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SECTION 8

GENERALIZATIONS ON DERIVATIVES OF BASE FITTING FUNCTIONS AND TRANSITION
MATRICES

The first derivative of the Monomial Base is given by Eq. (22) or Eq. (26) as

(1)

where

d- 1
V = ~

j E.(.~ 1) (2)

or r (~~~~~~~~~~~~

.

I
) O 1 0 0
0 0 2 0

V =  0 0 0 3 0 (3)
dxd

d-1
0

• . For an arbitrary base we have

<i(t) =~~~f(t) V
f (4)

Where most cases considered in this report the velocity matrix V
f will be a

constant. When it is not a constant , higher derivatives will yield

(f(t) =< f(t)Vf +< f(t)V~ (5)

or using Eq. (4) in Eq. (5)

< f(t) = <~f(t)[V~ + V
fl (6)

with similar expressions for higher terms. When V
f is a constant the higherderivative becomes -

~~f(t) f( t)

~ ~(t) f( t) V
f

<f(t) f V~

f(i)(t) f

f(d—l) (f ) f ~~~
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1 .

These higher derivatives occur in state-variable approximations, for example

x(t) =<f(t) a (8)

and the higher derivatives are

x(t) f(t) 
- J

x( t ) ~(t)

= a) (9)

x~~~~~(t) L
f (t)

. 
•

Eq. (4) has the solution

V
f(t-to)

<f(t+to) = ~~f(to) (10)

where the transition matrix

V Ct-to)
•ff (t+to, to) = e ~ = I + V

f(
t_to) + V~ (t-to) 2 . . . (11)

2!

or for small transitions t-to = ~t

4ff (t+E~t, t) = I + V
f~
t + V~4~~ + . . . (12)

and for linear-terms only

•ff (t+t~t S t)  = I + V~~t (13)

Returning to the monomial base of Eq. (1) and Eq. (3) case we have designating

• <t <m(~ ) (15)

(i n  = <m(t) V (16)

and

~~m (t) m(o)~~~
’Jt 

= (m(o) 
~m (t

~
0) (17)

where

• I 
~
(t ,0) = $

~
(t,o) = B(t) = D 1(t) B(1) D(t) (18) .1

.
~~
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and the t-binomial matrix B(t) is given by Eq. (158) appendix (A) as

i ~. t2 t3 .•.

0 1 2t 3t2

e~
’t = B(t) = 0 0 1 3t = 

.. 
(19)

0 1

0

we also have

4 (t) = B(t) =e
Vt •~

= ñ(t) = = V~~(t) (20)

= B(t) = v2 e
sJt 

= V2$(t)

= B~~~
1)(t) = vd_ 1(I ~t 

= V~~~~~(t)

where the nilpotent condition holds

vd = o  (21)m dxd

Consider the Poisson polynomials defined by Eq. (134)

<p(t) = <t ~~~ .~~m(t) 1V~
1 (22)

Taking the first derivative

~~~~t) = ~.tV1 (23)

or by Eq. (22) in Eq. (23)

= ~.p(t) it V (24)

or

= ~~P( t)V~ (25)

a~~ 409



hence the velocity matrices are similar

V = tV*
1 

- (26)

• When the diagonal factorial matrix of Eq. (2~) Section (B) is used in Eq. (26) areobtained

0 1 0 0 0 . . .
0 0 1 0 0 

-

0 0  0 1 0
0 0 0 0  1 0

V 0 0 0 0 0 1 0 S (27)p . uo

0 1
0 0  0 0 0

Which is the shift-matrix of Eq. (32) Section (4).

Eq. (27) is the companion matrix for the dynamical system described by the
d-th derivative constant.

Cd)x ( t )  = constant (28)

The transition matrix for the Poisson base is

V t

~~(t ) e ~ ~~~~~~~~

or by Eq. (19)

= ~ B(t) 1~
-~ (30)

Ut i l iz ing the diagonal matr ix  of integer factorials  and its inverse in Eq.
(30) one obtains

2 3.

= 0 t~~ 
(31)

0 0 1 t

0 0 0 1 
“-‘
I.

0

which is the Taylor-Series state transition matrix of Eq. (177) Section (4).
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For linear terms in ~t the t ransi t ion matr ix  from t to t + ~t is by Eq. (13)
or Eq. (31). I_

i ~~~ o
cp (t+i~, t) ~j 0 1 ~t 0 (32)p 

~~0 0 1 t~tL 0 0 0 1

and for ~t = 1

1 0 0 o~\ 
(33)

‘P (t+i , t)~~ 0 0 1 1 0
p 0 0 U 1 1

0 0 0 0

Equation (33) has as inverse

[1 1 0 0 —1 1 -1 1 -1
10  1 1 0 0 0 1 1 1 1 (34)
10 0 1 1 0 = 0 0 1 -1 1
10 0 0 i 1 0 0 0 1 - 1

L° 0 0 0 1 o 0 0 0 1

The expression of Eq. (29) is easy to show , for by Eq. (17)

<m(t) = (m(o) (~~
/t 

(35)

and by Eq. (22)

<p ( t )  * < p (O)  kE~ Vt (36)

or

j  p( t )  = .çp(O) F ~~
VtF

_ 1 (37)

and by Eq. (25)

V t

<p(t) = I,~p(O ) C.. (38)

hence

and 

V = * V (39)

• (t ) = I i (40)

Consider the dyadic product of the monomial base under differentiation

~~~ [m(t))~~ m ( t ) ]  ~~Km + m)(~ (41)
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By Eq. (16)

<rn~~~~~mV (42)

and transposing

) v~~) (43)

On the (0,1) interval under inner-product Eq. (39) and (40) yield

f2tn)~~rn z j.1 m \ç mdtV = H~ V (44)

and

or 

~ r nX~ndt = vT f~ m)~~mdt = VTH~ (45)

~~ ~~ (m )~ m)d t  = H .
~

V + VTH~ (46)

Consider the states in the monomial base given by Eq. ( 1’O) Section (4)

x(t)(~~ = T ( t )a(~~ (47)

where by Eq. (151) and Eq. (75) Section (4)

1:
~tv2 (48)

and for 5 x 5 case we have

r 2 3 41 t t t t

O 1 2t 3t2 4t3 (49)

T (t) = 0 0 2 2~3t 2~3•4t 
-

0 0 0 0 2 3 4

The matr ix  T
~ (t)  can be expressed in terms of known factors as 

- I
Tv (t)  = * B(t)  (50)

and hence the inverse is:

T
~
1
(t) = B(-t) 1.

_ i 
(51)
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Taking the derivative of Eq. (47)

= 
~v (t) a> (52)

and

= T
~
(t)V (53)

and Eq. (53) in Eq. (52) yields.

= Tv (t)V a>  (54)

Solving Eq. (47) for the constant vector a)

a ) T 1
(t) x(t)> (55)

and using Eq. (55) in Eq. (54)

c(t)3 = T (t) V T~~(t) x(t)> (56)

or

~(t ) > = V~ x(t)> (57)

where

V = T (t)V T
~

1(t) (58)

Using Eq. (50) and Eq. (51) in Eq. (58)

V = 8(t) V B 1(t) k~~~ 
(59)

Cons ider next the inner-similarity transformation of Eq. (59), namely

B(t)VB 1(t)  = V(t )  (60)

Eq. (60) can be shown for the 3 x 3 case as

• i ~ t~J o 1 o7 i -t t21

0 1 2t 0 0 2 0 1 -2t (61)

0 0

= 

iJ 0 0 oJ ~ o o 1

Solving Eq. (57) for the states

x ( t ))  X x(o) ? (62)
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or using Eq. (59) and (60) in Eq. (62)

x( t ) ) x(o~~~ (63)

• or 
H

x( tf ~) = 
~~
(t,o) x(o) ’

~ (64)

By the analogy of Eq. (29)

~~v k ’t vt
~~~

(t , 0) =e = ~ e. *-~ (65) j
~~~

(t ,0) = 
~~~ 

= ~~
‘ 3(t) kr1 (66)

Note that the V vel ocity matrix of Eq. (63) is the same as the Poisson• velocity matrix of Eq. (27) and is
F
0 1 0
0 0 1 0
0 o o i o (67)

V *V1t ’=

o o 0 1
0 0 0

Eq. (67) is obvious for if one sets

(d ) (d) 
(68)x( t) = x(o)

one obtains the state equation
‘

~ 0 1 0 0
x(t) } 0 0 1 0 0 

69( )

8 x~~~ (t)

Velocities for Gram Orthogonal Polynomial Base

The orthogonal polynomials on the interval (0,1) are given by Eq. (336) Section
(1) for the 3 x 3 case as

1 1 -1/2 1/61

<~~ 

~~~ L 

0 1 -‘ ,&tBg (70)

Taking the time derivative 
•

= <~ 
£Bg = < tVB

g 
= ~ gE~~VB 

(71)

414
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or

V = B 1VB (72)g g g

The general terms for B as functions of the binomial coefficients etc. can
be obtained for Section~(1) to use in Eq. (71) or Eq. (72).

The orthogonal polynomials on the (0,1) interval are given by Eq. (337) Section
(1) as

11 -i/3 i/5’l
s = <t 10 2~j3 -6i/5 I = tB (73)

10 o 6i/5J 
S

and

Ks < sV 5
where

V B 1 V B  (75)
— 

S S S

The inverse B 1 
is given by Eq. (360) Section (1) hence

1 1 1/2 1/3 1 0 1 01 I i  -i/3 i/s I
v = o i/3/6 ~J3/6 I 0 0 2 ( 0 2i/3 -6i/5 I (76)S o i/5/30j 0 0 OJ 10 0 6i/5

or

f 0 2i/3 0
v = 0 2i/3i/5

j 
(77)

One also has

= <8 Ng;i = < t Bg
M
g~
1 

(78)
hence

< S  = <sV (79)

where

V M~~~B
lV B M ½ ($n-

• 
s gg g g i l

The solution is .

V t
< 
s(t) = ~~~ s(o) e (81)

or

~ s(t) = (s(o) 8 1~~~ ’t3 (82)
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or

/~ s(t) <s(o) B;’ 3(t) B~ (83)

where the t-binomial matrix is given by Eq. (19). Similar expressions are
obvious for ..<’g (t).

Time Derivatives of the Legendre Polynomials (Modified). The classical Legendre
polynomials or the interval (-1,1) are given by Eq. (209) Section (2) and for
the unit upper triangular case called the Modified Legendre polynomials of Eq.
(205 ) Section (2) we have for the 3 x 3 case.

1 0 —1 /3~~
g = t 

j 
0 1 0 < tBg (84)

The ensuing analytical terms are exactly the same as for the Gram case except
the matrix entrees are different. We obtain for example

Vg = B~~V B
g (85)

and by Eq. (84) and Eq. (2~ Section (4)

or 

Vg = ç 
~ 

~ 1~
3] [
~ ~ 

~ 
_ 1

~~

3\  (86)

ro 1 o l
V = 0 0 2 = V  (87)g 

~ 0 ~

a surprising result which may not be valid for  the d x d case, since

<~ ~
(~) = < g(o)B;

1
(~~~

tB
g (88)

or by Eq. (85)

~~g( t) ~~~~~~~~~~~~ = <g(o )B(t )  (89)

The 3 x 3  case is valid for

B 1B(t)  B = B( t)
g g 3x3

that is 
]r ‘-i r 2~~ 

r ..~ (90)
1 1  0 1/3 11 t t ~ 1 0 -1/3 1
1 0 1 0 10 1 2t 10 1 0 1  = B(t)

to 0 1 10 0 1 10 0 ij

416
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a few further observations will be made with respect to the derivatives of the
monomial base. By Eq. (24) Section (8)

~(i) = j(j-1)(j-2) . . . (j-i+i) (91)

or

~(i) = i t  (92)

and

1 — .d . 
~~~~~~ 

. .

= i~
L~ ~~ 

1 
= i! t~ 

‘ (93)
dt’ i

The equations of Eq. (45)
=1

~~t

• d ,t < tV‘at (94)
2 2d ,t  e~tV V

dt2

= 

~ tv~

dt’

dd~~ ,t

—

have as i, j th element i, j = 0, 1, 2, . . . d-1 by Eq. (90)

Tv (t)  = 

[ i

i t
i_ i ] (95)

For the nomomial base

~~m(t) = (1, t, t
2 

. . . td~~ (96)

and

ç i ( t )  ~(m( t) V (97)

417
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we obtain elementwise

~~~~~~~ 
1 (98)

i— I
— -~~~j = 0, 1 , 2, . . . d—1

In order to adequately carry on the direction here one needs a lot of properties
and theorems about nilpotent matrix , full rank-upper-triangular , strictly
upper-triangular relations under full rank upper triangular similarity etc.
These topics as applied lead into spectral aspects of the matrices herein
used also; but will not be pursued further here since the prime purpose is to
obtain the time domain f i l t e r  of interest in trajectory estimation . A later
paper on frequency response should be done to tie-in the time domain with the
frequency domain aspects of optimal estimation.

Scott in reference (80) (1964) says that recently (N . L. Boas 1963) a formula for
the derivatives of Legendre polynomials was derived , and that the purpose of
his paper (Scotts) was to obtain an analogous formula for the derivatives of
Tchebychef pol ynomials  of the second kind by making use of properties of
Gegenbauer polynomials .

Morrison on p.  238 of his text (ref 61) states that the discrete Legendre
polynomials do not easily permit d i f fe ren t ia t ion, that any attempt to dif-
ferentiat them completely fractures their structure and all order is there—
a f t e r  irretr ievable lost.

Time Derivatives of the Exponentially Weig hted Base and Lagrange Polynom ials

The exponent ta l l y weighted base is given by

-at/2
/t ~~ <t (99)

and the derivative is

d -at/2 -at/2
• — 

~
t = -a (t + / t (100)

dt 2

-at/2=e \ t [ V - a I I

Let

b = ..L (101)

then

~~~-bt ,
(,~ 

te ~~~~~~ (t (102)
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and

~~~~ ~~
‘ te

(V - bI) (103)

t =< te
(V - bI)2 = ~ t V ~ (104)

with (for the 4 x 4 case)

r-b 1 0 0
-b 2 0

J o  0 -b 3 (LOS)

L 0 0 0 -b

For the exponentially weighted Poisson polynomials , that is

= 4~~t 
~~~~ 

(106)

and

-bt
= 

~ (107)

• ~~~ ~~~ 
Vpe (108)

with

v = 
(109)

pe 
~ ~ -b 1
0 0 0 -b

Equation (109) is a well known inverse for

A 1 ~ 
-1 ~-1 ~~~~ ~-3 ~~-4

O A 1 o = o x
1 -x 2 x~~ (110)

0 0 A i~ o 0 x 1 x 2

~0 0 0 
•
0 0 0 A

1

and for A = -b

-b 1 0 0 1 r b l -b 2 -b 3 -b 4

0 -b 1 0 
= 

0 -b 1 -b 2 -b 3 
(111)

• 0 0 -b 1 0 0 -b
1 -b 2

0 0 0 -b 0 0 0 -b
1

Since there are so many vers ions of the orthogonal and orthonomal polynomials,
the classical and the mod ified ones tha t only two examples will be given here.
Consider Eq. (54) which relates the classical Lagrange polynomials to the

- • 
monomial base.
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~~~~ = 
~~tD(a~

’)k~~R~
’ = <tTt Q (112)

with derivative

/~i ~~~tV~D(a ”)* ’R1% (113)

or the derivative in the monomial base is given by Eq. (113) and in the~~.~ base
by Eq. (112) in Eq. (113)

~ 
=< £T~~

V
~

D(a ”)*’R* (114) .1
or

= cZ. £T~~VT~~ = ~ 2V~ (1151

Powers of V1 yield
d - l d

V~ — T~~ V~ Tt~ (116)

and since

vd = o  (117)

then

V~~~~0 (118)

hence V~ is nilpotent.

Consider next the Lagrange functions of Eq. (55) Section (2)

—at/2

~ £~(t) ~ tD(a
”)*’R* (119)

&
teTef

and by Eq.

~ 
£
f =<‘ teVe

Tef = <•~fT;f 
V
eTef (120)

Since V
e 

by Eq. (105) is full rank, the powers of

= T 1 v’~ T (121)£1 ef e ef

is also full rank .

The trigonometric set

< 
f(t) = (cos w t , sin w t , cos 2w0t, sin 2w0t) (122)
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has a velocity matrix given by 
—

O w  0 0
0

W 0 0 0 (123)
<f(t) = 4(f ( t )

o 0 0 -2w
0

o o -2w 0
0

or

Jw 0
= L 2 w J  (124)

whe re

= 
[~~~ 

(125)

and

J4 I
• 

— (126)
The base transition matrix is given by Eq. (10), Eq. (11) and Eq. (12)

(‘f( t+~t) < f(t) 4’(~t) (127)
For

iho

that is one step or

nAt = nho

a steps , we can ~se the discrete relations of Section (5).

From Eq. (123) Section (5) for i = o

< t(n) = < n T ( ~)D(ho) (128)

and fori l

.< t(n+1) = ~ nT ( i) T (~ )D(ho ) (129)

where by Eq. (38) Section (5) .for 6 x 6

1 1 1 1 1 1
0 1 2 3 4 s (130)

T (1) = 0 0 1 3 6 10
U 

0 0 0 1 4 10
0 0 0 0  1 5
0 0 0 0 0  1
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Note that T
~
(1) conunutes with T

~
(
~
)D(ho) hence Eq. (129) becomes

c~ t(n+i) =~<t(n) T (1) = 
~
‘ t(n)~~~ (131) J

with the transition matrix

= T~(1) = n) (132)

In a similar manner for updating k points

n) = T
~

(k) (133)

Consider the case given by Eq. (99) 
• 3

-at/2
= e ~ t(n) 

(134)

with

t = ho(~+n) = t(n) (135)
= to

ho

t(n+1) = ho(~+n+1) (136)

and

e -at(n+1) 
_ _ _ _ _ _ _

Using Eq. (131) and Eq. (136) in Eq. (99) at t(n+1)

ho

/t (n+1) = E .  I t (fl) T
~
(1)

or (137)

/~t (n+i) = L~t (n)$ (138)

with

ho

• e = 
~~ 

T
~
(1) (139)

and for k data points ahead

it(n+k) = /~ te(n) •e(k) (140)

kho

•e
(n+k , 11) = e. T

~
(k) (141)

-

• 
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Note that the transition matrix of Eq. (105)

~e
(t

~
0) e~

_ M)t 
c~

_bt
e

Vt 
(i42)

Eq. (110) is true because the matrices V and bI cosinute.

The transition matrix for the monomial base by Eq. (18) is

~e (t
~

0) =e
btD

_l
tB’nD tt (143)

For the exponentially weighted case into the infinite past with zero measurements
there one should use the front of the span to the back of span indexing with
the back span point going to negative infinity. By Eq. (172) and Eq. (173)
Section (5).

C 
(144)

~~~~~~ 0y/2

and by Eq. (176) Section (5)

~ ~~~~~~ 
= e~

I2
°~

I2 
~ y T (~ ) T ( ~)D(ho) (145) -

For p data point advance of the front of the span, the time becomes by Eq.
(170) Section (5)

t(~+p, y) ho + (~+2+p) - hoy (146)
and Eq. (112) becomes

.- . ~~~~~~~~ ~ -ahoy qp .~~ i~ 142 ( ~ 2 2 2  2=e.
The base by Eq. (113) becomes

a -p
2 2 ~2

1 ~~~~~~ 
y) = (j ’ 0 0 

~~~~~~~~~~~~~~~~~~~~~ (148)
and due to the commutitivity of the T

~ 
(upper triangular) matrices in this

part icular  case) one has

~~~~~ ~ 
= 0-p/2 

e~~’~~ 
T
~

(p) (149)
= 

— - ~~~~~~ e

where

= 0
~~

’2T
~

(p) (150)
and for one point forward advance one has

4I
e~~~

1
~ 

y) = 0~~T (1) (151)

423

~~~~ ~~~~~~~~~~~ ~~• • •~~~~~~~~~~~~~~~~~~~~~~ - — -—~~~~~~~~~~~~~~~~~~~~~~~
• •
~~~~~~.



•

and for the 3 x 3 case the exponentially weighted polynomial f i t t ing funct ion
transition relation is

~~~~~~~ 
y) = ~~~ 2 ,  

~~~~~~ [i 

1 
11 

(152)

1

n
‘ 1

H

‘1
LI
F T
Li•

I I
L
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Section 9

FITTING FUNCTIONS STATE EQUATIONS

The state equations for

x(t) = 4(t) a> (1)

are obtained in this section. The derivative of Eq. (1) is

(2)

where

< f = 4 Vf (3)

or

x C
~~
Vfa> (4)

The second derivative is

x < f Vf a> + I(
~~V f a> (5)

By Eq. (5) we see we need

(6)

and

(7)

= (f [V
2 +

~~J (8)

The third derivative is

• 
<~~

= <i [V~ + ~] ~~~~ [2V’~ + VJ

or

(f =4 [V3 + 3V~ + V) (9)

• 
• For the many cases of f i t t ing functions discussed in these pages

v = o  (10)

hence Eq. (8) becomes

<~ =4 v
2 

(11)

<f
d_ l  

=4 ~~~

<f
d =4 vd
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and for those f i t t i ng  funct ions with nil-potent V

vd = o  (12)

The state vector is for condition of Eq. (11) 
•

(~~~~ 
) 

= 

(

~~~~

)) ~~~
F
~
(t)

~I~ (13)

~
d-1 

~~

Eq. (13) can also be written as

~v1’~~ 
]ft> 

(14)

~~~

= T (a) f (t)> (15) .1
The derivative of the state vector is

= F Va> = F (a) vT f(t)> (16)

Inverting Eq. (13) and Eq. (15)

a> = F (tY~ x> (17)

and .1
f(t~ F ( a) 1 

x> (18)

Using Eq. ( 17) and Eq. (18) in Eq. (16)

and ~~ 

= F ( t) V
f FV

’ x>5 (19)

x) = F (a) V~ F
1(a) x> (20)

or

x> F x> (21) •

with 

TF = F
~

(t) V
f F Ct) = F (a) V

f 
F 1
(a) (22)
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For the monomial base (polynomials)

F = S  = / 0 1 0  0 . . . \  (23)
X UO ( 0 0 1 0 . . .

~~0 0 0 1 . . .
\o 0 . . 0

For the trigonometric base of Eq. (122) sec (8) and Eq. (123) sec (8) for the
4 x 4 case

F~ V~ 
F
~
1 

. 

(24)

or

4~~ 2 1 2_
~~~~~.J 

.-~~I

= (25)

-~~~~+~~~i

2 f-i -i\ + I f 4J ~\ (26)

~ \41 41) 3 t,~-4J -J)

where the nomalization of the W factor has been assumed .

The f i t t ing function transition matrix of Eq. (6) is

V t
4(t )  =4(0) e (27)

or

• 4(t) =4(O)[I + V
f
t + Vf t

2 
+ . . .1 (28)

where

4’
~~ 
(t,o) = [I + Vft + . . .1 = e’~ (29)

which is a Taylor series expansion .

The state transit ion matrix by Eq. (20) is

F (a) V T F ~~(a) t
= e v f V x(0))5 (30)

or

F (t)  V F ~~(t) t
x(t ))  = e v f V x(O)> (31)

with

F V F 1t

~~ 
(t ,0) = e v f V (32)
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I
= F,~ •~ F;’ (33)

Consider the states given by Eq. (14)

= T (a) f(t)> (34)

and a t t + A t

x( t  + At)> = T ( a) f( t + At)> • (35)

if

~~~(t) = c( f ( t ) Vf (36)

for constant V
f 
matrices

4(t) =4(t)e V
f
(t t0)

or

<~(t) 4(to)[1 + Vf
(t_ to) 4 V~ ft too)2 + . . .] (38)

if we set •

At t - t o  (39)

or

t to + At (40)

In terms of the transition matrix

~~~(t) =<f(to)  ~f (t ,to) (41)

and Eq. (35) becomes

• x( t o  + At )> = Tv (a) 4~~(t + At , t
0

) f Ct)> (42)

or for  any t

x( t  + A t )>  = T
~
(a) $~~t + At , t) f(t)> (43)

Inverting Eq. (34)

f ( t )>  = T;~a) x(t)> (44)

• and using Eq. (44) in Eq. (43)

x(t  + At)>
~ 

= T
~

(a) 4~ (t + At ,t) T ’(a) x(t~)~ (45 )

or 

x(t + At )>~ = 
~~

(t + At , t) x( t ))5 (46)
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with state transition matrix given by

+ At,t) = T
~
(a) 4~~(t + At,t) T

1(a) (47)

For the 3 x 3 case the matrix V is by Eq. (22) for the second degree polynomial
monomial base as

/0 0 o\
vT = o 0) (48)

and 

0 2 0

<a v
T 

= (a0, a1, a2) (0 
0 0~ = (a1, 2a2, 0 ) (49 )

0 2 0/

and

<
a(VT)

2 
= (a1, 2a2 , 0) /0 0 0\ = (2a2, 0,0) (50)

(1 0 0
\o 2 0

hence

a0 a 1 a2 (51)

T (a) = a 1 2a 2 0

2a
2 

0 0

One can compute T 1(a) and then compute by Eq. (47) to obtain P (t +

however , this route is tedious. By Eq. (19) X

= F
~

(t) V
f F,~,

1 
x(t))5 (52)

and for the polynomial case considered by Eq. (220) sec (2 )
S = T (a) V T 1

(a) = /0 1 0\ (53)uo v f v  o~~ 1
• \o 0 o

Also Eq. (52) has solution

• F V F 1t
x(t)> = e V f V 

x(o)> •~
x(o) ) (54)

where

F V F 1t V t
1 =  e 

v f v  =~~~e ~ F~ ’ (55)

with

• 
Vf t (56)

e
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The state transition matrix is given by Eq. (160) sec (4) as

1 At At 2

• (t + At , t) = 0 1 At (57)
x 0 0 1

The base transition matrix is

•f
= I + V fA t + V

f A•t (S8)

or

/ 1  At At 2\
•f = (o 1 2At ) (59)

\0  0 1 /

Note the difference in the two transition matrices for this case.

As an example consider the monomial base of degree 2

4 = (1, t , t
2

) (60)

and r
(t= t V ~ (6 1 )

with

V t4(t) = t(0) e = 4(o) •tfr,o) 
(62)

with

~~~
(t,0)  = (i + v~t + v~ ~

) 
• 

(63)

or

/1 ~
~~~
(t , 0) = ( 0 1 2t = B( t) (64)

\o 0 1 /

Where B(t)  imp lies the binomial coefficient matrix. By Eq. (53) U
= S x ( t )>  = T ( a) V~ T~

1 (a) x(t)> (6S)

or

= 
~~~
(t , 0) x(o) )~

with
S (66 )

$ (t o) = e UO = i + s  t + s 2 t2
X ‘ uo
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• —

or

/ 1  t t2
\

I ~i• (t,o) = 
~ 
0 1 t 1 (67)

• X \o 0 1/

Note that the coefficients of Eq. (64) are the binomial coefficients and those
of Eq. (67) are the Taylor series expansion coefficients.

If we have the Poisson base fitting functions

4
~~ 
=4 t ’ (68)

then

(i. = 4 t v~ t~ = 41~s~ (69 )

and

4 (t) = 4(o) •(t,o) (70)

with

S t
) = e U0 (7 1)

which is the same as •~
(t ,o) of Eq. (66)

Likewise , the states of the Poisson functions become

= V~ x(t)> (72)

and

x(t))5~ 
= e Vttx(o)> = B(t)x( o))~~ (73)

If we make a change of variable in the time axis from front of data back

t = t f
_ t  (74)

then

dt = — dt ’ ’ ’  (75)

and Eq. (59) becomes

• •(t ’ ’ ’  + At ’ ’ ’ , t ’ ’ ’ ) = / 1 —At ’’’ (At’’’)2\ (76)
( 2t
~ 0 1 —At’’’

O 1
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Cons ider as an examp le now the exponentially weighted polynomial case. The base
transition matrix is given by Eq. (107) sec (2) as

= e ho/2 T (1) (77)

for one-step advance .
.-- ‘

By Eq. (105) sec (2) for the 3 x 3 case

V V t~~~
bI (78)

and the states by Eq. 20

= F (a) [V t 
-

• bnF;’(a) x(t~~5 
(79)

By Eq. (110) and Eq. (111) sec ( )

• 
~
(t ,0 )  = F ( a) 

e(t~
0
~~~~

(
~~ 

(80)

•x
(t

~~
0) = F (a) D~~(t) B(1) D(t) F~~(a) e ~bt (81)

The matrix - -

/ *:~Z~ \ / a
0 

a
1 a

2~~~

Fv (a) ( ~~ V T ) ( -ba
0 

+ a
1 

-ba 1 
+ 2a

2 -ba2 (82)

• 
\~~cv

T)2/ \b
2a - 2ba1 B2a1 

- 4ba2 b2a
2j

Eq. (82) is seen to be quite difficult to invert.
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SECTION 10
GENERAL RELATIONS FOR PARA METER ESTIMATION

This section considers discreet estimation for the observational system.

• . z( t ) ( m~~ y(t)(rn)~. + u (t ) (m> . (1)

z(t)(m> is an rn—dimensional time varying measurement vector, y(t ) (m) ’ is
the signal and u(t)(m is the additive measurement noise; the sequence

3 0 ,...j where 
~~~~ 

will represent a countab ly infinite number and is
to be thought of as the discreet population space; or the 1

th experiment.

The induces to be tagged onto t ( the sample space variable ) will correspond

to the double induces for a fixed span , forward , central and backward . The

following sections will consider the recursive cases corresponding to

• infinite memory filters and fixed memory of moving fixed span filters.

The signal sequence y (t ) ( m ,~ will be considered for a number of
cases som of which are stochastic, some deterministic.

For example if

H(t) x(t)(p>
1 

(2)

• mxp

then the p-dimensional state vector is stochastic, and may be the output
of a linear dynamical system. The parameter estimation problem for the

special case where the degree of the polynomial or the nature of the fitting
functions is known , that is

x(t)(j3)= B f(t)(d> (3)

• pxd

where the signal is exactly expressible as a linear comination of d

fitting-functions (deterministic with no — approximations ) is considered
first.  In this section the scalar measurement case will be considered ,

that is rn~l

z ( t ) .  =~~ )h (t )  B f (t ) (d ?  (14 )

pxd

with the additional constraint

\‘d) h ( t ) = (l ,0,O , . . .O)  ( 5)
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In a later section the case will be considered where the measurement
is scalar position x (t )  and scalar velocity ~( t ) ,  that is

_ l 0 O . . . 0

2xp

and

y(2,)~ . (7)

The case for this section thus is

z.( t) = x .( t) + u . (t )  (8)

or.

z .( t )  = d) f  (t )  a(d + u .(t )  (9)

that is

x( t) = f (t )  a + f
1
(t )  a1 + . . . + fa 1(t )  ad_ l (10)

at the end of this section some examples will be given for the indicesion
time • 

-

<d)f( i ,n) ,  *(‘f(k ,m) , <~
, 1’ (U) .1

but for the most part the number of observations will be k , that is a k-
vector of measurements

= (z
0, z2,  . . . z~~1)1 (12)

and by Eq (9) for the sample column vector )
z (k  F a(d> + v( k> . = F a(d>. = z(k~ 1 ( 13)

kxd kxd

where

4 F ()f(o)

kxd : (114)

~~~f(k ~ l~j
and the vector a(d~~ is the estimate of the parameter vector a for the
.th test . Note that the vector a,)is  assumed the same each test.

For d < k and the rank of F equal to d, that is

p F d  (15)
dxk

/

434 
-~~~

4



- _

then there exists many rank d matrices w of size dxk such that Eq (13)
becomes

w z(k>.= L a > + wv)~
.=La ). (16)

where

( 17)

and

L wF (18)

dxd dxd

is square , full rank (hence invertable ) and a constant matrix .
Multiplying Eq (16) by

( wF)~~ w z~~. = a)~+ L~~ w v ,) = a ,~ (is)

Using Eq (19 ) in Eq (13)

- • z 1~~ F(w F )~~ wz ,> + z (20)

or 

= + (21)

where

z ~~~
= F( wF)~~ w z~ (2 2 )

Note that the matrix of Eq (22 )  is a projector (idempotent index 2)
for

• [F( wF)~~ w] [F(wF)~~ w) = F(wF)~~ w (23 )
• also by Eq (2 0 )  solv ing for z

= [I — F(wF)~~ w] z,S ( 24)

where the matrix I - F(wF) 1 w is also idempotent index 2 .
If the matrix L0 of Eq (18) equals I , that is

F w L  = I (25 )

then the projector of Eq (22 )  and Eq (23 )  becomes

P = F w P 2 
(26)Fw Fw

kxk

and the oblique compliment projector of Eq (24 ) becomes

(27)
JxJ
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and - 1.
P~~ P~~ = 0 (28 )

-
• 

By Eq (2 2) and Eq (2 5)

z~~~~~Fw z)~ = P~~~z1~ 
(29)

and by Eq (214)

z~ . = ~ z)~. (30)
f j  Fw j

By Eq (19) and Eq (25)

w z ~ . a ~~+ w v ~ . a j~. (31)

For the special case of the weighting matrix w equal to the psuedo—
inverse of F , one obtains the unweighted solution , that is

w = F* = (F TF)
_l 

FT (32 )

dxk dxk
./and by Eq (19 )

a > =  F* ~,k = (F TF)
_l 

FT z,> (33)

• which is the standard “normal” equation for the parameter.
• The estimate of the measurement vector is by Eq (29 )

~1)= ~FF* z> (34)

where the symmetric projector
(FF*) = F(F TF)~~ F (3 5 )

and the vector z).of Eq (30 ) is orthogonal to the vector of Eq (34) .  The
special cases of Eq (32)  will be considered after a number of other results
are obtained.

For the weighting case using Eq (25 )  in Eq ( 19)

w z )~~~~ a
4,> + w v )j  =

~~~~~j~>j  

(36)

Partitioning the weighting matrix w into its row space dxk

~x 
[w(d~’0, 

w(d
1~2 

. . . w(~~~_~ ] ( 37)

and using Eq ( 37) in Eq ( 36)

a(d) . = w(d) z0+ . . . + w(d
~k l  z~~1 (38)
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• or the d-dimensional parameter vector is a linear combination of the
weighting vectors . Not e that the weighting vectors are to be determined
in some opt imal sense such that they are the same each experiment , that is
they are not to be a function of j in some “future sequence”; but will be
a function of some “a prior” past sequence of tests.

The error in the estimate of the function—parameter by Eq (36 ) is

a>  — a>~ 
= —w (39)

If the population sequence j of Eq (13) is packaged as a row of
column vectors we have

[z(k>1, z(k>2 . . . z(k)~ ] = Z = F a(d)~~ ) 1 + V (140)

kxj kxd kxj
Z F A + Z . (41)

kx j  kxd dxj

Consider next the package of measurement noise vectors of Eq (40)

V = [v(k) 1, . . . v(k) .]  = ) v( l)
~~

) “(2) (42)

-
) v(k-1~

Equation (42)  consideres j  column vectors in k space and k row vectors
in j— space . -

•

The mean (or arithmetic average ) of the j column vectors in k space
ofEq (42) is

= v(k) 1 ÷ . . . v(k>. = 
~~~V 

(43)

max

where

l’~(~~) l(j ) = ~~j~> . ( 144)

~~~~
1)max

If the k-dimensional mean vector of Eq (43 ) is the zero vector in k—space
then o(k is the point of symmetry with respect to the sequence of j vector.
The j —dimensional row space interpretation of Eq (43 ) is

V l*(j> = ~~~~~ l~(~~1 (145 )

~~)v( l)  l*(~~~

~~)v(k-i) ~~~~~

437 

~~ • .J- ~~ 



- - -• 
~~~~~~~~~ -~~~~ - ---

V l*(j> = [~
(o) ,  p ( 2) . . . p(k-1)] (46)

V l
~

(j
~> ~(k),,, (47)

By Eq (45) we see a column vector of inner-products and if the 1.1(k,)~
vector is zero in k-space, then all k of the row vectors in j—space are

perpendicular to the 1*(j) . .J

The mean of the k row vectors in i—space is

V = <k)l~ ft) v(o)
i ~~)m ( 148)

kxj V

with a corresponding inner-product interpretation.
In j—space for the k vector

~~ )v(k )  ~~)m +~~ )v~~ (49 )

or package-wise

V 1(k) ~ j )m + V (50 )
kxj

By Eq (48) in Eq (50) J
V l(k)<k)l~ 

V + 

~
‘m (51)

kxj

or 

V = (I - l(~~~ k) l *)V 
. 

(52)
kxj

which is projection in k—space.
The most useful proj ection notion is in j —space. Consider the j column

vectors in k—dimensional space of Eq ( 142) , which by vector addition may be
decomposed as V

v(k>1 = 1i(k)~ 
+ ;(k). (53)

or package-wise

V = U ( k ~~<j ) l + V  (5L ~~)

kxj kxj 
)Using Eq ( 147) in Eq ( 514)
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V = V l *(j ) ( j ) l + V  (55)
kxj kxj

• or

V = V ( I _ l*(j)(j)l) (56)
kxj jx j

or

V = V P 11 (57)
also by Eq (55)

V = V + V  (58)
where

V V P
11 (59)

and the rank—one projector in j—space is

P
11 = l(j)<j)l

~~ ~j)l 1(1) (60)

The vector partitioned into the j—dimensional row vectors are

~~)v(o) i~~~
;o

~~

’ 
;(o ) 7

• 
ç
’j)v(l) 

~~)v(l) (~j)v( l)

= 1  . + . (61)

~~~)v(k-1) ;~~)v(k-l)~ 
~~

)v (k
~±j

as shown in Fig (1)

~~);(k) ~~~)v(k ) P
11

~~~~~~~ <1)1

FIG (1) ORTHOGONAL PROJECTION OF NOISE VECTORS.

Thus we see if one has a zero mean noise case that all vectors are
perpendicular to the(j)l vector as shown in Fig (2)
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~ j)v(k) <j)1

\ subspacejto 4~
.

FIG ( 2) VECTORS PERPENDI CULAR TO

If all k—vectors in j-space are mutually perpendicular one has a

diagonal matrix

v vT = 

. (62)

O . . . O< V  V>

I k-l k—l .

We can now define the variance matrix of the measurement noise as

(~T 

-

_ _ _

~~~~~~~ 

~~~~~~~~~~~~~~~~~~~ 

u max )  (63)

• 1i1T~ ~max
-
v(k). \ k) ’~ 1

~max
j l

since • .____ —
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;(k>~ ~k); r 

j
m:l 

;k.>1 
(k)v (614)

] —
• k)v

The serial time correlations are given by

—lr(o,o) r(o,1) . . . r(o,k )

R . . (65)

r(k~~,l) r(k~~,k
_1
)~

The standard definition of the noise variance matrix of Eq (63) is

R ~ .~[v(k). — p(k~] [(k)v 
— 4)i.i ]} (66)

Return now to Eq (19) where we have placed the constraint on

w z(k). = o(d) (67)

dxk

for all tests j.

We can multiply Eq (40) by w

wZ = a(d) ~(j)l + wV = A (68)

dxj

where 
-

wZ = o (69)
dxj

Define

A a(d)~~j ) l  ( 70)
dx3

then by Eq (68)

A - A = A -wV = _w[u(k)~~ j)l + Vi (71)
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or 
Z F A + V F w Z i Z  (72)

Z (I-Fw)z = p
~~z (73)

kxj kxk kxk kxj

and by Eq (72)

Z FwZ=P Z ( 7L ~~)

The variance of the estimate of the parameters can now be defined by
Eq (71) as

~~j lim (AA
T 

.
1

dxd j-~a, ~max

max

~~~ 

lim~ 
a(d~~ <~~~~~~~ i~

J

~~ ~~ 1~~(d> mc’d)a~
J 

(75)

where F is the standard expected-value operator. In terms of R and w
Eq ( 75) is

or 
~aa = u r n  (WW T

WT) (76)

• p... = w{ji(k> <k)jj + RI ~
T 

( ,‘~~)

Since 
—

lirn vvT 
= u r n  (p(k)<j)1 - V)(1(j)(k)~i - VT ) (7 8)

• • j _ ~co j  umaxm max

= Ii(k> <khi + R . (79)

If the noise mean is not known it is clear by Eq (68) ,  Eq (71) and Eq (79)
one can not seperate the constant noise mean vector from the constant
parameter fitting the function vector. It will be assumed hence forth that• the measurement noise mean is known and can be subtracted out. In the real
world applications one may use Friedlands bias estimation technique to
estimate the bias 3.n the measurement noise and in the plant noise or function

• fitting mis-modelling.
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Multiplying Eq (72) on the left by 
~Fw

p z = P  V = Z  (80)Fw Fw
since

P F A o  (81)Fw
since by Eq (28)

p
F

F _ o .  (82)

The variance of the estimate of the measurements by Eq (80) can be
written as

lim ( Z Z T 1__) (83)

max max

or 

~Fw~ ~
t (k><k)~i + R) 

~
‘Fw

-
- 1’Fw R 

~Fw (814)

since we assume U(k>v<k)4 ~~~ the ‘blique projector is known; or equivalently
assume the noise is zero mean .

The results of Eq (63) , Eq (79 ) and Eq (84) can be compactly written.

V $ 1

kxj kxk

Z I  = 

~F w l  v (85)

kxj 

-w

dxj~ --.

which is a ftinction of the single independent matrix V (ignoring j1(k)
~
)

Transposing Eq (85)

(VT,ZT AT) = ~T(1 ~T, _~
T 

(86)

and form ing the outer product
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• 
(V~~,Z~~~A~~) = ~ ~ 

~~~~ ~~~ 
_
~
T (87)

~Fw

or 
~~~T ~~~T

zv T zzT Z A T I  =

~~~~ ~~~~ .1

~ ~T ~ ~T ~~T ~, ~T wT - }

P
F

V V P Fw 
_P~~~R w T (88)

I
W V V T W V V P  +w ~~~~

T w
T
~

and at the variance-covariance level

zv zz za =

- T
R R P  -RwFw 

•

R 
~Fw R ~Fw -P~~ R ~

T (89)

T~~~-wR - w R P  w R wFw
-
- - I

Note that Eq (85) is a x (2k + d) matrix and a matrix of variance
• of Eq (87) and Eq (88) is a (2k + d) square matrix with rank given by Eq (87)

as k when R is full rank equal to k.
For the special case where the parameter vector has dimension one, that

is by Eq (10) and Eq ( 8)

z.(k) = a + v.(k) (90)
0 J

1



or for d l  and w a row vector

( 91)
lxd

- .  

and by Eq (14)

F = 11 = 1(k) (92)

kxl

L ~~~= R R P ~
T

R P R P T 
-P R w ~ (93)

(2k+d)(2k+d) 1w 1w 1w 1w

- w R - w R P
1
T w R w

By Eq (40)

Z~~~F A + V = F A + Z  ( 9t ~~)

or 

= F(A) ÷ ( 95)

(1,—F ) z~

and transposing

vT = (zT ~T) (96)

~F~j
The product

V VT = (I, -F) 
~~~ r I

(97)

az aa —F

- -
or
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(98)

which interestingly “looks-like” an algebraic Riccatti equation in F.
By Eq (89) we see that the variances and covariances of the

measurements and the parameters are dependent on the measureme:it noise
• variance matrix R , the fitting function matrix F and the weighting matrix

.1- w. If one selects the fitting functions to be used, for example polynomials
of a known degree , trigonametric etc , then F is determined. The matrix R is
a characteristic of the measuring instrument and in the real world one
attempts to estimate what it is; however for the purpose here it will be
assumed known. The only other matrix of concern is the optimal weighting
matrix w. A number of cases can be considered: let w imply weighted,
~ ( compliment meaning no weight ) and like-wise for constrained parameter c
and unconstrained parameter ~, we thus have the four cases

(;,w) = ow ,
c- ic w cw (99)

.1

where the cases are

1. c w - unconstrained - unweighted

2. ~ w - unconstrained - weighted 
• -

3. c - constrained - unweighted

• 14. c w - constrained - weighted

The first case is considered first in the following section.
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Section 11 UNCONSTRAINED UNWEIGHTED PARAMETER ESTIMATION

The unweighted parameter estimation cases considered in this section use
the W matrix to be the psuedo—inverse of F given by Eq. (32) sec cZLD as

w — F* (FTF)
_l 

FT (1)

with the measurement estimates given by Eq. (34) sec (X1 as

~ ~~~~~~~~~~ ~~~ (2)

The parameter estimate is given by Eq. (33) sec (Ic~ as

a ~~ F* — (FTF)~~ FT z (3)
j j

The projections and compliment projectors are

~ FF* — 
~~F* 

(4)

and

~FW 
= - FF* = 

~FF* 
= “FF* (5)

The matrix of variances for this case becomes by Eq. (89) sec (J$

R ~~~--vz va
• = z~ E — _  (6)

(2k+d) (2k+d) zv zz za
E lLa

rR RP
~F* 

_RF*T

= PFF*R PFF*RPFF* 
_P
FF*RW (7)

L_F*R .F*R F*RF*T

We shall look at the “normal equations” of Eq. (3) for some “often used”
cases.

Case 1. Back to front (forward) Polynomials

The fitting functions are the power series or polynomials, that is

— (1, ~, t2, ... t~~
1) (8)

• and f or the indexing given by Eq. (123) sec (5), we have
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— c~i T ( i) T ( ~ )D(ho) (9)

If we assume batch—processing (not recursive spans) set i — 0 in Eq. (128)
• sec (5) and Eq. (9) becomes a function of n — 0, 1, 2 ... N

<t(n) —<n T (8)D(ho) (10)

and for the second degree polynomial case by Eq. (34) sec (5)

B 8
2
1

T
~

(8) — 0 1 28 (11)

Lo o i i
where by Eq. (16) sec (5)

B = to/ho. (12)

- • By Eq. (34) sec (5)

11 0 01 
- .

D(ho) 0 ho 0 (13)

• Lo 0 h2oJ

The F matrix of Eq. (14) sec (1~ becomes that of Eq. (124) sec (5)

4(0)

4(1)

T = . = N T (B)D(ho) (14)
(N+1)x3 . (N+1)x3 ‘

~~

~~(N)

The transpose of Eq. (14) is

TT = D(ho) TT(B) NT (15)
3x (N+l) 3x3 U 3x(N+1)

The matrix NT is given by Eq. (50) sec (5) as

1 1 1 ~~~~~~~~
NT = O  1 2 3 . . . NI  (16)

3x(N+l) 0 1 22 32 N2J

The inverse of the discrete metric—matrix required in Eq. (1) is

(TTT) ’ = [D(ho)T
T(B)NTNT (8)D(ho)] 

—1 (17)
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(TTT)~~ - D (ho)T (B ) (NTN ) T T (8)D~~ (ho ) (18)

The inverse T~~(8) is given by Eq. (149) sec (A) as

• Ii —8 8
2

0 1 —28 (19)
[0 0 1

The inverse (NTN)~~ is given by Eq. (118) sec (5) as

3N2+3N+2 —(12N+6) 10

NTN)~~ — (12N+6) 4(2N+l)(8N—3) —60 
20— 

(NI-i) (N+2) (N+3) N(N—i) (N—i) ~

10 —60 60
(N-i) N(N—1)

By Eq. ( 3),  Eq. ( 15) and Eq. (18)

~ ~1i~’~ — D~~ (ho)T~~ (8)(NTN)
_l

NT 
zj ~~ i~~ (21)

Consider the term N T
z> of Eq. (21)

1 20

NT2 

~~~~~~~

= [
~ ~~~~~~~ 

2~~ 

(~~) • 

(22)

20 +4~i ~~~~
= ~~~ c z(j~ (23)

4c
2 

z(~~

where the counting number vector is

~~ZT~~) c = (1, 2, 3, 4, ... N) (24)

and the vector of squares of the counting numbers is

• c
~~I) c

2 = (1, 22, 32, ... N2) (25)

and

• 1 = (1, 1, 1, ... 1) (26)

Eq. (23) can be written as
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~~

I.,

N
z(o) + ~ z(i)

N
T z (~5~”- 

~ 

iz(i) (27)
1—1
N

~ i~z(i) J~i—I.

Thus Eq. (27) used with Eq. (20) in Eq. (21) for arbitrary to and constant j
data sampling interval h0 yields the estimate of the parameters. .

2 
N

3N +3N+2 — (12N+6) 10 zo+ ~ z(i)

~~~~~~~~ 
AT~~~ -(12N+6) 

4(2N+i)(8N 3) i~w (28)

- 

10 N(N—l) 
~~~~~~~~~ 

~~~~~

where
30

• A = 
(N+l)(N+2)(N+3) 

(29) •

and

D 1(ho)T 1(8) (30)
hou u

The variance of the estimate of the parameters is given by Eq. (7) as

Zaa T*RT*T (31)

The psuedo—inverse of T given by Eq. (14) is

T* D~~(ho)T~~(8)N* (32)
3x(N+1) 3xN+i

and the transpose is

T*
T = N*TT~~.(B)D

l(ho) (33)

Using Eq. (32) and (33) in Eq. (31) t
= D~~ (ho)T~~(8)N*N*

TT T(8)D~~(ho) (34)
3x3

For the analytically tractable special case of a acalar matrix R, that is

• 
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R — c i (35)
(N+l) (N+1) V

Eq. (34) becomes

D (ho)T~~(8)(N
TN)

_l
T T(8)D

_i
(ho) (36)

3x3

since

(N*N*T) = (NTN)* = (NTN)~~ (37)
3x3

or by Eq. (20) in Eq. (36)

3N2+3N+2 — (12N+6) 10

V — -- = AT~~ —(12N+6) 4(2N+i)(8 N— 3) T~~ (38)
~~ aa hou N (N—l) N—i hou
3x3 

—60 601 
N-i N(N-l)

where A and T~
1 

are given by Eq. (29) and (30).

Case 2. Mid—point Polynomials

The mid—point case for the monomial base of polynomials is given by Eq. (128)
of sec (5) for k = 0

~~ (m) =<m T (5)D(ho) (39)

and the package of fitting functions at the m indices by Eq. (129) as

• Kt(_M)
• ~~ (-M+1)

T = 4(—1) = N T (8)D(ho) (40)
(N+1)x3 (N+l)x3 U

4(1)

where N — 2M
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The matrix MT is given by Eq. (6~ of sec (5) as

1 1  1 ... 1 1 1 1 1 ... ii
T

• 14 — —M —(M—l) ... —2 —1 0 1 2 ... N (41)
3x(N+l) N2 (N—i) 2 4 1 0 1 

•
4 ... M2

The matrix (T
TT)~~ for this case is by Eq. (18)

(TTT)~~ - T~
1 (MTM)~~ T~~ (42)

The matrix (M
TM)

_
~
. is given by Eq. (120) sec (5) as 

—

3(3N2
+6N—4) o

4(N 2
—1)(N+3) (N2—l)(N+3)

(MTM)
_i 

= 
N(N+i)(N+2) ° (43)

—15 180

(N2— l) (N+3) N(N+2) (N-I-3) (N 2—i)

The estimate of the parameters by Eq. (3), Eq. (40) and Eq. (42) is

~ ~ :~ = T~
1 (MTM)~~ MT z ~~~~~~ (44)

where

~~~~i) z = (z(-M), ... z(-l), z(O) , z(l) ... z(M) ) (45)

The variance of the estimate of the parameters is given by analogy with
Eq. (38) for the scalar matrix noise case as 

-

3(3N2
+6N—4) 

0 —15

4 (N~—1) (N+3) (N2—1) (N+3)

A ’ 0 
_ 12 —l= Thou N (N+l) (N+2) 0 Thou (46)

—15 o 180

(N2—1) (N+3) N(N+2) (N+3) (142~1)

• Case 3. Front to Back Polynomials

The indexing from the most recent “real time” data point to the back as given
by Eq. (135) sec (5) is

F — T — F T (8)D(ho) (47)
(N+l)x3 (N+ 1)x3

and
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FT — D (ho)TT(8)rT (48)

The inverse of the discrete—metric matrix is

(FTF)~~ = T~~ (rTr)~~ T~~ (49)

The “number—theoretic discrete metric matrix” inverse by Eq. (279) sec (5) is

3N
2
+3N+2 l2N+6 10 

-

(rTr)~~ = i2N+6 4(2N+i)(8N—3) (50)

60 60 -i
10 N— i N(N—l)

where
- 3
(N+l)(N+2)(N+3) (51)

Note that Eq. (50) is the same as Eq. (20) except for the alternating sign
changes in the diagonals from right to left. Hen ce, the estimate of a>and

• the variance will be the same except for this sign changes and will not be
• presented here.

• Case 4. Discrete Orth~gona1 Polynomials Back to Front

This case is the result of a Gram—Schmidt process on the case 1 equations ,
that is by Eq. (21)

~ (3~ - D (h o)T~~(B)(N
TN)~~ NT z (N~~~~ (52)

By Eq. (207) sec (5)

G(N) = N B
g

(N) (53)
(N+l)x3 (N+i)x3 3x3

where by Eq. (200) sec (5)

- 1 1 1

B
g

(N) = 0 — — ii!-]: (54)

0 0 N(N—1)

The inverse discreet metric (NTNY.l is given by Eq. (223) as

(NTN)~~ = B
gM;~ 

B~ (55)
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j

where by Eq. (210) sec (5)

Mg~ 
= [G~~N G(N)]~~ • (56)

or elementwise

1
NI-i 0 0

= 0 (N+l) (N+2 ) 0 (57) 
J

0 0 5N(N—1)
(N-fl) (N+2) (N+3)

By Eq. (53) 
-

N = G(N)B 1 
(58)

and

N
T 

= B TGT (N) (59)

The psuedo—inverse of N is

= (NTN)~~ N
T (60)

3x(N+l)

and using Eq. (59) and Eq. (55) in Eq. (60)

• (NTN)
_l 

NT Bg
M
g~B~ 

(B~~GT(N)) (61)

or 

(NTN)~~ NT = B
g 

(GT(N)c(N))
_l 

GT(N) (62)

or by Eq. (53)

(NTN)
_l 

NT 
= B

gM;~
B~N

T (63)

Using Eq. (63) in Eq. (52)

= D~~ (ho)T~~ (8)B M~~BTNT z (f~?~ (64) •

Multiply Eq. (64) on the left by D(ho) T ($)B~~ to obtain

~~~~~~ M;~B~N
r
~~. (65) 

•

or
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- •

- • a~’ = M~~GT (N)z ç~::~. (66)

-
• 

- 
By Eq. (205) and Eq. (207) sec (5)

• 
• G(N) = NB (N) (67)

(N+1)x3 g

• 1 0 0 1 1 1
• 1 1 1 

~ ~~
-

1 2 22 N N—i

o 6 (68)
L N (N— i)

2= 1 n n

1 N N2

and by Eq. (208) sec (5)

1 1 1

g(N) = (1, a, ~2) 0 — j~- 
— 

~~~~ 
(69)

6
~ N(N—l)

— + 
6n(n-l)

N ’  N N(N—i)

hence the G matrix by Eq. (69) in Eq. (68) is for n = 0, 1 ... N)

0 0

i 61 ‘ N N

12 
+ 12(2—1)1 1 N N N(N-1)

(70)

1 1 1

By Eq. (70) and Eq. (57) in (66)
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I 0 0

• • as>-’ 0 (N+l)(N+2) 0 cT~~ (71)

5N(N—1)0 0 (NI-I) (N+2) (N+3)

where

1 1 1 ... 1~ z(O)

GTz> = — 

6 12~~ 12 
1 z(1) (72)

0 — 
N 

— 
N N(N—1) ~~~ 1

[2(N)

For polynomials of degree higher than the second degree, the elements of GT
are given by Eq. (209) sec (5).

The var 4ance is given by Eq. (55) in Eq. (36) as

= D 1T~~B M~~B
TT~~D

_l 
(73)

• aa U g g g g u

• or

T (8)D(ho)~~ --D(ho)T
T(8) = 

~~~~~~~~~ (74)

where 
~~~~~~~~~ 

is a congruent transformation on the variance; hence is a base change,
and

= B 14 1 BT (75)aa g g g  g 
- •

or in open form

1 1 1 0 0

2 6 3M
— — 

“ (N+l) (N+2) 0 X

6 o 5N(N—1)0 0 N(N—l) 
- 

0 (NI-i) (N+2) (N+3) 
- j

• 

[
~ 

6 
63N—l N(N—l)

I
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Case 5. Midpoint Discrete Orthogonal Polynomials (Ortho—norma l)

This case is the orthogonal conditions for Case 2 and by Eq. (249) sec (5)

G(M) MB (N) (77)
• (N+l)x3 g

where by Eq. (250) sec ( )

—N (N+2)
1 0 12

Bg
(M) = 0 1 0 (78)

F 0 0 1 
-

or by Eq. (77)

M = G (M) B 1(M) (79)

Using Eq. (79) in the transpose of the fitting function F matrix of Eq. (40)

= TT 
= DT~~(8)B;

T (M) GT (M) (80)

• By Eq. (42) the inverse relation becomes

(TTT)
_l 

= T~~ (MTM)~~ Th~U (81)

and by Eq. (79) and its transpose

M
TM = B T (M)GT (M)G(M)B l (M) (82)

and the inverse is

(MTMY I 
= Bg(M)(G

T(M)G(M)) 1 B~(M) (83)

By Eq. ( 77)

MT = Bg
T(M) GT(M) (84)

3x3 3x(N+1)

By Eq. (44)

I>” T~~~(M
TM)~~M

T
~, (85)

• The psuedo inverse of N by Eq. (83) and (84) is

(MTM)~~MT — B~(M)[G
T(M)G(M)]

_l 
GT(M) (86)
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Using Eq. (86) in Eq. (85)

B;
’(M)T

h~U > = = [cT(M)c~.o]_l G
T(M)z> (87)

- 

. The matrix GT(M) by Eq. (77) is

G
T(M) - B M T (88)

and by Eq. (78) and Eq. (41) in Eq. (88)

1 o o 4  i 4
GT (M) = 0 1 0 _4L

~ 
0 <C (89)

-N(N+2) 
0 1 -4~L

where Lc is the linear convolution matrix

• fo . .. 1\
• L

~ —( ... 1~~ (90)
-

• 
MxM \ i . . . o/ 

]
Eq. (89) becomes

4)1

GT(M) = — 4)cL 0 ~~1) C (91) 
• 

-

3x(N+l) _N(N+2)4) 1— t
~~

)c2L
~~o -N(N+2) ~~~~~~~~ + 4)c

2 j

The parameter estimate in the new base now becomes by Eq. (87) and Eq. (255)
sec (5) f or the inverse metric matrix

I N+1 0

0 N(N+ l) (N+2 ) 0 GT(M) z~ (92)

0 o 180
2N(N+1)(N+2)(N +2N—3)

The midpoint variance matrix of Eq. (46) is

= A T~~ (MTMY1 T~~ • 
(9 3)

and by Eq. (83) in Eq. (93)

= A ~~~~ Bg
(M) GT M G M ~~~ B~ (M) T

~~U 
(94)
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• Do the base change on Eq. (94) and obtain

= A 1 T ~~~~- - TT (95)aa hou aa hou

where - 
-

1 
0 0N+l

= B
g

(M) 0 N (N+1~~N+2) 0 B~ (M) (96)

0 0 
180

2N(N+l)(N+2)(N +2N—3:

The of Eq. (92) is for the orthogonal midpoint polynomials. If we use the
ortho—normal relations given by Eq. (258) sec (5) as

S = M B
5

(N) (97)
(N+l)x3 (N+l)x3

where by Eq. (260) sec (5) 
1

1 —N (N+2)v’Th~ 
I

12 N(N+1) (N+2) (N 2+2N—3) 1/2

B (N) = 0 
v’N(N+ 1) (N+2) 0 (98)

• 
0 0• 

12[N(N+1)(N+2)(N
2
+2N_3)]

1
~
’2 

—

~

By Eq. (97)

SB
S
’ = M (99)

and the metric is

• MTM = B ’ STSB ~ = B
_T 

B ’ (100)
S S • S

and the inverse of Eq. (100) is

(MTM)~~ = B
8

B (101)

and since these are ortho—normal polynomials the metric is the identity,
that is

• sTs I (102)
3x3

hence
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(MTM)~~ = B
8B~ (103)

By Eq. (44)

~ (~~ = T~
1 (MTM)~~ MTz> (104)

The psuedo—inverse of M is by Eq. (97) and Eq. (103)

(M~ M)~~~ M
T B BTB B

_T
ST = B sT (105)

s s 8 s  5

Using Eq. (105) in Eq. (104)

~ 
(
~> = Tj ’ B5ST

2> (106)

B
1 Thou a>- as>= sT

z> (107) j .

the parameter in the new base 
~~~~~> 

is given by Eq. (107) or

N — S B ’

where by Eq. (97), Eq. (98) and Eq. (41)

= B~MT (108)

0 o\ ,<i i

1 0 b22 0 
~ 

(_
~~
L
~ 

0 <c 1 (109)

\b13 0 b
33J \-4

2L
~ 

0 <~
2j

1 -‘e l 1 <~t)i 
-

iN+1 ~
-;1~+1

= _b
224~

cL
~ 

0 b22~~)c

b13c~~) 1 — b33 ~‘c
2L b13 b13 ~~) 1 + b~3 ~~

2

where B
8 

by Eq. (98) is 
-

• 
7b11 

0 b
13\

B8 ~ 
0 b22 0 

J 
(110)

\ ~ 0 b
33J
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Equator (109) is to be used with Eq. (106) to multiply z> to obtain ~>
The variance matrix by Eq. (101) in Eq. (93) yields

• 

• 

— AT 1 B BT T
_T 

- (ill)aa hou ss hou

Case 6. Front to Back or (Backward) Orthogonal Polynomials

This case will not be presented here since it is similar to the forward case
except f or the alternating sign changes mentioned before. The congruent
transformation on the (rTr)1 matrix is given by Eq. (278) sec (5) to obtain
the diagonal metric matrix.

Case 7. Backward Exponential Weighted Po~ynomia1s

• This case will consider the fitting of the data by exponentially weighted
polynomials with the indices running from the front of the data (real—time
or front—time) point to the back. The measurement data will be assumed to
go bac k in time to negative infinity, with zero values prior to the actual
time the data is available. By Eq. (169) sec (5) the time variable will be
indexed as

t(i , y) = ho($ + ~) — hoy (112)

with the span—generating index £ taken to be zero in this case (for the
recursive case it will not be zero). By Eq. (171) sec (5) the fitting

• functions are

(t) = 4e = (1, t, t2 ... ) e at/ 2 (113)

or

z.(t) = 4(t)a> + v~(t) = 
4e~~ j 

+ ~~~(t) (114)

The index y (for 9. = 0) by Eq. (176) sec (5) is

= ao/2 
~
y/2

~~ T (8)D(ho) (115)

where by Eq. (177) sec ( )

2 3 4
— (1, —y, y , —y , y ... ) (116)

and packagewise by Eq. (178) sec (5)

T — F = e cxo/2 ~~12 FT (8)D(ho) (117)
(N+l)xd

and the discrete metric by Eq. (179) sec (5) is for the 3x3 case
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T — D (ho) TT(B) rTwrT (~)D(ho) e (118)

The inverse is

(TTT )
_
~ — T~~ (rTwF)~~ ~~~ 

e ~~° (119)

The weighted metric inverse is given by Eq. (343) sec (5) as

(l_ 0)(l+0+0 2) .~(l+0)(1_0)
2 (1;O)~

(rTwr)~~ — ~ (l.I~e)(l~o)
2 (l_e)3( 1 0 0+982 (l—:)~(~+3o) (120)

(i—0)~ (l—0)~~(l+30) (l—0)~
2 402 402

where 0 is given by Eq. (305) sec (5)

• o = e  —aho (121)

and a is related to the time constant in the exponential of Eq. (113).

The estimate of the parameters is given by Eq. (31) as

~ 
= (TTT ) ~~ T~ z (N+l> = T

~z> 
(122)

3x3 (3xN+1) (N+l)xl

Notice that 
— 

—

T
T z = T~, Te (z (N+~~\ (123)

3xo [3x(N+1) 3~r \Z (r > )
where

and

z (o >  = (z (N+1>\ (124)

\o (r > /
The psuedo—inverse of T

e 
is

= (TTT ) ~~ TT (125)

and by Eq. (119) and Eq. (117)
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- T~~ (rTwF)~~ F
TW1/2 e (126)

3xN+i

Using Eq. (126) in Eq. (122)

T
h~~~> 

= = (r
TWr)~~ rTw].1’2 z> e ~~~~~ (127)

where by Eq. (174) sec (5)
ahoB ato

e czo 2 = e 2 — e 2 (128)

and if t 0
0

e~~ = 1  (129)

The vector rT w112 a> is by Eq. (180) sec (5)

1 1 ... 1 1 1
rT — —N — (N—i) ... —2 —l 0 (130)

3x(N+l) 
N2 (N—l)2 ... 22 1

and the W1’2 matrix by Eq . (151) sec (5) is

1

~l/2 
o

o2~
2

= ~3/2 (131)
0

- 

0N/2

Note also that Eq. (125) by Eq. (181) sec (5) is

~~~ 1)n

rT = — c~~+l)nL (132)
3x(N+l ) 1 C

• 
~
k+l)n

2L

where 
- 

2

n — (0, 1, 2, 3 ... N) (133)

and L is the linear convolution matrix.
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(

Using Eq. (128) and Eq. (126) in the vector

i-i) n~ w~
”2 z (N~j~~

rTw
14’2 

~~~ 
— —~~~i) n1 

Le W1’2 z (134)

Lc w1’2 z (N3 
-

Thus ~
e
>i8 obtained by the products of Eq. (120) and Eq. (128) and Eq. (123). I i

The variance is given by Eq. (7) for scalar—matrix noise as

= T~ T*
T (135) L~~~

Using Eq. (126) and its transpose in Eq. (129) J
= T

h

’ (rTwr)~~ T~~ e~”’ °~ • (136)
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Section 12 UNCONSTRAINED UNWEIGIffED STATE ESTIMATION

This section relates the state estimation relations to the parameter estimation
relations of the previous sections.

By Eq. (13) sec (lc~

z(N+l> = F a(d> + v(N+1> = F 
~(d> 

+ 
~> 

(1)
(N+i)xd

By Eq. (13) sec (4)

x( t) 4(t) 1x 
= 
4(t)Vf a(c~ (2)

(d+i) 
4(t)Vf~~

’

For the class of fitting functions • with
•

• 

~~o) = (l, 0, 0 ...)=f~ (3)
- 

F We have by Eq. (2)

• X(o> = F (o)a(d> (4)

dxd

Solving for the parameters

a(d), F~~ (o) X(o) (
~ (5)

Poiynomials Back to Front

The discrete state transition is given by Eq. (160) sec (4)

where
t = t = t

b
with

t = t
b 
+ Nho

or 1
t’~~~Nho

hence Eq. (160) sec (4) becomes for the 3x3 case of polynomial functions

N 21J1 Nho 
2

— = 0 1 Nho (6)
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and the inverse by Eq. (164) sec (4) is
2 2N h o

1 —Nho 2
• ,—N = 0 0 —Nho (7)

0 0 1 - -

The discrete state transition matrix of Eq. (6) by Eq. (158) sec (4) yields

• x(N) (
~> X(o) 

~~ 
(8)

or 
x(o) (

~> = •~
N X(N ) (~ (9)

Using Eq. (9) in Eq. (5)

a(~> = F;’(~) •
—N x(N ) (~~> (10)

The measurements of Eq. (1) are
• 

z(o) [x(o~
z(l) x(l) v(l)

H 

(11)

z(N) x(N).
— ..i L i -

hence by Eq. (10)

x( o)
x( 1)

x (N+l>~ 
. = F = F F 1(o) G N x(N) (~~ (12)

• 
. (N+l)x3 (N+1)x3 3x3

x(N)
— I

which relates the states of the function at time corresponsing to N to the function
values at the (N+l) time points. Inverting Eq. (12)

x(N) (~~ = ~~ F (o) F* x (N+~~ (13)

3x(N+l)

The above relations will be investigated for the monomial polynomial base and
• the exponentially weighted polynomial base.

Consider first the 3x3 matrix of Eq. (10) by Eq. (7) and Eq. Q.Q sec (4)

466

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ •- •~~~~~~~
•• •- •

~~~• — = • •-~~
• •
-~ •



• • — •~~~~~ •- •~~~~~~~~~ • -- •
—-• - - - ••—•-—• • • - - -~~~~~~~~~~~—~~~~~~~~~~~ -~~~~~~

- -
~~ 

-•.

1 0 0 Il —Nho N 2h0/2
F
~~~

(o) ~••N 0 1 0 0 1 —Nho (14)
• 0 0 l/2 L0 o i

or 
~ . -Nho N 2h~ /2

F 1(o) ~~N = 0 1 —Nho (15)

0 0 1/2

Also the inverse of Eq. (15) is

1 Nho N2h~/2

F (o) - 0 1 Nho (16)

By Eq. (30) sec ( ) for  a forward cycling filter

T* = D 1(ho) T 1(8) N* (17)

For the special case of t=0 , the matrix product of Eq. (13) becomes

F (o)F* = T (o) D
_ l

(ho) (N TN) l N T (18)

The intermediate matrix product term of Eq. (18) is

2 21 -Nho Nho

D(ho) T~~(o) ~
—N 

= 0 ho .—Nh~ (19)
- • 

0 0

The matrix product term of Eq. (12) is for the forward cycling filter by
Eq. (14) sec (lD

F F 1(o) ~—N = ND(ho) F~~ (o) ~,—N (20)

By Eq. (16) sec (U) and Eq. (19)
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1 0 0 

- 

1 —Nho 
N2h~

1 1 1 0 ho —Nh~

1 2 22 o o

1 3 3
2

1 (N-i) (N-l)
2

1 N N2

1 —Nho N 2ho2 /2
1 — (N—l)ho (N—l)2ho2/2
1 —(N—2)ho (N—2)2ho2/2

• — 

. (21)

1 —ho ho
2/2

1 0 0 —

Note that Eq. (21) used in Eq. (12) relates the states at Nho time points ahead
to the function values. The normal Taylor series expansion is to relate the
function values to the initial states, tha t is for example

2
x(l)  = x(o) + ~(o)ho + (o)—~--

2 F
• x(2) = x(o) + ~ (o)zho + ~(o)~~~° ~

(22)

x(N) = x(o) + ,~(o)Nho +

or packaging

x(o) 1 0 0 fx(o)

x(l) 1 ho h2o/2 ( ~(o)
x(2 ) = 1 zho (zho ) 2/2: \~~(o) (23)

• . )

~~(N) 1 Nho (Nho ) 2 /2: 
•

The above matrix can be compared with the matrix of Eq. (21).

- 
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Observe that the state transition matrix for the polynomials yields

x (l) = • x(o> — 
1
4 

x(l~~
• 

• 

,c(2) 
]
~( x(2)> — 14 •

2 x(o>

x(N) = 14 x(N> = 
1~~ ~N x(o~)

or

x(o) 1
.4 ~o

x(l) 14 ~

x(2) 14 ~2 x(o
~> (24)

• 
x (N)~ ~~14

By Eq. (11) and Eq. (1)

x (N+> ..
~ 

F a (~~ (25)
(N+l)x3

and by Eq. (5) in Eq. (25)

x (N+> = F F 1(o) x( o) (~
, (26)

By Eq. (24) and Eq. (26)

[;~~~~o

-lF F
~~
(o) = . (27)

(N+l)x3

1~~~~N

we have also

x(N) ~~~ ~N (0) (~~~~ (28)

or

x(o) (~) 
— 1 Nx (N) 

~ 
(29)
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and using Eq. (29) in Eq. (24)

14 ~—N

14 ~—N +1

x (N+)1 ~ ~—N+ 2 x(N) ~~~~~~ (30)

l4~~0

which is the same as Eq. (12); hence, by Eq. (12) and Eq. (30)

14 ~—N

l~~ ~—N+l

F F~~ (o) ~—N 
= 14 ~,—N+2 (31)

(N+l)x3

Using Eq. (12) in Eq. (11)

z (N+l>. FF~~(o) ~
—N x(N ) ~~~~~~ + v (NI-> (32)

= FF~~(o) ~
—N 

~ (N N) (
~~~~ + 

~(N> 
(33)

where

~ (N ,N) 
~~~ 

= ~
NF (o)F* z (NI-> (34)

where cc(N,N) (~~~~ is the unweighted estimate of the states at t=Nho based
on using all of ~he first N+l measurements, or data up to time Nho.

The matrix product terms of Eq. (34) are given by Eq. (18) and by Eq. (1D

~
NF()F* = T (o)D~~ (ho) (N TN)~~ N

T
. (35)

By Eq. (10) we have

~ (N ,N) (
~
, = ~

NF ( )  ~ (3~ (36)

and

~ (N ,N) 4~ ~ 
pT(0)(~A)

T (37)
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and the variance matrix under a base change transforms via a congruent
transformation, that is

E(k(N,N)><ic(N,N)) .
~~

j (38)

= ,NF ( o)~~ FT(o)(,N)T (39)

By Eq. ( ) sec ( ) in Eq. (39)

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (40)
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Section 13 RECURSIVE PSUEDO INVERSE AND PROJECTORS

Given a matrix T of rank d < k , the psuedo inverse of T is given as

= (TTT)~~ T
T (1)

dxk dxd dxk

thus the computation of the p~uedo inverse can be obtained as the inverse of a
symmetric (Grammian) matrix T T. I~ we now have a new matrix (k + l)xd in size,
with T as a submatrix

kxd

T =

•

T (2)
(k+ 1)xd kxd

4t
k+1 - 

- 
-

the psuedo inverse is given as

* T - 1 TT = ~T T )  T (3)
dx(k+1) dxd dx(k+1) -

•

• where

TT =[TT, t~~~1 (4)
dx (k+1) 

L~
k k+rj

and the symetric Grammian is

T T  = T T + t  (d )(d\t (5)
d(k+1)d d(k)d

the previous Grammian plus a dyad.

The inverse of the new Grammian as a function of the inverse of the old Grammian
is given by Householder as 

k+1 -

(TTT)~~ = (TTT)~~ L I  -
‘

~~~~c~~~ (T
TT)~~ I (6)

• d(k+1)d d(k)d ~‘k1-1~~d(k)d J
1

k+1 d(k)d ‘ k+1

If we partition the new psuedo inverse of Eq. (3) as

* 
r..- ~ - ~. -‘

T = JT (k + 1), t ~4> (7)
dx(k+1) t~

1x1 k+1J

= r(TTT)
_ l 

T
T; (TTT)

_ l 
~ (8)

Id(k+ 1)d dxk d(k+1)d k+1J - •
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Us ing Eq. (6) in Eq. (8)
• 

T’ = [(T~ 
- (TTT) ~t 

~~ 4 t T*dx(k+l) ~dxk d(k)d k+ 1
• 

l÷4(TTT)_1>
k+r d(k)d k+1

• (TTT)
_ 1
t~~) 1

d(k )d  7k+1

- 
1 + ~~ (TTT) 1’

~
% (9)

k+1 d(k)d’ k+1~

Note that

T*~k + 1) = T* - (TTT)~~~~~~~T* • (10)
dxk dxk - k+1 dxk

/ T - ~~~• I +S~ (T T) t/
k+1 /k+1

and

t~~~) = (TTT)
_ 1
t~~~ (11)

k+1
1 +

- k+l ‘ k+l

If we consider T as d column vectors in k space , then the k x k matrix projector
kxd

onto the subspace spanned by the d vectors is

- 
TT 

~TT* (12)

kxk kxk

The Orthogona l compliment projector’ is

~ ~~= i - P  (13)
TT TT
kxk kxk

The expanded matrix is

(k+ 1)xd 
= (14)
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-J

and the expanded projector by Eq. (7) is .., 

-J

* 1 *  *x ~ I
TT = / T T (k+1) ,  t (d) I

(k+1)(k+1) kxd L dxk ~~ k+1J

(k+1
- 

* *~~~q. 
-

= TT (k+1) T t @7

kxk kxd “ k+1 (15)

t T* (k+ 1) ( ~~

‘

~~~~~
-

dxk k+ 1 ~k+1

The k x k submatrix of Eq. (15) is

T T*(k+1) = T[T * 
- (TTT)

_1
~~ (T

*

kxk kx d dxk d(k)d  dxk

or 

1

TT~
’(k+1) = TT - T

ST
t>~~~~~~~T 

( 16)
k(d)k kxk kxd k+l

1 +4  (TTT)
_ 1
~~

k+1 k+1

The other submatrices are by Eq. (11)

Tt”> = T(T
TT) 1

~~ ( 17)
• k+1 k+1

1 +~~~ (TTT) _l> 1-
k+1 k+1

— 

The inner—product of Eq. (15) is

= 
k
~~~~~~T

TT~~~~)~
+I (18)

1+4(T T)~~~)
k+1 ~ k+1

and the remaining term of Eq. (15) is I

= 
k+
~~~~T

’
~ ( 19)

1 +~~~~T
TT) 1t~

Using (16), (17), (18) and (19) in (15) 
* *T 

j
TT = TT - T  ~~~~~ T

(k+ 1)(k+1) kxk —
~~~

(20)

A

- • -  - • - • • - — - _ _ _ _ _ _ _
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= I +<t(T
TTy1

~~ (21)

Note that the commute of Eq. (20) is

T~ T = I = IT*(k+1) ,  1 [T i
(dxk+ 1)(k+ 1)xd dxd k+1J ~kxdj (22)

or
* .*- I-+ -•

I = T (k+1) T + t
’

,~~ 
(23)

dxk kxd k+1

(B) Recursive Psuedo Inverses of Full Rank Expanding Rectangular Matrices Times
Full Rank Square Weighting Matrix and Recursions on Their Projectors.

The matrix relations in this section are useful in weighted least squares.
Consider the product of a k x k full rank matrix P1 times the full rank matrix
T, or

M T = T M 
(24)

kxk kxd kxd

and

TN
T 

= TTHT (25)

The general ized inverse is

T~1
’ = (T

N
T TNY~ 

T
M
T (26)

dxh dxd

= (T T 
M
T Mi) 1 TT N

T (27 )
dx k

The k x k matrix orthogonal projector onto the space spanned by the columns of
Eq. (24) is

TMTM = MT (TTMTMTY I TTMT (28)

kxk

The expanded I matrix times the corresponding (k + 1) x (k + 1) M matrix is

= M 1 (29)
(k+1)xd (k+1)(k+1) (k+1)xd

with psuedo inverse

= (TT M
T MT) 1 TT MT (30)

dx(k+1) dx(k+1) (k+1) (k+1)xd dx(k+1)
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The expanded T matrix and its transpose is given in partitioned form in Eq. (2) 
•

and Eq. (4), hence it is convenient to partition M as

H = P1 (k+1 ) m~~~~
(k+1)(k+l) kxk k+1 (31)

k~ 1 (k+I)k+1

and the expanded Grammian is

MT(k+ 1) 1~~k÷ 1
kxk k+ 1

MTM = (32) 
-•

(k+1)(k+1) ~~m m m
k+1 (k+l)k+

~jL\ 
k+1

or 

= 

~~~~~~~~ 
>m (k+1)]

G(k+1) g k/
- I kxk k+1 (33)

G
(k+1)(k+1) ‘~Z~~g g

k+1 k+1, k-fl

Using (33) in square matrix inverse term of Eq. (30)

(TTG T) 1

dxk+1(k+1) (k+1)xd

=(IT
T
, t>~ 

‘G(k+l) g~S•~)~ I T ’-

L dxk J kxk / / kxd /
4 ~ ~ ~1~~ J 1 —‘1

= J T
TG(k+1) T +t>/~g T + TTg)4

<
t g 1

I d(k)d k+1 k+d (34)
L

The sums of the three dyads of Eq. (34) can be written ~s

~~4T+TTg)4+ t
’

$
~g

= [
~~~~~k

T:~~X~ 
t <gT 

= BCT (35)
— 

‘
~~t g  d(3)d
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where

dx3 
= It)~ T

I
g), t)) (36)

C = [TTg), t), t)g 1 (37)
dx3 k-fl , k-fl]

Equation (34) can be written as

(TT G 1) 1

d(k+1) (k-s-1)(k+1) (k+1)xd

= [TT G(k+1)I + s cT i~~
dxk kxk kxd dx3 3xd -

= (TTG(k +1)T) ~~ x
dxd

/ (38)
I - B [I + c

T (TTG(k-fl)T)~~ B]~~ c
T(TTG(k+1)T)~)dx3 3x3 3xd dxd dx3

Equation (38) comes from Householders inversion of modified matrices (ref.39)
which is

(A + ~~T) = A 1 
- A 1U (I + VTA

_ 1
UY 1VTA

_ l 
(39)

If we impose the constraint (inspired by knowledge of known properties when
applied to variance matrices) that the k x k submatrix cf the expanded Grammian
be equal to the previous Grammian , by Eq. (32)

G(k +1 ) = G = MT(k+l) M (k+1) + p (40)
kxk kxk kxk kxk

then we can obtain the expanded psuedo inverse as a function of the previous
one . Let r -

TM
’
~ 

= TM
* (k+1) ,  t *

dxk+1 dx(k) k-fl (41)

= (TTGT) l TTMT
d(k+l)d (k-fl) x (k-fl)

where

T
TMT = (TT, ~ ~~

T(k+l) (42)

= (TTHT(k+1) + t(d )4, T
T
P> + t>m )

dxk dxk dxl
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I
• The first submatrix of Eq. (41) by Eq. (42) and Eq. (34) is

• 

T *(k + 1) = ET
TGT + BCT]~~ LTTMT + t

’
)(m] f

dxk dxd (43)

T” (k+l)  = (TTGIY 1
~~~ - B[ I + CT(TTGT~~

1Br1CT(TTGT~~~~tT
TMT + t)<m)

= T~ + (T
TGT)~~ B[I + c

T(TTGT)
_ l
Br~c

TT

dxh (44)

+ (TTGTY l
~~ - B [I + CT(TTGTY1

B1~~C
T(TTGTY~J. t)<m (45)

The (k + l ) th  column vector of Eq. (41) is

t~~ ~
) = (TTGT) 1 [IT + t m]
>k+i d(k+l)d dxk 

-

= (TTGT)~~~I _  BE T + C
T(T lGT)

_1
BJ

-1
CI(TTGT)

_
~~ [TTP> + t)m] 

(46)

d(k)d  ‘— .

Equation (45) and (46) are quite messy . They can be simplified by assuming G - -

is diagonal which implies that N is an orthogonal matrix . They can be further
simplified by assuming that M is diagonal which is equivalent in the variance
applications to the uncorrelated assumptions .

The assumptions henceforth will be assumed.

~~)m 4 ~~ =~~cj~ =~> ,  (47)

and the matrix of Eq. (38) becomes

(TTGTY 1 
= [T TGT + g ~

_ l

d(k+l)d d(k)d k+1 , k-fl

and by the Householder inversion of Eq. (6) 
/

(TTGT) l 
= (TTGT) 1 [I - 

t> ~t(T
TGT)~~g]

l + g<t(T GT) i~

The transpose of Eq. (42) becomes

TTNT = E T TNT , m 1 (49) —
dxk+ l dxk ‘

, k-fl. 1+l J
• The expanded space psuedo inverse of Eq. (41) by Eq. (48) and (49) is

T (k+l) = T~ 
- (TTGT)

_ l
t> 
<
t T~ g

dxk dxk - (50)

1 + g<t (T TGTY 1
>

~
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F and the (k + 1)st column of Eq. (41) is

t*~~) = (TTGTY 1t~~~ g
~ 

~k+i k+l (51)

1 + g (t(TTGT) 1
t)

where

g m2 (52)

The expanded space (k + 1) x (k + 1) matrix projector for the diagonal constraints
above and using the transpose of Eq. (42)

I—
MT

! kxd
TM = k+1

(k+1)xd I m

is ~~~~~~~~~~~ I
TM T~ = r NT T~ (k+l ) ,

(k+1)xd dxk+1 kxd k-fl

k+1
m ’  t~

I ~-

= MTT~ (k+1) MTt ” 
~)

• kxd dxk “k-fl
I * - *• m < t  T~~~~ U m~~ t t

~>k+1
L —

The f i r s t  submatrix of Eq. (54) is by (50)

MTT~ (k÷ l)  = MTT~ - MT(T TGTY 1t t T~g

1 + g < t (T TGT)~~~~ (55)

= T~T~ 
- 

*T) 
(
‘
t T~g

k(d)h
I + g ( t(TTGT) it>

The first row second column vector of Eq. (54) is
• MTtN > MTE (T

TGT) l
t> 4g

1 + g .~~ t(TTGT)
_

~~t>

* 
(56)

T Tt> ~/gkxd
1+  g
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I

j
and due to the symmetry of the projector of (54)

m -(’t T~(k+1) J~~<t T* (57)
• z~g dxk - -

• The second row , second column element of Eq. (54) is

m (’tt~~ = g <t (T
TGT)

_ l
t>

I + g <t(T
TGT)~~t> •

(58)
= ~g - l

• where

~g = 1 + g<t (T
TGT~~~t > 1 -

Thus the expanded space projector in terms of the previous projector is -

.L.
m m ”
‘M~M

(k+l)(k-i~l)
r 

TNT~ 
- T~

Tt 
> <t 

T~g T~
Tt ) i/g 

- -

kxk i~g
(60)

( - .
II Recursive Psuedo Inverse of Fixed Size Rectangular Matrices Generated by
Shif t ing all Rows Up, the First Row Out and Adding a New Last Row, and Recursion
on Corresponding Projectors.

This section considers a two index sequence of vectors in d space

t (i+n) (61) i -

where i is an open ended running index and n runs from 0 to N, then i goes to
i+l , etc. The open ended string of vectors are

(Zt(i+o

N + l  . / N + l  
- 

—

Vectors / . 
~
. Vector s• (~~t(i+N) - •

?‘~ t(i+N-f 1,.~ t(i+N+2)

Z.t(i+2N)
480
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• - We want to psuedo invert the (N + 1) x d matrices (full rank assumptions for
simplic ity) .

T(i) =‘ <t(i+o) ‘1
(N+1)xd : (62)

<t(i-fN)

and the succeeding fixed size rectangular matrix of the same size and rank d,
defined as

!
(t(i+i)

T(i+1) = . ( 6 3 )

(N+1)xd 
• 

.

( t( i+N)
E (t ( i +N + l)  j  H

Parti t ion T( i )  as H
• T( i) = <t(i+o) (64)

[ N X ~~~ J
and

T( i+1) = / T1~ (65)
1’~ Nxd

• 
~ ~~t(i+N+l) )
‘I /

where the vectors in the intersection of the two sequences is designated In.

The psuedo inverse of Eq. (62) is

T
* ( i)  = [1T(.) 1(1)1

11T (66)
dxN+1 d(N+1)d  dxN+ 1

The rank d assumption implies that

N + 1 ~~~d (67)

The inverse of the symmetric matrix is

~1T(j) T(i)~~
1 

= [t) ° 
<t + T

T
T ~~o n f l  (68 )

= (TTT)~~ I - t)o0(
’
t(T~TY ’

I + ~~t(Tn1’n~ 
t)

wher e

(t = <t(i-fo) (69)
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The psuedo inverse of (66) is

T*(i) = ET
T( i )T( i)]~~ Et) , T~1 (70)

dxn 
0 fl

= (t~
’(i)) , T*(i))

dxci

The first column vector of Eq. (10) by Eq. (68) is

T
’
(i) ) (T

TT ) ~~~~t) (71)

1 + (~ 
(T T

~~~~
t
~

The second matrix of Eq. (70) is

T*(i) = T~ - (T~T ) 1t~0 (t T~ 
(72)

dxN dxN
• 1 + (~. (TTT )~~~~t”>0% f i n  f O

where

T~ = (TTT)
_ 1
TT (73)

dxn

The generalized inverse by Eq. (71) and Eq. (72) in Eq. (70) yields

T* (i) = ~(TTT ) l
t> , T” - (T~~T ) ~~~~ t)0

0

(t T~ - 
(74)

dxN+l L—

• 0 0

where

= 1 ÷~~~ t(T~T~ Y
1
t> 

‘
•

- (75)

The projector onto the space of T(i) is

1(i) T~
’(i) = [~~ [(T

TT )
~

l
t> 

, T~ - (1
T1 ) 1

t>(t T~
] 

• 

-

(N-fl)(N+1) 
T 

—

- 

~ t T~ 

- 
(76) 

-

_ _ _  

T T ~ T*Tt>o~~~ T~ J ‘ 
_
‘
\ _ _ • _

,_

~

The psuedo inverse of T(i + I) is 
•

T*(i+l) = [T
T(i+1) 1(1÷1)1

_i 
1
T(j 1) (77)

dx(N+1) dxd dxN+1
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The Grammian is

TT ( + l )  T( i+ 1)  = ITT + >

N+~ 
(78)

N+ I

where

N+ 1

~~~

‘
= ~~

‘
(j+N+1) (79)

By the Householder inversion relation

N+ I
[TT(I+l) T(i+1~~~ = (TTT ) ~~ [I - t)<’t (T

TT~.)~~ ] (80)

where

= 1 + 

N~~~~~~~~~~ N+l 
(81)

and

TT(i+l ) = [TT;t) 
~~~ 

(82)

I (i+1) [T (1+1); t ) J (83)
dx(N+1) dxN ‘14+1

Using Eq. (80) and Eq. (82) in Eq. (77) the first matrix of Eq. (83) is

* * T 1~~~ N+~1 *T (i-fl) = T - (T T ) t) <t T (84)

dxN N+1

the (N + 1)st vector of Eq. (83) is

t>N+ l = (TTT) 1> N+l (85)

~N+ I

The generalized inverse by (84) and (85) in (83) yields

* * T 1\ N+) * T -i~~~T (1+1) = (T - (T I ) t) \t I , (T I ) t) 1 (86)n n n  4i+1 ‘~ ~~~ ‘NI-Idx (N+l) 
i~N+1 

- 

M~+1

and the projector onto the space of T(i. + I)  is
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T(i+1) T*(i+1) = JT \ ~~~
*
(j+I) ~> I

(N-fl) (N+1) / N+1
(<t
IN÷l

—~ (87)

~T 
N~-f1~~ •. *1

= T I ’ _ T ”
t) çtl I t)n n  ~ N-fl ~ N-flNxN AN+ 1

(
‘
t T’ i~N+l - 1

ci 
_ _ _+1 i~.N+ 1 ~N-f- l

Equation (86) and (87) obtained the psuedo inverse of the updated matrix and the
projector as a function of the corresponding matrices in the intersection. An
Alternate derivation could be obtained using the shift up and out matrix of
Eq. (5) Sec. (6) or

1

S~0 
T( i) = <

‘t (i-l-l) = T~ (88)
(N+1)(N+1)xd . 

- 
I

(t~~ +N) <0!

and

T( i+ 1) = S T ( i) -fe
~
) 

~~~~ t (89)

(N+1)xd (N+1)xd N-fl

An extension of Householder s inversion lemma to the psuedo inverse of rectangular
matrices plus a dyad would yield a direct result , however this route will not
be pursued at this point . The psuedo inverse of Eq. (89) is

N-s-i
• T”(i-f-l) = [TT( )  S~ S T(i)+~~ (t]~~I

T(i) 5T (90)
dx(N+1) dxd N-fl d(N+1)

where

ST S =1 I (91)uo uo I f

1
NxN

0
(N+l)(N+1)

A less powerful approach can be used; let

or 

(N+1)xd 
= 
(N+1)xd 

+ ~~ N>~~~~

’
t (92)
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( )  = T( i ) + 
~~~~~~~~~~~~~~~~~~~~ ~

T(i+1) = T ( i )  + E F — (94)
(N+l)xd (N+1)xd (N+1)x2xd

where

(1 , 0, 0 . . .)

* * * * * *I (i+i ) = I ( i ) - T ( i ) E(I  + FT E) FT (i)
dx(N+1) dx ’N+l)

Equation (95) is the rectangular analog of Eq. (39).

T (i+1) = 1 (i) - 1 (i) E (I + FI (i)E) F T*( i ) (95)
dx(N+1) dx(N+I) 2x2 2xd

T(i+1) T~ ( i+1 ) = (T( i ) EF) T*(i) ~I - E[I  + FT*E] *FTI
(NI-l)(N-s-l)

* *  -, (96)
= T(i) T (i) -~I 

- EEl + FT” ( i )E ]  FT ( i) S-

+ EFT*(i) .~I 
- ElI + FT*E] *FT*(i)}

Discrete Transition Matrix of Moving Fixed Span for Polynomial Functions

When the row vectors of the I matrix are polynomials as considered in this
paper , then the updated fixed size matrix becomes very simp le in structure .
Th e three cases of interest a re:

t(i , n) n = 0, 1 , 2, . . .N
t(k, m) m = -N , . . .-1 , 0, 1, . . .M
t(l , y) y = 0, 1 , 1 , . . .N

and the po lynomia l basis by Eq. (38), Eq. (41) and Eq. (43) Section (5) are

(t(i , n) = ~‘ t ( i , n) T
~(~

) D(h o) (97)
t t (k , m) = .,~t(k, m) T

~(~
) D(h o) (98)

ft(l, y) = (r ( l , y) I
~(~

) D(h o) (99)

The non-dimensional quantities are

<t ( i , n) = ~
‘n I

~
(i) (100)

~~t(k, m) = (rn T~ (k) (101)
,/t(l , y) = <~ I~ (l) ( 102)

where

2 3 d— 1
( n ( 0 , n , n , n , . . .n )

m = (1 , + m , m
2
, + m3, . . . ( +  m)~~~~ 

(103)

= (1 , .. •~~ ~2 _
~~

3
, . . (..~)d l

)
485

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- ~~~~~~~~~~~~~~~~~~~~ — — —~~~— ——-—~~~~~ ‘—-—— ~~~~~~~~~~~~~~~~ ‘---—----- —~~~ ---—- - —--~~~~~‘ —~~~-‘ —- ---~~ —- -

- j
If we pack the N + 1 row vector of Eq. (97) into a column as the index n varies

o<
.
n

1(i) = 1/ n T
~

(i) Tu(~) D(ho) (104)
• (N+l)xd \ .

N /n 
- -

or by Eq. (123) Set~. (5).

T( i) = N T
~

(i) T ( ~) D(ho) (105)

(N-f1)xd (N+l)xd

where [ ~~

-

~ ~~~~~~~~~~~~~~~~ :

1 1 . . . 1

2 d- 1’
N =  1 2 2 2 . (106)

(N+l)xd 
2 d-1 -

1 3 3 3

2 d-l1 N N N 
- 

N ,’

(N+1)xd j
The psuedo inverse of Eq. (105 ) with full rank factor  is

T*(i) = D 1(ho) T 1(~ ) T 1( i) N* (107)

dx(NI-i) dxN+l

The square matrix inverses are given by Eq. (164) Section (4).

The rectangular matrix psuedo inverse of Eq. (107) is

N = (N TNY 1NT 
(108)

dx(N+l) dxd dx(N+1)

The Grammian NTN is given by Eq. (60) Section 5 in terms of the sums of the
power of the natural number. The inverse for a 3x3 matrix is given by Eq.
(224) Section (5) as

3N2 + 3 N + 2  -(l2N +6) 10

(NTNY 1 
= g -(12N 4- 6) 4(2N + 1)(8N-3) -60 (109)
° N(N+1) N-i

10 -60 60

[ 

N-i N(N+ 1)

g = 3 (110)
° (N-fl)(Nf2)(N+3)
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and

• 3xN+1 
~2 

N j =  [n)
~~~~~~~ ~ ~~~N J (ill)

• N = In n 
1 n 

‘

~
)N~ 

(112)
3x(N +1 ) 1 ~ 

17’

3N21-3N-f 2 -(12N÷6) 10 
] 

~~~~~ ~ . . . ~

= g —(1214+6) 4i2N-fi)(8N—3) -60 1 ’ 0 1 2 3 . . . N (113)
N(N+1) N-1~

10 -60 60 1 0 1 22 32

N-i N(N+iü

= g
0 L(N

TN ) m
n>o, (NTN)

_ l
n> 1’ (N TNY~ n>2 . . . (NTN)~ 2n)14i (114)

= g
0 

(NTN)
_ l
) ln ~~~~~

’
>~~, ~~~~~~ . (115)

The time point at indices i and n is

t(i , n) = ‘
~~O 

+ (i+n)l ho (116)

where

= to/ho (117)

and the powers

<
‘ t(i, n) = <n T (i) T~(~) D(ho) (118)

The time point at i + 1 and n is

• 
t (i+1 , n) = [13

0 
+ (i+1+n)Jho (119)

and the powers by Eq. (154) appendix (A)

(t(i+1 , n) = (
‘
n T (i)  T

~~
(i) T

u(13) D(ho) (120)

using the commutative property

T (1) T ( ~ ) = T
~
(13) T

~
(I) (121)

we have

< 
t (i+1 , n) = <n 1 (1) 1 (~~~) D(ho) D~~(ho) T (1) D(ho) -

U U U ( 122)

~ 
t(i+l, n) < t(i , n) 

~~~~~~~~ 
i) 

-
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where

i) = D~~ (bo ) I
u(1) D(hO) (123)

dxd

• Packaging the row vector of Eq. (118) in a column

T( i) = N T ( i) T
~
(13) D(ho) (124)

(N+1 )xd (N+l)xd

and packaging Eq. (122)

T(i-fl) = T(i) 4’
1

( i+l , i) (125)
(N+ 1)xd (N+ 1)xd dxd

and

T
* (i+l) ~~~(i+1 , i) T*(i) (126)

dx(N+1) dx~ dx(N+ 1)

Thus the transition matrix has inverse.

= D~~ (ho) f 1(i) D(h o) ( 127)

The new projector is

T(i-fl) T*(i+1) = T(i) T*( i) NN* (128)
(N+i)xd dx(N+l) (N+1)(N+1)

It is interesting to verify these results with some s imple examp les. Consider
a second degree polynomial with N = 3, or

d = 3

N+1 = 4

and for simplicity let 13 = ho = I than

/
°(n
\

T(i) =N I (i) = ‘<‘n T (i) (129) • I -

2
<
~
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• or
- • - - r 1 1

• E ( i -.- l) ° , (1+1), (i-s-i)2] 1 0 0

1(i) = [(i+1)°, (i-s-i), (i-fl) 2] = I 1 1 0 1 2i• 4x3
[(i+2)°, (1+2) ,  (i+2) 2] 1 2 22 0 0[ [(i+3)°, (i+3), (i+3) 2] 

- 

3 32 

L 
0 0

1
= 1 i-fl 

•2 .f2
i +l (130)

1 i+2 j21-4j+4 1
1 i-3 i2-f6i+4

at time point i + 1 
— —

- 
• . - 44-1.s-O) r~ (~~°)1- T(i+1) = ~i+i+i) I (i) = I < (i-fl) T (iI-l) = N T~~(i)T (l) (131)

<(i+l+2) 
U -( (i+2)

- < (1+1+3) 
-- 

L -~ ( i-s-3)
- 

J i  o o 1 i .2~ ~~i 1 1

1 1 0 1 2i 0 1 2

1 2 22 o o i J o o

1 3 32 
-

0 0 
j 

1 1+i 1+2i+i2

1 1 1 0 1 2(i+1)

• 
— 

, 1 2 22~~ 0 0 1

3 32 i  

-
• I 1+1 I+2i+i

I i+2 i2+4i+4
= 

1 i-f3 12+6i+9

I i+4 i2+8i+16
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I
(i+1)° (1+1) (i+1)2

(i+2)° (i+2) (i+2)2 
-

. J
= 

0 2 (132)
(is-3) (i+3) (1+3)

-

• 
(i+4) ° (1+4) (~~~~4) 2 - -

Midpoint of Span

This section considers the I matrix when the indices are referenced to the time
point k at the center of the span and the index in running + about k. By Eq.
(35 , 41) Section (5)

<t(k,m) = (in T~(k) T (13) D(ho) (133) - 

1
and advancing k by one point

<t(k+I, in) = <‘In T
~
(k) 1(1) T

~
(p) D(ho) (134)

By Figure (1) Section (1) we see the time points are related

/ t(i+0) \ t(k-m)
t(i+1) (
(t(i+~j) = j t(k-s-0) (135)

• 
2

• : 
~ 

\ : 
)

t(i+N) / \ t(k-s-m)f
/ /

and

(t(i+0)~ /(t(k-n) ~

(t(i+1) (t(k-M-I-1)

:
. • ( 1 3 6 )

(t(i-s-N) <t(k+0)

or 

(t(i+N) ~~(t k÷M)
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T(i) — 1(k)
(N+l)xd (N+l)xd

The time point is

t(k,ni) — + (k ± mflho (137)

and at k+l

t (k+1), m) = [8 + (k+l +a)]ho (138)

where by Eq. (66) Section (5)

• ~
— 1 —M M2 —tn~ . . . (_M)d l  

-

1 — (M—1) (M—1)
2

(N+ 1)xd 

-

~~~ 

-

~~~ 

(139)

i M H2 M~~~

By Equations (35) and (43) Section (5)

<~(k+l , in) = <,~
n 1 (k) T (l) T (8) D(ho) (140)

and packagewise

T(k+1) = M T (k) T (l) 1 (8) D(ho) (141)

(N+1)xd (N+1)xd

and also for Eq. (133) the matrix is

T(k) = 14 1 (k) T (B) D(ho) (142)

(N+l)xd

As before commuting in Eq. (140)

1 (k) 1 (1) = 1 (1) T (k) (143)

we obtain

T(k+1) = 1(k) •~
(k+l, k) (144)
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where the transition matrix is

k) = D 1(ho) 1 (1) D(ho) = i) ( 145)

-

• 

• 

and the psuedo inverse is

-1 * (146)
T(k+1) — T (k) —

• By Eq. (142) -

T~
’(k) = D 1(h o) T

~~
(13) T~

1 (k) H* (147)

And the psuedo inverse of the rectangular matrix M is

* T - iT (148) -

Ii =(H M) M
d(N+1) dxd - 

-

The Grammian (MTM) is given by Eq. ( 119) and the inverse by Eq. (120) Section (5). -

The projectors are

T” (k-l-1) T(k+l) = T*(k) 1(k) = I (149)
dxd dxd dxd

and

*T(k-t-l) I’(k+1) 1(k) 1 (k) = MM” (150)
(14+1) (N-Fl) (N-fl) (14+1) (N+1)(N+l)

Front of Span

• 
- 

- This section considers the T matrix when the indices are referenced to the time —

-
• 

- point £ at the front or leading point of the span and the index y runs from -

0 to N. By Eq. (99) 
-

= < T~(~) 1 (13) D(ho) (151)

and advancing 2. by one time point

1 , y) = <‘
~ 1 (2.) 1 (13) T (l) D(ho) (152)

where by Eq. (44) Sec. (5)

= (1, ~~~~~ ~2 -y3, . . . )  (153) .1 -
A vector with alternating signs. •

The matrix of N-fl yector~ o~ Eq, (151) is .=
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T(g) = I T (z) T
~
(13) D(ho) (154)

(N+1)xd (N+1)(d)

and adv ancing the fron t point 
~ 

by 1

1(9.-s-i) = 1 1 (i.) T (13) T (1) D(ho) (155)
(N+i )xd U U U

or in terms of the transition matrix

T(~+1) = T(2.) 2.) (156)

where as for the two previous cases the transition matrix is

2.) = D 1(ho) 1 (1) D(ho) (157)

and for example for a 4 x 4 matrix one can obtain similar results to equation
(131).

; t ;

• 493 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ • •~~ • • • ._ • ~~ • ••-~~•~~~~ ~
. -~~~~~~ • - ~~~~~~~~~~~~~~~



— — — -~~~~~~~ .-

SECTION 14

Recursive—Unconstrained—Unweighted Parameter Estimation

This section considers the infinite memory case as opposed to the fixed memory
or recursive fixed span cases considered later. From Eq. (13) sec (10) - -

- 

kxd 
a> + V>

j 
- Fa>~ + (1)

with estimate of the parameters given by Eq. (33) sec (10) -

a>
1 

— F* (FTF)~~ F
T
z>1 

(2)

Assume now that another measurement is available z(k+1) such that the vector of
measurements becomes 

- -

• 
(z(~~ \

111z(k+) (3)

~~z (k-I-i)
)

where

a (k+1) = (k+j.) a~ + v (k+1) (4)
• 

- 4 (k+1) a (k+1~~ + ~ (k+1)

we now seek a new parameter vector a(k+1)> determined by all of the data points
of Eq. (3) and such that

~z( 1) <f ( i )
Z2 : a (k+i)> + 

~ 
(k+1> (5)

Zk÷l ~~~ (k+l)

Since this is the unweighted case the sequence j will be omitted as a subscript
quite often . Eq. (5) is

a> = F a(k+1)) + ~(k+1j~ (6)
(k+1)xd

Multiply Eq. (6) on the lef t by

= (FTF) ’~ FT (7)
dx(k+1) d(k+1)d dx(k+1)

The psuedo—inverse is given by sec (B) Eq. (9) as f
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- -

- - 1 —1 f
”
)<
’f F*

— F* _ (F F) ‘ 8
dx (k+1) 1+ 4 (F F)

-

• (FTF) 1 f)

1+ 4 (F
TF)~~ ~>

By Eq. (6) and Eq. (7)

a (k+i)> F* s) (9)
dx(k+1)

which in partitioned form becomes by Eq. (3) and Eq. (8)

a(k+i~~ F* 
(FTF)

_l 
~~~ F* a (~~~~ (10)

i+4  (F F)

+ 
(FTP)~~ 1> z(k+1)

• 1+ c~ (F
TF)~~ f

~>

By Eq. (2)

F* 
~ (k> 

= a (~~~~ , (11)

but the predicted value cf the measurement at k+i based on the parameter at k is

~ (k+l , k) = (k+1) a (~~~~ (12)

Using Eq. (12) in Eq. (10) wIth Eq. (2)

a (k+1~~ = a (k)~ + w (k-4-1~~ ~ (k-s-i, k) (13)

with

~ (k+l , k) = z (k-s-i) — ~ (k+1 , k) (14)

and the weight vector is

-

• w(k+1~~~ — 
(FTP)~~ f(k+1)> (15)
1+ <f(k+1) (F F) f (k+~~’

when F is the matrix for the discrete polynomial fitting functions from
Eq. (124) sec (13)

F — N T
Bho (16)

kxd kxd dxd

and
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— Tiho 14* 
(17)

dxk .~~~

with

(N~N)~~ N
T (18)

where for the second degree polynomial

T 
l i i i  i... i

N = I 0 1 2
2 ~2” 

k (19)
3x(k+i) L0 1 2 3 . . .  k2

and for the next time point

1 1 ... 1 1

NT I 0 1 2 ... k k+1 I (20)
3x(k+2) Lo 1 22 ... k2 (~ f1) 2j

• The Grammian of Eq. (16)

TTBhQ (NTN) T
8ho 

(21)

d(k+l)d

and

• (FTF)~~ = TI (NTN)~~ T~~ (22)

also

f(k+l) (d> = T
8h0 
(k-s-i) (d> (23)

and by Eq. (23) and Eq. (22)

(FTP)~~ f(k+l)> = T~~ (NTN) l NT (k+l~~ (24)

The inner—product term in the denomonator of Eq. (15) can be written as

<f(k+l) (F
TF)~~ f(k+l)> = <(k+1) (N

TN)~~ (k+l)> (25)

By Eq. (395) sec (1)

(NTN)~~ = B
g
M~~Bg

T (26)

and in terms of the notation change

(NTNY~ — B
g(k) M;~ 

B
g
T(k) (27) -

~~~~
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rw
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ where

1 1 1

Bg
(k)~~ 0 —

~~~~~ ~~~~~~~~~~~~

0 0 6
k (k-i)

and

, 1
k+1

-1 3k
Mgg ~ (k+1) (k+2)

5k(k—1)
?J~+3) (k+2) (kl-1:

The inner product of Eq. (25) can be computed a~

< (k+l) (N
T
NY~ (k+l

~> 
- 4k+1) B

8M;~ 
B~

we note also that. [i, k+l, (k+1) 2J —~j

with

Ii 1 i
• T (i)~~ 0 1 2

Lo 0 1

hence

4k+1) (N
TN)~~ (k+l)> <~ T )l)  (NTN)

_

By tedious attention to detail one can show

~~ k+i) (NTN)~~ (k+l>a

go [2N
2 

+ 
N(N—1) 

(61N3 — 103N2 — 15014 — 4

The weighting vector of Eq. (15) can easily be
polynomial cases over the infinite span for exp
polynomials are orthogonal over a finite discre
for fixed span filters.
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Section 15 RECURSIVE UNCONSTRAINED UNWEIGHTED STATE ESTIMATION

By Eq. (32) and Eq. (33) of section (12)

z (N+1> = F x(N) (
~> + v (N+l> (1)

= F x(N , N) ~~~ + ~~(N , N) (N+~~~ (2)

where by Eq. (34)

;(N, N) (3>
~ 

= F* z (N+~~ (3)

and

F = FF 1(O) ,—N (4)

and

F*~ 
= ~N F (O) F* (5)

Consider an additional measurement

j
z(O) z (N+~l
z(1) . (6)

z(N)~~
z(N+1)i z(N+l)

with

z(N+l) = x(N+l) + v(N+1) (7) J
and

x(N+l) = 

~4 x(N+1) (~~ (8)

also

x(N+l) ()~ = ~ x(N) (~~ (9)

or

= ~ x(N+1) (~~ (10)

Using Eq. (1) and Eq. (12) sec GIZ)
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FF~~~(O) •
—N •~ x(N+l) (~~ (11’

— F~~~~
’ x(N+1) (

~> (12)

x (N+’~~ — FF~~~ (0) (~~1) x(N+1) (
~)~ 

(13)

By Eq. (12) in Eq. (6)

z (N4
~)~1 FF~~~(0) •

.-(N+1) x (N+l) (
~~‘~ 1

— + v ( N + 2  (14)
z (N4 1d 4 e x(N+l) (~::‘~

= FF
v~
1(O) ~~

(N+1) x(N+l) ~

‘

~~~
+ v (N+2 (15)

or

Z (N+~~’7F 4~
_ 1~S

\ 
x(N+l) 

~~>S 
+ v (1

~-2> 
(16)

~ 1

The estimate equation is

z (N+~~~=(F~~ 
~
‘
\ 

x (N+1, N+1) (
~> + ~ (N+~~ (17)

~‘4e I
z (N+2~~ FZE  

x (N+1, N+1) (
~> + ~ (N+2> (18)

where

—1 (in’F = / F ~zxE ( zx

The psuedo—inverse of Eq. (19) is given by Eq. (9) sec (13) as

I (~
_T
F
T F $

_1
)
_1 

~~~~~~ ~F*
* I * 

ZX ZX L’~ ZX (20)F E ZX 
— 

1 + j~ ~ (FT F ) ~~~
T

~>l

~(FT F~~ )~~ ,
T e ,

~~~
1 +4) e~~(FT

~ F ) •••1 
~

T
e (3>
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The unweighted estimate of the states based upon N+1 measurements is by Eq. (20)
in Eq. (18)

~ (N+l, N+1) (~~ = F* E z(N+2> (21)

or

(,(FT F )
_1~ T e(

~
)’<e ~F* \ z (N+ 1

x (N+1, N+1) (
~> = ~F* _ \ ~~~~ zx ~-1 zx / (22)

S zx 
4~ (FT F )

_l 
,T e>1

+ 
~~FT F )

_ 1 ~T 
~~~~~ z (N+1)

1. + ~~~~ (FT F ) ~~ ~T 
e>,

The first term on the right hand side of Eq. (22) is by Eq. (3)

z (N+~) ;(N, N) 
~~~~~~ (23) ]

The scalar element in the second term of Eq. (22) is

e ~F* z (N+l) = ¼ e  ~~ (N , N) 3~~~
, (24)

= e ~ (N+1, N) 
~~~~~~ (25)

= ~ (N+1 , N) (26)

where

~‘x (N, N) (~~ = ~ (N-f-i , N) (~~ (27)

is the predicted value of the state estimates at time N+1, based on N measure—
ments. The position level term is the first coordinate of the state vector, H
that is

,~ (N-I-i, N) = Ke ~ (N+l, N) (j> = (1, 0 , 0) (N+1, N) ”
\ 

(28)

* (N+l, N) )
\ (N+l, N)/

Since the matrix relating the predicted measurement to the predicted state is

~ (N+1, N) = ¼~) e ~ (N+1, N) (
~) = ,~ (N+l , N) (29) j

we have using Eq. (29) in Eq. (23) and Eq. (27) in Eq. (23)

x (N+l , N+l) 
~~~~~~ 

= x (N+l , N) (
‘

~~~ + w (N+l) () ~ (N+l , N) (30)

5Q0

~~~~~~~~z~
__ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -
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where

z (N+l , N) = z (N+l) — z (N+l , N) (31)

and the weighting vector is

T — i T  N.
— 

$ ( F F )  ‘
~ e (

~‘~ (32)
1+ e ~( F F )  e~~

One can proceed to get an update on the w vector for the next measurement as
well as an update on (FT Fzx)4  etc. One must also obtain the variance of the
predicted states as we1~ as of the corrected estimate of the states.

These relations are derived under the discrete Kalman filter.
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Section 16 UNWEIGHTED RECURSIVE ESTIMATION OVER FIXED SPAN.

Cons ider a polynomial signal

x(t) = tta
~~~

+ (ta 
~~ 

(1)

where

= (1 , t , t2 . . . t’1~~~) (2)

• and

= (t
d
, t

d
~~ . . . ( 3 )

where a is finite or infinite. One can approximate x(t) as

x(t) = x(t) + ~ (t) (4)

where

x(t) ~~ta~~~ (5)

The discreet vector (for N+1) points representation of x(t) is given by
Eq. (124) Section (5) as

x(i+o) c~~(i+O)

x(i+l) = a(i,w ~~~~~~~ = T( i) a( i,w> (6)
w x d

{ x(i+N) 4 i+N)

In this section recursive relations over a fixed span of size N+l = w will
be developed . For a given time point i, the index n will run from 0 ~o N ,

• then i will advance to i+1 and n will repeat.

One can express this relation matrix-wise as (the hat symbols over the x are
ommitted thus Eq. (14)

- 

x(i+O)
x(i+1)
x(i+2) = x(i) (~~~ (7)

x(i+N)

(N+1)xl
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and for the next set of data

x(i+1+0) x(i+1)

= 
~ 

(

~~~÷2) ) = S
~0
x(1) + 

eØ 
x(i+N+1) (8)

x(i+1+N) x(i+N+1)

where the shift-up and out matrix

/0 1 0 . . 0 \
t o  o i . . . . o \

s = I I (9)
uo \ o  o i

\o o o
and

N+1 e = (0 , 0 . . . 1) (10)

Also for a span indexed with respect to a midpoint we have

x(k -M ) J 1 0 1 x( i+O)  1
x(k—M+1) 0 1 x(i+1)

x(k-1) = x(i+N) (11)
x (k+0)
x i~k+1) 0

- 0 1~
x(i+N)

x ( k + 9 )

and ~!~~incing k by one point

x(k+1-M) x (k-N)

x(k+1+O) = S x(k+0) + e  wp x(k+1+M) (12)
UO x(k+1)

x(k +1+M) x (k +M)
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and likewise the connection between a midpoint span and a front point span is

x(k -M) r x (y-N)
x(k-M+1) x(y-N+1)

(13)
x(k+O) x (y-M)

~~~~~ 1

x(k+M) x(y-O)

and advancing the span

x(y+1-N)

= S x(y)
> 

+ e~~~~x(y÷1) (14)

x(y-O)
x(y+1)

The following time relations will be used

<t(i,n) = 4(i,n) T
~
(
~

) D(ho)

4(k,m) = 4(k,m) T(~ ) D(ho) (15)

‘~~(l ,y) = 4(l,y) T
~
(
~

) D(ho)

and H

~~(i,n) = ~ T (i) :~

4(k,m) = 
4T ~

(h) (16)

4(l,y) = ‘Z~~ T1~(l) 1:

and

2 3 d-1)

(rn = (1, +m , m
2
, +m

3 
. . . )  ( 17)

= (1, -y ~,2 _~,3 - - : 1
If we package the N+1 measurements as a function of i , we have

/z(i+O)

/ z(i+1) >.~ ~
.. .

~= z(i) = T(i) a(i; wp~> + z(i , wp~> (18)
I (N+1)xd
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or as a function of k

(z(
~~
M)) 

(N+1)xd 
wp> + ~(k , wp> (19)

z (k+M)

and as a function of the span front index.

z(i) 1(Q) a(i; wp)> + ~(.Q; wp~~ (20)
>‘ (N+1)xd

if we advance the span one point Eq. (18) becomes

/z(i+1)
I z(i+1)

= T(i+1) a(i+1 ; wp~) + z(i+1)
> 

(21)

z(i+N+ 1)

and similarly for Eq. (19) and Eq. (20) ,

z ( i+ 1)  = S z(i> + e ~~~~z(i+N+1) (22)

and by Eq. (89) Section (13)

T(i+1) = S T(i) + e ~~~~~~~i+N+1) = /t(i+1) \ (23)

(N+l)xd (N+1)x(N+1) N+1 t(i+2)

t (i+N+ 1)

The unweighted so lu t ions  to Equations (18 , 19 , 20) requires computing the
psuedo inverses

T ( i)  = (1T ( i )  1(i)) 11T ( i )  (24)
dx(N+1) d(N+1)d

* *and s imilar  for  T (k) , and I (~~~).

The update solution of Eq. (21) requires

T* ( i+ l )  = [TT(i+1) T(i~f1)] lTT( i÷l )  (25 )

These relations have been derived in Section (13).

Partitioning the measurement vector

z( i )~~~~ (:~~~0)) = 

(:~) (26)
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then

(:~) = 

(
~~
:) 

a(i)~~ + z(i> (27)

and the psuedo inverse of the partitioned matrix by Eq. (7 1 - 72) Section (13)
yields

= (TTT )
_ l
t> z + 1T - (T

TT ) l
~~

I< T*] ~~~~ (28)

advancing the time point to 1+1

(z~~~ 
‘
~ = (z~~~ \ 

= 
~
/ T \ a( i+1~~ + 

~
(i+1)> (29)

\z(i+N+1 J ~\
Z
N+1) ~~~ )N+ 1

and using the psuedo inverse relations of Eq. (84 - 85) Section (13)

a(i+1)~~~ = IT” - (TTTY
~~~~N÷l4 

T
”

J + (TT
T)

_ i
t > N l  2N+1

Subtracting Eq. (28) from Eq. (30)

T -1 N I-I N+)*~~>...a(i+1)
> 

= a(i)> + 
~
TnTn) I t>  (Z

N+l 
- çtT z~~.>)

~N+ 1
* 

(3 1)
(z - 4 T z N  H

Eq. (31) can be rewritten as

a(i+1)~~~~ = a(i)~~~~ + (TTT )  1{>N÷1
2N÷1 

-

~N+ 1
+ - t~N~~~t T”z~~~~j 

(32)

Another expression for  updating a(i+1)~~~ can be obtained from Eq. (22)

S z (i> + 
~~~~+1

2
N÷1 

= T(i+1) a(i+1) + 
~
(i+1)> (33)

and by Eq. (27)

S T (i)a(i)>+ S
~~~(i)>

+ 
~~N÷ IzN÷1 = T(i+1) a(i+1)>+ (i+1)> (34)

Operating on (34) by T (i+1)

a(i+1~~ = T”(i+l)S T ( i ) a ( i )  + T
*(i+ 1)~~~+l zN+l
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since

= T” (i+1)
~ (i+1)> 

= 0> (36)

and by E q. ()

* -1 -’-
T (i+1) = 

~~ 
T ’(i)  (37)

hence

T’
~
(i+1)

~ (i>~
= ct~~I

*(i)~ (i~~~= 0> (38)

By Eq. (28)

~
(i)>= T

* ( i)z ( i )> (39)

and
-.
z(i+N+1 , N+1) = <t a(i)> = ~~~ T

”(i)z(i)> (40)

where the hat symbol is the predicted measurement.

By Eq. (86) Section (13)

dx(N+i)~~~~
+1 = (TTT ) ~~t N+1 (4 1 )

~N+ 1
and adding and subtracting to Eq. (35) Eq. (39) t •~es Eq. (40)

a(i+1)> = T*(i+1)S T(i)a(i)> + (TTT ) ‘t>N z( i+N +1 ;  N+1)

~N+ 1
T 1 (42)

+ (T
nTn) t>N+lz(i+N+1; N+1)

~N+l
Using Eq. (39) in the last term of Eq. (41)

a(i+l)> [T (i+l)S T(i) + (T~Tn)
_1
t>N+l~~ 1 a(i)>

~N+ 1
+ ( T T )  ~~~ ~(i+N+1; N+1)

~N+ 1
now

5uo 
T( i) = S~ (4\ = 

(T
’
\ 

(44)

~~~T J
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and by Eq. (86) Section (13)

T~’(i+l ) = [T~ - (T
~
TnY

’t>~~~~
t T~ , (TTT ) 1t~~~N+l ] (45 )

~N+ 1
T” (i+l) S~0 1(1) = [T - (T~T

fl
) ” ’t>N÷ ]~~ T IT~ (46)

dx(N+1)(N+1)(N+1)(N+1)xd dxn 
_________

~N+ 1
and

T*T = 1  (47)n n
dxd dxd

and (46) and (45) in the multiplicative matrix term of a(i~~ in Eq. (42)yields

T*(i1~1) S 1(i) + (T~Tn)
_ 1
t>N~~~t = I (48 )

and Eq. (47) in (42)

a(i+l)> = a(i)>+ (T
TT )  1

t)N+lz(i+N+1; N+1) (49) j
~N+l

a(i+13> a(i))~+ w(i+1)~~~~~(i+N+1; N+1)

where 
•

w(i+1)
’
~~~ = (T

TT )
_ 1

t~~ (50)

1 + ~~~t(T~IflY
1
t
,~~ N+l

.1
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• Section 17 CONSTRAINED LEAST-SQUARES RE CURSIVE ESTIMATION FOR ONE DEGREE OF• FREEDOM

This section considers an increasing batch of data being fitted to a d-1
degree polynomial , or a d dimensional vector of parameters where the f irst
d-1 parameters are constrained to be the initial estimates , thus one has
a scalar recursive relat ion.  For k measurements partitioned as shown

(1\ = (L~-~~’ (;k~~d~1)~ 
+ ~ (k) (1)

\Z kI \a(k)d 
,
J

or

z(k)> = T a(k)(d-1> + t(k)a(k)d 
+ (2)

kx(d-1)

it is assumed that d-1 of the parameters

a(k)(d-1> = ;(k-1)(d-1) = a(d-1> (3)

is known from previous stage, then

z(k> • 
- I a(d-1> = t(k)d 

a
d
(k) + 2(k) (4)

k x ( d - l )

Multiplying by the psuedo-inverse

.‘~<
‘k t  Ez(k> - I a(d-1,)] = ad

(.k ) ,  (5)
d~~ )t t(k)d

where

d
<k)t ~

(k),> = 0 ~6)
d
’c
~~

t t(k>d

If we now have k+1 observations

z(k> = T t(k+~~ (;d-1> \ + ~(k+1),) 
(7)

2k+l (k+1)x(d-l) ~a(k+1)~)

z(k+1” - I a(d-1 ,> = t(k+1> a(k+1) + ~(k+1) (8)
“(k+l)xd-l d d

or

a(k+1) d = <k+1)t Iz(k+1) - T a(d-1\ (9)
d (k+1)x(d- 1) /

d~~
+ 1)t tU

~~1)d
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The partitioned matrix is

t ( k’
> 1  T

bid-I 
,-d kxd

I = = = [T , t(k+,>dJ (10)(k+1)xd 
4_i t tk+l

dJ 

(k+i)(d-1)

• or

(I \
kxd— 1 I

T = {  (11)
(k+ 1)x (d— 1)  \4— 1) t

\ k+1

and

7t~~ \
= ( -

• ) (12)

\~
tk+1 ~dJ

and

8(k+i) d~~~
1)tt(’

~>d 
= d~~)ttc~~d + tk+l d  (13)

2
= + tk+l d

Using Eq. (11) and (12) in Eq. (9)

a(k+1)
d~~l~.i)

K
~?t~ 

tk+1 ,d
) (z(~~~

\
\
_ 

~~~~~~~~~~
~~
Zk+1 •

‘ 

\ ‘~I-1)ta(d_>/ ‘s k+1

j_ ~~c)t[zq~> 
- Ta(d-~~

g(k+1) d kxd-1

+ tk+ 1 d (Z k+ 1 
- k+ø_1)t a(d_~~)J (15)

The predicted value of the measurement is

;(k+1; k) = k+~~~
t a (k) (~~ = ( 

~~~~~~~~~ 
tk+l d) (;d->~~ .1

\ad
(k) J (16)

z(k+1,k) = 
k+14 1)t a(d-~~ + tk+l dad (k)

Addin g and subtracting Eq. (16) to last term of Eq. (15)

a(k+1)
d 
;(k+1)f 

d4)t~~~~~ 
kx(d-1)~~~ 

+ t
k+1 d~~k+1 

- z(k+1,k) (17)

+ tk+l d a
d

(k)
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By Eq. (5) in (17)

a(k+1)
d 

= ;(k)
d ~ d4)tt(~~ + tk+1 d~ 

+ ~(k+1; k) tk+l d (18)
• 8k+i

or
• 

a ( k+ l ) d = ;(k)
d 

+ tk+ 1 d ~~~~~~ k) (19)

• t(k+1)>
<~

(k+l)

• which is a scalar recursive equation .

Constrained Least Squares Recursive Estimation for  Multi p le Degrees of Freedom.

This section partitions the unknown d dimensionai a(d) vector into two sub-
vectors of dimensions d

1 and d2; thus for  k measurements

= [T , TI ((k)(d-~~ \ + (20)
kxd kxd

2 \a(k)(d?J

where the constraint is imposed

• a (k ) (d
1) = a(k-1)(d1> = a(d1) (21)

• and

d
1

+ d
2

= d  (22)

or

z(k> - T a(d
1 > = I a(k)(d

2
’) + 

~ (k> (23)
kxd

1 kx~2 
/

Multip lying Eq. (23) by the psuedo inverse of T
kxd

2

1* [z(k ,> 
- I ;(d

1
\ I = a(k)(d2) (24)

d2xk kxd
1 

/

The predicted scalar measurement at the next stage is

;(k+1; k) = (d)t a ( k ) ( d>  = f~~~ t , 

~ 
‘

E~’1 
\
\

a ( k ) ( d 0
(25 )

z(k+1; k) = <d 1)t a(d 1) 
+ ~

‘
d
2
)t a (k) (d

2?
k+ 1 k+1
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The part itioning fo r k+ 1 measurements is

• 
• /z(k)\ 

(~~d bid \ (;d~~ 
~~1 2 J + ~ (k+ l

,) 
(39)

\Zk+1 ) <~i
)t, <d2 ) t )  \a(k+1)(d)f

\ / k+1 k+2
/

also •— —,

• 
(z(k)\ = I , T (a(d ~) \+ ~ (k+1) (40)

or 

\ z k+1) 
(K+1(xd1 

(k+1)xd2 
~ a(k+1)(d2))

z(k+ 1> - I a(d
1~ 

= I a(k+l(d2
\ + ~(k+1) (41)

(k+1)xd 1 (k+1)xd /

Multiplying Eq (41) by the psuedo inverse as shown

T* [z(k+1> - I a(d~] = a(k+1)(d2 ) (42)
d2
x(k+1) (k+1)xd

1 
}

By Eq. (39)

I = ~~T \ (43)
(k+1)xd

2 
I kxd~

~4tj
\ k+1(

and

1* = (TT T) ’ 1
T (44)

(d
2

x(k+ 1 ) d
2
(k+1)(k+1)xd2 

d
2
x(k+1)

The Grammian is

IT
T
, t(d2?] rT — 

= TTT + t(d~~ d2)t (45 )
(d
2
xk) k+1 kxd

2 
d2(k)d2 

k+ 1

d2t~

By the Householder inversion lemma , the Grammian inverse is

(TTT)
_
1\= (T

TT)~~ [I - t(d2>(~
I2)t (T

TT)~~~) (46)
d
2
(k+1)d

2) 
d2

(k)d
2 

d2
(k)d

2

~d2 1 + <d2t (T
TT)~~t(d2> (47)

k+ 1 d
2

(k)d
2 

k+1
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Carrying out the ana lysis one obtains

T*(k+ 1) = T*(k) - (TTT) 1
t(d2)(d2)t T” (k) (ITT) 1t(d~~

d
2
(k+1) d

2xk d
2

(k)d
2 k+1 d

2xk d
2

(k)d
2 —i

* 

Ad2 Ad2 (48)
= [T (k+1), t (d2

~k+l J
d2

xk

The first term on the left side of Eq. (42) is

T* z(k+ 1,> = T*(k)z(k> - (TTT)~~t(d2) (
‘
d2)t T*(k) z(k)

d
2
(k+1) d

2xk d
2(k)d2 k+ 1 d

2xk

Ad2 (49)

+ (T TT) 1t (d2~~ 1 1 2k+ 1d2
(k)d

2 Ad2

• Consider the second matrix product term of Eq. (42) 
-

1* 1 = [I* (k+ 1),  t * (d2) k+l ] T
• d2x(k+ 1 )(k +lx d

1 d
2
xk kxd

1

dl)tj

* * / • 1 (50)
= I (k+1)T + t (d~~ ~d1)t

• (d
2
xk) (kxd

1
) k+l

and by Eq. (48) in Eq. (50)

T ’T = [T * (k)T - (TTT)~~t(d2) (d2)tT” (k)T 1 (1T~)~ l t(d2) ~~~tJ (51)
d
2
x(k +1 )(k+1)xd

1 d2
(k)dxd

1 d2(k)d2 k+1 d
2xk kxd 1 Ad2 d2(k)d2 2

The second matrix vector term on the left of Eq. (42) which is Eq. (51) times
the vector a(dl> is

T*T a(dl) = T”T a(dl) - (TTT)~~ t(d2 ) ~i2)t
• d (k+ 1) (k+j )xd  d xkkxd d (k)d k+1 A

T”(k) 1 a(dl
> 

+ (TTT)~~ t(d2) (dl)t a(dl)
(d
2
xk) kxd

1 d
2

(k)d
2 

Ad2
fly Eq. (25)

< d l ) t  a ( dl>  = ;(k +L ; k) - <d2)t a(k)(d2) (53)
k+l k+l
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Using Eq. (53) in the last term of Eq. (52)

T” I a(dl) = 1* 1 a(dl) - (TTT) ’ t(d2)<dl)t T* I a(dl) 1
d (k+1) (k+1)xd d xk kxd

1 d0(k)d
2 k+i d

2
xk kxd AA22 1 2 L 1 U

(54)

i ÷ ( T TT)~~ t(d2,> (;(k+I; k) - (d2)t a(k)(d~s)
• Ad2 d

2
(k)d

2 k+1 k+1

By Eq. (42) using Eq. (49) and Eq. (54)

;(k+1)(d2
> 

= [T*(k) - (TTI)~~ t(d2) (d2)t T*( k ) ] z ( k)
d2xk d2 (k)d 2 k+ 1 d2xk

T -1 

.

~~~~~~~

. 

(55)
+ (I T) 

~~~~~~~~ 
Zk+l

d
2
(k)d2 Ad2

- L T
* 

- (TIT) 1 
t(d2> (d2)t T*] T a(dl)

d2xk d2 (k)d 2 k+ 1 
A 

d2k kxd 1

- 1 (1T1)~ 1 
t(d2~ (;(k+i; k) - <d2)t a(d2))

Ad2 d2(k)d2 k+1 k+l

Rearr~og ing Eq. (55)

a(k+1)(d2> = T (k) [z(k) - I a(dJ~]d2xk kxd 1

- (TTT) 1 t(d~~ (
‘
dl) t T *

(k)z(k) 1
d
2

(k)d
2 

k+I d
2

xk 
~d2

+ (TTT)~~ t(d2> <d2)t T
* I a(dl\ 1 (56)

d2 (k)d 2 k+1 d2xk kxd 1 
/ Ad2

+ (TTT)~~ t (d2> <
‘d2)t  a (k) (d2 )

d2(k)d2 k+1 
~d2

+ (TTT)~~ t(d2> ~(k-s-1,k)
d2(k)d2 ~d2

The f i r s t  term by Eq. (56) is a(k)(d2> hence

;(k+I)(d2> = ;(k)(d2> + I (TTT)~~ t(d2) ~(k+I ,k) (57)
Ad2 d2 (k)d 2 k÷i
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The three middle terms on the right of Eq. (56) equal zero since

• -(T
TT)~~ A(d2)~~d2)t T*(k) z ( k) 1

d
2
xd2 d

2
xk Ad2

+ (TTT)~~ t(d2) ~ d2) t T* T a(dl) i
dxd k+1 dxk kxd A2 2  2 1 d2 (58)

+ (TTT)~~ t(d2> (d2)t  a(k) (d2_) =
d2xd

2 
k+1 Ad2

_~ I (1T1)
_1 

t(d2> (d2)t ~[_T* z(k> + T* T a(dl) I
Ad2 d2xd2 d

2
xk d2xk kxd 1

+ a ( k ) ( d 2>
~~ o)

since by Eq. (24)

a(k)(d2) = I” [z(k) - T a(d1,~ I (59)
• d

2
xk kxd

l>
Thus we see by Eq. (57) we need only estimate d

2 
parameters instead of d

1 
+ d

2and the recursive relat ion is

• 
a (k +l ) (d2

> 
a(k) (d2 ) + W(k+ 1)(d2) ~ (k+ 1) , k)

where the weight vector is

W(k+l)(d2~ = (ITT) 1 
t(d~~ (60)

• d
2

(k)d
2~~~d2

and by Eq. (47)

Ad2 
= 1 + (

‘
d2)t(ITT)

_ l 
t(d2> (61)

• N+1 • d
2

(k)d
2 

Ni-i
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SECTION 18
OPTIMAL WEIGHTING MATRIX FOR PARAMETER ESTIMATION

This section obtains the optimal weighting matrix for minimizing the
trace of the variance of the estimate of the parameter vector given by
Eq (89) sec (10) as

W R W ~ (1)aa

dxd dxk kxk kxd

subject to the linear constraint of Eq (18) sec (10) (R and F given)

L = W F = I  (2)
0

dxd dxk kxd

we saw in previous sections the unweighted solution occurs for

W = F  (3)

Minimize trace of Eq (1) subject linear constraint of Eq (2).
The minimum variance estimate is derived in most test books using

LaGrange multiples. A few of the recent psuedo-inverse books obtain the
solution via algebraic utilization of the psuedo-inverse. These
derivations are believed to be original and appealing to geometrical
intuition. The derivation will be step—wise starting with the case d1 .
By Eq ( 1)

a ., R (L i )

kxk

and by Eq ( 2)

~~~ 
<w f) (5)

where for the polynomial case

<f =~ :~ (1,1,1, . . .) .  (6 )

The variance matrix R is assumrned full rank (one can solve the non-
full rank case but it will not be presented here). Since R is full rank
and symmetric (positive definite) it has factors

R = B B T (7)

or Eq (7)  in Eq (4)

c.. = < w B B
T
w> (8)
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(9)

where

• .c4 ~~~ (10)

and

~~yB 1 
4 

(11)

Using Eq (11) in Eq (5)

= <y B
1 

~4 c) (12)

where

B 1 
f>= c> (13)

we see the problem to minimize the quadratic form in the unknown vector L~
of Eq (8) subject to the one degree of freedom linear constraint of Eq (12)
can now be stated as finding the vector(y of minimum magnitude (norm) which
is constrained to lie on the hyperplane o~ Eq (12).

Multiply Eq (12) by the psuedo-inverse of c>or

~o ~~~~~~~ 
= <y c).

’ (14)

Decompose the vector <y into a component along c>and one perpendicular,
that is

&y 
~~~~~ 

(15)

with

and 

= F
CC ~~~~~~~~ 

(16)

~cc~ 
=4(I_ c)~~ ) (17)

If we obtain the normal form of the equation of the plane of Eq (12)

~~~/2 
~~~ 

~~~/2 
= (18)

(cci
where the unit normal is

• n)~~~~>
• 

<
~~ /2 

(19)

we know that the aistance out from the origin along the normal to the plane
is by Eq (18)

d = ~~0
/2 (20)

cc
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The picture is now as shown in Fig (1)

y -

y>

= 
~cc*~’)

origin

FIG (1) ORTHOGONAL PROJECTION

Clearly (via the orthogonal projection theorem) by obvious geometrical
intuition the nearest approach to the origin for the set of vectors
constrained to terminate on the plane is the vector along the normal, or

<y.
By Eq (13)

~<c~ 
= (c = <~ 

B T (21)

or 

< CC) (f B T B 1 
f)

<c <TE B
T (22) j

~~~( B B T
Y~~f)

Using Eq (22) in Eq (14) • 11

= 
¶
‘f B T 

— 
(23)

<
f(BBT)l ~By Eq (23) in Eq (11)

<w =~~~B~
1 

= ~ ~~f (BBT)
_l 

(24)

4ç
’ f (BB ) f?

or

= 
~~~ ~~ 

(25)

Q_1 
f) 1

when~~~~~~l and~~f~~~~l
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~w =  ~1 Q~~
(1 Q 1 

1) (26)

which is the well known solution for the minimum variance sequence of
weights to estimate a constant.

Clearly when the quadratic surface is a hyperplane Q = I and

= .~
1 w w) (27)

which is the equation of a family of spheres. The minimum sphere touches
the fixed hyperplane as shown in Fig (2)

FIG 2 MINIMU M SPHERE TANGENT TO PLANE

By Eq (27) the minimum sphere has

• <w ~) r~ (28)

By Eq (5) the normal form for the Equation of the plane is

2. 
4(w f) (29)

\
/ff ~/2

which is the distance to the plane that is

r = L
0 0 (30)

<ff,~
/2

By Eq ( 24) in Eq ( 28)

2 j 2 2
~~~~~~~~ f)tc, ~~~oP (31)

hence Eq (30) and (31) agree.
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Consider next the case where the parameter vector has dimension d,
that is a d-l degree polynomial.

By Eq (1)

tr = wRwT (32)

Partition w intor row vectors

tr = <w R[w)1.. •W /~d
] • -

2<w I

or 

d<~

tr ~~wRw) + ...+ d~
’
~~~d

The problem is now to minimize Eq (34) subject to the linear constraints
of Eq (2). Using the full rank factors of Eq (7) in Eq (32)

tr 1 a 
= wA~

TwT ~~~ (35)

~ c$~~~>d (36)

where

Y = wA (37)

dxk
or

w = YA 1 (38)

Using Eq (38) in Eq (2)

L = YA 1F = YC (39)

dxk kxd
with

C = A 1 F (40)

kxd
*

Multiply Eq (39) by C

* *L C = YCC = Y  (41)
0

where

(42 )
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!
5Y • ( )

The psuedo inverse of Eq (40 ) is

c~ (C ’
~
’CY~ c

T (F TA
_ T

A~~ F)
_ l 

FTA T 
(44)

dxk

or 
(F T R~

1 fl
_i 

FT A 1 (45)

Using Eq (4 5) in Eq (4 1)

Y = L C  = L ( F T R 1 F) 1 FT A T (46 )

and Eq (46 ) in Eq (38)

w = L ( F T R ’ F)~~ FT R~~ (47 )

SOLUTIO N OF MATRIX CASE USING KRONECKER MATRIX PRODUCT.

The solution to the matrix case can be done using the Kronecker
netr ix  product . The technique requires a simple extension to the vector
case where d=1 , that is by Eq (4 )

0- (wRw~~ (48)

and assume a vector of linear constraints instead of a matrix as in Eq ( 2 ) ,
that is

4)2~ =~~~~F0 
(49)

kxr

where the F of Eq (49 )  is not to be confused with the matrix F of Eq (2 )
which is the matrix of f i t t ing  functions .

Using Eq (11) in Eq (49 )

~~~~~~~~~~ ~cZ~~~ C ( 50)
kxr

Multip ly Eq ( 50)  as before by C
-• —1 * — *

~~~~~ F C  =(,~~C C  , (51)

where as before

çy =<; ~~~~~~ 
(52)

with

~i; <yC c~ 
(53)
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*No te that the projector CC is kxk and if k r  ( that is if there are k
linear constraints) then there are no remaining degrees of freedom left
and ( full rank ~

‘)

KY -KY = (5~ )

a constant vector. Equation (54) implies that the< w vector is also a

• constant, hence the quadratic of equation (48) can not be minimized since
it is also a constant. The problems of interest is for r4  k , then

TC = (C C) CT (55)

nxk nxr

c~ = (FT B T B 1 F ) 1 FT B
_T (56)

C~ = (FT (BB T)
_l

F0
)~~ F

T B T (57)

or using Eq (57) in Eq (51)

Ky = ~ [F~ R
1 F ] 1 FT B

_T 
(58)

and Eq (58) in Eq (11)

= <L EF
T R 1 F ] 1 FT R 1 (59)

The Kronecker product enters the picture via Eq (38)

vec w = vec(YA~~ ) = (A Te I) vec ‘1 (60)

• where Eq (49) sec (C ) is used.
Also by Eq (37) and Eq (49) sec (C)

vec Y = vec(wA) = (AT~ I) vec w (61)

we use the trace properties

tr y ~
T 

= tr ~~~ = (vec ~)T vec Y (62)

hence the inner product expression of Eq (62)

T( vec Y ) vec Y —.•p) y y (p- (63)

where
p = k +

is the same form as the problem of Eq (48) and Eq (50 wher we use the vec
operator on Eq (3 9 ) ,  that is
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vec L = vec(YC) = c
T
~ I)vec Y 

2The matrix C by Eq (40) is k x d in size and the vec L
0 
is d x 1 in

size that is

ve c L = [ C T
~~~I] vec Y (65)

d
2
xl dxk dxd kdxl

or

CT ~ i = F (66)

d
2
xkd

we now need the psuedo inverse of 1’ or

T Tr = [C ~ I] = r (r r ) (67)

kdxd2 kdxd2

By Eq ( 83)  sec ( )

r
T (CT~ [)

T 
C~~~I (68)

Us ing Eq (68)  and Eq (66 )

rrT = (cT~~, I)(C~~~I) (69)

By Eq (54) sec ( )

rrT = cTc~ i (70)
The inverse of the Kronecker product of Eq (70 )  is given by Eq ( 55)  sec ( C)

[C TC & I ]
_l 

= (CTC)
_l 

0 I (71)
Using Eq (71) in Eq (67) and Eq (54) sec (C )

* T — 1  T - 1r (C~I) [( c  C) 01] = C(C C) Q I (72)

By Eq (44)

c~ = (C Tc)
_ l 

c
T (73)

or transposing

C*T = C(CTC)
_l 

(74)

hence using Eq (74) in Eq (7 2)

* *Tr =c ~~i (75)
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Eq (7 5) in Eq (65)

v e c Y =  F vec L (76)

= [C*T ~ I] vec -1

and the de-vec or unpack operation given by Eq (49) sec (G )

vec Y v e c L C  (78)
0

or

= L C * (79)

which agrees with Eq (41).

• By Eq (13) sec ( 10)

• z> = F ~~~+ v> = F a>+ z> (80) j
kxd

and premultip lying Eq (80)  by w
dxk

w z> a> (81)

dxk

• One can multiply Eq (80) by a full rank matrix M kxk in size to obtain

M z> M F a ) + M z )  ( 82)

kxk
or 

M z > F a > + M ; >  (83)

with
F = M F  (84)

• m
kxd 

-

Multiply Eq (83)  by the psuedo inverse of Eq ( 84)

F M z >  = F F a> a> (85)

The psuedo—inverse of Eq (84) is

= (FT F ) ~~ F~ = (FTMTMF)~~ F
TMT (86) 

1

Using Eq (86) in Eq (85)

ii
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• 

a> = (FTM
TMF) _1FTMTM z,> (87)

or by Eq (47)

w = (FT R 1 F)~~ F
T 
R 1 

(88)

dxk

One can now set

MTM = R 1 
(89)

and

w = F * M (90 )m
dxk d~ck kxk

which are the factors of w.

the classical approach to weighted least squares minimizes

< z  M TM z >  = a- (91)

or 

~~~~ (92)

wh ich yields the same answer as Eq (87)

525

- -

~~~~~~~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
•
~~~~

•
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
•~



-.•

~~

-

~

--
~ 

• 

SECTION 19• RECURSIVE WE IGHTED UNCONSTRAINED
PARAMETER ESTIMATION (INCREASING SPAN)

The optimal weighted estimat e of the parameter vector is given by
Eq (87) of Sec (17 ) as

~>= (FTR J.F)_lFTR~~ z> (1)

with

w = (F TR
_
~T)

_l
FTR

_l 
= F*M (2)

dxk m

If we now have one more measurement Z
k÷l (a scalar)

or 

~~~~~~~~~~~ [<
:(k+l)
] 

~
(k÷1)> +

• a(k+1)> = W [z> 1 (~~)
dx ( k+1) Lzks1]

The expanded matrix of Eq (2) is

w = (FTR
_l
F)

_l
FTR~~ (5)

dx(k+l ) d(k+l) d dx(k+1)

If the expanded variance matrix R is partitioned as

r>1
= kxk (6)

(k+1)(k+l)

then 
•

R~~[I-r~~~ ’R~~J - _____

1 d d
= ( 7 )

(k+ l)(k+1)
- <
‘rR ’ 1

d d

526

- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.• 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ __



___________________________________ - 
~~~~~•••~~~•_ — -.—~~ —....p~~~~~~ —T•--_--,—- ••_~ •_ • __ ~••~ _ _•• ••••••~••__ •_ -

with the denominator

ci = r - <rR
1
r) (8)

~

-• I
and the cross correlation terms are in the vector

For the assumption of no serial correlation, that is

(r <~D (9)

Eq (7 )  becomes

1(1 o l

R 1 
= (10)

(k+1)(k-s-1) 
—l0

The transpose of the expanded fitting functions matrix of Eq (3) is

FT = [F~ , f(k+l)> ] (11)
dx(k+1) dxk

and the product

[}.T f(k+l)> ][R~~ ~~~ [FTR
_l
,f(kil)> r

1] (12)

L<0 r J

as 
The inverse of the expanded F

TR 1F matrix is given by Eq (48) sec( 13)

(FTR
_1

F) i 
= (FTR~~F)

_J
[I — f>(f(F

TR
_1
F)r

_1] 
(13)

d(k-1-i)d 1 1
1 + r <f(F

TR
_1
F) f>

Multiplying Eq (12) and (13)

~ W - (FTR
_l
F)

_1
~~~~(FTR

_l
F) 1

F
T
R
_1
r
_1
,

dx(k+i) [dxk 1 + r
_
1<f(FTR 1F)

_l
f>

(F TR~~F)
_l
f> r~~ — (FTR

_1
F)

_1
f><f(F

TR 1
FY~

1f> r 2 1 (14)

1 + r 1 
<f(F

TR
]
F)~~f> J

Multiplying Eq (14) by the partitioned measurement vector

/z> \~W f ~~
a(k+1)> (15)

dxk+l

\ Zk+l
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and simplifying the terms one obtains

a(k+1)) = a(k) ) + w(k+1)> ;(k+1,k)  (16)

with

;(k+1,k )  = z(k +l) — z(k +1,k)  ( 17)

and

z(k+1,k) = (f(k+l) a(k)> (18)

and

w(k+l)) (F
T
R 1F)

_1
f(k+1)> D~~ (19)

1 + <f(F
T
R
_]
T)lf>k+l

LI

ci
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Section 20 HOMOGENEOUS DISCRETE DYNAMIC PROCESS

Consider a sequence of j vector trajectories

x(k+i~~~ = ~(k+l, k) X(k)>~ (1)

for k 0 , 1, 2

j > k

or packagewise

x(k+i) = ~(k+1, k) X(k) (2)
pxj pxj

where ~(k+i, k) is the usual state transition (discrete) matrix.

Sequencing the time index k we obtain for Eq. (2)

X(1) = ~(i, 0) X(O)

• X(2) = ~(2 , 0) x(1) = ~(2 , 1) ~(1, 0) X(O)
(3)

x(k) = ~(k , k—i) X(k—1) = ~(k, k—i) ... ~‘(1 , 0) X(0)

x(k+l) = c~ (k+i , k) X (k) = ~~k+l, k) ... ~~(1, 0) X(0)

or packagewise
— — r —

x(1) ‘
~~(1, 0)

x(2) c~(2 , 1) ~(l , 0)
• x (3) = ~(3 , 2) $(2 , 1) $(l , 0) X(O) (4)

x(k) ~~k , k—i) 4(l, 0)

X(k+i) ~‘(k+l , k) ~ (1, 0)
- _J —

or

X(l) ~1 ~~l, 0) 
-

x(2) = ~(2 , 0) X(O) (5)

X(k) ~~k, 0)

X(k+l) ~~k+1, 0)L —
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The last equation In the batch of Eq. (3) was obtained by substituting in
from the top down. One can also work from the bottom up, thus

X(k) — ~~~(k+l , k) X(k+1)

X(k—1) — •
1(k, k—i) X(k) — •~~(k, k—i) ~~~(k+1, k) X(k+1) (6) 

LI

x(i) = ,
_1
(2, 1) X(2) = t’

3
~(2, 1) •~~(3, 2) ... ~~1(k+i, k) X(k+1)

X(O) = •
1(l , 0) X( i) = D~~(1, 0) •

_l
(2, 1) . . .  $

1(k+1, k) X(k+i)

and packagewise

x(0) ~~
1(i 0) ~,

••

~i(2 1) ~~1(3, 2) . . .  ~~~~k+1, k)

x(1) ~~
1(2 1) ~~i(3 2) ... • 1(k.fl , k)

x(2) = . X(k+l) (7 )

• x(k) ‘~~
1
~(k+l , k)

or

x(O)
I 

4’~
1(k+1 0)

x(i) ~~~(k+i, 1)

X(2) = 41
1(k+l, 2) X(k+1) (8)

X( k)j  ~~
1(k+l k)

It can be seen by Eq. (5) the k+i matrices are a function of the initial matrix.
• Likewise when one replaces the matrices with jl , or a single vector, then

the state vector at the k+i time points is a function only of the initial
vector x(O)2

If now • is a constant for all k, that is

then

~(k+l, 0) ~(k+i) (9)

and

0) = ,—(k+1) (10)
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Using Eq. (10) in Eq. (8)

x(0) ~— (k+i)

-

• • 

X(i)  •
—k X(k+i)  (11)

X(2)  - -

X(k) ~~~ j
Using Eq. (9) in Eq. (5)

x(i)

x(2)

= x(O) (12)

- • x(k)

• . x (k+1) ~k+l 
-

- - If we define the matrix of Eq. (12) as
— 

I
_

- • 0(k+l , 0) = ~2 
= (13)

- 

(k+i)pxp

~k+1 ~kj

- • 
= 01(k)~ (14)

and seek the psuedo inverse of Eq. (13).

The mat rix • is always full rank, hence

o*(k+1, 0) = •
— 1 0* (15)

The powers matrix

0
1
= 1  = (16)

531

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



w ~~~~~~~~~~~~~~~~~~~~~~~~~ - • - • • -• • -- •. • -

has psuedo inverse

((~
T~~\)~1 < ,~

T (17)

px(k+ 1)p

where

— (I •
T ~,2T

, ~k’r) (18)

and the full rank Graminian is

I + ,
T + ,

T2 ,2 + i+,T1c ~,k (19)

whose inverse is needed

( /~
T

~ > )
_ 1 

= [I + ~~~ + + ~Tk ,k]_l • (20) 
•

Eq. (20) appears horrendous , however , we shall “construct” a psuedo inverse.

• By Eq. (12) 
-

x(O) — x(l) (21)

• x(0) — ,—2 X(2) - I
or packagewise - )  I

1 —l —2 ’x(O) = 
~ , $ J (X( 1)\ (22)

\x (2) I

or 

X(O) = ~ ~_1 
[I , •

_i
] (X(1)\ (23)

or if

0(2, 0) = 
(I) 

~ — O
t

(2 , 0) • (24)

0*(2, 0) = :-~ [(1~ ~T) (I)]

1 
[i, ,T] (25)

= ~ (I , •
.4) (26)

No te also
1 1 

}
(2 , 0) = (I , • ) (27)
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By definition of the psuedo inverse

0~ (2 , 0) = 

E~

1
’ 
~T) 

(i)j _l  [I
, ~T]

4 
[(I, ~

1)j (I + •
T~)—1 (I , ~T) (28)

Multiply Eq. (28) by (I ~
...T
)T and

1 (I ~
_l
)/ I \= (I + *

T
~)

_l 
21 (29)

or

(I + ~T~)
_l 

-
~~~ [i + (~

T~)
_
1] (30)

The f i rs t  three elements of Eq. (12) are

- X(0) X(l) = ~-2 X(2)  = X(3) (31)

or

X(O) = I (~4 ~—2 ~~~
3

)
/

X ( l )\  (32)

( X(2)

\x(3)

or

x(O) = -~~~ ~~~~~~~ [i , (~)~
l 

~~
2
IJ/x(O)\ (33)

x(l)

\x (2)

hence by Eq. (12) the first three elements are

I

= ~ X(0) = 0(3, 0) x(O) (34)

and

0* (3 0) = ~ ~~~~~~~ [i, ~~~~~~~ ~_2] (35)

also

~I 
~~~~~, 0) = 

(~2~ 

(36)
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and

0
~ 

(3, 0) = 4 (I •~~ •
_2
)

for by Eq. (36) and Eq. (37) •

(3, 0) 0
~ 

i (38)

By definition of 0~ (3, 0)

[ (I ,T •2T
) 

(

~
2
~~

l (I ,~1T 4,2T) = ~~~ p 
~~~~~~~ ~

.-2] (39)

Multiply Eq. (39) by [I, ~
—l ,

~
,_21 T

and

[I + ,
T~ + (~ T~ ) 2]_l 

= ~ + ~~T~~—1 + ~,—2 41_2T] (40)

but
• 

~—2 ~—2T = (~
2T ,~,2)

_1 
(41) 

-

~~~

hence .

[I + ~~~ + (~T~)2 ~~~~~~~~ = 

3
2 [I + (

~T~)
_1 

+ (~T2 ,~,2)
_
1] (42)

Define the Grammian - 
—

= C (43)

then

[I+ G + G
2
]~~~=12 [I+ G~

’+c 2
] (44) 

•

Continuing in the above manner one can show that (by Eq. (2))

o(k+l, 0) = 0
1
(k , 0) • (45)

and 

~k 

•

;

~~~~ •• -~~:- •~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- ;~~~:~~~~~. •  
~ ~~•_ :  ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 

• • -
~~~

-- - -
~~~~~~~~~~~

- [—
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~~~~~~~~~~~~~~~~~~~ 
— - • •

~
•
~=••~•• • • • •

0*(k+l , 0) = ~~~ 0~ (k , 0) - ~~~~~~~ [I , ~~~ ~-2 ~_ k J  (46)
k+l

Consider next Eq. (1)

tx(0) ~-(k+l) ~-k 
-

X( l) = q~ k x(k+1) = ,~,— (k—l) ~ x(k+l) (47)

Lx(k)j  ~~~~

or

X( O) = ‘P (k , k+l) X(k+l) (48)

x(l)  (k+l)pxp

x(k)

• = ~‘1(k , k+l ) X(k+l) (49)

One can construct the psuedo—inverse as before, for example

fx(O)\ = (~~
‘\ c~’~~~ X(2) (50)

~x(l)J ‘~I )
and

x(2 ) = 4 ~~ I] (x(o)\  (51)
\X(1)1

and in general if

1~-k
Vi 

(k, k+l) = ~,—(k — 1)  
(52)

I

k+l) = [~
k ~k—i ~, i]  1 (53)

k+1

and

4J*(k, k+l) = ‘V~ (k , k+1) • (54)
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Section 21 NON—HOMOGENEOUS DISCRETE DYNAMICAL PROCESS I I

This section considers the non—homogeneous dynamical process

x(k+1~~ = 0(k+l , k) x (k)> + B(k)f(k)> (1)

with 0 a pxp matrix and B a pxg matrix. For a sequence of j trajectories , we
have a rectangular matrix relation

x (k+l) = o (k+1, h) x (k) + B (1ç)f(k)>~~~) 2. (2)
pxj pxp pxj pxg

F (k) = f(k)>< 1 (3) 
I:

for k =  0, 1, 2, ... and j

Chasing the time—points (index k) as before we obtain

• 
- x(1) = o(1, 0) x(o) + B(o)F(o) (4)

x(2) = 0(2 , 1) x(l) + B(1)F(l)

X(2) = 0(2 , 1) 0(1 , 0)X(o) + B(o)F(o) + B(l)F(1)

X(2 ) = 0(2 , 1)0(1 , O)X(o) + 0(2 , l )B (o)F(o)  + B(l)F(1)

X(2 )  ~ (2 , O)X(o) + B(l) , 0(2 , l)B(o) (P Ci)
\F(O)

X(3) 0(3 , O)X (o) + B(2) , 0(3 , 2)B( l ) , 0(3 , l)B( o)  / F ( 2 )

• (F(1)

- \F(o)

X(k) = ~~k , o)X(o) + B (k—1) , 0(k , k— l)B(k—2) , ... 0(k , o)B(o) F(k—l)

)
• \F(o) /

X (k+l) 0(k+l , o)X(o) + B(k) , $(k+1, k)B(k — l) , ... 0(k+1, 1)B(o) /F ( k )\

( : )
~~~

Packaging the above equations
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X(l) 0(1, 0)

x(2) 0(2, 0)

x(3) = 0(3 , 0) x(O) (5)

x(k) 0(k, 0)

x(k+l) $(k+l, 0)

+ 0 ... 0 B(O) 
•
F(k) 

-

O ... 0 B(l)  0(2 , l)B(O) F(k—l)

O . . .  0 B ( 2 )  0(3 , 2)B(l) 0(3 , l) B ( O )

O B(k—l) . ..  0(k , 1)B(O) F(l)

•
B(k) 0(k-4-l , k ) B ( k — l ) . . .  0(k+1, l)B(O) F(O) 

—

Using the linear convolution matrix

F(O) 1 
— 

I F(k)~~
F(1)~ 0 I

F(2) = . . (6)

I 0 F(l)

F(k) I F(O)

Equation (7 ) become s

x(1) 
— 

~ (l , 0)

x(2 )  = . X (O) (7)

• x (k+l) 0 (k-~-l , 0)

+ ~ (O) F(O)

0(2 , l)B(0)  B(1) F(l)

0(3 , 1)B(O) 0(3 , 2)B (l)  B(2)

f (k+l , 1)8(0) ... B(k) F(k)

— 0 X(0) + Br 
- 

(8)
p(k+2)xp pxj

537



The kth sta te of Eq. (4) can be written in convolved form as

• x (k) — •(k , O)X(0) + E •(k , ~+l)B(B)F(~) (9) - 
-

and the (k+l)th state as

k
X(k+1) = 0(k+1, 0)X(0) + E •(k+l, ~+l)B(8)F(~) (10)

If one is at the kth stage and wants to advance m steps ahead

k+m-l
X(k+m) = •(k+m, k)X(k) + ~~ 0(k+m, 8+ 1)B(B)F(B) (11)

8=k

Equation (9) is the discrete analog of the continuous convolution integral .

If we lump the product terms

B(k)F(k) = G(k) 
• 

(12)

then

~

(k) 1 B(k) 
- 

F(k)

B(k—1)
= .

. 

. (13)

.

G( l )  • 
•

G(O) B(0) F(0)L - -
and Eq. (1) is (in open form)

X(k+ni) = 0 (k+m, k)X(k) (14)

+ [0(k+in , k+1), 0 (k+m, k+2), ... 0(k+tn , k+m—l) , I]  G(k) 
-

G(k+1)

G(k+m+l)

• MulLiply Eq. (14) by 0 1(k+m, k) and obtain

k)X(k+m) = X ( k )  + •~~(k+m , k)[0(k+m , k+1), . .. .)  0(k) (15)

T
C(k+m—1)
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Now

$~~(k-4iu , k)0(k+m, k+l) - •(k, k+m)~~(k+in , k+l)

— •(k, k+l) — •~~(k+l , k) (16)

k)0(k+in , k-fm—i) = $(k , k+m)$(k+m , k+in—l)

• — $(k, k+iu—l) = $~~ (k+m—l , k)

One can also view the f i r s t  equation of the set (16) as

•(k4in, k+l) = 0(k+m , k)$(k, k+l) (17)

hence

k) 0 (k+m , k+l) = 0 1(k+in , k)0(k+m , k)0(k, k+1) (18)

etc.

• Using the relations of Eq. (16) in Eq. (15)

X (k) = 0 ’(k+m, ‘-‘X(k+m) (19)

k) ,  0~~ (k+2 , k) . . .  0 1(k+m— 1, k ) ,  0~~ (k+in, k) ]  G (k)

G (k+m_ 1)j

or index—wise
k+m-1

X(k) = 0~~~(k+m , k)X(k -4-m) — E 0
_ 1

(~+l , k)G(~ ) . - (20)
8=k

Observe that by the x(k)> term of Eq. (4) for the j = 1 or vector case and

4 for B = pxl a constant column vector and for zero initial state, one has
for 0 a constant matrix ,

X(k))’= [b> , Ob>, 0
2
b> , . . .  0’

~~
’
b>) f

0 

- 

(21)

1
1

f
2
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and if the kxk matr ix  of Eq. (21) is full  rank , one can invert the matrix and
solve for the sequence of scalar inputs.

By Eq. (9) of the previous section one can write Eq. (7) as

X(l)  4~ (k+l , 0)

X(2) = •~~ (k+1, 1) x(k+1) + ~r (22)

• X(k) 0~~ (k+1, k) J
X(k+l) 

L

where for 0 a constant matrix

:i
B 0 I (23) J

0k 0k—1 iJ I
and

[c o~
r = ~G(1) 1 (24)

[~k

• One can “co.istruct ” the inverse of Eq. (23) for example assume X(0) =0 and 1• one has j

x(1) I 0(0)

X(2) = 0 I C(1) (25) 1
• X(k+1) 0k • G(k)

and
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0(0) - X( l)
C(1) — (—0 , I)fX1\

(26)

C(k) = (-.0, I) (x(k)

\X (k+1)

since

X (k+l) OX(k) + G(k) (27)

or 

[c(o~~ 
~ 
~ 

- 
X (l)

IC(i) —0 I 0 X(2)

G ( 2 )  = 0 —0 I 0 - (28)

G(1 ) 0 0 —0 I 
- 

X(k+l)
• or

I 0 0 I 0
0 I 0 — 0 1

I = 0 — 0  I (29)

~k 0k-l ... ~ I 
- 

0 0 - . .  —, I

Multiply Eq.  (22) by Eq . (29) solves for  the sequence of output forces and is
called “deconvolutj on ” .

\
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SECTION 22
STOCHASTIC DISCRETE DYNAMICAL SYSTEM

This section considers the non-homogenous dynamical process of the
previous section but with a stochastic term added, that is, the sequence j

x(k÷ 1)>~ = $(k+l,k ) x ( k~~1 
+ B(k)f(k))+ u(k),>~ 

(1)

where without too much loss of generality 
- ‘

4(k+1, k) = ~J k ( 2)

• and

B( k ) = B ( 3)

For the package 1 1
x(k+1) = ~ x (k )  + B f(kP<

’
l + U ( k )  ( 

. 1

pxj  pxj

The mean is

or 

x(k+1) ~*(j~>= 1.i(k +1)~~ 
(5)

= 
~ ~

(k )~~÷ B f(k~~ + ~(k~~ (6)

and

x(k)> . = p(k),> + ;(k))b~

or for the package

x(k) = p(k
~~<l 

+ X (7)

using Eq (6) (for k) in Eq (7)

x ( k )  = x (k )  *(.\ (i + x (8)

= X ( k )  [I
~ 

- l*><l] (9)

x ( k )  = X ( k )  
~ll 

(10)
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By Eq (io ) we see that the orthogonal complement projector 
~ll 

maps
Eq (4) onto the “residuals” that is

X (k÷1)P
11 4 x(k) + B f )<l 

~l1 
+ u~11 (11)

and

1 = <
‘0 (12)

hence

X(ki-l) = ~ X(k) + U ( k )  (13)

which is the recursive dynamics for package of errors.

Transposing Eq ( 13)

XT (k )  ~T + ~T(k) (14)

The inn er—Gra mm ian of Eq (13) an d Eq ( 114 ) j~

x (k + l ) x T (k + l )  = ~ X(k) ~
T(k) ~T

+ ~ X ( k )  öT k + u(k) ~
T(k )  ~T

+ u ( k )  5T (k )  ( 15)

Consider next the “cross ” terms of Eq (15); by Eq ( 13 ) and Eq ( 4) of
the p revious section . 

—

• X ( k )  = 4~
k x(o) + ~ ~2 - ~~~~ 

~~~~~~~~~~

U(l) (16)
‘ u(2)

and 
- -

X(k) U T(k)  = [~~~~~2 - ~k_ 1] U(o) U T(k~~

U( l) U T(k) (17)

L~~~~
1 ~ ~~~
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where it has been assumed that

• x ( )  ~j 
T(k) = 0 (18)

- that is the initial states are independent of the process noise.

• Using the countably infinite set of discrete trajectories concept,
• that is - •

lim IX (k + 1)  ~ 
T(k+l) 

~~ 
P(k÷l) (19)

j -~ (px j jxp •i~J)
Equation (15) can now be written as

P(k+l) = ~ P ( k )  ~T + Q(k ,k )

+ 4~[~~4~ 4~
2 

. •~~~
1 

[Qo,k )

• Q (1,k )

Q(k— l,k ) :

+ [Q( o,k), Q( 1,k) . . . Q(k—l,k ) ]  fli
~1~
T ~T

• 
4~

T2

(20)

~~Tk-1~
If the process noise vectors are serially unc~~related, that is

Q(i,k )  Q(i ,~ ) 6(i ,k) (21)

then Eq 920) reduces to the more familiar discrete variance dynamics

• P (k+ l)  = ~ P (k )  ~T + Q ( k )  ( 22)

Observe that the discrete case is much simpler to deal with than
the continuous case where the dirac delta function under the integral
sign is needed as in Eq (73) sec (38).
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By Eq ( 5) of the previous section for the package

Ti
X( 2) J ( l )

• . X( o) +  ~
2
~~i (23)

X (k )  ~k ~k-l,
L

also by Eq (2 2) of the previous section

rx( 1) ~
_ (k +l )

I T 0 ‘ 13(o)
• X(2) - -

~~ ~ 2 :
~x(k+l)+~~ $ 1  -

• . . . . ( 214 )

X(k) l~~
l 

.

X(ki-1 I ,. . . I 13(k)

Transpose Eq (23)  and take the “outer product” 
-

x ( l )j  ~~ T (1) , ~ 
T~ 2~ ~ T (k ) ]

~X( 2)

X (k )

= 4~
• )((~) ~ 

T~0~ [4~
T 

- ~kT~
2

• 

(25)L~~ 
U 
T~~~ ~ 

T 1 ) j

U (l) U T(o) . TB

u (k—1) 0(o) . . . U ( k — 1 )  ~ 
T (k _ l )
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since 
—

U(o1
L 0 F. X ( o )  . (26 )

U(k—1) 0

at the variance — Covariance level

P(l ,i) P(l,2) . . . P ( l ,k)

• P(2,l)

P (k ,1) P(k ,k)

- I —

~~P(o,o) 4
~T 4 P(o,o) ~T2 - ~ P(o,o) ~

Tk

P(o ,o ~T

P(o ,o) ~T ~k P(o ,o) ~kT

+ B Q(o ,o) Q(o ,l)  . . . Q(o ,k—l) —

Q(l ,o) 
• 

(27)

• 

B

Q (k—l,0) Q(k-l,k-l)

The last term of Eq (27) is quite messy ; just consider the diagonal
matrix case for Q(i,k) (no serial correlation), then the last term alone
is

B Q(o ,o) 0

0 Q(l ,l) BT (28)

Q(k—1,k—l)
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• —-
•

= Q( ° ,~ ) Q(0 0)4~
T Q(0 0)q,2T . . . Q( 0 ,0)4~( k_ l)

4 Q ( o ,o) $Q~~~~~ 4,T~ Q( 1 1) 

2
4~ Q(o ,o) . .

A. ( k- 1)Q(o ,o) . .

with the last row last column element looking like —

~kk = ~k_ l Q( Q ,0)~ (k _ l ) T
$ ~(k _ 2 )

Q(1,1)~
(k _ 2 ) T

÷

+ . . . + ~ Q ( k _ 2 ) , k_ 2 )~
T + Q(k-l ,k-l) .  (29 )

Observe by Eq (28)  that if the process noise is serially uncorrelated
that the ~ matrix provides serial correlation on the states. Also even if
the process noise is zero at all time points k, the random initial condition
variance is seen by Eq (27) to provide serial correlation on all P(i,k )

• te rms- Note further by Eq (25 )  the rank of the matrix of P( i ,k )  is reduced
when Q( i ,k )  are all zero to rank equal p.
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SECTION 23
ADDITIVE NOISY MEASUREMENT S OF THE DISCRETE DYNAMICAL PROCESS

Many real—world measurement processes are approximately described as
the known measurement function plus additive noise ; that is

z(k)). H(k) x(k)). + V(k))1 (1)

mxp

Clearly for many physical and engineering applications the measurements
are non—linear functions of the states, and the m x p matrix H of Eq (1) is
a matrix of partials. In the same context as the previous section assume
that H is a constant matrix (this assumption reduces carrying many integer—
tags and greatly simplifies the typing.

The sequence of trajectories of Eq (1) is

z(k) = HX ( k )  + V (k )  ( 2)
mxj

As before defining each measurement error as

z (k ),>. — 

~~
(k)) = ;(k),)~ (3)

• operate on Eq (2) by 
~ll 

in j-space

z(k) = H X(k) + v(k) (4)

Transposing Eq (4)

z(k)T = ~
T (k ) HT + v(k)T (~~)

and forming the inner—Grammian

z (k ) z T
( k )  = H X ( k )  ~

T(k ) HT

+ HX( k )V T (k) + v(k) x
T k H

T

+ v(k) v ( k ) T (6 )

If the state errors are independent of, that is serially uncorrelated
with the measurement noise, then

x(k) ~
T(k )  = 0 ( 7)

and Eq (22) for the uncorrelated case of the previous section in Eq (6)
• yields

Z(k) zT(k )  = H P (k )  HT + R (k ,k )  ( 8)

548

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • • ~ • -



v ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— ---

~~~~~
-—

~~~~~ 
- -- - - - --

~~
-
~~

- --—---- --—-- -- ____________________

or

z(k)ZT(k) H~ P (k _ l )~
TH T 

+ HQ (k )HT+R(k) (9)

-

~~ 

• 

• When the process noise and the measurement noise are correlated , one
• obtains by Eq (17) of the previous section

x(k)VT(k) = [~~,~~~
2
,~~ •4~

)c_l ] U( o)

0(1) VT(k )  ( 10)

U ( k — l )
• -

and Eq 6) becomes at the variance level

~~(k )  = HP(k)H T +

~uv0~
1
~

T T+ £E
~~~

(o ,k),. - . ~~ ,~
( k_ 1,k)FI

HT (11)

~(k_ l ) T

By Eq ( 4 )  —
1 I

H O f ~x(l)J v l ~~

= . . + . (12 )

0 
HJ L(k
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By Eq ( 22) sec (21) 
— ,• 

- — 
j

I 0 . . . 0 13(o)

X(2) . x(k) + I 0 .... . (13)

. . .

:

~

k-l 
- 

~~~~~~~ L~~.
• IZ(l) (I ~ H) 

I 
•

= . x(k)+B

0(k )
I 

-

~~ -—- —

By Eq (14 ) one can obtain the matrix of Cross Covariances

[il) x
T(k )  

~(l ,k )~~
z(2) x (k) .

L~
k ~~(k~~ 

— 

~(k ,k )~~~
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24. DISCRETE KALMAN FILTER DERIV ATION

• The - derivation of the estimation equations aboui. a single—state variab]e
• process x~(k) satisfying

• 
x~(k+l) — •(k+1, k) x~(k) + f(k) + • (1)

can be made without drawing too heavi ly on vector-space theory . The multi—
variable case in the following section does require the reader to be , or to
become, familiar with matrix—analysis methods .

Henceforth we shall assume that at each stage k the observation on the
process state—variable xj(k) is contaminated by noise, hence the states xj(k)

cannot be known for any k including k — 1 because the observation has-additive
noise on it

Z
j(~
) h(k) x~(k ) + v~(k ) (Z)

Note that the permutation on the class of initial conditions has been dropped.
• We assume that it is merely one value of the unknown , x~(l).

We shall develop the mathvare for a computable model of a system of equations
which will comput e at each stage the best estimate (in some mathematical
sense) of where the state variable Xj (k) is when we know only - ( I c ) ,  the

noisy instrument output .

-The state variable x(k) of the process driven by the random unknown variable
u~(k) would be known at each stage k if the sensor were noise—free , that is ,

• if v~(k) were identically zero. With such an ideal instrument (or high pre-
cision device) there would be no doubt as to the trajectory traversed by
x~(k). In fact we could even compute the values of the random force

u~(1)~ ta~ ( 2) . - . u~(k).

However, when the measurement Zj (k) is uncertain due to v j(k) ,  we cannot
truly know the states x~(k) since we do not know the instrument noise v j

(k) ,
hence cannot compute the process noise u~(k).

• The next question is how to obtain an estimate at each stage Ic of the uflknown
state variable x~(k). The estimator will use the known dynamics •(k+l, -‘)

of the process , the known instrument function h(k) and other things as needed
• in the development .
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The following mathematical developserats are stage—vise tutorial, that is at
stage Ic 1, stage Ic = 2, and then finally at any arbitrary stage k, the
procedures are developed for the scalar case and then for the vector case.

• Those readers already familiar with the recursive—relations of Kalman may
• proceed to the general scalar cue •at stage Ic. in section ii or the general

vector case at stage Ic in section III.

Scalar Case -

-Stage Ic -— 1. -

At stage Ic 1, the process is in some unknown initial- state x
3
(l). The

noisy instrument output (1)-is available if ve want it. Since we want
to obtain an error signal based on the difference between the observation

• and some guess about what the instrument should measure then suppose we
guess or estimate what the initial state variable is (based on no -observations)

• • and call, this f~(i1 0).

Since we know the instrument function liCk), then we can estimate that the
initial instrument output should be

• t~(i, 0) = h(1) 0). (3)

We can nov compute an error signal.
• 

• (i, o) = z~~(l)  — ‘
~~~(i . 0) (4)

which is the difference between the first instrument reading and our
estimate of what it should read.

We have now estii~ated what the initial process variable and instrument
variable should be, have computed an error equation (4 ) and may now
correct our estimate of the initial—state with no observation and obtain
an estimate of the initial value of the state variable after having used
or received the first measurement, or

• • (1, 1) *
‘
~(i , 0) + w(l)’~ (1, 0). (5)

We nov seek a v(l) among an infinity of different “corrector weights” or
“feed back gains” at stage 1. ~We want the v(l) to be used at stage one
everyt ime we recycle the process (or experiment ) regardless of what the
random vectors u and v are. w(1) should be a function of some statistical

measures on u and v , however
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BEST A7I~LABLE COPY

The first noisy observation is

z Ci) - h(l) x (1) + v (6)

Us~.ng (3)and(6)in (4)

(1, 0) h( l) ( x
1
(l) — x

3
(i, o)] +v j(l). (7)

- 
Using ( 7 )  in (5)  

-

(1, 1) a ’~j(i , 0) + w(l)h(1)(z
3
(l) — ’~3

(1, 0))  + v(l)v~(i) • (8)

— (1 — v ( l ) h ( 1) )  ~~~~~ 0) + w( 1)h (l)x
3

(l) + v( l) vj(l).

We now define two new errors as differences of the previous variables.

- X
j
(1) — ‘~3

(i, 0) — 0) 
• 

(9)

- 

and 

X
j
(1) - (l , 1) =

~~~ 
(1, 1). 

_ 

• 

(10)

The variable x (1) is the actual (but unknown) process state-variable that
exists on traj~ctory’ j. The variable 

~~ 
(1)1) is the estimate of x3

(l),

• having used the first noisy observation.

}1ence~~ (1, 1) is the error in our estimate of the state at stage 1 based

- 
on one fieasurement.

- - ~rcm- equation (~) we see that if our initial guess Cl , 0) is wrong, then
• z (1, 0) will also be wrong and after our observatioti z(i) comes in and

• • otir computed error ‘~~(i , 0) of equation (4) is large, then by equation (5)

- .  we wi1l~ have a. correction term which is the product (v(1)~~(l, 1)) of a
large term times the weight value v(l).

L. Continuing with the derivation of the weights, we obtain the error term by

- 
equation (S) in equation (11 ) as

1. - 

~i, 1.)
: x~(l) — 

‘
~~(l~ 1) = x

3
(l)—v(1)h(l)x~ (l) (11)

— ((1—v(1)h(l)]’~3
(l, o) — w(1)vj(l).

or 

~~ (1, 1) (l-v(1)h(l)](x
3
(1) - ~~~(i , b ) ]  - w(1)vj(l). (12) 

-
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Using equation (9 . in equation (12)

(1,1) — Ii — v(l)h(l)]’~~(l, 0) — v(l) v~(l). (13)

If- we square the error of equation (13)

(1, 1) = (l_w(l)h(l)]M(l. 0) — 2w(l)v~(l)(l—v(l)h(l)]~3
(l~ 0) (14)

+ v2(l)v~
2(i).

If we take the partial derivative of equation (~4) with respect to v(l)  and
equai~to zero we obtain

~~~~_(i ,
i) = 2[l — v(].)h(l)] (—h(l)) ~~(i, 0) (15)

— 2v~(l)(1 — v (l)h (l)]~ 3
(l, 0)

- + 2v(].) v (l)  0
J

Taking the expected value over all. experiments in which i is varying ~e
obtain

ç~~
2 (li) 

-

E~
,
~~~(1) J = — w(l)h(l)) E{,~~

(l 10)) h(1) 
, 

(16)

+ v(l)E v~(l)  = 0

• Define the varian ces

• z~~~~(i, 0)3 =O~~(1, 0) = p(:., o) (17)

E~~v~(l)} =O’,~(l) 
(18)

We follow a number of current Kalman papers and papers about - Kalman
Estimation and designate the variance in state as p(l, 0).

The cross term of equation ( - ‘)  under the expectation operator is zero

when the following conditions hold,

E 1(l  - v(l)h(l)] v~(2)~~j(l~ 0)3 
(19)

— E l — w(].)h(l)] E[v~(l) 
‘
~~(i~ 0)~

A
• We now assume that our initial guess of x(l,O)is independent of v~(i) as

•~ ranges over all allowable values, that is

E ~~~Ci) ~(1 , 0)1 = 0. (20)
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Under these assumption s equation (16) and (18 ) become

0 4]. — w (3 . )h ( l) I h ( l)  p(1, 0) + v (i)0 (i)  (21)

or

—h(l)p(l, o) + v(1)h 2 (l)  p(1 , 0) + v( 1)O
~~~

(i)  0 (22)

or

v(1)[h
2
(l) p(l, 0) +~~~~(l)) h(].) pCi, 0) (23)

v (l) - h(l) p(l, 0)(h
2
(l) p(l, 0) 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 1 (24)

The value of pCi , o) which by equation (ii) is

pCi , 0) = Elixi
Ci) — ~~~~~~~~ O))2j = guess (25)

can be obtained by guess or by a “learning process ” , or by a—priori
knowledge about the system.

• The variance of the estimate of state at stage 1 based on the observation
at stage one can also be obtained by equation (14) as 

-

• 

- 
• E{’~~ (1, 1)3. = (1 — v(l)h(1fl

2 
E{~~

(l~ 0~~ + w~(l) E[v~(l~
} 

(26)

when the cross terms and zero, that is

E~~v~(l)  ~j(i~ 0)3 2v(i)[1 - v(l)h(l)J = 0. 
• 

(27)

The variance terms of ~quation (26) will be denoted as

Ø~~(i, 1) = E~~
’
~~ (1, l)j~ . p (l, ii (28)

E~~v~(l)31 =Q~~(i) (29)

The pCi , 1) designation is in keeping with the now near classical
notation.

Expanding the terms of equation (26)

p(l , 1) = [1 — v ( l) h ( l) ] 2 p(l , 0) + v2(i)C
~~
’1) (30)

— (1 — 2v(l)h(l) + w2(i)h ? ( l) ]  p(l , 0) + v2(l) O
~
(i)

— p(l , 0) — 2v(l)h (1) pCi , 0)

+ w2( l ) ( h 2 (1) pCi , 0)
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Consider the last term in equation ( 307 and use equation (24) for }
.2(1) then

• v2(i) [h 2(]. ) pCi , 0) 
~O , i)] . (31)

• h2(l) p2(l , 0)[h2(i) p(l, 0) +Q~~ ( l ) ) ’2  (1*2(1) p(l , 0) +~~
‘ (1)J

— 1*
2(1) p2(l , o)(h 2 1) pCi , 0) ~~~~~ (~~)).‘1 

-

• h (l) pCi , 0) f
1
~i(i) pCi , 0) (h

2(1) pCi, 0) +Q
~~
(l)]’

Replaci ng the bracket term of equation (31 ) by w(l) in equation (24)
we obtain

v2(l)(h 2(l) pCi, 0) 
~O C i)] — h(i) p(l, 0) w(l) (32) 

•

Using (32) in~~quation (30) we obtain

pCi, 1) pCi, 0) -~~Ci) h C l )  p(l, 0) + h(l) p(1, 0) v(l) (33) j
• pCi , 0) — wC].) h(l) p(]., 0).

p(l, 1) - pCi, 0)11 - v(1)h(i))

also using equation (24) in equation (33)- we can write p(l , 1) as

[ 
p(l, i) = pCi, 0) - p(i, 0)h(l.)(h(l)p(l, 0)h(l) +~~ (1)V

1p(i,O)h(1) 
~ 

(34)

Equation 
(34.) is the scalar variance (one dimensional uncertainty eilipsoi4)

of th~ est~.inste of the state using all of the current observations.

We can now predict what the next state variable value should be by pro—
pogating forward with the known dynamics as

A A
• x(2, 1) q.’(2 ,l) xCl , 1) + f( l) .  (35)

The prediction of the next observation is

1) = h (2 )~~ (2 ,l) .  • 

• 

(36)

Th~’ elliposoid of uncertainty of the predicted stat e is

vh -~ 

p(2, i) E[~
2(2. 1)3 

• 

(37)

• x(2, 1) = x ( 2)  — x (2 , i) (38)
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Using equation (1) and equation ( 35) in equation (38)
‘
~ (2 ,1) •4H2. i) ’

~
’(l, 1) ~~

‘ u( l) (39)

1) •4x2, ii 
S
~
2Ci , 14(2, i) + 4(2, 1) ~

‘(i , 1) u(1) + u2(i) (40)

‘l’t*e expected value over all experiments of equation (40) is

E[~~(2, i)} — p (2, 1) •
~t~
(2, 1) p(l, 1)~~(2,. 1) +~~~~(l) (41)

where 
-

O7IU~
’
~ 

— E~[u~(i~} 
(42 )

Cross ter m statistical independence assumptions are

1) u(i~~ = 0. (43)

etc.

In conclusion , at stage one , we do: 
-

Given

guess or estimat e

pCi , 0) and ‘~Cl , 0)

compute • -

0) — h (l)*(l, 0) (44)

Measure and compute error

Az(l, 0) — z(1) — z(i, 0) (45)
Compute weight v(1) equation (~~)

w( l ) h(].) pCi, 0)(h(1)p(i, 0)h(l) + ~~~
(i)]

~~. 
(46 )

Update or correct state—estimate •

A A
x(1, 1) • x(i , 0) + v(1) z(i, 0) (47)

Compute ellipsoid of uncertainty of state estimation (48)

pCi , 1) — pCl ,0)(l — v(l)h (l)]
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• • Predict or propogate one stage into future with known dynamics the following
three variables : 

-

Predict next stag:.
• ‘

~(2 , i) — •(2, i) ‘~(i , 1) + r(].) (49)

Predict next observation . .

• A A
z(2 , i)  • h (2) xC2 , i) - 

(50)

Predict ellipsoid of uncertainty in state

p (2, 1.) — •(2, 1) pCi , .i) ,C2 , 1) + a
~~
(l). (51)

Wait for stage k — 2 and second observation to come in. I
• Stag e k = 2 .

The second observation is taken at stage 2 and is -

(2) h (2) x~ ( 2) + vj (2) (52 )

where, as before, z~ (2) is known , but (2) and v~(2) are unkhovn.

We compute the error signal

• 
- 

(2, 1) = z~..(2) - - (2 , i) , 
- (53) •

The sub—script j can now be d,~opped for simplicity of notation, where
it is henceforth understood that x(2, 1) for example means the best

• estimate of the true jth trajectory based on the sequence of instrument
noises~~~ .

J

Using equation (50) and equation (52.) in equation (53)

‘
~~2, 1) = h(2)[x(2) — ~(2, 1)) + vC2) (54)

we now have computed the error in the observation,- hence we can correct
our estimate of what the state variable should be based. on. the use of the
second observation, that is

2) ~(2, 1) + w(2) 1(2, 1). (55)

As before , we now seek the “ feed—back ” or -correction weight v(2) at stage
2. Before deriving the vC2) expression, use (54) in (55 )

2) = ‘~(2, i) + w C 2 ) h C 2 ) ( x ( 2 )  — ~(2, i)]-+ v(2) v(2) (56)

2) • (I. — v (2)hC2)] ~ C2 , i) + w (2)  h (2)  x (2)  + w (2) v (2 ) .  (57)
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From the error in state estimation at stage 2 using the second observation
as before

~(2,2) • x(2) — 
‘
~C2 , 2) •(l—wC2) h ( 2 ) ]~ (2 ,i) + v( 2 ) v( 2) (58)

Multiply equation (58) by itself to obtain the square of the error term as

~~
2(2, 2) — (1 — w(2) h (2)]2~~~C2 , 1) 

• (59)

+ 2w (2) v (2)[i — w(2) hC2)] ‘~
‘C2 , i)

+ w2(2) v2(2).

Observe that the error and the s~quare of the error in equation (59) is a
function of wC2).

In order to select a w(2) which will minimize the square of the error we
take the partial derivative of equation (59) with respect to w(2) and
equate this “gradient ” term to zero , hence

( )  —2hC2) (1. — v(2) h(2)] ~
2C2 1) (60)

+ 2v (2)[1 — w C 2 ) h ( 2 ) ] ’~(2 , 1)

+ 2w(2) v(2) (— h(2)) ‘~
‘(2, 1)

+ 2w(2)v
2
(2)=O

Since we want wC2) to be the same regardless of how many times we repeat
the experiment ; or, from a “single—test” stand—point , w(2) should be
selected to hold regardless of the unknown sequence driving the two
variables at this stage u (2) and v~(2). Consequently we take the cx—j J j n
pected value over all adm issible vectors and 4~r and obtain

E~~~~~2)
’ j:[l — v (2 )  hC2) J (_h(2))p(2, i) + w(2)avy(2) = 0. (61)

• The assumption of statistical independence of the variables ‘~
‘C2, 1) and

vC2) is again assumed

E {
~ (2, 1) v(2)) = 0 - (62)

also the assumpt ion about.~~~~’ -

(fv .(i) [v.Ci), v .(2-) J
• 

E l i  (63)
5’iL y .C2 )

= E 
(\u~~i v~C i) ‘~nW V~(2 \ l  ‘:

~~ 

a~,(l) ~

~ )~~~j2) vj(i) 
• v~(2) L 0
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The assumptions of equation (63) can be relaxed but then one needs a
deeper knowledge of multi—linear algebras , matrix—packaging and partitioning ,
matrix psuedo—inverse , etc. Hence such “highly— colored” or correlated
noise cases will not be discussed in this paper. The majority of published
-papers on Kalman theory make the implied Gaussian assumptions implied by
equation ( 6 3 )  for arbitrary large k. Computer storage problems for
correlated noise for large k are-also a problem. 

-

Solving equation (60) for vC2)
• v (2)[hC2) p(2,.l) h(2) + o~J 2)] • hC2) p(2, 1) 

- 
- - - 

(64)

or

v(2) • h(2) p(2,i) ~hC2) pC2, 1) hC2) + c,,,(2)]~~ 
• 

(6 5 )

The second weight can be computed since h(2), O__(2)  are assumed known and
p(2, 1) was computed at stage 1. 

VT

We can now derive the expression for p(2, 2) ,  using equation (65) and
taking the expected value over all experiments

p(2,.2) = E ~~
2(2, 2)} = Ii — w(2)h(2)12 p(2, 1) + v2(2)a

~~
(2) , (66)

with assumptions -

E {v(2) ‘~(2, i)} • 0. (67)

Expanding equation (66)

p(2, 2) = (1 — 2w(2) h(2) + w2C 2) 11
2(2)] p (2, i) + w2C 2)a,~C 2) (68)

• —‘2, 2) = p(2, 1) — 2w(2) h(2) p(2, 1) (69)

+ v2(2) (hC2) p (2, i) h(2) + a
~~

C2 ) ]

Consider the last term of equation (69) using equation (65) for w(2)

- 
w2(2) [hC2) p(2, i) h(2) + o~~,(2)] 

(70)

“h
2(2) p2(2 , i)[h2(2) p(2, 1) + o,~(2) ) 2(h2(2)pC2 ,l) + a,~~(2)1 - 

.

= 1*
2(2) p2C2 , i ) (h 2C2) p (2, 1) +
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and by equation (65) for v( 2) we obtain 
-

- .  
v2(2)(b(2) p(2, 1) h(2) + ,,(2)J • h (2) p(2, i) v( 2) (71)

Using equation (.i~) in equation (69)

p(2,2) • p(2, 1 )— 2v(2) h(2) pC2 , i) + hC2) p(2, 1) v(2) (72 )

or -

p(2,2) = p(2, i) — pC2,l) hC2) w(2) 
- 

(73)

— p(2, i) [i — w(2) h(2)] 
- 

(74)

Equation (73) can also be written as by equation (65) in equation (73)

p(2, 2) PC 2, 1) — p(2, 1) (h
2(2)p(2,l) +~~~C2)]_1 h (2)p(2, i) (75)

We can nov predict at stage k • 3 the state

• ‘
~(3 , 2) • •C3, 2) ‘~(2 ,2) + f(2) (76)

and the observation

2) = hC3) ~
‘(3. 2) (77)

- and the state-variance term

p(3, 2) = B G2(3, 23). 
- 

(78 )

By equation Ci) and equation (76)

x(3) • •C3 ,2) x (2~) + f(2) + u( 2) (79)

~(3,2) = ,(3, 2) ~(2 , 2) + f(2) (80)

and subtracting - 
-

• x(3) — ‘~C3, 2) — ‘~(3, 2) ,(3, 2) ‘~~2, 2) + u(2) (81)

Squaring equation (81 )

2) *$(3, 2) ~~ (2, 24(3g. 2) 
- (82)

+ 2+(3, ?) ~
‘(2, 2) uC2)

+ u
2(2). 

-
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Taking the expected value -

E (
~~(3, 2)} — 6(3, 2) E(~~(2, 2))  6(3, 2) + E (u2(2)} (83)

or - 
-

p(3, 2) • 6(3~ 2) p(2,2) 6(3, 2) + Ouu (2) (84)

Summarizing the steps at stage k 2, then we:

measure and compute error -

‘
~
‘(2 , 1) = zC2) — ‘~(2, i) 

- 

(85)

compute weight wC2) by equation (65) - -

wC 2) = h(2) p(2, ].)[h(2) p(2, 1) h(2) +r (2)]~~ (86)

compute corrected estimate of state

2) = ‘~(2, i) + w (2) ‘~C2 , i) (87)

compute variance of state ~qu-~~on (74) -

p(2, 2) = p (2 , 1)- w(2) h(2) p(2, i) (88)

Predict (update) state via dynamics equation C8o)

2) = 6(3, 2) ~(2, 2) + fC2) (89)

Predict observation at next stage

2) = ht~) 
‘
~(3 , 2) (90)

• 

. 
Predict next stage state—variance

p (3, 2) = $C3, 2) p(2, 2) 6(3, 2) + o
~~

C2 )  (91)

welt for next stage or third observation to arrive.

- 
Stage k.

The derivations of the equations will not be .repeated for stage k, the
relations will be based on the mathematical process of reasoning by analogy-.
The treatment of the multi—variable or vector case will derive the relations
at stage k but will not develop the stage—wise logic at k = 1 and k = 2.
We have available from previous stage predictions

k—l) 
-

~(k , k—i )
p(k, k—l )
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and stored ~ ,k), a~~
(k) 

-

Measure and compute error
A

z(k, k—i) = z( k) — z(k, k—i) (92)

Gompute w(k)

• v(k ) • h(k) p(k, k—l)(h
2(k) p(k, k—i) + o,~

(k)F’ 
- 

(93)

~ompute corrected state estimate 
-

• ‘
~
‘(k , k) = ‘~Ck , k-i) + v (k)’~

’(k , k—i) (94)

Compute variance -

p(k, k) = p(k, k—i) (1. — v(k) h(k)] (95)

Predict next stat e -

~ Ck + 1, k) = +Ck + 1, k) ~ (k , ~) + f(k) (96)

Predict next observation

‘
~(k + 1, k)  = h(k+l) ‘~(k+l , k

) (97)

Predict variance of state

p(k+l, k) 6C k+l, k) pCk , k) $(k+1, k) + a
~~
(k). (98)

We define the noise variances In the notation of the many )~a1man
oriented papers, that ~is

- 

~~~
(k) = q C k ) (99)

0 (k) = r(k) 
- (100)

• 
- 

The three familiar equations can be written as
A A 

- 
-

x (k+l, k+i) = $(k+i, k) x(k, k) . (101)

- 
+ p(k+l, k) hCk+l)(h(k+i) p(k+i, k) h(k+1) +

A
(z(k+l) — h(k+i) $(k+l, k) x(k, k))

- 
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p(k+l, k) = •(k+i, k) p(k, k) s(k+l, 1*) + q(k) (102)

p(k+i, k+l ) = p(k+l, k) - p(k+l, k) hCk+l) (103)
—g • 1

- 
(hCk+].) p(k+i, k) h(k+l) + rCk)]hCk+i) pCk+1, k)

We shall now define in words the meanings -at stage k of the--variables and
rewrite the equations using the distinguishing j

-x
3
(k+1) •4~~k+1, k) x~ (k ) + fCk )  + u~(k) (104)

z~~(k) • hCk) x~Ck) + v ( k ) (105)

~~j(k+i . k+1) =4 (k+l, k) ~~~~~ k)

+ pCk+i,k)h(k)(112(k+l) p(k+l) + rCk)]~~

(Z
j 
(k+i) — h(k+1)~~(k+l,k) 

~~~ 
(k k)] (106)

• 

- 

p(k+l, k) 4~(k+l , it). p(k, k)~~(k+1, it) (107)

p(k+l, k+i) = pCk+]., k) — p(k+l , k) h(k+ 1) (108)

(h
2
(k+l) pCk+1, k) + r (k)V1h(k+i) pCk+i , k)

x(k ) = x Ck) is the true (unknown) value- -of the--process state at
stage it as a result of the unknowns -u 4(l),- ... vj k)
forcing the-system.

z (it) = z (it) is measurement- of the true noise--process x (k) with
additive unknown measurement noise v (it). ‘~

A A
x 4 (it , it) = x(k, k) Is the best estimate of the state at stage k of

the jth trajectory based on past observations

• up to stage it, that is recursively we have used
noisy

Z
j 
(1.), z,~ 

(2) ... z~ (it)

made noisy by v (1), ... u Ck). }
A A
x 4 (it+i , it) = x(k+l, k) is the best estimate of the state of the jth

trajectory at stage k+l, based on observations
only up to k. Also interpreted as the predic-
tion of the state at next stage k+l, based on
current stage k and past measurements.
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VECTOR ESTIMATION E~UATI0N~

• This section derives the Kalman Estimation Equations for the multivariable
case using matrix analysis methods . The derivation techniques are the same
as used in the previous scaler case. The essential difference lies in the

• minimization methods. The variance of the estimate in state for the scaler
-r case is a scaler valued function of a scaler argument w(k). For the vector

case, the trace of the variance matrix of the estimate of state is like-
wise a scaler—valued function, but a function of a matrix of p rows and *‘v~columnsWk). The minimization of a scalar—valued function with respect
to th~s mat rix. I

One can arrive at the equations via strictly algebraic concepts of o ~~ogonal
projection matrices etc., in which one does not have to enter into discussions

• of partial derivaties, continuity of continous variables and gradients.
Since the majority of expected readers a~e assummed to be more familiar with
the least—squares criterion via gradients , this report will, stick strictly
with this method.

The general linearized vector equations are

~(k+l, k) x (k~~~ + B(k)f(k> + N(k)uCk~~~~ Ci )
pxg - pxq,

z(k1~~) = H(k) x (k~)) + v(k~~~) (2)

The deterministic k—varying vector ftk~~~ Is of dimension,g less than or
equal to p , and ç~ets distributed c-r cro~s—coupled into all p state
variables x(ki-l)(~~ via the functional rela.ions of B(k).

-
p pxg

The same statements apply to the noise input vector u(k )).

The reader should keep in mind the families of trajectories accurately
described by the j and r. indices, that is

= ~(k+1, it) x (k~~~) + B Ck ) f (~~) + NCk)u(~~~ (3)

Z 4 C
’
~)~ 

= 11(K) x (~~~~ + v( (4)

As before~ the accurate descriptions designated by j and n will be 
dropped

for simplicity of representation.

The equations are developed as a “recursive process” or an “on—line ”
processor; that is, as the ocservat.ons “role in” the mechanized computer—
estimator utilizes the data, ana discards it or stores it on tape ~r what
have you. All past data is sequentially accumulated in the “memory of the
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math—vare” via up dated estimates -and variance matrices etc .

Stage it.

Suppose we are at stage K and have computed during stage k—i, the following
A
x(k—l , k~~)) -

P(k—i , k—i) • - -

and predicted via dynamics • 
- 

-

‘
~(k. k~))= ,!k, k— i) ~Ck-i , k~~ >+ 

B(k—l) f(k)> (3)

z(k, k—~>= 11(k) 
‘
~Ck , k_l)) (6)

~ (k, 
it_
~j )  = 11(k) •(k, k—l ) ~ (k-l , k_i) + 11(k) B(k—l) t(k-~~~ (7)

P(k , k-i) = f(k, k-i) P(k-i, k—i) flk, it—i) (8)

+ N (k—l) Q(k—l) N
T(k l)

We now receive the kth observation

z(k)> ii H(k) x(k)) + v(k~> (9)

where zCk~I) is known but x(
’
~)> and v(~~~ are unknown. We can compute an

observation error vector by equation ~) and (9 ) as

~~k, k—~~~ = H(k) [x(~~~ - 
‘
~(it , k_i>) + v(k> (10)

we now can correct the estimate in the state vector based on the observable
and computable estimate in the observation vector as

‘
~(k, ~~~~ =‘~~(k , k_l~~~ + w(it) ‘~(k, k—1)

’
~~~ 

- 

(11)

where the weighting matrixw (k) at stage k has p rows andm-coiumns.

We next seek a procedure for selecting a~,each stage a p~~ weighting
matrix W (k).

• Using equation ( t O) in equation (H) -

= ~(k, k—~~~~+ w ( k ) (H(k)[x(k> ’ _ ’
~
(k, k—i

’
~>] + v (k~~) (12)

- = [ I — w(k) 11(k)) xCk , k-i + W(k)H (k)x(k) + w ( k ) v (k
pxp p~~ mxp
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If we now define the “unknown” error vectors

x(~~) — ~~ Ck , ~~>=~~(k , ~)> (13)

and 

x ( >-~~
(k , ~~~~~~~~~~ ~

_
~)> - (14)

then theoretically equation (12 ) in (13) yields
‘
~(k, = [I - W(k)H(k)]x(k)— [I — w (kfl i (k )] ~ (k , ~~~~~~~~

- W(k)v(k
)

= [I - w (k ) H (k ) )~
’(k , k.~~~~ — w(k)vC~~~ (16)

Transposing (16) we obtain
it) z(~~ k, k—i ) [I — RT(k) wT(k)) — ~~~~)w

T
(k) (17)

The dyadic product of equation C 16) end (17 ) yields

it) = ([I — W(k)H (k)J ~(it , k_l))
_ WCk)v(~~~} ‘ (18)

K~~k, it-i)[i - H
T(k ) WT(k ) J  —~~~~

‘
k) WT k,

= [I — w(k)H(k)]~ (k , k~)X~~(k~ k—l)[I — H
T(k)WT(k)]

- (I — w(it)a(k)}~~it, k_l)~~~(k)w
T(k)

- W (k ) v ( k ~~ %~~~t , k-l)[I - HT(k )W T ( k ) )  -

+ W(k)v(k~~~~~k)W
T(k).

The square of the magnitude of the error vector~~~k, ~~~ is given as the
inner-product of equatioz~ (16 ) and equation (j7) or, as the trace of the
outer-product of equation (j,3) as

~~~ it) x(k,,~~~~=4~1c, k-i) ’~~it , 
~~

_
~%

j

~~~
_ 2~~(k, k-i)w(k) 1&(k ,k-~~~~

• +~~~~k ,k-l )H (k)VIWH(k) x(k, k~~~’ (19)

- 2c~~k, k-i)W(k)’v(~~~ 
-

+ 2c:~~k , k_i)HT(k) wTC it W(k)

+c~~it) wT it w(k) v (k~~
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- - Equation (19) is a scaler valued function of a matrix argument W(k) of
size p~~. We shall take the partial derivative of the scaler with respect
to the matrix w(k),

~~ 4it, k) (k,~~> term by term .

By- equation ( 19), there are six additive terms, each term viii be handled
~~~~~ the “gradient” methods in Appendix B.

The first term is not a function of 
-

W( k) ,  hence

aw(it) <~~
k, krn].) ‘~(k, 

it_ j) = [0) (20)

The second term is by equation

• - awck) ~~
2(~~ k, k i) w(it) 11(k) 

‘
~
‘(k , i t 5~ _2l1(k)~ Ck ,k_i~)((~(k ,k_ l) (21)

- • The third term is

~ {L~(k , it-i) 11T it wT(k) w(k) 11(k) ~~k, k-l>} (22)

= 2 11(k) ‘
~
(k,

’
k_l>

~~~
(lt , k-i) H

T(k ) wT(k)

he latter derivation is based on

k—i) HT(k) (23)

b
~~~ 

= 11(k) ‘~~k, k-1

The fourth term is by equation (24)

~~ {_2< ~lk
, it—i ) w(k) v(k~~~) _2v(k~)(~~k, k—l) (25)

The f if th term by equation is

~~ 
(2~~(k, k—i) H

TCK ) WT(k) w(it) v(k))} (26)

= {I1(k) ~ (k , t_l>
~~

(k )  + v (k
’
~K~~k, k_i)H

T) wT 
-
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based on setting -

(27)

in equation ( )

The sixth term is -

~j 
(<v(k) W

T(k) w(it) v(k> ) = 2v(k~>4~
k) wT k) 

- 
- 

(28)

Utilizing the above six expressions in equation (l,9 ) after the partial
derivatIve has been taken

it) ~ (k , k
~>:} (29)

— —2 11(k) ‘~
‘(it , k_]))(~~(k , it— i)

+ 2H(k )~~ (k , k_l!)<
’
~
’(k , k_ l) HT (k) wT it

- 2v(k
~>(~k, it-i)

+ (11(k) ‘~(it , 
k_1~)4(k) + v(k!)(~tk , k_l)H

T(k)} WT(k)

+ 2v(k~~~~’(k) W
T(k) = (0)

mxp. -

The expected value over all experiments and allowable values of j and n
yields 

-

k) ~(k k
’
~
)] 

= -211(k) E{~~k, 
k_l

~<~
tk, it—i)) (30)

+211(k) E(x(k, k_ ]
)<~~~

k
~ 

k—i)) H
T(k ) wT(k)

—2E(v(k~~~ t’tk, k-l)}

+ [11(k) E{2’(k, k-l~~(vCk) + v(k)~<~~
k i it-i) H

TCkYI WTCk)

+ 2E{v(14~~~~Ck)) w
T(k) = (0]
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It we use the ~ tation -

P(k, it) —~~~~(it , it ) — E (~~k ,
’

~~ x :~~k, it)} - (31)

-

. 

I 

P(it, k—i) “~~~~(k , k—i ) = E{~~k, 
it_
’
~)X~~it; it—i)) (32)

Q(k ) — E (u Ck~~~~~~c ) }  - (33)

R(k) — 11 (v(~~~(~~k)) 
- 

- (34)

and assume that the conventional- statistical independence assumptions hold,

• E(~ (k , it—i ) .( it ) } — ( 0] (35)
‘- -,

E(v(k
~>4~k_l)} = (0] (36)

— ( 0) ,  etc. (37) - •

By equation (31 ) through C 37 ) in equation (30)
- 

a(tr P(k,k)) — —2 11(k ) P(it, k—i ) • (38)
aw(k). T T .

+ 211(k) pCit, it—i) H (it) w (it)

+ 2
~~~~

(k) wT k = [o) 
-

(11(k) P(k , k— I) 1i~ (k )  ~~~,,(k ) J  WT
( k)  = 11(k) P(k, k—i) (39)

Transposing 
-

w (k ) [H (k )  P( it , it— i) HT (k )  + ~~~(~)) = P(k , it—i) HTCk) (40) }
Inverting

Tw (k) = p (i , it— i) H (it) (11(k) P(it, it—i) 11(k) +4 (it)) (41)

•

or 
-

w(k) = p (k, k-i) H
T
(k)[H(k) P(k, k~~l)HT(k) +- R(k)-]~~ (42)

WT(k) = [11(k) P(k, it—i) H
T(k) + BCk)]~~ 11(k) p (k, k—i ) (43)

1-
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The pxp matrix variance of the estimate of state (the p—space ellipsoid of
• uncertainty) can be obtained- by taking the expected value over all experiments

of the dyadic product of equation (18),

- 
P(k , it) —E (C~~k, k~)(~~k, it))  (44)

— (I — w(it) u(k)J P(it, it—i)(I RT(it ) W T(k)]

+ u (k) 11(k) W (it)

Multiplying out the terms of equation (44 )-ws obtain

P(k, it) — PCit, k—i) — P(k, it—i) H
TCk) WTCk (45)

• — uCit) 11(k) POt , k-i) + w (it) 11(k) P(k, k—i ) HT(k) wT(k)

+ W (k) 11(k) wTCk •

— POt , k—i) — ?(k, it—i) H
T(k ) WT(k)

- wCit ) 11(k) P(k ,- k-i)

+ w(~ )[u(k) POt , it—i) x~(~) + 11(k)] wT k

Consider the last term of the above equation and equation (42 ) for W (k)
with the transpose (43), then -the last term becomes

w( k)( HCK ) P(k, k—i ) HT(k) + R(k)] wT(k ) (46)

— P(k, it—i) HT(k)[H(k) P(it, k_l)H
T(k) + R(k)1~~.(E(k)P(k,k_1)E

T(k)+R(k)1

x[H(k) P(k,k—1 ) HT(k )  + R (k ) ]~~~ 11(k) PCit, it—i) 
-

— P(k,k—i) HT(k )[ E ( k ) PCit ,k-i)  -+  RC k)]~~ 11(k) POt, it—i)

— W (k) 11(k) POt , k-i).

Using the above expression for the last term in equation (45) we obtain

POt , it) — P(it,it—i) — P (it,.it—i ) HT(k) wT it (47)

- w (it) 11(k) POt , it-i) + w(it) a(it) P(k , k-i)

or 
-

- POt, it—i) — POt , it~i) HT(k) wT it (48)

P(k,k) — P(k, it—i)(i — HT(k) w
T(k)) (49)

pxp p~~ axp -

The matrix P(k ,it—i) was predicted and tomputed- during stage it—].
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We can nov predict the next atege (it+i) stat e vector via the deterministic
process—dynamics

-

. 
~~(k+l, j;y;)I1 •(k+i, it) ~Cit, 

~>+ 
B(k) f(

~~> 
. (50) - I

The next stage prediction of the observation vector is

• “
~(it+i ,~~~~—- H(k+i) 

‘
~(it+i, ~~‘ 

• 

• (51)

The error in the state vector at stage k+1 based on the - pred.tction of
equation ( 5 0 ) is

~~~~~ x(k+~~~ —~~Cit+i, ~~~ 
- (52)

where the unknown state vector is

x(k+~j>i4’(it+l, k)xC~~) + 8(k) f(~~) + 11(k)- u(~~> (53)

and the unknown error is by equation (5Q ) and. equation- (~~ ) in equation
( 5 2 ) 

j

• ‘
~(k+i,~~~~ ” •(k+l, k)xC~~~ + B(k-) (54)

+ 11(k) uCk> — •Ck+l , k)x(k, - B(k) 
~
(
~~?

- - •(it+i, k)(x(k> - ‘~(k ,~~J+ 11(k)

Usthg equation ..- in equation - 
- -

•(k+1, k) ‘~
‘(it, 11(k)- u(

,
~~~ (35)

The transpose of equation (55 ) is

it) ~~~~~~~~ it) ,
T(k+1 it) +(~~k) 11T(~~ 

- (56)

The dyadic product of equation (55 ) end-equation (-56) is

1(it+i, k)~x~~~k+i. k) (57) 
)

- 

— •(k+1, kink, k)4Cit1 k)49~(k+i , k) - 

- 
]

+ •Ot+i, k) ‘~Cit, k~~X~~k) N
T(k)

+ 11(k) u(k))<~(k~ k )~~ (k+i, k)

+ 11(k) u(k>(�
~
k) NT(k) 

‘
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The expectation over all experime nt s of equation (~ ) is
- 

E(~~k+i , k~)<~~k+i , i t ))  — P(k+i , it) (58)

— •(it+i , it) E{~
’(k , it ))(~~~k. i t ) )  ,T(it+i , it)

+ 11(k) E(u(k)~~~~
)} NT(k).

The statistical tndepeudence usumpticn was invoked: 
-

E(~ (k , itj~~c~~ k ) )  — [0].

Define the process noise variance matrix -
-

SOt) (59)

and equation becomee

P(k+1, it) —
~~~~~~ Cit+i , it) pOt, k)~~

T(k+l, i t ) - +  11(k ) Q( k) N~ (i t ) .  (60)

We ma~r now s arize the equations and. the c mputations’to be performed at
the kth stage as the kth stage summar.~

We have available from stage k—i :
A
x(k , ~~~~~~ 

- 
-

‘�Ot, it..ij> — 11( k) ‘~(it , ~—3.)> - 
-

- P (it , k-i ).-

- 

Receive zCk>

Compute error in observation

‘
~(k , k-i,i~ zC~~~~ ~ (it , (61)

‘Compute -weight matrix w( i t )  by-equation (42)
- 

T T -

w(k) = POt, it—i) H (k)(H(k) PCk, it—i-) H (it) + 11(k)] (62)

Correct state estimate by equation (11)
• 
‘
~ (it , k)~~= ’~(k~ it_i>+ wOt ) “

~
‘(k , ~~~ (63)
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Compute new state variance by equation (49)

p(it, it) = POt, k—1)[I — HT(it) wT(k) ]  (64) I 
-

Predict to stage k+l, by equation (50)
ft A ~~~~~~~~

- - - ‘
~~~x(k+l,~~)? $(k+i, it ) xCk ,~~)1+ B(k ) rC~~.? (65)

Predict observation by equation (51) 
-

A A
H(k+l) x(k+1 , (66)

Predict state variance by equation (60)

P(k+i, it) = s(k+i, it) pOt, it) ,
T
(k+l it) + N(k) Q(it) NT(k). (67)

wait for stage k+i and new measurement vector . 
-

The equations can b~ substituted and Juggled around to - obtain alternate
e~cpressions~ for exsir,le using equation (42) and (6i ) in (63) we obtain

‘
~(k, it ))=  ~ (k , ~~~~~ (68) -

- 

+ POt, k—i ) HT(k)(H(k) POt, it—i) HT(k ) + R(k)]~~

x{z~~~~ —H (k) ~(k, it—i) ~ (k—i , k_i)~~
_H(k)B(k—l)f(k_>}

Many s1a~iiar variations of the above systems of equations occur in the
literature.

The vector starting system of equations can be derived from equation
or k = 1,

~
‘(i, ~~~~~~ = intelligent guess (69)

and 

= H( i) 
~~~~~~~ 

- - (70)

PCi , 0) = intelligent guess based on experience about the process. (71)

Receive z(~~~

Compute error 
-

‘
~
‘(i, ~~~~~~ = z~~~~ — ‘~(1, j~j 3~ 

- 

(72 )

- 
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- - Compute fi rst weight

v(l) — P(i, o) [11
T(1) P(i, ~) 0

T(1) + R(1)]
~~ (73)

Correct state 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

- 

(74)

Compute state variance matrix by equation 49

P(i, 1) — PCi, C) (i .~ 11T(1) wT(l)r 
- 

(75)

Predict stage 2 by equation (50 )

~ (2, ~~~~~~~~ 1) ~(l,~~~~ + B(l) f(~~~ (76)

Predict stage 2 observation

‘
~ C2 ,

’

~~~~~= 11(2) ~(2, 
- (77)

Predict state variance matrix by enua-t~on (67)

P(2, 1) = •(2 , 1) P(l , 1) ~t(2 , 1) + N (1)Q( i)N ’ (l) (78)

- 
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EQUATION SW-IMARY FOR COMPUTER APPLICATION

This sectioü summarizes the equations of the previous sections and points
out how to compute mechanize the estimation equations to recursively estimate
the state vector as the observations “roll into the computer ” . Precomputation
of the sequence of weighting matrices for large dynamical systems is a necessity.

The dynamical process is described by the state vector equation

X(k~~~ - •(k+1,k)x~~~ + Bf~~~~ + Bf~~~~ + N(k) (1)

and a system of noisy instruments whose- outputs are functionally related to
the states by the observation equation 

- 
- ii

- H(k)X~~~ + . 

- 

(2)

The system of estimation equations are:

- 
The state vector prediction equation ‘

~(k+1~) 
— •(k+l, k)X(k ~~~ + B (k) f~~~~. (3) -

The observation prediction j -
-

— H(k+l)X(k+ 1)~
. . 

- 

(4)

The Observation error

~(k+1,~~~~ — Z(k+l~~~— Z(k+1~~~~ 
- 

.1 ::
and the correction to the pr~dicted states at k+l after the (k+l)th

observation is available 
-

X (k+1, — X (k+l~)~ 
+ W(k+1) 1(k+1> . (6) -

The sequence of weighting matrices W(k) can be precomputed and stored in 
-

memory. The weights are:
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- 

W(k+l) — P(k+1, k)H(k+1) ~I(k+1)P(k+l, k)H
T(k+l) + R(k+l]1 (7)

where

P(k+1, k) — •(k+1 k)P(k,k)•
T(k+1, it) + N(k+1)Q(k+l)NT(k+l) . (8)

Th. block diagram is shown in Figure (1) as the conventional feedback
(discreet) system. -

_ _ _  

~~~~~~~~~~~

Z(k+ 1, k) A
X(k+1,>

T ~
(k+1, > —

{~ (k+1, it~j&

FIGURE (1) — DISCREET FEEDBACK BLOCK •

By re—arranging the positions of the feedback blocks one can obtain a
flow—block which looks more familiar to a digital programmer as shown in
Figure (2). - -

Tests or applications in which one can plan or design the experiment and
the times k , k+1, etc. at which instrument—data will be used to estimate
appear to admit of pre—computing the weights. If the estimation times are not
pre—designed one must compute the weights on—line.

k+l , Ic)
k

H(k+ 1) - A
X(k , k)

+ 
-

Z(k+l ____[T~tage1 Delay
W(k )

W(k)Z(k ÷1, + 
+

Corrected 2(k÷l, k+
Prediction

Figure (3) - Flow Block of Estimator
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Section 25 WALSH FUNCTIONS

Walsh Functions are highly suitable for digital devices since they are square
waves and have been increasingly successfully applied to digital communication
and two dimensional imaging and filtering . Very few attempts thus far have
been made to trajectory estimation. Dr. C. F. Chen published the first paper
to my knowledge along these lines on October 1975 (reference 22) in a paper
called “Design of Piecewise Constant Gains for Optimal Control via Walsh
Functions”. It is hoped that these techniques will soon be applied to optimal
estimation.

This section presents some of the known and published properties of Walsh
functions and adds a few new relations . Chen also in reference (20) refers
to block pulse functions very closely related to the Walsh Functions , which
he says in theory the block pulse functions do not form a complete set while
the Walsh Functions do. Chens papers in reference (21) a excellent state-space
treatments of this subject matter - -

The Rademacker functions (not discussed in this report) are basically trigo—
nemetric functions blocked off for a fundamental and harmonics as shown in
Figure (1)

Figure 1 Rademecker and Sine Function

The Walsh function (first 10) are shown in Figure (2)
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Continuous Time Functions.

The first f’ur block pulse functions are shown in Figure (3)

~i0
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f~~~~~~~ ___________-t

~ 1
(t ~ I-__ri

½
11

3/4

~3
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Figure (3) Block Pulse Functions
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The block pulse functions are the “building blocks ” for the Walsh functions
and the relations are for the 4 x 4 case

~

1 1 -l -11 
= (1)

1 -1 1 —1

43 1 -1 -1 1

or 

~(t)(~~ = W ~~(t)(~~ (2)

or for the m x m case

W i
~
(t)(m> (3)

mxm

The inverse of the Walsh matr ix  is

w ’= i w  (4)

or 

W2 m1 (5)

wT = w  (6)

thus

= W 
~
(t> (7)

m

By Figure (2) it is seen that continuous derivatives of the square wave functions
do not exist at the break points , however integrations behave quite well , thus
one should approximate the highest derivative of the function and integrate .
Recall that with the polynomials the approximations were made at the position
level and velocities and accelerations obtained by the derivatives of the
fitting functions , that is

< f=~~~
Vf (8)

Consider approximating the derivative of a function with the Walsh functions

x(t) = <m)4(t) c(m> + x (t)

or (9)

x(t) = I 4 (t)c.
1~ 1
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where the c .  are constants .
I

The Walsh functions form an ortho-normal set that is

~(t)(~ji:> jj~4(t) dt = I (10)
0

For example the first two

0 ~ i)~ o~i dt = I (11)

‘
~1~ C

for clearly

1 1
4~ dt = 1 dt (12)

o 0

and

1 ½ 1

~0~ 1
dt = 1 dt + (-1)dt = 0 (13)

0 0 ½
The coefficients of Eq. (8) can now be obtained -

t~~~~(t)dt = c~~~ + x~dt c(m (14)

where is approximation .

Clearly the block pulse functions are an orthogonal set, that is

~ ~(t>
.c~~ t)dt 

m~m [~] 
(15)

The matr ix of inner-products between the two sets of functions of Eq. (1) is

~(t~~ 4~
’
t)d t  W I = W~

1 ( 16)

also by Eq. (7)

~
(t>4,~

t)dt W = W
1 

(17)
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or the matrix of inner-products commutes , that is 
—

J~~
(t)X~

(t)dt = 
J~~(t5><~

(t)dt (18)

By Eq. (9) we can approximate the function in block-pulse function base as
(errors ommitted)

c(t) ~(4(t)~~ 4(t)c~~~ (20)

or by Eq. (16) and taking inner-product

~(t)dt W~~c~) (21)

also

C~5~~~ WC> (22)

thus a base change is simple.

One can also by approximate relations rather than equivalent relations obtain
the monomial base in the Walsh base , that is if for example

~~ (t) = (1, t, t
2
) =<t (23)

then

= c~~(t)C~~ (24) 
- -

3x3

that is

f(t). = ~~ (t)~~ . (25)

i 0, 1, 2

Obviously

f ( t) = 
~b (t) = 1 (26)

and

t =<~(t)~>1

or

f~(t)>t dt = 
~~~~ 

= 

~ 
(27)

\c2J i - 1
r 
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- - By Eq . (24)

- - C
*t ~~~~~~~~~~~~~~~~~~~~~~ = 10*(t)><t dt (28)

~ 
t~o fo\

C
*t ~I 0 ~~ 

dt , 
(i) 

tdt , (.~) 
t
2
dt (29)

*2 *2

The first column vector has values -

C
O l 

• i J
c
1 

= 0 (30)

C
2~~~~

for

f * 0
d t = 1

(31)
1 ½ 1

f  ~ dt = f  ldt. + J (-1)dt = 0
0 0 ½

etc.

The second column vector has approximate values

(
~

) - (32)

- 1/8

The approximation and equal signs will loosely by used so reader beware .
For example

J *0
tdt = 

f
tdt 1/2 (33)

and

(t)tdt = f tdt + f (-1)tdt = -1/4 (34)
0

1 
0 ½

etc.
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The third column vector of Eq. (28) is —

>2 = 

~ 
] Li

By Eq. (30), (32) and (35) in Eq. (24)

~~~ 1/2 1/31
Q)t ~~)*(t) 10 1/4 —1/3 I (36)

N. -1/8 _1/8J

Note that if one approximates the first three monomial base functions by a
large number of Walsh functions say m>3 then - 

-

~~~f ( t) = 
~~~~~~ Imx3

= 4*C~tC;~ (38)

The inverse of the matrix is

l r-2 8~~
C~~ = 0 12 4(8) (39)

0 [-12 3(8)
~

By Eq. (24)

f
~ 

~~~dt C~~ (40)

also

/ t~ 4 dt = Hill = t~~4dt C~~ (41)

or

H.11 C~~~ t
’
> 4dt (42) }

where H. is the 3 x 3 Hu bert matrix.ill
Transposing Eq. (24)

= ~~~~ (43) LI

I
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. - hence

f ~~ ~~~t = Hill C~~C~~ (44)

and
- c 1 (45ill 4t 4t

Since the Walsh matrix is symmetric by Eq. (1)

ç q =<~zW (46)

and

<&~~=<~~
W i (47)

If we partition W into its column vectors

W 
~~~~ ~~ i’ ~

‘2’ ~~3] (48)

then

~~0’ ~1’ ~2 ’ *3) = ~~~ 1’< ~/24 ’~~ 
(49)

or

= (50) - -

and the w). are the coordinates in the block-pulse base of each of the Walsh
functions.

Likewise

~~~
=4I=/

~ (~\\ (~~( f lf °  
(5 1 ) -;

~~o)~~~ oJ ~~~o J i  J
The transition matrix on the column vectors of Eq. (51) is

e>+l Sd 3~ 

(52)

i = 0 , 1, 2 , 3

where the permutation matrix or shift-down operator is

‘0 0 0
Sd = 1 1 0 0 o \  (53)

~0 1 0 0 1
0 1 oj H

585 

- - -~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
- - ~~~_=--~

__ z
~ - - - - - . 

-———-



~~~ UPiIU1~~!UUIIIIII - —— 
~~~~~~~~~~ 

— -—-.,-—- — — — ~~~~~~~~~~~~~~~~~~~~

and - -

I = 
~~~~ .~~1’ ~‘2’ ~~31 ~54)4x4

The measing of Eq. (52) is for example

= /o\ = 1° 0 0 1
~ fi\ = S  e (55)1 Ii 0 0 oi t o  d ~

t o j  10 1 0 01 t o
\oJ Lo o i oJ \o 

- -

etc.

By Eq. (47)

(56)

or 

e>i, e>2, ~~31 = W

>3
] ~~~ (57)

Eq. (56) in Eq. (57)

or 

~~~ E 
~~o’ ~~i ’ e>2,)31 — 4  ~~~~~~~~~ ~~ 2’ ~ ‘3] (58)

= w 
‘

~~~~~~

. (59)

Using the base-change relation of Eq. (59) in Eq. (52) -

~~~i+1 
= S

d ~~~~~~ 

- (60)

or

• = W 1
SdW~?. (61)

or

w”. = 4  ) . (62)p 1+1 W 1

which is the transition matri e on columns of w~

4 W~~S~ W = fi o o o\ (63)w 0 0 0 it H
0 0 -1 1~

-1 1 9!

By Eq. (63) the orthogonal matrix W can be written as i~i

W =  [1), 4~~~, 4
2
1), •~i>j 

(64)
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where

j > =w )~ (65 )

Note the cyclic properties

S~~= I  (66)
mxm

= S~ (67)

and

= W~~S~W (68)

4 = W~~S~W = 1 (69)

4lfl+ 1 
= (70)

we also have

• 
W
0 = I

W1 = W

2W = ml

3W = mW

4 2W m 1
(71)

5 2w m W
6 3W m 1

mm/2 I

for m even.

Integration of Walsh Functions and Block Pulse Functions.

Chen in reference (21) presents the operational matrix for Walsh integration,
and for-the 4 x 4 case , the functions and their integrals look like
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Figure 4 Walsh Integration

The Walsh functions are rectangular waves, their first integrals are triangular
waves and the second integrals are quadratic curves . Chen approximated the
triangular waves over the intervals as shown in Figure (4), to obta in

t rl/2 1/4 1/8 0 1
I 4(t~~it ~4(t) 1-1/4 0 0 1/8 (72)
0 1-1/8 0 0 0

L 0 -1/8 0 0

or

I 4(t)dt 4(t) P
~

where the integration matrix is a constant.

The 8 x 8 integration matrix is given by Chen as

1/2 1/4 1/8 0 1/16 0 0 0
-1/4 0 0 1/8 0 1/16 0 0
-1/8 0 0 0 0 0 1/16 0

P = 0 -1/8 0 0 0 0 0 1/16
W -1/16 0 0 0 0 0 0 08x8 

0 -1/16 0 0 0 0 0 0
O 0 -1/16 0 0 0 0 0
0 0 0 -1/16 0 0 0 0

Chen also gives the 16 x 16 matrix which is the same as a table in Corringtons
paper of reference (25).
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The integration of the first four block pulse functions is obtained in reference
(20) by Chen and they look like Figure (5).

i ~ - . f~ idt

___
½ ¼ ½ 1 

(~2
dt 

-

I I — 

I ~
#_#_i______:

3/4 ½ 3/4

• f*dt

-j  

~~~

Figure 5 Block Pulse Integrals

The integral of the block pulse functions is given by Chen as

14(t)dt = 
~~!~b
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with

IT/2 0 0 01
P = I 1 1/2 0 0 1/4 (76)
b I i  1 1/2 0

4x4 1 1 1 1/2

The integration matrices 
~b 

and P are related through a base change (or a
similarity transformation as) by ~q. (46)

(77) - -

and integrating both sides of Eq. 77.

f(’~dt J~(~1sdt W (78)

or

<*1)w ~~~
Pb

W (79)

or Eq. (78) in Eq. (79)

<~~~w 
=~~~sP~W (80)

or

— = W~~P~W (81)

One can now easily invert the Walsh integration matrix for by Eq . (81)

P 1 
= W 1P~~W = WP

b
1W (82)

m

The block pulse matrix is lower triangular and easily invertable .
-

- 
- 

Also note that

7 1 1  0 0 0

“b = ç I i  1 0 0 — 1/2 I ~ 1/4 (83)
5 Ii 1 1 0 -  )

1 1 1

where it is know that

-1 0 r i  0 0 ~~~
(I-S )

_1
10 1 -1 0 1  = 1 1  1 0 0 1  (84)

do 
to ~ 1 —~~ j 1 1  1 1 0
Lo ~ o 1 J  L 1  ~ 1 1
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where the shift-down and out matr i x ( sh i f t  the row 2 of the identify matrix
down) is

- .  
- J O  0 0 0

S
d = I i  0 0 0  (85)
° J o  1 0 0

L° 0 1 0

and lower triangular unit matrix can be written as

f 1 0 0 0 \
Ii 1 0 O~ = I + S  + s2 + S 3 (86)do do do

1 ~

One can write the inverse of Eq. (84) as

(I_S
do)

1 
= (I_S

d0) 
[(I_S

do
)(I_S

do)
T
]
_l 

(87)

The symmetric matrix

/ 2 - 1 0  o\
(I_S

d 
) ( I

~
Sd )

T 
= f-i 2 -1 o\ - (88)

~ 0 -1 2 ij
\o 0 - 1 1/

with inverse given by Eq. (38) see (6) as the Frankel matrix , that is

T i  ri 1 1 ii
[( I

~
Sd 

)(I_S
d ) I = J i 2 2 2 I (89)
° 

~1 2 3 3
Li 2 3 4

and Eq. (89) used in Eq. (87) yields Eq. (84). One can now use the Householder
Inversion Lemma to invert Eq. (83).

One can also use the relations (not derived here).

(I-S)~~ = I + S + S2 +

(I +S)~~ = - s + ~2 -

2 -l 2 (90)
(I-S ) = I + S

(I +S2)~~ = -

and for a scalar a

(I-aS)
1 

= I + aS + a2S2 + a353

-1 2 3 3  (91)
(I+as) 1 - a S + a S - a S

where

s4 = o  (92)
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Note the class of matrices

C C I + C S + C S 2
o 1 2

2D = d I - t - d S + d S
o 1 2

3commute , for S = 0 and

i ~ (~, s, ~2) d01

CD = (c
0
I, c1

1 , c2
I) S d 1

1 (94)

- 

S2 

— 

d2
1

s s2 d01

(c01, 
c1I, c2

1) S S2 0 d1I (95)

~S
2 0 0 d

21

CD = c0d0
1 + (c

1d0 
+ c0

d
1

) S + (c
2d0 

+ c
1
d1 + d2

c
0

)S2 (96)

This class of commuting matrices are to be contrasted with the commuting
circulant matrices

C = a
0
1 + a1P 

+ a
2
P2 (97)

with the permutation matrix

p3 = I  (98)

and Eq. (95) becomes

i p ~~~

CD (c0, c1, c2,) P P 1 d
1 

(99)

P2 I P d
2

Consider a linear constant coefficient differential equation

~~~t) <a ~~~ = a0
x + a

1x 
+ a2

x (100)

approximating the highest derivative with Walsh functions or block pulse
functions

x( t) ~~~~~~~~ ~s(t)c (101)

Integrating (and remembering approximation errors)

x(t) = x(to) + 

~~~
J(t)P

bc) 
(102)
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now

x(to) =

or

x(t) = /~J(t)[~~ 1x(to) +

Integrating again

or 

x(t) x(to) + 
~~

Istt)Pb [e>lx(to)Pb~~
]

~~( t)  =.(~s(t) [e)1~ (to) + Pbe)lx(to) + P
~c>

and integrating again

x(t) = x(to) +<~
I(t)[Pbe>l~

(to) + P
~e>i

x(to) + F~c>J

x(t) z<~
4J(t)[

~~ ix(to) + Pbe)lx(to) + x(to) + P~c

Packaging

I— 
~~

••
÷ (~2)

x 

~~hence powers of the integration matrix arise. Note that powez
related to powers of since by Eq. (81)

P = W 1P Wb

= b
-t

P~~=~~~
1p
~:w

From the foregoing one would expect to exploit the cyclic natt
functions just as has been done with Fast Forrier Transforms .

Chen presents a method for solving a non-homogeneous different

~) = A x)  + f(t)
mxm

and approximates the velocity vector with say block-pulse func

= C%Is(t> + v
e(t)
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where V (t) is the approximating error and will be ignored in the derivations.
Integrating Eq. (112)

x(t)> = x(to)> + C I >  dt (113)
0

or by Eq. (75)

x(t)’) = x(to)) + CPb4S(t)> (114)

Note

x(to)> 1 = x(to)~~~4) ~~(t~~~ (115) 1
since

1 = 4)e ~
p ( t )>  i (116)

hence j
x(t)> = [x(to)><e+ c~ I ~,(t j~ (117)

Using E (117) in Eq (112) b

~ AI~~0<e + CP
b
] + Cf } ~Ji> = C~ > (118)

where the approximation of the forcing function in the block pulse base is

= C
f~$(t)> (119)

operator Eq. (118) with inner-product, that is J
I Ct1i>K4k1t = C 1 (119)

hence

+ CPb] C (120)

or }
ACPb 

- C = -A~~0 <e (121)

Set ii

-Ax)0<e = B (122)

then

ACP
b~~~

C B  (123)

One can solve Eq. 123 for the rectangular matrix C via the Kronker matrix product
schemes of Eq. (48) Section (G).

vec ACPb 
= (P~ x A) vec C (124)
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Using Eq. (124) in Eq. (123)

IP~ x A - I] vec C = vec B (125)

or

v e c C = [P~~x A - I ] 1 vecB (126)

By Eq. (76) and Eq. (2) Section (G) for

A/2 A A

P~~x A = 1 

: 
A/2 

A/2 

(127)

and

A-I A l A l
m2 m m

P~~x A -  1 =  0 A -  I A l  (128)
m2 m

0 0 A - I
m2

Eq. (127) is Block upper-triangular and easy to invert. Note that it is a
generalization of the matrix of F’~ ‘~3), for one can express

= (~I , I, I) I (129)

S

where S = S
uo do

and the (tensor product) Kronecker matrix product becomes

~ A = (½1 , ~~, I) (~ \ ~ A (130)
b I s

Thus one solves for the matrix C by unpacking or de-vecing Eq. (126).

The matrix of Eq. (128) is a special case of the block Toeplitz mattrix .
The Toeplitz matrix is of the form for a 3 x 3.

a
0 

a
1 a2

T a_ 1 a0 a1 
(131)

a 2 a_ 1 a0
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I

(a_21, a 11, a01, a11, a2
1) 

. . 

(132)

A matrix closely related to the Teoplitz matrix is the Hankel matrix whose
diagonals run from top right to bottom left or

,a2 a
1 a0 

~
H = a

0 a_
i) 

(133)

0 a_1 a_2

= (a2, a1, a0, a_ 1, a_2) LCS~~ (134)

L S Tc u o

L
C

L SCuo

L S2• . Cuo~
with the linear convolution matrix

L = /0 0 (135)C f o  i o
i o o

One example previously encountered is the block bi-diagonal matrix and its
inverse

A I 0 0 A 1 -A 2 ~~ -~c~
O A I 0 = 0 A 1 -A 2 A 3 (136)

O 0 A I 0 0 A 1 -K 2

0 0 0 A , 0 0 0 A 1

Anuther example if A and B comute and

j A  0 0 0\
T = ( -B A 0 0 \ (137)

% 0 -B A 0
‘0 0 -B A
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then 
.

I 0 0 0
• 

- 

T 1 
= A 1

B I 0 0 I (138)

(A 1B) 2 K 1B I 0

(A 1B) 3 (A~~B) 2 A 1B I

In general if A and B (and A 1 
exists) commute and the special Teoplitz matrix is

A 0 0 0 0 0
B A  0 0

T =  B B A 0 (139)
B B B A

B B 
- 

-

then -

I 0 0
C I 0
CE C

— CE2 CE ( 140)
• CE3 CE2

CE r n 2  CEm-3 

with

C = A 1B

E = I - A 1
B

It is seen by Eq. (128) that the block pulse integration matrix can be put
into the transposed form of Eq. (139), that is

T (2mI-A -2A -2~~• “b x A-I = -l 0 2inI-A -2A1 (141)
2m L° 0 2m1_AJ

and that the matrices comute.

Set the diagonal matrix of Eq. (141)

L = 2m 1-A (142)
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and

B = -2L 1A (143)

then Eq. (141) becomes •1
• II B B1

• x A-I = -L to i B! (144)b 2i~ L° 0

Consider the inverse of the unit-diagonal upper-triangular matrix of Eq. (144)

(I B B\ (R11 R12 R13~ /1 0 0\

(
\

0 I 
B) (

\

0 R22 R23 ) = 

(~
o i 

o)  

• (145)

• 0 0  I 0 0 R
33/ 

0 0  I

Multiply out the elements of Eg. (145) to solve for
‘
I

(I B B \  1 -B -B(I-Bj 1
0 I B J = 10 I -B I (146)

~3 O I )  0

and using Eq. (146) in Eq. (144)
- 

L 1 -BL 1 -B(I-B)L 1 
~

[P~ x A-I]~~ = (-2m ) 0 L 1 -BL 1 (147)

0 0 L 1

How one applies Walsh functions to budding digital filters is a wide up
untouched area as far as trajectory estimation is concerned . Clearly the
cyclic-nature of the functions as well as their pulse or digital device
nature excites the imagination in the area of “real-time” computations . The
cyclic nature of the trigonemetric functions have served continuous analog
devices in computing and communications for years; perhaps these functions
will do the same for all phases of trajectory estimation on digital computers .

I ’
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SECTION 26
—

~~ I ~F
- - I. HOMOGENEOUS DYNAMICAL SYSTDq. Consider the homogeneous dynamical sys—

tern

* 

k)~~~Ax> (1)

where A is a constant pxp matrix.

In general when one is studying the effects of a linear transforma-
tion on a vector it is fruitful to study the effect of A on a linearly
independent set of X>j vectors (that is any basis set); for example if

y) = Ax> (2)

where x> is a p-dimensional column vector then for a package of p
vectors

F E~l’Y~2’”~
Y
~P1 ~~~~~~~~~~~~~~~~~~~~ (3)

or

Y = A  X (4)
pxp pxp pxp

If the background base vectors have coordinates

e). = 

[0] 

ith position (5)

then

= [e>1~e>2*
. ..e>

] 
= 1 0 ... 0 (6)

0 .  . 1

and if

x = i  (7)
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Li
then

• Y = A I  (8)

or the base vector I are mapped by A to vector Y whose coordinates are
the columns of A.

If we ask what linearly independent set of vectors X are mapped by A
to the base vectors I, that is find the X such that

Y = I  (9)

then

I = A X  (10) 1 .
or

X = A 1 (U) --

for full rank A.

• In general if Y and X of Equation ( Li. ) are given then we can solve
for A as

A = Y X ~~’ (12)

The inverse of a square matrix (non-singular) can be expressed as

x~~ = xT ~~ T)
_l 

(13)

Likewise, if we have an over-specified systmm (that is more equations
than unknowns) or more than a linearly independent set of

X>1 il ,2..p

then

Y = A X • (14)
pxi pxp pxj

and for rank of X=p

.1
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A = Y X* (15)
pxp pxj jxp

* 

where the pseudo-inverse can be written as

x* = xT (xxT)* = (xTx)* xT (16)
jXp

and for full rank case

(xxT)* = ~Q(T)l (17)

Likewise we shall consider a package or sequence of p vectors (or
• trajectories) propogating under A of Equation (1) such that at time zero

x(o) = [x(0)> 1’ 
..x(o))

] 
(18)

or each trajectory x(t)>j originates at

x(O)>
1
; j l ,2,” p

The dynamics of each trajectory or the velocity of each of the p
vectors is

= A x(t)>. (19)

and the dynamics of the package is the matrix differential equation

~~= A x  (20)

One normally assumes the solutions to (20) to be

x(t) = eAt X ( O )  = ~(t) X(o) (21)

or the solution to Equation (19) to be

x(t)>. = eAt x( O))~ (22)
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and takes the derivative

AtX A e  X(O) (23)

= A X(t) (24)

where

•(t)=e
At

= I + A t +
A
2~~~

+... (25)

By inspection of Equation (21) if

x(o) = I (26)

then the solution of Equation (21) is a very special set of time varying
base vectors called the fundamental basis and designated as

~(t) = ~~ (27)

The time varying column vector of ‘~(t) start with initial condi-
tions on the fixed background bases and propogate under A, for example

(28)

and at any time the first column vector has velocity

F ~~1
=A $(t~~ (29)

etc.

It can be proven but will not be shown here that •(t) remains non-
• singular, that is the vectors in the column space of ~ remain linearly

independent over the finite time trajectory , see Equation (25). For
• example consider the scalar (one dimensional system)

•
~1

602
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~~~~a1
x + a

2~~~÷
f(t) (30)

where

a1 
= a2 

= 0

or

x = f(t) (31)

the state space formulation is

xl = x

x2 =

l~ i 1  0 1 X
l r° 1 (32)

L~2J L0 ~~ 
X 2 ~[ft )j

or the homogeneous system is

k> A x )

where A is rank one and is

A 
[0 

i~ = 
I
ll 

(0 ,1) e
~i 

2
<e (33)

that is

= (1,0)

24 
= (0,1.)

note
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j

A2 = ~1Ke e~l4 E~ 
(34) j

An :°: -~~

He~ice

At A
2
t
2 A

3
t
3

e = I + A t + 
2~ 

+ 
~~~~

j

eAt = r1 t[ = ~~t ) (35) J
L o u

and .1
x(t) = [Ti. tJ x(O) (36)

L o U
Clearly the system dynamic matrix A is re~ < one (a dyad) by Equation

(33) and singular, by Equation (35) we see that ~ is non-singular
(invertible).

or 
Since the columns of ~ form a base, each +(t)>j obeys Equation (1),

(37)

where

~(o )  = I (38)

Fundamental Solutions and Arbitrary Initial Condition Solution as
Linear Combination of Fundamental Basis. This section obtains the homo-
geneous solution for an arbitrary initial condition as a linear combi-
nation of the time-varying fundamental base vectors which start with
initial condition s “on ” the “fixed” base vectors (non—t ime varying back-
ground bases).
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Consider a sequence of j~ p trajector~~s generated by Equation (19)

* ~~= A X  (39)

with arbitrary initial conditions

x(o) = X (40)

Since 4’(t) is a set of base vectors (columns form a base) the 1th
vector has coordinates in the • base as

= •(t) x
~ t~

>j 
(41)

Taking the derivative of Equation (41)

= ~ x~
(t)>~ ÷ ~~>j (42)

-

- . 
Using Equation (19) and Equation (37) in Equation (42)

Ax>~ 
= A

~
x(t)>1 + (43)

and by Equation (41) in Equation (43)

A~x~~’. = A
~
x
~>. 

+ (44)

or

~~ 0> (45)

which implies t,~iat x4’> is a constant vector; that is the coordinates of
the vector x(t),~1’in the fixed background base has constant coordinates
in the fundamental base; furthermore by Equation (41) at time zero

x(0)> = 1x (O)> (46)

For the non-homogeneous case the coordinates will be shown to be
time varying in the 1’ base in a later section.

Consider next the dynamics of the inverse fundamental system of
Equation (37), where
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• ,,1 I (47)

~ I or taking the derivative

+ •~,
—l 0 (48)

or -~

d (~ l) = - ,-l ~~-1 (49)

by Equation (37) r
(50)

or

= A (51)

and Equation (51) in Equation (49) yields

~~~~~~ ~~~~~~~ = - •~~A (52)

Transposing Equation (52) one obtains

d ,~—T 
= — AT 0—T (53) 1.

where 
- -

= (~~l)T ()

packag ing Equations (50) and (53)

= [A 0 ~(t )  (55)[
~1 L° AT I r T ]  .1

The fundamental inverse can be written as two ways

Li
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T
~ ) l 

•
T ,T (,~,4,T ) _1 

(56)

or

• ~-T ,(~ T,)
_l 

- (~~T )~l (~~ )

Define the two Grammian matrices

G~~.(t )  (58 )

and

= G
.0

(t)

if the two Graminians are equal ‘~ is said to be normal.

Using Equation (58) in Equation (57)

• = C (60)

Taking the time derivative

• •~
T 
+ G~~. 

~~~~~~~ (61)

By Equation (55) in Equatit~n (61)

A$ = •
-T 

+ G
,1

(_A T$ T) (62)

or

A.,T = G~~. + G~~. (_A T ) (63)

and solving for

G = A G.. + G,~ A
T (64)

which is a special case of the martix Riccatti, called the Lypunov
relation.
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The dynamics of the inverse Graininian G
,~ 

is obtained from

* G,~ ~~~ I (65)

• G . G~~ + C . 0 (66)
$1 4 1  •1 4~.

or

= - G~~ G~~. ~~~ (67)

using Equation (64) in Equation (67)

= — G~~ [AG
~~

.+G
~~

A
~

J G~~ (68)

or

= - G~~ A - AT G~~~ (69)

• and by Equation (64)

____________________________________

G . = A G i ÷ G i A T 1 (70)

By Equation (59) the time derivative is

G
~~

( t)  = ,j,T~ + •
T,~ (71)

and by Equation (50)

= •
T 

~~~ + •
TA~ 

(72) - •

= •
T(AT+A)~ (73)

r
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• II The dynamics of G 1 is obtained from

C G~~~= I  (714 )
4,0 +0

or

G G 1 
+ C a—1 0 (75)

+0 +0 +0 +0

or

= - G~~ G G 1 (76)
4,0 4,0 4,0 4,o

and by Equation (59)

= •
_l 

•
_T 

( )

and Equations (73) and (77) in Equation (76) yields

= - •~
l (A T+A) •

_T 
(78)

a congruent transf ormat ion .

Summarizing for the outer-Grammian dynamics by Equaticn (73) and
Equation (78)

•
T (A+AT)+

(79)
= - •

-1 (A÷A~
’) •

T

• Returning now to the arbitrary initial conditions for the homogeneous case
of Equation (20) and Equation (21). The pseudo-inverse or dual system to
Equation (21) is given by Equation (16) where we have two Gram matrices,
again one pxp in size the other jXj  in size, or

x xT G .Ct) (80)
xxi

pxJ Jxp
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and 1 )

xTx = Gxxo(t) (81)
j xj  )

One expression of Equation (16) is - 
-

- • x*(xxT) xT(xxT)*(xxT) xT (82)

T T . . . .since the projector (XX )*(XX ) acts like the identity for the vector in -

the row space of ~T, hence transposing Equation (82).

x = (xXT)X*T = G .X*
T (83)

Taking the derivative of Equation (83)

k = ~ .x*T + C .k*T (814)
xxi xxi

Full Rank X(t). The solution to the matrix equation .! -

X AX(t) (85)

is 

x(t ) = $(t) X(o) (86) 1 1
Since •(t) is full rank, the rank of X(t) is determined by the rank

of the initial condition matrix X(o). If X(o) has full rank, then Equa- -

tion (86) is full rank factors of x ( t ) ,  hence the pseudo-inverse is 
--

X
~t) 

= X*(o) ~~~ (t)  (87) 
(

Taking the derivative of Equation (87) 
-

= X*(o) s~’~~~~t) (88) 
-

By Equation (52) in Equation (88) •

= — X*(o) •
1A (89)
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• and by Equation (87) in Equation (89)

.. = - x*(t)A (90)

or

= - ATX*~t) 
(91)

The dynamics of the dual (pseudo-inverse transpose) can be obtained
for the full rank case from the relation

x x” = i (92)
pxj jxp pxp

or

XX* ÷ X X * = O  (93 )

or

• x~* = _ kx* (9k)

Multiply Equation (94) on left by X*

X*XX* - X*XX* (ge)

Using Equation (85) in the right side of Equation (95) with Equation
(92)

P X~ = - X*AXX* = - X*A (96)xo

By Equation (90)

= = - X*A (97)

or

X * = _ X *A  (98)

or transposing
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- 1
LI

= - ATX*T (gg ) j
packaging Equation (18) and Equation (99)

rx 1 = rA 0 1P<(t)1 (100)

[k*
T J Lo ~ATj L~ ~2pxj 2px j

The inner-Granunian by Equation (19) in Equation (80) is 
4~

]

C .(t )  = xxT = •(t ) X ( o)  X~.o) .T (t) (101)

or 

C .(t) = •(t ) G .(o) (102) .1

The dynamics of the inner -Grammian can be obtained easily from -}

G~~~(t) = x ( t )  xT 
+ x(t) ~T (103)

or

~ .(t)  A C .(t )  + G .(t )  AT 
(104)xxi xxi

For the full-rank case

G . C
1
. = I - (105)xxi xxi

and one obtains

= [G
_l

.A÷A TC*] (106)xxi xxi xxi

Consider next the commute of Equation (92), the outer projector

= (X*X) = **X + X*k (107)
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By Equation (100)

• = - X*AX + X*AX = 0 (108)

• Thus the time-derivative of the time varying outer-projector is zero
when X is full rank p. Also it is obvious that for full rank p

(109)

Homogeneous S~stem Means Averages. The dynamics of the unweighted
mean of the j-trajectories of Equation (39) is

~ 1* = AX1*> (110)
pxj

wher e

• 1*(j> = l(j> 
~ (111)

that is the pseudo-inverse of the sum vector ~~)l where

1 = (l,l,.-.1) (112)
ix]

Define the mean velocity vector as

Xl*> = 
~~
(t)(p> (113)

and

Xl*> ~x
(t )> (1114)

hence Equation (101) becomes

= A ii (t )) (115)

Partition Equation (114) into its row space and we have
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f I
~~~ 1*(~~ = 

1~~) l*(j> = u
1(t) (116)

j

rKj )x 1*> 
- 

M~ (t )

or in its column space

X1*’> ~~~~~~~~~~~~~~~~ 
~~~~ = 

max x (P
~

. .1 - 
1 

= 
i

I . I J Li= 1 j max 
-1 . 1  (117) 
jU-i -

• 

-

Subtracting the mean vectors from each of the j-trajectories, that is
Equation (19) minus Equation (115).

~~~~~~ 

- =
~~~~ 

= A(x) 1  • i i x>) (118)

Define the error vector - 

-

x)~ = x>j - li x> (119) 1
= — l’x> (120)

or

= A*>~ (121)

or package-wise

X = A X  (122) 
-

Consider the package X by Equation (119)
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= X - Mx
’
>~~

)1 (123) -

or

x =
~~ > 4 ÷ 5 ~ 

(124)

The orthogonal projection in j space of the p-row vectors of X onto
the (~)l vector is shown in Figure Cl)

x~~~~~~~~~~~~~~~~~~~~~~~ <~~1l 
-

FIGURE (1)
PROJECTION IN j -SPACE

The projector P11 (rank-one)

P11 = 
l(~~~~~)l = 

1~<l = l*>çL (125

applied to ~~ )x yields for the pth vector

P<x P11 = p<x i*) 4 (126~

or by Figure (1)

Pçl)x = 
l)
<j ),~ + ~c(j)x (127)
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or II

or 

P< x_J<
~~

= l<x
_
P<xPi1 (128)

= P<x fI-P11J = P<’x~ 
(129) J

where the orthogonal complement projector is

P11 
= I - ~~~ (130)

Clearly by Equation (114) in Equation (124)

X = X_ X * l > 4  (131)

= x(I
~l*>4) (132)

X

~
11 

• (133)

Thu s the ~ and X imply orthogonal and orthogonal-complement projectorsrespectively, that is
- i

x = x ÷ x  (134 )

where I
-

• 
= XP11 = 

~~~Ki~3- (135)

is a rank-one dyad.

Take the derivative of Equation (135)

X = XP11 AXP11 = AX (136)

Thus we see that X , X and X all have the same velocity matrix A. • -

By Equation (136) 1
(137) 

-

~~~

hence Equat ions (135 ) and (136) in Equation (137) yields .1

I ’
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A (138)

The dynamics of the error vectors of Equation (131) or the package
(aggragate or ensemble of traj ectories ) is the same as Equation (136)
except for the wiggle (-.), hence the dynamics of the duals of the errors,
the error Gramxnians , etc., are the same except for notation change , hence
we have via Equation (100)

r~ 
j = A  o~~~~ 1 (139)

L~*Ti ~ _A T ~~.Tj

If we define the average inner-Granunian as a finite varia~ce matrix
as

= = f- G~~ 
[
~~ ~~~~~~ ~~

— (iL~o)

The dynamics of the error variance is given by Equation (104) as

j~~ = A 4 . . + 4 . AT 
(1141)

and

(1142)

Note that in the above

~~ ~~~~~ = ~-l ~ ~~~~~ A (1143)

By Equation (133)

x = XP11 (144)

we see that the rank of ~ is j—1 since
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- -

p~~ 11 j - 1 p I — P  (111-5) : —

~jxj .1
The inner-Granimian is pxp and for the rank p case we have - -

= 

~
[ :1 ~[~l = 

~l1 ~121 
(146)

pxp 2J
2pXj _~2l ‘22 - .

and in partitioned form the dynamics of Equation (1141) is

[~fl ~12 
= 

[Ali~li+Al2~ 2i A11~12 +A12~ 221 
-

L~21 ~22_ 

[A 21~l1+A22~21 A
21~12+A22~22J

(1147 )

F T T T T
~11

A11+~12A12 ~11
A21

i-~12A22 -

+ 

L~2lA~l
+
~22A~2 ~21A~1+~ 22A~ 2

Note that 
~1l 

etc., are not simple matrix Riccatt i equations like ~
of Equation (1141).

The pseudo-inverse of Equation ( 111.14) can be written as

~~ . ~T ($~~T )
_ l 

= • ~T (148)
jxp jxp pxp pxp

The inverse can be obtained by partitioning in reference (39) as

[~1l 
4l2j 

-l 

r~
* (1,2) u i2~

,2)1 (149)

[t 21 ~22i~ L~l
c1,2) 

~22~~~,2)j
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where

4* ,. .~ 
— 4 1 4 1 4 ~

.4 4 4 14 j i 4
• I 

~11’~ ’~ ’ 
— 

~11 
+ i’ll ~12 ‘~~22~~2l’].1’12’ ~21 +11

~i2~~
,2) = — 

4;i~: ~12 ~~~~~~~~~ (150)
4* ~~

, — j 4  4 4 14 \ 1 4
— — 

‘*22 $21$lil’12’ +21 ll

* - -1
= 22~~21~ll~12~

If we partition the full rank pseudo-inverse of Equation (1148) as

= ~~~~~~~~ ~~
(l ,2)1 (151)

JXP 
~ j xn jxn J

where

p = 2 n

then

~~ ~~~~ ~~ (l ,2) , ~~(1,2)T
pxp l H —  —

~

LX2i
=fl~1~~(1,2) ~~~~~~~~

(152)

L~2~~
1,2) ~2

2
2d1~2)J

= r 1 ~
~_0 I_

or index-wise

ki ~~(l,2) = I 6 (153)
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for i,k1,2 or the biorthogonal conditions hold.

Equation (148) computes the package pseudo-inverse . Each of the
partitioned matrix elements also has a pseudo-inverse computed as

= 
~~~

j X n j xn nxn
(1514)

= 
~~~j xn

or in terms of the Gramnuians the package becomes

-* -* -T — T -1(X1,x 2 ) = (X1,x2 ) G11 0 (155)

L~ G;~J 
y

The matrix product of Equation (155) with ~ partitioned is

H~1~ I’~~ 
= ~~~~~~~~ X1X~ (156)

L~2~ L; 
n~n ]

Note that

-* -Cx1 4
j xn

(157 )

~ ~~(l ,2)

I The package of singleton-pseudos will be designated as

= 

~~~ 
(158)

I xp
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EquatiOn (156) can also be written in terms of the Graninians via Equation
(155) in Equation ( 156) as

= [
~
] ~T 

~Cj~ o I

[~ 2j 

— — 

~o

or

= G
11 G12 

G~~ 0 1 = [i G12G~~ (159)

G21 C~~~~~ c;~ LG2iG
~ 

I

Equation (154) can be written in terms of variances as

-T j - — - - ~~- -T
_ * 

Xli 
XlXl ~l j

~
lX1 - 9—- I I j 1 lm~~ m m

(160)
-T E-. -1-1 ~,T

_ * 
X21 X2

X2 A2 .i-1X
2 = 3— J ~ j 422m j  m In

and hence the package

~~~~ 
~~~~~~ 

0 (161)

L°
Using Equation (161) in Equation (159) we obtain the product as a

function of the variances

r~l1 ~121r~11 
° 1

L~2J L~21 ~22j
[

0
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or

= [I (162)

1 4  4 1
L+2l+ll

The off-diagonal terms are

~l ~ 2 
= 

~12~ 22 (163) Jnxj

and 

- -.* -1X2X1 = 
~2l~ll 

( 1611.)

can be related to correlation matrices in very simple manner . Consider
the 2n linearly independent vectors in - 

-

2nxj

or the 2n row vectors in j -space , we can say for the first n

C ~~~~~~ ~~~
nxj

where L(j ,n) is an n-dimensional sub-space or linear manifold of j-space
and [ I implies spanned-by.

-i Like-wise for X2. Decompose the n vector of R1 into components lying
in the subspace spanned by X2 and components out of X2 as

= c
12R2 + ~l out 2 

(165)

and like-wise

= C21 ~l 
+ ~2 out 1 (166) 

• I 
-
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Multiply Equations (165) and (166) on right by 4 and respectively

X1X 2 = C12 + ~l out 2 (167 )

= ~2l 
+ ~~

2 out 1 (168)

Equation (162) can be written via Equations (167) and (168) as

= 

~~~ 

C
l21 

+ 
[o out 2~2] 

(169)

5___C2l 1 _i 1,
~ 0
2 out 1

If the n vectors of ~~i are orthogonally projected onto 
~2 as shown

in Figure [2]

)k~ nth vector of

=

FIGURE [2]
ORTHOGONAL PROJECTIONS OF ONTO

then for the package of vectors
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~~~
1 [~~~~~~~~2] 

+ 

~l out ~~ u7o)nxj j x j

and likewise for 
~2

-X 2 = X2 LX X11 + ~~2 out ij (171)
j xj

By the associative property for matrix products one obtains j
= C12~ ~2 + ~1 out 2j 

(172)

= C 2LL Zl + X2 out lj ~ 
(173)

where J

C12L = ~lx2 (174)

- 1  
~ 

_~~~~~~~* (175)
21j. 21

One can normalize the vectors and come-up with the standard correla-
tion coefficients as direction cosines between unit vectors or as angles
between sub—spaces etc., but these geometrical concepts will not be
pursued further here .

We can now obtain the dynamics of the singleton-duals X* by Equat ion
(161) S

= = 
~~~~~~~~~~ :;~]

0 1 (176)
j in ( I

I i-i l
L° 

~22J 
- 

-
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Li

By Equation (139)

~T 
= ~

T
A
T (177)

H - and by Equation (1147) we see th~t ~~~ 
and 

~22 are nastily coupled rela-
tions with the needed dynamics 

j
4
J 

being difficult to come by.

The transformation between the singleton-duals and the package-duals
can be obtained from Equation (161) and Equation (148) where

= 
[~~

(l
~

2)
~4(l

,2)]
[~ll 

t121 (178)

L42l ~22j
Using Equation (178) in Equation (161)

[~~4i = 
[~~~

1
~
2)
~4(l2)1[I ~12~;21 

(179)

l i _ i  I
L21~

11 ‘ J
or

= ~~ 
~l2~22] 

(180)

4 4~1 i
[~~2l~11

which yields

= ~~~ 

~
12
~
221 

= 1l2
~221 (181)

1 3  4 l I 14  4 1
~ +21~ll I 

~ 
L+21+ll I

which agrees with Equation (159).

One can invert ~.he matrix of Equation (181) to obtain the inverse
maps of Equation (180)
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The dynamics of the singleton-duals and the dynamics of the correla-
tion matrices will not be obtained at this time. An indication of
dynamics of the correlation matrices will be indicated , by Equation (172)

~~l1 
= [0 c2ij lrxil + [~l out 2i1 

(182)

[~2J [c21~ 0 JL~2i L~2 out ‘-LI
or

• 
X = A X [0 cl2.L1x

O J
(183)

+ C121j ~~ + out 2j~~
* Lc2~ 

0 j  L~2 out U]

~~~~~~ 1 or

A = C + C A + [
~, t211 (1814)

[*2 out

where

C = clz~1 (185)

LC2U 0

The inverse of the matrix of Equation (181) can be written as

626

i_ _ ._~~~~~ —~~~~~~---- ~~~W  ~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~ 

- 



r~ ~~~~~~~~~~~~ 
- -

[I 412$221 [1+i12~;~i21i1~ ~ 12t;2 1
(186)

j
Consider an additional relation involving sequences of sequences , that

is let

= A 
~k (t )  (187)

pxj pxj

for k l ,2 , - 
~~~~~~ where

xk
(t) = 

~~~
(t )

~~~ k
(0)  (188)

Assume the initial conditions for two packages are related as

x(0)k+l ~~°~k 
(189)

px] pxj

Where B is a constant matrix

Xk+1 
= A Xk+l

(t )  (190)

and

Xk+,
(t) = (191)

by Equation (189) in Equation (191)

= 
~~~

B
~~~

(0)
k 

(192)

By Equation (188)

= •X k(t) (193)

or
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I U

= •(t) B~~
1(t )  

~~(t) (194)

For the case of ~C having rank n, the 
~, out 2.... 

of Equation (170) and
Equation (171) are equal to zero and we see by Equation (172) and Equa-
tion (173) that • -

Cl2.L c;~:.L = T(t) (195)

arid the full rank factor of ~ are

= 
- 

= r ~1
(t )  (196) - -

pxj  X2 LT(t)J

The dynamics of T or T is discusc~ad in the next section via Riccatti
relations.

j

2 -
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27. PARTITIONED HOMOGENEOUS DYNAMICAL SYSTEMS RICCATTI DIFFERENTIAL EQ~~
TIONS AND ADJOINT SYSTEMS. Consider a sequence of linear coupled homogen-
eous differential equations

*(p~~~~ Allx(P>jj + A 12 x(
~~~~2 . (l)

p1xp1 p1xp 2

= A~1 ~~~~~~~ + A 22 x~~~~ 21 
(2 )

p2xp2

where the index j generates the sequence j>p and

p = p2

The package of j trajectories can be written as

= A1~~ rxil
p~ xj  

t~
2l A2~

J 
[x2]

X 2

P
2
xj

or

X = A X  (4)
pxj pxj

4 In this section many relations are established so in order to keep the
notation simple we assume p1 p2=n , hence p 2n.

The solution of Equation (4) is

X (t )  = 4~ t)  X ( o)
2nxj 2nx2n 2nxj (5)

Since t~ has rank 2n, the rank of X is determined by the rank of X(o).
Suppose X(o) has rank n, then full rank factors are

X( o ) B C ( 6)
2nxj 2~xn nx~
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. . LPartition ~
(t) as

I ~i4 ( t )  I n x 2 n  (7)
• 1 4 2

2n x 2n n x 2 n

then Equation (5) can be written as

{~~~~(t~~ l~~~~0)j

X (t )  = nxj nx2n 2nxj
I 

(8) 
- -

2nxj 1x 2 
(t )  I ~~ 

X (o )

[~~j L~ 2n 2nxJJ
Using Equation (6) in Equation (8) • 

-

f~~~
B C 1 =  ~~~~~~

x (t )  
~~2 B C I  Y

2 
C

L... _J L~’~~
1

where - -

Yk o k= 1, 2 (10)
nxn nx2n 2nxn

Equating elements of Equation (9) by proper selection of X
0

(t )  
~k (t )  C (11)

or Y1~
1 X1 (t )  = C Y 2

’ X 2 ( 12)

or

= Y~ Y1
1 X1 (13)

or

X2
T ( t ) X

1 (14)
nxj nxn nxj

where

T (t ) Y
2 Y1~~ (15)

630 

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r~T 
~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and

f1(t) = Y1 Y 2
1 (16)

Note also that r~iY( t) = ‘
~ 

= 4B (17)

L~2J
and

= 4B = A4B (18)

or

Y = AY (19 )

Using Equation (14 ) in Equation (18)

= 
[:i] 

= 
(20)

— 
2nxn

or rank n factors which is the same as Equation (190) in the previous
sect ion .

Consider the dynamics of the time varying transformation between the
matrices of Equation (14), that is

X
2 

= T( t ) x1(-t ) (21)
nxj

If is a full rank sequence then by Equation (21) and Equation (15)

X
2 
X1 = T = Y 2 Y1

1 (22 )

or

x 2 x1~(x~ X,
t
Y~ = T ( 23)

also

G G~~~~ = T  (24 )
2lx llx

where the inner-cross Graninian is

G X X~ (25 )
2lx 2 1
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Equation ( 22) and Equation ( 23) express the matrix factors of T having
rank n.

The package of states by Equation (21) is •

l~~~i

= 11 = ~ (26) 1
I X 21 I T  nxj
U 

L~~~
or the 2nxj matrix X (t) has rank n factors.

Taking the derivative of Equation (26) and using Equation (3)

= 

~~~~~~ 

= + ( 27)

By Equation (3)

= (A 11, Ai2
)~~

1] 
= (A 11, A12

) X1 - 
(28)

Using Equa -ions (26) and (28) in Equation (27)

I~ l A1~~ N 10 1i~I (A 11, Au
) r~i ~1

~~~~~~ 2l A
2

~~~~~~~ 

~~ 

~1 = 

~~~~~ 

Xl 
+ LTI (29)

Multiply on right of Equation (29 ) with X1 and use full rank property

X1 X1 I (30 )

hence

~ A 1  r~i = r?i +rn (A 11 A 12
) (31)

L~2l
A 2~JL T i  LTI 

L~
’J LTJ

~~~~~~ + A22j 

= 

[+ TA~~ + TA
JJ 

(32)

:i~~ ~~~ :J~~~ 
- - -

~~~~~~~~~~~~~~~~~~~
-‘ -- ~~~~~~~~~~

_

~~

.-- 

- 
•



~ ---~ •~ 
- -

~~~~~~~

or

I = -TA
11 + A 22 T 

- TA
12

T A
21 (33)

which is the Matrix Ricatti Differential Equation for the system. The
initial condition for Equation (33) is given by Equation (22), it is
quadratic and non-homogeneous

T ( o) = X2 
( )  * (o) = Y2

(o )  Y
1~~

(o) (34)

or

T(o) = X
2
(o)x

1
t( o) G1~

’(o) (35)

The exponential-form of the solution of Equation (4) is

X(t) = eAtX(o) = 
~A 

X(o) (36)

where

At
= e = 

~~~~ ~l2
/31 (37)

‘V 21 ‘V 22
Note that

~~~ = I t At + A 2t 2 
+ . . . (38)

2~

and
A11t A12t

ePt  � 

L~ 2it :
A 22t

• but for Block diagonal or scalar diagonal systems

(i~ r~11t —I
~o a

22) 
= I.. : e

a
22j 

(40)

Using Equations (26) and (37) in Equation (36)

• Rt 1 111 ‘~l 1 rn
~~2 

(t~j 
= 

t.T.I 
~l 4i

2~j  (4 1)
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or element—wise

-

- 

- 

x1(t) = 
~~~. 

+ 

~~~ 
T(o)]X

1
(o) ( 112)

x2(t) ~~~~~~~~~~ 

+ 

~22 
T(o)]X

2
(o) (43)

By Equation ( 21)

X1
(o) T 1

~o) x2
(o) (‘14)

or Equation (1414) in Equation (43)

X2
(t )  = 

~~21 
T 1( o) +~~22]X

2
(o) L

By Equation (22)

T(t )  = x 2(t )x 1 (t )  ( 146)

and by Equation (42) for full-rank factors

• 
X1
*(t) = x1(o)[411 + 412 T(o)1~~ (L ~7)

Using Equations (47) and (43) in Equation (46)

T(t )  
~~21 

+ 

~22 T(o)][~ 11 + ~l2 
T(o)] 1 (48)

where, by Equation ( 34)

T( o) = X2(o)X
1
t(o) [X

1
(o) X

1
t(o)]

_1 
(49)

Clearly Equation (48) is a solution to the Ricatti Equation (33) in terms j
of the block elements ~ij  of f .

By Equation (22 )

T(t)  X2 
X
1~ 

= “2 ~l~
1 (50)

Using the following Grammians and cross-Grammians:

X X t
= G2 1 x2li

X X~~~= G1 2 xl2i

X X t
G1 1 xlii

t _X 2 X2 - G 22 i 

~51.)
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1 2 yl2i

Y
1
~ 

~~ 
= G 11.

Y Y t
G2 2 y22i

By Equation (24)

T = C 
21G = G~21 G~1~ (52)

• By Equation (21)

X2 = T(t )  x1 (53)

and by Equation (15)

TY
1 (54)

Multiply Equation (53) on left by X2
X2X2 = I = TX1X2 (55)

or

I = TX~X~G~~~ = TG,~ 2G ;~ 
(56)

or

T = G 22 G~~~

or by Equations (57)  and (52)

T = G~ 21G~j~ = G 22 G j ~ (58)

and similar analysis for the Y’s or

T( t) = G~21G~~~ = G~ 22 ~~~~ (59)

One can now obtain the dynamics of T in terms of the dynamics of the
Graminian and Cross-Granmian matrices of Equations (58) and (59) to arrive

- - at the results of Equation (33); thus we would like to have the dynamics
of the Gramtnians, Cross-Graninians and their inverses for the X and Y
systems . The derivative of Equation (59) is

T = G
y21 G~j~ + G~21 Cy~~ (60)
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By Equations ( 33) and (59) equated to Equation (60)

I = -TA11 + A22T 
- T A12 T + A

21

= G
y21 

G~j~ + G~,21 ~~~~

- G G 1 A + A  C G 1 -

~
- — 

y2l yll 11 22 y2 yll

-G 21 G j ~ A12 G~21 ~~~~ + A21 (61)

Multiplying Equation (61) on right by G~11

G
y21 

= 

~~y2l c~j~ Gy11 + G~ 21 B11

+ A 22 G~21 - Gy21(G
y~~ 

A12
)G~21 (62)

+ A  C
21 yll

where

B G 1 A11 
- yll 11 G~11

B
22 = A 22

B G 1
A

12 yll 12

B21 = A
21 0yll (63)

or

- Gy21 Gy11 Gy11 + G~ 21 B11

+ B 22 0y2 1 
- Gy21 B12 Gy21

+ B21

The special cases for

~~
..l

o• yll
or

yi2

• will be discussed in later sections.
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By Equation (4) we have

~~= A 4 ~ 
(65)

where

~~( O )  I =
~~~)(i)~ 

(66 )

Partition 4i as

4 ( t )  = [4 1(t ) ,  4 2 (t ) ]  (67)

2nx2n 2nxn 2nxri

Form the inverse in terms of the partioned factors

41
1 

= 4~
t (4~4~

t ) 1 (68)

The transpose of Equation (67) is

r~t l
I ‘Vj

4~
t I I (69)

I .41t I

and the Grammian is L
‘V
1 ’V1 

‘I’l ’V2 1

4~
t

4~ 
I 

(70)
31t 4~ I
‘V 2

or r
1

G11 G12 ~4~4~= 
~G G 

= G .  (7 1)

Li1 2~J

Using Equation (71) in Equation (68)

~~~~~~~~ k ( 1,2)

4~
_l 

= = nx2n (7 2)[
~ 

G~~ (1,2)
-~~~~~~~2n

By Equations (7 2) and (67)

I 4~ (1,2 ) 1
= ‘ = 

~~1’ 42~I * 
(7~)

~~~~~(l~ 2~
J
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or

‘2n = 
~l 

$~ (l ,2) + 
~2 ~~ 

(1,2) (74)

2nx2n - 2nx2n

also

41~4 = ~~~~~~~~ (4~]•, ~~
(75)

= 4~~(1,2) 
~l 

4~~(l ,2) 
~2 (76) j

~2~~
,2) 4~]~ ~2

(1,2) 
~2

= I 0 .J.
0 I (77)

By Equation (74)

~2 
4~ (l,2) = 1 — 

“a. $l (1,2) (78)

2nx2n

P,22
(l~2) = P

.ii
(1,2) (79)

where

P
4,11 ~~~~ 

~~l

(1,2) (80)

2nx2n

is a rank n projector since by Equation (76)

~1
*(1,2) 

~l 
= (81)

and

P~22
(i~2) = 

~2 ~2
U,2) (82)

2nx2n

By Equation (79) we see that the projectors are orthogonal complements
that is

P~22
(l~2) P,11(l~2) = 

~~~~~ 
Pt,, = 0 (83)
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Consider next the singleton Duals, that is

= ~~ 4~) ’ 4~ ~~~~~ 4~ 
(84)

nx2n
• 

= ~~ ~~~~ 4~ = (85 )

nx 2n

or package-wise

~: =11 = 1 ri (86)

c;~J L~ialso

(4~’ ~~~ 
= (4~

”t 
41t) 01

L G
22J 

(87)

The matrix product of E uations (87) and (67)

~~l’ 
tt~2 ) = t~n 0 

~~~~~~ 
C~~~[

~s ~P L G;~JLG21 G22J 
(88)

tT ~~~ ~~~~

~~;~~
G
2l ‘J

The connection matrix between the two pseudo matrices is

* *= M 4~ (89)

or

4S 4 = M  (9 o )

which is Equation (88), hence

1~-] P Gj~ G121 [~~~(1~2)]
= LG~ 

G2l 
~ 
j [

~~~lI2)j (91)

and by Equation (180), section ( 1) the inverse matrix relation gives
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-j

~12 G;~ C21 Gj~ -G12 G;~ 
~~ 

(92)

L~~~
l
~2j [G21 G~~ I - G2l G~~ G12 G;~

j [~J
The connection between the two singleton projectors with the projectors

of Equations ( 80) and ( 81) can be established by Equation (91)

l
~l~i 

= ~ll = 
~l~~i~~

,2) + Gj~ C12 4~ (l,2)J

P
11 

= 4~ 4~~(1,2) + 
~i 

G~~ C12 4~
(l ,2)

P11 = P11(1,2) + 4~ G12 4~~(1,2 ) (93)

and similarly for P22. Note by anti-analogy with Equation (74),

P11 + P 22 � I (94 )

Block Orthogonal Subsytems of 4i. Consider special case where the
block of vectors in are perpendicular to all of those vectors in block

(or subspace spanned by 
~~ 

that is by Equation (71) the full-rank
Gransn ian is —

0
4~
t

4~

(g 5 )

or 

C12 = 
~2 

= 0 

— 

(96 )

nxn

Using Equation (96) in Equation (93) we see that the projectors are
equivalent, that is

P
11 P11(1,2 ) (97 )

= P 22
(1,2) (98)

and

P11 + F’22 = I (99)

If we put the additional constraint that

~i ~l 
= 
~2 ~2 

(100)

640

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J~~~= - - - _
~~~~~~~~~T~ ____  -- - -~~~~~



then Equation (86) becomes

R~1 [T ol P~1• 
- I 1 = 1  I 1 = 1  I (101)

L~J 
L0 ‘ L~J L~JThe dynamics of these two systems are derived in later sections.

Consider next the sequence of vectors contained in the subspace of
that is

x(o
~> ~~

( o) x ( o)
~~~~~ 

(102)

2nxn

and package-wise

X~1
(o) = 

~~~~ 
X~1

(o) (103)

2nxj 2nxn nxj

or ful l-rank factors , or

X( o ) = 
X
4,1
(o) 

= rxsl (01 ( 1014)

o f  02nxj

as a time function

X
,1
(t) = ~ x,t,1

(o) (105)

2nxj

or by Equation (1014)

X
4,1
(t) = 

~~l ’ ~2][~
] 

x14,
(o) (106)

X
,1
(t) = ~1

( t ) X
1~

(o)  ( 107)

2nxj 2nxn nxj

or full-rank factors. If we now partition

x1(t )

X
4,1
(t) = nxj  4L~ X14,1(o) (108)

X2
(t)

nxj
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-jand

X
,1
(o) = (109)

The connection by Equation (21) is j
X2
(t),,1 = T

4,1
( t ) X

14,1
(t) (110)

nxj

where

X 2(o)
4,1 = T

4,1
(o) X1,(o) (111)

By Equation (109)

0 = T4,1
(o)I  (112)

or

T4,1
(o)  = 0 ( 113)

The matrix Ricatti by Equation (33) is

• 

- 

14,1 = -T4,1 A11 + A 22 T4,1 ~
T.1 A12 T4,1 + A 21 (114)

with initial condition given by Equation (113). By Equation (48) we also
have

-
• T

4,1

(t )  4 21
(t )  ~~~~ t)  

- 

(115)

which is the solution to Equation (114) for the conditions of Equation
(113).

Consider next a sequence of vectors b~ionging to the 
~2 

subspace, that 
- 

-

1S 

~~~~ 
X( o)

24,2j .~— ‘~~~2j (116)
• 2nxn

or for the system initial states

X
4,2
(o) = 412

(o)X
4,2

( o) = 
1°1 

X
2,2

(o) (117) - -

2nxj l i m x i

~•1~
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X~2
(t) = 4~(t) X~2(o) (118)

and by Equation (118) in Equation (117)

X
,2
(t) 4(t)1O~X2~2

(o) (119)

X
4,2

(-t ) 4 2 (t )  x24,2
(o) (120)

If we apply Equation (53)  to Equation (117) we obtain

X
24,2

( o) = T( o )X
14,2

(o) (121)

nxj

or

I T(o) 0 (122)

an impossible condition. In this case we can do the following

X
14,2

(t ) T
4,2

( t ) X
24,2

(t) (123)

for now we have

X
14,2

(o) = T
4,2
(o) X

24,2
(o) (124)

or

0 = T
4,2
(o) I (125)

if

T
4,2
(o) = 0 (126)

If 

= 

Au [Xi4,21 
(127)

[x2~
2J [A

21 A 2~j  Lx2~2J
the time derivative of Equation (123) is

X
14,2 

= 1
4,2 

X
24,2 

+ T~ 2 X2~2 
(128)

and after inserting elements of Equation (127) into Equation (128) one
obtains
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T~2 
= A

11 
T
.2 

- T4 ,2 A 22 
- T4,2 A21 T4 ,2 + A12 (129) 

-~~~

T4 ,2
( o ) = 0

Contrast Equation (129) with Equation (1114). By Equation (123)

x1412(t) x24,~(t) = T~2
(t) (130)

By Equation (119)

11+2 (t 1 I~ 2 (t ) x
2+2

(o)
1

I 1 1  I (131)

Lx24,2~.~i [~22
( t) X

2.2
(
oL[

The pseudo-inverse for full-rank factor is

X
24,

( t) = X2 2 (o) ~(t) 
- 

(132) -j

and used in Equation ( 130)

T4 ,2(t )  = 4f~12
( t) X

24,2
(o )  X2,~~(o) 4~~ (t )

or

T4,2
(t )  = ~12

( t ) (t )  ( 133)

Solving Equation (115) and Equation (133) for and 
~12 respectively

= T
4,1

(t )  4 11
(t )

~12 (t )  = T
4,2
(t) ~22

(t) (134)

Using Equation (1314) in Equation ( 148) }
T( t) = [T4,1

(t )  ~11(t )  + 
~22 

T( o)][~11 + T4,2(t) ~22 
T( o)]

~~ 
(135)

which relates T( t) to T
4,1

( t) and T
4,2
(t).

By Equations (146), (58), and (59) it is seen that T(t) has factors in
j space and in n-space. • 

-

T(t )  = X2 X1~ 
= C

21 G~~ 
G22 Gj~ (136)

nxj jxn

One can also obtain lower-upper triangular factors, Lancos factors, and
eigenvalue factors as
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T = r 1 L t = L  D L
t U A V t

- -  ~ -e
EAE (137)

• etc; the Lancos factors are orthogonal factors also known as the singular - 
-

value decomposition. The derivatives of the above factors yield interesting
relations, some of which are obtained in later sections.

By Equations (115) and (133) it is seen that TA1 and TAM, are only
dependent on the submatrices of , hence one would ~uspect ~fiat the matrix
Riccati’s could be derived via partitioning of 4, only. By Equation (65)

= 
~~~~~ 

4~~ 
= A[4~1, ~~~ 

(138)

and

(139 )

or 

[~l1 
rAll A

l2 ~11= (140) M

or 
~21 A 21 A 22 ~2

= T
4,1 ~11

(t )  (1141)

and at time zero

= T4,1
(o) 

~t’1l(°) ( 1142)

hence

T,~1(o ) = 0 (1143 )

By taking the derivation of Equation (141) one obtains the Riccati’s
relation of Equation ( 115)

Dynamics of Singleton Pseudo—Inverses. The dynamics of the singleton
pseudo—inverses matrices (or duals ) are obtained by Equation (414)

X2 = TX1 (144)

645



__-_- —- ~~~~~~~~~
—
~~~~~~~~

-
~~~~~

-:‘ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ r-

and for full rank T L
or 

T~
i
~ x 2 = 

:1 

(145)

T x1x2 (1146)

Multiply Equation (1146) by X~
* -l * *T = x1 x1 x 2 (147)

X~ T
1 P11 x~ (148) 

F
Multiply Equation (144) by P

11 
-

•

X2 P11 = T X1 P11 = T X1 ( 1 )

since

X
1
P
11 = X

1 (150)

By Equations ( 144) and ( 1149 ) - j
X2 = X

2 P11 (151)

or 

= 
~11 4 (152)

Equation ( 1148) becomes

X
1 T~~ P

11 x~(x 24Y 1 (153)

Using Equation (152) in Equation (153)

* -1 *
X1 T = x 2 (154)

or transposing 

~~= T X1 (155)

By the identity relation - - -

Tf 1 
= I (156 )

one obtains -
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I + T I = 0 (157)
or

1 1 
—T 1 T T 1 

(158)

By Equat ion (33)

T
_l 

= -T~~[-TA 11 + A 22
T - TA 12T + A 21

]f 1

or

T~~ = A11f
1 

- T ‘A
22 

- f 1A 21T 1 
+ A12 ( 159)

or transposing

T
_t 

= T~~A~~ - A
2 f

t 
÷ A

1~ 
- T

_t
A
21T

_t 
(160)

From the general form of the Riccati Equation of Equation (33) and
the dynamics of Equation (3) and the connection of Equation (14) we have
the associated dynamics for the Riccati Equation of Equation (160) and
the connection matrix of Equation (155)

[X1
*t1 

rA 1~ A
2Fj {x i

*
tl 

(161)

[
~2

*
tJ LA1~ 

_A
2~
j  Lx2*tJ

The singleton pseudo-inverses are given by Equation (160), Section
• ~~~~as

rx1~t1 rc± o l  Ri
Lx2

*ti L ;1j 
[j 

(162)

or

X~~~ = d ia(GT hX (163)

where the diagonal block matrix Is

dia(G~~) = I ( 164)
ii

[o G;~

Taking the derivative of (163)
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~~~~~

d dia(G~~ )X + dia (G~~~)X (165)
5 ii i.i

and

~~~~~~ = 
[d 

dia(G~~
) dia C~ + dia(G~~)A dia G!*

t (166)

or in open form

T ~;i ~~~l 1 r —I 1~, ~I I- -11 ~I r ~~~~~~l~i ~ 1G11 0 1G11 0 1G11 0 I 1A 11 A12 11G 11 0 1X 1
I. * 1 —I ._

~
j  I F’- I — l i i  II II *~~~ 

(167)

~~ ~~ 

G~
j  ~~ 

G 2
j  ~~~ 

G
22J ~~21 A

22J~~~ G
22j ~~2 

j
also combining matrices

1 r-~i
I 

x1 1G11G11+C11A11G11 C11A12G22 I I x1
1=1 I I 168)

*-~ ~ 1 — l 
•
—1 —1 I *-~~LX2 

J r~ 2A21Gll C22 G22+G 22A 2G22 
L~

c2
Dynamics of X Complete Pseudo—Inverse For Non-Full Rank Case. The

dynamics of the Generalized inverse for the non-full rank case of Equation
(20), that is

ni
x = I  1 1 = !  Ix = F  X (t )1 t 1 

( 169)
.1 x 2

2nxJL J -

where 1~~~

I ’
Ft
(t) I

t)

has rank n. The pseudo—inverse of full-rank factors of Equation (169 ) is

* * *X = X1 F
t (170)

The pseudo—inverse is given by

F
t

* 
= (F t

t Ft
)
~~ 

F
t
t (171)

where
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I’

• 

Ft
trt 

= (I , Tt
)(I) = I + Tt T ( 172)

• 
.- Consider the derivative of Equation (169)

• 
•. X = F

~
Xi + F

~
X 1 = AX ( 173)

By Equation (3 )

1’
~~ 

X1 = F~ (A
11, A 12 ) Ft X1 + A Ft X1 (174)

- - 
Multi ply Equation ( 174) on left by X1

= -F~ (A
11. A i2

)F
~ 

+ A Ft (175)

which is a rectangular matrix Riccati differential equation.

Partition the matrix A as

A = I ~~ 2m

I A 2 (176)

~~x2n

and Equation (175) becomes

• - 

= _ F
tAlFt ÷ AFt (177)

One can take the derivative of Equation (170)

.* . *
X 1 F

~ + X1 Ft (178)

*and attempt to obtain F
t 
from

F
t

F
t

= I

or
. 

*
F

t

F

t 
+ F

~~~~~
F
~~~~~

= 0

etc; however the effort becomes difficult and will not be pursued further
here.

Adjoint Dynamical Systems. Consider Equation (23 )

T = x 2x1
t (x 1x1

t )1 = G21Gj~ ( 179 )
for the special case of

649
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I
= (a constant) (180)

then

T = G210Gj~(t )  (181)

and 

X2
(t) = G210G~~ (t )x 1(t )  (182 )

By Equation ( 162)

X2
( t ) = G210X1

t(t) (183)

The time derivative of Equation (183) is

X 2 (t )  C210X 1~~ • 
(184)

— - 

By Equation (183) one has

• 
[x~ [~1(t )  

•-

~~ 

• 

(185) 
- 

-

LX~ ~2iox1 (tj
and by Equation (1814)

R i
= I I ( 186 )

X 2 ~~ 2lO
X
lJ

By Equation (183)

X2
t 

= G21~ x 1(t )  (187)

and the derivative is j

H 
- 

-

= G21~X1
(t) (188)

By Equation (187) the package of singleton-pseudos is

= 
rx1 —1

LX 2*tJ J G 2~~x1 t~j  
(189 ) ]

and at the rate level by Equation (188)
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•~~ I I ~~~~~~~~X 1 I l~~1
.1 = 1  (190)

~*t I I -t •
2 G210X 1

• Using Eouations (185) and (186) in Equation (3)

{11 Ix’ 1 [A11 
Al21 [1

(t )  

~ (191)
I I I *-~ I I U I
LX2J LG2lo>~l j  ~~~2l 

A
2 2J  L2l0 Xl

and by Equation (161)

F,*tl = 

1_A1~ A2~1 [h1 (192)

I.~2 L  [A 1~ 
-A 2~j  [~2J

Using Equations (189) and (190) in Equation (192)

~: J 

= IIA::i A :O 
[

;:t~~~~

_] (193)

By Equation (191)

= A
11X1 + A12G210X1 (1914)

By Equation (193)

= A~ 2 X1
1
~ - A2~ 

G
2~~ X1 

(195)

-• 
or multiplying Equation (195) by G~10 on left

t t *t t t —tX1 = G
210 A12 X1 

— C210 
A22 G210 X1

(t) (196)

• Equating coefficients of Equation (196) and Equation (1914) one
obtains

A t _ G _t
A C 197

12 210 12 210 ‘ )

and

A t _ G _t
A G 9822 210 11 210 1

or transposing

A - C A C — 1 ( 99)
22 210 11 210 1
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L

also by Equation (191)

C210 
= A

21 X1 
+ A 22 C210 

(200)

and by Equation (193)

= —A 1~ 
X
1~~ + A 2~ 

G21~ X1 
(201)

Multiply Equation (200) on left by G2j~ -

•*t —1 —1X1 
= G

21~ A 21 X1 + G210 A 22 C210 X1 (202)

Equating coefficients of Equations (201) and (202)

A2~ 
= G

2j~~ 
A
21 G21~ 

(203) L

and 
- -

A t _ G ~~~~A C (20 4 ) 
—

11 210 22 210 
--

Using Equations ( 197) , ( 199) , and (203 )  in Equation (193)

~~~~ —l i I * ~ ~1I ~1 —A 1~ C
210 

A 21 C210 

~f X~ (205 )

1_
~2 J [~~2l0 A12 G210 —C210 A11 G2l0J [~ 2l0 X1

J
The two systems are now Equations (191) and (205); there is only one —

independent variable X (t ) ,  hence the coupled system can be written by 
--

use of Equation (198) +or A
22 in E

quation (191)

p1 Ri A
l2 1 P1 1

= (206)

If 

[C210 ::~~~: 
= = I 

—G 210 A1~ G2~~J L~21o X,~~~
j  

—

then

T(t) = (x
1
x,

t)1 = G~~ (208)

By Equation (197)

A
1 A21 

(209)
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is synmetric and by Equation (203)

A t A (210)
• 21 21

• is syninetric , hence by Equation (206)

R ~1 [A~~ AJI Ri
I 1= 1 I (211)

L~J LA21 -A1~ x1~j
where

X1~~ = CJ x, (212)

Clearly now by the Riccati equation Equation (33) one obtains

I = -TA
11 

- A1~ T 
- TA17 T + A21 (213)

Likewise any Riccati equation of the form of Equation (213) implies a
coupled dynamical system like Equation (211).

there are a number of other interesting constraints one could pursue at
this point, some of which are presented below :

What is the nature of things geometrically , etc., when

X2 4 = 0 (214)

What if the G
22 metric equals the C11 

metric , then

4 = X1~ Tt

or

Xt _ T X  Xt Tt
2 1 1

or

C22 
= T C11 Tt 

= G
11 

(215)

a congruent auto-morph constraint.

Clearly for the case of Equation (212)

C G 1 (216)
22 

- 11

What if

G11
(t )  = C

110 
(217)
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a constant like a rigid base or in particular -

C110 
= i (218)

An ON base (time varying). For case of Equation (211)

Rl
A
l]

A j~21 _A 1~
J 

= AH

A12 
= A

1 , A21 
= A2~

A = A
h 

is said to 1e Hatniltonian via Bucy pp (67)

I Ahe _

~~
h -

is sytopletic. I
Rectangular Matrix Riccati. Consider the partitioning of Equation (3)

for the two cases: (i) p1~p2 
and (2) p

~~ p2. 
j

Case (1): for pj~ P2 Equation (14) becomes -

X — T ~ 
(219) 

-

2 1 
-~~

2 1 p1
xj

and for j = 1 a single vector , Equation (20) becomes -

rx(t)>i1 = r — 

x(t)>1 
= F

T
(t) x(t))1 (22 0) 1

L x t~2i I P1
XP1 (p

1
xp
2

)p
1

- . 
- I T(t)

L~2~~l

Equation (41) becomes for the sequence j

rxi(t)1 = 
— 1 x1(t) = [~1l $121 [ ‘ 1 X1

(o) (221) 1
Lx2(t)i 

~ 

T(t)J [$21 22 J LT(0)J
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One can interpret Equation (220) as all solutions to

X A X  (222)

such that

x(t
~~T 

= F
T
(t) x(t)>1 (22 3)

~ also

x(t>2 T( t ) x( t )~1 (2214)

which states that the second p2-tuple of coordinates are a function of the
first p1-tuple of coordinates.

By Equation (22 0) we are talking about the solutions to Equation (2 22)
constrained to lie in the time-varying subspace of dimension P1 or less (or
spanned by the p~ column vectors of FT(t). The dynamics of F( t) is

t’
T
(t) =r.° 1 (225)

LT(t)J

or by Equation (175)

= - Ft (A 11~A12) F
~ 

+ (226)

For the case Ft(t) is full rank , we have a time-varying base.

By Equation (28)

(A~~,A12) [ I I x1(t )  (227)

LT(t)1
or

V1(t) x1(t) (228)

pl~~l
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where the velocity matrix is

• v1(t ) — (A
11
,A12
) r ~ 1 (229)

LT (t)]

an “inner product” or map-down.

One may also ask abou t

x
1
(t) = X1(t )  v0(t) (230)

p1~~ p
1

Xj ~j Xj

The solution to Equation (228) for time—varying coefficients is

~0V1(t)
X1(t) =e x1(o ) (231)

hence if X1(o) is full rank that is P1 then x1(t) remains full rank. The
rank of T(t) is determined by Equation (219) with T(t) having factors

X2
(t)X~(t) = T(t) (232)

p
2

Xp
1 -

By Equation (29)

• 
*2 (t )  = (A

21
,A
22
) r ~ 1 x1(t) (233)

LTJ

or

X
2
(t) = v21(t) x1

(t) (2314)

Equations (228) and (2311~) show the constraints as

= [v1
t) x1

(t) (235)

x2j Lv21 ti
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Note the init ial conditions

[x1(o)1 = [‘ 1 x1(o) (236)

Lx2 0i [TO]
are fully det ermined by the rank of X1(O) since F0 is always full rank.

Suppose ip i  and

x1( o )  = I (237 )
T~~Xn Xi-, 
~lr~~

and Equation (238) becomes

v1(t) x1(t) (238)

- - 
subject to Equation (237) or a fundamental solution in Pi space. One can
make further studies on the rank of T(t) and the dynamics of T*(t) as well

- - as the dynamics of the two projectors

d (TT*) ?
at

and

d (T*T) = ?
at

Case (2): if one wants to partition Equation (3) such that Pl<P2reverse the roles by obtaining
X = L x (239)
1 

p Xp
p1

Xj  1 2 p2x1

or
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[xi] 
= 

[P

l~
P

2J 

X
2 

(2140)

p2 p2

and obtain corresponding results except one obtains

X
1
X~ L (241)

and selects initial conditions or X2(t) such that X2(t) is always full rank.
Clearly L will be different from T. Another interesting observation is
when

~J.TI = r o r7 x1j (242)

L-’ °—~~~~L2J 2:

and by Equation (227)

T( t) X
1
(t) (243)

That is the velocity matrix is T(t).

- j

_•1

1~
658
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28. HOMOGENEOUS SYSTEM DIAGONALIZATION OR DECOUPLING OF
TRIANGULAR SYSTEMS

There are a number of methods for block Diagonalizing a matrix , a few
of which will be derived in this section. The papers of Friedland are per-
haps best known on bias estimation to the practitioner of the estimation game.

The first case to be considered will be a block triangular system, with
the generalization case deferred to a later part of the section.

Consider the system of Eq (3) sec (2) with

A21 = O  (1)

or r~ r11 A
u

I =1  I I I (2)

H 
A22J LAJ

as before for sequences of trajectores, these become matrix equations or

Ri R1 A1~~ rx
I . I = 1 I
Lx2 i L~ 

A2~~j X 2

If one wants to solve the particular uncoupled system

r~1i r11 ~1r~1iI 1 = 1 I I  I (4)

L~
’
2J ~~ 

A22
J 

[Y2J

and generate the solution X1 as a linear combination of the uncoupled
solutions,

X1 = Y 1
+ F 12 Y

2 
(5)

= (I , Fl2 )fYll (6)

L2i
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and

X2 = = (0, I)
~~li

Packaging Eq (6) and Eq (7) and calling this case i j

~1 T = Fl21 1 (8)

X
2 J f

0 i J  Y
2j

or

X = F  Y (9)

2nxj 2nx2n 2nxj - j

I 
where -

-

I; 

F12
F = (10)

I

clearly

F 1 
= 
~~ ~~l

2] 
(11)

Taking the derivative of Eq (5) -

= + F~~ Y2 
+ F12 ~2 

(12)

Ey Eq (3)  and Eq (4). .
(A
11,

A12)[X1 
= A

11 
Y
1 

+ (F
12 

+ F12 
A22

) Y 2 (13) 
•

• H

(A
11,

A12) 

[ 

:11 [~1] = 

(A
11,

F12 
F12 A22

)~~~

] 

(14)
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For the full rank Y case multiply Eq (114) on the right by Y hence

(A
11,A12

) [ F
12~ 

(A fl. F12 + F12 A22) (15)

or

F
12 

= A
11 

F12 
- F

12 
A
22 + A12 (16)

One can also arrive at the result of Eq (16) by taking the derivative
o f E q ( 9)

X = F Y + F Y = A X  (17)

and specify what Y should be , that is

Y = BY 
~~~~ 

01 Y (18)

Using Eq (18) in Eq (17)

Y = (-F~~ F + F ’ A F) Y = BY (19 )

or

~~~1l ~~l2 + A11 F12 + A12 
— F12 

A
221 = Fll 

~~~~ 
(20)

[o A
22 J L  B 2~j

and equating elements.

Note by Eq (8) the initial, conditions for the sequence

X1
(o) = Y

1
( o) + F

12
(o)X

2
(o) ( 21)

one can select F
12
(o) or Y

1
(o), for example suppose

F12
(o) I ( 22)

then solve for Y
1
(o) or vice-versa .

For a single system, one has a full choice of F12( o ) ,  say for example

F
12
(o) 0 (23)

661

_____ ____ ______________________



‘ • ~~~ - -— ‘

then by Eq (8) for j1

or 

x(>l ~(o)~ + F12
(o) x (o

)2 
(2 4)

x(~~j = Y(0>l (2 5)

If we apply the constraint that F12
(t) be a constant, that is

r12
(t) o (2 6)

then Eq (16) becomes the algebraic Riccatti equation

0 = A
11F12 

— F12A22 + A12 (27)

solutions of which will be discussed in section’s using Xronecker Products
etc. •

Observe that X may be obtained by solving the upper Block triangular
system of Eq (3)

or the block diagonal system of Eq ( 4) which has solutions

r~ t
l e  11 o 1Y 1 0 1

Y =

~~ 
A I (28)

e
2

J L2
(oj

where

At 2 2
e I + A t ÷ A t  + . . .

2!

plus solving the matrix Riccatti Differentenal equations of Eq (16) and
obtaining X from Eq (9) namely

X = FY (29)

One can also solve the algebriac Riccatti Equation of Eq (27) to obtain
a solution.

Case ii.

Consider next the solutions for X put together via

X1 = Y
1 + F12 Y2 (30)

X 2 OY1 + F 22 Y 2
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or matrix-wise

[~
I F~~~~x = [
~ 

F
22~ 

~~~~~ (31)

The inverse is easily computed asr ~
F
l2 F~~

F ’ =
~~ 

(32)
I~ F 1

L 22

The matrix B of Eq (19) is

B = - F 1 F + F 1 A F  (33)

The first matrix product on the right has elements

~~
‘
l2 + Fl2 F~~ F2~]

-F 1F =
~~ 

(3~)L ~
F2~~

F22 
-

and the second term

~~~~~~~~ 

F
12F~~A21 P

~ll
Fl2+A l2F22

_F
l2F~~

(PI2lF,2+A22F~~)1
F 1AF =

~ I ~35~

L~~
A 2l F;~~(A

21F12 ÷A 22
r’

22
)

The requirement

0 F;~ A 21 B 21 (36)

can be satisfied for

A
21 = 0

hence

• 
B J  1 1 (37)

F
2A22F22 J

- F l1 01
{~ 

B
22J 

(38)
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If one selects F
22 to be a constant

F22 0 (39)

then j

~~ ll ~~ l2 + A 11 F12 + A12 F22 -F12 F~~ A22 F221
B = I  J (40)

F~~ A22 F22 J
and the Riccatti equation is

F
12 A

11 F12 + A 12 F22 
— F12 

F~~ A22 
F 22 (4 1)

observe that by Eq (40) if one selects the matrix F22 to be the matrix whichdiagonalizes A
22

B
22 F~~ A 22 F22 

= dia B
22 

= A
2 (42)

then the second block of Y is uncoupled , also I -
; :

“ 2 e n Y
2
(o) (43)

Case (iii) consider the case of

X1
(t )  = F11 Y1 Y 2 (44) 

• -

X 2
(t )  =

or 

(45)

- 

• The inverse

~
T
1l 1 -1 ~~Fj~ -F

~~1 (46)

L~~~~
_
~
j L Ij

Equation (33) for this case becomes

~~~~~ 
F
11 

+ A
11 F11 

- A
21 F11

) F~~~(A 11 + A12 
- A21 

- A~~

B =  I~7)
A21 F11 A

21 
+ A

22
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and 
-

A = 0 (‘u3)
21

Using (48) in the B
12 

element of Eq (47)

A
11 + A 12 - A 22 = O

or

A
12 

= A
22 

- A11 (~~~
9)

and the

B
22 

= A
22

and the one-one element

B11 = F~~ ( F
11 + A11 F11

)

or

F
11 

= A
11 

F11 
- F

11 
B11 

(50)

Clearly by Eq (49) the transformation of Eq (45) will work only for
the special case of

A22 
-

A = ( 51)
0 A 22 J

Return now to case one. By way of summary : by Eq ( 3) and Eq ( 33)
sec (2)

. 1~1l A~~~x = ~ ~x ( 5 2)

[
~~~~~~ A~~j

X
2 =Tx 1 

(53)

T = A 22 T - T A 11 - T A 12
T (514)

By Eq ( g ) and Eq (10)
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j y ,
f T F ~~~

F =
~ 1 (55)

[~~~~~~~~~~~J
and by Eq (4)

.~~~~~~1
0

= Y (56)

and by Eq (16)

F
12 

= A
11 F12 

- F
12 A22 + A12 (57)

The Y connection matrix is ¶
= (58)

with

Q = A22 Q - QA
11 (59)

The matrix Riccatti relation of Eq (57) implies a dynamical system

Z
2 = F

12 z1 (60)

where —

C~~~j l Z ll
. =

~~ I I I= c z  (61) 
—Z

2 C
22J
[
~2j

Taking the derivative of Eq (60) and using Eq (61) one finds that

~~~~o7
C = t  I (62)

r 

[12 
A1~

j

:~ ~ 
(63)
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• • By inspection we see that
C = L  A L  (614)

LI- 1 
C

where the linear convolution matrix is

L = L — 1 = r O  I I
C c I I

L~ 
oJ 

(65)

and

r A 22 °1 F ‘I E11 A
~~ i~ ~iI 1= 1 I I  I I (66)

LA 12 A~~
J L Oj [0 A

22 L 0J
Thus if one defines the transformation

Z L X  (67)
c

then

Z L A L  X (68 )

also by Eq ( 

c C

Z = L F Y  (69)

or

Z F Y - (70)

zy

where t o  I
F = L F =  I (71)zy c F12

By Eq (53)

rx~ F’x 
~_~c2j = (72 )

and by Eq (60 )

;~~~~ r~i= z2j 
= 

[Fl2rl
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Using Eq (72)  and Eq (7 3) in Eq (67)r~ ] r11
= L~ 

o_j [T 1 ~ • 

(7 i~)

By Eq (67)

= x 2 (7 5)

Eq (75) in Eq (74) yields

[
~}2 ~~ ~~ [~}~ (7 6) 

-

!

Multiply Eq (76) on right by X1r-~1I f r =  I I (~ 7)

or

I = I I (78)

or 

~~l2
T L’J

F
12
T = i

which implies

F ~~T
’1 (80)

12 -

hence we see that the transformation that diagonalizes Eq (52) is given by
Eq ( 55) and Eq ( 80) as

~I T-’~ffY l
x = I  I I  (81)

L ’JL~
2

a rather interesting result .

The transformation between the Z and Y systems are now readily obtained
from Eq ( 67) and Eq ( 55 ) as

Z = L F Y  (82)
C
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or 1~1° I
Z = I Y F Y ( 83)

I I  T 1 zy

where 
-lo I I

F = L F =  I — 11zy c 
j~~~~ 

T j  (84)

and by Eq ( 16)

- 
A T

1 
T
1A A- 11 

— 

22~~ 12 (85)

Solution to the Upper Triangular P3Lnamical system via The Diagonal System
and a matrix Riccatti Dynamical System.

This section presents 4 alternatives to solving the upper triangular
linear dynamical system given by Eq (3) as

All AJ1 RiI .  = I I (86)

~~
2 o A

22 LX2]

subject to the initial conditions.

X1
(o) =

and

X2
(o) = X20 (87)

Method one consists of solving Equation (86) and (87) by any standard
numerical methods or continuious analog methods.

Method two. Since the second matrix of Eq (86) is uncoupled from the
• first matrix, one has

X
2 

= A22 X2 (88)

with solution

x2 = e
A 22t X 2 (o) = 

~A22 
~2O (89)

Equation ( 89) can now be used in the first equation of Eq ( 86) as

669

~ 

;~~~:,-. • 1 ~~~~~~ -~~~-w-’- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _  •~~;_
__~~~~~~

—__—-.-------—•- — _—- --•_----
~~

•_---,--•-—-- •_ - • .-—
~~~

j

= A~1 
X
1 
+ A12 X 2 (90 )

= A11 X1 + A12 e 
22 

(91)

which is a non-homogeneous linear differential equation, the solution of
which is deferred until a later section.

Method three. This method used the solution of the uncoupled matrix
of Eq (89) with equation (14) sec (2)

or 

= T~~ x2 (92)

—l 
A
22tX1 T e X

20 (93) 
- •

and by Eq (85)

~~
l

A f 1 T~~~A + A- 

11 
— 

22 12 (914)

with initial condition

T~~(o) = X
1

(o) X2
*(o) ( 95)

or

T~~(o)  = X
1

(o) 4(o) (X2
(o)  X2

t(o)rl (96)

This scheme of things requires the solution of non-homogeneous “bi—linear ”
(missing the guadra-tic term) Riccatti Equation. Clearly Eq ( 914) is more
difficult to solve than Eq (91) a method for solving Eq (94) is given in a
later section. • - -

Method Four. This method is a variation of the last method and is the
basis to the bias estimation scheme of Friedland in reference (6). Levin
also in reference (51) relates two solutions of the same Riccatti differential
equation to a new system, the details of which are disscussed in more detail
in section (33).

The methods obtains the tran sformation Eq (55 )

x = I I Y (97)
0 I

which diagona lizes Eq (86)  in the special way of Eq (56 )
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r~ri 
- 

rAll ~1 1”l l
~~~~
. 

~~~~~~ I I (98)

- 

[Y
2] [~ 

A
2~J L2J

The solutions to the uncoupled systems are

A t
Y
1 

= e ~~ Y
1

(o)  (99)

A t
“2 

= e 22 Y
2
(o) (100)

where the initial conditions are by Eq (97 )

Y2
(o) x2

(o) (101)

and

X1
( o) - Y

1
( o) = F12(o)  X2(o) (102)

or

F
12

(o) = X
1

( o ) X~ (o)  — Y1(o) X~(o) (103)

By Eq (95)

F
12

(o) = T~~(o) - Y
1
(o) X (o) (104)

By Eq (104) we see that there are two free choices of i.c. matrices namely
F12

(o) and Y
1(o). For example if one selects,

Y1
(o) 0 (105)

then

F12
(o) = f1(o) (106)

and the case becomes the same as method three for then

F12
(t) = T 1(t) (107)

However, for all cases in which

Y1
(o) � 0 (108)

then

F12(t) ~ T
1(t) (109)

As an example suppose
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Y
1

(o)  = X
1

(o) (110)

then by Eq (103)

F
12
(o) = 0 (111)

-
. 

Two solutions to the same matrix Riccatti differential equation, as
shown in section Q3), are related as

F12
(t) f1(t) + N(t) (112)

where by Eq (16)

F12 A
11 F12 

- F
12 A22 + A12 (113) [

and by Eq (97)

= A
11 T~~ 

- f 1 A
22 + A12 (114)

Tasking the derivative of Eq (112)

F1 — T  - N  (115)

Using Eq (113) and Eq (114) in Eq (115)

N = A11N - NA 22 (116)

which is a homogeneous “bi-linear” matrix differential equation. Since the
matrix Riccatti Differential Equation of Eq (116) implies a dynamic system
Connection as

W
2 = N W 1 (117)

then by Eq (3), Eq (14) and Eq (33) of sec (2) one has

RI R2 0

1~ 1 = 1 j (118)
AU~~~~

W
2j

or for full rank W
1

(t )

N (t )  = W
2

( t) W~(t) (119)

or the matrix factors of N have uncoupled dynamics, Eq (115) and Eq (118)
can be compared with Eq (59) and Eq (56). Clearly since matrix factors
are not in general unique . Let N (t )  have matrix factor - defined as

I
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I
U1
(t) = N(t) 0

2
(t) (120)

or
• 

0
1 
0
2 

N ( t )  (121)

Take the derivative of Eq (120)

U1 = N U 2 + N 0 2 (122)

where

Dl2 FUl~ 1I .  = 1  I I (123)

[02 ~~~l 
D22
_ LU2J

or

(D
11

N + D
12

)1J2 = 

~~2 
+ N [D

21
N + D

22
]U
2 (124)

or

N = D
11

N - N (D
21

N) - ND
22 

+ D
12 (125)

and by Eq (116)

A
11

N — NA
22 = D

11N - ND22 — ND
21 

N + D12 (126)

which implies

Ri °1
D = 1 (127)

• 
A~j

or

• - T r~;i f~~~1 0 1 
~~~~1 = 1  1 (128)

~2j 
[0 A

22J (~J
Thus we so that by taking solution differences and selecting factors of

N(t) in the right manner we achieve a diagonal system as was done via method
three.

By Eq ( 128) 1~~r l l A t
l U
’l l e  11 01

(0)
I I = f A 22t (129)

~~2j ‘i~ii 
e 0

2
(0)
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or

02
( t ) e~~~ 02

(0) = 
~A 22 

0
2
(0) (130)

and the psuedo-univses is

* 
—A 2 t * 1

02 
(t) = 02

(0) e = 02 ~~~ 4
~A 22 

(131)

hence by Eq (1~32); (130) and Eq (121)

A t 
* 

-A,,~,,t
N(t) = e 11 u1(o)u 2 (o) e (132)

N( t) = 4A 
(t) N(o) $A

(t) (133)
11 22

and the initial conditions are by Eq (132)

N( o) - 0
1

(0)  0
2
(0) (134)

and by Eq (112)

N( o) = F12
( o) - T 1(o)  ( 135)

By Eq (103) and Eq (95)
• - .1. *N ( o) X1(o)X~

(o) — Y
1

( o)X
2
(o) — X

1 
X
2 

(136)

or

N(o) = —Y 1
( o ) X~(o) (137)

By Eq (134)

N ( o )  = U
~
(o) 02

(o) (138)

thus if the diagonal U system is initialized with

[~
l’0~~ =[~u T

~1 =[~
1 °1 (139)

• 
~~~ 

° 
~j LY2~ 

o~
j  [ 2

( o~j
then the U system is time-wise related to the Y system as

[~1( tT\ 
[

~1
(t~~ (t )Y

1
(~~

\

[

~~~
2 tj  [Y 2

(t~
j  

= 

l~~~
22

( t)Y
2

(o~
j 

(140)
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Using Eq (139) in Eq (136)

A t  •.
~ 

- A t
N(t) —e 11 X1

(o)X (o) e 22 (141)

and using Eq (141) in Eq (112)

F
12
(t) f1(t )  — $A

11
(t) X1(o) X2(o) 4)A 22

(t) (142)

By Eq (97)

x1(-t ) Y
1
(t) + F

12
(t) x2 (-t ) (143)

using Eq (1142) in Eq (143)

X
1
(t) = —T

1( t )  
~A22

(t )  X
2
(o) ( 144 )

which is the same as Eq (93) under method three.

The Diagonalizing Transformation via Kronecker Matrix Product Solutions.

By Equation (19) the dynamic system matrices are related as

B = - F F + F
1 A F  (145)

or

F AF — FB (146)

By Eq (33) sec (G)

vec (AF) = ( I SA))  vec F (147)

and by Eq (49) appendix G

vec FB (B t~ I)  vec F (148)

or 

vec F = ~~IQA ) - (B t~I)J vec F - (149)

which is a linear matrix differential equation in the tensor product space

of dimension 4n2, that is the 2nx2n matrix F becomes a column vector of
size 4n2 x 1. One may now ask whether a transformation which is a constant
matrix can be found or

(150)
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and Eq (1149) becomes
-

• 

~~~~~~~~~~
A) — (B t

~ I~~ vec F ( 1 5 1 )

The matrix I~A — Bt~I is called the nivellateur in the literative .

As an example of a solution to Eq (157) consider the 2x2 matrices of
Eq (1146)

~~~

‘ 
:~~~~

3

~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~ 
a~~~ 

(152)

Equation (151) becomes

or 

a
12 

- 
~~~u

I 

~~~~~ 

(153)

0 a
22-a11 o o ~ o 

- 

o (154)

I ~ ~ a
11-a22 al2jIfl2( ~L:_ o o o 1 o

By the third row of Eq (154)

(a
11 

— a
22
)f
12 

= —a12 ( 155)

or

—l -

= — (a
11 

— a22
) a

12 (156)

hence we see that a constant transformation matrix

I -l~~~~I 1 — (a
11—a22

) a
12

F ( 157)
1

diagonalizes the systems.
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Section 29 TRIANGULARIZATION AND DIAGONAL IZATION OR DE-COUPLING OF ARBITRARY
NON-HOMOGENEOUS DYNAMICAL SYSTEM. The fu l ly  coup led non-homo-
geneous form is

L N~~ (
~>~\ I A~~ A 12\ (

~~\ 
(~xf r  

~~) 
= 

~~A21 A22) \~x>2) ‘~ 
(1)

A full-rank base change of the form

~~~~~ = Fy~~~~ (2)

yields y dynamics by taking the derivative of Equation (2)

Ax>+~~~~~~~Fy>
+ Fy> (3)

or - i
or 

(-F~~~
’ + F 1

AF)y> + F 1
Y> (4)

y>~~~By> +f> (5)

where

B = -F 1F + F 1AF (6) 1
In the previous section the form of F was taken so that F 1 could be easily

— obtained from triangular f1rms for F. Also it was shown that via the matrix
— Kronecker products that F term was not needed. The Kronecker product

solutions via Equation (149) of Section (27) can be diff icul t .  This section
shows some easily invertible matrix forms used by triangular matrii products.

This section obtains the composite (product) maps by going from the full system
of Equation (1) to an upper traingular system , that is

~~~~~ F Y ~~~~ (7)

whe re the B of Equation (6) is upper triangular

B = 
(B 11 B12\~ (8)
\0 

B

22)

followed by the transformation to a new system

= Fy~Z> (9)

with dynamic matrix C which is diagonal that is

= (:11 
:
22) 

Z> + (10)
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By Equation (9) in Equation (7)

or 

~~~~~ = F
~~T

F
YZZ> 

= F~~z> (11)

F = F  F (12)xz xy y z
and

F 1 
= F 1F 1 (13)xz yz xy

By Equation (6)

C = -F~~F + F 1
A1 (14)xz xz xz xz

and the inverse matrix F,~~ is easily obtained via Equation (13) as the produc t
of simple triangular matrix inverses .

Returning now to the first stage via Equation (6) with proper subscripts

fB B \11 12 j = -F 1F + F 1AF ( 15)
\o B X~T X ~ X~J X~j22 ’

• with

/1 O \
F = ( 1 (16)

\L IJ

and

• / 1  0\
F

1 
= I I (17)

~~ \-r . I!

The first matrix product term on the right of Equation (15) is

/ 1  O\ /0 O \  /0 O\
F

1F = I I I 1 = 1 1 (18)
\-L I! \ L  o! \ L  oJ

The similarity trans forma tion term is

/A +A L A \
F~~AF = ~ 

11 12 12 (19)
~c, 

\_L(A 11+A12L)+A21+A22L 
_LA

12+A22)
Using Equation (18), Equation (19) in Equation (15)

(B 11 B
12) = (A

1I+A 12L A 12 (20)
\o B22 \ -L-L(A11+A 12L)+A21+A22L 

_LA
12+A

22)
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we find

(B i i  8
12) = (A ii+A12L A12 ) (21)

O 822 \ 0 -LA 12+A22

with

L = A22L-LA11-LA12L+A21 (22)

Note that L is same as Equation (33) Section (26) that is the Ricatti equation
for T.

By the previous section the upper triangular system was transformed to a block
diagona l system via the transformation

= F
~~

z
> 

(23)

where

/1 M \
F = I I (24)yz \o iJ

The dynamic matrices for this case become

C = -F 1P + F
1BF (25)yz yz yz yz

By analogy with Equation (20) Section (3)

(C 11 
0 ‘~ 

(B 11 
_M+B

11
M_NB

22÷B
12) (26)

0 C /  0 B22
H = B11M-MB22+B12 (27)

The B . .  are given in terms of the A . .  via Equation (21) .

The composite transformation is by Equation (24) and Equation (16) in Equation
(12)

F F F (28)
xz x y y z

or

/1 0\ /1 M \
F = 1 1 I (29 )

XZ \L I! \o i-

/ I
F = 1  (30)

xz \ L  1111+1/
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with inverse given by Equation (13)

/1 -M\ /1 0\
(31)XZ \ o  I! \-L I!

/I+ML
F 1

= 1 1 (32)xz \ - L  I !

where by Equation (20) in Equation (26)

/ c  o \ IA +A L 0
C ( ~~ j 

11 12 (33)\o C22’ 1 0 A22-LA12
and by Equation (27) and Equation (20)

= (A11+A12L)M-M(A22-LA 12)+A12 (34)

In case one wants constant tra nsformation

and Equation (22) and Equation (34) become algegraic matrix Ricatti equations or

0 = A22L-LA 11-LA 12L+A21 
- (35)

and

- 
- 

0 = (A 11+A 12L)M-M (A22-LA 12)+A12 (36)
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Section 30 TRANSFORMATION OF HOMOGENEOUS DYNAMICAL SYSTEM TO BLOCK COMPANION
MATRIX FORM . This section considers the constant transformation to map the the
dynamical

k (~ = (A 11 A 12~~ (x1~~

\X2/ \A 21 A22/ \x2/
to a system in block companion matrix form

/ 0 I \/Y \

~ = ( .  J = ( 1
1 = BY (2)

\Y2/ \B21 B22 Y
2/

where

X = F Y  (3)

and

F 1AF = B (4)

I f  one selects the constant matrix F of the form

/1 F~~ \1 (5)
\O F22!

it is easily established that

F
1 

= (° F~~ 

22) (6)

• and

F~~A F = B  (7)

or

(A 11-F12F~~A21)F 12 + (A 12-F12F~~A22 )F 22~ (8)
F22 (A21F12 + A22F22) /

• = / 0  I \
~B21 B22)

Equating the (1 ,1) elements of Equation (8)

A 11-F12F;~A21 = 0 (9)

or

F12F;~ = A 11A;~ (10)
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Equating the (1,2) elements and using Equation (9)

(A
12
-F 12F;~A22 )F22 = I (1 1 )

Using Equation (10) in Equation (11)

F22 = (A 12 -A 11A~~ A22 Y
1 

(12) J
By Equation (10)

F
12 

= A
11 A~~F22 ( 13)

and by Equation (12)

~12 
= A 11A;~cA 12 -A 11A;~A22

) 1 ( 14)
or

F12 
= A

11 [A 12 A21 -A 11A~~A22A21
] 1 

(15)

Equating the (2,1) elements of Equation (8)

B
21 

= F~~A21 ( 16)

I or Equation (12) in Equation (16) - -

B
21 

= (A 21 -A 11A~~A22
)A

21 (17 ) 
j

• Equating the (2 , 2) elements

B22 = F~~ (A
21F12 

+ A22F22) (18) J
Using Equation (13) in Equation (18)

B22 = F;~ [A 21A 11A2~F22 + A22F22 1 (19)

B22 = F2~ IA 21A 11A~~ + A22] (20)

• i Scalar Case. When the matrix A of Equation (1)  is 2 x 2 in size

/a
A = 

12 
(21)

\a 21 a22 J

then by Equation (15)

a

a 12a21 
- a 11 a22

and by Equation (12)

a

22 — ---------------------.—- -

• 
a 12 a21 — a 11a22
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and by Equat ion ( 17)

b21 = a12a21 
- a

11 a22 (24)

and by Equation (20)

b22 = a 11 + a22 (25)

The matrix relations are

1 / 0 1 \
F A F = ( 1 (26)

\a 12a21 
— a 11 a22 a 11 

+ a
22)

When A is a Hamiltonian mat rix Section (27), or

/a b \

• A = (  ) (27)
\c -a!

• Then by Equat ion (25 )

b22 a - a 0  (28)

and

/~~i\ 
( 0

2 i\ f i~\ (29)
• ‘~y2) 

= 

~bc-a 0) ‘~ 21
If

(y’\ /y\ (30)

\y)

We see that

2y = (bc-a )y (31)

• or the system has no damping or velocity di~sipative term , that is the system
of Equation (31) is an oscillator when bc-a has the correct sign (negative
feedback) .

At the matrix level the condition is by Equation (20)

822 = 0 = A21A 11A ;~ + A22 (32)

and for the matrix Hamiltonian case

A22 = A
1~ (33)

or

A21A 11 A ;~ = A
1~
’ 

(34)
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Section 31 NON-HOMOGENEOUS DYNAMICAL SYSTEM X = A X + F(t) L

This section considers the dynamical system

x> Ax>+f> (1)
2nx2n

and a sequence of j systems

X = A X + F (2)
• 2nxj

Two d i f f e r en t  methods of solution will be presented. The homogeneous system is
obtained in Section (25) as

4 = A 4  (3)

where

•(to)=I (4) - I
r and

4’(t,-to) = e A(t-to) (5)

where ct (t,to) is the state transition matrix or the fundamental matrix. It
always forms a- base. Make a base change on x(t)

x(t~~~ = ct (t ,to)x~~
t)> (6)

where the coordinates of the vector x ( t )’> in the cD basis is x
~(t)> 

that is
the linear combination of the colui~ns of 4

x(t)~~ = ~(t)~ 1
x
1~ 

+ - . . + ~~t)~~ 4(t) (7)

Taking the derivative of Eq. (6)
L 

x> = c1x > + (8)

By Eq. (1) and Eq. ~~ in Eq. (8)

Ax> + f(ti> = A$x
~(t)> 

+ (9)

and by Eq. (6) in Eq. (9)

~ 
or 

Ax> + ~> = Ax> + 
~~~ 

( 10)

- 

• 

•(t,to) c
~(t)> 

+ f(t)> (11) 
- 

-

inverting

= 4~
1
(t,to) f(t)> (12)

4 
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which is the “app a rent veloci ty” as observed by an observer or the • bas is.

Integrating Eq. (12)

x
~
(t)> = x

~ (to)>+J~~~~
’(t ,to)f(t )>dt (13)

8y Eq. (16)

x( to )>  = Ix
~
(to)> (14)

hence Eq. (13) is

x
~ (t)>

= x(to)>+ f~~~~~
(T,to)f(t)>dt (15)

Using Eq. (15) in Eq. (6)

x(t)> ~
(t,to)x(to)>+ ~(t,to) J~~~~

’(T ,to)f(t)>dt (16)

• Using transition matrix properties

P 1
(t,to) = c

~(to ,t) (17)

4’(t,to)4~
1(t ,to) = t (t ,to)4(to,t) = 4(t,t) (18)

hence Eq. (18) in Eq. (16)

x(t)> •(t,to)x(to)>+ f~~~
(t,t)f(t)>dt (19)

Eq. (17) and (18) are obvious from

c1(t ,to) = e A(t-to) (20)

~~ ‘(t , to) = e  A(t to) = e A(to-t) (21)

and

4 (t , t)  =e A(t-to) e A(t o t)  
= e A(tt) (22)

By Eq. (22) in Eq. (19)

x(t)>= $(t,to)x(to)>+ I:0e A(t t)f(t)>dt (23)

The convolution integra l of Eq. (16) was very naturally obtained in the 4 base.
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Section 32 VARIANCES RELATED TO x). Ax> + 11> .
____________________ j  j. Conside r the sequence of j

L continuous time trajectories

X A X + U  (1)
nxj nxj nxj

where

U1~ ~ 
= 
~~
(t)> (2)

mxj

Taking the arithmetic mean of Equation (1)

Xl”
> 

= 

~x) 
= A P>  + i i )

Subtracting Equation (3) from Equation (1)

(4)
nxj

where

(5)

and

(6)

By Equation (4) the dynamics of the package of residual vectors is

X = A + u  (7)

The variance is given by

/jmax
= xx = x . x 1 (8)

jmax (i = 11 / j max

The dynamics of the variance is by Equation (8)

d 1

dt ~~ 
= (~~T + ~~T) jmax

Consider an a.lternate expression of the variance in the $ base

~(t )  = •(t ,to)~~ (t) (10)

and

• = •(t,to)~~ (t )X T(t)$T(t ,to) (11)

(t)~~ = cP(t,to) 4’(t. ) .T(t to) (12)
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The derivative of Equation (12) is

= 4,~ P$T + $j41$T + $TfI~4~T 
(13)xx

Now by Equations (11) and (12)

= ~~~~~ ( 14)

and

= ~~~~~ + ~4~ 4iT ( 15)

The derivative of Equation (10) is

( 16)

Using the relation

( 17)

and Equation (8) in Equation (16)

A~~+ U = A ~~~~+ 4~~ ( 18)

or

~~(t) = l~~’(t,to)U(t) (19)

Integrating Equation (19)

(t ~X’4’(t) = X’~
’(t,o) + $ (i ,to)U(t)dt (20)J to

where by Equation (10)

~(to) = ~(to) (2 1)

Using Equation (19) and (20) and their transposes in Equation (15) the first
term on the right is

= $ 1
(t ,to)U(t)[~ (to) + I $ 1

(t,to)U(t)dt]
T 

(22)
J to

~~~~~~~~~~~ = $~~(t ,to)U(t)[~T(to) + ç UT(t)$
_T
(t,to)dt (23)

Jto

or

~ 4~~DT = $~~(t , to) U( t)~T(to) + $ 1(t,to) 
5

u(t)U
T
(t)$

_T
(t ,to)d t (24)

687

_
~i

__
~ 

,
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~i-

_
- - - , 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - •~~~~~~~:



If the noise is serially - uncorrelated and zero-mean , that is

E(u(t)> <u(t)) = U(t)UT(t) = Q(t,t)6(i-t) (25)

If we assume further that - •

EI u(t)> <~
(to)] = 0 = U(t)~

T( to) (26)

that is the initial state-errors are uncorrelated with respect to the process
noise.

Using Equation (25) and (26) in Equation (24)

(~t - -

= ~~
1
(t ,to) \ Q(t,T)o(r_ t),

T(I,to)dt (27)
Jto

or -

~~~

~4~ 4T = 4~~ (t,to)Q(t,t)cIr
T
(t ,to) (28) 

- 
}

Clea r ly  the second term of E quat ion (16) is the transpose of E quation (28) or

= 
1(t ,to)Q(t,t)~

T(t ,to) (29)

Combining Equation (28) and Equation (29) in Equation (16).

= ~~ (t,to)Q(t,t)cP
T
(t,to) (30)

Using Equation (30) and the relation

(31)

in Equation (4)

= A~Ø,
T 

+ Q(t,t) + ~~~~
TAT (32)

By Equation (13) in Equation (32)

(33)

which is the matric Riccati differential equation of the variance .
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Section 33 DIFFERtNCES OF MATRIX RICCATTI SOLUTION

This section discusses some interesting relations i
solutions of the matrix Riccatti Differential Equat
(51) drives some of these. Friedland applies some
Estimation in reference (32). Lainiotis in referen
methods to obtain what he calls partitioned Riccatt
tam ing the generalized Chandrasekhar relations. C

= 
(A 1~ A 12\ (X 1

\A 21 A22) \ x 2
with

X2 = TX
1

By Eq. (33) Section (6)

T=- T A 11 + A 22T - T A 12
T + A

21

and by (159) Section (6)

= A
11T

1 
- T 1A22 

+ A
12 

- f1A21
T ’

. Both equations are non-homogen.eous and quadratic.

Suppose we have one solution to Eq. (3) T1(t) with

T.(to) = T.
1 10

and want a second solution T (t) with initial condi

T.~ 1
(to) = T(i ÷1)

obtaining

T.~ 1
(t) = T.(t) + N.(t)

The difference is

N (t) = T.÷1-T.

and the derivative is

i~. = i ’. - ri’.• 1 i+1 ~
Using Eq. (3) in Eq. (9)

N. = -T. A + A T. - T. A T. + A
1 1+1 11 22 i+1 1+1 12 i+1 21

- (-T.A 11 
+ A22T. 

- T.A 12T. 
+ A21)

689

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ L — ~~-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



or 

-(T.~~1 
- T.)A11 

+ A
22(T1÷1 

- T1) (11)
-T. A T. + T.A T.1+1 12 i+1 1 12 1

Using Eq. (7) in Eq. (11) quadratic term

+ A22N 1 
- (T. + N.)A12(T. 

+ N.~ + T,A 12
T. (12)

= -N .A + A N. - T.A T. - T.A N. - N .A T. - N . A  N.  + T.A T. (13)
1 11 22 i. 1 12 1 1. 12 1 1 12 1 1 12 1 i 12 1

or

N. = -N .(A11 
+ A 12

T.) + (A22 
- T.A12)N. 

- N .A 12 N. (14)

which is homogeneous-quadratic in N1(t). Or

N. = -N.B + B N. - N .A N. (15)
1 1 11 22 1 1 12 i

which implies a dynamical system by Eq. (33) Section (2)

= 

B
11 -A 12 ( Y> i~~ (16)
0 B

22

where

B11 
= A

11 
+ A

12
T. (17)

B22 = A22 
- l.A 12 (18)

where

= N .y ’~1 (19)

or for a sequence or package of trajectories.

N.Y1 (20)

with N.(t) factors

N.(t) = Y2Y~ 
(21)

The inverse Riccatti relation is

*T 1 
-N.

1
N .N.

1 (22)
1 1 1 1

or

= B 11N~ ’ - N 1
1B22 + A 12 (23)

which is non-homogeneous bi-linear.
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If now one has two solution of Eq. (23)

N . 1 
- N. 1 M . ( t )  (24)

1+1 1 1

then

= - (25)
1. i+1 t

or

M.(t) = B11M. 
- M B 22 (26)

which is homo-geneous non-quadratic. Eq. (26) implies a dynamical system

(Z>1
\
~ 

= 
(C 11 

0 ‘~ (Z ~ 1 ) = (B
22 0 ) (Z~~

) 
(27)

\ z ’ /  \o C
22! \z>2 0 B11 \ z~

with connection

= M.Z>~ (28)

C
11 

= B
22 

= A
22 

- l.A12 
(29)

C
22 

= B
11 

= A
11 

- l.A12 (30)

The dynamics of successive differences and inverses are applied in following
the obtain solutions to Riccatti equations in terms of a controlled initial
condition solution . Some of these variations are

T = A 221

T = -TA
11

T = -TA
11 ÷ A22T

I = -TA
12T

I = A
22T - TA12T

I = -TA
11 

- TA12T

I = A22T 
- TA11 

- TA
12
T

all of the above are homogeneous and linear, bi-linear, and or quadratic.

The non-homogeneous cases are

I = A22T ÷ A21

I A 11
T + A21

I = -TA12T + A21

I = -TA 11 
+ A22T - TA12T + A21
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Section 34 SOLUTIONS OF MATRIX RICCATTI VIA DIAGONALIZATION TECNNIQUES

This section draws upon the relation’s of section 2 for block diagonalizing .1
a system to obtain solutions to the matrix Riccatti differential equation.

Suppose we start with the given Riccatti Eq. (3) section 31

T —TA11 + A22T — TA12T + A21 (1)

with i.c. of

1(o) = To (2)

Eq. (1) implies a coupled homogeneous system given by Eq. (1) of section 31,

(x l) (A
u A

u) (x i)
X2 A~~ A~~ X

2

with

X 2 = T X 1 (4)

or 1(t) has the matrix factors.

1(t) = X2X1* (5)

By Eq. (30) sec 28

fX~ \ ~I M(t) 1 ‘ 11 1= ( 1 (6)
\x 2/ L(t) Lt4fI j \z 2 /

where by Eq. (33) of sec 28

(:)~~
C:1 

C:2)( :2)

= f A11 + A12L 0 \ (z 1 \
j I J (8)

\ 0 A22 — L A 12 / \ z 2 /

with

z2 — s(t)Z 1 (9)
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or

S = Z2Z1* (10)

By Eq. (21) sec 31, the solution

S( t) — • (t)S(o)~~~ (t) (11)C22 c11

where

~~~~~(t) = e jt:~~ll~~l2Wdt (12)

~~~~~(t) = e I to 22
_LA

12)dt  
(13)

and by Eq. (34) sec 28

M = (A
11 + A12L)M — M(A22 - LA12) + A12 (14)

and by Eq. (22) sec 28

L = A22L - LA11 - LA12L + A21 (15)

note that Eq. (14) can be written as

M = C11M - MC22 + A12 (16)

and has solution given by Eq. (26) sec 32 as

M(t) = ~ [M(o)+ft ~P~~~(r , o)A12 ~cj1
(t
~ 
o)dt]$~~ (t, o) (17)

The initial conditions by Eq. (6)

/X 1(o)\ rI M(o)
I 1 1 (18)\X2(o)/ L(o) LoMo+I \ z 2 (o) /

If we selec t

Mo L o — Q  (19)

then

X
1(o)\ /Z1(o)\( ) — ( ~ ) (20)

X2
(o) Z2(o)
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and by Eq. (16) we see that M ( t )  is a non—homogeneous system and Eq. (17)
is simplified and j

M(t) = ~~~~~(t) f ~ [$~~~~~~ (T , o)A12~ (t , o)dr ] (21)

We next seek the connection between the matrix S(t) and the matrix T(t).
By Eq. (4) and Eq. (9) in Eq. (6)

or 

C~ 
= (I H )  Q (22)

X1 
= (I + MS)Z 1 (23)

Using Eq. (23) in the second element of Eq. (22)

TX1 = T(I + MS)Z
1 

= [L + (LM + I )S]  Z1 (24)

or

1(1 + MS) = L(I + MS) + S (25)

or

T = L + S(I + MS)~~~ (26)

If we set

N — S(I + MS)~~ (27)

then

T — L + N  (28)

which is of the form of Eq. (7) of sec 31.

Eq. (25) also be written as

T— L + ( L - T)MS+S (29)

or

T — L — N M S + S  (30)

which implies tha t U
N — N M S + S  (31)
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LL which agrees with Eq. (27).

By Eq. (30)

1=  ( I — N M ) S + L  (32)

we see by Eq. (9)

= SZ1 + SZ1 (33)

or by Eq. (8) in Eq. (33)

(A22 
— LA12)Z 2 — S(A11 + A22L) 

= (34)

or

(A22 - LA12)S — S(A11 + A12L) = S (35)

By Eq. (14) sec 7

N = —N (A11 + A12L) + (A22 — LA12)N — NA12N (36)

which is homogeneous quadratic in N.

The initial conditions by Eq. (30)

To = Lo — NoMoSo + So (37)

and by Eq. (19) in Eq. (37)

To So . (38)
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Section 35 SOLUTION OF MATRIX ~F = -TA 11 + A22T. Consider the system

• (*~) = (A 11 A12~ (X i) = (1)
\x2 \A 21 A22/ X2

where

X2 =TX 1 (2)

Equation (1) becomes

~ =(
~~ 1k) 

C) *1 
+ C) x1

Using the orthogonal property

(-T ,I) (I’\ = 0 (4)
\lJ

applied to Equation (3)

(-T , I) (
~

) = ix 1 (5)

Using Equation (1) in Equation (5)

(-T , I) A (I\  x1 = ~bc1 (6)

or

(-1 ,1) A fI\ = T (7)

4 I

or

+ = (-T,I) (A 11 
+ A12T \ . (8)

t\A2 1 
+ A

22T)

I = -TA 11 
- TA12T + A22T + A21 (9)

jf

A12 = A21 = 0 (10)

then

T = -TA 11 + A22T (11)
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F’ with the associated dynam ical system

(*~) (A u 0 

)(X
~

) 
(12)X2 0 A

22 X2
with

A 11 (t—to)

• = e  ( 13)
A 11

and

X~(t) = • X 1(O) (14)
A 11 H

and

A22(t-to)

• = e  (15)A

and

- 

A
22

2 (16)

The generalized inverse is

X~ (t)  = X~ (O)~~~ ( 17)
A 11

By Equation (2) T(t) has factor

T( t )  = X
2X~(t) ( 18)

or

1(t) = • (t)X
2

(0)X ’(o)$~~ (t,to) (19)
A22 A11

or

1(t) = $ (t)l(0)$~~ (t) (20)
A22 A 11

t .
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Section 36 SOLUTION OF T — -TA11 + A22 T + A21

The solution of the bi—linear non—homogeneous matrix differential equation of
the form 

1
T = -TA11 + A22 I + A21 (1)

is obtained. Via Eq. (9) of the previous section

(2)

hence Eq. (1) becomes .

(::)= (:~ A:) 
(:;)

with 
- .

T(t )  = X2 (t) X1*(t) (4)

~1.. I I and

T ( o)  = X2 (t o)X 1*( to) (5)

Obtain 1(t) as a solution of the system 
-.

T (t) = — T A 11 + A22T + A21 (6)

with 
- .

T( t )  = 1 (t) + N( t) (7) 
-

or

N ( t) = T(t )  — T

~
(t) (8) 

-

and

N( t )  — N(t)A 11 + A22N(t) (9)

with initial condition

N(to) = T(to) — T (to) (10)

1
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select

T (tO) = 0 (11)

then

N (to) = T(to) (12)

By Eq. (21) of section 8

N ( t )  4’ (t) l(to) (t) (13)
A22 11

The system 1 (t) via Eq. (4) has factors

T (t )  = [X 2 (t)x 1*(t) ] c (14)

with

X2 (t) = T (t )X 1 (t )  (15)

and initial condition

X
2~~
(to) = I (to)X

1 
(to) = 0 (16)

Select

X
i~~
(to) = X

1
(to) (17)

By Eq. (3) the first coordinate is uncoupled hence

X1 (t) e 
A11(t-to) X1(to) (18)

The second matrix coordinate of Eq. (3) is

x2 (t) = A22X2 (t) + A21X1 (t) (19)

or by Eq. (18) in Eq. (19)

X2c(t) 
— A22X2 (t) + A214A (t, to)X

1
(to) (20)

which is a linear non—homogeneous equation with solution given by Eq. (16)
section 34

X2~
(t) 4’A22

(t, t0 2c (t0~
I4
A22

(t , t0)fto4’A
1
(T , t0)A214’k (T , t0)X

1
(t0)dT

(21)

E
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The initial condition by Eq. (16) is zero, hence Eq. (21) becomes 
-

X2
(t) = 4’A (t , to)f~o4’A

’ Cr , to)A214’A Cr , to)X 1(to)dT (22)

By Eq. (18)

(t) + X~(to)4’~~ (t, to) (23)
c A11

Using Eq. (22) and Eq. (23) in Eq. (14)

T ( t )  = 4’A
(t I to~j~04’~~ (T , tO)A214’A (t , to)dT]4’ ’ (t, to) (24)

Using Eq. (13) and Eq. (24) in Eq. (7)

T( t)  = 4’A 
(t ) T ( t o )4 ’~

1 
(t, to)

22 1.1 1
+ 4’A (t, to)ft 4’

l 
(T , to)A 4’ (r, to)dT (t, t’) (25) 

-

22 to 22 21 A11 A11

or

T( t)  4’A (t , to) [T(to)+J~ 4’
1 (~ , to)A 214’A (T , to )dT

] 
4’A
’ (t , to) (26)

which is the solution of Eq. (1). 1
Note by section 32 Eq. (12)

= A11 4’A (t, to) (27)
11 11

with
S.

(to) = I (28)
11

and

= A22 ~A 
(t, to) (29) -

A22 22

with

(to) = i (30)
22 1
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Section 37 SOLUTION T = -1A 12T

The solution of the homogeneous quadratic differential equation

T = -TA 12T (1)

with implied coupled dynamics

c:~= ~: :12) C;) (2)

where

X2 TX 1 (3)

By Eq. (2)

= 0 (4)

or

X
2
(t) = X

2
(to) (5)

a constant .

Using Eq . (5) in Eq. (2)

= A 12X2 = A 12X2(to) (6)

integrating Eq . (6)

X1
(t) = X 1

(to) + A 12X2 ( t o ) ( t — t o )  (7)

Using Eq. (3) in Eq. (7)

X 1( t )  = [I + A 12T(to)(t-to)jX1(to) (8)

The psuedo inverse of Eq . (8) is

X~(t) = X
1
(to)[I + A 12T(to)(t-tu)J~~ (9)

using Eq. (9) in Eq. (3)

T( t) = X
2X

’(t) (10)

= X2 ( to)X ( t o ) [I  + A 12T(o) (t-to)]
1

1(t) = T(to)[I + A 12T(o) (t-to)J
1 (11)

The above derivations are straight forward , however , one can obtain a solution
via

T 1 
= - T 1T1 1 (12)

701 

~~~~~~~~~ ~~~~~~ ~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~ - .-



r rr~~
J

~~~ ‘ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~ -,-n-,~
.-.--_ -_.-’_-----_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ w— ---.-—--- —----.--- -— -

--I

or using Eq. (1) in Eq. (12)

= A 12 (13)

Integrating Eq. (13)

T 1(t) = T~~(to) + A12(t-to) (14) .~~~

also Eq. (14) can be written as

T 1(t) = fl + A12T(to)(t-to)Jf
1(to) (15)

Inverting Eq. (15) one obtains

T( t) T( to) [I  + A 12T(to)(t-to)i~
’ (16)

which agrees with Eq. (11).

An interesting case occurs when A12 is a rank-one dyad say

A12 = a~ 1 
2~~ (17)

By Eq. (14)

1(t) = [f1(to) + a
~
’
i 

2/~ ~~ (18)

where

a=t-to (19)

Using the Householder matrix inversion limma one obtains

T(t)  = T(to) [ - ~~ a (20)

1 +  j~a”2
a

11
702

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~L_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .:: i~~~~~~
-
~~~~

--
~~~~~~~~~~~~~~~~~~~



- •• .. - r r T h -~--.-~ .~~~~~~~~~~~- ~~~~~~~~~~~~ -. ~~~~~~~~~~ -. --,-. __-_--.---,-----—n-._----,-’-~
__..-_-_-—. .- ~~~~~~~~ fl-~ 

.-

Section 38 SOLUTION I = -TA 12T + A21. This section obtains a solution of the

non-homogeneous quadratic equation

H 
~~= - T A 12T + A

21 
(1)

T(to) = To (2)

in terms of a controlled matrix solution to Equation (1) with a controlled
in i t ia l  condition which may simplify the computation. Assume we can select
the IC such that

+ = - T A  T +A  (3)c c l 2 c 12

with

T (to) = T (4)

Note that the simplified dynamical system is

C’) = (0  

A~~

) 
(Xi) (5)

X 2 A21 0 X2
with

X
2 

= T(t)X
1 

(6)

Since Equation ~~~ is non-homogeneous it can have dynamics with

T (to) = 0 (7)

Note that if we try the inverse dynamics

= A~~ 
- T 1A

21T
1 (8)

which is the same form as Equation (1) with no simplification .

Let the desired solution be

T(t) = T (t) + N(t) (9)

where

N(t) T(t) - T
~
(t) (10)

N(to) = T(to) (11)

The derivative of Equation (10 is

(12)

Using Equation (1) and Equation (3) in Equation (12)

= - TA12T + TCA 12TC (13)
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and by Equation (9) in Equation (13)

= - N( A
1~

T )  + (- T A 12 )N - NA 12N (14) ..
or

N = - N B 11 + B 22N - N B 12N ( 15)

with

N(to) = T(to) (16)

and 
S .

(B 11 B
12~ (A 12T A

12 ( 17)
0 B

22! \ 0 -TA
12 /

The homogeneous system of Equation (15) is solved In Section (26) by Equation
(7) and is

N( t) = 
B (t,to)[T(to) + I~ • (t ,to)A l2~B 

(t,to)dti~
’4~
’ (t,to) (18)

22 to 11 22 11

with

= A 12T (t)~ B (t,to) (19)c

with  )

B 
(to,to) = I (20)

11
and

= - T A l2~B (t,tO) (21)

with

~B
(t0,t0) = I (22)

Using EquatIon (18) in Equation (9)

1(t) = T
~

(t) + N( t) (23)

or

t - - (24)
1(t) = T ( t)  + B (t,to)[T(to) ~f B (t , to)A 1 2B  (t,to)dtl B (t,to)

C 22 to 11 22 11

I i
a 
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Section 39 SOLUTION OF T = —TA11 + A22T — TA12T

This section obtains a solution of the homogeneous bilinear quadratic equation

T = —TA,~1 + A22T 
- TA12T (1)

with implied dynamical system

(xi\ fA ll A
l2\ I 

X
l\

~~~~
. )= ( J~ 1 (2)

\X2/ \ 0 A22 J \x2/

where

X2 =TX1 
(3) H

The dynamics of T~~ is

= —T
1 TT 1 (4)

or

= A
11
T 1 

— T
1 
A22 + A12 (5)

which is non—homogeneous and bi—linear. The solution of Equation (5) by
section 33, equation (26) is

T 1(t) 4’A
(t, to) [T(to)

~ 4’A 
(T, to)Al24’A (t, to)dr]4’~~ (t, to) (6)

or inverting one obtains

T(t) = 
A 

(t, to)[T(to)
22

4’A 
(r, to)Al24’A (r , to)dt 

_l
]4’

_l 
(t, to) (7)

705

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~,--~~~ ~~~~~~ 
~~~~~~ ~~~~~~~~~~ — ~~~~~~~~~~~~~~~ -~~~~~~~~~



•
H- 1

Section 40 SOLUTION T -TA11 + A22T — TA12T +A ~~

This section like the previous section obtains a solution of a non—homogeneous

~ith bilinear and quadratic terms as a function of the solution to the same
equation but with controlled (arbitrary initial conditions). As before let

T(t) = 1 (t) + N(t) (1)

with

T(to) = N(to) (2)

and

T (to) = 0 (3)

By Equation (1)

N(t) = 1(t) — 1 (t) (4)

or
• 

N = T — T (t) (5)

Using the equation

T = -TA11 + A22T - TA12T + A21 (6) 3
in equation (5) one obtains

N(t) = —N (A11 + A121) + (A22 
— T A 12)N — NA12N (7)

I
or

N = —NB11 + B22N — NBJ2N (8)

where

B11 
= A11 + A12 1~ (9)

B22 = A22 
- 1~ A12 (10)

B12 A12 (11)

Note that equation (8) is missing the force function B21, or is homogeneous. The
solution of equation (8) is obtained in section 38, equation (7) as
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N(t) 4’B22
(t, to)[T(to)+ J~ s 

(T , to)A12~~ (t , to)dt]~~ ç
’(t , to) (12)

where

• (t, to) = (A + A I ) 4’ (t, to) (13)
B11 

11 12 c B11

(t, to) I (14)

11

• (t, to) = (A — T A ) • (t, to) (15)

22 2 c 22

with

$ (t, to) = I (16)
B22

Using equation (12) in equation (11)

T(t) = T
~
(t) + N(t) (17)

where

T(to) = 0 (18)

and N(t) is given by equation (12) through equation (16).

It should be noted that in ref (47) Lainiotis uses this solution technique for

the special case of the Hamiltoniari system, that is

/A 11 A12\
Ah T ) (19)

A21 —A11/

with

42 
— A12 

(20)

and

= A21 
(21)
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Section 41 TIlE CONTINUOUS KALMAN FILTER

Consider a sequence of j>n dynamical systems driven by a deterministic forcing
vector functions f(t) and a stochastic forcing vector u(t) . where u(t) is
different for each j ,  that is the package

IU>i, U>2 . . u,> .]  = U  (1)

for u(t) an 2 dimensional vector , with mean

U1
~
’
> 

= (2)

has full rank , that is - 

—

pU i  (3) - - 
-

The deterministic forcing vector f(t) for the package has rank one

[f~ , ~ 
. . . f>] f)~~

’i (4)

and mean

= 0’ (5)

Having thus characterized the nature of the forcing vectors , the differential
equation is assumed to be of the form

= AX>g + f) + BY>g (6)

or for the package

X = A X + f> (1+BU (7)

Assume further that we have the linear observational equation relating the
state vector to the measurement vector z> of dimension m through the known
transformation matrix H(t) plus additive measurement noise.

Z,). = Hx + u)~. (8)
mxn

or for the package

Z =H X + V  (9)
mxj mxj

with measurement vector noise mean of

vi”
> 

= (10)
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Equation (6) is called the p~ocess dynamics or plant and equation (8) the
measurement vector. Equation (6) is to be thought of as the “true process
dynamics” and will he referred to as the “truth model” . In actual practice
one usually linearize the “true” non-linear process dynamics ; in which case
Equation (6) would represent the linearized equations and must be treated
with all due respect for linear regions in which they are valid.

The process noise and the measurement noise are further characterized by
their variances . Each of the stochastic noise vectors can be described as

= - 

~~~~~~~ 

(11)

a package-wise

U = U - p ) ’~~~1 (12)

The rank-one dyad of Eq. (12) by Eq. (2) can be written as

= UI*)(1 = = (13)

where in “population space” or the larger j-space

p
11 

= 1~~~~~)= 1
> ‘~
‘1 (14)

ixi 
<l1~~

is the rank-one projector .

Usir~g Eq. (13) in Eq. (12)

U = U - UP11 U(I - P11) (15)

or

= U~11 (16)

where the orthogonal complement projector is

= — 1 (17)

which is rank j- 1.

A similar relation holds for the measurement vector

v~~ 
~~~~~~~~~~~~~~~~ 

(18)

with zero mean v , that is

*Vi = VP~~i = 0 (19)

The variance of the process noise is

E[u .  _
~~~~
)(
~~

u _  p)] E~~~ . ~~~ (20)
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or matrix-wise

. I

-~ T 
jmax . .

• Q(t,t) = lim UU 1 = 
~
(u>.~~

u) 1 (21)
j -~ jmax j 1  ~ jmax -

The limit as j  max goes to countably infini te  wil l  be be assumed in all of the
relation and not written down.

The serially uncorrelated assumption is used , that is

= Q(t,r)ô(t,t) (22)

and similarly for the measurement noise

= R(t,t)ô) (23) H,

The correlation between the two vectors is assumed zero , that is • - -

= E(~~~~~ = 0 (24) - ‘

The mean of Eq. (7) is

= A
~J >  + f(t),) 

+ 
~~~~ 

(25)

and the mean of Eq. (9) is

= H~i) + (26)

The dynamics of the error vectors is

= - (27)

a package—wise

4 X A ~~+ Bui (28)

The observation error is

z?. - = ~~~~~~. (29)

or package-wise 3-
Z H + V (30)

~~~ = (11,1)
\V)

at time t the transpose of Eq. (30) is ‘1

1~
T ~T1 N

T (31)
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or

= (H,!) [~~
T ~~T] (HT\ (32)

[~
T ~~T] \IJ

assume the measurement noise is independent of the state or

E(x)’<J o = ~~
T (33)

Dividing Eq. (32) by j  max one obtains

EI~~ <z) 2—~-’(t,t) (34)

or Eq. (33) in Eq. (32)

~(t,t) = (11,1) 1*~;(t , t) 0 1 (11T
\ 

(35)

L 0 R(t , t )o( t , t2j ~ I J
or

= Ht~~H~ + R(t,t)ô(t,t) (36)

Consider next a man-made estimate of the state vector with dynamics having
the structure

~(t,t)) = A x (t,t)) + f(t)> + C(t) ) (37)

where the control vector c(t)> (controlling x(t,t)> to follow x(t) ) in
some sense to be defined later)  has the structure

c(t )> = W(t)
~~

(t ,t)> (38)

where the error vector ~(t,t) is given by

* 

~
(t ,t)> = z(t)> - z(t,t)>

Z
~~

L ,t)>. = Hx(t,t))a+ U> (39)

and z(t,t) is the estimate of the measurement vector

= H x(t,t)>+ 
~~~ 

(40)

Using Eq. (38) in Eq. (37)

= Ax(t,t)>
3 

+ f(t) ) + Bp (t
~~

4
~ 

+ W(t) (t,t)>. (41)

One can think of Eq. (41) as a Curve follower or positioning-serve problem
with feedback matrix W(t) and when z(t,t) is zero, the system of Eq. (41)
is following Eq. (6)

The error in estimate of the state vector is

= x(t~~’ - x(t,t~~ (42)
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or package-wise

~(t ,t) = X(t) - X(t,t) (43)

The variance of the state estimate is given by

E6~
)<’

~(t,
t)) = ~(t,t)~

T(t ,t) P(t,t) (~4)
j max

The minimization criterion is to find a W(t) which minimizes the trace of
P(t,t) which is

= tr(XXT’
) 

= tr P(t,t) (45)
\j niax

and then to find the dynamics P(t) for the optimal W(t).

The error dynamics Eq. (6) minus Eq. (4) is

= A(t ,t)> + B~
(t)>. - W(t) 

~
(t,t)>. (46)

Using Eq. (39) in Eq. (46)

= (A-WIt) ~(t,t)). + B~> 
- Wa).. (47)

or package-wise

~(t,t) A~~(t ,t) 4 B~(t,t) - W~(t) (48)

with

A1~~~ A - W H  (49)

The homogeneous system has dynamics

Xh = AEXh (50)

and the fundamental matrix dynamics

= AE E  (51)

or

tI (A-WH)dt

~E (t , t0) = e to (52)

with

E
(t0 ,t0) = I (53)

The solution matrix to Eq. (48) in fundamental base is

~(t,to) = 
E
(t,t0

~~~
(t,t0) (54)
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The time derivative yields .

~(t ,to) = 
~~~ 

+ 
E
X (55)

or via Eq. (48) and Eq. (52) in Eq. (55)

AEX 
+ BU - WV = A4

EX~ 
+ 

E
X (56)

or

BU - WV = 
~E
X (57)

or the apparent velocity is

= $~
‘(t,to)[Bt~-W~) (58)

The solution in the bases is

~~(t,to) = ~~(to,to) + ~~~~~~~~~~~~~~~~~~ 
(59)

The variance by Eq. (44) and Eq. (54) is

P(t) = 4
E
(t,to)P’

~
( t ) 1

E
(t,to) (60)

where the variance observed in the base is

P’~(t,to) = ~~ (t , to)~~
T (t , to) 1 (61)

j max

The dynamics of Eq. (60) is

P = 
~E
(t ,t0

~~~~E 
+ 

~~~~~ 
+ ~~~~~ (62)

Using Eq. (51) and its transpose in Eq. (62)

= ~~~~~~~ + 
~~~~~~~ 

+ 

~~~~~ 
(63)

and by Eq. (60) in Eq. (63)

P = A
E
P + + 

~E~~
’
~E 

(64 )

The final term of Eq. (64) must next be evaluated by Eq. (61)

= (~4~~T + ~4~ 4T) ~ (65)
j max

Consider the last term of Eq. (65) by Eq. (59) and the transpose of Eq. (58)

= -~~~ (to , to) +f 4ç’(t ,to)[Bt~(t) 
- W~(t)]dt~ (66)

x[ii(t)BT - 
~
T(t)WT(t)]O~~(t,to)
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note by Eq. (54) and (53)

= ~(to ,to) (67)

and the assumption is made

E[~ (to,tof~-~~~(t)J = E[~ (to,to)
’, ~~(t)J = 0 (68)

or

~(to ,to)t~
T
(t) = 0 (69)

and

~(to ,to)~
T
(t) = 0 - - (70)

thus Eq. (66) becomes

~~(t)~~
T 

= ~~~(i to)[B~(t) 
- 

~~(t)] (~
T(t)RT - ~

TwTJ~~
T(t ,to)dt (71)

The parenthesis terms become

EBU(t) - W~ (t)J [Ü
T(t)BT - ~

T
(t)wT = Bui(t)t~

T(t)BT + %j~~ )~jT(~)~ (72)

where the relation of Eq. (24) has been used. Using Eq. (22) and Eq. (23)
in and Eq. (72) in Eq. (71)

c~,~
l
(T to)[BQ(t t)ó(t~t)B

T 
+ ~~~~~~~~~~~~~~~~~~ (73)

applying the ô(T,t) function as defined in appendix (a) Eq. (17) we find

~4~ 4T = ~cj,
_ 
(t to)[BQ(t)BT + WR (t)WT]4ç

1(t,to) (74)

The transpose of Eq. (74) is

= ~4~~ (t,to)[BQB
T 
+ WRWTJ4rT(t,to) (75)•

Using Eq. (74) and Eq. (75) in Eq. (65)

= •~
‘(t ,to)[BQB

T 
+ wRwT).~

T(t,to) (76)

which is the varience dynamics observed by an observer in the 
~E 

Space .
Using Eq. (76) in Eq. (64)

{I~~~ 

= A~P+P4 + BQBT + WRWT (7~)

Eq. (77) is valid for any W(t) selected . An optimal W(t) has not as yet
been found . Eq. (77) is a matrix Riccatti and implies a dynamical system

= (78)
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or

= = y Y * (79)

or

P = Y2Y~ (Y 1Y~ Y~’ (80)

Since P(t) is symmetric so is

G21 = Y
2Y~ 

= (81)

By Eq. (211) Section 025)

‘-4 0

BQB + WRW A
E \Y2

which is a Hamiltonian system with solution given by Eq. (12) Section (36) as

~t 1 T 1P(t) = 
~E22

(t,t0) P(to) + ~E (T , t0HB
~~ 

+ WRW ld Ell (t ,tO)14c11
(t,to) (83)

• to

where

~E11 
= _A

~
1
Ell 

(84)

and

~E22 
= A

E~E22 
(85)

note that the term of Eq. (62)

P
p 

= 4’E~~
4’E 

(86)

by Eq. (76) becomes

P = BQBT + ~g~T (87)

The homogeneous part of Eq. (64) is

1’
h 

= A
EPh 

+ 

~h% 
(88)

with solution given by Eq. (20) Section (30) as

Ph(t) = E(t ,
t0)

~~
t0,t0 E

(t,t0) (89)

Thus Eq. (77) can be viewed as

(90)

Consider now Eq. (77) which we seek to minimize , that is

(91)
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where by Eq. (49)

A A - W H  (92)

By definition of .- -

P = E~~(t,t))~~x(t,tY. = u r n  i~~
T 1 (93)

jmax— O jmax -

when trace of P is minimized with respect to the matrix W , then trace P -

is also a minimum . The gradient matrice ’s of appendix (F) are used to
find optimal W , via

3P = a (A
EP + PA

E 
+ WR~ ) (94)

aw awT

since

a (BOET) = 0 (95)
awT

By appendix (F) summary

a [(A-wH )P J = - HP (96)
awT 

-

Transposing Eq. (96)

a(p4) = - H.~ (97)

The quadratic term of Eq. (94) has gradient given by the transpose of Eq. - 

-

(51) appendix (F) as
,,, H

a(wRW~ ) = 2RW’ (98)

H 
~~~T -

-

Us ing Eq. (96) ,  Eq. (97) and Eq. ~98) in Eq. (24)

8P = -H P - HP + 2RW
T
= 0 (99)

J

or

HP = RWT (100)

or 
- 

}
WT = R 1HP (101)
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and transpos ing

W = PNTR 1 
(102)

which is the optimal ga in.

Using Eq. (102) in Eq. (9 1 )

= (A_PHTR~~H)P + P(A T_H TR~~Hp) + BQBT + PHTR ’RR~~HP (103)

or

= AP + PAT - PHTR 1HP + BQBT (104)

Equation (104) is a matrix Riccatti and implies a dynamical system

X2
(t) = P( t )X

1
(t ) ( 105)

wher e by Eq. (213) Section (25)

-AT HTR 1H’\
= 

- I (106)
BQB A / x2)

which is a }tamiltonian system . If X
1 
and X

2 are nxn matrices

P( t) = ( 107)

Expressing the inverse as

x
1 

= 4(x14Y
’ (108)

or

P(t) = X
2X

’
~
’
(x14Y~

1 
t.109)

The product

x
24 

= 110

and

P( t) = (X
1
X
’
~
’
)~~ (111)

The initial condition for Eq. (105) for any X
1(t) implies

X2
(to) = P(to)X

1(to) (112)

Suppose

X
1
(to) = I (113)

then

X
2(to) = P(to) (114)
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By Eq. (110), for any X
1
(t)

X2
(t) = x;

T(t) (115)

thus Eq. (106) becomes

1* \ f_AT H
T
R 1

H\ /X1(t) \l
j = T T (116)

\x
T
J \BQB A 

/ \X 
(t)/

with

X2(to) = P(to)X
1(to) (117)

Via Eq. (116) and Eq. (82) one may ask what is T for

(x1\ 
- 

(118)

\~~~~2J  \~2)

Summarizing we have the plant stochastic dynamics given by Eq . (6) - -

~(tf~’ = A~ � + f(t)’~- + B(t)u(t)”~ (119)

with noisy measurement given by Eq. (8)

z(t)> = 11(t) x(t)~
I
~ + u(t)> (120)

The optimal estimate of the states has dynamics given by Eq. (37), Eq . (38)
and Eq. (102)

x(t,t)~ = Ax( t,t~~’ + f(t)> + P(t)HTR
_
~~(t,t)\ (121)

where by Eq. 39

4 (t,t)> = z(t)’~ - z(t,t)\ (122)

and

z(t,t)> = H(t) x(t,t)> (123)

and by Eq. (104)

P = AP + PAT - PHTR 1H + BQBT ( 124)

One must initilize Eq. (121) and Eq. (124) with an x(o,o)). and P(0).
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Section 42 C}LM~DRASEKHAR TYPE ALGORITI*IS FOR SOLUTION OF OPTIMAL KALMAN
GAIN MATRIX

Recently a number of papers have appeared which solve the matrix Riccatti
differential equation which describes the dynamics of the variance of the
state estimation via a system of equations called the Chandrasekhar equations.
Kailath and Lainiotis in references 42 and 48 have attempted to obtain algorithms
which are stable and require less computations than the straight forward
solution of the non—linear Riccatti equation. There is also a close relation
between the bias estimation equation’s of Friedland and the Chandrasekhar type
equations to be discussed in a later section. Both methods diagonalize or
decouple equations.

The variance Dynamics by Eq. (124) section 41 is

— AP + PAT - PHTR~~1IP + BQB
T (1)

and by Eq. (77) section 40 for any W

P AEP + P4+ BQBT +
~~~

WT (2)

where by Eq. (49) section 41

= A - W H  (3)

and by Eq. (102) section 41 for the optimal W

w = PHTR
_l 

(4)

By Eq. (104) section 41 for the optimal W

P = AP + PAT 
- PHTR~~HP + BQBT (5)

or

P =A P + P A T — WRWT + BQBT (6)

Eq. (6) should be compared with Eq. (2).

By Eq. (105) and Eq. (106) section 41

X2
PX
1 

(7)

with

fx
~\ 

f_A
T 

HTR
_h
H\ / Xl \

~ ) = L  I H ) (8)
\X2/ \BQB A / \X 2/

Kailath derives the Chandraseichar type algorithms for the time invariant case
in ref 42 and Lainiotis in ref 48 derives the time varying case. This section
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11
will merely obtain the constant matrix system case for tutorial purposes.

The derivative of Eq. (6) is

P = A P + PAT _ WRWT _ WRWT (9)

where the assumption on Eq. (4) is

(10)

The transpose of Eq. (10) is

(11)

and using Eq. (10) and Eq. (11) in Eq. (9)

P = AP + PAT — PHTWT — WHP (12)

or

P (A—WH)P + P(AT_HTWT) (13)

which is homogeneous and non—quadratic, with solution given by Eq. (20) sec 34

“ = ‘
~
‘AE ( t )  P( o) ~,—l (t) (14)

22 AE11

The Eq. (13) implies

V2 = PV
1 (15) —

with

f ~ \ f_ (A_WH)T 0 \ / V~ \
I = J ( j (16)

- 

- ‘ v2 1 \ 0 (A-WH)/ \ V2 /
S 

and the fundamental matrix of Eq. (14)

I(t) = e j  to(A—WH) dt (17)
11

and

~ (t) .e Jt o (A—WE)dt (18)
~~22

Note that Eq. (16) implies adjoint 11

v
2 

— v
1*
T (19)

L
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hence by Eq. (15)

= v
1*~ v1* 

(20)

with

v1* 
= V

1
T(V

1
v1
T)

_
~ (21)

and

v1*
T 

= (V
1V1

T
)~~V1 

(22)

or

P = (V
1v1~)~~ 

(23)

also Eq. (14) can be written as

P(t) = 4 (t, to) P(o) ~~ (t, to) (24)
~~22 ~~22

The constant matrix P(O) can be expressed as a lower triangular—diagonal—upper
triangular (LDU) decomposition

P(o) = Lo S L~ (25)

where S is the signature matrix of P(O). One can find a theorem on page 91 of
Pen is which states that a real synmetric matrix P(0) of rank a is congruent to
a matrix S0 

-

/I~ 0

s~ = ( 0 0 ) (26)

0 0/

Eliminating the 0’s of Eq. (26)

P( o) = Lo S LoT (27)

nxn nxa axa axn

Partition Lo in

Lo (L1, L2 ) (28)
nxa nxS nx(cz—B)

and
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(I~ 0 
\ (L1

T
\

P(o) — (L1, L2) ‘\O ~
I
( B)) \t2

T) (29)

or

P(o) = L1L1
T 

— L2L2
T (30)

Using Eq. (25) in Eq. (24)

P(t) = ~~~~L0SL~ 
~
‘
~22 

(31)

— Y(t, o) SYT(t, o) (32)

where 
- -

Y(t, o) = •~~~~(t, o)L0 (33) .3
— 

I and

YT(t o) L~ 
~~22

Eq. (33) can be written as

Y(t, o) — [“~~‘ 
‘
~2) 

— [~~.E
Ll, •~~~~L2] (35)

Using Eq. (35) in Eq. (32)

P( t) — (Y1, Y2)(18 0 \ (Y1
T
\ 

(36)

) \ ~~~T)
(ci—8) 2

or

P( t) — ~~ 
~~T — (37)

nxn (nx5) (Bxn n(~—B)n

By Eq. (32) in Eq. (10)

— Y(~, o)SYT(t, o)HTR
_l (38)

and by Eq. (33)

Y(t, o) (A—WH)Y(t, o) (39)
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with

Y(o , o) — L0 
(40)

Equations (38) through Eq. (40) and the equations given by Kailath and for
some systems said to be easier to solve.

4
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APPENDIX A
-

. 
THE BINOMIAL MATRICES , RUTISHAUSER MATRICES AND THEIR INVERSES . -

There are many areas of stochastic and deterministic dynamical (Con-
tinuous and discrete) system theory where one is lead to an n-tuple of
e lements raised to powers. One of the most fundamental is the expansion
of the exponentials

eUt — 1 + (Ut ) + 
r:~~~

2 
+ ... + ... (1)

where u may be a real scalar, a complex scalar , a real or complex
square matrix. The vector Taylor series expansion of a vector along a
scalar (time) generated trajectory, the characteristic equation as a - . 

-

power-series in the eigenvalues, or its matrix analog via the Caley-
Hamilton condition, or the fundamental solution of a differential
equation. The Fourier series frequency domain analysis o.f differential 4’

equations , or of covariance matrices yielding power spectral matrices
through the Laplace, Fourier, etc., transforms. The complex and matrix
case will not be strongly developed in this paper. 

- 

-

Consider sequence of reals raised to powers

0 1 2 3 j d-l d ) (2)

and the change of variable

u — z(x±y) ZW (3)

where - 
-

w =  (x±y) (4)

then the jth power term of the vector of equation (2) is

j~ =[z(x±y)]~ zi[x±y]~ (5)

Bankier in his paper “Generalizations of Pascals Triangle” reference
(6) gives

(x+y)~ — ~ (
~
) x~ ~~~ (6)

i—0

also due to cosinutativity of x and y
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(x+y)~ = 

i~0 
~~ ~~~ y’ (7)

where the binomial coefficients are given by Morrison, page 26 of refer-
ence (61), as

— 8— 
i’.(j—i)!

where j is a non-negative integer and i is any integer; also

(J )_ ( 3 ) (9)i — j—i — (j — i)!i!

If i>j, then j-i<0 and the binomial coefficient is taken to be zero.

Returning now to the transformation of equation (3) applied to the
powers in equation (1) we obtain first by the two factor products

= (w°,w,w21 .. ~~~~~~~ .w
(t4
) ~~~~~ 

1 

- 

(10)
Z 2

z

Ii = wD(z 3 ) (11)

where the row vector w is to the powers and the diagonal matrix D(zj)
is given in equation (10). Thus we need consider the w vector and for
finite-finess say a 6x6 matrix obtained from the following elements

w~ = 1 = c
~xe>1 (12)

where

(x°,x~ ,x2 . . .x 5) (13)
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i-S
.

and

= (1,0,0,0,0,0) (14)

w1 = (x±y)  = (1,x ,x2 ,x3 ,x4
1x5) ±y (15)

1 
I I

0 .4

0

0

0

w
2 

= (x±y) 2 
= x2 ± 2 X y + y

2 
(16) -

or
~~~~ 

(17)
±2y

iJ~
S

. ?

etc. Packaging the powers

= <x 1 ±y y2 ±y3 y4 ±y5 (18) 
1 -

0 1 ±2y 3y2 ±4y
3 5y

4

0 0 1 ±3y 6y ±lOy

O 0 0 1 ±4y 10y2

0 0 0 0 1 ±5y

9 0 0 0 0 1 -
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-

k = 4 T~ (±y) (19)

Equation (18) can also be written as

= (1,±y,y 2 ,±y 3 1y 4 ,±y 5) 1 x x2 x3 x4 x~ 
(20)

0 1 2x 3x2 4x3 5x4

0 0 1 3x 6x
2 lOx3

0 0 0 1 4x lOx2

O 0 0 0 1 5x

o 0 0 0 0

By equation (18) for positive y unity we have generating equation (7)

= (x+l)-~ = 

0 
= 1L ~ (21)

or matrix-wise

= 1 1 1 1 1 1 =<cB =(cT (+l) (22)

O 1 2 3 4  5

O 0 1 3 6 10

0 0 0 1 4 1 0

0 0 0 0 1 5

0 0 0 0 0 1

which are the well-used binomial coefficients. We will call the B
matrix the Binomial matrix. By equation (18) for the negative y case we
have

w~, = (x-l)~ = (~)(-1)~~’ = (~~) (_ l) 1 
~~~ (23)
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and packaging the powers

<
‘W

b = < x  1 —1 1 —1 1 —1 = KxT~
(_ l )  (24)

O 1 -2 3 -4 5

o 0 1 -3 6 -10

O 0 0 1 -4 10

0 0 0 0 1 -5

9 0 0 0 0 1

Just as we observed in Section (4) equation (164) for the triangular
Taylor matrix the forward and backward expansions were inverses of each
other, we observe here

T
~
(+l) T (-l) = I = BB(-l)

1 = 1  1 1 1 1 f~~ i —l 1 —1 1 —1 (25)

0 1 2 3 4 5 0 1 -2 3 -4 5

0 0 1 3 6 10 0 0 1 -3 6 -10

O 0 0 1 4 1 0 0 0 0 1 -4 10

0 0 0 0 1 5 0 0 0 0 1 -5

0 0 0 0 1•~ ~0 0 0 0 0 1

One may be thought of as a forward propogation by unity and the
other as a backward (or reverse propogation by unity .

Consider the translation on the real axis of equation (21)

w = x + l  (26)

which power-wise generates the transformation

(27)

and the inverse translation
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w = w ~~~l (28)

which generates the transformation

= ~~B(-l) (29)

Substituting equation (20) in equation (28)

= (x+1) — I = x (30)

or using equation (27) in equation (29)

= <xBB(-1) = (31)

hence in general

BB(-l) = I (32)

or

B(- 1) = B~~ (33)

which generates the inverse of the matrix of binomial coefficients.

Morrison on page 27 states that the binomial coefficients (
~
) may be

conveniently displayed using the well-known Pascal’s triangle in which
each number is the sum of the two above it.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1 -

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 - l

1 9 36 84 126 126 84 36 9 1

-l 10 45 120 210 252 210 120 45 10 1

FIGURE (1)
- - FAMOUS PASCAL TRIANGLE DISPLAY
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We find on page 12 of Miller ’s book, reference [59] an improvement of —

the display by a table array shown below for the 7X7 case with slight
• modifications

3 51; - i ~ ~ 
c J

6 0 0 0 0 0 0 1

TABLE I 
.

BINOMIAL COEFFICIENTS (
~
)

Miller also points out that it is easily seen that the sum of any two inte- . -

gers in consecutive rows is the same as the integer to the right of the
second one in the next column. Note that these properties stated by -

Morrison and Miller in their mnemonic representations are quite trivial
with respect to their analytical matrix representations and related ‘ -

matrix properties.

If we designate the binomial matrix in index notation where i is the
row and j the column indexed from i,j=O,l,2,. .d..] we have

B = [b1~ J = [(i)] = 
[ i !

J 
(34)

or 1
- b00 b01 b02

1 =

730

~1

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
--—

~~~~~~~~



- -,--_----.~-- - ,—-S- —-—.~- -_ - - _--~-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~
- —- —--—- ‘ -  - .5 - -—--—- ,-~~-———.- -,- _ .—S---— -__ -

. (35)
(o\ (i\ (2\ (3\ /g \ (d-l

r ‘ I  ~ i \o) \o) ~o) \0) ~ O) 
• \~ 0

fl\ (2\ (3\ (j \  (d_l~
~i) \lJ \1) ~ l) ~ 2 /

j (2\ (3\ (d-l

~
2) ~ 2J : 2

(3 •

~ 3 —

( 3

~~1

rr
( 3
‘3

(d- l

- 

kd— l

The 10 10 binomial matrix can be written as factorial ratios as

:4
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r1, ~~~~~~~~~ 

-- -

(36)

0! 1! 2! 3! 4! 5! 9!B = O!(O) ! ~T1T O!2! ~T3! O!(4-0)! 0!(5-O)! ... 0!(9-O)!

- .  1! 2! 3! 4! 5! 9!
l!0! 1!1! l!2! 1!(4—l)! i!(5—l)!

2! 3! 4! 5!
2!O! 2!(3-.2)! 2!(4—2)! 2!(5—2)!

3! 4! 5!S 

3!(3-3)! 3!(4-3)! 3!(5-3)!

4! 5!
4 !(4-4) ! 4 !(5—4) !

5! 9! 
—

5.’ (S-S) ! 5!(9-5) !

9!
9!(0)!

and the triangle of Figure (1) the llXll case is

I I I I I 1. 1 1 1 1 1 (37)

0 1 2 3 4 5 6 7 8 9 10
1 3 6 10 15 21 28 36 45

1 4 10 20 35 56 84 120
1 5 15 35 70 126 210

1 6 21 56 126 252 = B

1 7 28 84 210 llXll

1 8 36 120

1 9 45

1 10

1
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The binomial coefficients (
~
) are also known in terms of the number of

combinations of j things taken i at a time. A few other areas of their
occurrence will be pointed out. In section (6) we find a modified
version of the matrix by taking successive discrete differences.

Suppose we have the product of two time functions and take the den-
vative with respect to time

z(t) = xy

z = x y + z y

= xy + xy2 + x~
z = xy + 3x~ + 3~:;; + xy~ (38)

etc, or package wise

(z(t), (t),z(t)i) = (x ,Lx ,x) y y (39)

0 y 2~ 3~
0 0  y 3y~
0 0 0  y

There is another interesting nested representation of the matrix of
Equation (18) we note that for the dxd case

w° = 1 = (d)XE
11y(d) (40)

where

Eii =e(~~~4)e= [1O0] 
(41)

w~ = x ± y = (1,x) 0 ±i
~f l\ 

= (x E Bc ET y> (42)
Ik~~1 dX2 2X2 2Xd

1 OJ
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~p

= (x±y)2 = (1,x, x2
)F 

+ 
9/1 \ = <C E B

~ 
ET y> (43)

...2 dX3 (3X3) 3Xd

w 3 
= (x±y)3 = (l ,x ,x2x3) 

+ 
1 1 = (d)xEB

~
ETy (d> (44)

±1 
~ 

~~ (~) dx4x4 4Xd

where the “select” matrices are

E = I (45)
dX2 2X2

0

(d-2) x(2)

etc, the lInear—convolved double-signed binomial coefficient matrices
are designed Bc. Packaging the equations we have

= <x [F0,F13 F2, F3 •F3
,• .Fd l ] y> 

(46)

where

F = E B ET = E. B . E
T (47)

-~ C 3+1. C3+l
dXd

The pseudo inverse of Equation (47) is easily obtained

= E~+1 B
1
(.~ 1) E~~1 (48)

where for example the inverse of the 5X5 element is
- 

i
_ l 

1 1 (49)
±4

=

1 1
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Packaging the terms

= <C (
~~~0

Y>
~~ 

F1y), 
F
2)’>.. 

.F.y>.. 
~d l)’)] (SO)

or

(51)

where

T = [F0y>,
F1y>.. ~ d-l~>~ 

(52)

and -

TT = <yF~ 

- 

(53)

T
<yF1

The inverse computation requires

(TTT) -1

or consideration of

TTT = <yF~
F
0y> <yF~F1y> 

... <yF~F~~1y> (54

<yF~F~y> .

For the positive y unity case , that is (x+1)=w we have
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w~ = (l~x)[O l](l) 
(55)

~

2 
= (1~x~x2

)[O 

1

= (1,x ,x2 ,x3) 

[0 1 
1 
1]( 

~
)

1 o \I

etc. For example consider the product

F~F3 
= E

5 
B~~ E~ E4 

B
4 
E~ (56)

dXd

The product

E~ E4 = f I
~~~ 

(57)
5Xd dX4

and using Equation (53) in Equation (52)

F~F3 = E
5 0 0 0 1 E~ (58)

dXd dXS 4 0 0 0

O 3.6 0 0

0 0 3 . 4 0

~O 0 0 0~
It is felt (though time is not available in this report) that the
matrices of Equation (58) can be related to some of the coefficients
for example in the Legendre and Gram polynomials. Returning now to
Equation (18) in Equation (11)

= 4 T
~ (±y)D(z 3) (59)
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where the upper triangular matrix T~(±y) of Equation (51) is spelled out
in Equation (18). Equation (59) can also be written by Equation (18) in

• Equation (11)

= <(±Y) T
~
(x)D(Z3) (60)

Returning to Equation (24) the T~(-l) matrix was generated by the
backward propogat ion

w~, = (x— l)~ (61)

since if we substitute in Equation (7)

y = - l

we obtain

w~ = (x-1)~ = 
i=0 (1) ~~~ 

(
~~~~
)
1 (62)

Let us now look at the matrix generated by

w?,(—1) = ( l— x) ~ = [(—l)(x—l)J~ = (—l) ~~(x— l )~ (63)

for j 0 ,l,2~ 
. d-l ; we have

(l- x) ° = 1 = (-1)°(x—l)° -

(1~ x) l 
= 

. (-1)(x-1)

(64)

( l— x)~ = (—l)~ (x—l)~

= (l)
d_l

(x l)
d_l

or
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[(l-x)01(l-x),(l-x)21”.(l-x)~ ,...(l-x)~~~J a<wb(~l) (65)

= <wb(-l) = <wb ~ 
- 

(66)

+1 
5
’

(_ 1)3

(1)d~1 }
<wb(-1) = 

~
r
~b 

‘(-1) (67)

where I(-l) deisgnates the alternating sign matrix of ones. By Equation
(63)

w~,(-l) = (-l)~ w~ (68)

By Equation (50) and Equation (62) in Equation (68)

w~ (-l)  = (-l)~~~ 
(
~

) s~~~(-1)’ (69)

Using Equation (24) in Equation (65) we find

= <x 1 —1 1 —1 1 1 +1 (70)

. 0 1 - 2 3 -4 5 -l 0

O 0 1 -3 6 -10 +1

0 0 0 1 -4 10 -l

O 0 0 0 1 -s 0 +1

O 0 0 0 0 1 -1

= <x T~(— l)I(-l) (71) 2 
-

or
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<Wb
(_1) =<x 

‘

+~~ 
+1 +1 +1 +1 +1 (72)

0 0 +1 +3 +6 +10

O 0 0 -l -4 -10

0 0 0 0 + 1 +5

0 0 0 0 0

By Equation (25) we see that Equation (22) is

= <CB = <xT (+l) (73)

= <xB’ = <xT~
(_ l) (74)

= 4B~~I(_l) = <xT (_l)I(_l) (75)

Westlake on page (140) calls a matrix the Rutishauser

R = l  1 1 1 1 (76)

0 -l -2 -3 -4

0 0  1 3 6

O 0 0 -1 -4

_O 0 0 0 1

and we see that the R matrix is the matrix of Equation (72) and Equation
(70), that is

B~~I(—l) = R (77)

From Equation (77) it is obvious what the inverse of the Rutishauser
matrix is

= I~~(—1)B = I(—l)B (78)

where

1 ’(—l) = I(—l) (79)
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Is- observe by Equation (80) for the 4X4 case

1(1 = 1  1 1 1 1 = 1  1 1 1 (80)

-l 0 1 2 3 0 -l -2 -3 -

1 0 0 1 3  0 0 1 3

-1 0 0 0 1 0 0 0 -1

or

= I(-1)B = R (81)

hence

R2 = I  (82)

or the Rutishauser matrix is idempotent index 2. Todd on page (240) of
reference [86] defines the condition number of a non-singular matrix A

c (A) = ~~
- (83)p

where A is a root of largest modulus of A and p a root of least modulus.
Todd states that the eigenvalues of the Rutishauser matrix are either 1
or -1, so that 

- 

-

c(R) = 1 (84) (84)

Consider the Rutishauser matrix transpose

RT = l  0 0 0 0  (85)

1 - 1 0 0 0

1 -2 1 0 0
1 -3 3 -1 0

1 -4 6 -4 1

and

~1-
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.R= 1 1 1 1 1 (86)

r. -l -2 —3 -4

0 0  1 3 6  
-

.

0 0 0 l 4  I

o 0 0 0 1 1
and its inverse is 

I

= (RTR)
_ l 

R
T (87) 1

= RT(RRT)’ (88) 1
The Grannnian of Equation (87) is I

RTR =  1 1 1 1 1 (89)

1 2 3 4 5
1 3 6 1 0 15 -!
1 4 10 20 35 1
1 5 15 35 60 -

By Equation (35) we see the generalized R matrix is

R = (O
~ 

(i\ (2\ (3\ ... (~~~\ 
•..  (d—l\ (90) -

~O/ ~o/ ~0/ ~0/ ~o) 0 / -

fl\ (2\ (2\ ... (d-1 -
~

k1; ~1J \ 1J \o) ~ 0

(_ i)’(~~) 
(_1)i(~~1)

(—l)~ : -
1 d—1(d— l -

• . . 
~~~~~~~~ kd—1
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Hence the Grammian matrix of Equation (89) involves the products of the

binomial coefficients. Todd on page (240) of his book gives the matrix
product elements as

R
T
R = , 0<1, j<d-l (91)

where by Equation (8)

— 
(i+j ) !  92%,, i / 

— i!j! ( )

The inverse of RTR is

- 

(RTR)
_ l 

= R
_ ]

R T

by Equation (81) 
-

R = R ~~ 
- (94)

and transposing

RT = R T

hence Equation (94) and Equation (95) in Equation (93)

(RTR)~~ = ~~T (96)

and for the 5X5 case

~~T = ~ -10 10 -5 1 (97)

-10 30 -35 19 -4

10 -35 10 -27 6

-5 19 -27 17 -4

- 
1 -4 6 -4 1

Since Euqation (97) is also a product of the binomial terms, one can
obtain the general expression for the 1_jth element which corresponds to
Equation (91).
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We also have

~~

T ~~T1 = RRT(RR
...
) (98)

= R(RTR)R
_ l (99)

and by Equation (96) in Equation (99)

= R (RRT)
_l 

R~~ 
(100)

— which implies that the eigenvalues of RR1 and (p•p~T)
_l 

coincide.

By Equation (63) we see that any function sequence of the form

- - 

g~(t) = [1-f~(t)]~ 
= (~ l) 1 f1(t) (101)

or packagewise

~g(t) = ~ f ( t )R  (102)

generates the Rutishauser matrix. Westlake on page (140) gives the left
eigenvector corresponding to the three unity eigenvalues for R as

= 1, i = 1,2 ,3

(S)u =( 6x3_4x 43 3x3_2x 4~x3~x4~x5) 
(103)

or factor-wise

<5)u = (x 3, x4, x5) 6 3 1 0 0] (104)
1 -4 -2 0 1 01

0 0 0 0  ij
and the two eigenvectors corresponding to
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A . = — l j 4,5S
I

<5)u = (O ,2x4-x5,2x4-x5,x4,x5) (105)

and factor-wise -

<5)u = (x4,x5) 10 2 2 1 01 (106)

Lo -1 -i 0 lJ

or packagewise.

~~
U 

3X3 ~~2 
= UA = UR (107)

2<

34~ 2X3 2X2

44~

where

~ 
(108)

(
3X3

I
2X2

also the right eigenvectors are given by Westlake as for A2 =1 i=l,2,3

V(S)  = = 1 0 0 y1 (109)
1 0 1  0y2 y

0 — 1  1

~ 0 -2 )‘s
0 0 1 - F]

y5 
- ( 1
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and for Aj=-l j=4,5
- 

. 
I 

v(S) = 
- 

)‘l = 1 0 (110)

y4 4>’1) -: i L)’4
!(..3y ) 2

o 1

o 0
0 5- -

and packagewise

I 0 V = R V  (111)
3X3 3~C~

0 I
- 2x3 2X2

Returning now to Equation ( 4 )

w .= x ± y  (112)

we shall recast three cases corresponding to

w = x + y  (113)

w = x - y  - (114)

for y~O, normalize Equation (113)

~~~= W
y =~~~~+ l = X

y
+ 1  (115)

and Equation (114)

~~~~
wbY =

~~~
_ l = x

)’
_ l  (116)

and for x~’O, normalize Equation (114)
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- 

-

~~
= W x

= l _
~~~

= l _ Y
x (117)

1 ! The powers of Equation (115) generate

<WY 
= <XyB 

- (118) 
r

-
~~ and the powers of Equation (116) generate

— 

~?by 
= <x~

B(_l) (119)

and the powers of Equation (117) generate

= (y~B(-l)I(-1) (120) !}
we also have

= 4D~~ (y’~) (121)

= <wD~~ (yfl) (122)

<Wb =<wb
D (Y ) (123)

— = ~~ q~~~~~ (X
5

) 
- 

(124)

— 

I Using Equations (121) and (122) in Equation (118)

= <xD -1(y’~)BD (y’~) (125) -j

corresponding to

w = x + y  (126)

and similarly

<Wb = (xD (yn)B(_l)D(yn) (127)

corresponding to
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w~~= x ~~~y (128)

and

<wb
(_l) = <xD

l (yT5RD(y1~) (129)

corresponding to

Wb
(_l) = x - y (130)

where

D(Y n) = 1 (131)

y
y

ny
5- 

d-ly _

Reconsider Equation (6) for xay=l, we have

(1+1)~ = = (132)

or as an innerproduct

2~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (133)

The binomial matrix of Equation (34) has the property using Equation
(13.,)

B = [l,2,2
2
,23,2

4
,.~~ ,23 ,.~~~,2~I1] (134)

dxd
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Now reconsider Equation (7) for

(135)
Y lj’

then

0 
i~O~~~~~~~~ 

(136)

and as an inner-product

(0 (01 I(-l) 1~ (137)

The Rutishauser matrix of Equation (76) thus has the property

4~i R =4  B~~I(-l) = 0 (138)

y-Binoinial Matrix and its Inverse. For lack of better terminology
the y-binomial matrix will be defined as the matrix of Equation (18) for
plus sign case, that is the real-axis translation

w = x + y  (139)

induces the monomial-base transformation

<xB(y) (l’~o)

where B(y) is the binomial matrix carrying along the variable y; by
Equation (35)
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~~~~~~~~~
= (z) (~)~ (2)~ 2 (141)

~~ (~ ~. (~)~ (~)~ ( 1 )~
0 0 

(~~)i 
(~)~

• . (~)~
0

-

. • • d+l)

or for the 6X6 case

B(y) = 2. y y
2 

y
3 y4 y

5 
- 

(142)
2 3 4o ~ . 2y 3y 4Y 5Y

o 0 2. 3y 6y2 b y
3

0 0 0 1 4y b y
2

o 0 0 0 1

0 0 0 0 0 1 
-

If we make the additional variable change on the real axis

w a w _ y  (143)

at the package-of-power level by Equation (18) for negative sign

~~
‘ -  

~~~~~ 
= ~~B(-y) 

(144)

749

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ - __L~~: ~~~~~ ~~~~ - -
~~~~~~~~~~~~~

-
~~~~~~~ •~4



F --‘—--5-— - -

L

adding Equation (139) to Equat ion (143)

V - x + y - y x (145)

and package-wise

<w = <xI (146)

Substituting Equation (140) in Equation (i’44)

<XB(y) B(—y) - -<XI (147)

or

B(y) B(-y) = I (148)

or - --

[
3(-y) ~~~-l~~~

j  
(149)

where for example

-l 
- 

2 3 4 5
B (y) = 1 -y y -y y -y (150)

0 1 -2y 3y2 -4y3 5y4

0 0 1 —3y 6y
2 

—10y
3

— 0 0 0 1 —14y b y
2

0 0 0 0 1 —5y

-
a 

_o 0 0 0 0 1

If we make the translation by Equation (139)

r w + q x+ (y+q) (2.51)

or package wise

- <wB(q) • (xB(y+q) (152) ç

using Equation (140) in Equat ion (2.52) -
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<~
, = (xB(y) B(q) <xB (y+q) (153)

hence we have

=_
B(y) B~~~j  

(154)

If

q (n—l) y (155)

where n is an integer, 0,1,2”  - 

-

[B
fl
(y) = B(ny)1 (156)

and

[B~~(y) = B(-ny~~ (157)

Note by Equation (125)

B(y) D 1(y) B(1) D(y) (158)

or for the 6x6 case

3(y) = ~l 
- 1 i i 1 i i ~ 1 

-

0 1 2 3 4  5 yy 
21 0 0 1 3 6 1 0  y 

-
-

y3 1 4 1 0  y3
1 4
—~~~ 1 5  y
y 5

6
— ~‘ - (159)
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adding Equation (139) to Equat ion (143)

J j  w = x + y - y = x  (145)

and package-wise

<w <xI (-146)

Substituting Equation (140) in Equation (144) -

or 

<~~~

5- <xB(y) B(-y) = <XI (147)

B(y) B(—y) I (148)

or

i
L 
B(-y) B (y) (149)

where for example

—l 
- 

2 3 4 5B (y) = 1 -y y -y y -y

2 3 4
0 1 -2y 3y -4y 5y

0 0 1 —3y 6y
2 

— b y
3

0 0 0 0 1 —5y 
-

~~~~~

0 0 0 0 0 1

If we make the translation by Equat ion (139)

r = w + q = x ÷ (y+q) (151)

or package-wise

= (wB(q) <xB(y÷q) (152)

using Equation (140) in Equation (152)

‘I
1-
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Powers of B(y) can be expressed as powers of B(1), that is

D~~(y) ?(l) D(~~] 
(160)

- 
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Appendix (B) BACKWARD AND FORWARD FRACTORIAL FUNCTION MATRICES, STERL ING AND
ASSOCIATED MATRICES AND RELATIONS TO RUTISHAUSER AND BINOMIAL
MATRICES

Consider the (i — j)t~ element of the Binomial matrix of Eq. (35 ) sec (A)
j 

— 1i i!(j—i)~ 
( )

and the quotient of Eq. (1)

_______ 
j (j—l) (j —2) . . .  (j—i+l) (J—i) •.. 2 ..1

(j—1) 1 (f—i) (i—i—i) ... 2 .1 (2)

and after cancelling common terms

(f—i)! 
= ~ (i—i) (j —2) ... (f—i. + 1) (3)

Equation (3) is a special case of the backward—factorial function of order i
written as

(i) 
= 
~ (f-i) 

(j-2) ... (f-i + 1) (4)

when j is less than i, then Eq. (4) is equal to zero as can be seen by entering
the values in Eq. (4).

Brand in his paper “Binomial Expansion in Factorial Powers” states that in the
calculus of f inite differences the factorial powers x(n) plays a role analogous
to that of xn in the differential calculus. He states that there is not only a
wide diversity of notations for the factorial powers but also a disagreement as
to its definition when the index is negative. Brand says that moreover the
notation (ax + b) (ii) is sometimes used in a way which may be a fertile source of
error and that the way out of this confusion is to use a single definition
applicable to all real values of the index. He states further that the alleged
factorial powers (ax + b)(n) are readily converted to genuine factorial powers. - -

When n is a positive integer the backward factorial function (x a real variable)
of order n is def ined as the product

~
(n) 

— x(x—1) (x—2) (x—3) ... (x—n + 1) (5)

Thus ~
(n) is the product of n terms starting from x and counting down by unity,

for example if n = 3

— x (x—l)(x—2) (6)

Also the forward factorial function of order ii is defined as

En) — x(x+1)(x+2)(x+3) ... (x+n—1) (7)

and for the example n — 3

= x(x+l)(x+2) (8)
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Note by Eq. (4) that

• 

- 

~a) 
— j ( j — l ) ( j — 2 )  ... ~~~~ — (9)

Returning to the definition of Eq. (5), consider

~
(m) 

— x (x—l)(x—2) ... (x—m + 1) (10)

and

(x—m)~ ~ = (x—m)(x—m—l) ... (x—m—n+i) (11)

and the product of Eq. (10) and Eq. (11) yeiids

(m) (x~m)~~~ = = x~~~ (x_n)
(m) (12)

Miller, ref (59) says that the definition of Eq. (5) when n is a negative
integer stems from the same type of reasoning used in defining negative
exponents in elementary algebra, that there it is easily proved that for n
and m positive integers

n m  n-Pmx x  x (13)

and if this rule of exponents is to hold for non—positive integers one is in-
evitably led to the definitions

0x = 1

and

-n nx = l/x

Brand considers Eq. (12) to obtain a definition for all real values of m and n
when m = 0, Eq. (12) becomes

— 
(a) (14)

hence i fx # 0

z 1 (15)

When m = —n Eq. (12) yields

= ~~~ (~~+fl)~~~~~ (16)

or
(—n) 1 

— 
1 (17)X — 

(n) (x+n) (x-K’—l) ... (x+2) (x+l)
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One can also show very easily that

xE’~~ 4 1m3 (x+1u)’~~ = x(~~ (x—n)~~~ (18) 
- -

Clearly when the variable x is complex for example the La Place transform
variables or z in the continuous or discrete frequency domain, many of these
relations carry over, but will not be pursued in this report.

In the above we also have

,C1.OJ = 1 (19)

and in accordance with Brand

o
(O) ..l 

- 
(20)

and

= (21)

Returning now the Eq. (3) and Eq. (4) we have

(i) _ 3! 22— 

(f—I)! 
-

and using Eq. (22) in Eq. (1)

~(i) = i!(~~) 
(23)

also

j(i)

P 

i>0

~ = 1 1  i — O  (24)
\ i _/ I

‘ 0 i<0

Forming the column vector for i = 0, 1, 2, ... d—l we have

3
(1) 

~~ : 1! -

2! 

~ 
(25)

I 

-1.~
L

d_1) (d-l)!
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. 
= F b (26)

Solving for the vector of binomial coefficients

1/0! ~
(O)

(
~) 

1/1! ~(l)

= 1/2! ~ (2) (27)

______ 
(d—l)

id—~ (d—l)! I

The vector of Eq. (26) is seen to be the 3
th 

column of the Binomial matrix of
Eq. (35) sec (A), hence packaging Eq. (27)

B t 1
S~~~ (28)

where the matrix of backward factorial functions ~( is given by (definition
herein used is restricted to 3 = x integers)r 

~~~ ~~~ ~~~ • • •  ~(0) (d—l)~°~
o ~~~ 2C’.) ~(1) ~(l) 

(d— i)~~~
= 0 2

(2) 
i~

2) ~(2) 
• (29)

dxd 
.

- 
~(i) • . 

—

0 .

or 

~ ) J~(i)7 (30)

i, j = O , l, 2 ... (d—l)

For example, the 5x5 case is
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1 1 1 1
~ O 1 2 3 4

= ( 0 0 2 6 2.2 (31)
5x5 ~O 0 0 6 24

LO 0 0 0 24 _

The forward factorial function matrix is defined as

sU ~
I 

= (32)

or

~~~ ~~~ 2’°~ 
~~~~~ ~~0) • • •  (d—l)~~

1

1t13 ~~~ ~U1 (d—1)’
~~
1

s~ 
3 = .‘~21 (33)

: I

-- 
(d_l)( 1

~~

and for the 5x5 case

- l  1 1 1 1
0 1 2 3 4

= 0 0 6 12 20 (34)
5x5 0 0 0 6 0 120

L° 0 0 0 840

By Eq. (28)

(35)

hence we can now easily invert the backward factorial function matrix

~~~ = B~~ ~~~ (36)

where the inverse binomial matrix is given by Eq. (77) of appendix (A)
in terms of the Rutishauser matrix —

B ’ = RI(—l) (37) 
j

hence

~.s ( 
~~~ = RI(—l) 4._i (38)

Morrison ref (6) gives the generalization of Eq. (24) as
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(i)

(X )~~~~~~~ i70

1 , 1 = 0  - (39)

0 , i1~~O

for x any real number and I any interger.

We next seek a relation between powers of x and the backward factorial functions
of Eq. (5), which yields for the 5x5 case

0 0 0  O
T

/l\

1 0 0 o - f x  \( ~~ I=~ a —1 1 a 0 
~ 

2 (40)

‘( X~~~~ / 0 2 —3 1 0 ~~ /

or 
~~~ ~0 —6 11 —6 1 \~/ 

-
= S ~~~X .  (41)

The matrix S is called the Stirling Matrix of The First Kind and in this report
will be further classified as the Backward Stirling Matrix.

If we partition Eq. (40) as

(:~~~~~~~

) 

lL~ (42)

x~~~ L”~ jhence the row vectors of Eq. (40) are the elements of L
~
b. The eleven by eleven

case is given in Morrison ref (61). Note by Eq. (42)

= 
~~~ 

x> . (43)

If we now let x = 3 (the integers) we have the connection

Si
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~ (2) 
— S

b ~ > 
(44)

(j+1) (j+l)

where

j = 0 , 1, 2, ... d—1
- 

For 3 = 0, Eq. (44) becomes

~( 
~
>o = ~~ > =

~~Io

(0 ) 

= S

b (

’

l)=

~~~~l 
(45)

Forj l

I 

~ = 

~
‘
> ~~ 

= ~~~~~ (46)

For 3 2

~( ~~ = 2~)~ — Sb (47)

for 3 i

— i (>I — S
b~> 

(48)

and for 3 — d—1
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~~~
>d_l - (d-l)~~~~ - Sb ~~~~ (49)

or package—vise

~~~ ~~~ ~~~ ... (d—l)~°~ I
o ~~~ ~~~ (d—l)~~~

0 2 (2) 

: 
S~C~ (50)

(d—l) I

where by Eq. (51) sec (5) 
—.1 1 1 1 ... 1 ... 1

r 0 1 2 3 i d—l
= ~~ , - = o 1 22 32 (d—l)2 (51)

dxci 

- :

~ ; ~d_ 1 ;d_ 1 jd_l (d_l) d_ 1
~

or by Eq. (29)

~( ~ — S~1~C~ (52)

Using Eq. (38) in Eq. (52)

= Sb
C
~ 

(53)

or

Sb = t B C E (54)

and the inverse of the Sbmatrix is

— C~ B~~ 
j;.~
l (55)

and by Eq. (37)

Sb’ — C~ RI(—l) (56)

— C~ RP~~I(—1)
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The inverse of the Backward Stirling Matrix also called Stirling Matrix of the
First Kind is called the Stirling Matrix of the Second Kind and its matrix
factors are given by Eq. (56). Morrison on page 25 of ref (61) gives the lixil
table to construct the matrix, (he does not obtain the matrix factors of . -

Eq. (56), they are derived here for the first time to my knowledge). The
first five are

1 0 0 0 0
O 1 0 0 0

Sb
1 

= 0 1 1 0 0 (57)
O 1 3 1 0
0 1 7 6 1

we see also by Eq. (54) the inverse of the CE matrix can be obtained as 
- .

c~
T 

= B ’ 4.
] 
S
b 
. (58)

In a similar manner by Eq. (7) we can formulate the forward factorial vector
in terms of the monomial base for the 5x5 case as

r ~~~ /
/ x ’ - 1 ~~ ,1  0 0 0 0 /1

1 0 0 O f x

I ~ I 0 1 1 0 0 ( x2 (59)

~( X~~~~~~~ I I 0 2 3 1 0 t x3

\~~~~~h/ [~ 6 11 6 ~ :

or
N

x~~,v
’ = S

f ..>
> (60)

If now we let x = 3 we have the connection

~t)>= Sf)~~ (61)

and the vector of integer powers is

Li - (1,3, 3
2
,3 3, ... ji, 3d~1~ (62)

for

3 — 0 , 1, 2, ... d—l

The matrix of Eq. (59) and Eq. (60) is called the Forward Sterling Matrix in
this report (it is the transpose of the matrix of Morrison p. 85 which he
calls the associate Sterling matrix of the First Kind.

The 5x5 case is
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~~~~~~~~~~~~~~~~~~ T1T~~~~ ~~

5-
~~~~~~~~~~~T~

T_ _ _  ~~ TTT~~

L I  
L

r’ ~ 0 0 0 1
~O 1 0 0 0~

Sç ~O 1 1 0 0 1  (63)
- 0 2 3 1 ~~~~ 1

5x5 Lo 6 11 6

If we package Eq. (61) into a row of column vectors for 3 = 0, 1, 2 . - . we obtain
the left hand side matrix by Eq. (33) as

= Sf C~ 
(64)

in analogy with Eq. (50), or

Sf 
= s~ 

1 
ç
T (65)

By Eq. (52) in Eq. (64)

= ~ s~~ ~
( ~ (66)

which connects the forward and backward factorial function matrices.

The inverse of the forward Sterling matrix of Eq. (65) is

S~~ — C~ (S~ 
T)~

1 (67)

The inverse of the forward Sterling matrix is called by Morrison the associate
Sterling matrix of the Second Kind (he uses the transpose matrix); the 5x5
elements are

1 0 0 0 0,
0 1 0 0 0

s~~ = 0 —l 1 0 0 (68)
0 1 —3 1 015x5 
~O —l 7 —6

Many other relations between the Binomial, Rutishauser and these matrices can
be obtained but are not pursued further here. One obvious one is by Eq. (38)

R —ts ’ ~ —l ~ I(—l) (69)

and by Eq. (81)appendix (A)

R2 — I .= [s~ ~ F I(—l) [s
( 

~J~’ 
F I(—l) (70)

or 

- (71)

and
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I f

- 

- 

!s~ 
)}1 - ~~ I(-1)S~ ~ I(-l) (72)

- 
r~f I which provides the factors of the inverse of the backward factorial function j• - matrix.

If we have a polynomial in the monomial base

f(x)  = Lxa .~ (73)

by Eq. (41)

f (x)  = ~~ 
)
s;
T a~~ (74)

or

f (x)  = ~~~ b > (75) 
-

where

b> = 5.-T a> (76)

Pol~rn5rniia1.s in the factorial function base are called Newton Polynomials and - ILx’ will be referred to as the Backward Newton Base, connected to the monomial -

base via Eq. (4).

j
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APPENDIX C

• FORMULAS FOR THE SUM OF THE dth POWERS OF THE FIRST N INTEGERS

L. S. Levy in Reference ~~ shows that for each posit ive integer d
there is exactly one polynomial Sd(N ) in N such that

S
d
(N)=l + 2d + 3 D +_ .N d (1)

whenever N is a positive integer.

Equation (1) can be written as an irner product

s
d
(N) 4d ~~ (2)

where the row-vector (cd j~

(1, 2d 3d ~d ... Nd ) (3)

and the column vector 1> is an N dimensional vector of ones

1 (L i )

1

1

The following formulas are given in Reference (~ Z for d 1 ,2” .7. Powers
beyond this can be obtained from the papers.

s1
(N) =~~~÷~~— = ~~~(N÷1) (5)

2 3
S
2

(N )  -

~~

. + f. + f = (Ni.1) (2N+l) (6)

S
3

(N ) -
~~

_- + ~~
_- + ~~~

.— 
~~~

— (N+1) 2 (7)
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3 4 5
s4
(N) = - 

~~~~~
. 
+ F + 

~ f = ~~~~~
. (N+1) (2N+1) ( 3N2÷3N—1) (8) J.

S5
(N ) = - + ~~~~~

— + ~~~
— + ~- = ~~ (N÷1)

~ (2N 2
+2N-1) (9)

s6(N) = - ~~
— + + F + 

~
— ~-~- N(Ni-l)(2N+l)(3N

4
÷6N

3
-3N+1) (10) J

2 4 6 7 8,~~~~~N 7N 7N N N
S7~ , - - ~~~ + + + F. - -55 )

2 
(U)

= . (N+i)
~ (3N

4
÷6N

3
-N
2
-4N÷2)

The span width in points 
j

W~~~~ 2M i - l = N + l  (12)

2 M N

w~~
_ 1 = N  (13) . 1

and
:j

(iL l.)

The summations of Equations (5-11) iii terms of W~

S1(N) = <ic) = S
1

(N ) = (N+l ) = (w -l) ( w )  (15)

= (N-a) (2Ni.1) (16)

(W -1)
S
2
(N) = (W) (2W -i) (17)

I
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2 —

- - 2 (W —l) 2
S
3

(N ) = ~1c > = j~—(N+1) = —P
4 

W~ (18)

S4(N) = 4c5 = (N+l) (2N+1) (3N
2
÷3N—1)

(19)
W
2 (W —1) (2w —1) (3W

2
—3W —1)30 p p p p

The summations of Equatiors (5-li ) in terms of M

F- S1
(M ) = ~lc~ = (M+i) (20)

W -1 W
= 

~

W -1 r W +1
= p p

=

S2
(N) = <1c2> = . (M+l) (214+1)

( 21)
(W -1) rW +1

- 
p 

~~
p 

~— 

6(2) L 2  p

<1c
2
(~~ ~~ W (W2-1)

S
3

(M) = <1c
~(m> 

= f (14+1)2 (22)

(W —1) (w +1)2 (W —1)(W ÷1)2
= 

p p 
= 

p _
~
p

16 4 64
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-

~~ 

~. S
4

(M) = 
~~~~~~ 

(14+1) (214÷1) (3142+314_i) (23)

• 

s4(M) = 
(3o)~16) 

(w~÷1) (w~~i) ( 3W~-7) (24)

I j

: t Li
p j

LJ

- I

I

-ì
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Appendix (D) INTEGRATION BY PARTS oFftn e
atdt

This appendix derives some classical integrals by integration by parts .
Consider the integral where n o, 1 , 2 - . . d-1 ,

It~e at
dt = fu dv (1)

where

(2)

or

du nt~
’1 dt (3)

and

dv = e atd~ (4)

or

v = fe
at dt = (5)

The integration by parts comes from

d(uv) d u v + u d v  
- (6)

or

d(uv) = uv = fd u  v + fu dv (7)

and

uv - fvdu (8)

Hence using Eq. (2) through Eq. (4) in Eq. (8)

ft l1 
e

at dt = tn e
at 

- ~ ~~ e
at dt (9)

In the same manner one can show

ft
n
e

at dt = 
_
~~ e

_5t 
+ ~ ft~

_1
e
_at

dt (10)

If we apply the end points of integration the definite integrals Eq. (10)
becomes

f ~
n e

_at
dt = 

_~n e
_at 
:÷ 

n 
..i t ~

’
~
l 
e 

_at
d~ (11)
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As the first case considers the interval (o, ~~), then Eq. (11) becomes for a = 0

fe
at dt — - e at 

= 1 (12) .
~~~ 

-

forn l

J :t 
at d~ -te -at / + ~ I:

e
_at

dt (13)

—1 1~~ 1 + 1 fe
_at

dt (14)
~ Le a

~i
The occurance of x/co necessitates the use of L. Hospitals ’ rule taken from
Schaum ’s Series “Differential and Integral Calculus” page 114 reference (78)

L. Hospitals ’ Rule: If b + ~~, -~, or ~~, if I Cx) and g(x) are differentiable
and g(x) = 0 for all * or some interval 1 x 1 > M , if

lim f(x)~~~~
x-~b

and

u r n  g(x) =
x~b

then when

u r n  ff
1
(x)\ exists

x-*b ( J

or is infinite

u rn ff(x)\ = lim ff
1
(x)\ (15)

x~b \g(x)) x-*b
f —j-— )
~
g (x)~

as an example

iim (x2\. lim
f2x\ iimf2\ 0 (16)

x - e ~’) x-~
oo\
~e’) x-*o~ e’~)

applying Eq. (15) to Eq. (li) we see

+ t e
_at 

= k in t
~~~~~

= 0 ( 17)
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and likewise by repeated applications ; the ~
th 

degree term Eq. (11) is

— 
• tne -at = lin ~~ 

-at 
= o, (18)

0 t-~~

which is a repitition of the example of Eq. (16).

Using Eq. (17) in Eq. (13)

te at dt = (19)

Continuing in this recursive manner one can show that

( = n! (20)
J n+10 a

Clearly if one replaces the interval of integration by (0, - ~~) the termare bounded for

at~~ = ...e -at 
-: = (2 1 )

However the positive exponential power of Eq. (9) is finite in the interval
(0 , - ce) , for n = 0 we have

at
d~ e at r= -i (22)

and for the n term

(~t
5eatdt = rl, (l)n+l (23)

J n+10 a

Contrast this alternating sign result with Eq. (20).
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Appendix (E) BASE AND METRIC RELATIONS

Consider two bases connected via Eq. (1) where T is known

(1)

and suppose one performs a G-S process as the vectors such that B
~ 

is
known

= <~
B (2)

where

= i (3)

and

= t>c~~(t 
= M

tt = T
T
MTTT

We desire to find the G-S connection matrix B where
S

<~ 
= <tB (5)

under the constraint

(6)

By Eq. (2) and Eq. (~~) in Eq. (6)

BT~~®<tB = B~t~(~~(tB0

or

BTM B = B TM B (8)s t t s a tt a
a “quadratic algebraic equation” in B

~ 
the unknown .

Using Eq. (4) in Eq. (8)

B
T
T
T
M~~TB = B I B

a solution is given by

B
~ 

T 1B
U 

(10)

where

BT = B~T
T (11)

and substituting Eq. (10) and Eq. (11) in Eq. (9)

B
T
T
T
T
TM T T 2

B0 
BTM B  (12)

However Eq. (10) is not a unique solution for example another solution

B = LT 1
B (13)

S a
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and

= B~T
T
L
T (14)

and using Eq. (13) and (14) in Eq. (9)

BTT TL
T
T
TN TLT 2B = BTM B ( 15)

a ii a att a

for all L and I such that

TLT~~ = I ( 16)

Note that Eq. (9) is a special case of the steady-state matrix Riccati
differential Equation and many studies and papers have been published along
this line but will not be pursued further here .

Note that we have the further relation using Eq. (1) in Eq. (5)

<S = rTB ( 17)

and

I = s>~~~ <s = B
T
T
T
~>~~~ <tTB (18)

The me t r i c  f ac to r s  were derived in Eq. (348) of Section (1) as

= = ( B B T)~~ (19)

or Eq. (19) in Eq. (8)

I = BTTT( B B T
)

1TB (20)

and

Htt 
= B TB 1 

= (B
5B~)

1 
= TT (BaB~ ) lT (21)

and inverting

= B P T 
= T

~
1
BaB~ 

(22)

Equating factors we find

B = T 1
B0 

(23)

but we know from standard matrix theorems that triangular factors (for full
rank matrices) are only unique when they are in unit triangular factors with
a diagonal matrix.

As an example of a third solution

B5 = T 1B0T (24)

BT = TTB~T
l (25)

773



and one obtains

TT(BTM B ) T  = B
~
H
tTBa (26)

hence for all T that realize the congruent automorph relation of Eq. (26)
one has Eq. (24) as a solution to Eq. (9).
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APPENDIX F
GRADIENTS OF TRACES OF’ MATRIX FUNCTIONS

-
~ - Some well known trace properties of matricies are

t rM = t r MT (1)

4 .  and the cyclic property of products. For example

t r R S  T tr T R S tx’ S T R (2)
pXm mxL ~xp £Xp pcm mxL 51xL ~xp pxm 

-

A. LINEAR C~.SES. Consider the £X~. matrix function of the rectangular
matrix X of size p>sm , that is

= A X B (3)

~~ 
tXp pxm mx&

with trace

tx L1 = tD AXB (.Note this L is not the matrix size.) (14 )

the mxm matrix L2

L2 B A X  (5)

mXm 
mX & £xp pXm

with trace

trL
2 trL

1
t (6)

and 1~he pCp matrix

L3 X B A (7)
pxm mx& £xp

arid by Equation (2)

L tr AXB tD BAX tr XBA - 

- 

(8)

The differential of the trace is

d~ = d tr (AXE) = ci tr ( BAX ) = ci tr (XBA) (9)

or

dL = tr A dX B tr BAciX
&Xp pXTfl mxL mxm

tr (dXBA) (10)
pxp
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The differential of the in cn matrix can be written as

dL2 BA dX = !~~. dx (U)
. 

x nixp pxm aX~ pxm I
- 

mxp

and the differential of the p xp matrix can be written as

dL3 = dX BA = dX (12)
pxm mxp pxm X

lnxp

The differential of the traces are -

dL = tr dX 1 = tr rcix ! f  (13)
ax mxp ( pxm aX

L mxpj

and by }~quation (iO) and Equation (13)

B A (3.14)

~X mxL £xp

or

~~~ tr (AXB) = —
~~~~~

- tr (BAX) -4j . (XBA ) B A - 
(15 )

ax £xL ax rnxm ~X pxp InX& £xp

For the special case when the Li are scalers, i.e.: A and B are vectors

tr
~~~

)a
p~m

b (m> = b(mXP)a (16)

~~r [b(1>4~
)a 

p~in] 
b(m>cVa (17) }

and 
-
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~~y tr 
[p~ 

b(m>4)a] = b(m~~p)a (18)

* - 

By Equation (3) for m=& and B=Im

A x \ =  A (19)
3X mxp pxm j mxp

- mxp -

By Equation (3) for £ p  and A I ~

- it ( x  B )= B 
- (20)ax t pXm mxp rn Xp

mxp 
-

In the above equation if m=l

!~ [x~~<P)b] (p)b (21)

1xp

Since the trace of the dyadic product is the inner product

tx’ (x>(~
) = (bx> = 2. (22)

one has

(23)

where the matrix

~J~= ~‘1[~~
...
~~]=’ (24)

xp

when the coordinates are all independent.
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One can verify all of the previous results via the tedious process
of partitioning. For example consider Equation (20)

L = X  B (25)
pxp pXm mxp

and partition X into its column vectors and B into its row vectors to
obtain —

j

XB 
~~~~~~~ 

. 3~ P>p~] 
r1~b1=i x(p>.3<pTh (26) 

- 

-

: i=1

[m< )bj 
-

the trace of Equation (26) is - 
-

tr XB t r(~>jk~~)+ tr (x>2
2
<b)+ • . •  + tr (x>~~(b) 

(27) 
-

or -

(28)

= L 1 +t 2 + •
~~
•+ L m (29) --

The differential of 2. is - - 
-

dl. = d2.
1 

+ dL
2 
+ ... + dl. (30)

where each of the £~ is a function of the vector x~~ or by Equation (13)

dR.1 ~~~~ cb>1 
-

Repackaging Equation (31)

dl. <5_2~ dx(p>i + + K m d(> (32)
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By Equation (31) in Equation (28)

- 
(33)

Consider the product of the matrix of gradient vectors with the
matrix of dX vectors that is 

-

4~ 
[cix))~~~

. . . dx> m~ (34)

2~~~~~

:
axm

=[~~~~~~~ l 
... 

X>m (3”

4~ 
dx>~ 

... ~~~~! dx) 

-

at (36)
3~ pxm
mXp

Clearly -

~~~~~c ix 1=az
L8X J

The other results can be shown by similar partitioning and can be
found in detail in reference [4].
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j
B. QUADRATIC CASES. Consider the £x t  matrix product

* Q1
= A  X C X  B (38)

~~ &Xp pXm mXm mxp pxL - I
4: 

-

Q1 =r~x~1~c xT B~ (39)

£xt LLXmJL mxL J
Form the new matrix of size mxm from Equation (39) cyclically permuted -

via parentheses

= [c xT 
3 f  AX (40)

mxm mxL £xm p
Form a third matrix of size pxp by cyclically permuting the A matrix of
Equation (39) - 

I

Q3 = X C x’r B A - (Lu )
~ pXm mXm inxp pX& £Xp

The differential of Equation (40) is —

dQ2 = C dXTBAX + CXTBAdX - (42) -

mxm .

- 4 The first matrix on the right of Equation (42) under the trace - -

transposition and permutation rules becomes .~

tr (CdXTBAX) = tr c
T
X
T
A
T
B
T
dX (43) 1

Using Equation (43) in the trace of Equation (42) yields

tr dQ2 tr (CTXTATBT÷CXTBA) dX (44)

mxm

The gradient factors of dQ
2 

can be taken to be

I
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- 3trdQ2dQ2 T dX (~5)
- . ax pxm -

- mxp

and by Equation (45) and Equation (44)

IT (XCXTBA) = CTXTATBT + CX
TBA (46)

x

By Equation (38), Equation (40) and Equation (43) the traces are all
equal, that is

trQ1 =tr Q
2 =tr Q3 

(47)

and the
- 

dtr Q1 tr dQ
1

(48)
1 1, 2, 3

- hence

- 

- ~~ r A X C xT B ‘1 = CTXTATBT ÷~~
TBA (149)

ax L2.XP pxm mxm mxp pXLj -

- mxp

- and

- 

- 
a t. r [ T J  = cTXTATBT+ cxT~A~ (50)

- 

If C is square and equal to I, we obtain by Equation (46), Equation
- (49) ax1d Equation (50)

~~ 
BA] ~~~E~

V~
TB1 

-

(51)

= ..~~ .[xT~~x] = xT(ATBT+M)
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If 1~
B A = I  (52)

then Equation (51) becomes 
-

- 

~~~ [x”x] = !.! ~ . EXXTI 2 xT (53)ax ax niXp 
. 

. )

_

For the special case when Equation (49) is a scaler, one obtains

_
~~~~~

. [<axcx
’
~>] C

T
X
T
a>(b + CXTb><a (54)

and for C=I

= 

m~~ 
~~~~b+b~4~ (55)

For p l  by Equation (51)

-~~~~~XBAX~ =
~

(
~~

+
~~

) (56)

For C=I in Equation (54) -

[X b)<
~
XI1 = XT(a>~~+~><a) 

(57)

As a final quadratic case consider the (full rank) grammian—ma-trix - - 

-

xTx G (58)

and its inverse

cxTx
_l 

= G 1 
(59)

where

G
1
G = I (60)
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i t

The differential of Equation (60) is

-

~~~~~~ I dG 1G + G 1
dG = 0 (6L)

or

40
551 

= -G
1dGG~~ (62)

= _G~~[dX
TX+XTdx] G~~ (63)

H or

( dO 1 =_G ].dX
TXG 1 

- G
1
X
T
dXG 1 

(64)

The generalized inverse, for the full-rank case, is defined as

X* = (x~x)~~ x
T 

= c 1xT (65)
mxp

and its transpose is

- - x*T = X G 1 (66)
— ~. pxm pxm inxm

* Using Equation (65) and Equation (66) in Equation (64) 
-

4G 1 
= - 0

_i 
dXTX~

T 
- X*dxG~~ (67)

The trace of Equation (67) is

tr 40 1 
= - tr (dX

T
x~
T
G
_l
) - t~ (G~~X~dX)

Using the trace transpose property on the first right hand side term
of Equation (68)

tr dG~~ = - tr (G 1
X~dX÷G

1
X~dx) (69)

-~~ — 2 tr(G 1X~dX)
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or
~~~~~ 

(X TX)~~ = - 2 (xTx)
_l
x* (71)

ax mxm
mxp

Using Equation (65) in Equation (71)

!~ (x
Tx)

_l 
- 2 xTxr2 xT (72) .551

ax mxin mxp 
-~~~

C. “CUBIC” CASE. The following cases do not involve cubics but the
matrix X and xT appear three times in the generalized inverse relation
(full rank)

— x* = (xTx)~~ x
T 

- (~~~ )

mxp Tnxm mxp .

Consider the linear form in X~ that is

Q = X ~ B (7’~)lnxm mxp pxin

and

dQ = dX~B (75)

dQ d [(xTx)
_1
XTJ B - )

= d(XTX)
_l 

XTB + (XTXY1 dXTB (76)

by EqUation (63) in Equation (76) :-

dQ - G~
i EdXTX+XTdXJ G

_1
XTB + C~~dX

TB (77)

or by Equation (73) in Equation (77)
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dQ = - C 
]
tdXTX+XTdX]X*B +C 1dXTB (78)

Using the relation for the projector

x x* = ~,T p2 (79)
pxm mXp pxp

in Equation (78)

dQ = - C 1 dX~ PB - X*dXX~B + G
1 dXTB (80)

or

dQ = C
1 dXT (I-P) B - X* dXXCB (81)

The orthogonal compliment projector is

(82)

Using Equation (82) and Equation (81)

dQ = G~~ ~~~~~ - X”¼1XX~B 
. (83)

The trace relations yield

tr dQ = ÷ tr(dXT~BG~~) - tz’ (X*BX*dX ’ (84 )

and transpose-wise

tr dQ = tr ( G~~BT~dX) - tr X*BX~dX (85)

tr dQ = tr [( G~~BT
~_X *BX* )dXJ (86)

Expressing dQ as

dQ .
~~~2-dX (87)

mxm ~X pxm
mxp
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one obtains

(x~B) C 1 B~P — X~ BX~ (88)
~X m m

D. POWERS OF (X?~B).~ The following cases ~~e of higher degree than
third. Consider n=2 then the Q of Equation (7k) has square

Q2 
= X*BX~B (89)

and . 1

dQ2 = dX~BX~B + X~BdX*B (90)

By Equetion (75)

dQ = dX*B (91)

hen~~ Equation (91) in Equation (90)

dQ
4 

= dQX~B ÷ X~ BdQ (92)

By Equation (89) let

q2 t r Q 2 (93)

then

2 ~q2dQ —
~~~

- dX = dQQ + QdQ (914)

The trace of Equation (92) is

tr dQ2 = tr 2X*BdQ (95)

By Equation (914) and Equation (95)
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½ ti’ dQ2 
= tr Q dQ tr X*BdQ (96)

Using dQ given by Equation (83) in Equation (96)

tr X*BdQ = tr (X~~ (G~~dXT~D_X~dXX~B) }
(97)

= tr X~BG 1dXTPB - tr X*BX*dXX~ B

= tr dXT (~Bx~BG 1) - tr X~BX*BX*dX (98)

= tr (G_lBTX~
TBT~ )dX_tr Q2X~Cd X (99)

½ ~~~~‘ dQ2 = tr {(G
_l
BTx*TBT~_Q2x~ ) dX) (100)

or

q2 i TT  2½ — ~~ = c Q B P _ Q x *  (101)ax
That is,

2 (G~~QTBTP_Q 2x~ ) (102)
ax

- 

Let n=3 and

Q3 
= QQQ (103)

with

trQ = q 3 (104)

The differential of Equation (103) is

dQ3 dQQ2 + QdQQ + Q2dQ (los)

a q3=— ~~dX (106)ax

187
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and the trace of Equation (105) is

tr dQ3 = 3 tr Q2dQ (107)

By Equation (83) in Equation (107)

tr dQ3 = 3 tr Q2 f G d XT
~B_X~dXQ 1 (los )

Using the commuting and permuting properties of trace one obtains

-

~~~~~~~~ 

= 3[G~~ (Q
T)
2 BT~ - Q3

X*] (io9)

mxp

For n=1,2, and 3 by Equation (88), Equation (101) and Equation (109),

-iTG B P - Q X ~ (no)
ax -

= 2~~
_1
QTB

T
~ - Q2x~.] (in)

-~~~~~~ = 3 ~~1(QT)2 BT~ - Q
3
X1] (112)

This gives the inductive step, therefore for

Q = X ’~ B (113)
mxm mxp pxm

= (x Tx) _l 
(nit )

mxm mXm

c
_
~x
T 

(115)
mxp
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L ~ = xx* (116)pxp

(117)

~ tr Qfl ; n = 1,2 ,”. (118)

we have

n [G
_1
(QT)~~~B

T
~_Q

nx~) (119)

A number of special cases follow from Equation (119). Suppose X issquare and full rank, then

x* (120)mxm

and

Q = X 1B (121)

• i Then

P = Xx~’ = I - (122)

and

~~
= o  (123)

hence

~~~~~ (x~~B)~ = - n (X 1
B~ ~~ (1214)

Supp: now that B=I then

!!~ (x_l)11 
= - n (x~~)21 x~ (125)ax

789



Li .

or 

(x~~)~ = ~~-(n+1) (126)

E. POWERS OF (XB)’.~ The powers of

Qfl 
= (XB)~ (127)

pxp

can be obtained in a similar manner. By Equation (20) j
aq1 B (128)
~X mxp

Let

Q2 (XB)2 - (129)

- 
(130)

and

dQ2 dQQ + QdQ (131)

tx’ dQ2 = 2 tr (QdQ ) (132)

= 2 tr QdXB = 2 tr (BQdx) (133)

or

(1314)ax~
Repeating the arguments as before one obtains

Ltr (XB) 1
~) = n B (X B )

fl_i 
(135)ax mxp pxp
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For’ X square, full rank, and

B = I

Equation (135) becomes

natrx n-i=nx (136)

F. TABLES OF CRADIEN’r s

1. Linear Forms:

at / A )C B
\ £xp pXln mXL

A
?X ~mx& £Xp pxrn /

B A
ax ~ pxm mxL Lxp

~~~~~~~~~ tb(i~~4)a X J = b(m)<p)aax pXm

!~~. E x  b(rn><p)aJax pxm -

!EA X 3 =  A
ax mxp pXTh mxp

B ]=  Bax pXm mxp mxp
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2. Quadratic Forms:

x c x T B )
ax £Xp pxm mxm mxp pXt

t c x~ B A X ] = cTXTATBT + CXTBA
+ 

ax mxm mxp pxL &Xp pxm

1
~~E X  C B A]

ax pxm mxm mxp pxt £xp

EXxTBA]

!i ~. EAXX T
B] = XT(ATBT÷BA )

!i ~ [x TBAx] J
7

EX X ]_ 2X

._~~~~~. c4xx~~~

~~~ (x
~~>4x ) 

= xT 
(a)44~~ )

ax

—
~~~~~ (<xBAx>) = <x(a) ~~+b)4)

!~ (x Tx) _1 
= - 2(X Tx)

_2

ax

I
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3. “Cubic” Forms and Others: The generalized inverse 
+

x* = (x~x)~~ x
T 

= G~~ xT

(x* B ) = (xTx)
_l 

BTP - X*BX*
ax lnxp pxm

where the projectors are

1 = i - p
P = XX*

c = x Tx

(X~B)~ = n tG~~ (QTf~
_l 

B
T
~ - Q~X*3

~~~ (x 1
B)’~’ - n (x~~B)’~ X~~ax

y_1)fl ~

+ (XB)’~ nB (XB ) 1~~
ax T

atr , n~~_ n-i
/ - nX

ax

III. SOME FUNCTIONS OF G~~IER~LIZ~ D MA TRI X PRODUC TS INVOLVING (v T x ..~~,
.T)

OF FINITE ORDER. In this section we ~Tii be coucerriec with matrix functI~~sof the form

y =

n>o, n an integer and the B1 Scalar matrices. Functions of Y, the argu-
ment, will be examined , such as f(Y) Y, and certain transcendentals
identified below. The algorithms to be developed are divided into three

793

__________________  - - -



V 
_ _ _ ___-_ + _-_-..‘.--_-_ -

~~—— ~ —_~fl,__ __~
__ .

~~__--~__ _ ,~~___ _ _ _ _ _ _ _ _ _ _  +-—-- +----—--.-+-----— +—- .--.-- ,
~~ ,— _,______!__‘_ + -_ 

~~~~~~~~~~~~~~~~~~ - 
-. -

APPENDIX G

KRONECKER MATRIX PRODUCTS

If A=(ai~) is an mxn matrix and B is an sxt matrix then the Kronecker
matrix product A~B is an msxnt matrix

A~B = (a ...B) (1)

or in open form

A~B = a
11B a

12B ... a
1

B (2)

a21B a22B

a B a Bml mn

Lancaster in reference (49) calls this operation direct product, thus
he says if AsFmxm (note A is square in his treatment) and BcF~x~ , then thedirect product of A and B, written AeB is defined to be the partitioned

+ matrix

AeB = a
11B a12B ... a

1
B (3)

a
21B a

22B

a B  a B  ... a Bml m2 mm

Lancaster states that a certain degree of arbitrariness is apparent
in the definition, that we may ask why AeB is not defined to be

Ab
11 

Ab
12 

... Ab~ = t A b.. ] (z~) +

Ab~1 ... Ab~~

Lancaster states that the answer is (for his purposes) that parallel
properties can be obtained using the two possible definitions and so far
as the applications are concerned, both definitions would be equally
useful.
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Chen in his applications to Walsh functions defines the Kronecker
‘1 product as in Equation (Lb). Conlisk points out that Neudecker ’s papers

are the only published papers he had found which formalized the operations
of e and the tt stacking operator” L(A), or as used by many vec A where if
A is mxn and partitioned into its column space [note L(a) notation will
not be used]

m~n 
= [a(m),. . .a(m)

] 
(5)

then the column of column vectors is

rvec A = a(mi = v(m (6)
‘1

a(i~)‘ 2

a(m)

Hartwig in his paper calls vec X col X , that is for (note Xj  are column
vectors)

X [x1,x2,” x ]

then

T T T Tcol X = [x 1,x2 , • . . x ] vec X

The Kronecker product and the vec X definitions of Neudecker will be
used in this report since so much published literature is available which
has referenced his work. 

+

The matrix Amxn can be partitioned into a row of column vectors or a
column of row vectors
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m~n 
= [a(m>~ 

a(m>~~~
.a(

~~] <~
)
~ 

(7)

- j

and the transpose of A is

nxrn 
= = [c~

(n> .  c&(n>~
...c

~
(I
~)] 

(8)

2

n

hence

Tvec A cL (Iv (9)
2

It is clear from the for-going , that how the column vectors of Equa-
tion (6) are packaged in terms of the partitioning of A is quite arbitrary,
for example one could build up an algebra by working with large row vectors
made up as a row of the rows of Equation (7).

~1
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I.,
Ben Israel and Greville in their book define the matrix Kx’onecker

product as in Equation (2) but define the corresponding vectors by Equa-
tion (7) as a row of the row vectors

v(X)T = ~~ <n)a,..

or

v (X ) 1 ‘ (10)

which we see by Equation (9) is vec xT as used by Neudecker .

In Ben Israel’ s notation via page (42) of reference ( ); for any
X= [x 1~ ]cCm

~~ , let the vector v(X)_ [vk]cCmfl be the transpose of the row
vector obtained by placing the rows of X end to end with the first row on
the left and the last row on the right. In other words

V ( i 1)~~~. = x .. (i 1,2 ,j1 ,2,...n)

Using this system (or partitioning and packaging procedure ) Ben Israel
and Greville then invite the energetic reader to verif y their relation

• (page 42 of their book)

v(AX B ) = (A~BT) v (X)  (11)

Clearly the results of Equation (11) will be different from the Equation
42 results of Neudecker, thus the user should be wary of blindly using
formulas from various books and papers.

The relationships between the indices fcr vec X are
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+

• vec X v1 = [ vk ~ (12)
- 2 mnxl +

• v
+ 

3 +

I V

mn 1
where

x. • = v • • (13)
ij m(j -l )÷3 .

(i1 ,2,.. .m; jl ,2,...n)

The Xronecker product of Equation (3) can be written in terms of
indices for the square matrix case of A (ni ,m) and B(n ,n) we have

A ~ B = C  (14)
mxtn nxn (mn)x(mn)

[a .] s Lb .] = [Ckj
] (15)

wher e

r ,i =

s,j = 1,2,..

+ 
or element—wise

C a . b . (16)k2~ ri sj

+ where

k= ( r— 1 )n ÷ s  (17)

~~s mod n

+ and

+ 798 
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I
and

~~~= (i—1)n+ ~~ 
(i8)

~ j mod n

The dyadic product of a row and a column vector is a simple example of a
Kronecker matrix product , e.g.

A ~ B = a(nl><n)b = a’<n)b = a1b1 • .. a
1b (19)

(mxl)(lxn)
a <n)b

in
• a b  . .•  ab

1

a
m <i:~ )b

and we see that the size is mxn .

Consider the usual inner product of a column and row vector

~ i)b a(i~’ = b
1
a
1 

+ b a
2 

+ ... + b~~ +

and the corresponding Kroriecker product

x a> = [b1a’>, b2a),...b~a>](~~ n) (n xl )

= [a>bi~ a)b2 . .. a)b ]

<n)b ~ a(n> = a(n’)<n)b (20)

or for m~n, the inner product is not defILled but for Equation (20) we
have

4i)b s a(i�) = [b
1
a(m~, ... ba(~~]

(lxn) (mx~.) rnxn

~çn)b ~ a(m> = a(m)çn)b = a(~~a4)b 
(21)

• which is the same as Equation (19).
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+ The following pages will derive a number of Kronecker product rela- +

tionships and then summarize the bulk of those to be used in the report.
Consider an (mxn) matrix X

X = I X = [I x(~n), I x> I x(m)] (22)
mXn mxm mxn 1 2 n

I.

or

vec X = I x> I 
, 

(23)
+ 1 mXm x(~~
+ 

Ix> 0 
m~m 

X(I ~~

I x> 
- m~m 

~~~~~~~~~~~

or

vec x I m I \vec X (24)
f lXfl mXm ! 

1 +

since

I e I = ri  I 
- 

(2 5) ‘ • -

nXm mxm mXm

1 1  0
mXrn

0 11 
-

mXm

Equation (22) can also be written as

x = x I (26) -
~~~

mXn mxn flXfl

80.0 1



• I

or

I X = X [e(n ), e(n> e(n )] (27)

1 2. 2

[X e(n). X e(n> • . .  X e(n>]
• 1 2 a

• + and

vec X = X 0 e(n> (28)
mxn 1

x e(n)
2

¶ 
0 X

e(n)

vec X = ( I s X \ vec I (29)

+ 
\ nxn mxn l

Consider the product

L = A X (3’)
£XTn £xm mxn

or partitioning

L = [A x(m>, A x(m> A x(m)] (31)
• 1 2 n

vec L = A x(r ~ (32 )
~Xm 1

0
A x(m>

2

0 •

A
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or

wee AX = ( I ~ A vec X (33)
• ~~nXn tXm / I

Another expression for vec AX can be obtained from Equation (32) ,  as
follows •

vec AX = A - - I x(m> (34) -

mxm 1
A V

0 
I I x ( m>

= A 

A 0 

A

: H 1~~2 
+e>x~ 1 

(35)

0 

A 

e>x.:+e>x
.
2+ 

•

~~~~~~ +�~~~~? +~ +~)x~ 
- .

~~
‘ 1 f l 7  in / n

_ l 2 in 
-

= A[e>x+i+e)x?i1
~ +e)x~~~] (36)

I]
A [e>x~~+e>x?

+
~~~43~

x9
~
]

:i
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- = x
~iAe>

sx?iAe)+...+x~iAe> 
(37)

x+ Ae)+x? Ae>+. +x~ Ae\n 1 2

x~1A x?1A 
.
~~ x~1A e(1> (38)

x~2A x~2A 
. x~2A e(m>

1 2 mx.A x .A x .A ej

or

vec (AX) = (XT~A) vec ‘m

Consider the product of three matrices

L = A X B (40)
k~s kxrn mxn nxs

and partition B into a row of column vectors as

L = AX [b(n>, b(n), ... b(n>] (41)
1 2 s

or 

L = [AXb n>, AXb)~ A~~~J (42) H
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Consider the first column vector of Equation (42)

• AXb(~~ = A[x>, x> • • .  x(m>] b1 (43)
1 1 2 n

b
2

b”

AXb(n~ = A[~~b11+~~b21+” +x~b 1J

= b11A
~~ +b 21Ai>+b3iA~~

+ ..  1-b Ax> (45)

and similarly for each of the other column vectors, we have

vec L = bii
Ax>+b2iAx>

+...+b
1Ax> 

(46)
1 2 a

• bl2Ax>+b22Ax>+ .+b Ax>
1 2 n

b Ax>+b Ax>+ +b A~~is 2s f l S 7
- 

1 2 a

= b11A b21A • •
~~ 

b 1K x(m>’ (147)

+ 

b12A b22A b~2A x(m> 
~+

b12A b22A b~2A ]  x(m>
I
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and using Equation (2)

vec (AXB) = (BT
~A) vec X (48) 

+

By Equation (148) when B=I we obtain Equation (33).

By Equation (148) for A I  we obtain

vec (XB ) (BT~I) vec X (149)

Consider next the relations

A C ~ B •D (A a B ) (C e D )  (50)
(kxm)(mxr) (sxm)(nxt) (kxm ) sxn mxr nxt

or

AC eBD = (AMB) (CeD) (51)
kxr sxt (ksxmn )(mnxrt )

or

AC~BD = (MB)(CeD) (52)
ksxrt ksxrt

where the matrix sizes are indicated at each step.

The proof of Equation (50) will be demonstrated for 2x2 matrices by
construction

(AeB)( C~D) = 
1a11

B a12B1 [C11D C12D1 
(53)

La 21B a 22BJ [c21D C22DJ

= 1(a~~C11+a12C21)BD (a11C12+a12C22)BD]

L (a21C11+a22C21)BD (a 21C12÷A 22C22 )BDJ

1a11C11+a12C21 a11C12+a12C221
I I~~BD
La21

c
11÷a22

c
21 

a21C12+a22c2J
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or 

=(A~B)( C~D) ACaBD (54 )
)

The relations of Equation (50) will be used to prove (Lancaster
page 258)

(A~B)~~ = A~~~B~~ (55)

Note the inverse matrices are not commuted as in the standard product
inverse where

(AB)~~ = B 1A
1 

(56)

or the full-rank-factor case for the generalized inverse
H 

* * *(A B) = B A ( 57)
mx 9. 9~x~~ nxZ ~~~~~~~

¶ 
where * means generalized inverse and the rank of A and B is £.

By Equation (55)

(A eB)( Am B)~~ = (A~B)(A eB~~) (58)

• I By Equation (54 ) for square invertible matrices

(A eB )(A~~~B~~) = ~~~~~~~~~ = I aI = I (59)
m ~ (mn ) (mn)

where A is mxm and B is nxn square matrices.

Using Equation (59) in Equation (58 )

(A~B)(AaBY~ = ‘m~~n 
= ‘mn (60)

which establishes Equation (55).

The inverse of the Kronecker product of two matrices of Equation (55)
can be der ived in ot her ways , sane of which are of interest , e.g.  consider
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I ~
AMB = a11

B • .. a
1
B

a B  a Bni nn

A~B = •..  ab~,
I 

1B 0 
(61)

[~~~
Inl nn B

= (AaI )(I~B) (62)

+ and by Equation (56)

A
~~BY1 (IaBY1(Aa1Y1 (63)

It is obvious that

(I~~ ) l = B = B
1 

—
~ 

(64)

B B 1

.
• 

0 0

0 • 0
B B 1

• It is not obvious what the inverse of A~I is where in open form

• (A~ I) = a
11
I,,, ... a~~I (65)

a I a I
• 

in
1 

iiin

Define

—l * r *  *A = A = a11 ... a~~ 
(66)

1 *  *I a  ai m  m
L i  m
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Thea

*AA = I (67)
mxm

Applying Equation ( 55) to Equation (65)

(A~I)~~ = A~~eI = 4~I ... a~~I (68)

*a l  a Im in
1 in

Using Equation (68) and Equation (65)

(AeI)(AeI Y 1 = a11I • . .  a~~I a~~I ... a~~,I 
(69)

* *a I a I  a I  a I
in
1 

m
~ 

m
1 

m

* * *= (a
11
a
11+a21...+a1 am ) I . . . (.

~~~
)

in 1m~m

* *(a a1 +...)Il m

Note that by Equation ( 69) the biorthogonal relations are

* ‘ta [a*> ... a~~] = I (71)
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= < ~i a ~) < a a~~ ... <~~a*> (72)

• . .

- 1 in

Using Equation (72) in Equation (70)

(A2I)( A *~ I) = ~~ a~~I <a a~~I . . .  <a a~~I (73)

• • . ~~~a~~I

= 1 (74)

I

0 +

0

- I

since by Equation (71)

1 i=j  (75)

0 i�j

Consider next the relation

(A~B)T = A
TeBT (76)
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which should be contrasted with the standard matrix product

I i
(AB )T = B

T
A
T 

(77)

where commut ing takes place as in Equation (56) .

By Equation (61) and Equation (62)

• AaB = (AeI)(I~B) (78)

a111 a121 • .. a
1,,,I B

0
a I
21 

0
+ B - ,

a I a lml m m .

Using Equation (77) concept in Equation (78) 1
,1

(AeB )T •
B
T - a11I 1211 ... a

1
I (79)

• 

BT 

• 
•

~~ 

BT 
a X

= a11BT a21BT ... a
1B
T 

(80) }

a BT 
• • . a BT • -

. l m  m m .

810

~~



_ _ _ _ _ _ _ _ _ _  ---
-—-

~~~~~~~~~~~

• 

= a111 a211 • .. a
1
I BT (81)

T
a
12

I B
0

T
a l  . . . a l  B

- i n  m m -  -

• (ASB)
T (A TSI ) (I SBT ) (8 2 )

• 

* 

and by Equation (54)

( ASB )T A’
~
’aB~

’ (83)

Now that the flavor of the partitioning is established it is easy to
establish the following additional properties.

(A-f-B) s (C+D) (As C) + (AsD) + (BsC) + (BeD) (84)

and also

A s (BeC) (AeB) s C (85)

also by Equation (87)

(A÷ B) s C = (AsC ) + (BeC ) (86)

and

B a (C+D ) = (B~C) ÷ (BaD) (87)

By Equation (78)

• A s B = (As I~ ) (I~~B) (88)
(rnxm ) nxn

• We will show that (A~ In ) and (I~sB) commute.
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I

mxm nxn 
= a

11I •. .  a
1
I 

B 

(89)

nxn

a I ... a II mm nin a

B
- nxn

= a I B  •..  a B  
+11 fl nxn urn nxn (90)

La
1
B • • a B

- 

I 
B a

11
I • • .  a1 I 1  (91) -

•• 

I 

B 

I
+ 

L B amll ... a l ]

• or

A a B = (I 5B)(A~I )  
(92)

and by Equation (88) and Equation (92)

A a B = (ASI )(I~~B) = (I~~ B) (A~ I )

t £
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Summary of Relations

• 

- -  

A a B = (a1.B)
lnxfl Sxt J

msxnt

x:;
~~ 

[x(n>~~ ..

r ~~~

•

vec X = x(m> = ~c’inn)
~pj~x l 2

~~x(m)

Lx~~
vec X =( I a X \ v e c  I

niXn ~. flXn mXn/ nxn

vec A X = ( l e A  \ vec X
9Xm mxn iixi~ 9x ~ /

vec AX = (XTEA) vec I

I T \
vec X B = v B al i vec X

mXn nxs sxn mj

I T  ‘• vec A X B = f B a A ~ vec X
• kxm inX~~ nxs ~sxn kxm / mxn

A C a B D 4 A e B  C a D
kxm mxr sxn nxt \ kxm ~~~ /~~mxfl nXt

(AaB)(C aD ) = AC a BD
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(AaB ) 1 
= A 1 a B 1

(AeB )T AT e B T

(A+B) a (C÷D ) = A e C  + A  a D  + B e C  + B a D

A a ( BaC ) (AeB) a C

(A+B) a C = (AaC ) ÷ (BaC)

(CTeI)* CT* a i

For CC (CTC)
_l 

e
T 
case.
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Appendix (H) Dirac Delta Function

• The Dirac Delta Function is used to obtain the variance Riccatti E—
quations for the continuous case; hence some considerations are given to
this function in this appendix.

The mean value theorem and the fundamental theorem of the intergra].
Calculus are stated without proof from ref (78).

Mean Value Theorem. If the function f(t)

~TY is continuous in the closed interval a< t <b
(ii) has a derivative at every interior ?oint;
then at some interior point ~ of the interval 

+

f( b ) - f ( a )  
= (1)

:~:: _______________________

Fig (1) Graph of mean—value Theorem.

The simple geometric interpretation of the mean value theorem is rep-
resented by the curve of Fig (1). The straight line chord from the point
to the tangent to the curve at same point (~~~, 

f(~ )).

If
b a+h (2 )

then one can write

~~a+0h ( 3)

where

0<0<1

the mean value theorem now takes the form

f (a+h) - f ( a )  = h f (a+Oh) (4)
0<9<1

Fundamental Theorem of The Integral Calculus.
If f(t) is integrable i~ Ta,b) and F(t) is any function having f(t) as

• derivative, then b bta~~
t
~~
t F(b) - F (a ) = F(t)Ia ( 5)
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Dirac Function

Consider the Dirac Function (t) defined to be zero if t 0 , in such
a way that

• 
I f (t)dt = 1 (6)

Equation (6) is a concise manner of expressing a function that is
very large in a very small region and zero outside this region and has
a unit integral.

Consider a function ~(t-a) that has the following values

t<a
6(t-a) ~~ 1 a<t<a+h (7)

a+h<t

where h may be made as small as we please . The function 5(t-a)  has the
property of Eq (6 )  for

a+h
f~~~~t—a)dt = f6 (t—a)d-t (8)

ai-h ath
= .1 ~dt = 

~
tl
a ~~ 

= 1 (9)

Consider next the integral of the function

I _ f ( t )  ~5 (t-a) dt

a+h
= I f ( t )  6 (t -a)  dt (10 )

a

a+h a+h
= 

~ 
F( t )

~a 
(11)

where 
+

F~ (t) = d F( t) = f (t )  (12)
dt

Evaluating Eq (11) at the limits
a+h 

16(t—a)dt = ~(F(a+h ) — F(a)]  ( 13)
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By the mean—value theorem of Eq (1)

F(a+h) — F(a) h r(a÷eh) (14)
4 0<0<1

By Eq (12) in Eq (14)

ai-h
+ 

I f ( t )  6( t—a ) d t  = f(a+Oh ) ( 15)
a

in the limit for f(t) continuous

+ lim f(a +Oh) = f(a) ( 16)
H h-’O

hence Eq (16) in Eq (10)

I_:f(t) 6(t-a)dt = f(a). (17)
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