was repres.nted by a part I cular

.1 waveform on an x-y graph . This Ind i cated that the character’s x—y plot

[1
ilL 

-
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may be treated in the same manner as any waveshape , and a Fourier

I Series could be used to represent it. In genera l the Four er Series

may be i’iathematicalIy represented as

- -  

( 1 ) x( t) ~~ (a~ cosJnt + sinjnt)

By us ing the Fourier Series representation , many prob lems were

immediately ove rcome because of the wea lth of information known about

• it. Also , the series had the very i mportant quality of establishing

- a uni que representation for a given waveform .

However, the ca lculation of the a~ and b~ coefficients required

integ ration in the continuous time domain as could be seen by the

equat ions

(2) aj 
— 

~ 

f(t) cosjn.t dt

* 

( 3) b~ 
~~~~ 

f(t) sinin.t dt

• 
To avoid this and also be able to use the information already obtained

In preprocessing , a Fast Fourier Transform algorithm was used to obtain

the harmonic coefficients for the magnItude spectrum. The F. F. T.

(Fast Fourier Transform) has many of the same features as the Fourier

• Series Inc l ud i ng the uniqueness of representation for a g i ven waveform.

Explanation of the F. F. 1. algorIthm and a subroutine written in

Fortran IV are gi ven In Appendix B.

Ii
_______ V
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H
I Pattern Recognition

Because of the unique Fourier representation for each reference

letter , characterization based upon the coefficients of this representa-

• I 
tion was the fina l step . All characterizations obtai ned in this paper

were ach i eved by manual means. Computer oriented methods are possible

I and would result in faster and more exact characterizations .

The manua l method was as follows . After obtaining the

I coefficIents of the Fourier representation for a particular letter , the

magn i tudes of the coefficients at each harmonic were cal culated as

(4) I RMS*2(k)i = ~~~~(k))
2 + (T(k))2 

1

• . These magnitudes were plotted versus the harmonic number as a bar

graph. A bar graph of reference letter A Is shown in Figure l.A.

This same process was used for each reference letter and also for each

distorted letter. Next, all of the plots for a particular letter were

compared to find consistent similarities . These simi larities can be

mathemat ically defined for sing le harmonics as

• 1
- - IDC I - IRC I x 100 — % Difference for a Single Harmonic

IRC F I

-F •

1—I
- —_*~~--~~_•—_—-_ ____________________________________
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COEFE IC l EN T M AGN IT UDE
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• Figure l.A Samp le Bar Graph ( Magnitude Spectrum )
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I
where IDC I is the coefficient magnitude of the distorted character at a

particular harmonic , IRC I Is the coefficient magnitude of the reference

I letter at a specific harmonic , and IRCFI is the coefficient magnitude

of the reference letter ’s fundamental harmonic. In the case of group

- harmonics , the defining equation is

-

~

-

~ 1 6 
IHMDG I - IHMRG I x 100 — ~ D i ff erence for Group Harmonics

- 
- 

- ~ 1 RFCI

I — where I HMDC I is harmonic mean of a particular group in the distorted

- symbol ’s magnitude spectrum and IHMRG I is the harmonic mean of a

particular group in the reference letter ’s spectrum. The harmonic

-. 
mean can be ca lculated as

- (N - N  +1)
- (7) 1HMI — 

2 1

II 
i~~ 1 ~~~

• 1~ 
where N1 and N 2 are respect ively the left and rightmost harmonics of

the group and X 1 Is magnitude of the ith harmonic. These similar ities

I formed the characterizat ion of the le tter. A precaution that no two

reference characters have the same representation should be taken.

This was especially true for the manual method. As described , the

~ IL ~~~~~ ----- --~~~- -
-- -•.- -—- - 

- -
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I
manual method had many undes i rable aspects. However , it served

adequately for the purposes of this paper.

I 
A superior method would have been a computer oriented approach .

• Such a method of pattern recognition would be a necessity if the

j reading of nonun i form characters were to be handled by a computer. The

advantages of usi ng a computer would be in severa l ways. F rst , a

matrix of higher resolution (having more than 64 cells) could be used

wh i ch would mean that the fine details of a particular character could

be represented. Also , the characterization of a particular reference

-

~ letter could be carried out to far greater extremes which would decrease

the possibility of having the same representation for two reference

letters.

- - There are many techniques already developed that will suffice

if the plot (coefficient magnitude versus harmoni c) was consi dered as

a picture. If such a cons i deration was made and since the plot will

always be of the same nature , certain techniques could be app l i ed such

as a least mean—square error fit (2), derivative data feature

* extracti on (3) , use of a contextual analysis and topologica l coding
- 

program (1.), or an extens ion of the manual method used in this paper.

Possib ly a comb inat ion of several methods wou ld be the most advantageous

approach.

;~~t

I i~•i
ii

I I ]

_______ --—-— 
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Chapter 3

I DETAILED EXAMINAT I ON OF FOUR CHARACTERS

I The hand—printed characters were formed without the use of

a straight or guidelines.

I
Character A

I The character A was subjected to four types of distortion .

The reference letter A is shown in Figure 5A while the four distorted

-
~~ A charac ters are shown i n  Fi gu res 6A , 7A, 8A , and 9A. Comparison

of the distorted characters to the reference symbol in a numerica l

• sequence showed a s teady increase In the deviation of the characters

from the reference. A similar sequential look at Fi gures SB through

.

~~ 

9B gave more insight into the effects of various distortions . Several

• .
~~ i nteresting points should be noted at this time . First , the width of

- the stroke used to form a letter seemed to have very litt le effec t

upon the matrix except in the cases of extremely broad or narrow widths

where these might cause parts of the letter to become obscured.

Secondly , visua l inspection of the matrices showed that although

~~. character symmetry was lost the letter was still easil y recognizable

In most cases. Also , at this point it should be noted that In the

norma l ization of script character A , the head and foot finals (5)

11 have been eliminated . By think i ng of these strokes as only letter

, .  connections in script-written text, the elimination of them was

• LI Justified because they added lit tle or nothing to the character

recognition process. Upon close inspection of the script A matrix

I] 15
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I
In Fi gure 9B , one would also notice that the letter wh i ch t hi s  matrix

j defined was not recogn i zable within the matrix as the other A characters

were.

A sequential comparison of each character ’s matrix with the

resul t ing waveform was nex t . Fi gures 5C through 9C are the waveshapes.

From this compar i son, the symmetry of the A reference character about

a vertica l line drawn through the center of its matrix could be observed.

Another observation made was the fact that as a lette r wes shifted

more to one side , this same side of the matrix had an Increase in the

ratio of valued cells to zero cells. This increase could be seen in the

waveshape as a shifting of area. Next , by looki ng only at the waveform

- of each of the charac ters , a distinct similarity between most of them

could be seen.

- - However, the heart of this analysis lay In the magnitude

I spectrum of each of the characters. Figures 5D througi 9D show the

bar graphs. As stated earl ier , the characterization of a reference

letter was conta ined in the similar i t ies of these magnitude spectra .

* There were no indepth computer comparisons made of the bar graphs

i because of the limited distort ions and with only visua ll y-obvious

similari ties bei ng noted. These similarities included the strict

- magnitude at a specific harmonic , the magn i tude relative to nearest

ne i ghbors at a spe c i f i c  harmon i c , combInatIons of strict and relative

.. magnitude changes In a group, and genera l shape of the bar graph .
•1 i ii

The characterization of reference letter A was made without

v regard to script character A. The reason for disregarding the A script

_________ ____________________________________________________________________ - ~~‘—• . — -
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I
symbol could best be seen in a comparison of its matrii. and wave-

shape to the matrix and waveshape of the reference character. Although

I both characters were known to be the letter A , the matrix for the script —

A did not have enough resolution to allow the symbol to be recogni zable

I in It. This being the case, the Fourier representation of the matrix

could not be used in formi ng the characterization for the reference A.

An increase in resolut ion could be accomplished only if

I several facts were kept in mind . The first one was that the number

of positive and negative lobes in the waveform was directly related

to the number of rows in the matrix , and increas ing the number of rows

would negate any useful characterization information already obtained .

.* So the increase in resolution should be accomplished by increasing

the number of columns wh i ch only increases the number of data points

and the emphasis on small details in the character. However, because

of the severe distortion in the script A character, such an increase in

the number of col umns still could not catch enough detail to allow

character recognition based on the reference A. in order to obtain

-- character recognition of such a letter , a minimum matrix of 32 by 32
- 

would have to be used in characterizing the reference set.

For reference symbol A , the fol lowing character i za tion was

made. Harmonic numbers 15, 27, 30, 34, and 49 were chosen as the

Ii similar single harmon i cs. By referring to Table 1A , the largest percent

• difference could be seen to be almost 17 percent which was for
- 

harmonIc 15 of the slanted A and the hand—printed A. Harmonic numbers

ii

•
[1
I-
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• A
Figure 5A Reference Character A

0 0 0 1 1 0 0 0

0 0 0 1 1 0 0 0

1 ” 
_ O 0 1 1 1 1 0

0 0 1 1 1 1 0 0

-
- i i 0 1 1 0 0 1 1 0

• 0 1 1 1 1 1 1 0

• 
I~~~~ p 1 1 0 0 0 0 1 1

-~~~ 1 1 0 0 0 0 1 1

I 
1 Figure 5B Matrix for Reference Character A

-

.
-

~

• 1
CELL VALUE

.5 + 19 29- 39 A A r\ r~ i\r’ r\ n
- 

- 1 .5 ~~~~~~~~~~ 
i

— 1.0 SAMPLE PO INT

• Figure 5C Waveshape for Reference Character A
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A
Figure 6A Light Character A

1 _ _ 
_  _  _  _  _  _

-
- 0 0 0 1 1 0 0 0

(

0 0 0 1 1 0 1 0  0

0 0 1 1 1 1 0 0

1 0 0 0 0 0 0 1

- Figure 6B Matrix for Light Character A

CELL VALUE —1_I 1.0 +

I
-1.0 SAMPLE PO INT

I Figure 6C Waveshape for Light Character A
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- Figure 7A Slanted Character A
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— Figure 8A Hand-Written Character A
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Figure 9A Script Character A
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H~ I
1
i Table 1A

- 

Percent Difference between the Characterizing
Single Harmon i cs of the Distorted

I and Reference A Letters

Mar. IDC I IRC I Percent Diffe rence- V

— - 1 2 3 14 1 2 3 4

15 0.04 0.36 0.36 0.08 0.46 10.0 16.7 16.7 63.3

• 27 0.02 0.02 0.04 0.04 X 2.5 2.5 5.8 5.8

- 

- 
- - 30 0.04 0.06 0.04 0.06 0.02 3.3 6.7 3.3 6.7

• 1 31 x 0.08 0.06 0.02 0.02 2.5 10.0 6.7 0.0

49 0.04 0.04 0.04 x 0.06 3.3 3.3 3.3 9.2

H
Column 1 refers to the Ligh t character

- 
Col umn 2 refers to the Slanted Character
Column 3 refers to the Hand—Printed Character
Column 14 refers to the Script Character
X implies a Bar Graph value of zero but for calculation
purposes a val ue of .005 is assumed

- — I

- I

~~~~ ~
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i
— Table lB

• Percent Difference between the Characterizing
S Group Harmon i cs of the Distorted

I and Reference A Letters

I I Har. IHMDG I IHMRG I Pe rcent Difference

1 2 3 4 1 2 3 4

- 1—3 0.14 0.30 0.05 0.19 0.15 1.7 25.0 16.7 6.7

I -- 18-21 0.02 0.06 0.05 0.05 0.10 13.3 6.7 8.3 8.3

- 4 1—4 7 0.01 0.01 0.01 0.02 0.01 0.0 0.0 0.0 1.7

54-63 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0
I..

Key

~~
- Column 1 refers to the Light Characterj Column 2 ref ers to the Slanted Character

Column 3 refers to the Hand-Printed Character
• Column Ii refers to the Script Character

I’

ii
[1

- .‘ —



-~~~ - - -- - -~~~~~~~~~~~~~~ -----—--~~~~~~~~ 
-- - ---- •--— -~~••-—‘- ~ —- -- --— ---- ----~~-——-----_ - - ~~--— •—----•,

- - —~~~~~ -• -.—.•• —--———-—— — — ___ -...-_._.__ ~~~ *•• •I __ -

U 1 30

I
1 through 3, 18 through 21 , 141 through 47, and 54 through 63 were

I chosen as the similar group harmon i cs. By referring to Table 1B , the

- 
— largest percent difference could be seen to be almost 17 percent wh i ch -

S. was for the group 1 through 3 of the hand—printed A. Since no i ndepth

analysis was obtai ned , the visua l appearance of the bar graphs was very

important. By t’ •s criteria the magnitude spectra of letters showed a

large amount of resemblance.

-. Character E

The character E was subjected to four types of distortion . The

I reference character E is shown in Fig ure 1OA , and the four distorted E

I charac ters are shown in figures h A , 12A , 13A , and 14A . A comparison in

numerica l sequence of the reference character to the distorted letters

showed a steady increase in the deviation of the distorted characters

from the reference. A simi lar sequential look at Figures lOB through

148 allowed a better understanding of the effects of various distortions.

At this time several points should be noted. Firs t, the stroke width
- 

used to form a letter had little or no effect on the matrix except in

— 

• - 

the extreme cases noted for character A. Secondly, visua l inspection -

- .  of the matrices showed that although the physi cal geometry of a letter

• was altered , the character was still recognizable. It should also

be noted that there was no need for letter truncation as experienced

- - 
~* with character A. Because of this and the fact that the script

1 charac ter E was recognizable i n it s defining matrix , the script

character was used In the character recognition of the reference set.

I-,

I~
[1

— S•*I.~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _

- =~~—---— --—- -•-—-~~ ---•~~~~~ - I • ~~~~~~~~~~~ ~~~~~~~~~~~~
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i
i A sequential comparison of each character ’s matrix with the

result ng waveform was next. Figures hOC through 14C are the wave-

• I shapes. From this comparison , a distinct feature of printed characters

* as opposed to script characters was observed. The printed character

I showed its basic use of straight vertica l and hor i zontal lines as single

large areas of the x-y graph where as the curved formations of the

script E showed up as smaller , more numerous areas, provided the

resolution of the matrix was adequate.

However, the bar graph of each character more fully described

the outcome. Figures 1OD through 14D show the magnitude spectra. As

- - stated earlier , the characterization of a reference character was

-- determined by the similarities of its bar graph and those of the dis-
- -  

torted characters. The same criteria was used for this letter as was

used for character A.

The following characterization for reference letter E was made.

- 
- Harmonic numbers 2, 5, 11 , 26, 28, 34, 37 and 39 were chosen as the

similar sin gle harmon i cs. By referring to Tab le 2A , the largest
- . 

percent difference could be seen to be almost 32 percent wh i ch was for

• the fifth harmonic of the script E. This large percent difference -

- 
seemed to be caused by the head and foot finals o ,  the script E.

- - Harmonic numbers 7 through 9, 17 and 18, 31 through 40, and 44 through -

63 were chosen as the similar group harmon i cs. By referring to Table

2B, the largest percent difference could be seen to be almost 28 per-

cent which was for the group 7 through 9 of the light E. An

examinatIon of the magnitude spectra of the light and reference E
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Figure 1OA Reference Character C
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Figure h A  Light Character E
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Figure 12A Slanted Character C
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Figure 14A Script Character E
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I
[
- Table 2A

Percent Difference between the Characterizing
- Single Harmon i cs of the Distorted

and Reference E Letters

Har. IDC I IRC I Percent Difference

.- 1 2 3 4 1 2 3 4

- 2 0.10 0.08 0.12 0.014 X 12.5 9.9 15.1 4.6

- 5 0.46 0.42 0.46 0.26 0.50 5.3 10.5 5.3 31.6

11 0.18 0.20 0.24 0.10 0.24 79 5.3 0.0 18.4

26 0.02 0.02 0.02 0.04 0.02 0.0 0.0 0.0 2.6

28 0.06 0.06 0.06 0.10 0.08 2.6 2.6 2.6 2.6

34 0.02 0.04 0.02 0.04 0.02 0.0 2.6 0.0 2.6

37 X 0.02 0.02 0.04 0.02 2.0 0.0 0.0 2.6

39 0.02 X X X X 2.0 0.0 0.0 0.0

Column 1 refers to the Light Character
- 

• Column 2 refers to the Slanted Character
Column 3 refers to the Hand-Printed Character
Column 4 refers to the Scri pt Character
X Implies a Bar Graph va l ue of zero but for cal culation
purposes a va l ue of .005 is assumed
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I

I Table 2B

- - 
Percent Difference between the Characterizing

Group Harmon i cs of the Distorted
and Reference E Letters

Har. I HMDG I IHMRG I Percent Difference

1 2 3 1 1 2 3 4

7-9 0.22 0.04 0.01 0.04 0.01 27.6 3.9 0.0 3.9

-- 17-18 0.03 0.06 0.08 0.07 0.03 0.0 3.9 6.6 5.3

- ‘ 34-40 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0
- 

44-63 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0

Key

Column 1 refers to the Light Character
• 

- 
Column 2 refers to the Slanted Character
Column 3 refers to the Hand-Printed Character

• Column 14 refers to the Script Character

- 

V

4 11

4 
~
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symbols showed that the large difference was due exclus i vely to the

I ei ghth harmonic of the light E. However, because there was such a great

visua l resembl ance between the bar graphs of the lette rs, the character-

1 izat ion was not changed.

- Character R

Character R was subjected to four types of distortion . The

reference character R is shown in Figures 15A while the four distorted

R letters are shown in Figures 16A , 17A , 18A, and 19A. By comparing

- 
the distorted letters to the reference symbol in a numerica l sequence,

- 
an increase in deviation of each character from the reference was seen.

A similar comparison of Figures 15B through 19B gave a better under—

- - standing of the effects caused by various distortions .

Several Interesting points could be noted at this time . First ,

as with the two previous characters, varying the width of the stroke

used to form a character seemed to have very lit tle effect on the

defining matrix unless the width was carried to an extreme as in Figure

17B. Secondly, as the letter was slanted to one side , there was a

resultant shi ft in area of the waveshape. At this point It should be

noted that in the norma liza t ion of script symbol R, the head and foot

* finals (5) have been eliminated as was the case for script letter A.

The same justIficatIons that were used for script A were used here

for script R character truncation. Also , upon inspect ion of the matr ix

in Fi gure 19B, one would note that the letter which this matrix
V 

defined was not recogni zable within the matrix.

- 
A sequential comparison of each character ’s matrix wi th the

resulting waveshape was next. Fi gures 15C through 19C are the

11
-— •—•—.~~ - —~—•—• ~~~~~~~~~~~~~~~~~~~~~~~~~ - •_~~~~~ :_• ~~~~~~~~~ 
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Figure ISA Reference Characte r R

I 
_ _ _  _ _ _  _ _ _  _ _ _  _ _ _  

~~~~

- 

_ _ _  

:

1 1 0 0 0 1 1 0
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1 1 0 0 0 1 1 1

Fi gure 15B Matrix for Reference Character R
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Figure 15C Waveshape for Reference Character R

—~~~~ ~~~~~~~~~~ —- - 
~~~~~~~

- 
~~~~~~~

-•—-—
~~~~ 

- ~~~~~ _~~~~~~~~~~~~~~~~~~~ _ __ _ ._  - ~~~~~~~~~~~~~~~ - - 
- 

- --



— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I

:~1~ I 46

COEFFICIE NT MAGNITUDE
1.2 •

*

~: I 5
— *
- 

~
- *

1.1 •

- I
I 1.0 •

I a
*

0.9 4*
*5
*5
*5

0.$

- - . 0.7 +5
as
5*
-*5

i j  5*
0.4 *

.5
*51 5*
55

0.5 4*
*5

I 5*
a.

• I 5*-
0.4 5*

I **I 5.
*5 *

0.3 *5 5
I I *5 - *

$5” *
so * *

- *S
• 

* *0.2 4* * * *- - I 5 * 5 *  a * *
- V * 5 5 * 5  *5*  *

. 5* 5 5*  *5 5* *
1 5*55 *5. *5*55* *0.1 5.5* a*s sasseass *

S******* 5*5*5*5* •*
5*5*5*5* *5*5*5*5*5* ~s * *

- 1 55555*5*5*5********* * ~~~~ 5* * * * *
I 55*55*5.5******************S*5*****5 *55*5*5*5 5*5 5* *

4 1 0.0 *****5***.********5**********,****aS***5******aa*.******.a*.***Saa**e.
• 10 20 30 40 50 60 70

HARMONIC NUNmEM

Figure 15D Magnitude Spectrum for Reference Character R

~ ii
---- - - 

—— -—



I 47

I

-

‘ 

R
I Figure 16A Li ght Character R
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Figure 168 Matrix for Light Character R
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Figure 16C Waveshape for Light Character R
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Figure 160 Magnitude Spectrum for LIgh t Character R
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Fi gure 17A Slanted Character R
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I Figure 17B Matrix for Slanted Character R
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I Figure 18A Hand-Written Character R
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J Figure 18B Matrix for Hand-Written Character R

- I
I CELL VALUE
- I :~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
-
I —1.0 SAMPLE POINT

L I Figure 18C Waveshape for Hand-Written Character R
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Figure 19A Script Character R
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I
I
I Table 3A

Percent Difference between the Characterizing

I Single Harmon ks of the Distorted
and Reference R Letters

I
Har. IDC I IRC I Percent Difference

1 2 3 4 1 2 3 4

1 2 0.20 0.06 0.10 0.20 0.12 8.9 6.7 2.2 8.9

1 9 0.08 0.08 0.12 0.06 0.10 2.2 2.2 2.2 4.4

30 0.02 0.02 0.02 0.04 0.02 0.0 0.0 0.0 2.2

1 40 0.02 0.02 X 0.04 0.02 0.0 0.0 1.7 2.2

I key

Column 1 refers to the Lig ht Character
Column 2 refers to the Slanted Character

• I Column 3 refers to the Hand-Printed Character
Column 4 refers to the Script Character

I X Implies a Bar Graph value of zero but for calculation
purposes a value of .005 is assumed

-F I
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I Table 3B

Percent Difference between the Characterizing
Gr oup Harmon ics of the Distorted

and Reference R Letters

‘P 
-

~~ Har. IHMD GI IHMRG I Percent Difference

- - 1 2 3 4 1 2 3 4

3-6 0.19 0.09 0.09 0.05 0.14 5.6 5.6 5.6 10.0

16-19 0.10 0.05 0.12 0.04 0.11 1.1 6.7 1.1 7.8
- 

- 1 24—27 0.02 0.01 0.04 0.03 0.04 2.2 3.3 0.0 1.1

- 

43-46 0.01 0.01 0.03 0.01 0.01 0.0 0.0 2.2 0.0

I 
- 

48-63 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0

Key -~~~

- 

Column 1 refers to the Light Character
Column 2 refers to the Slanted Character

H Column 3 refers to the Hand-Printed Character
Column 4 refers to the Script Character

~ 
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I 

waveforms. In this comparison the distortion due to a large increase

in the width of the stroke was very apparent in Figure 17C .

I However, the sla nt R charac ter was still clearly visible In  its

defining matrix. But in the case of the script R , a comparison showed

* I that the matrix was unable to define the letter , and thus , its

magnitude spectrum was not used in the characterization .

1 Figures 150 through 190 show the bar graphs and folioi.ing the

i same guidelines as used previously, the characterization of reference

letter R was determi ned. Harmonic numbers 2, 9, 30, and 40 were

I. chosen as the simi lar single harmon i cs. The largest percent difference

as seen from Table 3A was almost 9 percent which was for the second

‘I, 
harmonic of the light R character. Harmonic numbers 3 through 6, 16

i through 19, 24 through 27, 43 through 46, and 48 through 63 were chosen

as the similar group harmon i cs. The largest percent difference was

j almos t 7 percent as shown in Table 3B for the 16 through 19 group of

harmonics of the slanted R letter. An interesting point should be

I noted at this time about the percent differences of the script R

character. In most all cases its difference was larger respecti vely

— 
than for any other letter. This showed that the magnitude spectrum

of the script R was not one which could be recognized as representing an

R.

Character S

Reference letter S and the four d istor ted S characters are
-
~~ 4 5-

shown In Fi gures 20A through 24A . A comparison in numerica l sequence
~~~~~~

of the distorted letters to the reference symbol showed a steady

- 
increase in the deviation of each distorted character from the 

---~~~~~~~~~~~ -~~~~~~- - -- -~~~~- - - -~~~~~~~~--. - - - - -
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I
reference. A similar review of Figures 208 through 248 showed the

I effects of each distortion .

I 
Here again the stroke width used seemed to have little effect

on the matrix except in extreme cases such as Figure 22B. Although the

I slant S character was clearl y distinguishable as the equivalent of the

reference S symbol , the slant S letter was barely definable in its

I matrix. Although this was the case, the slant Ss s magnitude spectrum
‘P 

i 
was still used in the characterization of the reference S letter.

Visua l i nspection of the other matrices showed that with limited

I geometrica l letter distortion the other S characters could still be

recognized in their defining matrix. When comparing Figures 24A

I and 248, it should be noted that no symbol truncation was necessary

for the script character S. Because of the fact that the scri pt S

was recognizable in its defining matrix , the symbol was used in the

I characterization of the reference letter.

A comparison of each character s s matrix with the resulting

I waveform was next. The waveshapes are pictured i n  Figures 20C

• - through 24C. This comparison showed the nature of curved symbols as

1. opposed to the straight line composed letters viewed until now. The

semici rcular composition of the S was not recogn i zable in the wave-
- 

• shapes so even if an S were composed of strai ght horizontal and

• 
- I I vertica l lines , It would still appear the same. This means that a

symbol did not have to be a smooth evenly contoured stroke; ins tead ,

It could consist of short continuous straigh t lines and still be

r readily recognized.
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For the characterization of the S reference letter , Fig ures

200 through 240, which show the bar graphs , was used . Also , the same

I criteria wh i ch was used for the prev ious characters was used for this

a 
symbol.

I For reference symbol 5, the fol lowing character i zati on was

I made. Harmonic numbers 2, 9, 21 , 24, 32, and 40 were chosen as the

‘P similar sin gle harmonics . The largest percent difference as shown In

I Table 4A was slightly more than 10 percent. This occurred for the

I 
nin th harmonic of the script S character. Harmonic numbers 3 through

5, 11 and 12, 29 through 31 , and 44 through 63 were chosen as the

I similar group harmon i cs. The largest percent difference as shown in

Table 4B was almost 26 percent wh i ch was for the 3 through 5 group of

I harmonics for the script S letter. It was interesting to note at this

I 
time that the greatest percent differences did not occur in the

slanted S letter , al though this particular symbol was bare ly recogni z—

j able in its defining matrix. Also , the overall visua l appearance of

the distorted and reference letter ’s bar graphs have a close resem-

j
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Figure 20A Reference Character S
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Figure 21A Light Character S
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- Figure 22A Slanted Character S

F _________ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _________ _________ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

~
-

-.—• 0 0 1 1 1 1 1 1

‘P
—— 0 1 1 1 1 1 1 1

0 1 1 1 1 0 1 0

IV - -
*5

F 0 1 1 1 1 1 i 1

0 0 1 1 1 1 1 1

~
i•. 1 1 1 0 1 1 1 1

~~~~~~~ 1 1 1 1 1 1 1 1

- 1. 1 1 1 1 1 1 1 0

Figure 22B Matrix for Slanted Character S

~

- CELL VALUE
- L  1.0 + _ _ _ _ _ _ _ _ _ _ _

H-’ L
— 1.0 1- SAMPLE POINT

I 

• . Figure 22C Wavesha pe for Sl anted Character S

- [ 1  
--

~~~ 
_ .i -- - —-~

-
~~~~~~~

_-- -_-
~~~

- - - -



- ,~
-.---_-

~ ~~~~~~ ~~-- - - ----.-*._ - -
~~
—

~
- —--------.-• - - - -

-- ~~~~ V * V .~~~~~V~~~~~~ I V S ~.VV’*

I 65

I
COEFF IC I ENT NAGN ITUDE
1.2 a

I S

*
*
*

• 1.1 +
I I .

a
*
5*1 1.0

I 5*
*5
as

1 *5

1 0.9 5*
*5
5*
5*

I *51 0.5 4*
5*
5*

1 5*

1 *5
0.7 +5

5*
• 1 5*

I **
1 aS

0.6 +5
5*1 5*

1 *5
as

0.5 +5

~~~1 5*
- I  *5*

• *5*
*5*

-1 0.4 5 *
I *5*

ass  4
5* 5
*5*  £

1 0.3 4 5 *
S * 5 * 5

*5 *.
. 5* 5

r 5 * 5 *  *
0.2 4 * 5 5  *

-
~~~~~ 

— 5 * 5 *  * *
1

, * 5 5*  5 *  *
*5* 5 * S  *:- a ss .  * 5  as

0.1 •*55 * 5 * 5  *5*
*5*5 * 5* 55*5*55 * *
*5*5*5 5* *5*5*5* * 5 * *5 S
5*55*55*5* ********* • ass * a a. as * *I a****sss *as**a*a*a** 5*5*5* 5 *5*5* 555 5* * *55* a

0.0 •*****5***+**5****55+S*****S55+******5**•5**aS****+***5*aa**4V***S*****+
0 10 20 30 40 50 60 70

HARMONIC NUMSER

Figure 220 Magn I tude Spectrum for Slanted Character S

I
II

- 
—~~~~~•



- - - -~~-_.V•_ *~_~~ ~~~~~~~~~~~~~~~ * V1*VV A* ***__ *_ .~.IIIIV_• 

66

~V i

I S
I Figure 23A Hand-Written Characte r S
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Figure 24A Script Character S
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I I Table leA

Percent Difference between the Characterizing
1 Single Harmon i cs of the Distorted

~ 
.1. and Reference S Letters

‘P 
. 

Har. IDCI IRC I Percent Difference

- 
- 

4 .  
1 2 3 4 1 2 3 4

~ ~ 2 0.06 0.10 0.10 0.08 0.10 5.1 0.0 0.0 2.6

9 0.14 0.18 0.16 0.06 0.14 0.0 5.1 2.6 10.3
* 

- 21 0.04 0.02 0.04 0.06 0.04 0.0 2.3 0.0 2.3

24 0.02 0.04 0.02 0.02 0.02 0.0 2.3 0.0 0.0

- 32 0.02 0.02 0.02 0.02 0.04 2.3 2.3 2.3 2.3

40 0.02 0.02 0.02 X 0.02 0.0 0.0 0.0 1.9

I -i: 

-

_______ ______ ______ ______ _______ _______ ______ ______ _______ _______

- 

Key

- Column 1 refers to the Ligh t Character
- - Column 2 refers to the Slanted Character

- Column 3 refers to the Hand-Printed Character
- Column 4 refers to the Script —

- X implies a Bar Graph va l ue of zero but for calculation
V 

-- purposes a vaule of .005 is assumed

I

—  
-~~~~

-
-- —- -- ~~~~~~~~~~~~~~~~~~~~~~~~~  
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I Table 4B

* 
Percent Difference between the Characterizing

I Group Harmonics of the Distorted
and Reference S Letters

- S I
‘P Mar. I HIIDGJ I HMRGI Percent Difference

1 2 3 1, 1 2 3 4

1 3-5 0.23 0.13 0.21 0.09 0.29 7.7 20.5 10.3 25.6
- 

- 
11-12 0.19 0.11 0.13 0.08 0.18 1.3 9.0 6.4 12.8

- 29—31 0.03 0.01 0.01 0.06 0.03 0.0 2.3 2.3 3.8

- 44—63 0.01 0.01 0.01 0.01 0.01 0.0 0.0 0.0 0.0

I — ________ - ________ ________ ________ S

Key

- T i Column 1 refers to the Light Character
Column 2 refers to the Slanted Character
Column 3 refers to the Hand-Printed Character

~ 
( ~- Column 1 refers to the Script Character 
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Citapter 4

I SUMMARY

I Analysis of Results

When analyzing the results , the main objective of this paper

. 
I should not be forgotten. Although the characterization of a reference

‘P 

1 alphabet was frequently mentioned and used, this was done only as a

- - means to an end and not as a final result. This means that the

- I establishment of characterized reference letters were used as a
- 

measure of the process, and the actual end result was whether or not

I the techniques used would give unique representations.

I Because of the Fourier Transform properties , there should be

no doubt that the representation obtained for a part i cular normalized

— I matrIx was unique . However, because of the limited resolution used in

a matrix , it would be possible to have two different characters with

* I equivalent matrices which would result in identica l magnitude spectra.

i So the firs t weak point in the process as out lined by this thesis was

- - 
the degree of resolution necessary to avoid duplicate matrices for

— 

J different letters. Since the i deal case of infinite resolution was not
- 

practica l , the decision of how much resolut ion to use was based on the

I limitations placed on the process. Of these limi tations the two most

T Important were the tIme required to character recogn i ze a symbol and

4 the maximum d i s tort ion of any letter.

11
H 72

- —---- — —~~~~~ z S.!~~~ —~~~~~~~~~~~~~ - -- - 
- - - —

~
--
~~~~ 

—
~ — .- - 

..
— — I- -

~~~~~



- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

:-~~~ I 73
- 

I
These two requirements were not i ndependent of each other; in

I fact one was directly related to the other. This was easily understood

I because as a symbol ’s distortion increases so does the resolut ion

necessary to define the character. The results were more data points

- ~ I to be transformed which took longer computer time .

There was only one other point in the recognition scheme that

. ‘P 
- I could Invalidate this system. This weak point was in the method used

~ to characterize a reference letter. The characterization of reference

— -‘- symbol was based on the similarities between Its magnitude spectrum

~ 

-. 
and those of the same letter but with distortions introduced . For the

: purposes of this thesis , visua l means for defining the similarities S

~ sufficed , but for a working system better recognition methods would be

— 
_ needed. Severa l possibflities were discussed previously; however, alon g

— 
. with these methods the maximum allowable distortion must again be

- I considered before setting error criteria.

I Any further i nvestigation into the procedure outlined in this
- 

thesis should be directed toward the recognition process. Although

two weak points were discussed , the prob l em of matrix resolution was

only a difficulty for the particular considerations of this paper.

The resolutions wh i ch are obtainable by optica l scanning are more than

• - adequate for a worki ng system. So the need for an automated

recognition process is paramount , and one of the major cons idera t ions

-
~ of such a process would be control of the error parameters. This

control would be ncessary In order to obtain a valid and unIque

— 7 representation for each member of the reference set.
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Al though the technique, as described by this thesis , did allow

for character recognition of distorted symbols, It did not completely

- 

- 
- I I solve the other problems encountered by an actua l working system.
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j Appendix A

I Reference Set - 
-

This appendix contai ns those reference characters not

previous ly discussed . Their magnitud e spectra, which resulted from

the computer program of Appendix B, are also included .
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Figure 25A Reference Character B

C
Figure 26A Reference Character C

-ii
Figure 27A Reference Character D

I I -

Figure 28A Reference Character F

G
Figure 29A Reference Character G

H
Figure 30A Reference Character H 
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H I
I Figure 31A Reference Character I

• :- Fi gure 32A Reference Character J
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Figure 33A Reference Character K
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~ I Figure 34A Reference Character L
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- Fi gure 35A Reference Character M
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Figure 36A Reference Character N
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FIgure 37A Reference Character 0
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- Figure 38A Reference Character P
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flgure 39A Reference Character Q
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Figure 40A Reference Character I
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V Figure lilA Reference Character U
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Figure 42A Reference Character V
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Figure 1+3A Reference Character W

c _ I x
I Figure 4LeA Reference Character X
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Fi gure 45A Reference Character Y
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Figure 46A Reference Character Z
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• 1 Appendix B

• 

• 

• • I Computer Program

• The followin g is an exp lanation in the use of the computer

I program that was used for the purpose of obtaining data necessary for

this thesis. A listing of the program written in Fortran IV

immediately follows this explanation . Since the program is divided

I into the main program and two subroutines , each part is discussed

Individually.

• Main Program

• 
- 

•
I j The ma in program bas i ca l ly consisted of the calling sequences

for the two subroutines , a manipu l tation of data i nto the correct form

1 

• 

~ i for use by the subrou t in es, and the i nput/output operations. Because

I the input has the poss ib i l i ty of bein g comp lex numbers , the read forma t

I statement must take this Into account. Therefore, the Input should be

~ I 
broken into its real and Imaginary parts. The real parts of the data

were placed first on the cards accord i ng to the format. Then the
-

• I imaginary parts of the data followed accord i ng to the same format.

I This method of reading placed the real and Imaginary parts of each data

point in adjacent memory locations which was the necessary arrange—

~ I ment for the F. F. I. subroutine.

I Manipulation of data by the ma in program changed the output

~ I of the F. F. I. subroutine into complex numbers which were the

fl coefficients of the sine and cos ine terms in the Fourier expansion.
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Then , these coefficients were used to calculate a number wh ich was

proportiona l to the tota l root—mean—square value at each harmonic.

• 

• • This numbe r was to be used by the plot routine.

F. F. 1. Subroutine
-

~ 1 The basis for the algorithm of the F. F. 1. subroutine was the

• -r composi te nature of certain integer numbers and the cyclic properties

of where W Is represented as

~
J i• 

(8) W • exp ( -I2~T) and I

- 5.

~~

Mathemat i ca l l y ,  the F. F. T. subroutine was derived from the Discrete

1 ::ut
1

~~ 

Transform (D.F.T.) whose forward transform can be represented

H~ I I
I (9) aj x(k) e~~~

21Tj
~~~ - x(k) wik

k-O k O

-

~~ where J — 0,1,2 N—i

£
-
~~~~~~ 

r 
This equation s already in an algorithmic form which can be readily

programmed as a sing le program on a di gi tal computer.

By placing a limitation on N (the number of complex data points)

Which required it to be a power of two, the cyclic nature of W , as

mentioned previously, became apparent in that its only possible values

were +1, -1 , +i , and -;. In general wik repeated with every four
H
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I consecut ive Integer numbers . Thus , by prearrang ing the data in a

specific order , this repetition could decrease the number of calcula-

tions necessary for a transform . Specifically, the number of complex

multiplications and addi tions necessary in the F. F. 1. subroutine

con tained in th i s thesis is

V.

~ :: (10) N 109
2 
N (7)

• 

-

- 
where N Is the number of comp lex data points and a power of two. The

- 
-_ savings provided by this subroutine we re very substantial for lar ge

va lues of N. For example, the OFT wou l d requ i re over a m i l l i o n  comp lex

I 
mul tiplications to transform 1 ,024 data points , but the F. F. 1.

subroutine required about 5,000 complex multiplications . This was a

• reduction of about 200 to 1.

- 
Besi des performing the actual transformation , th i s  subrou tine

checked N to assure that It was a power of two, and also preshuff led

F the i nput data into the correct sequence as required by the F. F. T.

algori thm. The preshuffling was strictly based on N and the four-

• 1: integer-repetition cycle of

Plot Subroutine

• I • The plotting subroutine takes information already contained In

memory and plots these values against the harmonic number. The scale

• factors are also set In this subroutine.
a—
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~ 
I
•~- I NTEGER X 1 ,Y 1 ,Wl ,W2 ,W3
•~ 

COMPLEX RK ,SK ,TK ,VI
•
~ 

S. N— 128

~ • W1—N/2
~
- - r DIMENS I ON A( 2,128),X(64),ARMS2(64)

• ~i READ(5,l) ((A(xl ,Y1) ,Y1—l ,128) ,X1=1 ,2)
1 FORMAT (8F5 l)

-- CALL FFT(A ,N ,-1)
CON— i ./FLOAT(N)
WRITE (6. ioo)

• 100 FORMAT(1H1 ,19X ,IHJ ,4X ,8HRE(A(J)),4X,8HIM(A(J))//)
DO 2 i— 1 ,N
K—I- i

• • AR~A (1,I)*CON
• 

- -  A I~A (2,I)*C0N
2 WR I TE (6 ,i1O ) K,AR ,AI

110 FORMAT(18X,I3,2(4X,F8.5))
WRITE (6 112)

112 FORMAT(1H1 ,11X ,1HK ,13X ,4HR(K),25X,4H S(K) ,25X,41IT(K),
- *15X,8HRMS(K)*2,5X,//)

DO 95 I=l ,Wi

~ 
v I— (o ,i)

- K—I- i
L—N-K+i

L IF(K.EQ.OJAA i.i (A(1 ,I))*CON
IF(K.EQ.O)BB=(A(2 ,I) *CON

• IF(K.GT.O)AA=(A(1 ,I)+A(1 ,L))*CoN
T IF(K.GT.0)BB~(A(2,I)÷A(2,L))*CON

~~ _ 
IF (K.GT .O)DD=(A(l ,I)-A( i ,L))*CON
IF(K.GT.O)EE—(A(2 , t ) — A( 2 ,L))*coN

• IF(K.EQ.O) RK—CMPLX(AA .BB)
IF(K.EQ.0)SK—(0 ,O)
IF(K.EQ.O) TK—(0.O)
IF(K.GT.O)RK— (O.O)
IF(K.GT.0)SK—CMPLX(AA.BB)
IF(K.GT.0)TK~(CMPLX (DD ,EE))*V I
ARMS2 1—CABS (CsQRT((sK**2)+(TK**2)))

- - I ARMS2(I)~ ARMS21*1OOO.0
• ~ 

‘ 95 WR I TE(6 ,111)K,RK,SK, TK,ARMS21
5. 

• in FORMT(Tox,(3,7(4x ,FTo.6 ))
— DO 91. I—i ,wi

91 x(u)— FL0Ar(I)
WRITE (6, 113)

113 FORMAT(’i’)
- CALL PLOT(x ,ARMS 2)

.. 86 STOPH END

*

Ii!
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I
I — SUBROUTINE FFT(D,N ,NS I GN)

COMPLEX T ,D(N) ,W,WARG
TEST THAT INPUT IS POWER OF TWO
lull

• - • 1 1—1 + 1
• •

• ~
. tF(I—N) l ,3,2

2 WR ITE (6,lOO )
- -  100 FORMAT ( 1X ,LeOHDATA BLOC K NOT POWER OF TWO . CAN NOT RUN)

RETURN
I START OF DATA SHUFFLE

3 NHF—N/2
Jo—b
LAST N—2

-. DO 8 I—2 ,LAST
M—NHF

4 IF(JO.LT.II) GO TO 5
JO—JO-H

- M—M/2

~ I. GOTO 4
5 J0—JO+M

- • • -- J—JO+1
• IF(I.GE.J)GO TO 8

• 5. T=D(J)
- 

D(J)— DO)
D(I)—T

• 8 CONTINUE
BEGIN FFT
I NC—i

F MNODES—2
9 IF(MNODES.GT.N) RETURN
DO 10 M—l ,I NC ,1
WARG—CMPLX (O. ,6.283i853*FLOAT(NS IGN*(M—i))/FLOAT Q.INODES))

• W—CEXP(WARG)
DO 10 I—M ,N,MNODES
J—I+INC

~ .. T~O(J)*W
• 

• D(J)—D(I)-T

r 10 D(i).rD(I)+T
! 4 Ii

MNODES—MNODES+MNODES
GO TO 9
END

5-

4 5-

I
II
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~ J~~ SUBROUTINE PLOT (X ,MMS2)
• 

‘.  
XMAX—70.O

•
‘ XM I N—O.O

• • 
-- 

•
- - YMAX—1200.O

• 
• •

• 
• 

p YMIN—O .O
— ; - • DATA IB ,IA/’ I

,I*t,

• 
• 

DiMENS I ON IP1(7O),Ix l(8),IP(120,70),X(64),ARMS2(64)
I—i20

• - YMAX1—(YMAX-YMIN/FLOAT( I)- DO 92 L—1 ,120
- DO2K= 1 ,7O

2 I P (L,K)—I B
92 IP ( L ,K)— lB
500 3 J—1 ,64

IY 1— (ARMS2 (J)-YMIN) /Y MAX1
• - IF(IV1.NF.I)GO TO 7

• - 
IF(IYI.EQ.I)IY— IY 1
IF(IY 1.EQ.I)GO TO 8

• 
- 7 IY—(A Rsis2(J)-YMIN)/YMAXI+1.O

I F ( I Y . N E . I ) G O  TO 3
8 IX— (X(J)-XMIN- l

1 X3—IX
DO 93 13—1 ,IY

93 IP(13,I X3)=IA
I • 3 CONTINUE

I l— I
- -  

00 91 12=1 ,70
I X2—I2

91 IP1 ( I2 )= I P ( I 1 ,IX2)
IF((I/10)*1O.EQ.I)GO TO 4
WR lIE (6 , 20) IP11 20

• .. GO TO 6
1 YP— (YMAx1/l000)*I+YM1N

WRITE(6 ,21)YP,I P I
• 21 FORMAT(1X ,F8. 1 ,2X ,’+’,70A1

6 1—1—2
• U IF(I.GT.0)G0 TO 5

- YP YIIIN
• WR I TE(6 ,22)YP

22 FORMAT (1X ,F8.1 ,2X ,’+ ’ ,7 (’*********+ ’))
XUN IT~((XMAX-XMIN) /7O4*1O.- .  
D09 1— 1 ,8

9 Ixl(I)=xuN I T*(I—1)+xMIN
-

, W R I TE( 6 ,12)(lXl (I),I—1 ,8)
4 12 FORMAT (2X ,8(7X ,I3) )
• WRITE(6 12O)

120 FORIIAT(’O’,IOX ,’PLOT OF RMS*2 VS HARMONIC NUMBER’)
ii WR ITE(6 ,114)

111. FORMAT(’l’)
RETURN
END

Li 1L. 
_ _ _ _ _ _ _ _ _ _ _ _
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