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I. INTRODUCTION

In order to apply workability theory to metalworking processes, we |

must first establish flow and fracture theories. Then, by combining the de-

tailed information on mechanics and the ductile fracture criterion, workabil-
ity of materials in metalworking processes can be predicted. Based on this
prediction, workability control for preventing fracturing can be achieved
by selecting the proper set of process parameters.

In the previous report [1]% theories on flow and fracture in metal-
working processes were developed with an emphasis on applying the workabil-

ity theory to metalworking processes where the occurrence of internal

fracturing is a limiting factor. The present investigation is concerned

with the application of these theories to the prediction of workability

of materials in axisymmetric bar extrusion and drawing, with special refer-
ence to center bursting.

Workability of materials is the extent to which materials can deform
without forming cracks during a mechanical working process. Workability,
therefore, depends on the conditions imposed by the working procéss.
Critical stress and strain conditions involved in the mechanical working
processes must be known and should be specified in terms of process vari-
ables, such as height reduction, friction at the interface, and workpiece

geometries and dimensions. Part I of the present investigation deals with

the determination of deformation mechanics in extrusion and drawing.
{ The role of the detailed mechanics in the workability study is to

provide the stress and strain paths at a critical site of a deforming

#Numbers in brackets refer to the references dt the end of this report.
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material. Therefore, the method of analysis should be capable of accurately
determining not only overall quantities involved in metalworking processes,
such as forming loads, but also stress and strain distributions during
deformation. Furthermore, it is required to determine the stress and strain
distributions under various process conditions. Therefore, to justify the
approach, the computation involved in the method must be efficient. The
matrix method developed by Lee and Kobayashi [2] comes close to fulfilling
these requirements. In the previous report, this matrix method was refined
and it was demonstrated that the method is effective for the analysis of
steady-state processes as well as non-steady-state processes. In the pre-
sent investigation, the matrix method, with further improvements, is used

to determine steady-state deformation characteristics as functions of mater-
ial property, die-workpiece interface friction, die angle, and reduction

in bar extrusion and drawing.
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II. METHOD OF ANALYSIS

The basic concepts of the matrix method for rigid-plastic deformation
problems are the use of the Lagrange multiplier in a variational formula-
tion and linearization of nonlinear stiffness equations. In the present
formulation the dynamic effects, i.e., the inertia effects on the forces
and the strain-rate effects on the material properties, are neglected.

For rigid-plastic materials the condition of incompressibility is

imposed on the admissible velocity fields. This constraint can be removed

by introducing a Lagrange multiplier. Consider a body V whose surface S,
consists of SU and ST' The body is composed of a rigid-plastic material
that obeys the von Mises yield criterion and its associated flow rule,
under the boundary conditions, such that the entire body is deforming
plastically. Body forces are assumed to be absent in the region V. It
can be shown [3] that for the actual solution, the functional (1) becomes
stationary with respect to the multiplier A and the velocity fields that
satisfy the velocity boundary conditions on SU but not necessarily the

incompressibility condition (kinematically complete):
- Te T
9= Geav+| ACEav-| TUaGS, (1)
\' v

where é is the effective strain-rate; 0, the effective stress; T, the
traction vector specified on the boundary ST; U, the velocity vector;

C is the proper vector notation of the Kronecker delta such that gTé =0
implies the incompressibility condition.

I
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The formulation of the discrete variational problem follows the same
procedure as that used in the finite-element method [4], [5]. The body V
is divided into M elements interconnected at N nodal points. The approxima-
tion of the functional ¢ by a function § is performed on the elemental level

by replacing U with a kinematically complete distribution, given by
U = Gu, (2)

where G is the interpolation function and u is the vector whose components
are velocities at nodal points associated with the element. The strain-

rate vector is then derivable in the form

Me

= Bu. (3)

Assembling the function at the elemental level into an approximate finite-
element model over all the elements and applying the stationary condition
to the function §, we obtain the stiffness relations consisting of a large
system of nonlinear equations. In order to solve the stiffness equations,
we adopt the following procedure. The nonlinear stiffness equations were
linearized by considering a small perturbation Au in the velocity vector u,

such that

%(n) = ¥(p-1) * 8(n)’ (5

for the n-th iteration process.* We then obtain the global perturbation

equation for the n-th iteration as

+In the actual calculations, g(n) = B(n-l) + aAg(n) is used, where a is

the deceleration coefficient.

B
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Specific formulations for the matrix S and the vector R, using a quadri-
lateral element with a bilinear velocity distribution, are presented else-
where [1], [6]. It must be noted that, since the method is an iterative
process, it is necessary to provide an initial guess for the velocity field
4 (but no need for A). The solution of linear equation (5) yields Ag(n)
close to zero and a proper value of the mean stresses é(n)’ ir B(n—l) is

close to the actual solution.

A. Convergence

In the previous studies the convergence of the solution has been

measured by the quantity HAuyl/full, where the Euclidean vector norm is de-

fined by
N
w =/ 1 Iyl% (6)

where N = total number of nodal points.

The convergence criterion requires that the error norm at the n-th
iteration (IAg(n)I/Ig(n_l)l) be less than that at the previous iteration
This convergence criterion, with suitable selections of the deceleration
coefficient a, has worked out well for the solutions of various metal-
working problems. At the same time, however, it was realized that solution
divergence has been indicated according to this criterion, although the
solution was converging in its true sense. This can apparently be seen,

particularly for a function which is not well behaved. In this case, the

6




criterion resulted in the use of unnecessarily small values of the decelera-
tion coefficient, and thus in increased computing time. In the present

program, instead of the error norm, the quantity f defined by
~(m)y2 ~(m)) 2
- /i {{Ea) + B } @
m Lou™™ '™

where

d o z 6(“) ‘ (8)
m

is utilized for solution convergence. In Eq. (7), the superscript (m)
denotes the values of the m-th element and summation is made over all the
elements. The criterion for convergence now is that the magnitude of f at
the n-th iteration be less than the magnitude at the previous iteration.

In this convergence scheme, the proper value of the deceleration coefficient
at gach iteration can be selected efficiently from the previous information
on the function behavior and the convergence requirement at the current

iteration.

B. Rigid-body treatment

The matrix method described in this section applies only if the entire
body is deforming plastically and no rigid zone or unloading exists during
the deformation process. In practical problems, however, situations do arise
where the rigid zone as well as rigid unloading are involved. If these
regions of no deformation are contained within the control volume V, the

extremum principles do not apply to the problem of obtaining internal

distributions. There are several approaches to handling this difficulty,

A A S




but a most effective technique is one which involves the approximate deter-
mination of the boundary of a nearly rigid zone.

A nearly rigid zone can be characterized by its very low value of
effective strain rate in comparison to the deforming body. During the iter-
ation process for an incremental solution over the entire body, the effec-
tive strain-rate in the possible rigid region approaches zero as the solu-
tion converges. Since the effective strain-rate appears in the denominator
of the stiffness matrix S, the component of the normalized stiffness matrix
will tend to become infinity if the nodal point associated with this compo- 3
nent is contained in the rigid zone. Therefore, the elements for which the ;
effective strain-rate is smaller than a certain value (say, 0.0001) are ﬁ

considered to be in the rigid zone. The effective strain-rates of the ele-

ments lying inside the rigid zone are then kept at this value in the per-
turbation relationship, and the iteration is continued for the solution in
the plastically deforming region until a desired convergence is achieved.
It should be noted, of course, that the converged solution gives the stress ;;
distribution only in the plastically deforming region. f
The complete program of this improved version of the matrix method :

is listed in the appendix of this report.




IIT. ANALYSIE OF EXTRUSION

Several investigators have analyzed the extrusion process by using
the finite-element method, mostly by elastic-plastic analysis [7], [8], [9].
However, almost all the analyses have been performed for the case of loading
of the workpiece that fits the die and container and of extruding it a
small amount, instead of extruding the workpiece until a steady state is
reached. The exceptions are the work by Lee, Mallett, and Yang [10] for
the plane-strain extrusion with frictionless curved dies using the elastic-
plastic finite-element method and the rigid-plastic analysis of axisymmetric
extrusion through frictionless conical dies by Shah and Kobayashi [6]. In
the latter work, the authors investigated a possibility of applying the
matrix method to steady-state metalworking processes and demonstrated that
the analysis of a steady-state extrusion can be made by the matrix method.

The analysis of extrusion in this section is an extension of this work.

A. Computational conditions and procedures

Boundary conditions and mesh system The boundary conditions and the

mesh system used for the analysis of extrusion through conical dies are shown
in Fig. 1. The material in the container moves axially with the uniform
velocity of unit magnitude. The container is assumed to be frictionless,

and along the conical die surfaces, the tangential traction, which is equal
to the frictional stress at the die-workpiece interface, is prescribed.

The extruded material moves axially with the uniform velocity of the magni-
tude determined from the area reduction and the incompressibility relation-

ship. Also, no traction acts along the surfaces of the extruded part.

9
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system for steady-state axi-
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Along the axis of symmetry, the conditions are that the shear traction and
the radial velocity must vanish.

It must be noted here that the die corners were slightly modified by
connecting the two material nodal points located closest to the die corners.
This modification was made in order to avoid high singularity of the velocity

components near the die corners.

B. Work-hardening materials

In the analysis of a non-steady-state process, the effect of work-
hardening can be readily incorporated into the analysis by computing the
incremental strainsand modifying the flow stress at each deformation step ac-
cording to the increase in the total effective strain. In the analysis of
steady-state processes, however, the flow stress distribution must be con-
sistent with the final effective strain distribution according to the mater-
ial's work-hardening characteristics. This requirement can be achieved by
using the following computational procedure. During the iteration process
for a converging solution, the flow lines corresponding to the latest
velocity field are constructed after each iteration. The network of grid
distortions and the effective strain distributions are determined from
these flow lines. The effective strains for all elements are then inter-
polated from these values, and using a given stress-strain relationship,
corresponding flow stress distributions for elements are determined. Using
this new flow stress distribution, the next iteration for the velocity field
is carried out and the same procedure is repeated until the converged
solution for the velocity field is obtained. Since the solution depends

not only on u y? but also on the flow stress distribution, when the

(n=-1

Jk

& uiailaibelaac it
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velocity solution has converged, the flow stress distribution and effec-

tive strain distribution also match each other according to the stress-

strain behavior of the material.

Thus the convergence of velocity solu-

tions gives the correct solution for the work-hardening material.

C. Extrusion conditions

The extrusion process conditions under which the computation was

carried out are summarized in Table 1. Since the final solution for the

extrusion with nonhardening material was used as the initial guess for

work-hardening materials, the results for non-wdrk—hardening materials

are also presented.

Table 1(a): Extrusion process conditions for computation.

o (die semi-cone angle) = 30°

o Ro,2
—— = 2,366, area reduction 1 - (z=)° = 0.82
R R,

0 i

Die-workpiece interface

Material frictional stress f
Non-work-hardening
g = YO 0, 0.2Y0, O.hYo
SAE 1112 steel
s € 10.25
o= Y1+ —0.3) 0, 0.2Y,, 0.ky,

12
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Table 1(b): Extrusion process conditions for computation.
a (die semi-cone angle) = L5°

Work-hardening material: al alloy 2024-T351

S -,0.1675 € 0.171
G = Y, *2.202(€) or Y (1 + 557557
Non-work-hardening | Work-hardening
Reduction friction f friction f
Ri
=] 05 0 O 0R4Y
0 0
1.6 0 o, O.hYO
1.8 - [0 1A O.hYO
2.0 0 0, 0.hYo
2.4 0 =i .

The stress-strain curves for SAE 1112 steel and for aluminum alloy 2024-T351
are shown in Fig. 2. The calculations for SAE 1112 steels are mainly to
find the effect of friction on the deformation characteristics, while the
cases for al alloy 202L4-T351 emphasized the effect of area reduction, as

well as the effect of friction, on the deformation in extrusion.

D. Results and discussion

The computation was performed for each solution until the accuracy

2 >

of £f° = 10" ° was reached. This corresponds to the error norm of lAul/full =
0.00008. The number of iterations to reach the above convergence depends
on the initial guess, but by using the best available initial guess for the
velocity field, the average number of iterations required for the final
solution was 25 as 30 iterations.

The results were obtained for average extrusion pressure, normal pres-
sure distribution on the die, grid distortions, velocity distributions, and

stress, strain, strain-rate distributions.
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Stress-strain curves for SAE 1112 steel
(Y, = 79,800 psi; 550.21 MN/m?) and for

aluminum alloy 2024-T351 (Yo = 47,778 psi;
329.42 MN/m°).




SAE 1112 steel The stress distributions computed differs from the

actual distribution by a hydrostatic component. This hydrostatic component
was determined by setting the net axial force along the exit boundary equal
to zero, and the magnitude of stresses were corrected accordingly. The
average extrusion pressures were then determined from the stresses along

the entrance boundary. They are summarized in Table 2.

Table 2: Average extrusion pressure, pave/YO‘
a = 30°
R
L = 2.366
0
Friction
Material 0 0.2Y0 0.hY0

Non-work-hardening | 1.755 2.292 2.78L

SAE 1112 steel 2.425 3.148 3.665

The general trend of the velocity distributions is the same for all
friction conditions. A typical example is given in Fig. 3. The two velocity
components are plotted as functions of the radial coordinate at various
locations in the axial direction within the deformation zone. These
distributions are in general agreement with the measurements in the visio-
plasticity study of axisymmetric extrusion of lead [11].

Detailed differences of deformation characteristics, due to material

properties and friction at the die-workpiece interface, are more clearly

indicated, for example, in grid distortions. The steady-state grid distor-
tion patterns are compared for non-work-hardening and work-hardening cases

for the two friction conditions in Fig. 4. With reference to Fig. U(a),
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Fig. 3 Computed velocity distributions for SAE 1112 steel under
the conditions a = 30°, Ri/RO = 2.366, and f = 0.2Y,.
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Fig. 4 Grid distortion patterns for non-workhardening and workhardening
materials with (a) die frictional stress f = 0, and (b) f = o.hYO.
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it is clearly seen that the grid lines that are originally perpendicular
to the axis of the workpiece distort and show the double peak in the ex~-
truded part for non-work-hardening material. However, for a work-hardening
material, this tendency lessens. With increasing friction at the die-
workpiece interface, as shown in Fig. 4(b), the double-peak distortion
almost disappears for both work-hardening and non-work-hardening materials.
Another important feature of grid distortions can be seen from the vertical
grid distortion at the exit, as plotted in Fig. 5. The distortion is greater
for a work-hardening material compared to that for a non-work-hardening
material, for small friction at the interface, but the trend is reversed
for large interface friction.

The effective strain-rate distributions are shown in Fig. 6. The
figure also shows the boundaries between the rigid and plastically deforming
regions by a near-zero strain-rate contour. The rigid plastic boundaries
at the exit are almost identical in shape and location for all cases. How-
ever, the rigid-plastic boundaries at the entrance moves backwards, indi-
cating larger deforming zones, with increasing interface friction. This
observation applies to both work-hardening and non-work-hardening materials.
Also, the results show that the deformation zone size becomes larger for
work-hardening. The difference is more pronounced with increasing friction.
Neglecting small details, the effective strain-rate distribution is identical
for both materials. The strain-rate increases gradually from the entrance
toward the exit and near the exit there is a sharp drop. As might be ex-
pected, there is some degree of strain-rate concentration near the die corner.

The effective strain-rates are integrated along the flow lines to yield

18
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the effective strain distributions. A typical effective strain distribu-

tion is given in Fig. T. As for vertical sections,the strain is the high-
est near the die and the lowest near the extrusion axis throughout the
deformation zone. The effective strain distribution at the exit section

is also shown in the figure, which indicates that the strain is the lowest

i near the extrusion axis and increases toward the periphery. The strain
distributions in the final product of the two materials are plotted for
several friction values in Fig. 8. For both materials nonuniformity of

deformation increases with increasing die-workpiece interface friction.

The degree of nonuniformity is greater for small friction and less for large

friction in work-hardening materials, while the opposite holds true for non-

work-hardening materials. These results reflect exactly the findings in

the vertical grid line distortion discussed with reference to Fig. 5.

The distributions of the hydrostatic pressure (-om/E) are shown for
the two friction conditions in Fig. 9. The distribution patterns are the
same for both friction conditions and for both materials with and without
work-hardening. Note that the hydrostatic pressure increases its magnitude
throughout the deformation zone with increasing friction at the die-
workpiece interface. It can be observed also that along the die-workpiece
interface, the hydrostatic pressure is largest at the entrance and shows a
minimum at some distance from the exit. This particular feature is seen
in the normal pressure distributions along the die interface shown in
Fig. 10. The pressure is the highest at the entrance and it decreases
toward the exit, then increasing again near the exit. With increasing
? ' é friction, the pressure increases but the distribution pattern remains the
f same. The trend of the curvesfor nonhardening and work-hardening materials

is also the same with difference in magnitude of a constant amount.
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Fig. 9 Distributions of the hydrostatic pressure in SAE 1112 steel
extrusion for the two friction conditions.
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In other results obtained by the finite-element analysis, it is not
only interesting to find the directions of principal stresses in the deforma-
tion zone, but surprising to find them to be almost identical, regardless
of interface friction, except near the die, in spite of definite deviations
of some quantities. A typical result is given in Fig. 11 for SAE 1112
steel with f = O.MYO. The lines indicate the direction of the larger
principal stress in the meridian plane.

The results shown in the foregoing were selected from among informa-
tion obtained from the computation. Emphasis in presentation was placed
mainly on the effect of die-workpiece interface friction on the detailed

deformation mechanics and, to some extent, on the effect of materials

properties.

Aluminum alloy 2024-T351 The results for this material are also

utilized for the workability study in Part II of this report with regard
to center bursting. The major variables are the reduction in area and
the friction condition at the die-workpiece interface. The average extru-
sion pressures for various reductions and for the two friction conditions

are summarized in Table 3.

Table 3: Average extrusion pressure, pave/YO'

o = 45°
Ri/Ro
Friction 1.25 1.6 1.8 2.0
£f=0 2.102 2.913 3.289 3.567
f = O.hYo 2.310 3.408 3.826 4,202

2L




3 SAE 112 STEEL
L DIE SEMI ANGLE = 30°
5 REDUCTION R;/Ro* 2.366

DIE PRESSURE Po/ Yo

Z/R{

Fig. 10 The die pressure distributions under
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Fig. 11 Principal stress directions in extrusion.
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When the average extrusion pressure was plotted as a function of ln(ﬁl),

the relationships were linear for both friction conditions, as shown in
Fig. 12. The figure shows that the slope of the straight line increases
with increasing friction and that the inclusion of work-hardening char-
acteristics of a material increases the slope.

The velocity distribution for al alloy 2024-T351 do not differ from
those for SAE 1112 steel in general. However, direct comparison of the
computed velocity fields with those measured in the visioplasticity study
[11] is now possible, and such a comparison is shown in Fig. 13. The com-
puted results are given for the case of a frictionless die, since the
general picture of the velocity distribution was altered little by friction
at the die-workpiece interface. The comparison of the ccmputed and measured
velocity distributions in Fig. 13 reveal éhat the theoretical results in
both velocity components are in agreement with the experimental results in
every detail of distribution characteristics. This is one of the convincing
evidences of the accuracy of the rigid-plastic finite-element analysis.
Although in comparing Fig. 13 with Fig. 3 for SAE 1112 steel, some minor
differences in the velocity distribution may be noted, the differences
are mainly due to the deformation zone characteristics of the two materials.

Fig. 14 shows the total distortion of the grid line perpendicular to
the extrusion axis as influenced by the material property and friction
for several reductions. Inhomogeneous deformation increases with increasing
reduction in area and with larger friction at the interface. An interesting
feature is that a double-peak distortion is more pronounced with increasing
reduction for a non-work-hardening material, while the contrary is true for

a work-hardening material.
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Fig. 14 Total grid distortions for various area reductions.
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The effective strain-rate distributions for various area reductions,
with two friction conditions, are shown in Fig. 15. With regard to the
effect of friction on the deformation zone, the exit boundary remains about
the same but the deformation zone expands as friction at the die-workpiece
interface increases. This conclusion is the same as that drawn for SAE
1112 steel.

As the reduction in area increases, naturally the deformation zone
becomes larger and the magnitude of strain-rate increases. Common features
of the strain-rate distributions for all the reductions investigated are:
(1) strain-rate concentrations occur near the corners at the entrance and
at the exit, and (2) along the axis of symmetry the strain-rate peak appears
in the middle of the deformation zone. The effective strain distributions
across the extruded bar are plotted in Fig. 16. The strain is largest at
the surface and smallest at the center. An interesting result is that
the degree of nonuniformity in strain (difference between the largest and
smallest strains) is greatest for the smallest area reduction. Also, the
effect of friction on the final strain distribution is practically none,
except that the magnitude of the surface strain increases slightly with
increasing interface friction.

The distribution of the mean stress is similar to the pattern obtained
for SAE 1112 steel. As the reduction decreases, the mean stress increases
and becomes tensile in the zone near the center, as shown in Fig. 1T7.
Another finding is seen, with respect to the die pressure, in Fig. 18.

The die pressure is highest for the smallest reduction.. This implies that
the pressure distributions for smaller reductions are critical for die
design. The distribution pattern is the same as that for SAE 1112 steel

showing a minimum at some distance from the die exit.
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Finally, the directions of the largest principal stresses are plotted

for two reductions in Fig. 19. Again, the effect of die-workpiece inter-
face friction is negligible and the pattern appears to be determined

F solely by the geometrical constraints.




e

Fig. 15 Strain-rate distributions for two friction conditions at reductions
of (a) Ri/RO =1.25; (b) Ri/RO = 1.6; (c) Ri/RO =1.8; (d) Ri/n0 = 2,
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