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ABSTRACT
—

— 
In many applications of recursive estimation theory to trajectory

estimation the process dynamics are not used. In these cases one norm-
ally resorts to approximating the forces with fitting functions. Poly-
nomials , exponentially weighted polynomials and trigonometric and their
orthogonal counterparts Gram, Legendre, and Laguarre polynomials are
developed in a vector space setting.

Matrices describing the connections between the bases and their ye—
locity matrices and their pseudo-inverses are developed. Continuous and
discrete function filtering dynamics are presented. These relations can
serve as an aid to fitting functions filter design.

4-

- [~~ t$SIOI~for
Fims White Section V

XC Bufi SectiOn 0
UIIANNOUNCED 0

r JUSTIFICATION

T 
_ _ _ _ _ _ _ _ _Dii. AVAIL and/s SPE~~~

è4.

H  
_ _  

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



--‘P..-- - - 
- - ,—-

~~
—----

~~
-——

~~~~~~ 
- - -

~- -

!I?JCT ~~S~j t.CJJ’~D__
~.‘t un t v (iit ’~ ‘.i( i .- .4) 4’,) -.s •j 1•• — --———

DOCUMENT CONIKOL D A T A . R & D  -

‘S,cu,~ty (1.54) flC.1t44fl ~‘t iHI•. ) .‘.k of (ha I,.. I .n-i l.1d, .ln~ ~fl’44)Mtj( ’fl n,urt b. .nte,ed when the .v•,~II ~epott I. ~ta.øIlI#d,
I. ONIGINA T IPI G A C T I V I T Y  (CoIpurat# aufher) Isa. R*~P~) H T  $~~GU~~IT Y  ~~LA IS IF ICAT s ON

Analysis & Computation Division 
/ 

UNCLASSIFIED
Na tional Range Operations Directorate 2b. GROUP

White Sands Missile Range , NM 88002 NA
• 3 REPORT Yu LE

STATE SPACE TECH~4IQUES IN APPROXIMATION THEORY WITH APPLICATIONS TO DESIGN OFRECURSIVE OPTIMA L ESTIMATORS
4 - O ES C R I P T IV E  NOTES (7~.p. of report and incIusiv. dates)

5 AU THOR (S )  (Pirct n.m.. middi. ~nItIaI4 I.. ) name)

- - 
James S. Pappas

0- REPORT D A T E  74.. TOTAL  NO. OF PAGES fib. NO. OP REPS

September 1977 R27 I 92
$4.. C O N T R A C T  OR GRANT NO. 

— 
04.. ORIGINAT OR S REPORT NUI~

( ER)S)

b. PROJ( c-r NO. 
ACD—63-77 Technical Report

C. Sb. oT HER REPORT NOIS) (Any ether numb.?, that mar b. aa•I~n.d 
-

thAi report)

d~
10 OI$TRI5UTION STATEMENT CI TRThZJ7ION STA~~ 0~~ T A

I— —

Distribution of this document is unlimited. ~PP’°”~ 
IOI pubflc rSIeaM

- 

~b~b~~cu UuIt~ ftsd
I I .  S UPPLEI IENTA RV NOTES - IS. Se .~ O~~1NG M~L~~TAj VV A C1I ’1 ITY

,3~~~~~~~~~ A C T  
• __________________________________________________

In mar.y applications of recursive estimation theory to trajectory estimation the
process dynamics are not used. In these cases one normally resorts to approximating
the forces with fitting functions. Polynomials , exponentially weighted polynomials
and trigonometric and their orthogonal ccunterparts Gram , Legendre , and Lag~~rre
polynomials are developed in a vector space setting.

Matrices describing the connections between the bases and their velocity matrices
and their pseudo-inverses are developed. Continuous and discrete function filtering
dynamics are presented. These relations can serve as an aid to fitting functions
filter design .
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INTRODUCTION

State Space Techniques For Approximation Theory With Applications To Optimal

Estimation.

The applications of modern optimal estimation theory (Kalman Theory) to
flight test trajectory estimation has brought about a need by those develop-

ing computer programs (the mathware) to obtain a broader systems analysis

viewpoint of the total test procedure. All through the 1960’s most of the —

personnel responsible for flight test data reduction it the national missile

ranges were primarily mathematicians and statisticians. The advent and

global acceptance of the Kalman Estimation Theory necessitated that data

reducers also apply the tools of flight simulation groups, namely missile

stochastic dynamical models augumented with instrumentation-system dynamics.

In actual practice today most applications of the theory are s;boptimal mod-

ifications since most missile flight processes are highly non-- ‘inear (math-

ematical descriptions highly dependent on wind tunnel data) with only par-

tially known statistics of the process uncertainties and very poorly known

non-linear measurement instrument dynamics and measurement instrument van -

ances and biases.

The next best thing to a complete simulation missile model is to use

approximation theory conditioned and constrained by a good hueristic engi-

neering feel about the total process. The earlier applications by the

ranges have been in power-series polynomials and orthogonal polynomials with

a vast amount of literature available in this area of moving arc smoothing

etc. Unfortunately most of the literature on approximation theory as well

as published reports is steeped in the classical tedium of multiple nested—

summations and countless indices running and stopping. The Kalman Theory

based on the differential equations of the process is beautifully done in

state—space mathematics.

The vast acceptance among engineering circles of the Kalman approach

has brought about complete new curriculums in engineering training with big

vii
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demands for vector space theory matrices and modern algebraic concepts to

better understand the mode approach to algebraic system theory. The math

departments should be forever endeared to Kalman.

The math modeling techniques for flight dynamics of aerospace vehicles

for many interacting moving reference frames on which sensors are mounted
can best be handled with the vectors and dyadics used by Gibbs but cast into
a matrix setting as described in reference (69).

Thus modern estimation theory requires math models unified from the

following disciplines :

Flight Mechanics
Instrument Dynamics

Statistics

Numerical Analysis
Matrix Numerical Methods
Approximation Theory

The primary concern of this report is to develop vector space and 
- -

matrix relations useful in the design of recursive optimal estimations based

on assumed fitting-function (approximation) models when the process dynamic

model is not known.

This task necessitated a sizeable attempt to survey some of the vast

amount of published literature on approximation theory in books and journals
and establish some connections useful to the modern vogue of state-space

(vector and matrix dynamic representations).

Householder in ref (39) says that orthogonal polynomials themselves

have an extensive liierature which he will not bother to cite, but that

their association with matrices seems to be relatively new.

Davis says that the fields of interpolation and approximation have been

cultivated for centuries. The amount of information available is truly

staggering so he presents in his book the topics that caught his imagination.

Me says that Bernstein polynomials yield smooth approximants and provide - .
simultaneous approximation of the function and its derivatives; the mimic the

behavior of the function to a remarkable degree ~ut the price paid for their - -

viii
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beautiful approximation properties is very slow convergence .

Davis published his book in 1963 and says that during the past few

decades , the subject of interpolation and approximation has not been overly

popular in American universities. Since the development of high speed com-

puting machinery , the flame of interest in interpolation and approximation
has burned brighter; and the realization that portions of the theory are best
presented through functional analysis has added fuel to the flame.

Rice [The Approximation of Functions , l96’~J says the main problem con-
sidered in his book is the approximation of a real continuous function x(t)

by an approximating function , and that there are two major items in this

problem to be stated. The first of these is the type of approximating

function used, and the second is how one measures the t~goodness~ of an

approximation. He says there is no scientific method of determining which of

the many approximating functions normally available will lead to the most

efficient approximation of x(t). The choice of approximation function has to

be made on the basis of experience and intuition. The first three states

(the function and the first and second derivative of the function) are needed

in trajectory estimation. Rice says that the second major item to be speci-

fied is the measure of the goodness of the approximation to be used but is of

less importance than the choice of the approximating function. The “measures

of approximation” or “distance functions” are used to determine the distance
of an approximation from x(t). Rice says that given a function x(t) to

approximate, there is a rather fixed sequence of steps to be made, the first

of which is to translate the intuitive or practical problem into a mathemat-

ically precise form. This means that one must choose the approximating

function and the distance function. If the approximation problem is already

presented in a mathematically precise form (as is often the case) then this
step is missing. However, if such choices are to be made, it should be rec—

ognized that these choices are the most important of all the steps toward ob-

r~~ dng an approximation. Poor choices at this point can make severe diff 1-

culties unavoidable, no matter how talented one may be at mathematical
analysis . He says that once the problem is given in a mathematically precise

form there are a number of phases in its solution:

ix
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S
1. Choice of approximating function and distance function.

2. The existence of a solution.

3 . The uniqueness of a solution.

L4~~ The characteristic and other special properties of the solution.

5. The computation of the solution.

With respect to item 1 above, Rice says that there are some general

guide—lines available. He says that in actual practice (as opposed to

theoretical analysis) there is only a very small set of functions available 
-

to be used as approximating functions. This set includes polynomials,

rational functions (the ratio of two polynomials), and trigonometric sums.

In special situations, one may have analytical reasons for using special

functions such as the logarithm function, the exponential function, Bessel

functions, piecewise polynomials, etc. Even with the addition of these -

special functions, the total set of approximating functions is small. On

the other hand , the particular choice from this small set may not be clear

in many instances.

Rice says the key to efficient approximation is to find an approximating

function which can take on the same nature of behavior as x(t). The

approximating functions with limited range of behavior are, naturally, the

most common and the simplest to use. These are the polynomials and trig— - 
-

onometric sums. A word which describes this behavior well is “roly—poly”. . 
-

These functions are unable to take on sharp bends followed by relatively flat

behavior. Likewise, these approximating functions are unable to manage very

large or inf inite slopes followed by “normal” behavior. For functions of a

roly-poly (or gently varying) nature, however, these approximating functions I -

are very efficient.

Rice states further that one common method of circumventing the roly—poly

nature of polynomials is to increase the degree. As the degree of a polynomial

_ 1
x II

~~~~~~~~~~~~~~~~~~~~~~~~~ -fl 
_
~~~~~~~~~~~~

-
~~~~~ _ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~



~~~~~
—--

~ 
- — - ~~ —~~ ——~~ ---- —— -~~~~ 

~—-—-- — —--——--~~ ——.•-————— •-----—-——~~—--—- - --- - --——— ———— ~~— -~~—— --—~~~-— -—--—---- ~~~~~--

or trigonometric sum increases , the polynomial is more and more able to

follow a function that is not of a roly-poly nature . This method has the

obvious drawback of requiring a complicated approximating function and,

frequently, of being difficult to evaluate, i.e., being numerically unstable.

Rice says a class of approximating functions which has a much greater

degree of flexibility is the class of rational functions:

n
1

‘~ a.t

x(t) 
]O 1

Z b.t’
1

A rational function of relatively low degree can take on a form which cannot

be effectively approximated by polynomials of low or medium degree. These

approximating functions have the additional advantage that they are simple

to use. Their principal disadvantage is that it is considerbly more

difficult to compute approximations by rational functions than by poly-

nomials. However, new techniques and widespread availability of high-speed
computing machines are rapidly reducing the importance of this disadvantage.

Rice states that another class of approximating functions which deserves

coi ~deration is the class of piecewise polynomial functions. These functions

ar fined by dividing the interval [0 ,1) into several intervals by a set of

p called joints. The approximating function is then a polynomial of

s~ ied degree between the joints. The approximating function is either

lii. .ir (in case the joints are given) or nonlinear (in case the joints are

to be determined).

Rice claims that a particularly important subclass of these functions

is the class of spline functions, which are piecewise polynomial functions
of nth degree joined smoothly so that they have n—i continuous derivatives;

i.e., there is a discontinuity possible only in the nth derivative at the

joints. When the joints are given, these approximating functions have three

very desirable properties, namely , they are flexible, they are linear in the

_______________________________________________________________  ~~~
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parameters (i .e. ,  approximations are relatively easy to compute), and they j
are convenient to use in many applications. The problems associated with

the “best joints” have not been investigated to any extent .

Rice says that it appears at this point that almost every aspect of the

least-squares approximation problem has been resolved, and in theory this is
true. In computation, however, there is still a possible difficulty which
is touched upon here. This difficulty arises mainly from the fact that the

coefficient matrix of the normal equations may be ill—conditioned. Space

does not allow a full exposition of this property, but it suffices to say

that matrices which are ill—conditioned are very difficult to invert. When

one is doing hand computations involving four or five parameters, this ill-
conditioning has little effect. The effect became of increased importance

with the advent of high-speed computers, for it is now possible to make

calculations involving a much larger number of parameters.

To illustrate this, Rice says we shall consider the most common example:
namely, when f.(t)=t’~~. In this case, the coefficients of the metric matrix
are

1.
I t’ t~~~~dt= .

the coefficient matrix then is the Hu bert matrix:

1 1 1 1
2 3 4

1 1 1 1
2 3 ~i ~~~~~~
1 1 1 1
3 L~ 5 ~~~~~~ - ;

1 1 1 1

~+ 5 6 7~~~~~

Rice says the inversion of a system of equations with this coefficient matrix

is notoriously difficult. If there are ten parameters, then the inverse of

xii
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this matrix has elements of the order of 3x1012 . This means that an error

of lo
_10 in the original system appears as an error of the order of 300 in

the solution for the parameters of the best L2-approximation. These dif f-

iculties may be avoided if one is able to use f 1(t )  approximately orthogonal .

There are many systems of polynomials available, for example, for use on an
interval or on finite point sets of approximately uniform distribution.

Morrison in “Introduction to Sequential Smoothing and Prediction” (1969)
uses the discrete Lengendre and Laguerre polynomials. The Legendre polynomials

form the basis (instead of the monomial basis) for the fixed memory polynomial

filters and expanding memory polynomial filters. Morrison uses the discrete

Laguarre polynomials to form the basis for the Fading Memory Polynomial Filters.

Morrison points out that Hildebrand considers briefly the question of
orthogonality over a discretized interval and derives the Gram polynomials,
sometimes also called the Chebyshev polynomials. These polynomials are re-

lated to Morrisons Legendre polynomials by a shift of origin. Morrison says

that he has extended Hildebrand’s approach to obtain the discrete Legendre

and Laguerre polynomials; and that Milne has an alternate and extremely ele-

gant derivation of the discrete Legendre polynomials in his book “Numerical

Calculus”. Morrison says that recursive parameter estimation over fixed

data spans using the classical monomial base (power of t) yields matrices

which are difficult to obtain the functional form of the inverse of anything

much beyond a 2x2 is obviously out of the question; that although numerical

inverses would give correct answers resorting to numbers would, (at the stage

of discussion in his book) force the analysis to terminate, and the analysis
has as yet hardly begun. [Many of the ranges do use second, third, and fourth

degree polynomials for trajectory estimation and these inverses are included

in this report.] Morrison states on page 238 that the discrete Legendre poly—

nomials do not easily permit of differentiation; that any attempt to differen-

tiate them completely fractures their structure, and all order is therefore

irretrievably lost. He presents two solutions to this problem.

Lawson (“Survey of Computer Methods for Fitting Curves to Discrete Data

or Approximating Continuous Functions”, 1968) concentrates his discussion

xiii
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primarily upon the class of computational problems most commonly associated

with the name “approximation theory”, namely the approximation of contin-

uous functions and curve fitting to discrete data. He views the problems

from the point of view of practical scientific computation. Lawson con-

siders the features and drawbacks of various forms of the approximating

functions. He says that polynomials are in some sense the simplest forms

and that there are a variety of parameterizations possible for a polynomial.

When expressed as a.t. which he calls the monomial basis parameterization.

The matrix of basic function values is typically very poorly conditioned
which can be sij~rnif’ ~ tly improved by translating the domain of the inde-

pendent variable - at zero. Exponent overflow is avoided by

scaling to ~~~~~~ ,IJ. .at even with these precautions polynomials of

degree higher thdn ~~ . ..- . ‘i in monomial basis form are essentially useless
in eight decimal digit a~ithmetic. Other bases such as Chebyshev polynomials

typically provide remarkable stability. A polynomial of degree n represented

as a linear combination of Chebyshev polynomials can be evaluated in n multi-

plications and 2n additions , and he recommends the use of the Chebyshev basis

in preference to the monomial basis wherever polynomials are used in computa-

tion unless there is some specific reason to use the monomial basis.

Lawson says that rational forms have various special properties such as

remaining bounded at infinity , having poles, and having abrupt changes of

curvature, which sometimes make them more useful than polynomials, that their

parameters occur nonlinearly and their determination in fitting problems re-

quires iterative procedures and there are various practical difficulties.

The fact that best rational approximations on discrete sets do not always

exist must be kept in mind. Lawson states that he believes that the use of

rational functions for fitting discrete data will largely be supplanted by
the use of spline polynomials. Rational functions have been very successfully

used as approximating forms for some analytic functions, and the algorithms

for computing these fits are well covered in the literature but the effective

design of such approximations depends more upon a thorough understanding of
the function being approximated , leading to the use of special identities and
changes of variables than upon the actual computation of the approximation.
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All of the polynomial parameterizations are candidates for use in rational

function parameterization. There is also the possibility of using continued

fraction forms, however, these are frequently unstable and must be tested for

growth of rounding error in each individual case.

Lawson says Spline forms have been the subject of intensive study in

recent years. Much more work needs to be done to evolve the best strategies

for parameterizing and manipulating splines and understanding the problem
with variable breakpoints. Splines combine extreme flexibility in changing

curvature with the stability of low degree polynomials and linearity of

coefficients (for fixed partition points). They provide a very attractive

approach to general data fitting.

Lawson at the end of his paper makes a few “somewhat random observations”.
(1) He says that he believes that in the realm of advances in approximation
algorithms the development and exploitation of the fast Fourier transform for
harmonic analysis and synthesis must rank as the single most significant

advance over previous methods. (2) The numerical superiority of modified

Gram-Schmidt orthogonalization should become known to everyone and hopefully

should even be mentioned in math texts on linear algebra. (3) The advan-

tages of the Chebyshev basis relative to the monomial basis should become

more widely known and exploited.

J. Hiller in an article “Is Orthogonal Expansion Desirable?” addresses
itself to an examination of the desirability of orthogonal expansion in

identification and a class of sub-optimal control problems. He says that

there is little difference between the orthogonal technique and a method

based on the direct minimization of the (weighted) integral of error squared

or some quadratic performance criterion. He shows that the integral approach

is equivalent to a particular method of matrix inversion. Hiller points out

that the identification problem in control has much in common with the
approximation problem encountered in filter methods applied in identification.

His paper addresses itself to an examination of one such technique—orthogonal

expansion.

Hiller says it is common practice in design and also in signal measure-

ment to determine the optimum set of weighting coefficients for a given set
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of functions of expansion by requiring that the integral of the error squared j
should be minimized. This criterion of optimality is often chosen for no
other reason than that it leads to tractable mathematics whilst satisfying

the rather vague and often subjective requirement that “error should be small”.

Close examination of many approximation procedures reveals that there is often

little reason, other than convenience, involved in choice of criterion of

optiznality. He shows that in many cases the requirement of orthogonality is
inconvenient and in all cases amounts in principle to specification of the
manner in which a matrix is to be inverted. He uses a simple example to

illustrate that orthogonal expansion is merely a particular way of carrying

out matrix inversion, viz., the Cholesky method. Therefore, to answer the
question: ‘Is orthogonal expansion desirable?’ we must in effect pose the
query : ‘Is inversion by the Cholesky method desirable?’ If expansion of a

real function is being carried out in terms of real component functions, the

elements of the coefficient matrix, F, will be real. It may thus be hoped

that all computation will involve only real functions. It has been shown by

Wilkinson (1961) that if F is positive definite and symmetric, there exists

a real lower triangular matrix L such that F~LLT the symbol T denoting trans-
pose. In expansion problems symmetry is guaranteed but positive definiteness

is not. Any attempt to carry out the Gram—Schmidt process on a system de—

scribed by a non—positive definite F may give rise to the appearance of

imaginary elements in L 1
.

Hiller enumerates the following features often claimed (Kautz l95L~) for
orthogonal expansions :

(i) Convergence is rapid and uniform, thereby providing an

accurate approximation for any fixed number of terms •

(ii) The coefficients a0, a1 . . . etc. do not depend on the

number of terms taken.

(iii) The calculation of the a~ is simple.
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(iv) The mean square error is minimized for each set of items.

With respect to the first of these properties Hiller says that conver-

- gence of the orthonormal expansion method will only be rapid if the pole

distribution of the approximating functions adequately spans the pole dis-

tribution of the function being approximated. It is not necessary that the

pole locations should coincide for the error measure is insensitive to pole

positioning provided that the two sets of poles lie in approximately the
same region of the s plane.

The significance of properties (ii) and (iii) depends on the use

planned for the expansion. Property (ii) relates to the additional work

associated with increasing the number of terms used in an expanison. The

main reason for considering the independence of the a
~ 

on the number of
terms as an advantage is the thought that alteration of the number of terms
will involve only partial recalculation. In practice, however, it is unlikely

that this method would offer significant advantages unless either the matrices

were of large order or very fast inversion was necessary in an on-line control

application. The fourth property of orthogonal expansion refers to minimi-

zation of the integral of error squared. This is of course achieved, in the
— 

direct approach.

Peter Swirling in his paper “Modern State Estimation Methods from the

Viewpoint of the Method of Least Squares” states that his paper is intended
f i to be a guide to the subject of modern state estimation from the viewpoint

of the method of least squares , including an exposition of the relation of
this subject to linear filter theory and a rather comprehensive account of

recursive solutions. He says results will be stated, interpreted, and

motivated, but not derived in detail. He states that one objective of his

paper has been to state a number of substantive results which are in-

— 
sufficiently well known or (in some cases) about which there has been a great

deal of confusion. He gives the following examples :

1. Many of the important results, including the fundamental theorems
of recursive state estimation, do not require any statistical concepts or

xvii
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assumptions either in their formulation or in their proof . For those results

which do require statistical formulation, the great majority do not require fi

the assumption of Gaussian statistics.

2. Even when the problem is formulated statistically , there is no

essential difference in the treatment of problems where the state is
stochastic and of problems where the state is non-stochastic or “determin-

istic”: every problem in which the state is a stochastic process can easily

be reforumlated as a problem of estimating a vector of non-stochastic para- •

meters, yielding identical solutions. -
fl

3. Every problem in optimum linear filtering or prediction of random

processes can be formulated as an exactly equivalent problem, yielding 
-i

identical solutions, of estimating a vector of constant parameters by the

method of least squares.

4. For purposes of deriving optimum recursive solutions to linear

filtering and prediction problems, it is unnecessary to make several

assumptions regarding the state equation which have been widely thought to

be necessary. -

Swirling says his second objective is to present a self contained and •

comprehensive development of the subject from a viewpoint which differs from, -

and is greatly superior to, the conventional approach. He says one may dis- 
-

tinguish two approaches which have been employed ~n developing modern state -

estimation theory.

1. An approach in which the basic problem is taken to be optimum

linear filtering and prediction [here Swirling references Kalman and Bucy’s 
- .

paper].

2. An approach in which the results are developed as elaborations of -

the classical methods of least squares [here he references his own paper). -

Swirling says that most workers in the field have started from the

“linear optimum filter” viewpoint, .. .that the superiority of development .- fl -

from the method of least squares viewpoint is evident in two respects. First 
-

it easily avoids various widely prevalent confusions regarding the previous
four examples (six stated in paper). All of the points of those examples are

rather obvious when the subject is approached via least squares, but several

i-_I -~
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of them have proved difficult to grasp from the other viewpoint. Second,

he says, the development from the method of least squares viewpoint leads
directly to much more general results. As an example very important in

practice is the treatment of recursive solutions to non-linear problems

which constitute the majority of practical applications. He says that it

is well known that the algorithms resulting from the “optimum linear”

viewpoint are not directly applicable to non-linear cases but must be mod-

ified or “extended” to be made applicable; these “extensions” he says are
just the algorithms which result originally from the method of least

squares development.

The last (16) sections present some continuous time dynamics for linear

stochastic systems. The matrix Riccatti differential equation and adjoint

dynamical systems are introduced. It is felt that a conceptual understanding

of both the continuous and the discrete time processess should go hand in

hand. In fact the design of multi variable digital filters could benefit

from the aid of understanding how corresponding continuous filters behave

(of course where one does have an analogy). Many mathematical operations

can be built into special purpose hybrid computers or mini’—computerS~ some of

which are or can be analog devices.

As an example of the state vector techniques consider a three dimensional
position vector with rectangular coordinates in time-varying body-axes, an

ortho-normal base,

~(t )  [~1,~ 2,S3
(t)] 
[xi

(t) ~ ‘~~(t) x(t~)

1x2
(t)

b(t) -

and assume that each of the three coordinates are approximated by a d-dimen-

sional set of fitting functions, that is for constant parameter (a

x.(-t) = a f(t)

i = 1,2,3
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or 

x(t> = A f(t>

3xd

and

~(t) =~~~
(t) A

Taking the time derivative

where the velocity of the body-base vector is - I
- 4 

= ~ Vb(t) j
and the velocity of the fitting—function base is

f(t)> = V
f 
f(t)�

Hence the velocity vector becomes

4(t)[V~
(t) A + A Vf]f(t)>

3x3 3xm 3mm mxm

The last few years have seen the emergence of a number of papers applying I
Spline functions to the trajectory estimation problem. These functions appear

to be very good for post-flight processing where computational speed is not

of prime importance as in real-time trajectory tracking. The bibliography

lists a number of these spline publications.

For the real time applications one would expect the Walsh functions and -

Block-Pulse functions to come through in the lead from the standpoint of

computational time. These functions are discussed briefly in section 40. 1
They are natural functons for digital devices and have enjoyed much success
in communications theory and in two-dimensional filtering. }

t fi
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Section 1
SOME VECTOR-SPACE METHODS FOR CONTINUOUS FUNCTION THEORY -

fl

This section appli es some of the vector and matrix and dyadic anal-
ysis techniques from matricized Gibbs vector analysis methods. Since
polynomials are vectors the base elements are separated from the coordi-
nates and many operations are performed between rows and columns of
the base fitting functions. Inner products between functions, and
matrices of inner-products (or metric matrices) are used .

Orthogonal and orthogonal-complimunt projectors are developed and
applied to the recursive Gram-Schmidt process to obtain the orthogonal
polynomials. The notion of polynomials in a given base and their coor-
dinates in the “dual” or reciprocal base are introduced early and very
naturally. The inverse of the Hilbert matrix is consti-ucted in terms of
the triangular Gram-Schmidt factors. The “weighted Gram-Schmidt” pro-
cedure is presented from the point of view of a Gram-Schmidt process in
oblique bases with a symmetric metric matrix as weights.

Two parallel Gram-Schmidt procedures are shown, one for a continuous
interval and the discrete analog for a finite set of points at which the
fitting functions (base elements) are evaluated.

Consider a function x(t) expressed as a linear combination of a set of
fitting— functions f0(t) ~ 

fd_l(t)

x( t) = ~~~ t) a(t~~~ = 

~ 
f .a~ (1)

where the r~~- tuple is

~Z~j~t) = [f 0ct . f 1(t) ... fd_ l (t)
]

and the column- tuple is

a(t ) (d> = [a O (t ) , al(t ) ,
~~~

.a
d l (t ) ]T (2 )

In general we will consider a(t)> to be a constant vector . The product
of two functions can be written as

x1
(t)x 2(t) = 

1
< f(t)> <f(t) a>2

1



- -

and the inner-product as 
- -

[xi(t)ix.~(t)] = ft x1(t) x2(t)dt -

tb

- fl 
where tb ,  and tf refer to the back and front of the tinia span. -~~

-

- 

= 

<ft 
f (
~~~~4)dt]> 

(5)

-
~ [xi~

x
2] 

= <~ 
M~~ (t~,t~ ) a) (5)

where the dxd matrix is
r

~ff (t 1t ,) 
= J~ ( ) [~0~~ 11 

...
‘ 

fd_l (t)]dt (7)

6

and will be referred to as the metric-natrix. Note inner-product yields
a scalar. 

- -

~ie also have the- norm or distance function

rrtf 1½ - . - .

Ux U ~I x2 (t)dt ( . 
(~~~) - -L’t~~~i0

If the metric-natrix of (Equation 7) is full rank (non-singular) the
set of functions are linearly independent and fror.i a basis , x (t ) is c~tlied
a vector and a~ the coordinates with respect to the base.

5~}2

~‘1

- -4
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The dual base is given by

Ct) <~~ t) ~1f~~(t~,,tf) (9)

the set of bi-orthogonal. functions , since

i f~ 
? (

~~~~ > <fit) ~~~~ J f~~ ><~~t) dt (10) -

where I is the d square identity rnatrix. As an example of the utility of
this concept suppose one is given x(t) continuous over ~the interval and
asked to find the d coordinates by integration (analog computer) then

= 

[1 

f(~>(1~t)d~~ 3> (11)

and 

= Mff (12)

>a 
&4ff f~ 

f(t ~~~ x(t)dt  . . (13)

- 

The solution of (Equation 13) assumed we have !nowledge of the f i t t ing
functions and can generate them.

3y ~~uation ~9) in Equation (13)

= f ?(t~~~ x(t)dt . (14)

3

- - 
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The discreet approach is interesting to note. Given the function values
x(t0),x(t1), ...,x(t~~1) for k>d time points, we have

x(t0) ~~~0) 
- 

-

~~~~~

x(t1) c1~1) 1
x(t2) ~~ 2) a~~~ = F a ~~~ (15)

X(t k l ) —1)

T LI~!ultip ly (Equation 15) by F and

~~~ (16) LI
and 

‘F~~~ => (17)

The dxd symzietrix matrix is 1
FTF = [ f (c)~~. ~~~~~~ 

~~~~~~ 
~~~~~~~~~~~ 

- 

1

r

4~l)

a f (~) ~~~0) + £ ~~~ ~~~1) ~~ 
• .  . + f (1; -1)

= £(~ c )  (1~3)

- 
- 

p

4 
.3
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Equation (18) is the discreet analog of the metric-matrix of Equation (12),
H - 

thus one is lead to a matrix inversion either through integration or dis-
creet rank-one (dyad) summation. -

By Equation (17) we can write -

a~~>= Pt x~~> - (19)

and -

a ~pTpy lpT 
~20)

where the generalized inverse, psuedo in~ierse or (dual bases , in sense
of column space vectors of F are a base , then row space vectors of P~are reciprical , or biorthogonal) etc. for 

- 
-

F~~P = 1  (21)
dxk kxd dxd . 

-

when P is full rank. 
. .

The commute of Equation (21) is a symmetri c idempotent index two
projector. -

FF* = ~~~ (22)
kxk 

-

and -

. 
. (23)

The orthogonal complement projector is -

- 

I — P = P  (24)

and 
fi 

-

P = P  
- 

(23)

and

? P = O  fi 
- (25)

-
~ 5
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‘Jsin; Equation (l~.)) in ~quation (15)

- 
fi (27)

a~id Ii
- 

~> a>  
= (I_r)3> = > (2C)

T~c continuous— function analog of Equation (27) is oL,tained by using
Equation (14) in Equation (1)

x(t ) a ~~~ t) J f ~(t~ x(t)dt (29) 
- 

-

x(t) = <‘Ct) f(t)> xCt) .!t •(30)

~he ana1c~ between ~auation (27) ~.nd Ec ’uaticn (30) can ~e sharpened
using a natri:e~-rcprcsontationS of Cibbs dyads. -

Using bars over-vectors to nean the old- fashioned vector ai~alysis of
i~~cloadean real space, o~bed Zqu.ation (27) in a particular ‘asis :h iCi

is c~ lique , ttat is the nctric (w.lere dot is iunor-~ roduct or dot pr’duct)

6
- fl ,

~
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a c1.e1 ‘ 
- (31)

‘ ‘ -

and the duals or (rcci~ icals)

— l 

-

- ~~~~ . 4. I - 
(37)

‘ulti~~1y !~quat±on (27) by 4 or -

(34)

rsc ~q!!ation (33) in Eqnntior. (~4) -

(3F)

(3~)

a 
3 > 1  ,::~ ~ + ... 

(~~~7)

~~~ t:.~ °peritor th t:~~ ~~ its dua I ase is

- 

7
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~ - ,

~ ~>=d~FF* 
~~~~ (38)

~he double bar is in analogy to Gibbs use in three space for a base -

i,j,k 

.

i i = i =  (~~~~j, k) 

(
1) 

(1,00) 
(1)

(39) ~~~~

n a  (
~J,~~ ) f 1  a a \  (~ \

(0 a a 
~ J

- - \ o  a o / \ k I

etc .

If we now re lace the bracketed-looking symbols of Equation (4) for inner -
‘product by i we have

It f
a J x1(t) x2 (t)dt . (40)

- -

and Equation (29) becomes 
- ii :-

,
r ‘

~
x(t) = p(t) ~~ x(t) (41)

where the opera tor p(t)  is j

p( t )  ~ ~~~~t) ?(~~ (42) 
LI

I

8

LI-
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© ~~ (t) I f~ 
?~~~~~d~t)dt (43)

is analog of Equation (33) .

1~~~~ *ii
~ZI ¶~1~ (44)

that is the operator whose matrix is the identity matrix in all bases .
Note the bina~~ operator ~~ of Equation (~l~ operates on the two ad-
jacents, on the left a package of vectors and on the right one vector.
The Gibbs analog is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (45)

(46)

where 
-

a e1~~~x (47)

-~~~~~~~~ -e2 .x

-a -ek • 
x

and by Equation (41) and Equation (42)

x(t) a p (-t ) ~~ x(t) ~~~~~ Lf~t> ~~ x(t)J (4~~
(t~ •

a 4(t) J f c~~~x(t)dt (49)

9
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As in conventional vector analysis any invertable linear transfommatjon
yields a new basis say

. <~(t) TfL(t) (50)

and

<~~t) a < ~~~~t) T~~
1 

- 

-
- - (51)

Where the dxd matrix can be time-varying or constant.

- 
For the constant matrix case -

ft f
j f

a (~~~~~~~t)dt - T - 
- (52)

or -

-l f
TfL 

a Jff - f(~~>~~~~t))dt . - 
- 

(53)
tb

- 

- Tft a ~~~ Mf2 
- 

- 
- 

- 

(54)

where -

a J ~~~~~ 4~t) dt (35)

The connection between the two metrics by transposing Enuation (50)
for constant TfL ~ 

-

or 

J>~ .(dt a T
~& J><dtS TfL 

- 

~a L Et

- 
- 

-
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- -

- 

The coordinates of the vector in the two bases likewise is - 
- 

-

x(t) • ~~~t) a~> a <(Ct) 
~
)>

‘ 
- 

- 
(53)

Using Equation (SO) in Equation (58) - -

<~(t) a)~ a <~~(t) TEL 
a~> - (59)

or 

a>aTft > - 

- 

- 

- C60)

If the- transformation matrix T of Equation (50) is rectangular instead of
square say of size dxg - 

-

~~~~Z(t ) — ~~~~f(t) T 

- 
- - 

(61)
- dxg - - - 

-

then Equation (57) becomes - 

- 

- 

-

- 

— T~ Mff T 
- 

- 

- (62)

gxg gxd dxd dxg 
- 

- -

— 

and the rank of is less than or equal to the rank of ?~~ (depending 
- 

—

on rank of T). Ir ~~ aiid T are of rank d and g-cd then the metric m atrix
-~ 

- 
. ~-!U. is fulirank and invertible , or form a basis for the subs~ace of

dinension g. -

As an exami’le consider Eauation 
- 
(61) and

~f& J
t f 

E~~~~~~~t) ?!C~~~ 
1’ 

- - 

(63)

dxd dx g

- -11 - 
-

~ 
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The matri ces and are -

— J
tf f

0L0 . f
0
Lg..1 

-

~~~~ 
- 

dt (64)

- 

and 

- 

~ct..i
t0 • . . 

-

- 

— 

t~, f0f0 f0E1 . . 
~ ~o~ — i - 1~Er 

tb : dt (65)~~

k - 

~d—l ~ O - 
. . . - f~_ 1(t)

H 
-

- 
-
~~~~~~~~~~~~~~~~~~~~~~~~~~~

.

and called also “moment matrices” or matrices of inner-products.

Consider the exact vector partitioned 
-

x (t) (~~~~1)f , ~~~ 2)f ~ (
~ ~ ~ ~~~ 

+ Xr(t) (66) ~

H 

- 

- - - 
I

- where -

d .d
1
+ d , - (67)

- Li
and the remaiudgr x (t) is

- Xr (t) — <~~)f az>. 

- 

(68) J

12 -~~
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~
‘

If we are given x(t) and the first 
~i 

fun ctions and seek to compute
a
~> the best we can do- is to approximate the d1 -victor , for

x( t ) dt a 
[J’~1~~ dt]> + 

f~~~ , X C t )  dt 
- 

(69)

- 

~~~~~~~~ 

X (t)dt 
- 

(70)

and since is unknown we can’t solve for a))j .

Iihere the sub-metric Hf £ 
- - 

-

~~~~1s 
-

f (~‘) ~~ 2C ? z : f d~] =[ 
— 

f1f
2] 

(71)

The discrete-analog problem by’ Equation (66) is

x(t 0) -
4 (t) 

- 

2< (t
0)

x(t 1) ~~ (t 1) 
- 

2

< 
(t1)

x(t 2) — : a~ ’ (72)

.

x(tk ) c
~((tk) 2<

- 

13 -
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-
n 

- 

- 

-

or }
~~~ — F 1~~> +F 2~~> (73)

and 
- 

- 
-

F~ 3::> • F1
TF1 j::) + F~ F2 3> - (74)

or - 
-

a~> — (P’
~F1)

1 
~~~~~~ - F1

aF2>  - 
- (75)~~

and if > is unknown we can not solve for 3> . 
- ,

We can approximate >~ and will show for both discrete and continuous
case how one approximates 

1
in two different ways, Ci) algebraic or orthoginal

projections and (ii) partial derivatives. Consider the discrete case first. -

By Equation (66) let 
- 

- 

-

= ~(t) + i(t) (76)

= x (t) ÷ x (.t) (.77)
where - 

-

X (t)  = (t) 
- 

(78) L~

:: ~(t) - ‘~~~t) ~~~~~~~~ 

- 

-

i(t) — x(t) — ~(t) 
- 

- (80)

14 
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By Equation (76) and Equation (77) we have 
fi

x(t 0) 
- 

~(t0) 
- 

i(t0) 
- 

X ( t 0) 
- 

x (t0)

- 

x(t 1) 
-

- ~(t1) ~ Ct 1) X ( t
1
)

x(t 2) — - 
- — 

• 

+ (31)

S S P

x(tk) j ~~~~~~~~~~ ) 
- 

x(tk) 
- 

Xa(~~) 
- 

Xr (~~)

or in k+l space 
-
‘

FIG!’flE 1 VECT9P T!Th’N( LE

15 -
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If w e select to lie in space of or 

- 

- 

- 5
x>a~~~~~

A i (82)~~

or -

- 

> a
A X

> 
- 

- 

(335 J

- 

a +4 x~~ 
— 

- 

(84)

Se1ect~~~~ perp to~~~~ u))X hence - 
h - I

(85)
S,~X3~

or 

- = 
>a~~~~~ 

fi 

- 
(86)

(87)

But is not known hence we camio~ compute ~~~ by Equation (86) which 

- 

-

is the orthogonal projection of the only known vector x
~> onto the one- -

dimensional unknown space spanned by 
~> .

If we solve Equation (81) for the approximation error vector then

-> - 

(88) !

16
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~

and

and taking the partial derivative with respect to the vector -

~ 4 ~~~~
. -24 + 24 -4  - (89)

or 
- 

• 

(90)

Clearly Equati on (90) minimizes the approximation error vector for it
is exactly zero, that is 

- 

fi -

• . (91)

~iowever the vector
~~> 

is a k-.~1 dimensional vector and by Equation (78)

x>  — (92)

We assi~ue the -time points and the functions <~~(t) are known, hence F1
is known and

~~> has on ly d
1 

c k unknowns that is ac3>

If we use Equation (79) and Equation (92) in Equation (81) we have

— ~~~~~~ + F2 
~~~~~~~ 

F1 ~~~ - 
(93)

k 1x 1 
-

Partition P
1 
into its coli.mm space

FL ~ 
~~~~~~~~~~~~~~~~ 

)
~ 

‘ 
S (94)

k 1xd1 1

of d 1 .rtea:~~’ i~der-ert~er.t vectcrt~ as s~ c;m in ~iLr~re 2.

17 
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~~~~~~~~ 
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~~~~~~~~~

and by Equation (96)

~? ~~~~ 
(98)

~ihere the psuedo inverse is

F1~ 
- (~~T~~) -l~~T (99)

d1xk 1
The ap~roximate vector is

- 

— F1 a(d~~~ = 
~~~~~ 

(100)

hence ~> is the orthogonal projection of the given dat a vector ~> onto
the subspace of P

1 
for

:~ 
- F1F1~ - P

2
ff 

- 
(101)

also

— 
a (102)
d1xd1

- Using Equation (100) in Equation (81)

F
1~~~~~

+~~~~ 
(103)

— P f f  
~~~~~~~~~~~~~~ (104)

19
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•

~~

1

we have
-

~~ ~~=> 
- — (I~P)~~~~ (105) —

or 

~~~
, Pf f>  (106)

Note that the rank of P
f ~ is d1, that is
1 ~1

p Pf f  — p(P1F1
m
) — tr (P1F1~) — d1 (107)

~‘l~~ l (k1xd1) (d1xk1)

t~ie rank of a projector oquals the trace of the projector, for

tr (p
1
p
1
K
) a tr + = (108)

+ + • • • (109)

a l +~~~
..+ l

=

Note that the k+1 square mat rix (projector cf Equation 27) has rank d;
~;hereas the (i~+l) square projector of Equation (100) has rank d

1 
-c d.

— Zy Equation (~ 3) we see by nulti~ 1~ ing by F1~

+ F
1~~~~3:~~~= ~~~ 

- 

(11~D)

20
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,
1

-~~~ since

p
1 

P ~~~~~ 0 (111)

- 
for

r1~~r = o  (112)

and the error in the approximation of the paraneter vector 
~~~~~ > is
1

— 

~~l F2)> (113)

~ARTL\L ~SE1~IVATIVE SOLUTI ON (DISCRETE C/SE). The partiaL derivative
- of the inncr-t- roduct of the error vector of Equation (93) is

X)~~1t~~~~~~_ L l~~~~ (114)

(115)

cZ~~~~~~~~
a
~~(x~~~~~~

_ 2 x F 1~~~~~+ (~ F1
L F1)~

. (116)

or

________ — _2~~~~ F1 + 2~~~~F1~
F
1 

_
~~~~
Z( 

- 

(117)

~~~ 

or 

<(~~ T~~ )_ 4~1 (118)

-- 21
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—

and

<~~~
a <~~F1 (F1

TF1)
l (1l9~

which is the same as Equation (98) solution obtained via algrbra.

ALGEBRAI C SOLUTION (continuous case)

By Equation (66) and Equation (76)

x(t) — XaCt) + Xr (t) — ~(t) + ~(t) (12C

and analogy with Equation (82)

~(t) — Xa(t) A (121)

1~
fX (t) x(t) dt — A Jx~ (t) dt

or

Ix Ct) x(t) dt 
-

~~~~
_ , a (l2? ’ .

Ixa2 (t) dt

~:here

or 

J X a X(t) a 0 — f~(t) X (t) dt (l2~~

i(t) — X a(t) J xa(t) X(t) dt a P x Ct) 0 x ( l2 - .~

- fx a
2 (t) dt

I!
22 .1
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Which is the analog of Equation (87) ; but since X&(t) is unkn own as before
we can’t coripute ~(t) in this manner.

PA1~FIAL DERIVATIVE (continuous case) .

By Equation (120)

~(t) — x(t) - ~(t) (125)

and if we attempt to duplicate Equation (89) we have

(t f 2x(t) ~~ ~ (t) — J i (t) dt

(t ••
- J x(t) - ~(t) ‘dt (126)

and to take the partial derivative of Equation (126) with respect to ~(t)

T~(t) i(t) ([) ~(t) — T~(t) f f  [xCt~ - i(t)] 2dt (127)

Using Equation (79) for ~(t) , Equation (126) becomes

- I~ ~~~~~ 

- i~ t)~~.12dt (128)

— ft f 
E2 C - 2x(t) ~~~ t) ):::~ + ~~~ ~~ ~~~~~ j d t  ( l 2 D)

23
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Taking the partial derivative with respect to the constan t vector
we have - - 1

(~ (t) ~~ ~(t)) — f~ [_~ (t) ~~~ (t) + 2 ~~ ~> 4]dt (130)

Equa ting the above qra dient to zero we h ave

t f t
-2 Jtb 

x(t) ~~~(t)dt +2 ~~ f f(t~~~ ~~((t) dt ~~~~~ (131)

or 

4a ?!j~~~ 

f 
x(t) ~~~~(t)dt (132)

-
- and using Equation (132) 1

~(t) - ~~~(t) ~~~ - ~~~ (t) M~; J x(t) £(~~~~~ dt 
- 

(132)
tb -

~ (t) - ‘~e(t) f~ x(t) f(t> dt 
- 

- 

(134)
tb

Equations (132) and (134) are the analogs of Equation (119) and Ecuation
(100) .

— 
ALGEBRAI C SOLUTION. ~ie can sole for the paraneters t;ithout the

partial notion, thus

x(t) - 
~~~~t)> Xr (t) - ~~~~t) ~~~ + ~(t)

24 -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— -



Taking the inner -product of x (t) by ? Ct)> -

J f’(t~~~ x(t) dt [J~ ?(t ~~~ ~~~
(t)dt1 a~~ -> (135)

where -

~~: 

f*(*~~(t)dt a>  -

and

- 

?(t~~~ — I~!f f  f(t~)~ C137
: 1  1 11 1 -

and -

- 

J ~~~~~~~~~(t) dt - I  , - 

- - 

(138)

that is , 1~iorthogona1ity in the subspace. -

The parameter—vector error is

- - _J f~’(t> ~Z~ct) 3~ 
dt 

- 

- 

- (139)

fi 
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or 
- 

- 

- 

-

— 

~~~~~~ ~~1f2 ~~~~~~~ - - 

- 

(140)
d
~
xd1 d1xd2 d2xl -

uhi ch is the continuous analog of Equation (113) .

LINEARLY DEPEN DENT FIT~I~ C FUUCTIOMS. If the fitting funct ions are
— linearl y depedent or if one performs the transformation of Equation (50);

~here

<~~L(t) — <Z
~~

f
~
(t)

à~g - 

(141)

wnere g’d and <~~t) are linea rly independent then

~~~ t) — ~~~~&(t) T (142)
- gxd

since — -

T f - I (143)
d(g)d dxd

and the cann ut e is the project or - 

-

TCT — — ~2 
(144)

gxg

The psuedo-duals of Equation (141)

- 

~~~~~~~~~~~~ (145)

26
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-
~~ T

~~~ (dt T 
- 

- 

(146) 

- 

—

CtJ <~ (t) a T”T - 
~T”T (147)

The psuedo-metric of Equation (141) is

f L(~~><~~t)dt — 
~
TLL~g~~ ~~d g 

(148)

- and the psuedo inverse of th~ metri c ,since the right hand side of
Equation (148) has three full rank factors ,is -

- Ti’ - -

1L1. — T liff T 
- 

(149)

A psuedo-siinilarity matrix relation. 
- 

fi

~e can now express the psuedo-dual of Equation (145) as

£1> — ?1 J> (150)

- - uEI~ -rrED INNE R PR0D1~CT. If we use the standard notation for inner
procuict following some- of the techni ques of Erdelyi (for real functions
of real variables) -

— f(t.,d) 
- - (151)

where t is the “polynosivina l argtanent” and d is the degree of the fitting
functions , and a weight w(t)  which is non-negative on the interva l
(tb, tf) ,  we may ass oci -it e the inner product

27
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- -

ft f 
-

(fd1
(t), fd2

(t)) a J fd1
(t) fd,(t) w(t)dt . (152)

tb -

if

fd1
(t) — 1 and d1 — d2 - (153)

then
~t £

w(t) > 0 
- 

- (154)
) tb 

-

is the standard requi rement on the weight functi on. -

Package wise one can extend~~j 
scalar product to

(f (t~~~ , ~~~~ t)) f w(t) f(t><(t)dt - ~t~~
(tb , tf) 

- 

(155)
tb

hence on a base or a system of fitting fun ctions one can consider (alias-
alibi concept) a base change occurred .

The teminology of the fitting functions f(t ,d) and base functions will
be used interchangeably. - -

Clearly the weighted metric of Equation (155) can be considered a base
change

<~~t) — <~~(t) w(t) ½ 
. (156) - ,

If the metric matrix of Equation (155) is diagonal the sys tem
or set of functions (bases) are said to be orthogonal ,; if the matrix
is the identity the system is said to be an ortho—~prvia1 syst~~ , that is

Mti (t it2) — D (diagonal) orthogonal - 
- - (157)

— I crtho—n~~ma1 (158)

28
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Every ortho~ona1 syste~i can be normalized by replacing

td (t) - 
- 

-

L(~) — — - 
- (lS~3)

du I l t d H 
-

where
- Et 2 

½td C t ) I l  - LJ~1 z~(t) d~ . 
-

~~ (160)

tlc~cnt-i:ise the orthonorrtial condition of £quaticn (15~ ). Ls

(f
~(t) , f~(t))a [0 if i 

~~ fl - . 
- 

(161)

L~ 
i~ i = i J  

-

~-:e find alias, alibi confusion in effect in the standarc1 litt~rature
of linear vector spaces when the base vectors are surpressed and a vector
is represented as a cohatn vector or tho trazispose as a row vector. Consider
the equat ion

— (162)

i- here (1) ‘~.> can be the sai te vector Cor point) ~-:ith coordtnates i-n -a no~-~base, or (2) 
~~> c~ t be a diffe rent vector, the iragc of under the

t nsforriation ~ as shown in Pi~ure ( 3 ) ,

29 
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- FICTJP.E ( 3 )  - 

-

This ambiguity can be eliminated by computing the base vectors as in
Equations ( ~i) t:trcu~h (

11.9 ) ,  ~it :~ the added ad van tage ‘~hen derivatives ~retai~~n ~-it:i respect to dyn amical bases the matricizod—dyadic representations
- of (~ibbs retains order instead of confusion as in the classical tensor an~’1ysis.

- The n-tmle representation also requires pul ling a sup~r~ssed mptr±c- -~trix
out ef the hat ~;heu one ‘iants to introduce di fferent inner—products ; for

- exarple given t-1o colunn vectors and , (in an oblique base), the
inner product is

- 

~1Z~~
(
~ 

~~~~~~~~~~ 

(x ,y) (1C-3)

and lengtt i~ -

- Hx H — (154)

In ctercspace s’ster.s analysis ‘,roblers the explicit relationshiDs
between vectors , bases, etc. can be si~~ lified by explicity o~erattng on
t :~e bases instead of supressing ther “ore on this there II i l l  fo11o~: ‘~hen
the bases -tre po 1yno~ia1 functions etc. For developt*ents ~ -~en the’ vectors
are the classical (

~ibbsian vectors of classical physis see references
(69 
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SIHPLE SETS OF POLYNOMIALS. Throughout the report the definition of
Rainville (page 147) will be used . A set of polynor~ia1s {fd(t) } ;d— O , 1 , 2
is called a simple set if fd(t) is of degree precisely d in t so that the
set contains one polynomial of each degree. One immediate result of the
definition of a simple set of polynomial is that any polynomial can be
expressed linearly in terms of the elements of that simp le set. T’~ainvi1leproves the following theorem (not proved here).(73)

ThEOR~M. ‘~ {fi(t)} is a simple set of polynomials and if x(t) is
a polynomial of degree m, thei~’e exist constants Ck such that

x(t) = ~~ C1~ ~~~~~ (~~~)ka0

where n~d.

ORTH0(~ONAL ~OLYNOMIALS, VECTORS, AND MATRICES, VIA GPAHM SCHMI DT ANI1
TRI AN GULAR DEcOMPOSITIONS. Th[s section wiilfionsider some procedures for
taking any set of vectors and obtaining an orthogonal set . In some cases
the vectors are polynomial vectors as linear combination s of base polynomials
that is -

x(t) = cZ~~~t) ~~~

where x(t) is a vector, f1(t), f2(t) .‘. are considered vectors, The set
of vectors lead to symmetric “metri c” matrices. Hence considerations of
Gram -Schmidt and related orthogonal procedures for matrices is part of
the same considerations . flather than restri ct the vectors to be polynomials
or classical Gibbsian vectors of Equation (31) through Equation (48) the
inner-product symbol wil l  be at times taken to be (~), and arbitrary types
of vectors designated ~ith a single bar on top.

CRAM-SCHMIDT ORT’IJOGONALIZATION is a classical mathematical technique
for solving the f~IT~~ing pr~blem: _ C.iven a -sequence of vectors (linearly
independent or linearly dependent){f 11~ 2,~ 3, •‘

~~ ~~} produce a mutually
orthogonal set of linearly independent vect9rs { 1,s2 , 3, ... sg~ where
g~d such that for k=l ,2, •.‘d , the set U11f2,~ 3, ••

~~ ~k } i-~aving rank £
where t~k spans the same i-dimensional subspace as the mutual orthogonal
set ~~1, 2 , ~~~~ ~}(having full rank).
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Conside r the case where the set of vectors 4f is full ran k hence
forms a base, then for any ful l rank matrix B we have a new base

(165)

we have a2 free choices for the coordinates of 4 in the ( base as
entries in the B matrix (subject to condition B l  exist) . If we desire
a new base such that the connection matrix is triangular we ar c constrain-
ing (d2_d) of the new coordinates to be zero , or

2 ~~~ 

~~~ :11 :;: :~: : : : (166)

o 0 b~ 3
o 0 0

0 . .

o 1) . . . O  b~~ A -

or

2 1,~ 2 • f 3, •
~~~

• 
~~ 

h 1 (167)

0 1

~~ 

(f 1,f2, ‘ ‘ ‘  
~~ ( 

~~~~ 

(16R)

: 2

etc . —
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Transposing Equation (165) for triangular BA

(169)

and forming the symmetri c matrix of inner-products

or 
T 

= B~ ~~~ ~~ (170)

Mbb = BA ?lff B~ • (171)

V 
Now a symmetric matrix can have (d2+d)½ independent entries. I~ we put
the further co~straint that the symmetri c metric-matrix be diagonal , that
is that the vectors of Equat ion (16~ be orthogonal we have d (non—zero)
choices on the main diagonal ; and the remaining upper triangular entries of
Equation (166) are uniquely determined.

For example there exist many 2x2 upper triangular matrices BA of
Equation (166) such that BA ~z upper triangular and full rank and such
that the ~ew base vectors are not orthogonal. Suppose the metric
of the vectors is

- 

Mff = 
( 1  

C0S300) (172)

cos30° (_~)

as shown in Figure (1) 
-

-

~

- 

FIGURE 4 UNIT BASE VECTORS
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and construct the new base as

b1
.2f

1 - 

-

(173)
b

2
— 2 f

1 + f 2

or -~

~z(2 ‘(
~I 1~ 21 

= (174) 1
L0 ]J

then the metric of the 4 bas e is 
-

• ~~~ 12 ol 1
1 (‘.300 [2 21 (175)L2 ‘i LC300 1 L o lj

or

Mbb r ~ 2(2+C30°~ (176)

L 2 2~~
30o

~ 
5+4C300

J

which is non-diagonal.

Note that in Equation (174) we assigned the four values to the
triangular matri x B.

In general for the 2x2 matrix we have -

4 = ~ b~~ 1 (177)

[b~ l b~2j

LI
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on four choices of bjj ;  the triangular constraint

. 0 (178)

leaves 3 free choices for the BA matrix , or

and 

‘

~~~~~~~
‘
~~~~~~~ ~~~~ :~ 1 

(179)

Mbb {b ~ l 0 1 [g 11 g1 2j  b~1 b~2 (180)

1 2  2 1 1  I 2Lb5 2 b .2j ~~l2 g22J ff 
0

(181)
1 2  1 2— g11(b.1) b .1(g 11h .2 +g 12b.2)

b~1(g 11b~2+g 12b~2) (b~,) 2g11+2(b~2b~2)g 12+(h~2) 2g22

where we are given

TMff = 
[~ ij  ] ~ (182)

the f suhscrips supressed.

Let the graminian matrix

Mbb = 
[8ij]~~ (183)
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The di agonal constraint or Mbb, equating off-diagonal elements is

= 0 — ~~~~ a b~ 1(g11b~ 12 +g 12b~ 12 ) (184)

or(clear ly b~ 1 cannot be zero)

0 • g11b~~2 +g 12b~2 (185)

or
g12 2b ,2 — — b .2 (186)

(clearly g11 ~ 0). For full rank b~1 and b~2 must be different fain zero ,
hence by Equation (186) b~2 can be zero only when ~~~~~~ or the base is
orthogonal . Thus the constraint of Equation (184) plus the constraint of
Equation (178) leaves two fre e choices of coordinates in the b matrix ,
namely b~ 1 and by Equation (185) b~2 (or h~2) when Mif is non-diagonal -the
case of interest .

We thus have ( ~~~~~~~~ 4)
~~~~~~~~~~~~ 

h~ 1 !~ . b~2 (187)

0 2 g

which is a fw~ction of b~1 and b~2, and

~~~~~ ( d 11 0 (188)

0 d2 2 /

36
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or by Equation (187)

2~ 2 
• ( 189)

The vectors are orthogonal , the only unspeci fieds are their magnitudes.- .  If bJ 1 and b?2 are chosen the magnitudes or d11 and d22 (squares of magni tudes)
are uni quely determined . Likewise if the d11 and d22 are chosen the unique
upper tri angular matrix 8g can be determined .

For a full rank set of a~d 4 t~e Gram-Sc hmidt constructions pro-
cedure that is for all subsets (f 1, •.. f~) and (j 1,g2 , ... g~) for
£ a 1,2 , ... d span the same subspac es quantities one can also write

- 

f1
_ f. 1 g1 a lt::z:~ ( :~)

-

~~~~~~ 
. ( 190)

a f~~ ~l + 

~~2 g2 - 2

(

~~~~

2)

/ ~~d

A
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or

p
A (191)

By Equation (189) in Equation (191)

— 

I 

~Z~~
= g FA = K ~ (192)

or

Bg FA — I (193)

or 
-

FA =c ’ . (194)

By Equation (190) and (194) we seee that the inver se of the upper
tri angular G ram -Schmidt coordina ~~ matrix is also uppe r tri an gular ,

As an exercise one can show that the Bg matrix of Equ ation (174)

Bg - [2 21 (195) H

L° 1J
has the invers e

= 
[¼ _i] 

- 

(196)

Transposing Equation (191) using ( 194)

= B;~~~~~ (197)

and forming the syi~setric metric

~~~~~~~~~~~~~~ (198)

38
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or

Mff - cB;
l) TDCB;l) (199)

Mff = F~ D F (200)

Hen ce the full-rank metri c matrix is congruent to a di agonal matrix
where the di agonal matrix D is

g> CD = Mgg = d11 0 0 (201)

0 d22

ddd

The symmetri c “metri c matrices” or matrices of inner-products of the vectors
with themselve s are called Gram matri ces 1 moment mat ri ces etc. The matri ces

• Mf f,  Mbb and Mgg are positive definite since they represent inner-products
(reals) .

Positive de finite. A matrix M is said to be positive de finite if for
all non- zero vectors ~ or>

• - > 0 (202)

where > is greater than symbol , also written in mos t texts books as

X M X  > 0  (203)

where x is unde rstood to be a column vector and superscript T is transpose,

Wendroff proves a theorem on page 126 of his book (stated here but not
proved since Most of theore ms become geometrically obvious) . (89)

ThE ORE M. If 11 is syimnetr i.c matrix and positive de finite ther e exists
an upper tr iangular matrix U such that

M = uTu (204)
39 
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Clearly if we partition the upper triangular mat rix U into its column space L
(205)

U u~1 ~~2 U~3 , • • U~~j ‘[
~~~‘ ~~ ‘~~~i~~~]

0 
~~2 ~~3 ‘~ d

0 0 u,3 .

• . .
,1• . . .

• . . S

0 0 0

and transposing Equation (205) into a column of row vecto rs

T 1
U u (206)

.
• d~~

Using Equation (205) and (206) in Equation (204)

M a uTu a z(u ~~~~ ~~ • . . (207)

40
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Define th~ row of Gibbsian - type vectors (not n-type column vectors)
as

(u 1~ ~‘2’ “3’ U~~~~) — 4 u
- = 

4~~~
l, 4 ~~~ . . •‘~~ 

( 208)

and transposing Eq (208)

ii> • (209 )

- T - T -~~ -
U

2 
= U  e2 = U e/

where the background base i~
. = I ( 2lc~)

that is orthonomal.

By Eq (208),(209) and (210)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (211)

Using Eq (211) in Eq (202)

- - 4 UTU x> ~~ ~~ x> ~ 
. (212)

where the column vector ~ in the <~~
base has coordinates given by Eq (213).

41
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~1 -

- 

~~~= - = c ~~~x)~ (213)

x

or transposing

(214)

J( and the inner -product

(215)
= <~~ ~

1uu

SEQUENTIAL GENE RALIZE D CRAM-SOIMI[IF PRO CEDURE. Consider a sequen ce of 
jlinearly indepe dent vectors

(f 1, ~2’ ~3 ~4 ~~ 
= (216)

where we desire to construct the matrix B~ of Equation (189) or

(217)

- - we will construct an orthonormal sequence . Let the fi rs t unit magnitude
vector be

f i
= (218)

~D f1)

42
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or
-

t

f i — f.1 — 

- 

f~1 (219)

0
0

or

L 
~l = 

~~1’ ~2 ’ ~~ ((?l~~~~ 1~~ \ = 4~ b~ 1

~ : 1
- 

The_ second_ vector 
~2 is to be perpendi cula r to 

~~ 
and lie in same subspacc

as f1 and f2 as shown in Figure 2 .

-

- 

fr<~~~~~~~ 2

-

~

-
~~~~~~~~~~~~~

I ~

• FIGURE 5
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By Figure 2 there exists a scalar A .2 such that

(220)

or -

- 

~
‘l ~~2 = 1,f2) ( ~~•2 (221)

\ l  I
Jand we take the second ortho norm ial vector

= . (222)

~~2 ® f2)

By Equation (221) th ere is one unknown coordinate ~~2 of the vector
in the two dimensiona l subspace _spanned by f1 and f2. Taking the inner-
product of Equation (221) with

f1 0 = 0 = [~l Ci) f1, f1 ® f2 I ( ~~‘2 ) (223)

or 

~1® ~2A. a 
— — (224)2

~1w
and Equation (224) in Equation (221)

- - - / - ~~ l®~~ 2 \f2 (1) = (f 11f2) j 
- 

(225)

I ~c D f~ )
\ 1

1 /

44
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or -

- - 1-
~~®~2 -

f2 (1) * f 1 
~ 

+ f2 (226)

I ® f2 (227)

or factoring out f2

= - 

~1cDf1 ) ® (228)

Where the operator I is the “ideinpotent ” operator with respect to the
inner-product used , that is

a f2 (229)

We need the rank-one projector

- f f  - -P(l,l) = _ l 1 
- 

= ff * (230)
f c Df

1

where
- £

~~ 
1 

— (231)1 
-

which is ideinpotent for all vectors lying in the ?~ subspace since

f ( l , l) (~3 
f 1A = f1f1

”~~~f 1A = f1A (232)
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-j

j
(that is the operator P leave s the vectors f1A alone) , since the inner-
product of the base vector and its dual is

-
*
-

f1 f 1 = 1 ‘ (233)

The operator is cal led idempotent (index 2) since (see Equation (144))
for example)

~~ ~2 
P . (234)

Since is a rank one linear operator or transformation -- -

gnd every linear transf ormation has a matrix of (real ) coordi nates , iinbed
in the <~~base or

<
~~~~~~~

f1 (235) 
j

where -
~

= (1, 0, 0 ‘ • •) (236)

and the dual base with respect to the base (re cipica l base vecto r s)

- (
~~

(d>C D  ~~~~j y l 
~~~ (237)

or 

= Mf~~ f) 

- 

1

~~~ 
~~~~~ (238)

1
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Hence in the<~~ base and its dual the matrix of the operator is

• 4> <~> (239)

where the dxd matrix (dyad) is

~~~~~ 
= 0 (1,0 ,0 .

~~) — 11 0 0 ... 0 (240) 
—

~ :.

0 0

With respect to the d-dimensio nal subspace or (lull space ) spanne d by the
vectors of the sequenc e of Equati on (217) , the ! operator can be written
as

(241)

where

~~ dxd 
(242)

Now it is clear that

T ® ~ a I f~~ ) 
~J ~~~~~~ (243)

47

-•



~
--- --- - - - --- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~••-~~~----~--- 
- - _  ---—•- --- —•----- -I ~~~~~~~~~~~~

- - I

for any vector expressed in the base as

i — ( ~ ~~> . (244)

The orthogonal complement projector (with respect to the
projector is from Equation (228)

= I - a - (245)

and is idempotent -

ap ® P = r , (246)

the orthogonal complement projector is related to the projectorPas

a —

P C D P = 5  . (247)

Returning now to Equation (228)

f2(fl = 
~~(1 1) CD f2 (248) 

- -

and transposing

? T  = 
~2 — ~~T

® ~(l ,l) (249)

since the projectors are symmetri c that is

= P (250)

48
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Taking the inner -product

= f2 CD 1’11®!’11C Df 2 (251)

f 2Q~cDf2 (252)

- 
-

~ a 

~2 ® - ~l~ l 

) 

®~~~ 2

= - 

~2®~1~1®~2 (253)

By Equation (225), Equation (248) and Equation (245)

- - /~~l®~ 2 \ -

f = f  - I  I f  (254)2 2 ~~~~~~~~ I 1
~ 1 1

and by Equation (222)

~2 
a 

~2 Cf 2®f 2) . (255)

Note that when f2 is small in magnitude we are in comput ational trouble.

Using Equat ion (253) and (254) in Equation (255)

- f f c r )~~~\ -
- 

1 
- 

£ (256)

(
~

® E) 2~
J ½
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_ ~~~~~~ ~2 - ~1®~2 ~l (257)

(~~~~~~l ) ~~[~ 2~~~~2 - f2 ®f 1 2j

- -  ~~ 1®~ 2 
-

= ~~1,f2) 

[~ 2®~ 2 — (~2®~ l)2] 
¼ 

(258)

- f 20f 1 ]  
½

By Equation (258) and (21*) we see that the coordinates are functions of the
Gra nmiian matrix of the <~, that is

~ ~~~~ CD = g 11 g12 . . • 81d (259)

~d1 ~dd ~~

Using Equation (259) in Equation (258)

~2 = 1,f2) —g 12 (260)

‘g 22g11—g12 1

g11
(g22 g11g~~)~

1,

L
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Consider next the third vector such that

k -
~~

f Si \ CD 1’~2’~ 3~ 
— f 1 0 0 (261)

~~~~ ) ~~ 0 1 0

\ ; 3 ‘ \ o  0 0

Since $ 3 is to lie in the three dimensional subspace spanned by Cf 1 .f2 ,f3)
and must be perpendi cular to ? i and ~2 we have by Fi gure 3

/2

T\~3 /
53

~l

I !

FIGURE 6

= •• f3 = f 1A~ 3+f 2 A~ 3+f 3(l ,2) (262)
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wherç the vector f3(l ,2) is the perpendicular component to subspace of
-

• 
- 

and f2

f3(1 ,2) • (f 11~ 2,~ 3) / —A ~~ \ (263)

~~~x43 )
1

and we define the unit magnitude vector

f3(l ,2)
53 = - (264)

1 1 f 3 (l ,2 ) H

where the norm or the square of the magnitude is

11 f3(l,2)II =[ f3(l ,2) (Df3(l .2)] ~. (265)

There are two unknowns in Equation (263) , name ly A~ 3 and A~3. Take 
- 

-

the package inner-product of Equation (263)

( f 1 ‘\ ~~ f3(1 ,2) = ( f 1 3(1~2) a ( 0 (266)

~\ ~2 I I

’

\ 

f2 CDf3(l ,2) ) 0 )

= ( f 1 ~ 11f2 1f 3) / 4.3 \ (267)

~~~2 J  (
~ ~~~3 )

1
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or 

(:) a 

C:: :: :~ (:~) (268)

(g 11 g12 \ ( 
Al a f g13 \ (269)

1 ( 2 1  1
~ 

g2~ g22 / ~ ~ /3

solving for A (~~

( A
l ~ (g u g

12 \_ l(  g13 (270)

x 2 
/ / 

I~
\ 

g21 g22 ) ~ g23 )
The inverse matrix is

—1

f g11 g12 \ =f g22 -g12 \ 1 
2 

(271)

g21 g22 ) ~~-g12 g11 ) g11g22~~~12

using Equation (271) in Equation (270)

( A 1 = fg 22 —g 12~~ ( g13 ___________ (272)

A 2 
\~-~ l2 g11 ) ~ g23 I 8~~~22~~12

2
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— / g22g13 - g12g23 £_..~~
_ (273)

~ —g 12g13 + g11g23 ) (g11g22—g12
2
)

Using Equation (273) in Equation (263)

f3(l ,2) a 
1,f21f’3) -g22g13 + g12g23 

- 

(274)

g11g22 - g12

g12g13 — g11g23
g11g22 - g12

- - 

L 1 
-

The introduction of the g2j elements obscured the projec tive aspects
of the pr oblem ,_ l3ence retu rn ing to Equation (263) and taki ng the inner -
pro duct with we have by part itioning

f3(l ,2) a f’(2 ~j~[~~ )f. f3] (_A>) (27S)

or

0(2 )~ = [i . ?t(~~~, ® f3] ( -A~~~ ~\ 
(276)

where

a 

(~~~~> 

~~ 
<

...) 1 
f~~~ (277)
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— and ?3(l ,2) is perpendicular to both fl and f2 and their duals. By
Equation (276)

X(2)= ?j ~~ CD f~ (278)

Using Equation (278) in Equation (262)

f3(l ,2) = £3 - (f 1,f2) A (~~~ (279)

or Equation (278) in Equation (279)

f3(l ,2 ) = ; 3 _ d
~f f (> ® f3

f3(l ,2) a [~~ ~~~~~~~~~~ £3

f3(l ,2) — ~(l ,2) (ij  f3 (280)

where

P( 1 ,2) = I - P(l ,2) (281)

and 

~(l ,2) a~~~~~?(~~~~~= f1f1(~~2 ) +  f2f2 C 1 ,2 (282)

As befo re Equation (281) and Equati on (282) are pro j ector s.

The matrix of the rank two projector P( 1 ,2) in the full bas e can be
written a number of ways , for example the two vectors in the full bas e are

= 4 a 

~~~~ =4 e~~~~

- 4~ e~~~~ = 4~ 
e~~~~ 

(283)
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and the two recipro cal vectors are

= (i
J <1)fy ’ f(~ > (284)

= ( g11 g12 \ ‘  - 
2z 

(285)

~~ g21 g2 2 J

~ P~ckaging Equation (283) in the two dimensional subspace spanned by

(f 1f2) 
~
( 2x2 

(286)

or in the full d-dim ensional space spanned by all the vectors f

= 
2x2 

= f (287)

(d92)x2

Using Equation (284) in Equation (282) -

~(1 ,2) = 2h ?(l ,2) (~~~ a M ’ (288)

By Equation (288) we see that the minimum rank , minimum space matrix is
the 2x2 identit y matri x , that is

r = f l  o\  (289)
2x2 

~~~ 1)
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A
when the operator is expressed i a base and its dual base; when the operator
is expressed completely in the base and the t ranspose the 2x2 matrix is

-1 /
M a f g11 g12 \ (290)

2x2 I
g~ 1 g22 )

just as the coordinates of a vector look di fferent in differe nt bases, so also
a matrix does .

=
We can also express the operator P(l ,2) in coordi nates in the full <~~ f

space and the full f~’(~)• base. Transposing Equation (287)

-
- 

~~~(~~~~> 
= E~ i~3> 

• (291)

The ful l-reciprocals are

~~~ =( ~~~~~~~c~ ~~~) f ) -1 f(~~~ (292)

= M

or 

= M~ , . (293)

Using Equation (293) in Equation (291)

a E~ Mfd ?(~~~~ (294)
2xd (dxd)

Using Equation (294) in Equation (285)

~ M~~ ~ 1
T Mff ?‘(3~ (295)

2x2 2xd dxd

or Equation (295) in Equation (282) yields

57

t_~_i-~~ ~~~~~~~~~~~~~~~~ -- L ~ IJ-.. ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —f-- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- - 
~~~~~~~~~~~~~~~~ ~v - - r’~’~~~~~~~~~~~ - --

r WT - - - - - - - - - -

~(l,2) - c~~~)? E 1 M 1 E 1
T I4

~~ 
(296)

dx2 (2x2) (2xd) dxd

or the mat rix of the projecti on operator of Equati on (296) in the full
space base and its dual is the dxd matrix

-1 T -114 E~ Mff ~~ 
M 0 Mff

dx2 (2x2) (2xd) dxd 2x2 2c(l ,2) dxd

0

[~
d-2)x(2) (d-2) (d-2)

or partitioning 
~~~ 

such that sub-mat rices are of compatibl e sizes .
dxd

E 1 M ’ E T 
~ = I 0 (297)

2x2 2x(d—2) - - J

(d-2)x 2 (d-2) (d-2)

Since orthonornal bases are self dual that is

(298)

the nicest base to express the operato r P(l ,2) is in the Schmi dt orthonormal
subspace base

~(l ,2) 8 4~ ~ > ~~‘ ~l + ~2 ~2’ (299) _ i
even in the full Schmidt base one has
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~

(l ,2) = 
- 

I 0 . (300)
2x2 2x(d —2)

0 0
(d—2)x2 (d—2) (d—2)

Returning now to Equation (264) and Equat ion (280) the third orthonorinal
vector is

- 
f3(l , 2)

s = 1 (301)3 
[~~3®~~(l .2) cD~’

3 ]~~

Consider the vect ors of Equati on (226) and Equation (274) and the
matrix of vectors not normalized

[~~ii2u .~ 3c1~2] 11g21g 3) = (302)

or ~~~~~~~ 

= 
- 

22g13~~12g23 

- 

(303)
Eli g11g22 g12

0 1 g12g13-g 11g23
2g1 1g22-g12

0 0 1

2 Eg (304)

which is cal led a unit upper tri angular matrix,
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The orthono rmal Gram- Schmidt vectors can now be obta ined from Equation (303)
as

= 

~~~~ 
0 0 

— 

(305)

0 1 0
f i g 2 I

0 0 1

— 

11g 3 11

The re cursion cm the project ors can be writ ten in terms of the orthonormal
vectors as

=
P( 1) =

• 2
P(i ,2) = s1s1+ 2s2 a

)al 3 j

k-i
i’(l ,2 , ”k- 1) a 

~l~ i~~2~2 + • • •  + 5k—1 5k— l = 
~ 

(306)
3=1

= -

f3(l ,2) = £3 - P(l,2)CDf3

•‘~ k— i ) = ~k — P(l ,2 , • • •  k—i) cij  
~k (30 7)
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In terms of siinm ations

g2 — f2~~) 
~2 -

g3 
a f3(l ,2) = - sjs~ ®f ~j al

k-i
= 

~
‘k U1 2 ... k-l) = 

~k ~ s~s~cDfk
3 l

(308)

d-l
= 

~d~~’2’ d— l) = 
~d - 

~~ 
s

J
S

J cDfd
j  =1

where k = 2 , 3, ... d

~k (1 ,2 ‘ I .  k—i )
~~~~~~~ 

- 
= (309)

- - IIf k(i,2 . . . k . 1 ) j f  I I ~ I I

and

• 
~i 

(310)

and

a (311)

II~~l I I

Continuous Gram-Schmidt Polynomials (O p ii.
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Consider the set of base vectors (the monomial base)

(1 , t , t 2) • 4
~ZZf (312)

for a vector

x(t) = ( ( f )=  (1 , t , t2) a(~>

with inner product on the bases defined as the Hi lbert matri x

Mff = = J ~~~ = [1 1/2 1/31 (313)
3x3 I 1/2 1/3 1/4 I

- 
1/4 l/SJ 1 -

By Equation (310) and Equation (311)

g 1 = s 1 = f 1 = 1  (314)

since

1 = _____ = 4~ 
e(> (315)

for

~1@ f1 = 

~~ 
f>C D Z~~ a> 

= (316)

= ~~~~~ Mff ec~~~ a 1. (317)
3x3 1-

By Equation (308)

82 = f 2
_ s

1s1 ® f 2 (318)
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and by Equation

s1(i) f2 a c
~~~)e f~~®~Z~! ( ~ 

) (319)

Mff ~~~ (320)
3x3

= (1,0,0) [ 1 1/2 1/3 1 / 0 (321)

1/2 1/3 1/4 1

L 1/3 1/4 1/5 J \ 0 /

Using Equation (321) in Equation (318)

0 - - 1 -1/2 (322)

and 

E2 4 ~ [ ( : ) ( :  )1/2J=~~~~~~
(i )

s a (323)
(g2 i g 2)

where

g2®g2 = (-¼, 1. 0) 1 1/2 1/3 / -½ (324)

1/2 1/3 1/4 ( i

1/3 1/4 1/5 0

. Ig2 CDg2 — (325)
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and

11g2 11 - [g2@g2]½ = _ ~~... (326)

hence

= I~~~
-
~~ — ‘r- = ‘~Z~ ~~ (327) 

I

2~~~

The third orthogonal vector by Equation (308) is

g3 a f3 - s1(s1(i) f3) - s2 (s2 ®f 3) (328)

where

siCD f3 = 
~~I l ff I�

a (1,0,0) 1 1/2 1/3 / 0 \ 1/3 (329)
1/2 1/3 1/4 ( ~ 1 -

1/3 1/4 1/5 \ 1/  1and -

— 

~~ 
e)~ (330) !~

a (-
~~~~~~, 

2~~~, 0) [1 1/2 1/31 / 0 \ = LI ~J 1/2 1/3 1/4 J f 0 ) 2/r 
- 

-

[
1/3 1/4 ifs

] \ 1 /
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Using Equations (315) (327) ,(329) and (330) in Equation (328)

g3 - 4~f 
[(0 ) 

(

1/3 ) 
(

~~l/2 

) 
~ 

(331)

g3 = K~~~f 

[ 

1/6] 
(332)

The norm of the g3 vector is

11g 3 11 arc1,6, -1, 1) [1 1/2 1/3 fl/6c1 
½ 

(333) —

I J l/2 1/3 1/4 -l
- 

L-. LU3 1/4 1/5 \ i

- 

or 

11g 3 11 = 
~~~~~~~~ 

(334)

- 

Using Equation (334) in Equation (332)
- 

~3 = K ~ 
(335)

-6v~~
- 

6v’r
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I
The ~~~ base connection is by Equations(31’4), (322) and (332)

(g1, ~2’ g3) = (1 , t , t 2
) [ 1 -1/2 1/61 (3~~)

1 0  1 —l

L 0

and the unit magnitude (orthonormal) vectors by Equations (327) and(335) is

(5 k ,  S
2~ 53) = (1 , t , t 2) [ 1 -~~~~~~ 

~~~ 1 (337)

0 2/r -6v~~

L 0 0

with respect to the inner-product on (0 ,1) interval.

TRI ANGULAR FACTORS OF ThE INVE RSE OF A POSITIVE DEFINITE (FULL RAN K)REAL MATRIX. This section will demonstrate how to obtain the inverseof a positive defini te matrix having triangular factors and relate thisto the Gram-Schmidt or orthogonal decomposition proceedures. By Equation(336) and Equation (337) we have

a B
g (338)

and

a B5 (339)

Transposing

)~= B~ ~ (340)

and 

~>= B: ~> (341)

Generating the metrics for the two orthogonal sets

- B~ ~~ ® Z~ Bg (342)
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- - 

and 

s~> ® < Z~ = B: ~)Ø~~Z~~~B5 (343)

or

?4gg — B Mff Bg a Dg (344)

- B: 
~~~ 

B~ a I 
- 

(345)

or

Bg
_TDgBg

_ l - Mff - 85
_TB5

_ l 
(346)

or 

[B 8
D

8
_ 1

B
8

T _ 1  = Mff = (B~B~
T
YlJ (347)

and inverting

J = BgD~’Bg
T = BSB

SI 
(348)

Applying Equation (348) to the B5 matrix of Equation (337) or

-l ~- -I
/ 1 1/2 1/3 9 -36 30 (349)

f 1/2 1/3 1/4 ) — -36 192 -180

1/3 1/4 1/5 / 30 — 180 180

67 
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Hence we see that we have an analytic method for the inverse of the classical
dxd Hu bert matrix.

The dual polynomial base by Equation (237) is hence

-1
~
‘
~ _.>- Mff (350)

3xd

or transposing

= (i ,t ,t2) [ 9 -36 30 1 (351)
— 36 192 — 180 I i[ 30 -180 180

]

ThE INVERS E OF ThE TRI ANGULAR (FACTO R) MATRI X. The inverse of the upper
tri an gular matrix Bs or Bg alLows us to map back and forth between the bases .
By Equation (339)

<~~ = < ~~~B~ (352)

and 

):~a B: ~> (353)

also

‘Z~~ B5 ’ — (354)

Since is orthonormal

~> I)<~~~~~I (355)

operating on Equation (354)

B5
1 = 

- 

(356)

~; 
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and using Equation (353) in Equation (356)

~~~~~~~~~~~~~~~~~~~ (357)

or 

8 T 
(35 8) 

-

For the 3x3 case of Equation (337) and Equation (313) -

r 1 0 0 
1 [ 

1 1/2 1/3 1 ~~~ 
-

-/i 2/~~ 0 J 1/2 1/3 1/4 -

L v’~ -6i’~~ 6 v J  [ 1/3 1/4 1/5

or

= [ 1 1/2 1/3 1 (360)

0 ~1~/6

[0  0

or 

(1 , ~. t2) a ~~~ B5
1 

(361)

~~ Suppose we now have the coordinates of a vecto r in the c~~ base, saya9.~ is known , where

x(t) = (1 , t , t 2) a(~~~ 
-

and we want the coordinates in the Schmi dt base , then

x(t) -K~ 
a~~~~s 

~~~ (362)
or 

x(t) - a>=  
~>Ø~~~ ~~~~~~~ (363) 

-
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or by Equation (356) in Equation (363)

a _ B s 1>  (364)

CONTINUOUS MODI FI ED LEGENDRE POLYNOMIALS (—1 1]. The definition of
the inner-product as before but on the interval

— l < t <  1

and the ensuing orthogonali zation process generates a set of polynomials
bearing the n ame Modi fied Legend re Polyn omials . The mat rix for the 3x3
case is

= i: ( ~
2 ) 

(1, t, t 2)d t (365)

or

Mff = [ 2 0 2/31 (366)
3x3 2/3 0

[2/3 0 2/5

If one applys the equations for the general Gram-Schmidt procedure
of Equation (308) for the metric of Equation (366).

By Equation (308)

g 1 a f 1 = ~i , t , t2) ( 
~ 

) a (367)

and normalizing

g1ff3g1 4J f>4~dt> 
(368)
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- ( 1 0,0) 2 0 2/3 1 f 1 a 2 (369)

-

- 1 - 0  2/3 0 0

— 

[2/3 0 2 / 5J \ 0

and

Sl <  ( ~ 
) (370)

The second vector is by Equation (308)

g2 a f 2
_~~ 1~~ 1 (~) f2 (371)

and

s1 ~~~ = C 1/17, 0 , 0) 2 0 2/3 1 / 0 =0 (372)

0 2/3 0 1~~
l

2/3 0 2/5 ] 
\ 0

hence

g2 = — 

~~ ( ~ 
) (373)

and
g2

- - S =2 g2

where

11g 2 11 =(~~~~Mff ~~~~ )½

- (0 ,1,0) 

[2~
3 

71 
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~~
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~
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~
-.,--1_

_’__’_ 

or 

~2 a 
~~~~ 

(

~~~~: 

17) 
. (375)

By Equation (308) , the third vector is

g3 a f3 - s1s1(iJf 3— s 2s2 ®f 3 (376)

where

= (1/17, 0 , 0) [ 2 0 2/3 / 0  \ (377)

1 0  2/3 0 f o
[2/3 0 2/5

/7

and

— (0 , ~~ , 0) 2 0 2/3
1 / 0  \ = 0 (378)

0 2/3 0 1 ( 0

2/3 0 2/5 ] ‘1

Using Equation (377) and Equati on (378) in Equation (376)

H 0 1/2 — 1/3

g3 = < f[: } [ :J ~~~~~~ 

- 

~~ 

[ j (379)
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TTT~ 
-

The norm of g3 is

11 g 311 - (-1/3, 0, 1)[ 2

0 2/3

[2/3 0

or
2/~ 2/Wg a —  

-

_ _ _

3v1 15

and

S3 
4
~~~~~ f_ 1/ 2

\
I o 1 ~~~I v ’5.•~H ‘ 3/2 /

Packaging the base

<1 (1,t ,t2) 4/

3]

and the orthonorinial base is

(1,t ,t~) 
[ii

~~ 0 -,

The inverse of the metric Mff is by Equation

H
.
4

~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~



[2 0 213 1 -1 
[9/4 0 -15/4 1 L

Mfj
1 ai

~ 0 2/3 0 0 3 0 4 (385)

[2/3 0 2/5] [_ls/4 32 (5) /2~J T
and the metric-matrix for the <(base is (3~~)

1 0 0
~ 2 0 2/31[1 0 -1/31

0 1 o J  0 2/3 0 1 0

-1/3 0 iJ 2/3 0 2/SJL0 0 1

or [2  0

Mgg = Dg = 0 2/3 0 (387)

L0 0 8/4~~j

and its inverse

Dg~~ = 

[
1/2 0 0 1 (388)

and 

3/2 

45/8]

Dg~½ iI [ ii~~ 0 0

1 0 ~/~/i7 0

L o  0 2/i/3~~
r

0 0 1
t o  /~/1! o I
L o  ~ 2v1.~/15]
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We will n~~ obtain the in~~rse of the base connection matrix B8 of Equation

U (383) . Transposing Equation (383)

~>• 8g~
• 

~~~ (389)

and by Equation (384)

cZ~ 
_~~~~~~~ Bg~’ (390)

operate on Equation (390) with ~~~

~~~~ 8> ® ~~~~ B~~ 
1 (391)

M
ff 

DgBg
1 (392)

Use Equation (389) in Equation (391)

B
8

T~~~~ (1) d DgBg~’ (393)

B
8
TMff DgBg~

l 
~394)

or 

~ 

B~
_ 1 - Dg~

1Bg
T M

ffj (395)

and for the 3x3 case under consideration .

B
8
’ - 

[1 

0 _ l/3 1 ~

[1 

0 
1/31 

(396)
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I
GRA}4-SQIMI DT P ROCEEDURES IN DI FFE~&NT BASES. If the sequenc. of vectorsgf Equation (217) are known in a different background base that is for each

then for the set we have

• •,. >~4 ~ (39 ~

where F is the dxd mat rix of coordinates of the vectors in the
base, whose metric mat rix is

• (398)

Thus by Equation (397) and Equat ion (354)

(399)

and 

~~~ 
< f B a

~~~~~
F B  (400)

If we define the coordinates of the orthonorma]. Gram-Schmi dt vectors
in <~~base as

Sb F B  (401)

then Equation (400) becomes

4 - Z~~~BS -4Sb (402)
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Transposing

~>• B~~ ~
>S Sb b~> (403)

and 

dxd 
B5

T 
f>®<(f B~ (404)

• Sb Sb (405)

or

I • B5~ Mff B5 • Sb
T P4bb Sb (406)

If the background base <(j o also orthonorma]., then clearly

I — Sb Sb (407)

and

Sb - Sb ’ (408)

and the matrix (of coordinates) Sb is said to be orthonormal. By
Equation (401)

SbB F , (409)
dxd

Since ~~~~ is upper tri angular , let

= B5
1 (410)

hen ce

F — SbU (411)

17
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I

and we see the “familiar decomposition of F into an orthonormal matrix
and a triangular matrix. Transposing Equation (411)

and 

FT - UTSb
T (412)

FTF - UTSb
TSbU (413)

and if Equation (407) holds

FTP = uTu (414)

Transposing Equat ion (393)

Sb = B5
TFT 

(415)

and

Sb
TSb = B5

TFTF B5 (416)

By Equation (398)

Sb Sb = Mbb b5b~~ 
(417)

and
T i  T 1

B5 B~ — Mff — (B5B5 ) (418)

or

SbSb = ?lbb
’ (419)

and

B5B5
T = Mfj

1 
. (420)

78



The orthogoni zation proceedures for the polynomials (t , t , t 2) were
preformed with respect to the sequence.

WEIG~ ED GRAM-SQU4I [lr ., _ One can also perform the task with respect
to the background base ç

~~. Let

(421)

and
-

~1 — (422)
I I~ I I

where

IIi~II  - 
~~

Mbb~~~~ 
(i123)

and 

= 
~~~ ~~b 

(424)

- - 
By Equation (308)

g2 = f2 - s151®f 2 (425)

where

s1D
~

2 ~ 
Mbb~~~~ (426)
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Using Equation (426) in Equation (425)

~~~~~~ 
- 

~~ ‘Z~ 
M~i i?] (427)

In general the terms wi th respect to the metric of the inner -product
are straight forward when applied to Equation (308) .

DETE RMINATION OF ThE GRAM SCHHI IIF FACTORS OF A MATRI X. By Equation
(411) we see that the Gram-Schmidt orthogonalization can be regarded as
being another way for decomposing a matrix with orthogonal columns and
a triangular matrix or

F = S U (428)
dxd (dxd) (dxd)

One must simply be care fu l of how inner-product is defined. Bierman in
reference C 85 ) introduces the notion of weighted-Gram-Schmidt fact-
ori zation of the matri ces , the weights are with respect to the metri c
of an inner-product .

MODI FIED GRAM-SQIMI LJT. Ri ce in his paper “Experiments on Gram-
Schmidt Orthogonalization” states that surprisingly the Gram-Schmidt
and modi fied Gram-Schmidt show distinct differences in computational
behavior. This is particularly remarkab le since both methods perform
basically the same operations, on ly in a different sequence. Indeed ,
ignoring computational errors , they produce the same set { j  } with
the same number of operations. He states that the modified-Gram-
Schmidt method is more natural for machine computations since it
economizes storage .

Consider the sequence Equation (216) and set the modified vector

~i f i ~1 (429)

and the unit magnitude modi fied vector

— ~~~~
— 

~~~ (430)
1m 11 u
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Designate the initial ~ sequence as

40 .4= l~~2~~3 “ ~~ 
(431)

Project all vectors orthogonally onto f1 (except f 1) select the components
perpendicular to f1, that is

- f 1f 1 U)® 
~k = 

~~~~~~~~~ 
(432)

for

k = 2 , 3, •.. d

f’k = ~~~~ ® ~k = ~(l,1) €) 
~k (433)

and th~ complement component is

- P(l ,l))G) 
~k 

(434)

Form the new base

= (~1, f2(l) ,  f3(l), ~~~~ ~~~~~

‘ fdcm (435)

If we normalize the first two vectors we have

= 

~l (436)

and
f ( l)2 

— 
2 

~2 
(437)

IIi~
(1
~I I 11 f2(’)II

81
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I
Now orthogonally project all vectors fk(l) for k - 3,4, •.. d onto p2(1)and select the components perpendicular to ?2(1) that is J

- (f2(l) f~(l) ) ® fJ~(1) (438)

— (52s2) 
~~ ~~(~)

and the perpendicular component is j
— 1: f2(1) f2(1) 1 —

~k U12) = 

1~~2(
~~1 1 

_j 

(i) k (439)

or

= f’k~~ ’2
~ 

= ( 
~ - S~ S~ ) ~~ ~

‘k~
1
~ (440)

using Equation (434) in Equation (440) 
1

- 

~~~~ 
(
~
) ~ ‘ ~~~~ ~~ (441)

— ~(2, 2) 
~~~~~~ P(l ,l) 

~~ (442)

Note that the product of the two proj ectors

- s2s2) ~~ ~ 1 1s1)
i
~~l -

— 
~l~ 1 - • P(l ,2) (443)

ii
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F
where

® s1s1 — (444)

and the projector ~(l ,2) of Equation (443) is the same projector as in
Equation (281) and the third vector rn3 is

f3(l ,2) = 1113(1,2) = g3 = P(l,2) (j~ f3 , (445)

also the nomalized vector is

53 = p3(1,2) (446)

Form the set of base vectors

= 
~~l’ 

f2(1) ,  f3(1,2), • •
~~ ~k~~’

2
~ ~d~~’

2
~ 

(447)

Proceeding in the same manner project all vectors

i~~(l,2) = 
~k~
”2

~ 
for K = 4,5,6, •~~ d

onto f3(l ,2) and select perpendicular components, the final ifi set of
base vectors will be

(d-l) -

= Cf11~2U), ~3(l ,2),?4(l ,2,3), 
S ’  

~
‘d(1,2, 

‘.. d—l)) (448)

and the orthonormal set will be

- (449)
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whi ch is exactly the set for the conventional Gram-Schmidt proceedure .
Note that the computational proceedures were different for this modi fiedproceedure than for the conventional proceedures .

The MOD IFIED GRAM-SGIMI DT recursive algorithms can be written as

1
~~~~ I I  

-

m .(l )  = f~ - ‘~l~ 1 (ij  f~ (450)

• for
j = 2 , 3, ... d

- ~~~k-l)
Uk = 

I~i~ (k- l)II k = 2 , •‘~~ d

= i~~(k_ l) - UkII k ~~ i~~(k_ 1) -

for
j  = k+l, ... d

where the abbreviated notation is

iii~(k_l) ffl~ (l ,2,’’’k—l)

TRI ANGULAR DECOMPOSITI ONS AND MATRIX INVE RSION VIA (iIOLESKY P J~)CEEDURE.There are many many chapters in numerical analysis texts and publications
on triangular resolutions of arbitrary matri ces. The method of Choleskyare general ly reserved for the case of a symmetri c matrix according to
Fox. (30)

Let A be a real dxd matrix and suppose we wish to solve numerically
the linear systems of equations

• A~~~ ’ ‘~
j
~ (451)
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The task is straight forward if we can factor A as

A —  LU (452)

where L - (L, •) is lower tri angular (Lj3=O for i <1) and U — (ujj ) is
upper tri angular ujj = 0 for j ) for Equation (452) in Equation (451)

~~~~~~~~ 
U> (453)

z~>=  r
~
r’
~> (454)

where

y>=  u~~ (455)

Although one must solve two systems

and 

(456)

— L4z~~ (457)

or 

~
>_ u_ lcl ’

> 
(458)

each of the two inverse factors has a very simple form. Thus the
solution of Equation (451) via the triangular resolution requires the
inverse of triangular matrices.

Theorem 1 is taken from Wendroff page 126 and stated without proof.
(Previously stated on page ( 3 9 ) ) .

THEOREM 1. If A is symmetric and positive definite there exist
an upper triangular matrix U such that

A uTu. (459)
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COI~ LLARY 1. If max Ia~.I< 1, then maxIu~~I< 1.

He states that for an arbitrary nonsingular matrix A the triangular
decomposition may not exist. However, it is always possible to find a
permutation matrix P so that

PA= LU , (460)

the permutation matrix P is one in which all elements are either 0 or 1, t
and every row and column contain exactly one element equal to 1. A simple
proof of Equation (460) is given by Rose reference C 77 ) .

The Cholesky method is discussed in many of the numerical methods in
papers and books and will not be developed in any detai l here. An
example of the applications will  be presented for the discrete ap-
proximation case of fitting functions. •

For a symmetric matrix A (3x3) (461)

a11 a12 a13 U11 0 0 u11 u12 u13

• a12 a22 a23 = u 12 U22 0 0 u22 u23

a13 a23 a33 u13 U23 U33 0 0 u33

where
(462)

u11 u12 U13 a a a L

U11 U11 U11

0 u22 u23 — 0 a22- (u 12) 2 a23—u 12u13
• U22 U22

Ci 0 u33 0 0 a33_ (u23)2_ (u 13) 2

33
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The general formula is

rn— i
Urn U - am 

- 
~~ 

UimU
i 

. (463)
1—1

These relations are easi ly derived via partitioning. Partion U into
its coluan space

and

4
H

then

~~~ - c::z::i ~:~ - ~ Uik “kj
giving

~~~ • (a1~ - uik Uj k) l/u~~ (464)

for

i — 1, 2 , ... j — l

and

a11 — U
jk

U
jkk-i
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ii

giving

i— i

• 
Ujj — a~1 - 

~ 
Uj,k) (465

k— l

• when one applies the algori thm of Equati on (462) and Equation (463) to
the (3x3) Hi lbert matrix one obtains the factors of Equation (360) for jthe Gram polynomials on (0 ,1) interval , namely

1 1/2 1/3 1 0 0 1 1/2 1/3 (466)

1/2 1/3 1/4 1/2 v’!/6 0 0 v’!/6 v’!/6

1/3 1/4 1/5 1/3 /!/6 v~ /30 0 0
— — — — —  —

-

• If we apply the algorithms to the symmetric circulant matrix as an
interesting example

1 2

A = 2 3 1 = UTIJ (467)

3 1 2] J
w h e

1 0 0 1[i 2 ~ 1 .1
uTu — 2 i 0 0 i 5

~ I 
• (468)

3 Si ~“~]L° 0 3~I7J

• 
I where

thus we see that the factors of a real symmetric matrix can be imaginary .
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I

GRAM-SQIMI DT OF ThE “DISCREET II~TRIC MATRIX ” FOR ThE FITTING FUNCTIONS
OF A DISCREET SPAN OF POINTS. For considerations of polynomials orthogonal
over discreet point sets , the Gram-Schmidt proceedures developed in this
section will  be used later for Legendre , Laguerre and other polynomials.
Consider the “discreet metri c matri x” (also called the normal mat rix
in least squares discussions) of Equation (18)

FTF — Mff (469)
dxk kxd d(k) d

where the matrix size d(k)d indicates full rank factors with one side in
• k-space where

k > d .

The discreet vector-matrix equation by Equation (15) is

= F a(3~~. (470)
kxd

One can solve Equation (470) for the vector a(~)> by computing the
generali zed inve rse

~~~~~~ F’ ~~~~ (471)
dxk

where

F’ - (FTF)~~ FT
dxk dxd dxk

one cazi also obtain the generalized inverse as

F~ = FT (F FT)~ (473)
dxk dxk kxk
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The Gram-Schmidt decomposition orthonorma j . of Equation (409) was for afull rank dxd matrix. If we partition the k row vectors of dimension dinto its column space we have

‘~~~f(0)

F - cZ~~f(l)  - [f(~~~~ 1 f(k)~ 
... f(k ] (474)

K~5
’f(k)

or d linearly indepden t column vectors in the larger k space . If we nowapply the Gram-Schmidt proceedures of Equation (308) to the column n-tuplevectors of Equation (474) we obtain

= (475)

SC> ~~~~~ (476)

g(k).~= f(~~~~- ~~~~~ ~Z~~ )f 
~

(
~ > (477)

-

• 
•

and the unit magnitude vector

~(>= ~(> (478)

~~~~i) g g(~~~~) ½

etc.
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The packaged results are

kxd L i ~~~
’ ~(> , ... g

- I •. .  f~i~J 
b~ 1 b~2 ... b~d (479)

b:2 

:

or 

_
~~~ : bd

d g

G =  F Bg (480)
kxd kxd dxd

• 
- or

• C Bg
’•’1 = F (481)

kxd kxd

an~ for the orthonornial vectors

S ~;1_ F (482)

Transposing Equation (481) and Equation (482)

FT 
- Bg

_TGT G~
.T 

dxk 
(483)
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j
Forming the full rank “inner-Grammian” we have j

d( T)d 
= Bg

_T
DgBg

_ l 
- B5

TB5
4 

(484)

since

S I S I (485)
d(k) d dxd

and I
cTc1_ 9  (486)

Rewritting Equation (484)

FTF = (BgDg~’BT
g)~ ’ - (85B5

T) 4 
(487)

By Equation (484) let the upper triangular matrix ~~~~

(488) }
and 

= B5
_T 

(489) 
}

and like-wise for the unit triangular matrix B
8
”

• Bg~’ U 1 (490)

Hence

U TD U1 • uTu (491)
d(k)d g 

j

I
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or upper-triangular factors in d space . Inverting Equation (487)

• (FTFY’ - B5B5
1 

= BgDg
1Bg

T (492)

- u
_i
u
_T 

= U1DgU1
T (493)

Hence by resolving Equation (491) into its triangular factors by the
Cholesky algorithm of Equation (463)

= (g1~) 
= uTu

of that equation, one can solve Equation (471) for the unknown vector a~~> .

The in verse of uT for a 3x3 matrix is given by Bj ernammer on page 328
as

—

• (1jT)
_1 

= u11 0 0 — .-1__ 0 0
• U11

-U 12 1 0
U U 0 —

• 
12 22 u11u22 U22

I -i u13 u12U23
U13 ~23 ~33 ~ll UflU22 ______ 1

— - U33 u22U33 U~

• If we consider the solution of Equation (470) using Equation (472)

a(d)> (FTF)
_ 1

FT x~~> 

• 

(495)

and the triangular factors of Equation (493)

a(d)~
i. (U~~U

T) FT x (~~~ (496)
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•

as the first method, then two other methods of computation will be
• pointed out .

SECON D ~LThOD. This method involves obtaining the Gram-Schmidt factors
of F in k-space via Equation (482) and Equation (470) becomes - j

S B5
” aç~~~ = F ~~~~ (497)

kxd dxd

x(~~ = s ab 
~~~~~~~~~ (498)

where

a~~3~~ = B5
1 
~~~~ (499)

or 

dxk 
x(~~~’ = abC> = s

_l 
a(> (500)

~ultip1y Equation (500) by B
~ 

and

a(~ > = s5s
T
~~ (501)

The solution of Equation (501) invo lves the computation of a triangular• and an orthonormal matrix factor. 
- -

ThIRD METHOD. One can also perform a Cram-Schmidt on the symmetric
matrix

• 
— c~

T j~ = S B ’1 (502)

and

= B S~
’ 

(503)s m m

or by Equation (495)

a(> = B S T ~~~~~ (504)
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There arc many papers on variations of Choiesky , square , root , Gram-
• Schmidt, etc., with numbers of computations counts, numerical stability

etc. listed in the bibliography.

ALTERNATI VE, ORTHOGONAL PROCESS TO THE GRAI4-SQ-IMI DT. There are many
variations to the triangular-factorization for positive definite matrices
for example see Schmidt (reference 79 ) . Bierman (reference 85 )

and, Kailath (reference LL2 ). Staib in his paper presents an alternative
whi ch he says if it is not original that it is not widely known. He
reduces a positive definite matrix to triangular form by row operations
and states that row multiplication can be freely used to avoid fractions
which he says means that he can devise computer programs that will not
suffer fr om round-off error. Row operations wil l  not be used in this
discussion but since his example centered around the 4x4 Legendre
metric the 3x3 case of Equation (366) will be discussed

1 \
rl 1 \

• • ~~~ = J ) c~, ~~, t 2)dt )_ r 2 0 2/31 (505)

~~t2 J1 0 2/3 0

L213 0 2/5

• I f one has either the orthonorxnal base <1 or the~(~ base which has a
unit triangular matrix, a new orthogonal base can ~e obtained by anarbitrary diagonal matrix scaling or

= <1 1) (506)

and

= DaBg = 4 B a (507)

If one replaces by ~ )a and Bg by Ba for any alternate orthogonal base ,
the inverse is given by Equation (403)

B -l 
- D “B TM (508)a a a ff
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~~~~~~~~

and the inverse of the Hff matrix is given by Equation (348) 
-ii

tiff = B D ~~~B
T 

(509)

The t ransformation which Sta.ib uses for the example is a triangular
matrix of integers obtained from Mfic by row operations and is a mat rix J }of integers

= 

~~~ 
1 ~ -1 = 4 B (510)

The diagonal metric natrix is

— —

Dg = Ba
Tl~fcBa = : : : : (511)

0 0 8/5 0 j
0 0 0 8/7

and the invers e is 
—

= r112 0 0 0 (512) 

- • ~~~~~~~ • • • • • . 
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The inverse by Equation (508) is

B~~~~ ~l 0 0 01

0 1 0 0
(513)

1 0 1 0

0 1 0 1

Alternative Gram-Schmidt (First Coordinate Unity)

We see by Eq (303) and Eq (308) that the orthogonalization procedure
described by Eq (308) is quite standard in the linear vector space text
books and generates a unit upper-triangular matrix. The coordinate of the
higest su~~cript designated the base vector is taken to be unity , that is
for the k vector

• • = 
~~l’~ 2

’’”
~ k~ 

A l

(514)

A k - l

When the base vectors are the monomial base t we see that the poly-
nomials are monic that is (sli pping the index)

g A ÷ ~ t + ~ + ... + (515)k o 1 2

the classical orthogonal polynomials reals correspond to the alternate
Gram-Schmidt procedure described below . The 3x3 case will be applied to
(o.l) interval to obtain the Legendre polynomials which agree with those

• presented by Mim e ref. ( 60).

Consider now the sequence (with the index shifted to zero to conform
with the polynomial degree) as

4 f  0,f1,. ‘~ d-l~ 
(516)

set

(517)
0 0

and by Fig (7) for the second vector
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Figure (7) Two Dimensional Case

+ (518)

or 

= 

~~~~1 ~~ 

= K? A(2> 1 (519)

Impose the constraint

= ~ (~
c
0~~~1~ ~~2>i (5 20) 

--

or 
—

f~~~~fp
l = 0 0

~ (521) 
•

also for the third vector

= 
0~~f 1~~f 2 ) [  .1 •1

I A
I 1 

(522)
A 2 2

• r 
g2 

{

~~~ 

~~~~~~~ 
~ o~fl~

f2
) A ( 3 > 2  

- 

(523)

L~1I [a L~1

Define

1
?01~ 

(?J1,?2 ) f01 (524)

[ f
1J L~10 

f11 f m2

= [f (2> , M12
] (525)  1

Hence
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- = M12 ~~~~ (526)
IfL0l

or
rf

- — i i  00
— —M12 (527)

• I fL O l

and for the k th vector

(f o ,f l,. •?~c 1
) A = (528)

A
2

Xk l

o ’ f ... f0 00 01 o,k—l

Em ~~k-l~~~~
(529 )

or 

~k-2 ~k-2 ,0 ~k-2 ,k-l

• 
0(k-~> = [m(k~~~~~, (k- l)(k-l)l [~(~] (530 )

= -M~~ m(k>
—

5-- 

0 (531)
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The package of<j  vectors are

1 1 1 1

0 A
11 A12 . . A1,~ _1

0 0 A . . .) ,22 2,d—1
0 0 (532)

—
. . . Ad l ,d_l

The orthonomal vectors obtained via this procedure will differ in
signs from the procedure of Eq (305). This latter statement is obvious

• from the direction of the g vector. These two Gram-Schmidt procedures
are used later to obtain some of the classical orthogonal polynomials.

TRANSFORMATION FROM UNIT UPPER TRIANGULAR TO UNIT UPPER ROW .

Consider an upper triangular matrix

u u u

U = 0 u
11 = [u> ,u>1,~~ 2

] (533)

0 0 U 22

where

• ru ml
• 

- o j  U (53 )

[0 oj
.
uoi ~~~ r

U11 I
u11 = 1 u11 

(535)

0 i
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and

U
02 1~

U02

12 J~ *122 (536)
~ u22

u22 L’ —

or

(1
U
11 

U 22

u = ~o u~~~, i U11, 

~ 
u22 

(s37)
• 

• 

U
2 2 1

• 
~Oi ~ O ) 11 J

H - or

1 u~~ u~~ u
00 

0 0

U11 
U22

U 0 1 u~~ 0 u11 
0 (538)

• U22

0 0 1 0 0 u22

or

U = tJ1 D1 ( )

In a similar manner

1 1 1 
[U00 

0 0

U 0 U~~ U
~: ~

0 U 1 0 (5’~o)

0 0 u 0 0 u22 ~ . o2
Uo2
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or

U U  Dr r (541)

By Eq (539) and Eq (54 1)

U = U  D D’~~~= U  T (542)
1 r n  r

where

1 0 0

T =  0 0 (543)

U11

0 0 u
o2

• *122

The Classical Continuous Gram Polynomials Via The Alternate G. S.
Process .

The 4x4 case of the Gram ploynomials on the (0.1) interval are
• derived here Using the Unit first row upper triangularization procedure

(G . S.) .  The monomial base <t has the Hu bert matrix as metric , or

1 1 1~.

~~

. 
•5

f t><t dt = H = (s~)
1 1 1 1
3 4 5 6

1 1 1 1
4 5 6 ‘7 _j

set

• 
g0 t0 t° 1 (545)

= (l~t)( 1
,

and by Eq (520 ) -

1 1
1 1g 1 d t 0 1 1 ( 1 ,t)dt ( 1 ’

\ 
( 546 )

0 0

102
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or

= (1, P (1 \ ( 5147)

2

or

A 1 
= —2 (5148)

hence

g1 
= (1~t)( l-I\ 

(5149 )

The third vector is

• g2 = (l ,t,t2)f 1 \( A 1 ) (550)

\ A~~/ 2

and by Eq (523)

H • .  1

(~~~~1~t~t 2 )dt = O~ = 1 1 1
‘

0 
~~~• o , 

[ 
; 

3] a(3~ (551)

Clearly Eq ( 551) requires us to find a vector a(3> in the null—space
of

H a( 3> = 0( 2> (552)
2x3

One approach is to compute the orthogonal complement projector and
its rank—one factor

P = I — H*H = u(3,)2K3)u
* ( )

3x3 3(2)3

since P has rank one, the vector factor is always a solution. However we
• desire the first coordinate to be unity (since we have one free choice —

• 2 equations and 3 unknowns). The easiest approach appears to be via
Eq (527) that is
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:~ 4 (2
~ 2 = - 

~ 41

_i 
1

I (5514)
1 !I 1
3 L4J 2 J

or 

18 214 1

or 

4(2)2 = - 1 36] fJ Ii

4(2>2 = ( 
6 )  

. (556 )

Using Eq (556) in Eq (550)

g2 = (1~t~t 2
)(1) (557)

with the orthogonal constraint I 
-

1

• 1Q3 (0) ~ 
(
~

) 
(5 58) 

Li
o 4 4 4 4

or

~~~~ 
= 

•! 1 1
2 3

1 1 1 1 (559’/

1 1 1 1

The inverse of the 3x3 sub-HiThert matrix is

ii
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1 1 i
l 1 — 2 1

2 ‘4 14.5
2.6 3.4.5.6 342 5

1 1 1 = — 2 ‘4 - 2 1 (560)

3.4 .5.6 2.6. 42 2.3 .14.5 det H

1 1 1 1 — 2 1

:~
- -

~
- 

~~

‘ 

3 1 42
5 2.3.14.5 2.3

2
.14

while

det fl (1, 1,1) 1
2 3 14 1 4 52 6 (561)

— 2

3 .14.5 .6

1

3 4 2 5

or

det H 1 (562)
2(5)(6) (8)(9)(10)

and

1 1 1 —l 72 —2140 180
2 3 4

1 1 1 = —240 900 —720 (563)
3 14 5

1 1 1 180 —720 600
5 6

or -12

4(3> = (5614)

or

g3 = (1,t,t
2
~t

3
)[ 1

I
~~~

2 (565)

I 30

L-20

105

______ • - - - -5- ~~~~ - - - - -



____________ 
_______________  •~~~~~~~~~~~ •_~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

We have by Mim e Ref iso ) page ( 259 ) 
-

a (-i)° (3) ( 3+0 )

-

• 

a
~ 

(-i)~ (3) ( 3+1)

a2 = (~~)2 (~
) ( 3+2 ) (566)

• a
3 J  

(-i )~ (
~

) ( 3~3

or for the m vector

a 
- (_ ~ )0 ( m ) (m+o )

0 0 0

1 m m+la
~ 

(— 1)

a2 . . .
. = . . . (567)

4 S • L1~
(~~ )k (m ) ( msk)

• •-.~1a (_l)m (51) ( 251)

— -‘
fl

.--. —

• Clearly the Gram-Schmidt process would be quite difficult to derive
• a general term such as given by Eq (567). Mim e in ref (60) has a scalar

method for such a derivation. The G.S. insight is worthy of note, thus
has been presented.

I.

-I-
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Section 2

GENERALIZATIONS OF SOP~E CONTINUOUS METRICS ~ND ORTHO( ONAL POLYNOM I ALS
WITh RESPECT TO P ARTI CULAR WEIC}ITS. The standard textbook on the subject
of Orth ogonal Polyn omials is Szego (1939) . The Erd elyi reference on pag e
153 states that with an interval (tb ,t f) and a weight function w(t)  which
is non-negative there , we may associate the scalar product

ft f
(f 1,f3

) = w(t) f~(t) f~(t)dt (1)
J tb

which is defined for all functions f(t) for which w(t) ½ f(t) is quadratically
integrable in (tb ,tf). More generally, a scalar product may be defined by
a Stieltjes integral

~t f(c~
) = f

~
(t)f

~
(t)da(t) (2)

tb

where aCt) is a non-decreasing function called a distribution function..
If 0(t) is absolutely continuous Equation (2) reduces to Equation (1)

• with w(t) = o ’(t) . On the other hand if 0(t) is a j ump function , that is
constant except for j umps of the magnitude w~ at t=tk then Equation (2)
reduces to a sum

(f. , f
3
) = 

~ 
W~ ~ (tk) f~ (tk ) (3)

which is the approp riate definition for functions of a discrete variab le.
The reference states further that the above definitions refer to real
functions of a real vari able(the case restri cted to throughout most of
this report) .

It was shown in the previous section Equation ( 156) that the weighted
inner-product or inner-product with respect to a given wei gh t funct ion
can be considered as a base change .

Certainly when one de fines a norm on a vector , and then an inner-
product on two vect ors , nothing of interest ensues if one- does not look
at the inner-product on a sequence of base vectors for the ful l space
or a subspace , for example when one is given the coordinates of the
two vectors in a base we have
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(x , y ) = i ® 5 ~~i c ~~~~M~~~~ (4)

where the matrix M is the metric.

The classical orthogonal po lynomials , the interval and the weight } -

function are given by Ri ce on page 36 in the following table . - -

• CLASSICAL ORTHOGONAL POLYNOMIALS - j
INTERVA L WEIGHT FUNCTION NAME

(—1, 1) w( t) 1 LECENDRE
(-1, 1) w(t) = (l-t)~~~ CE GENBAUER
(— 1 , 1) w(t)  = (l~t)~~(1+t) 8 JACOBI

(-~~, ~
,) w(t) = 0-t 2 HERMITE

( 0, .~) w(t) = tde t GENERALIZED

LACIJERRE -
•

TAB LE ( 1) RI CE

Davis in his book on page 168 states that the following special
selections of (th ,tf) and w(t) have been studied extensively, and the
resulting orthonormal polynomials constitute the “classical” orthogonal
polynomials.

______________ 

SOME CLASSICAL ORTHOGONAL POLYNOMIALS

INThRVAL WEIGHT FUNCTION NAME

(-1, 1) w(t)  1 LEGENDRE

(-1 , 1) w( t) = ( l_ t 2) ½ TSOIEBYSGIEFF POLYNOMIALS
(of the first kind)

- 
I 

(-1 , 1) w(t) = (l_ t 2) 1 TSO-IEBYSQIE FF POLYNOMIALS - -

(of the second kind)

(—1 , 1) w(t )  = (l_ t)a(1+t) 8 JACOBI POLYNOMIALS
> —l

( 0, .o) w(t) = tde t LAGUE RRE POLYNOMI ALS
d > — l

(- .., w( t) = e t2 HE R?.-IITE POLYNOMIALS

TAB LE (2) DAVIS

7 -
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Rice states that the Legendre and Gegenbauer polynomials are special
• cases of the Jacobi polyn omials. He states further that the classical

orthogonal polynomials are not the only systems of polynomials orthogona l
on the interval (0 ,1). For any wei ght function w(t) there corresponds
a system of orthogonal polynomials (obvious ly one can always do a Gram-
Schmidt (procedure) . On page 6 of Rice we find the statement that the

- norms may be generalized by the introduction of a weight function
wtt) . lie states that whi le we may conceivably use any integrable func-
tion w (t) ... we normally consider only those weight functions for which

w(t)dt 1 (5)
0

w(t) > 0  , 0 < t < l

Howeve r for the purpose of this report and in the derivations of ex-
ponential ly wei ghted least-squares filters via Laguerre polynomials the
weight function is

f0

w(t)dt = f e~~tdt = . (6)

Hildebrand on page 282 states that the weighting function

w(t) = (l_t) Ct
(1+t)8 (7)

over (-1, 1) reduces to the Legendre case when a = = 0 and to the
Chebyshev case when a 8 = -! . Not e that Tschebyscheff and Cheh yshev
refer to the same person. 2

Hildebran d on page 282 is a little more genera l in what he ca l ls the
generalized Laguerre Polynomials (also he says frequently called the Sonine
polynomials ) and uses the weight

w(t) tde at (d> -1 , a> 0) (8)

109

~~ 1lrii& ~~~~~~~~~~~~~~~~~~~~~~ 
_i 

~~~~~~~~~~~~~ 
- 

- -



-• ~~~~~~~~~~~~~~~~~~~~~~~~~~ ••_•_-__ _.~_•~ ••_ — - _!• •-•• • S • ~~ 5-~~~~~~~ 
•5- •5-~_ • — - _ _•  ~~~

Rainville on page 213 refers to the simple Laguerre polynomials, which 
—

correspond to d—0 and a=l in Equation (8) of Hildiebrands weight.

There has been extensive applications of Laguerre polynomials to linear
and non-linear systems analysis , both in the time and frequen cy domain.
Morrison in his paper “Smoothing and Extrapolation of Continuous Time Series
Using Laguerre Polynomials” defines the norm

lI f I I= ( I f2(t)e~~tdt ) (9)

J
and the inner product of two functions f(t) and g(t) as

N
(f ,g) = f ( t )g( t ) e~~tdt . (10)

0

The weight of Equation (10) is the one primarly used in this paper
and its discrete analog in a later section.

The standard approach to the vari ous types of polynomials is via the
route of generatin ~ functions , a very tedious are a of mathemati cs ; however ,
they will  not be discussed in this report.

Before proceeding to a simple derivation via Gram-Schmidt of the
Laguerre polyn omials , some terminology , jargon , and concepts associated
with classical approximation theory and modern vector-space theory will  —

be discussed. Even though Davis’ book is quite vector space oriented,
for the state-space orientation of this paper some of the terminology
will be aliased in parenthesis. On page 169 Davis presents a definition:

DEFINITION: Let 
~~~~~ 

•.., be a finite or infini te sequence of
or tnono xmal elements (the orthon orma l condi tion imp lies linear indep-
endence and for clari fication and applicat ions herein the elemen ts are
to be taken from a vector space and form a base for the space or a sub-
space) . Let x(t) be an arbitrary element (vector). The series

~ (x ,s~)s~
~ 1
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is the Fourier Series for x(t). (The representation of the vector x(t)
in the particular orthonormal base cZ~) .  If the sequence is finite we
use a finite stun . The constants (x ,s~) are known as the Fourier Co-
efficients of x(t) (the constants (X ,S~ ) are the coordinates of the
vector x(t) in the orthonormal base <~s~). One frequently writes

x(t) - ~ (x ,s~ )s~ (11)
n= 1

to indicate that the right-hand sum is associated in a formal way’ with
the left-hand side. (The vector x(t) can always be written as

x(t) = ~ (x ,s~)s~ + Xr (t) (12)
n=l 4

where the residual or error vector is xr(t)). The relation between an
element and its Fourier Series has been the object of vast investigation
and theories.

Davis states further that we may write

x( t) (Projection of x on s~)

n= 0

and hence the Fourier series of an element (vector) is merely the sum of the
projections of the element on a system of orthonormal elements (base vectors).
On page 162 Davis presents the equatioxb projection of

(x 1, x2 )
x, on x, = , x, , (13),~x2, x2

which he states serves to define projection in the abstract case. (See
previous section for concrete projections with polynomials over the
continuous reals).

B. CONTINUOUS LAGUE R RE POLYNOMIALS. Two types of Lague rre polyn omials
will be usedi in this report corresponding to the weight of Equation (6)
name ly

w(t) = e
_at (14)
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and for a=l

w(t) = e t 
(15)

Not only the Laguerre polynomials with respect to the two weights above
but also two modified Laguerre polynomial bases will be derived. The
Modi fied Laguerre set will be derived via a Crahm-Schmidt procedure
on the base

e
~~~ < t .

These are in analogy to the Modified Legendre discussed and derived in a
later section and re l ated to the Classical Legendre Polyn omials.

The base change approach will be used for all orthogonal polynomials
starting with the monomial base and in later sections their velocities
etc., will be derived. The previous section derived tne 3x3 Gram and
Hodi fied Legendre polynomials on the intervals (0 ,1) and (-1 ,1). If
we look at the weights for the Modified Legendre case, we see it is
equal to one. If we look at the inner-product interval for the Modified
Laguerre case we see (O~=) and this span for the monomial base inf in ite
entries in the metric m atrix without the

C
t

wei ght.

We designate the monomial base

= (t
0
,t

1
9 t

2
,t

3
, •. .  t

d_1
) = ~zZ~ (16)

that is the subscript on the- first base element of the sequence will
correspond to the power of t, and

1
4:11= Lt

’tJ l [i , j  

th
eiementl (17)

i ,j = 0, 1, 2, ... d—l
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If we wan t the firs t base element subscript 1, et c.,  as before

- 
(f 1, f2j3, ~~ (18)

and we want

(19)
then

r 1 1 i-l • -i~i~~~~ ~fi~fj j =  [t 1t~ j  (20)

i ,j = 1, 2, d

and the indefinite integra l is

ft
i_ l ti_ l dt ft ~~i~

2dt (2 1)

= t~~

_

~~’~~~ (22)

i, j  = 1, 2 , 3, ... d -
‘

and the ~th row and ~ th column of the entry of the metri c for this indexing
is

10 ~& [  t~~~
j ;l 

1 (23)

Returning to the indexing of Equation (16) where the index runs

i = 0, 1, 2 , 3, ... d—1
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- -  —

i+j+lf t~t
3dt J t1

~~dt — 
~~~~~~~~~

-

~

---- (24) 3

as compared with Equation (23).

- If we make a time-varying base change on

<~~ D(t) 
~(z:~ 

1 ~ 1< Z e (25)

Then the metric-matrix for the this new base is

dt = f )~~K(e
at dt (26)

- • the ~_~th element of the integral matr ix is

• i+j -att e

- 
‘ and by Pierces Handbook of Integrals on page 63

t
~~ 

e~~~ dt (27)

app lying Equation (27) to the metric matrix of Equation (26)

f:><e
_at at 

[~ij it~ 
(28)

or in open-form

-

- 
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~~~~~

- !. 3± . . • 
(d- i) (29)

1 2! 3! 4!
T 

~~~ 

7 
. . .

- - 2! 3! 4! 5!
a a a a

3’ 4’ 5’-* -*:~ a a a

-- (d—l)! (2(d—l))!

- _  ad 
• 

a2
~~~

We now have the inner-product of the base elements and will run a Gram-
Schmidt proceedure on the fi rst four elements

- 

~Z~1e 
• ‘~Z~~

te = (1, t, t
2
, t3) e_at • (30)

We have as before (index starting at 1, 2, ...)

1

~ei  - ~~el’ ~e2’ ~e3’ ~e4~ ( 0  ~ (31)

~ o° J

and the orthonormnal vector is

— 
1 (32)

118 e111 -
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where

~
g01~

I
2 f g2~1dt = J e~~~dt A (33)

0 0

or

Hg 0111 ~~~~~~ . (34)

The second orthogonal vector by Equat ion (308) of section ( 1 ) is

— 

~
‘e2 - Sel ~e1’~~~~ e2 (35)

and is ~~~ Ill
= <~e 0 / (36) 1

0 
/

The second orthonormnal vector j

~e2- 
; 

S
2 

(37)
/

and 1 ½

and 

I I~~2 ( I (4 , 1, 0, 0) Mffe 
( 

~ ) 

~~~~~~~ (38)

=4 
(
~ 

) (39)
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Proceeding through the process one obtains for the fi rst four

1 -.

~~ 2

4 180 l - . ~ -~~~

0 o 1 4
0 0 0 1

or 

- 
~~~~~~ 

Bge (41)
4x4

The first 3 orthonormal vectors are from tne computations

- 

~~a 

(42)

If we shift our index back to zero that is index starting at (0, 1, 2, •. .  d-1)

Cgo, g1, g2, •. .  

~d—l~ 
= (t

0
, ,~~,t

2, ~~~~~~~ (43)

and -a

<Z~e 
ct °, t’, t2, ... t~~1) e ~• 

(44)

By Equation (25) in Equation (43)
-a

~~~=~~~~~ Bge e ~• 
(45)
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The Modified Laguerre Equations are de fined by Equation (45) and
- - Equation (4(i)

~~Z~~~flf ~Z~m 
e~~

t /2 (47) 
-

The ~th Classical La gue rre po1~nomnials (for n— O , 1, 2 , ~~~~ d-l) (non-
norma lized) are given by (Morrison) reference ( 61. )

[ ~~(t) - ~ ( 1 )~ ( n ) (a~)~ (48)
~~

Expressing the suimnation of Equation (48) as inner-products of row and column I

vectors we have

£o = 1  I
F] 

(-l)°() J
- ( (at)~ , (at)~

’
\ 

0 

1’
1 

— 0! 1! 
)

(— 1)
I-

-I

o12\
(— 1) I~ )

£2 = 
(

(at) 0 ( t ) ~ Ia~)~
) 

(_ l) l(~ ) 
2!

(_ l)2(2) J
I -I

Ii
11
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(- 1)° 
~~( ( (at) ° (at)

1 (at) 2 (at) 3\ (~~ ) l (~) 3!
0! ‘ 1! ‘ 2! ‘ 3! 

/

—
f 3 \
~ 3)

/n

~~~~

((at)
0 (at)1 (at)2 (at)n’\ (-l)~ (~) n!

= 0! ‘ 1! ‘ 2! n! j
(_ 1) 2 ( 2 )

(.~~~)
fl ( )

- 
(4-1

(-l)° I~ 0

= ~~ , ... 
~~ ) (~ ‘)

1 (~) (d—l)!

(;)d l  (~
u9
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Packaging the previous equations as a row of base vectors

£d l ) = (i,t,t2 ... t~ ... t~~~) a°

d-l 
1•

• a

:1x
~~~1-

1rr 0

2!
1
3!

0 

1
Cd-i)!

(-l)° ( °) ( f lO (-l)° ... _ 1 :(E) 1)0~~~
) - I

0 (-1)~ (~) (~l)l (J ... (-1) (~ (~i)’( 1)

j
0 0 (_i)2~~2) . .

• 
. . Li

(;1)1’(~) .

(:l) d-
~~d 1 )
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-

- -  
0 1 !  0

2

3! (50)

— 
Cd-i) !

Define the following matrices

D(a~) = a° 
— 

(51)

a’
2a

- _J .
.
.

n
• a

L — 
a’~~

4 —  0! 
— (52)

1 

1!

I 2

3

(d-l)

a
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and the matrix of modified binomial coefficients by Equation (90 ) in
Appendix A is the Rutishauser matrix

~ 
g’ 0\ 

~ 
f l\  

~ 
f 2\ 0 ( d—1\ (53)

(—‘) 
~ o) ~~1) ~ 0) (— 1) 

~ o) • • ( l )  ~ 0 )

(_ i)l ( ~) (—l)l ( ~) . . . ~_ ‘~ i 
(

4_ i)

R =  (_l)2 (2 ) 
-

~~ 
(d— l

(— 1)

hence Equat ion (50) can be written in factored form

[~~:=K t  D(a”) ~f ’ R (54)

which is the matrix representation of the Classical Laguerre Polynomials
and are orthogonal on (0 ,..) with respect to the weight e~~t or by the
base change

~~~~ 
=~~~~~~~~~~ D(a~)(

1 R ~ e~~~ (55)

- <<tTe~~~ (56)

we have the Laguerre functions of Equation (48) which Giilis and Bolgiano
(for a—i) in separate papers refer to as forming an orthogonal set complete
in L2(0,”).
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— If we form the metric of Equation (56) as

I ~~~~~~~~~~~ dt a M&j

and use the £Lf subscript ,no ambiguity can occur. Using Equation (56)
in Equation (59)

or 

M~~ - TT [1: t> <t e~~
tJ 

T 
(58)

Mit = TTMtte
T (59)

The vectors of Equation (56) (not normalized) and their magnitudes (thus
• the metric matrix) is a diagonal matrix whose entries are the squares of

the norms, that is

H = [jjg jj 2 = [g~~J 
(60)

I 1g 111 I 2 

2
L iI~ _1 i i

The squares of the magnitudes of the Laguerre polynomials are given by
Hilóebrand page 276 as

_ _ _ _  

~~~ cnn
2j 

(61)

where g~~ are the elements of the metric matrix Equation (60) and where
t~ (t) is given by Equation (48) , hence
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F 1 (0!) 2 
- 

- -

MLLf = 
1 ~2 

— 
1 ( l .) 2 (62)

_ _ _  J (2)2

(d-l)! 
2 1

The normalizing matrix to obtain the unit magnitude vectors <S is the
inverse square root of Equation (62) and (64) or

= <1~U - N
N

t tif 
(63)

and by Equation (62) - -

v’~ it~~~

’ = ?%l
tLf 

(64)

hence using Equation (64) in Equation (63) and Equation (54) 3
K~& =(,~ 

D(a”) Ff ’R ~i ’ /~~~ (65) - .

or the Classical Orthonormal Laguerre polynomials are given by

• ~~~~~~~~~~~~~~~~~~~~~~~~ 
(66) J

The individual elements are given by Equation (66) and Equation (48) as }
(i
~

(t))
~ 

= /i~ (~ l)~~(~~ ) 
(67)

which is the ~th orth onorma l Laguerre polynomial for n—0, 1, 2 ••. 4-1
and the metric is _

• 1
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L-. I; t><~~ 
e~~tdt - I (68)

If we now compare the Classical La&uerre polynomials with the modified
Laguerre polynomials for the first four o~ Equation (50) and Equation (40)
respectively we have

:: 
:~;: 

(69)

and for the modi fieds

• <
‘g =~(~t~ =c (~t 1 -1/a 2/a2 -6/a3 (70)

o 1 -4/ a 18/a2

o o 1

0 0 0 1

Clearly the two matrices differ by signs and a and a ’ powers. Notice also
that the Classical Laguerre Polynomials do not h ave unity entries on the
main diagonal, hence are not in the monic ~,o1ynoinial form as are the modi fied —

Laguerre polynomials derived via Gram.~Schmidt. The monic constraint on
functions given by say

(71)

where U is upper triangular we have
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~
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ll~~

I LJ•

or

~~i
b1m

<ç

~~

) 1.
b2 

= c~~~~~~~

~~~~~

:
1

2

L12 \

U22 
= b2 = 

< 

(u22 )  -

. (72)

U
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packaging Equation (72)

~~~~~~~~~ 
u11 -l (73)( 

~~~~~ 

)
Hence applying Equation (73) to the e lements of Equation (69) and Equation
(70)

~~ o~~~~ (~~) 
(74)

L 1 = <(-i) (75)

~~ im~~~~~~ ( 
~
) g1 

(76)

2

£2 = 
< 

(
~

) (77)
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I .

(~~
i~a~~ 

- 
~2 

(78)

£ 3
z 4

~Z~~~~~
\ 9a) 

• (79)

\ -a~

6/a3 
-
‘

L3~ 
= 
< (:~~:a2) = g3 (80)

or matrix-wise

1 
‘

= 4~
g = 4- 

-1, (81) 

. 31/2 )
‘1:
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Using Equation (53) in Equation ( 77) of Appendix A

= I(—l) D4(a~’) (82)

Using Equation (54) in Equation (82)

czZ~ 
- 

~~ D(a’1) (
~ 

R ~ IC- i) D
_]

(a~l) (83)

Using the counn utitive property of diagonal matrices

,
~~ <~m 

= <~~~D(a”) ~~~ R IC-i) ~ D
4(a’~) \ (84)

The alternating sign binomial matrix of Equation (77 ) Appendix A is 
-

- 

_
~ R I C — i )  = BC—i) (85)

hence using Equation (85) in Equation (84)

- 

- 

~~m 
= 

~~~~ 

B C- 1)4 D 1 (~J (86)

For the specia l case a=l , the first six Laguerre polynomia ls by Equation (60)
are the sane as those given by Hildebran d on page 275 of reference (y i  )

for the non- orthonornial case

<
~~~~~ 

18 

(87)

0 0 1 9 72 600

o 0 0 -i -16 -200

o o 0 0 1 25

0 0 0 0 0 —l
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If we compare Hiidebrands ’ with Equation (86) for the fi rst five polynomials
with a=1 -

- < 
18 

(88)

0 0 1 —9 72

0 0 0 1 -16

0 0 0 0 1
— —

we see the disagreement in signs only. Equation (87) becomes by Equation
(54) -

=4 ~ R (89)

• - 1  -------~~~-
1_ ___ __j 

-

and the modified polynomials and

4 = 4~~i B(-l)~~~ (90)

The modified Laguerre Functions are given by Equation (86) and Equation (45)

- 

4mf ~~~m 
e~~~

/2 (91) 
1;

Using Equation (82) in Equation (91) 
3

• 
~~~1flf 

~~~~ I(-l) D~~(a”) e~~
tI
~2 (92) 

1
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I •
- - -

~

— IC-i) D~~(a~) (93)

‘ The modified metric becomes
j

dt = D_ l (ahl) I(-l) Hit I(-i) D4(a2~) (94)

-• • By Equation (62) in Equation (94)

= D4(a~) ~~~~ D~~(a~) (95)

- H or

• 2(0!)
a

• ( l ) 2

a~

(2!) 2

a
~

- H (3~)2 (96)
-

. 
£tmf 7- a

- L.i 2• (j )

~1 •

2(4— i) !
a244

•1
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or factoring out the a power terms

1 - -

H —£ tTh f
dxd lh hla2j~ 1 

-

: j

- 

-

H — 

- — 
(97) J

0 2 -
~~~

2!

j !

.. 
ii

(d—i)Z

Define the inverse odd powers of a matrix as 
- 

3
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1,

— 1
’a~ 

(98)

•

Hence Equat ion (98) in Equat ion (97)

[
~

h
Ltmf a2~~

1) ~2 (99)

which is the metric-matrix for the Hodified Laguerre Functions, eachelement of which is given as

- 

~~~~ 2~~~~
ttm

~ 

= = L~~’] 
(100)

for

n — 0, 1, 2, • • •  d—i

The orthonorinal Modi fied Laguerre polynomials are given as

4mu 
- ‘
~~m ~Urnf (101)

The square root of the matrix of Equation (100) is

M
&tIfl f 

= 

[a~~~ 1 (102)
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j
and the inverse of the diagonal matrix of Equation (102) is • -•

— [a
1
~~~
] 

(103)

or in terms of factors

£Lrnf 
D(a’~~) r’ (104) - -

-

Using Equation ( 104) in Equation (101) 1

= 
4m 

D(a~~~) 4
_ i  (105)

Using Equation (86) in Equation (105)

= c(~~ D(a~) 
4_i BC-i) 4 D 1(a~)D( a~~~) *~ 

(106) 
0 

3
observe for the first 4x4 

-

aL’2 \ l/~ ,

D(~~
’ ) (~ 

a~12 il l! ‘
~Ia7’~2 / 

1/2! 
J 

-

- 
/ ~

‘3 / .1
3

r
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• 1/, a 2

/ 
1/ 2

- 
- ½ = 

aa 

a2a
1
~

f 
2 

(107)

a3a”2

= 

( 

~ 

a 

a3 

(108)

The first four Modified Laguerre polynomials are given by Equation (70)

= <~ ~ 1/a 21a2 61a3 (109)

0 1 41a

o 0 1

0 0 0 1

Using Equation (109) in Equation (105) (110)

= 1. ~~/a 2/ a2 _6/ a3 T 0 °

0 1 41a 18t’a2 0 a 0 0

0 0 1 9/a 0 0 a2,2, 0

0 0 0 1 0 0 0 a3/~~

-

~~~~~ 

0 
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or

c:z::i~:mu =~~~~~~ 1 -i 1 -1 
— 

= <BS (i l l)

0 a -2a 3a

0 0 a2/2 -3/2a
2 ~~

O 0 0 a/3,

which agrees with the first three normalized polynomials obtained via
Gram-Schmidt in Equation (42).

The first four orthonormal Laguer re polynomials obtained from Equation (66) -~

are

= 4 1 1 1 1 

- 

(112) 
- 

-

: -: 
:2/2 ;/:a

2

0 o o _a3/3~J

which differ only in the signs hence the connection is 
-

= 0 0 (113)

0 -l 0 0

0 0 +1 0

0 -Li i
or 

- <urn 
= 
<u 

I(-i) = <e 
B5 . (114) .1
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By Equation (66) in Equation (114)

— <~~~~~ 
D(a”) ~j ’ R IC- i) / (115)

and by Equation (77 ) in Appendix A

4 - < 4b(a~) ~~ B(-1) ~~ (116)

The orthonorinal modi fied Laguerre function s are

<umf <e D(am) F~~ B(- 1) ,~~ (117)

(118)

- The matrix B~ is

- 
B5 = D(a~’) II~~~~~ BC- i) /~~~ (119)

and the inverse is easily obtained

- -  

B;’= B ~~~D~’ca~)_L (120)

and for the 3x3 case of Equation (42) the inverse is

- - 

B;
1 

- ! / 11a “a2 2!/a3 (121)

H - 3x3
0 Va2 4’~a~ 

0

0 2/ a3
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By Equation (359) of the previous section we could also compute the inverse
connection matrix as - -

B5
1 

= B~ Mtte 
• (122) 3

The inverse of the metric-matrix Mlte can be obtained via Equation (348) of 3
section ( 1 ) for the 3x3 case of Equation (29) is

— 
— 

2 1-- • 1
~
’a ‘~a2 

2 /a3 3 -3a a /2 - -

~‘a
2 2!/a3 3!/ 4 a —3a 5a2 —a3 (123) 1

2!/~3 3!/ 4 4!/aS L a2/2 -a3 a4/4

obtained from - - -

= B5B , (124) - 
- -

where the general B
~ 

term is given by Equation (119).

In conclusion for the Laguerre and Modified Laguerre polynomials 3
we have by Equation (54) and Equation (83)

4 = 4 D(a~) ~~ R ~ (125)

- 4 D(a~) 
4~~~~ 

BC-i) ~ D4(a~) ( 126)

and for the Laguerre functions and Modified Laguerre functions by - 3
Equation (55) and Equati on (47) - -

- 
<e 

D(a~) ~~~ R ~ (127) 1
<‘flf 4e D(an) 

4~~~~ 
B(-l) 4 

D4(a”). (128)
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For the orthonormal Laguerre polynomials and modified polynomials by
Equation (66) and Equation ( 109)

- _ 

4u 
— ~~~ D(a~) (‘ R ,~~ (129)

- <,~ D(a~) il
l 

BC-i) v~ (130)

with the corresponding change to the e subscript on <~~of Equation (129)and Equation (130) for the orthonormal functions. -

The inverse transformations are easily obtained since by Appendix A
the Rutishauser matrix y~ is its own inverse that is

= R (131)

and

= B . (132)

C. CONTINUOUS POISSON P0LYN0I~JI ALS. Morrison states in reference (61 )

that the Laguerre polyn omials give rise , in a very natural way , to a real-
true spectrum , analyzer. He says that another virtue of the Laguerre
polynomials is that their Laplace transforms are given by very simple
formulas.

Bolgiano in his paper “Relationship of Poisson Transform to Laguerre
Expansions” re feren ce, states that • •  one obtains the Laguerre function
used by Steiglitz in his paper “ The Equivalence of Digital and Analog
Signal Processing” reference (84 ) to represent positive time signals
for the digital simulation of analog signal processing. He says Steiglitz’s
representation offers the convenience of an orthogonal representat ion for
signals . Howeve r , for systems it does not offer as direct a representation
as the Poisson trans form , which •.. permits obtaining the unit pulse re-
sponse for a discrete system from the unit impulse response of the analog
system it simulates in the sane manner as discrete-time signals are
derived from analog signals. From the above statements of the two authors
it is felt that the frequency domain study of digital and anal og (discrete
and continuous) filters can be enhanced by knowledge of both types of 0

polynomials.
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t If we attempt to apply some state-space techniques to the results of
Bolgianos paper where he treats the Laguerre orthonorinal polynomials for / -
a— i by Equation (129)

(133) U

Define the Poisson polynomials by

- <~ (~ 
(134) 3

and like-wise the P oisson Funct ions by 
-

4(t) f 
- <e ~~ 

- 4 (l 
~~~~ (135)

Using Equation (134) in Equation (133) 0 -

(136)

and multiplying Equation (136) by e t
~2

• 

<~uf <~f
R p37)

The inverse base change is now very simple, by Equation (131) in
Equation (137)

<~~f 
- <~ uf 

R (138)

The metric matrix for the Poisson Functions is

-

_ 

= f p(t)~~ c~~~dt a RT f >4~ dt (139)
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- -  0 0 0  - - - -0_ -~~~~~0-~~~~~-~~~~~ 
-,

or

= RTR . (140)

The 5x5 case yields Equation (95) Appendix A

RTR =  1 1 1 1 1 (141)

1 2 3 4 5

1 3 6 10 15

1 4 - 10 20 35

1 5 15 35 60

Thus we see th at the Poiss on polynomials are “oblique” that is “non- 
0

orthogonal” .

If  one has a finite vector functi on f ( t )  gi ven by

f ( t )  = 4~ 
(142)

and r~akes a base change given by Equation (36)

f ( t )  = ~~ pf (t) R (143)

= .~~~~ (t) ~~~~ (144)

we see that the connection between the coordinates is

a~~>= R (145)

and by Equation (131)

~~~~~ - R a ~~~ (146)
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Thus Bolgiano states that the elements of these two sequences have been shown
by Bedard to be related to each other by the symmetrical equations

= ~ (-l)~ (~
) a. (147)

3 O

and

(an) = ~~~(_l)J (
~ 

) (a~Y~ (148)

whi ch is an obvious deduction from Equat ion (145) and Equation (146). No
further applications in this section are planned for the Poisson functions.

Another earlicr paper in 1955 by Ule “Weighted Least-Squares Smoothing
Filte rs” applies La~uerre polynomi~~1s. In an earlier paper 1954 W. Kaut z
“Transient Synthesis in The Time Donain” applies Laguerre polynomials.
Indeed one can apply these polynomials with Kalman filters, where one
for example, assurcs accelerations constant over a span , hence implying
second degree polyn omials. If we form the dyadic product of the Poisson
Polynomials given by Eq uation (136) we have

P 
C)> 

cZ t )  = ~j 
1)> <~~ ~ 

1 (149)

and for the 4x4 case we have ,

1/ 0, 0 0 0 t t2 ~
3 h o, 0 0 0 ( 150)

o 1/ j , o a ~ t 2 t 3 ~4 0 1/ i, o a

0 0 1/2, 0 t t t t 0 0 1/ 2 1 0

- 
0 0 0 1/ 31 t3 t 4 t 5 ~6 0 o 0 1/31
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i,~ , ti0, t2i0, t
3
,i0, 1/a, 0 0 0 (151)

~~~ 
t2 i 11 t3i 1, t4

/1, 0 l/
~

, 0 0

t2 i2, t 3,2, t 4i 2, t512, 0 0 1/2, 0

t
3
,3, t

4
,3, t

5
~~3, t6,3, 

— 

0 0 0 1/3,

= 1/0,0, t/o,l, t2/ a ,2 ,  t3/~ ,3, (152)

ti0, 1, t 2,p p  t 3/ p2~

t5/2,3,

L
/3!0 ~~“3’2 ’ t / 3~ 3~

Clearly we could evaluate this matrix on the interval (O,l),(-l,l),(tb ,tf)
etc. , and obtain finite elements.

I). CONTINUOUS EXPONENTIAL POLYNO MIALS. Exponential fitting functions are
of interest to systems engineers, economists, statisticis, numerical analysis
or wherever polynomials of the form can be used

x(t) = ~~~~ f(t )  ~~~~ (153)

where

~~~~~~~ ~d-l~ 
a (e~~0t,e~~lt, ... e 1 1 ~) (154)

Using the integration formula
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f e~~~dt = (155)
0

From the dyadic product of Equation (154) for the 3x3 case and integra l 
-

= 1: (e~~Ot , 0 A 1t 042t)dt ( 156)

f e_ 2X 0~ e
_

o~~ i)t e O ~~2)t 
dt (157)

.1 0 e 1
~ l~~O

)t e
2)
~l
t e

_
~~l~

)
~2
)t

e~~
)
~2~~O

)t e
)
~2~~1

)t e
2)
~2
t

Using Equation (155) in Equation (157) 3

f
~~~~~~~~dt = 

1 1 

- 

(158)

2A1 0  1 1 2

~~ 
2X2 

—

For the special case 
-

= (n+l) A 0 (159) -
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for
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- - n = 0, 1, 2 , • .•  d—l

we have

4 = (e~~0~ , e 2X Ot , e_ 3A 0t ...) (160)

and Equation (160) in Equation (158) yields for the special case )
~~

— 1

-2t -3t -4to e - eH - 
2 

- 3 4 (161)

-3t -4t -St

3 4 5

-4t -St -6te e
4 5 6 0

= 

~“2 
1/3 1/4

1/ 3 1/ 4 1/ 5 = H (162)

1/ 4 ‘/ r 1/6

Wendroff on page 120 of his book referen ce (89  ) calls the matrix

145 
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-

~~~~~

- - “

~~~

— -

TM
fl 

— “2 1/3 1/4 1/5 ... ~~~~ (163)

1/3 1/4 l/~

1/ 4 1/~ .

l/~ 
. 

.

l/~~~

0 
a Hu bert matrix of order n and says it is ill-conditioned also.

We find Fox in his book on page 75 gives the inverse of the 4x4 case
of Equation (163) as

200 -1200 2100 —1120 (164)
4x4 

- )

-1200 8100 —15120 8400

2 100 -15120 29400 -16800

-1120 8400 -16800 9800J

exactly. Paul Brock uses exponential polynomials in his paper “A Relation
4 Between Exponential and Polynomial Methods For the Numerical Solution of

— Ordinary Differential Equations” reference (15 ).

E. CONTINUOUS GRAM-POLYNOHI ALS. The Gram-Schmidt proceedure for the
interva l (0.1) was derived in the previous section. The general Hu bert
matrix is

= 

C><
dt (165)

-3
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. [(i.J+1)~’] 
(166)

for

0 < 1 , J < d - 1

or in open form

M — 1 1/ 1/ 1/ ... 1/ (167)

1/ 2 1/ 3 1/ 4

-- 1/3 1/4

• 

- 

1

• 11d . . . . . “2d-1

- - The Grain-Schmidt proceedure applied to the monomial base on the interval
(0 ,1) is given by Equation (337) of Section ( 1 ) for the 3x3 case as

‘ ‘~
‘2 1/1

6] 

(168)

and for the orthonormal case by Equation (338) Section ( 1 ) as

1 -v’! (169)

o 2v’~ -61~

0 0 6v’~~j
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I
The polyn omials of Equation (168) wi l l  be designated as the Modi fied

Gram Polynomials as in the Laguorre case because of the sign diffórences
- - :- and diagonal terms to be discussed next .

tli lne in his book reference ( 6 0  ) on page 257 gives the genera l
term for what I will call the Classica1_(~ram Polynomials, the ~th element
is

= ~~~~(_ 1) 3 
(
~~

)(
n ;i) t~ (170)

for

n = 0, 1, 2, 3, d—l

By Equation (170) we have

= <~~~)t / 1 (_1)°(g)
\ 

(171)

0 0

o 

•

.

0

0 

£1 = 

4t(
(~ ) 

0 
) (::: 

(
~

) 

(172)

0 0 
/
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- - 

t2 4 ( 1)~ (
~

) ~ (173)

0
0 

J

= ~~~~ )t ~~ n )  ~~ (~l)°(~~) (174)

!fl+
1) 

~~~~ 

(_ l)1(1

- . 
- 

- (~l) (fl
n+2 

• 
2

62 ...
(~~

n
~ (-l)~~~~

~L~ J
149
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and for the dth vector n a d-l

td-l =4 (d~l) 

- 

(-l) °~~~~ ) 

- 

(175)

1) (~1)l( 1 )
fd+ l

. :
d-l

(2d—2\ d_1
( 

\

t~ d-l)~ 
(-1) 

d-l’

The fi rst nine Grain polynomials are given by Mim e reference C 60 ) on
page 260 as

- 
(176)

4 -6 42 -20 ~42 -Sb . -72 

-

6 30 90 210 420 756 1260 
-

0 
—20 . 140 -560 —1680 —4200 -9240

70 630 3150 11550 34650

j 

.252 .2772 -16632 .72072 
• I

924 12102 84084

—3432 .51480

— 12870
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If we compare the fi rs t three of these we see as before that the signs
di ffer as well as the main diagonals of the Classical Gram polynomials are not
unity. Normalizing these diagonal elements by Equation (73) we obtain 

0

~
‘
~
=< 1 1 l i r l  0 0 1  (177)

- 

0 —2 —6 0 1/~ 0

0 0 6 j L 0  0 mi6 j

4 =~~~t 1 .1/2 “6 

- 

(178) —
0 1 -1

I _ O 0

which is an agreement with Equation (168) for the modified Gram polynomials
0 

0 obtaiaed via the Grain-Schmidt proceeduro .

0 The metric-matrix for the classical G ram pol ynomials is given by Mil ne
on page 261 of reference C 60 ) as

f i~ (t)dt 2 (179)
- n+l0

- for

n = 0, 1, 2, ... d— 1
— 

~

- 

and for the dxd case
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1 
1 1 

-
~~

= 

f ><(dt 3 (180) i
1/ 7 1

1 1
—

or element wise

I

= [~~~m i j  . • (181) 
[

The met ric-matrix of Equation (180) wi l l  be re ferred to as the Gram- -
polynomial metric-matrix. The orthon orTnal vectors are obtained by

a 
~~~ (182) L

or 

~~~~ 

_

l~~~ 

- 

(183)

- 

i

.

.

. 

~~~ l_

which are the Classical orthonorinal Grain polynomials.

Returning to Equation (171) we have

£0 • 
1 

= (184)

0
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By Equation (172) normalizing the second coordinate

£ = t lm = 4 2 

1 
(185)

(~~) _ m) (~) c_ m

the 0th term by Equation (174) is

£~ = £~~ (186)

(2n 
‘
~(— 1) i1

- 0 \ n J

and the dth vector is

‘d—l 
a t (d l) (187)

(2d_2~~(_ ,) d_ 1
\d- 1J

The connection matrix is

<a < [(2n ~~~-l 
I(-l)  (188)
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where
— — 

IJ

11 ~1 to2nL =  
L ~~~~J 

= 
0 (189)

( )  
0 

-

. _ j  -

/2n -  •~~~0

.-J 0

12d—2 ’\

~~d-1)

k —
— 

J

and by Equation ( 34 ~ in Appendix A
O 

J O

(2n )~ - - -= (190) - -— n~ (2n.n) 
~~~0~~~

or

/2n\ (2n)!

~ 
= 

(nfl 2 
(191)
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The metric-matrix of the modified Grain polynomial is by Equati on (188)

1: £> ~~~~~~ dt = I (_ l ) LTMLLL I ( - l )  ( 192)

and by Equation (181) and (187)

“ttm 
a 

~~~
(-

~~~~) [(2n)J 
[2fl~l] 

L(2~
) 
j  ‘~

-‘~ (193)

for

n = 0 , 1, 2, ... d—l

a diagonal matrix.

Using Equation (191) in the inner matrix product of Equation (193) all
diagonal matrices

(2
~~

. 1 1  
[(2~ J = [ 1  (2n ,)

2 ] (194)

and the metri c matrix for the modi fied Gram polynomials is

dig (2n fl
2 

(195)

L 
(2n.1) (nfl 4

since I(-1) enters as a square wi th respect to diagonal matrices in Equation
(193).

(~ e can now obtain the inverse of the Hilbert matrix by Equation (34 8 )

of section ( 1)

—1 (0 ,1) = ~~ 
-l 

= B li T (196)tt ‘Li ~~
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where the matrix Bs connects the orthonormal Gram polynomials to the monomial
- - base ,, that is 

-~

= B~ — £ Mj ;
/2 

-1/ 2 

(197)

where oI~Z~~ is given by Equation (176) M~~ is obtained via Equation (181).

The details will not be carried through here.

D. CONTIMJIOUS LEGENDRE POLYNOMIALS. The continuious modified Legendre
polynomials on the intervaF~ I , 1) were obtained via a Gram-Schmidt process - 1
for the 3x3 case in the previous section ( i ) Equation (383 ). This
section presents some relations for the general case on the interval (-1,1),

- • and a latter section derives the state-space relations for an arbitrary
interval and a re-scaled time axis .

The general metric for (.1,1) is

-~~~~~ 1 0
- 

and 

= J ~~~(dt + J p(dt (198)

~~~

dt = - J ~> ~~~ dt (199)

For the monomial base

(200)

we have

- 1 1 0
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—l
~ .... td

-
~~ N 

-
~~~

J>~~
t - (201)

-

- - td -

-

~~ 

2d-l

(202)

0 

— l 1 —l 1 . . . ( 1) d

-l I !  -
~~.

t>~ t dt

0 1
4

(_ 1) d ( 1) 2d_ l

2d~l J

-
~~~ 

0 - 157



Using Equation (202) and Equation (167) in Equation (198)

2 0 2 0 2 . . .  1

0 0

1 0 2 0 2

: 

f > < ~Tdt a 

2 2 

(203)

0 2 0 2 1

~~1

2 .  - -
LI

0 -~~~ 
—

1 1 - i

The 3x3 modified Legendre polynomial case is given in the previous section 
-

by Equation (384) . Applying the Gram-Schmidt formula of Equation (308) of
that same section , one finds

/~~~
0

g3 — <~)t 
- 

(204)

0

1

158 -
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One can continue the orthogonization process , the first nine modified Lagendre
polynomials are given by Barker in Reference C 9 ) as (The modified terminology
is due to Barker ) .

1 0 -1 0 3 0 -5 0 7
2~ l lT87

-: 

~~~~~~a4  
: : : ~~ 

0 
(205)

0 0 0 1 0 -10 0 lOS 0

1 0 -15 0 14
1T

1 0 -21 0

1 0 -28
1T —

1 0

1
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Note the alterna tion of zeros in the coordinates and the corresponding
alternation of zeros in the metric on the interval of Equati on (203) . The I

first three modified Legendr e polynomials are given by Davis on page (168)
of reference and agree with thos e deri ved here via the Gram-Schmidt appr oach .
Davis calls them Legendr e po lynomials even though he uses the Gra m-Schmidt
proceedure as done in this report .

The metric for the first four vectors of Equation (205) is

2

Mgg = 

J:,
><~~

dt a 

8 

(206)

- T7~~~~~~~ - 
-

The first three orthonorinal Modified Legendre polynomials are given by - 
-

Equation ( 384 ) of section ( i ) as

(J

° -~L 
- -

5 2/1 -

(207)

J
H ii o -

-

ii

0 0 3/~
/1

Erdelyi on page 180 of reference ( 29 ) and Rice on page (68) of reference
both given the following general formula for the ~th Legend re polynomial ,

160 
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_______________

- 
j - £~ (t) - 2~~ (..1)J (

~
) (2(n.J)) tn~

2j 

- 

(208)

n = 0 , 1, 2 , ••~~ d—l

where means the greatest integer less than or equal to ~ depending
on whet ~r n is odd or even .

If we evaluate the formula given by Equation (208) for the first seven
polynomials we obtain the first seven “Classical ” Legendre po~ynomials.

(209)

1 0 -1 0 3 0 -s
T~~

.

-~~~~~~~ 0 1 0 -3 0 15 0

(~~ t(t ) = ( t

0 0 3 0 -15 0 105

o o 0 5 o .35 o

O 0 35 0 -315
r

0 0 63 0
r

0 0 231
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We see that the main diagonal terms are not unity, hence the polynomials are
not the result of a Gram-Schmidt as applied in the previous section. Rainville -
on page (160) of reference gives exactly tho polynomials of Equation (208).
Also Hildebrand on page 273 of reference gives the first six polynomials which
agree precisely with the first six of Equation (209). L

Hildebrand on page 273 describes the ~~ Legendre polynomial jfl the
usual way as j

t~(t) = —i-— 4, ~~~~~~ (t2-1)~
’ (210) 

-

dt

which is the Rodri~gues’ formula.

Luenberger on page 61 of reference C 54 ) relates the polynomials applied
on the (-1 ,1) interval via the Gram-Schmidt orthonormal proceedure to the well
known Legendre polynomials satisfying Equation (210) and Equation (208) as

= ~~~~ L1~(t) (211) -

for

I_i
n = 0, 1, 2, ... d-1

and pack age-wise we have

- I -
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1

/1

Iv

,r2n+1
d

/2d_ 1
2

which connects the Classical orthogonal to the orthonorinal polynomials.

- 
Luenberger on page 61 of reference ( 54 ) states that the polynomials

obtained on the (-1 ,1) interval via the orthonormal proceedure are related
to the well known Legendre polynomials satisfying Equation (210) via

(I. ) = 
/ 
2n+l t (t) . (212)

U 2

Luenberger is correct in his statement for this case since we see by
Equation (209) the main-diagonal non-unity numbers are all positive, hence
the alternating signs which occurred in the Laguerre and Grain polynomials
are not present for the Legendre polynomials. -

•
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Li
Rice also gives on page 47 of reference C ~ 

), the elements of the -

diagonal metric-matrix for the Classical Legendre polynomials as

___________________________________________ I

0 

£ 2(t)dt 2n+l (213) 
- }

the metric-matrix (diagonal) is

= 
~~><dt 

= dig 
[~~~l] 

(2 14) 
1

In open form the Classical Legendre polynomial metric-matrix is for the 
-

dxd case -~
1

2

*

M (—1 1) =
£9. ‘ (215)x

2 i
7

2 1
~~
;1 -

~

2

— 164 —
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Clearly the normalizing matrix to obtain the orthonorinal Classical
Legendre polynomials is

~~~u
(t) ~~~(t) 

-1/2 
=~~~~~~ dig [2~+l] 

-1/2 (216)

= dig 
(i 

2n+1 ) 
. (217)

which are the elements of Equation (211).

The connection between the Classical (non-orthogonal) polynomials of
Equat ion (209) and the modified Legendre polynomials of Equation (205)
derived via the Grain-Schmidt proceedure of this report can be obtained.
By Equation (73) we have for the 4x4 case

• 
-‘

1

(
~
, 

~~~~~~ 1 
(218)

2

2

or

165

~~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 
- 

- 
- 

- ______________



-,---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -  
~~~~~~~~~~~~~~~~~

: : 
~~“2 

..:, 
1 1 0

= 

° ~ o 

2 

0 0 2/ 3 0 
(219)

0 0 5
~
’2 0 0 0 2/5 j

which yields —

1 0 _1/
3

= 
0 1 0 3/~ (220)

: :  : - -

which agrees with Equation (203).

If  we put the polynomials in Equation (208) in monic form we obtain
the connection matrix between the modified Legendre polynomials and the
Classical Legendre polynomials

T 
(221)

1

(4\_l 2
~2 

2

(6’ç’ 3

~3) 
2

(~
) 2

—l

(
2n) 2’~

f2d-2\4 d-l
~~d-l) 

2 
—
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or

<~ 
=~~~~dig [(2

~
) 

2n] (222)

where dig ( ) designates the diagonal matrix of Equat ion (221).

We can now obtain the metric-matrix for the modified Legendre polynomials
via Equation (222)

~~~ ~~~m 
dt = dig [(2n ) ~12nJ M9.9. dig [(2n ) (223)

or by Equat ion (215)

I.- 
~~1

L.  - 2 1
= dig 

L 
~~~ (2n ) 

] 
(224)

With the transformations derived above one can relate Legendre polynomials
to the Laguerre polynomials etc.

~0~ - 

-
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Section 3

TRANSLATION OF ORIGIN AND SCALING ON THE TIME AXIS AND INDUCED TRANS-
FORMATION METRIC MATRICES AND GRAM-SCHMIDT VECTOR. The continuous metric
matrices and the Gram-Schmidt obtained orthogonal polynomials of the pre-
vious section were all with respect to inner-products on classical in-
tervals. This section will extend the classical intervals (0,1) (-1,1),
(O ,t2)etc., to arbitrary int ervals on the independent variable axis (time )
and derive a number of the corresponding polynomials orthogonal on the
arbitrary continuous intervals which actually occur in optimal estimation
and approximation theory in practice. The necessary induced transforma-
tions for the monomial base metrics on these arbitrary intervals and the
corresponding orthogonal polyc~omials with respect to the arbitrary metrics
will be defined in terms of new upper triangular connection matrices for
Gram, Legendre, and Laguerre polynomials over thse intervals.

Monomial Base Metric Matrix for Arbitrary Intervals. For the pur-
00 poses of this section we will assume that the classical time axis van —

able is t that ranges over the classical intervals and we have a linear
relation

T b 0 + B l t
~~~~~b> 

(1) - -
where b0 is the translation to the new origin and bl is the scale - fact-
or.

Consider the metric matrix

rt2

J t><t dt Mt~
(t1t2

) (2)

ti

Case I - Tran sformation Metric (0,1) -
~~

• (0,t2). The first case con-
sidered is the interval

(T 1,T 2
) = (0 ,1) (3)

for which the metric is the standard , Hu bert matrix given by Equation

J0 ~~~~~~ dt = M(0,l) H111 (4 )

and we want the metric for the inner product defined on the variable t
for the arbitrary interval
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H (t~t2) =(0 ,t 2
) (5)

By Equation (1)

(6)

and

1 (l,t
2
) 
~~ (7)

Packaging Equation (6) and Equation (7)

~~ 
t2J>  

(8)

or

b)=f [:2 

~J [:J L:]~Using Equation (9) in Equation (1) we find

t t
T (10)

2 W
g

where the interval width is

f
t2
ldt t = w  (U)j 2 g

0

hence

t = W gt = t 21 (12)

and

dt t~~~t (13)
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packaging the powers of Equation (12)

= <TD(t~
) (1z~)

where the diagonal matrix I
- 

(15) Jt2 

~~

d-].

— 

t
2 _ j

Transposing Equation (14) and forming the metric

J

2 

t><tdt D(W
g

) J T)<T dt D(Wg
)t
2 

(16)

[N~~
(o
~
t2
) ~t2

D(t~ ) M
~~

(Q,l)D(t
~

) (17)

Case II = Transformation Metric (-1 ,1) -
~ (—t2,t2). Consider next

the case for the I nterval

(r1,r2) = (—1 ,1) (18)

and we want the metric for the case of symmetry about 0

(t1,t2) - (-t
2
,t

2
) (19)
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as shown in Figure (1)

t
l
=-t

2 
0 t

2

FIGURE (1)
SYMM ETRIC SPAN ABOUT ORIGIN

Using the limits of Equation (18) and (19) in Equation (1)

[~J = 
[1] [ 2] b> (20)

Inverting

b ) = [t2 t21[_ll ~ 
(21)

[-~ ij [ij~~
b> [t2 t21 1 [oh (22)

L-i lJ ~~~ LlJ t2

Using Equation (22) in Equation (1)

t = ~~~— (23)
t2

f
t2

J ldt = 2t
2 

w~ 
(24)

_t
2

Hence in terms of the interval width (Legendre interval w -a~

or 

~~~~~~~~ 
(25)

171 

— — —-“ - _______—--- -



--_‘—-~ ~~~~
-
~~— - — ‘- •—-——— -,_,_ __ -_._ - - - r ,r -

t t = t
2

T ( 26)

and

dt t2 dt (27)

and packagewise i i  
-

-
l 

- (28)
t2 

t~

.
.

d-l
t2

Ii
or 

~~D(t~~~ (2 9)

Note that Equation (29) is the same transformation as Equation (14), how— I
ever the metrics are different, since

t

t)<t dt - t 2
D(t~~) J t><t dt D(t~

) (30)
J -t —1 i i

2

or 

Ht 2
~~

t
2

) - t
2

D(t~~)M(-1 ,l)D(t ~~) 1 (31) 

~
1.
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since the metric M (-l,1) has zeros and even powers as given by Equation
(145) of Section ( 4 ).

Case III - Transformation Metric ( 0,1) ~ (t1~t2). Consider next a
translation to a new origin at t , as shown in Figure (2)

t~~
0 

I t
1T 2 t1 t2

FIGURE (2 )
TRANSLATION TO t ORIGIN

where the interval

(T
1
,T

2
) = (0 ,1) (32)

is translated and scaled to

(t
1,t 2

) = (t
1,t 2

) (33)

~ 
j - Using the integration end points of Equation (32) and Equat ion (33)

in Equation (1)

[01 [ 
~•1 b>

L’i L’ t2j

and invert ing

= t 2~
tl [~ 

_t
i][o] 

(35)

or 

b)= t2~t1[t1] 

(36)
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L
Using Equation (36) in Equation (1)

~~~~~~~~~~~~~ +
~~~~~~

_t (v,)
2 1  2 1

and solving for t - 
-

t = t1 + (t~ -t~~)t (38)

dt = (t
2
-t

1
) dt  (3g)

The width of the integration interval is

t 2
— ldt = t~ —t

1 = w~ (40)

t l

By Figure ( 2 )  set J .

t = w r  (41)
j

hence

t = t ~~+ t
’ (42)

and

dt = dt w~d T (43)

If t1 is diffcrent from zero normalize Equation (42) as non-dimension-
al time

• 
~— = ~~ — ÷ 1  ( 144)
t l tl - - 

-

or
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x = x ~~+ i  (45)

Using Equation ( 22) of Appendix A

B (46)

where B is the binomial matrix. Also

1 

- 
( 147)

— 

- 
ti -

1
d-l
ti

and by Equation (141)

<x’ <1 1 
1 

(48)

tl

1
d-l
t
l

- 

- Using Equation (47) and Equation (148) in Equation (1#6)

= ~~ D
1
(t~ ) B D( t~) (149)

< T T Tt

Transposing Equation ( 149)

t> = D(t~ ) BT D 1(t~) r> ~~t 
r> (50)
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and forming the metric-matrix

t> <t dt = wdTTt [J~ ~> <1 dt] T t (51)

or

M
~~
(t
1
,t
2

) = w~T
T 
M ( 0 ,1) T (52)

where

T
~~ 

= D ’(t~~) BD(t~~) (53) Li

Using Equation (53) in Equation (52)

M
t~
(t
1,
t )  = (t

2
-t1

) D(T~ ) BTD l(t~) H.
~~

D ’(t
~

) BD(t~) (514)

As example of the validity and the appearance of the results of
Equation (514) consider the 3

~3 case which the left hand side of Equation
(54) is

Mtt(t1t9) = J 2  t><t dt = t~ —t 1 t~—t~ t~—t~ (~5) I]

2 2  3 3  ‘ + 4t2—tl t2
_t
l t2

_t
l

2 3 ‘4

3 3  1 4 4  5 5
t2

-t
l t 2

_t
l t 2~ tl

‘4 5 _

The three center matrices of the right hand side of Equation (514 )
are ,where w is given by Equation (40),

- 
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W
g 
D~~ (t~~) HiLt D

1(tn) = w 

- 

(56)

3 ‘4 5

and Equation (56) used in Equation (51+) is

M
t~
(t
1
,t
2
) =

(57)

[i 0 01 W ‘ t
]• 

t]~ 

-

I t 1 t
l 

0~~ 1

Lt~ ~~~ 
2 3 0 t~ 2t~

1 1 0 0

3 ‘4 5

2
= w  1

2t
1 3t

1

2t +w 2 2 31 !~_ + w
2 2 3t

1 3t
1 ‘+~

2

wt1+w
2 

~ + ÷ ~~ —. + -4~
,
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1 t
1 

t~ (58) 1

0 t1 
2t
1

o 0 t~

If one multiplies out the terms of Equation (53) and uses the rela-
• tions -

-

- t~ = (t2-t1
)(t2÷t1

) 
- -

I 
-

t~ - t~ = (t2
-t
1
)(t~÷t2t1÷t~ ) (59)

(t~-t~) = (t
2
-t

1
)(t ~ i-t~ t1+t 2t~ +t~~)

(t~-t~) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

or in general f or x and y

x~ - y
fl = (x-y)(l,y,y2,...y~~

1) r i~~ 1 
- 

(60)
1 x

1 ”  . 2

I . o
Li

n-i
H

or

x5 _ y
~~~~x c y L x9~~

_ y l L x ~~~ 
(61)
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where the linear convolution matrix L is

L =  0 l (62)

1

1
0

• 0
1 0

it is shown in Equation (117 ) of Section (4 ) that

• M
~~
(t
1
t
2
) a 

~2 
D(t~

) H.
~~ 

D (t~) (63)

-t1 D(t~
) h .

~ t 
D(t~ )

If t1 0 Equation (63) reduces to

M
~t
(0,t2) = t 2 D(t~~) H

~ j t D( t~~) (6 1+)

Which agrees with Equation (17).

• Case IV - Transformation Metric (-1 ,1) + (-t2,tc,t2). Consider next
the translated and scaled symmetric interval corresponding to (-1,1) the
Legendre case about a translated origin at t~ the center point of the
symmetric interval as shown in Figure (3).

___________________________________________ t 
________________

1— t” —+

-l
+1

CENTER
tl -

~ : 
p0 NT

t~ — —----

~~

- t2

FIGURE (3)
SYMMETRIC SPAN TRANSLATED TO t~
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The variables are

t = t -i- t~~ 
(65)

By Equation (1) the r variables end points with midpoint at zero is

(—1 ,0,1) (66)

Consider next the translated and resealed end point s, the span length is

ft2

J 
dt = t 2 

- t1 = 
(67)

tl

and the midpoint is translated to

t-t
t~~=~~1 ÷ (68)

or

t -t-t
t
c 

= 1
2
2 (69)

The end points in Equation (1) yield

= r-’i = ~l t
11 

b> (70) 
- 

-

Ltd L~~~J 
~_
l t~_J

or solving for b>

(t
1
÷t

2
)

b> 
(t2—t1) 

(71)

2
• (t

2
_t

1)

180



F, 
- _  _________________________________

Using Equation (71) in Equation (1)
- _ 

(t2÷t1) 2r(t) = - 
(t
2-t1
) + (t 2-t1) t (72)

and solving for t

• (t
2+t1

) (t —t )

2 + 2
2

1 
T (73)

or by Equation (64 )

t = t + t~~~ (7’+)

where

• (t- t )
= 

2 1 
~ = (75)

The dif ferentials are

(t
2
-t
1
)

dt = 
2
— dt (76)

• dt = dt~~ (77)

We see by Equation (73) if t1 -t2 then Equation 68) reduces to Equation
(26).

If we normalize Equation Equation (711. )

• f~~~~~÷ i  (78)
C C

• _ or

- x = x ~~-,- l (7 9)
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- I
which is of the form of Equation (‘+5) we have 3

= c x B  (80)

and -
~~~

<x~~ =<t (81)

and by Equat ion (75) 1
<t = <t 1 

- 
(82)

c~!]
2
. -j

-

also we have 
- 

-

= <t 1 

1 

- (83 ) }

t~
_l
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Using Equations (81) , ( 82) ,  and ( 83) in Equation ( 80)

4D [(i) ~] = <rD[( ~ 
‘~~ D B (814)

= <TD[(~~~)fl] D[(~~~~~ j 
BD 
[(~~)n] 

-l (85)

<t <t 
T t (86 )

Transposing and forming the metric via use of Equation (76)
t 2 1

1 t> <t dt = TT
~ I T>/td-r T

t 
(t
2 

— t
1

) ( 87)
• t1 —1 2

By Equations (7~+ ) and (l4~ in the Appendix A we can also express

<t <t~~~ T (tc) (88)

and by Equation (70) in Equation (88)

= ~ TD~~
(t

2 
2 ,~] 

T(tc) (89)

<t = f ~t T
\ ~t (90)

By Equations ( 89) and ( 88)

T(tc) = D [(1)n] BD 
— 1 

(91)

Note that there are three different metrics corresponding to the
intervals of Figure (4)

t

tc P

o - T +

IL I I
1 t1 tc— (t2—t1

) tc t tc +
2 

2

FIGU RE (‘4)
TRANSLATED SYMMETRIC SPAN

• 
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• The transformation relating the metrics are

= <t Tu
(tc)  (92) ‘3

and 
- 

-

and 

= ~~D £ (93)

I t> 4 dt = T
T(t c) J  2 ~ ><t~~

dt’ T (tc) (91+)
• tl 

_w
t

2
and 

-

W
i

- I t ><t~~~
dt

~~~ 
= D(

~
’t \f T>  <TdT D(w&\w

—w~ \2 L1 ~~7~ - (95)  •

- J
• Case V — Transf ormation Metric Due to S ign Change. Consider next a

variable change in sign on the interval (0,1) by Equation (1)

= b~ + b1t (96 )

we want

(t
1,

T
2

)  (0,1) - (97)

and

(t 1,t2) = (0,—i) (98)

• 

:: 
0 

L~ }>
b > = (~~~ ) ( 100 )
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~1

• I

or

= —t (101)

as shown in Figure (5)

_____ _____ 

1!~
FIGURE (5)

AXIS REVERSAL

and

di = (—i)dt (102)

packagewise

= <t I(—1) (103)

The metric is

I t >~ \t dt = ‘(-1) f (-l)T>~~~ 
di I(-1) (ion)

For the 3x3 case is for example

1 —1~

I t (3>~~~
)t dt = 

~ 
—* 

1 (105)

—l 1 —1
-

- _ 3 14 5
The right hand side~of Equation ( 104) is
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1 0 0 1 1 1 1 0 0 - .
2 3

—1 0 — 1 0 1 1 1 0 — 1  0 =
2 3 4

0 0 1 1 1 1 0 0 1.
~
. 

~~ H

1 0 0 1 —l 1.

—1 0 —1 0 1 —l 1

• ii. ( 106)

o 0 l~ 1 —l 1 - _
~ 

—

:~
-

•
1 -i 1~ -l 1

=(-i) —i 1 —i = :i~ —1 1
(107)

1 — 1  1 ~~-l 1 — 1

which agrees with Equation (105).

Case VI - Transformation to New Origin with Sign Reversal t tf_ t •

The next case corresponds to Figure (6) where the origin is translated to

the front of the time span of length tf
_t
b 
and the sign of the new variable

is reversed as shown in Figure (6)

t ‘I

1 t
b 

tf

FIGURE (6)  •

ORIGIN TRANSLATION, SCALING AND AXIS REVERSAL
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By Equation (1)

t = b  + b t
o 1

at the t end points

Cr 1, T
2

) = (0,1)

and at the t end points

• (t 1, t 2
) = (t

f~ 
t
b

) (108)

or

L b

or 

) ( b )  

(109)

t f 1
b> = t

f
_ t

b~ 
(110)

—l
tf

_t

and
tf _______t = _____ — .~ t (ill)
tf tb ‘ f b’

and solving for t -

t = t f 
— (t

f
_t
b
)T (112)

Define

t = (t f
_t

b
)T = Wg 

T (113)

hence

t = tf 
— ~~~~ ( 1114)

and differential-wise

dt = -dt~~~ = (t
f
_ t

b
)dt (115)
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• The end-points on the t~~~ variable are L

(t in  ( 
0 

~ 
( 0  

~ ( 116 )

~t 2~~~J \it f
_t

b f

Package-of-powers Equation (113) yields -

4 D(Wg) (117)

also by Equation (114)

= t
f
_ t (lie) [

or nomalizing

~~
— l -~~—tf 

tf (119)

and packaging into a row vector --
<t~~~ = <tD ’(t

f
)RD (t f

) - 
( 120 )

-~ 

- 

= <t Tt.~
_ .... r

• The metric-matrix for <t~~ is by Equation ( 120), Equation ( 116 ) and
Equation (115) 

1
- • = _T

~~~~_ Jt~~4 
dt Ttt

_
~~ (121) F

0 t f 
L

also by Equation (117) and Equation (115)

w
g 1
I t~~~ t~~~ dt~~~ = W

g
D(W

g
)f t> ~~ di D(W

g
) (122)

r
or

Mt~#~,t~
_ _( O

~Wg ) = W
g
D(W

g
)H
111

D(W
g

) (123)

also by Equation (118)

t = _ (t.t
f
) ( 1214)
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and by Equation (120 ) Sect ion ( A )

<t • .  = 
4 

T
u
(_t

f
)I(_1) (125)

and another expression for Equation (120) is obtained by equating the
matrices

= D
1(t

f
)RD (t

f
) = T

u
(_t

f
)I(_1) (126)

As examples of the way the results look let the ~~~~ end points be

(t
1~~~~,

t
2~~~~

) = (0,1) (127)

and

t
f
t
b 

W
g 

= 1 (128)

and

tf 1 (129)

• and by Equation (129) in the diagonal matrix of Equation (126)

D(t
f
) = I (130)

hence Equation (126) becomes -

~~~~~~~~ 
= R = T

~
(_l)I(_l) (131)

Where by Equation (33 ) Appendix A

T(-l) = BC-i) = B ’ ( 132)

and the connection matrix is

<tR (133)

The metric of Equation (121) using integration limits of Equation
(108) for t becomes

I t > <t dt ’~~ = R
TI(_l) t><t dt R (1314)

or

H. 11 = RTH. 11R ( 135)

a novel result which says that the Hu bert matrix is congruent to itself via
the Rutishauser matrix.
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also

H~~1 = R~H41R 
(136)

For example the 3x3 case is for the matrix H 
I

1 1 1 1 0 0 1 1 1 1 1
.

~

. 
~~

. .

~

.

1 1 1 = 1  —1 0 i i. i t o  —i —2 (137)
.
~

. 
~~

. 

~ 
.

~~

. •5•
1 1 1  1 - 2 11 1  ! L °  0

_3 4 5 _ _ 3 ‘4 5.

Case VII — Transformation Metric (0 ,1) (—1 ,1). This case will show
the application of the methods to the two classical intervals. Consider
-the transformation L

t b  + b to 1 - -
where L

Cr 1, 12
) = (0,1) (138) r

and 
-:

(t 1,t2) = (—1 ,1) (139)

or

fo \  /1 -l\
(140)

\ ij  \i 1/

and solving for b

b (1141) 1

or

and [1

t —l + 2r (1143)

and differential—wise -

d t = 2 d r  (1144) 
- -
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The package of powers of Equation (143) is 
-

= <1 D (2 n ) B 1 
(145)

and transposing and forming the metric (B is binomial matrix )

f t >  <t dt B
TD ( 2 n)J(2)t><i di D(2’~)B~~ (146)

or

M
t,~

(_1 ,1) = B
_T

D ( 2 n ) H 111D ( 2’~)B 1
2 (147)

For the 3x3 case one has

2 0 2 1 0 0 1 0 0 1 1 1

0 2 0 = 2 —1 1 0 0 2 0 1 1 1

2 0 2  1 - 2 1 L° 0 2~ !!!
_3 5_ •~

3 1+

(11+8)

1 0 0 1 - 1  1

o 2 0 0 1 -2

O 0 22 o o 1

Multiplying the matrices on the right yields the equivalence relation.

The interesting aspect of the above case is made apparent when one
attempts the transformation (0,1) to (o ,-i) simply by changing the
limits of integration

- 
2 3 -1

I ~r t

-l 2 3

f ~ r” <~ dr 2 3 4

2 3 1+

3 4 5
I I I

3 4 5

(149)
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—1 1 —l
2 3

1 -1

= 
2 3 ‘4

-1 1 —l
3 4 5

which does not qualify as a metric matrix since the norms on the main
diagonals have negative signs. This is avoided when orEchanges variables
thus

(150)

and
di = -at (151)

and by Equation (150)

= <I I(—1) (152)

and

—1 1

I t><t dt = (—l)I(-l) f  dt I (— l)  (153)
O 0

—1 1
I t’> <t (—dt ) = I(—l ) I d1 ‘(—1) (154)

O 0

or
-1

Mtt (O ,_l) = I 
0
t t (—dt) (155)

and

M
~ ,t

(0 ,_l) = I(-l) M ( O,1) I (-1) (156)

B • TRANSFORMATIONS ON GRAM-SCHMIDT VECTORS FROM CLASSICAL INTERVAL S
TO ARBITRARY INTERVALS.

Case 1 - Transformation Gram—Schmidt Vectors from (0,1) Interval to
(-1,1). The orthonormal Gram-Schmidt vectors were derived in Section
( 1 ) Equation ( 337) for the (0,1) interval as

4(0,1) = 4 B~ (O ,1) (157)
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where the coordinate matrix is for 3x3 case

- : 1i -r~ ~B
5

(O ,1) = 
f 
0 2v’~ —6/i (158)

~

We seek to derive the orthonormal Gram-Schmidt vectors previously obtained
on the interval (-1,1) called the modified Legendre polynomials via trans-
formation matrices rather than proceeding through the Gram-Schmidt con-
struction equations given by Equation (384) of Section C 1 ) .  Let

4-1,i) = <t B~~(-l ,l) (159)

where B (-l,l) is unknown and where the connection of Equation (145) is used

<t =<I D(2
n )B l 

=
~~ 

P
It (160)

Using Equation (160) in Equation (159)

<s(—l,l) = <rD(2
”)B

~~~
B
s
(-1 ,1) (161)

Transposing

s(.-1,l)) 85
T(_1 ,1) B

T D(21
~)I> (162)

Forming the O,N metric (constant)

f s(_l,l)> <s(-l,1)dt = I M
55~

-l,l) (163)

or by Equation (11+4)
1

I = B~~(_ l , l)B
TD(2 n

) I (2) i tdiD(2’~)B 1
b5(—l ,

1) (164)
0

or

I = 2B~(_l ,1)B
_T

D(2 n)H~11D(2 5)B
_l
B
5
(_l ,1) (165)

By Equation (348) of Section ( 1 ) the triangular factors of the Hu bert F
matrix are

M
11

(O ,l) = H.11 = [B (0 ,l)B T (O ,l)]
_l 

(166)

Modifying Equation (165)

B~ (—l,l) B;
3
~
(_l

~1) = [B5
(—l ,l)B~ (—l ,l)]~~

=2B
_T
D(2

n)[B
5

(O ,l)B~ (O ,1)] _lD (2 n )B_l (167)
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Inverting Equation (167)

B (_ l,l)B
T(_l ,l) = 1 BD

_l
(2 n)B (o,l)BT(O ,l)D

_l
(2 I

~)BT (168)
5 S 

2
Equating factors of the metric matrix

B5(-l ,l) =A BD
_l

2n B5(0 ,l) ( 169)

and for the 3x3 case using Equation (158)

1 1 1 1 0 ,/ ~~ ,
,-

~

B
5(-l ,l) =A 0 1 2 0 1 0 0 213 —61~

3x 3 0 0 1 0 0 ! 0 0 6f~ (170)

or - 
22

0

B
5
(-1,i) = - A (171)

O 0 3J ~ —

2

which agrees with Equation (381+) of Section C 1 ). One can easily obtain
the general expressions for the dxd matrices. Using Equation (160) in
Equation (159)

~~~(-l ,i) = ~~ D ( 2~~)B~~ B5(-l,l) (172)

t Using Equation (169) in Equation (172)

<s(_1,1) = ( t  D ( 2’~)B~~BD~~(2~ ) B
5

(O ,1)A (173)

1
\s(—1 ,l) =<I B3

(o~l)j~- 
(171+)

which relates the O.N. Schmidt vectors to the old base.

C. EXPONENTIAL BASE METRICS. The modified Laguarre polynomial metrics
with translated origins and time axis sign change are presented below.

The interval (O ,oo) will be referred to as the classical interval and
by Equation (20  ) in Appendix D

= f~[r~~~e
tdI] (175)

0 0
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1 ( i+ i ) !

M (o~ )= I
it ‘ La1 + 

~ 
+ i. (176)

— 

for i,j=0,1,2,...d—l

Case I - The Variable Change.

(177)

and

di = —dt (178)

and

—a~ ate e (179)

yields for the powers

4 = (180)

The end points for the new variable are

(t
1
, t

2
) = (0, ...c~) (181)

and the metric is

e~~~ di = I(-l)I t>4 eat (_dt)I(_l) (182)

By Equation (23)  in Appendix B

I e
~~t><t 

dt = r(~ + j) ! ( l ) i+J+11
0 L ~~+j+l J 

(183)

f-i: 
~~~~~ 

IE] ( 181+ )

and we see as in Equation (1149) that the diagonal elements have negative
signs , hence do not serve as a good metric. By Equation (182) define the
metric
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~1•

-~~~ j
M
t~

(O ,_oo ) f  t><te
at(_d t) -I t>s(t e

atdt (185)

and using Equation (184) in Equation (185)

1 —1 2! 
-

a ~2 Li

Mt~
CO ,_oD) —! .~! —.~!2 3 4 (186)a a a --

2! —3! 4! -~
3 4 5a a a -

~

and the metrics are connected via Equation (186) in Equation (182)

M ( O ,co ) I(—l) M
~~~

(O ,_oo)I(_ 1) - (187) - -

-and

M
t~

(O ,_co ) I(—l ) M ( O ,~~)I(—1) (188)

and the inverse metrics are related 
-

= I(-l)M~~ (O ,c~)I(_l) (189) -

The inverse metric on (0,..) is given by Equation (123) Section ( 2 )
as 

-3a a2

= a -3a 5a
2 

-a
3 (190)

2 3 4 -

a —a a

and the inverse of Equation (190)

3 3a a2 i~
— M;~(o ,_ ..) = a 

~2 ~: 
(191)

Case II - If we translate the origin to a new origin t
1 
0 where

-r = t
1 

t t (192) -
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then the metric for the variable r on the interval (0,..) can be written as

IT
~ <T 

di di +1 1> 4e di (193)

0 0 ti

The first term on the right is rather messy, however the second integral
is interesting. For the 3x3 case we obtain

M1~
(ti,~

) = II> <t e~~~ di (194)

1 (t
1+i) (t~+2t1÷1 )
a — 2

—at
1 (t

1+i) (t~i-2t
1+1) 

(t~ ÷3t~ +6t1+ 3 )

(t~ +2t 1+ 1 )  (t ~ +3t~ ÷6t1
+ 3 )  (t~÷4t~+1:t~+2:t1

÷12

D. TRANSFORMATION OF THE GRAM-SCHMIDT VECTORS FROM (0,.. ) (0 ,-.. )
INTER VALS. The Gram—Schmidt proceedure was applied to derive the ortho-
normal modified Laguarre functions of Equation (42 ) Section C 2 ) for
the 3x3 case as

<~~°‘ 
) = 

~~e
BsC0~

0
~
) (196)

- 
- where

1 —l 1

B ( O ,°°) = 0 a —2a (197)

o o a
2

2

The 0. N. Gram—Schmidt vectors on [0,-~
] is given by

= <te
B
s

(O
~
_oo ) (198)

where B ( O ,-°°) is unknown.
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Transpose Equation ( 198) and form the metric

I s(0,-..)> <s(O,
~~

)(-dt) B
~

(O
~
_
~
)f t>e <te

(_d t)B
s
(0
~~~
) - I

0 0 ( 199)
or

I = B~~(O ,—oo ) M
tete

(O
~
_
~

) B
5

(O ,—~ ) ( 200)

Using Equation (188) in Equation (200)

I = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(201)

and the triangular factors of Equation (1+17) Section C 1 )

M ( O ,oo) = [B (o ,..)B
T(O ,..)J~~ (202)

and as before

= I(_l)[B (O ,..)B
T(O ,..)]~~I(_l) (203)

or

B ( O ,_ co)B
T (O ,_ oo) = I(_l)B (O,00)B

T(O ,00)I(_l) - (204)

and if one attempts as a solution

B ( O ,..) ~ I(-1)B (o ,oo) (205)

and for the 3x3 case we have by Equation (197) in Equation (205)

r i 0 0 1 —l

B 5
(O ,-co ) 

~ 0 -1 0 0 a -2a Ia ( 206 ) 
-

~~~

0 0 l~ 0 0 a2

H or 

1 -l 1

B ( O ,-..) ~ 0 -a 2a (207)

0 0 a
2

If we perform the 0. N. Gram-Schmidt process using the metric of
Equation (186)
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1 1 2
a 2

gCO ,-..) = <t 0 1 (208 )

O 0 1

and the O.N. vectors are

1 1 ii
s(O,—~ ) <t 0 a 2a (209 )

O 0 a~
J

Equation (209) is seen to differ in sign from Equation (207 ) ,  however
if we use the solution of Equation (21+) in Appendix C that is

B(O ,—oo) = I(—l)B (O,oo)I(— 1)

we obtain the correct matrix

1 1 
11

B (0 ,— c. ) 0 2a 2a (210)

o ol
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Section 4

POLYN(~ IAL VECTORS BASES BASE CHAM ES, POLYN~~1IAL DERIVATIVES , 
-

BASE~~~RIVATES AND BASE INTEG~ .ALS. It is well known from elementary -

algebra texts (see for example Halmos Ref [36 3) that the set of r,oly~ 
- 

—

nomials of degree d.-l form a vector snace of degree d, for example

x(t)=a0+a1 t...ad l  t’~
’1 (1)

is a vector . The coordinates are a 0a 1 •.~ ad_ i and the base elements
are the mowers of t . If we separate tfie coordinates f~o~ the baseelements -- -

x(t)=(l ,t,t2 ... t~ ’1
~ a0 (2)

a1 - i

a2

or 

x(t)= <t a> - (3) 
- 1

where the column of field elements is

a
~~~ ,=/ a~ \ (4)

( a ~ 

~

~Yd~l)

and the row of base vectors is

t
d_ 1 ) (5)

-I
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Equation (5) is a row of d base vectors , that is the ith base vector
is the polyn omial t’. The d base vectors are linearly independent
etc. My full rank inve rtib le dxd mat rix B maps the <t base to a
new base, for example

~~~dxd <~~ 
(6)

or 

= B ’ = 
~~~ 

(7)

Some examp les of base changes commonly occurring in classical math-
ematics are given below .

Linear Scaling and Translation on the Time Axis.

c = b 11 + b 12 t

or simp lifying the notation (8)

or nomalizing the coefficient of t in Equation (8)

t = b 1 (8+t) (9)

where

B = b0/b 1 (10)

By Equation (5~~~A ), the binomial term of Equation (8) yields

~
0
,-r,-r

2
, • • •  i

d_ i
) = (= 4D(b 1)T~

(B) (11 )
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where
1 0 0 0

D(b ) : ~~
‘ :~1 h~

• . d—lb 1

and I :

ri 8
2 

B~~ B~
I B5

0 1 28 382 48~ ~~~
0 0 1 38 662 ~~~ •••

T (8) — 0 0 0 1 48 1082 (12)

0 0 0 0 1 58

0 0 0 0 1

U
By Equation (12) we see that the bases are connected by a diagonal j
matri x D times an upper tri angular matrix T~ (6) containin g the - 

-

binomi al coefficien ts or

(13)

where

D(b 1) T
~

(8) (14)

The inverse base change is

4 = (B) D 1
~b1) 

(15)

The diagonal matrix inversion is simple , the upper triangular matrix
inversion is more comp licated. However the inverse can be constructed
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easi ly , for by Equation (9)

t — ~~ -. ( r — b ~ ) (16)

- 
- 

and by Equation (60- A )

~~~~ ~
i 1

b~ ’ (1

b~~

0

L b~~~’~

1 _b
0 b0 -b0 b0 -b 0 1 (17)

o i -2b0 3b~ -4b~ 5b~

0 0 1 -3b0 6b~ -10b~

o 0 0 1 -4b0 l0b~~

0 0 0 0 1 -5h~~

[2 0 0 0 0 l J

Consider th 2 derivative of Equation (2)

~ (t) ( d~~
’ ) 

~~ 
+ (18)

For many studies the vector is a constan t and

d1~ =~3i: ’~ 
(19)
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For filtering example of varying parameters see paper by Luenberger (54].

The derivative s of the base polynomials in the same base is -

~~~~ 
(l ,t,t29t

3, •~~•t~~
1) (0 ,l ,2t ,3t 2 , (d— l)t ’~

2) (20)

or

(21) 
- -

where the dxd velocity mat rix is -

dxd o 

1 0 0 . . . 0 (22) 
j

0 0 0 3  : J
-

. 0 

j

O . . . O _

-I

The higher derivatives are

=4v
2 
a> (23)

.
~~ =4v~~~~~

~~~~~~~~ v
d
~~ ~

‘
j~~

~
(d) a q v d 

~~~~ 1

I
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The matrix of Equation (22) is singul ar, or the polynomial derivat ives
are l inear ly dependent. From the above we see that

~ . 4 ~~ - ç~~v (24)

d 4 4 ~~2

dd 
4 

= <~ 
~,d = ~~~ [0]

and the singular ve]ocity-matrix V is sai d to be ni lpotent , index d, that

d 
= 0 (25)

Note the interesting dy adic decomposition of V as a sum of rank one
dyads

V = 1 E12 + 2 E23 + 3 + .1. 

~ Cd-i) F (d l)d (26)

where each rank-one dyad is
L+l

— e~~~45e (27)

t

205

~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- 

-- -



— 
--—-~~--~ — —~~~~- -

~~— -,~~--- -~~~ - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -~~ —.—
~ 
—U ,

-
y 

- 
j

j

and the row-vector of dimension d has a 1 in the ~th position

c~~)e — (0, 0 ... 1,0,0 ... 0) (28)
£ £~ position

The matrix V can also be partitioned into its column space or row 
- 

-

space as

= 
[~~> 

~~~~ ~~~~ 
(29)

v = 24 
— 

(30)

2~~~

- 3~<e

(d-l) I

or as factors 
-

V = N S  (31)

where the shift ri ght-and -out operator is

S - 

~ ::: : 
= 

~~~ 
>1 

‘
~~ ‘ 

~~ S ’  

~~~~1
(32)

1 1 -

...~~ 
. . . o

_.. 
1- -

~
1 -
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The shift is on the identity matrix

— e
)~ ... 

‘
)
~(d_l) ‘!~‘~j 

(33)

N is a diagonal matrix of natural numbers

N =  1 0 ... 0 (34)

O 2 0

3

— 

0 d_l
d

Powers of V can he obtained from Equat ion (22) utilizing

0 j 4k
E.. E = (35)
i~~ km 

~~ 
j=k

since

(3~~~

where the inner-product is

- I l i = k

~jk 
= <e 

~‘k 
= 

to j+k 
(37)

6 k is the familiar Kron:ecker delta function. Consider the square
0+ the expression of Equation (22) (38)

— l.2E13 + 2.3E24 + 3’4E35 + 45E 46 + 
•.. + (d-2)(d-l)
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or in open form

v2 = 0 0  2 0 0 0  ... 0 (39)

0 0 0 2 . 3 0 0  ... 0

: : : 0 3.4 0 ... 0

o 0 0 . . . (d_2) (d 1)

o () 0 . . . 0

- - __o 0 0 . . . 0 
—

dxd

The thir d uower is

= 2.3 
~l4 + 2.3 . 4 E 25 + 3.4~5 E_ 6

+ 4 5 6  + - . (d-3) (d-2) (d-1) e (d 3)

I-
or in open form

- J

I-
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v3 0 0 0 3! 0 0 • . 0 
— 

(1+1)

0 0 0 0 (3+1)! 0

0 0 0 0 0 (3i-2)!

-- (d—1)!Cd-j ) row 0 .

(d—1—3)!

o . . . 0

o . - . 0

0 . - . 0 _

The rnth is

= 1-2 .3 mE1( 1) + 2~ 3 1 +  . . . m (m+1) E
2( 2) (42)

+ - . . + m(m+1)(2rn+1) L (2) +

+ (d-~”)(d—m-s-~ ) - - . (d—2 ) C d- ~ ) E
Cd )d

for

m < d (43)

or in open form
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- ij _
— 0 ... in! 0 ... 0 ,.. 0 

— 

(44) 
1

0 ... 0 (ni+l)! 0 .,. 0

(m+ 2)! 0 02!

(d—m ) row . (d-1)!
(d-1-mT!

4
m rows 0
of zeros

L
the Cd-i) power is

= (d-1)! Eld 
(45)

the dth power is

(46)

as an example consider the fifth degree polynomial , or

~~~~~ (1, ~~, t2, ~~~~
, t4, t5) (47)

for which

V = 0 1 0 0 0 0 (48) -)
6x6 0 0 2 0 0 0

0 0 0 3 0 0

0 0 0 0 4 0  }

0 0 0 0 0 5

0 0 0 0 0 0
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r~~~~~
T

V
2

=~~~~ 0 1 . 2 0 0 0  (49)

0 0 0 2.3 0 0

0 0 0 0 3.4 0
0 0 0 0 0 4.5

0 0 0 0 0 0

.!! 0 0 0 0 0_

V 3 = O  0 0 2.3 0 0 (50)

o o 0 0 2. 3.4 0

0 0 0 0 0 3 .4.5

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

4 
—

V — 0 0 0 0 2.3,4 0 (51)

0 0 0 0 0 2.3.4.5

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 
—

V5 
= 0 0 0 0 ‘~ 2.3.4 ,5 (52)

0 0 0 0 I.) 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0
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V6 = [0] (53)

The dyadi c expressions are

V = E12 
s 2E23 + 3E34 + 4E 45 + SE56 (54)

6x6

V 2 = 1.2E ~ 3 + 2 3!124 + 3’4E35 + 4’5E46 (55)

V = i.2 3E~~ + 2•3 ’4E 25 + 3’4 5E~~ (56)

= P2.3’4E15 + 2’3’4 5E26 
(57)

= l•2’3’4 5E16 (58)

V~~= 0  - (59)

The coefficients are ~actoria 1s and factorial relations.

The mat ri x V can also be written as the nroduct Equation (32) and
Equation (34) as

V = N S  (60)uodxd

= 1 0 0 0  o~~ 0 1 0 . . 0  (61)

0 2 0 0 0 1  .

o 3 0 0 0

0 0  1

. • d 0 0 0 0 0

The psuedo—inverse of the singular matrix V is used later in multi-
p ie integrals. Two expressions for the psuedo inverse are

* T 1*V — V ( W ) (62)
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—

= (VTV)*VT (63)

The transpose of Equation (61) is

VT - S T N (64)

The symmetric Granmii an matri x of Equation (63)

= NS
110 

S~~ N (65)

The product by Equation C 32 )  is

S
UO

S~O — 
Z
4 ) ‘

~,
), ‘l

j>] 
- 1 . . . 0 (66)

.

0 1 .

. . . o

_~~~~~~~~~~~~ 

- J

and
— *

(~~T)* 1 . , (67)

. 22

• 32

: ~ : 
(d 1) 2 

0
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- ,.

~~~ --. — -~~ 
_ _

~~.
_-

~ —~~ -

— 1 0 0 0 0 0 r
0 .

~~~~

. 0 0 0 0 -

2
0 0 .

~~~~

. 0 0 0 
-

3

0 0 0 •.
• 

0 0

0 0 0 0 0
Cd-i)

0 0 0 0 0 0 -

Using Equat ion (67) in Equation (62 )

V~~= 0  0 0 0 0 0 0 (68)

1 0 0 0 0 0 0

0 ~~
. 0 0 0 0 0 

-

o o 0 0 0 0

. • . S -

0 G 0 0 ~~~~~~
. 0

The ~th nowe r of Equat ion (68) is -
-
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(V*) in= ~ 0 0 0 0 (69)

ii
0 0 0 0 0 0 0

0 0 0 ’ O O O

(m+l) tt~ • 0 0 • 0 0 o
1 0 0 0 0 0(m+1)!

0 0 ~~~ 0 0 0 0

(d m)’0 0 0 d! ~

The associated projectors are

VV~ - 1 0 0 0 
— - 

1 0 (i
~~~ 

(70)
dxd 0 1 0 (d—l)(d—l)

0 0 1

and 

__ o 

~~~~)0

I _ V V * _ 0 0 0 0 0 (71)

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0

From the pr e ceeding we h ave
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-

- 
- x 

4 

- 

a~~~ (72)

4

. 
—

.

. S

x’~~’ ~~~d-i

or the d states in mat ri x fore

= Tv (t)  a~~~ (73)

The derivative of the state vector of (69) multiplies the package by
V, that is

~
‘

j
~~ = T ( t ) V a ~~~.

.
,~ 

= 

~~~ 
) (74)

Consider the matri x Tv (t) of Equation (72) -
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1 (t) — (75)

~ ~ 
~~2 . . .

0 1 2t 3t 2 4t 3 St
4 . . • (d—l)t ~~

2

o 0 2 2.3t 3.4t2 4.5t3 • • . (d—2)(d—1)t~~
3

0 0 0 2.3 2.3.4t 34.5t2 • • • (d—3)(d_2)(d_l)td~
4

0 0 0 0 2. 3.4 . .

0 0 0 0 0 0 1.2.3.4 .,.(d—3)(d—2)(d—1)

The matri x evaluated at t—0 is

T~ (o) = 1 0 0 . • • • 0 (76)

0 1 0 . S

0 0 2 .

o o 0 3! 0

0 0 0 0 4!

S S

S

0 0 0 0 0 0 0 0 (d-1)!
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The inverse of 1 1(0) is

f1(o) = 1 0 0 (77) 1
: 

•

~~~

1

Cd—i)! 
I -

The inverse of the triangular matrix of Equation (75) for a second degree -

polynomial is the 3x3 matrix

T (t )  = 1 -t t2’2 (78)

o ~~ —t 
- 

1
- : - 0 0 1/ 2 _ -

and for a third degree polynomial with a 4x1+ matrix

-

= 1 -t t
21
2 -t3”2.3 (79) -

1+x4 
1 —t t2”2

0 0 1/2 —t / 2

0 0 0 1/2 3  
-

I

1
218

.~~~~- ~~~~~~ ‘.-~ .
, 

- -. ~~
-— .-- ,  -~~~ -~~~~~- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- — ~~
_
~~~~w _ - . _ , _ . _ _ _ _ _ _ ___ _ _ _. _ __

and for a fourth degre e polyn omial the 5x5 matrix is

T~~ (t) = 1 -t t 2/2 -t 3/ 2 3  t4
/ 2’3 ’4 (80)

5x5 0 1 —t t 2/2 —t 3/2 ’3

0 0 1/2 — t / 2  t 2/4

0 0 0 112 3 -t/2 .3

0 0 0 0 l/2 .3•4

The nested-nature of the size of the matri ces can he seen from the
above relation . A size expanding recursive inverting algorithm
could be worked out (the analog of the recursive Householder inversion
lenm a for a mat ri x plus a dyad).

Time Derivatives of Two Time-Varying Bases. Polynomial bases of the
£~rm or where

u, ~~, t2 •~~• t d_ l
) (8 1)

and

(1 , t , 
... -

can be referred to as monomial bases ,

An arbitrary base of Equation (6) is

4~xb = (B (82 )

and the time de rivative is

(83)
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or by Equation ( 2 1+) and Equation (83 )

r — ‘::~~ [B
_ 1

vt B + B 1 
B] (84)

or the velocity of the base elements in the base is

= V = c~~ [B~~vt B + B ” B] (85) 
- -

or

B =  BVx
_ V

t B (86)

If B=C a constant matrix one has

C = By - Vt B (87)

Equation (83) is exact analog of time varying-bases in classical
dynami cs of Gibbsian vectors ,

If V~ = ..V~ Equation (86) becomes

B — B V + V B  _ ( 88)
r

If the transformation between the bases is a constant th en

BV = Vt B (89) j
or

V~ = B ’ Vt B (90)

wh ich is the familiar similarity t ransformation .
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Multi p le Inte ?ra tion of Bases and Base Dya dic Product Integration.
Consider the indefinite integral of the base

J 4
~~~t dt .( J dt , J t dt, ‘‘, f td_l dt)

2 3 (91)
I t t t

= , ~ 
. 5 .~~~

Equation (91) can be written as

J ~~~ dt = e ( V *  + ~~
.-. ~~~~ (92 )

where the psuedo inverse matrix V~ is given by Equation (65). Notice
that the derivative of Equation (92) yields a matrix Calculus or
linear product relation

d
~~~~~ J ~~~~~ = 4 vv* + t

= i 0 + ~~ 

Cd-i)

(d-1) x (d-l)

0~~~

= cZ(= (1, ~~, t 2 , ..., t C~
_ l ) (93)

Jf (dt = 
[

~~~i* 
-
+ td v* + ~~~~~~~~

(94)

f J t(dt = ~~~~(V*)
2 

+ t
d 

~~~~ V~ + ~~~~
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H j
Re l at ions for higher orders can be written out .

Integration of Dyadic Product of Bases. Amon g the many relations
occuring in polynomial analysis the integral of the dyad

J )<dt

is used.

It is useful to exnress Equation (91) as

f ~~ = ~~ 
1/2 , 1/3 , 1/4 ... lid ) Dt (95) 

:- 
-

whe re the diagonal matrix Dt is

1 0 0 (96)

O t  0

o 0 t
2 - 

-

o ~~~~

The integral of t 4: is

f t 4 d t  = t 2 
( l/2~ 1/3 , 1/4 , ... l/d , Dt (97)

and the integral of ~~~~~ is

- 

f~~z~dt = tm+l
( iim , 1/m+ i , •.~ l/ m+d

) 
Dt 

(98)

The integral of t~’~4 is
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[1
L

J t
d
~1< d t t d ( l  

~~~~~, ~~~~j l S 5 S
2c[~~~~~) 0 t 

(99)

From the above re lat ions
t 2 f t 2f) <~~ = 4~ dt (100)

t i t
1 t I(Z.

tm~~

= t (i , 1/2 • 1/3 , . . . l/d) (101)

t 2(112 11/3 , 1/4 
‘ d’T)

Dt

m + l f l  1 . , 1
~~

:

d—l f i  1 1 1 ~~ i, ~~i) 
~~ 2d- 1)

or
f t 2 2 —

j
~~~ c(dt = tD

t
H.
i 

O
t 

(102)

t l t i
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where the well known Hu bert mat ri x I I ~~ is

(103)

H . = 1 1/2 1/3 1/4 • • . l/d
i9~.

1/ 2 1/3 1/4 1/di l
- _j _i

1/ 3 1/4 lid

1/4 l/d+ l

1/d+1 . . . l/2d— l
dxd

Note that t h e  h u b e rt matrix is a special case of the Hankel matrix.
The integ ral of Equat ion (102) is given by Equation (19) Section II .

B . INNER-PRODUCTS, BASE METR ICS, I IAN KEL ~J4D I IIL BERT ~-1ATR1CES.
The classicaT vectorS anu dyad s of Gibbs carried iT~ng the bases with - -

the vectors and the operators (or t rans f orm at ions ) .  ~‘-!odern abstract
mathematics atteinnted to surpress the bases and represen t the vector
as a row or colum n n-tup le and the matrix as a nxm matrix of elements
(usually field elements). This was adequate for simp le systems hut
where derivatives and many base changes are neede d for large scale
math-models , the matricized version of the Gihbsian renresentations
simplifies many operations on multi-linear dynamical algebras. These
extended ‘ibbsian techniques have been well developed for flight
dynamics of multiple inner-acting bodies characterized by symmetri c
inertia mat ri ces , or variance-matrices of measurements in man y onboard
moving bases (re ference 69). The extension of these techniques to
polynomial vectors , etc. provides some interesting relations and
relates matrices to some very tedious age old classical analysis
techniques.
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Considor two polynomial s

x 1(t) = (104 )

x 1(t) = a~t + a1t + ... ad i t - 
1< )~

(where c( )~ 
is conventional inner product on real n-tuple vectors),

and

~
‘2 
(t) = 2 <> = < >2 (105)

then the ‘dyad ic pro duct” of the two vectors x1 and x2 is

A
l ~
‘
~2 ( >2 (106)

wh ere the squa re dxd rank - one mat r ix  or dyad is

= 

( 
~~~
‘ (~ 

,
- ~~l , ~~ r

d-i
) (107)

= ~~ 
~1 ~2 . . . t~

_l 
(108)

~~1 ~ 2

~~2

t d
~~ 

td~
1
t
d4
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or as a column of row vectors

= 

- 

(109)

t24

and as a row of column vectors

)
~ ~
( = [)

~
. , ~, )~ t

2 
-t ’ i] (110)

Clearl y ,  the symme tric dyad is a rank-one Hankel matrix

) ~
( = ~ 2 ~~3 . . . (111)

-
~ ~~~~

~~2

~ 3

t 2 d_ 2

The psuedo-inverse of (111) is

(~~.~()* = 
______  

(112)

() ~~~2

The inner produce of the two polynomials on the interval 0 to 1 is

J xlx2 dt = ~4 (  J , 4~dt))~ (313)
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The integral over the unit interval is the hu bert matrix

dt — 1 1/2 1/3 l/d =hi
~~ 

(114)

1/2 1/3

1/3 . 1/d+l

l/d l/d+l

l/d l/d+i 1/2d— i

The matri x of inner-products between the bas e vectors is classically
cal led a met ric-matrix , thus the metric matrix with resnect to the
inner-product so dcfined is a hu bert matrix .

The inner-product defined ove r an arbitrary normalized i nterval can
be w ri t ten by Equation (11+8 ) sec (1) as

dt = M
t1t2 

(115)

= t Dt 
IL fl~ ( t t~~ 

(116)

or 

Mt1t2 
= 
[t2 

~~2 
H.
i 

D
t 

- 

~~1 
D
t ~~~~ (117)

For examp le if t
1
=0, then

M = D  H.
~ 

D (118)
0t2 t2 1. t2
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.~1

— (119)

- 
— 

1 1/2 1/3 ~l . . . 
—

t 1/2 1/3 . . t2 0 .

t~ 1/3 . . . . t~ .

: : : : . : •.~~~ —

d— l . . . . . . 2

For examole for the f i f th  degree polynomial of Equation (3) Section I , the
(0 ,1) interval of Equation (113) is

= 1 1/2 1/3 1/4 1/5 1/6 (120)
6x6 1/2 1/3 1/ 4 1/5 1/6 1/7

1/3 1/4 1/5 1/6 1/ 7 1/8

1/4 1/5 1/6 1/7 1/8 1/9

1/5 1/6 1/ 7 1/8 1/9 1/10

1/6 1/7 1/8 1/9 1/10 1/11 —

For the third degree polynomial the interval (0 , t f ) ,  t2=t f of
Equation (118) is -

= 1 t f/2 ~~~~ ~~~~ (121)
4x4 2 3 4t f/2 t f/3 t f/4 t f/5

2 t 3 t ’tf/3 f/4 f/S ff6

6t f/4 t f/5 f/6 t f/7
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Not e that the metric mat ri x of Equation (121) is a Ihankel matrix.

By Equations (117) and (121) it is seen that the upper and lower
intervals are Hanke l matrice s and the di fference between the two
Hankel mat ri ces of Equation (117) is a Hankel matrix

~~1
t2 

— 1 W/2 W2/3 W3/4 ... ~~

-

~~~

-—- 

— -  

(122)

dxd W/2 W 2/3

W 2/ 3

- 

w~
’_l w2d.2 -

2d-U

where the interval width is

W = t2—t~ (123)

C. CONTINUOUS TIME SHIFT BASE CHANGES BASE TRANSITION MATRICES
AND }!A~~EL METRIC MATRIcES FOR FIXED TII !~ SPAN e In Section I it is
shown that a linear scaling and translation on the time axis generates
a tri angul ar-matrix base change . In Section I it is shown tha t the
metric-matrix for a monomial base change on a normalized time interval

— t1 to t2 generates a hlanke l mat rix. This section will show how trans-
lation on the ti me axis (to the fron t , b ack , and center of a time
interval) change the form of the Hankel matrix . Clearly the most
simple met ri c would be an identity matrix, the result of a Gram-schmidt
orthogonali zation process (orthogonal polyn omials) . Smoothing over
a span and estimating states at forward , backward and span-center
occurs quite often .
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The time changes and variables are shown in Figure (1). The vari able
t 0 is some fi xed initial time, the variable tb is the time point at
the back of the span , the time t f is the front point , and t c is the
center or mid-point. The width of the interval t f-tb is designated
a s W . j

_ _ _ _  _ _ _ _ _  
-j

SPAN

w

0 to tb t t tf

FIGUR E (1) 
- 

-

TIME-AXIS POINTS

In discreet smoothing as well as in continuous smoothing one can use a
moving snan ; however, for purposes of this section , one can consider
the var iables of integration as t , t~ , t’~, t~~’ all four to be described -

below and considered to be varying over the snan IY.

t -,

.4_ t
_t

_ 
______________

— 

t 
T!ME AXIS

t tb t~ t t f 3

FIGURE (2) - -

FOUR VARIABLE TIMES

- - 
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The equivalence relation s by Figure (2) are

t t L~~
+ t t c t t f

_ t  (124)

If we solve each of the new vari able equations

t = t _ t b (125)

t~~~= t — t  (126)

t = —t + tf (127) —

The lower and upper limits of integration are tb and tf for the
variable t ; for the new variable by Equation (125) [parentheses
meaning functions of]

t (t) = t — tb (128)

and at the lower limits

t
~(%)=tb

_ t
l) = O  (129)

and at the upper limit

t ( t f ) = tf - th = W (130)

In a similar manner the lower and upper li mits for t~~ are

t
~~
(tb) = tb — t — W /2 (131 )

and

t~~ (t f ) = t
f 

— t~ — W/2 (132)

The integration limits for t~~~ are

t~~~ (tb ) t f — tb IV (133)
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and

t~~~ (t f ) — 0 (134 )

If we define powers of the variable t , t’, and t~~~ by Equation(11) Section I we obtain for a fifth degree polynomial
- 

= [(1, t’, (t)2, (t’)
3
, ... (t~)5) ‘ 1

— z~ 1 _ t b t~ _ t~ t~ _ t~ (1 35)

0 1 _2t
b 3t~ -4t~ 5t~

0 0 1 _3t
b 6t~ —10t~

20 0 0 1 _4t h lOtb

: 
_ Stb -j

Equation (135) can be extended to higher degree nolyn omials , where
the binomial coeffi cents continue alon g the columns.

The translations to the origin at the center of the span by Equation
(126) yields

= 1 _t
c t~ -t~ t~ —t~ (136)

o 1 -2t 3t2 —4t3 St4

0 - 

c 

~
3:
~ 

6t~

0 0 0 1 —4t l0t~

C) 0 0 0 1 .5t~

0 0 0 0 0 1

H’
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and the t ranslation to the fron t of the snan by Equation (127) yields

~~~ 1 t f t~ t~ t~ 
— 

(137)

0 -l 2tf -3t~ -4t~

O 0 1 3tf 6t~

0 0 0 —1 -4tf

0 0 0 0 1

The inverses of the th ree t ransformations of Equations (135),( 136) and
- - (137) are for 4x4 cases

- - = 1 tb tb ~~~

0 1 2tb 3t~

0 0 1 3tb

O 0 0 l J

1 t~ t2 t~

o 1 2t
~ 

3t~

O 0 1 3tc

o 0 0 1
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~‘~‘1

= c~ El  t f t f tf (138) - -:

2 
-

~0 1 2t 3t - J

o 0 1 3tf }
0 0 0 1

The primed base of Equation (135) and its transnose are

- 4T(t~) 
-

t>= T~(t~))) (139)

an d the dyadic product is - .

= TT(tb ) ~~~~ T
T(tb) (140) -

The metri c of the new base by Equation (139) and the integrat ion - ) -

limits of Equations (129) and (130) are for fixed th

~~ 

d~~~ - 
~~~~~~ 

[J~>~~dt] T(tb) (141)

The center- re feren ced metric matrix by Equations (131) and (132 ) is 3

1
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1

W/2 

>~~~
- dt” 

TT(t) rj t f
>< dt] T(t ) (142)

-W/2 L t b J
Note the symmetric integration limits of Equation (142), it will be
shown later how they simplify the Hankel matrix. The metric -matrix
for the transformation of Equation (137) is

TT ( t )  t f

J t~~~~~~~~~~~
4

~
-

~~~~
- dt~~~ - J >4 dt T(tf) (143)

LV tb

The metric-matrix of Equation (141) by Equation (122) is

~ ~‘ 4~ 
dt~ = 1 W/2 W / 3

LV/2 IV /3 IV /4 IV /5

W2/3 w3/4 W4/5 1V4/6

W3/4 W4/5 1V5/6 W6/7

C . .  •~~• S.. ...

The metric-matrix for the transformation to the center of the span by
Equation (142) and Equation (117) Is

i J
~

V 2 
t~~’ ~zj~’ dt~~

~W/2
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(145) 
j

1 0

2 

3.22 
0

4 

5.2~ 
0 

7.26 
0 

13.22 5.2~ 7.26 ~~~

2 4 0 6 0
3.2 5.2 7.2 9.2°

_____ 
W6 w8 W i0 

- -

0 
s.? 7.26 9.2 8 11.2 10

a 0 0
7.26 9.2 8 11,2 10

7.26 9•2~ 

0 

~~~~~ 13.212

_____ 
~l0 ,~l2

7.2
6 

0 

9.2
8 ~ 11.2 10 0 

12 .2 12

The third trans fo rmation Equation (143) is the negative of the first
one , Equat ion (144) or

~~ f t~~~~~ ~~~~~~ dt~~’~ 
~~~~ 

t>~~~~~ dt’ (146)

One can also obtain the transformations from the t to the t ’
variables etc., as done in Equation (138) and the related dyads of
Equation (140) .
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- - D. TOEPLITZ STATE TRANSITI ON MATRICES IN CONTINUOUS POLYNOMIALS .
Polynomials are perh aps the most widely used approximating functions
in numerical, analysis approximation theory and in estimation theory.
They are essential to structure studies of matrices from the spectrum
point of view in that one considers characteristic and minimal poly-
nomials over the complex field as well as matrix polynomials. The
approximation of exponential functions yeilds polynomials

A A2 A’~
~~~~~~~~~~~~~~~~~~~~~~~~~ (147)

Consider the polynomial

x( t) = a0 + a1t + a2t
2 

+ ... ad_ l t~’~~ = <~~~t a~~> (148)

and its derivatives by Equat ion (72) Section I

x = - ~c~: V

x =4  v
2 

~~~~>

(d-l) .— d-1 - -x =c ~~ V

Packaging Equation (149) as a column vector of dimens ion d

- 

x 1 (149)

>

x~
1’

~j  ~~ ~~~~ ):~
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or

x(t) 
~j~~~

= T~(t) a (150)
dxd

where

Tv (t) = r~ (151)

~_ 4v

L _

and by Equation (21)

d T
~
(t) = t

~
(t) = T

~~
(t) V (152)

tSolving Equation (150) for the constant

):;:i =  T;’(t) x(t)
’
~~,. (153)

- Note that the vector ~~ is a constant (usually taken constant overa time interval) and can he evaluated at points t=O or arbitrary
point tb hence

= T;’(o)x(o> = T;
1(~~)x(~~~~ (154)

Using Equation (154.) in Equation (150)

x( t)~~~~= T~(t) T;’(~~) x (tb)~~~ (155)
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also

x( t )
~~

> - Tv(t) T;
’(o) x(0)~~~~~ ~ (t ,o) x (0) (156)

Thy product of the upper triangular matrix T (t) and the diagonal matrix
— 

T; (0) by Equation (75) and Equation (77) isv

T(t) ç’(o) (157)

= 1 ~ ~2 ... t
d_l

() 1 2t 3t 2 ... (d-l)t’~
’2 

x

‘ 0 (d-l)!

1 0) 0 0 •.. 0

0 0 1/2 0)

1/3

1
(d-i)!J

or
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— 

t
2 ~~3 

~
d_ 1 - -.

x(t) 1 t 
~~~~~ ~T Cd—i)! x(O) (158)

2 3 d-2
5
~
(t) 0 1 t x(0)

~(t) .

x(0)

. 0 1 t

Cd-i)
— 

X (t) 
j : . 0 1 X (o)

j

Note that Equation (158) develops the finite ~IcLauren series expansion
terms for exact polynomi als. This sane technique is used to develop
a Taylo r series approximation of functions in Section V

The state-transition matrix of Equation (155) is

x(tj>= ~(t, tb) x(tbj)> (159)

where

•(t,tb
) = Tv(t) ç

1(t~) 
‘

By Equation (75) and Equation (80)
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- -

•(t,tb
) =

~ 
t
2 t3 t4 1 

~
tb t~’2 -t~~6 t~/24

0 1 2t 3t2 4t3 0 1 _t
b t~”2 -t~’6

0 0 2 ~t 12t 2 0 0 1/2 —t~/2 t~’
1
4

0 0 0 6 24t 0 0 0 1/6 _t
b

/6

L° 0 0 0) 24 0 0 0 0 1/24 J
- -  

(160)

)2 (t_t
b
)3 Ct_tb)

4

= 
- 

1 (t_t
b) 

b 
3! 4!

- Ct_t
b)
2 (t_t

h)
3

0 1 Ct _ t b ) 2! 3!

(t_t
b)
2

0 0 1 Ct_tb) 2!

1
0 0) 0 1 Ct_ t b )

0 0 C) 1
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By Equation (160) for a 5x5 matri x

•(t,tb) = 1 t (161)

o 1 (t~ ) 2 (-t~ )3
2! 3! - 

-

( t ) 2 -

O 0 1 t 
2! 

- 

-

0 0 0 1 t’

o 0 0 0 1
- I

where

t = t _ tb (162)

the inverse matrix of Equation (160) is

•(tb,t) = ~~~
t
~
tb) = T(th) T~~(t) (163)

and by Equations (80) and (75) is 
- -

~~~
(t,tb) ~~~~~~ 

(t~)
2 

- 
(t)3 ~t~)

4 ~ 
(164)

I 
o ~~~~~~ 

(t~~)
2 

— 
(t’)3 Li

0 0 1 ~~~~~~ — 
(t’)

2

0 0 0 1 — t~ 1
0 0 0 0 1

I-
-I-
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By Equations (161) and (166)

x(tb~~~
= • ‘(t ,tb ) x (t)~ (165)

Note that the inverse transition matrix is obtained merely by a
negative t ime sign , that is

= _ (t_t
b
) = t

b 
-t (166)

substituted in Equation (163).

Powe rs of the Transition Mat r ix

$2(t,tb) = 1 2t~ 
~~~~~~~~~~~~~~ ~~~ ~~~ (167)

0 1 2t~ 
(2t~~)

2 (2t ) 3
2! 3!

2 _ 2
0 0 1 2t~ 2!

o 0 0 0 2t

0 0 0 1

= 1 dt 
(dt ) 2 (~~.)3 (~~~)

4 
(168)

0 1 dt . . .

1 . I I 

-

0 0
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-J

I
I -

and siailar for powers of the inverse cj

- ~ -~~~~ 
______ ~~

) 

1 

(169)

Transitions over Integer Multiples of Time Intervals. The transition
matrix by Equation (161) from some time tb to time t is

• (t,tb ) x(th>

if

t = flt
b 

(170 )

t_t
b = (n—I) tb = t (171)

x (nt’Ti).= $(ntb ,tb ) x(tb~,~ (172) 

~
‘
~1where it is easily established - 

-

•(ntb ,tb) = 
m_ 1

(tb,0) (173)

also -

~

•(ntb,t.o) = •
Z
~(tb,0) (174) 1
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E. TOF.PLITZ STATE TRANSITION MATRIX IN TAYLOR SERIES APPROXIMATION.
- - 

- Consider the scalar vaLued function of time x(t) where

t = t b +A t  (175)

then
2 3

x(t) - x(tb) + c(tb) At + ~
(tb) 4~

_ +~5~(t) ~r +

i (t)  - 0 x(tb ) + 1 
~(tb
) + 

~
(tb) ~~~ +

~~~~~~~~~~~~~ 
~~~~~~ ... (176)

(d—l) (d—l)
x(t) — x(tb)+ £

~
d_ l

In state ve ctor form

f ~ 
- 

1 At At2/2 At313! At4/4! ... ‘.‘

~~ / x

x 0 1 At At212! A t3/3! ... I ~
2/

— 
: — I 

~ o 1. At At 2! .,, x

. 
I At212 ’t. - .

At

\ ~~ —1)) L ~ 0 1 i ~
(d_ 1)

t t
b

+ c~_ (177)
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or

x(t)~3i = Tay(t_t
b

) x( t
b
(
~,~~ 

+ c~3~ 
(178)

The Taylor-Toeplitz-transition matrix transforms the states at time
t
b to time t, and can be designated as

•(t,tb
) = 1 t_t

b 
(t_t

b
)
2 

— 

(179)

0 1 (t_t
b
)

0 1

0 .

• . . 1

If x(t) of Equation (176) is a p dimensional column vector and time
differentiable then as a column of column vectors

/ x(~~~ I I At ‘ 
— 

,. 

,
>- pxp -

0 I A t I

0 0 I

. I • I

~ 
(d-~~~ 

— 

I 
:t x~~~

1>,
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~
—

~
‘-‘-—- -~~~~ 

IV I

— 

- 

+ ~~~~~ 
(180)

-

“ 

ç

~~~~~~~~~

)

If the column vectors x(t)
’
~> , ~~~ (t ) i ~~~~> ... etc. are packaged as

a row of column vectors on~ obtains

(x(t)(~~~ , c(t)(~~~ •,• 
(d-i) 

~~~~~

•.. x~~~
’
~~J ~ 

01
pxd th lAt I

IAt 2/2!

0

TAt !

+ E (181)
nxd
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~~~~

X(t) — X(t b) T~y
(t_ t b ) + B (182)

pxd pxd

Note that the state of Equation (180)are column vectors of dimension
pxd; whereas the vectors of Equation (182) are rectangular matrices

= of size pxd.

F. STATE DYNAM ICS FOR CONTINUOUS POLYN OM IALS AND POLYNOMIAL BASE
CHANGE. This section shows the con~entionar state-vector differential
equation and solution associated with polynomials , plus novel results
obtained from the time derivat ives of a pai r of obli que bases connected
by a constant matrix.

If the dtt~ derivative of a continuous polynomial (monomial form) is
a constan t , that is

(d) Cd)
x(t) = x (0) (183)

and the state vector is

= 

/ 
x(t) (184)

f c(t)

:

\ (d-1) —

x(t) /

I.
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and (185)

c \ [0 
1 0 0

31(t) 

~ 
=
~: 

0 1 

: ~ 

0

/ - 

“d l’ (d)
x~(t)/ - 0 0 0 0) x~ 

- x (0)i

— or

~~= F y +  e d 
x~~~(O) (186)

Note that the matrix F is nilpotent index d , th at is

= 0 . (187)

The companion-matrix form for a dtl~ order dyn amical system with
state feedback term is given as

= (f0~
f
1~ ‘ 

ed-i)  x 
‘

- 

+ g( t )  (188)

(L)
and the compani on matrix is

F = [  1 0 •.. 0 (189)

j O O l O  0

I :  : 
= :

~d-1 L <~J
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Clearly Equation (185) holds for

= . (190)

For the general case of Equation (188) one has

= r x (d> + e~> g(t) (191)

and the solution in terms of the fundamental matrix •(t) is

x(~). = 

d X d [0 >  J:o
~~

1 (T) ~~~~~ . g(t)dtj (192)

whe re

$(t) = eFt 
(193)

and

~~1( )  = e
_
~
T 

(194)

or 
ft

x(tN= e~
tx ( t ) +  eF(t t) 

~~> )~J~ (195)
- ~~ - - - - 

- dto

The companion matrix of Equation (189) can be expressed as the sun
of the nilpoten t mat rix of Equation (l85) plus a dvad

F = S 0 
+ e-  d <f (196)
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where shift-up and out matrix S~0 is given by Equations (31)

- 2< (197)

- ~-‘~0

The shift operator of Eauation (197) has the p~ iers property given
as

(198)uo ~~~~~~~

.
~~~~~~~~~~~~~~~~~~

- (3• 
~

_
~ - _i
d
<
,~ (199)
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s
C

~
0 

= Lo] . (200)

V 

By the matrix exponential expansion of Equation (1 ) Section A

eSuo t = r + s t  + s~~t 2+ ... s ltd~~ (201)

2! (d—1)!

•(t) (I , S~0 , S2 , .. S 1) (202 )

t

t
2!

- 

~d~1
(d—l)! 

/

For the 3x3 matrix case
1 t

c~(t )  = I + S t  + S2 t
2 

= 0 1 t (203)

0 0 1 j
~le also Nive the fundamental matrix differential equation

• F ~ (t )  (20u )

and for the F of Equation (185)

• = S~0 • (t )  (205)

and by Equation (202)
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H - = S
~~~0 E I~~~ 

s,,~, s~~, ...
~J 7 

1 (206)

f t
f t  I

Tr

\ (d—fl!

The extended state vector is

(~~ 
_
\

x

= x~3~~ (207)

(d)
x ( t )/  

— 
<f x (d> + g (t )

or a d+l vector. If the vector and g(t) are known then the re
are only d independent variables and by Equation (195) the solution
vector is completely known if th initial state vector is known.
If ~ is known (for example: <~~~

) and g(t) is assumed an unknown
constInt over a time interval, then one has a (d+l) dimensional
state vector to estimate. As an example a constant acceleration
scalar system over a time span is described by

~(t) = x(t0) t > t0 (208)
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id 

x 0 x 0
x~~~~~= 

~~ 
=
~ 

+ ( ) (209)
x / Lo oJ ~~ ~ (t 0)

Equation (208) implies a second degree time polynomial or

x (t) = (l ,t,t2) a(~ > (210) j

= = <~~V
T ’
~
) (211)

31(t) = v2 =~~~a v
T2 ’

~’~ (212)

The two-dimensional state vector is

( ~ = x ( 2 - =  t(~~~= T
~
(a) t(3’> (213)

2x3

and the three-dimensional state vector is

I

= x(3~ = t(3>= T
~
(a) t(

’
~~ (214)

The derivatives of the two state vectors above are

= T
~

(a) V1’t’> (215)

2x3
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and

= T~,(a) v
Tti?> (216)

3x3

By Equation (214)

= T 1(a)  x(~~~ (217)V
3x3

or Equation (217) in Equation (216)

~ (3.- = T~ (a) V I~(a) x(~ > (218)
3x3

or

H

~ ) ~~(
‘

~~~~= F x(3~>= S~0 x(~~~ (219)
• 3x3 3x3‘ x  -

Where the extende d state dynamics matrix is

— 1
F = T

~
(a) V T

~ (a) = S~0 (220)
3x3 3x3

and clearly has rank 2 , the rank of V.
The two dimensional state vector at time zero is by Equati on ( 213)

a0 a1 a2 

-

~ fl \ / a 0\
- 

~~ 0 )  
= ( ) (221)a

l 2a
2 

0 0 ‘a 1 ’
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and the solution to the two dimensional case by Equation (192) is

x( t )(~~~ = 
(1 

t \~ 

(a
~ ~ 

+ 

j

t 
(i  

-T 

) (o  
‘

)dT 
(222)

\o  1 J \ a l J  0 \o 1~~~\(v~~~/

[a0 
+ a

1t + a
2
t2 (223)

Lal + 2a 2t
Note that Equation (219) is homogeneous , while Equation (209) isnon-homogeneous.

The extended system ( 3x3) matrix of Equation (219) has the solution

x( t)~~~~ e
5ou t

x(O)( > 
(22k)

( i + s t  + s2 t 2 
) x (oY~-’ (225)

= •(t) x( 0)~~~ (226)

By Equa tion (214)

/ 
‘
p

z [a 0 a~ a2 1 \ = 7 a0 (227)

a~ 2a2 ~ 

/ 
0 

) 
( 

a~

0 
Oj 0 

\
2a2
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hence Equation (227) in Equation (226)

[1 t t 2’2! 
~ 

a0 (228)

0 1 t ~ a1~~~
0 ~ i 

— 
\2a2

From the above it can be seen that for a second order dynami cal system
with unknown force , one needs a three dimens ional state vector instead
of two dimensions. The generalization to higher derivatives is ob-
vious.

STATE DYNA~-4IC EQUATIOI9 CHANGES DUE TO TI~tE-AXIS BASE CHANGE. This
section deri ves some relations due to time-axis base changes. By
Equation (157)

x(tj> = 
~
(t,tb) x(t~~ > (229)

and
— 1

x( % ) - = $ (t ,t
b
) x(t ) > (230)

Tak in g the derivative of Equation (229)

x (t) > = • (t ,t~) x(t b )) (231)

and using Equation (230 ) in Equation (227)

~
(1
~~
)=

~~
(t ,tb) $

“(t,tb
) x(tI ’> (232)

or

Fe = S~0 — $ (t ,tb ) •
‘(t ,tb ) • (233)

dxd
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By Equation (159)

$ (t ,t~,) = T
~~
(t) T;

1 
(t

b
) (234)

By Equation (233)

• (tith
) = S

0 ~ 
(t ,t

b
) (235)

— S T (t) 1’ ~~(t )U() V V

= T
~~
(t) T;

’(t
h
)

By Equation (152)

= T (t) V~ (236)

Using ir i uation (23 o)  in Lquation 235 )

~~(t~~t~~) = 1 (t) V
t 

~~~~~~ (tb) • (237)

The inve rse of’ Equation (234 ) is

= T
v

(t
b
) ç

’(t )  (238)

Using Equations (238) and (237) in Equation (233)

— S~0 — T~,(t) V~ T;
’(t )  (239)
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which say s that the nilpotent shift operator or the state dynami c matrix
is similar to the base velocity matrix V~ .

A time axis bas e change by Equation (135 ) is

< a4j (t~,) (240)

where by Equation (128)

t t b + t  (241)

For a fixed t b and a linear time axis scale factor of 1

— 1 . (242)
dt

the derivative of Equation (240) with respect to t is

-

~~~~~

= 

~~~~ 
T1~(b) (243)

— —1
- I C ?

],
) V~ T (b )

and in its own base

— ~~~ Vt 
(244)

or
— l

— Tu 
(~~ V~ Tu (tb ) (245)
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It is easily established by differentiation

= ~~, t , (t~)
2, (t)3, •.. (t i~~~] (246 )

K = 
~~ : (247)

d-l

- 
- and by Equation (22) Section I, one can see that

~r —~~~~ ‘‘t
_ _ 

t

Continuous Time Base Change on the State Vector. The vari able 
- -

x(t) can he written as by Equation (240)

x(t) = x(t ) =<~ta~ = 

~
4. T ( t b)) (249)

x(t ~ ) =4’ ~~ (250)

where

a~> = T ( tb) (251)

The derivative of Equation (250) with respect to the new time
variable is

~~~ Va)~ (252)
dt ’
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and the state vector becomes

x(t
> 

= r x(t ) 
- 

(253)

dt

H = :

—

or

x ( t )~~~ , = T
~

(t’) (254)

at

t = t b

tb = t
b 

+ t

or

t
_ 

= 0.

hence

x(t ’ = o)~ = ~~ ~‘ (255)

- 
(d-1 )!
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~~~~~~~~~~~~~~~

-

~~ 
- -

~~-~~

A 

j

I 
or 

a~~~ = T
~~~

(t’=0) x(t’=~~~ (256)

T
~
(t) T

~~
(t’=0) x(t =O) (257)

x(t ’)~~~~. = • Ct’, t’=0) x(t’=0~~ (258)
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0

4’
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0 
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Mi

- k-2
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+
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0
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- 
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Section 5 
-
~ 

1
DISCREET “METRIC >!ATRIX” FOR FRONT) BACK ~.ND CENTER OF SPA~T. The

previous sections derived a normalized metric matrix for continuous time
bases via integration of the dyadic product, namely

~ 2~~~1 ~ ~~~ 
(1)

In dealing with discreet time points on continuous fun ctions one
normally replaces integration by finite or counta~ly infinite sun-nations. Consider the dyad at time tn that is 

- -

= :~ :~ :!;1 (2 )

—
n n -

and the sum (arbitrarily chosen non-normalized)

+ • • + (3)

• ~I

• 4 264
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The summation of N+l rank one dxd dyads can be expressed instead of
a sum as a product

(14)

M = T T T (5)
dxd dx(N+l)xd

Where the (N+l)xd matrix T is a column of row vectors

(N÷1)d

and the transpose TT is a row of column vectors,

dx( l> Lt>o~ >1, >N]

For a time span of discreet data points, the notation of Figure (1)
will be used to generate the matrices commonly occurring in discreet
least squares estimation.
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Th~ arbitrary time point t of Figure (1) is expressed as

t = t b + t (6)

= t  + t
_
~C

tf 
— t~

•
~~

where the instantanious continuous time point t is expressed as a function
of the primed variables, t~, t~~, and t~~~. The parameters or variables
tb, t~ , and t~ reference the back, center and front of the span. It is
seen by the figure that the point at the beginning of the span

tb = t o + 3
~
h C7)

and similarly for center and front points

t = t  +kh (8)
C 0 0

t = t  + L h  (9)
f 0 0

For a moving span, one develops recursive relations for i, k, and
2.. varying also. In this section the structure of the matrices for the
variables within the span(n , m , and y)are developed.

The discreet analog of Equation (6) by using Equations (7),(8) and
(9) in Equation (6)

t(i,n) 
~~ 

+ (i÷n ) h (10)

i 0, 1, 2, . .
n~~~O , l, 2, . .
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t (k ,rn ) t0 + (k±m ) h0 
(11)

k = 0 , 1, 2 , .

m 0 , 1, 2 , 3 , . .  ., M

t( 2. ,y) = to + (L—y ) h0 (12)

2. = 0 , 1, 2 , ...
y = 0 , 1, 2 , . . ., 2M

Equations (10), (11), and (12) cafl also be written as

t(i,n) = h0 [ 13+r (i ,n) ]  (13)

t (k ,m) h0[~3+t(k ,rn fl ( 1k)

t (Z ,y)  = h0[~÷~r( 9..,y ) )  (15)

where

= t~ fh 0 (16)

~r (i ,n) I + n (17)

~r (k ,ni ) k ± m S

t (2 ,y)= Z — CL
and r Is ncn-dimensionalized time.

In order to obtain the inverse matrices one needs

r (i ,n) ( i+ri ) —
~~
. (t(i,n)—t0) (20)
0

t (k ,rn) (k±in ) :—~~. (t ( k ,m)-t 0 ) (21 )

= (L-y ) 
~~~ (t(2.,y)-t0

) (22)

26? 



S 
Note that at the back of the span that ts t t~, by Equation (13) ,(1L1 )
and (15)

t(i,o) = h0 E~ +i3 (23)

S 
= t(k,—~!) h0[~+k—M3 (24)

= t (L ,2M) = h0t~+2.—2M] (25)

and the above equivalence relations imply

I = k— M = ~—2~ (25)

at the center of the span

t (i ,M) h0[~+(i ,L4 ) ] (27 )

= t (k ,o) = h0C~+k~ (22)

= t (  2,~~) = h0~B + Q — ~.!J (29)

at the front of the span one has 1.
t (i ,2~ ) = h3[~+i+2~!3 (30)• r

h~C~+k÷M] (31)

t (R , ,c) h0 E~ ÷ZJ (32 )

The relationship between the width of the span W occurring in the
S natrices of Section (14 ) for the continuous case and the nu±er of

points in the span of Figure (1) is

ft {.
= t f _t

b~ 4=b~ t ~5 5

tb S

L
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0
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- k+2 0 0
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I +

S 
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~ o
S • k-1 &-(M..1 )

• 
1 1  0

• I I- .  ~~~~~~~ ~~~~~ - k-M - ti . +
~~ 

+
~•1~ 4) 4.)

+0
• 4.)

4.)

- 4,0 4.) . S

S —
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that is , there are ~ seg~ients of length ~t but 1-1+1 points.

‘3y Equation (10) and Equation (17 ) we obtain

= 

~~~~ 
1 ~ ~2 ~3 ~4 ~3

• 0 1 2,3 ~~2 ~,,3 _,•~4

0 0 1 ~~ ~~2 10’~
.
~
’

o o a ~ x J
0 0 0 C 1

rI rI (S (S
5-, ‘4 •J .1 —

• 0 0 3 0 3

: :
• - — (34 )

C
0 5

C

I
D(h

0
) 

- 

(3 3)

• an~ sinilar for E~uazions (11) and ( 1 2) .  -

I
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~~
. 

~- 
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- 
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‘•
~~~~ ~~~ t

L~~ ~~~~~~~~~~~ L. -
~~~~~~~~ L LU~

The inverse transformations and the ones of pr~Lme interest here are
obtained as the discrete analog of Equations (.135) Section Cu ). By

• Equation (20) using the notation.

~~~~n) = (1,( i+~ ) , ( i+n ) 2 . • . ( i+n )~~~ ) ~~~i ,n )  (3 ;)

:~ obtain

S 

~~~i,n)  ~~~~~~~~ 3 1(h
0 ) 1 -t t ’ -t ~ -

- 

(37 )

0 2. —2: 3t
0 0

0 3 1 -.;t
0

-
S_5 ~ _

a . . .

~:3Q by :iua~~.o;: ( ) and Equation (17) the left han d side of Equat ion
(37) is

F 

<

~~~ 

~: 
~ 

rI O 

:

2 53 0 0 3
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BEST A~-’,~:’11: ’: copy
I

. 
= <

‘
~~T (i)

= 
~~~ , a , n2 , n 3 , • • •  ~

d_1 
(40)

Equations (21) and (22 )  have the seine right hand tertr s as Equation (37);
however, the left hand terms differ. The left hand term S7 Equation 5

(21) and Equation ( 1.8 ) is

~ 1 3k2 

(La ) J

where S - .

(1, ±111, 711~~ ±n~ , in
4
, ±m 5 , ..~~) (42 )

and the tran3forrnation to front of the scan by Equation (22) is

4y) ~~ 
~ 32.2

0 0 0 1. .

S 

: :

S 

0 0 0 0 .

I
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~ ~~~~~ - )t ~L L..i~ I

and

(1, ~~ ~2 ~~3 ~ 14 _~ 5 , . . • )  (44 )

The metric-matrix of Equation (14~1.) Section (4 )

~ J ~~~~~~~~~~ = ~l w/2 w/3 . . .  (45)

0 w/2 2/3

S w/ 3

has the discreet analog 
—

:~ O 
t (i~~~~~ (i~n) (46)

= 
2~!+1 ~~~~~~~~~~~~~~~ + -r(i ,~~~4~i,1) + . . .  (‘~7)

+ ‘r(i ~2~~~~~~~ i2~~
J 

S

= 
~~~~~~~~~~

__ T
~(i)[n~o ~~~~~~~ 

T (i) - 

S 
S

The grainmian matrix S (4 9)

dx(n-i-1)(n+1)xd 
= 
n~0 

> <~
= [j~

. 
~~~~~~ ~~~ 

. . .  
>~
] ~~~~
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The matrix NT is

• 
~1T _ i .  1 1 1 1 (50)dxN+].

0 1 2 3 N

0 1 22 32 N2 - ‘

0 1 2~ 33 N3

0 1 2d-1 3d-1 Nd~
l

If we partition N as shown below

M T 
[e:~~~, c

T 
] ( 51)dxNi-l 1 ~~

the partitioning of the matrix C into its row space yields rowvectors whose coordinates are powers of the first N natural nur!thers ,that is

• cT 
= (i , 1, i , . . . 1.) (52)dxn -

(1, 2 , 3 , . . . N )

(1, 22, 32 • • • N 2 ) S

(1, 2d—l 3d—1) • • • ~Td l )

5 
I
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5 5
555 ~~~~~~~~~~ 5 S S  ~~ S 5 ~~~~~~ 5 S5 5 5~~~~ 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ cop’?
- -

S or using the notation

C~ = (53)

~~~d-l )
L~~~~~~ -

= (1 , 2, 3, N) (54)

Transposing Equation (5])

N = ~~~e
’ (55)

(N+l)xd I
Lc J

and the ( ran lmiw, o~ Equat ion (49) becomes

= c ~, + C ’C (56)
S -~~i ~ixd

and one can obtain the inverse of the Cranmian matrix of Equation (6 0 )
via the ~1ousehoide r inversion lemma of the inverse of a matrix plus ~
dyad.

The transpose of Equation (53) is -

= 
[~~> . ~ ;> , ~~~> • • •  ~~~~~~~~ (57)

275 -
S

~T :~2 - - ’ ~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~ 5~~~~~~~ S~~~~~ 5 _ ~~~‘ —~-~~~~ - —~--~-- ~~~~~~~~



___  -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~ 55— —V-- -~~ — —5 --5 —

_  
— -- 

8~S1 M M~AB~~ 
coPN

and

• 
‘

- cTc = ri~ 4c> ~~~~ . . . <~ cd~~~~~(s8)
dxd

• • .

note the Properties - S

~~~2~~> (~~ 9) 
S

or the sum of the squares of the first N natural numbers , also S

I = ~ + + 3d 
+ + N~

1 
(60)

is the sun of th e d thl powers of the first N natural numbers.

Adding hquati on (3~) to Equation (56) 
5

N
T

N = rN +l 
~~~~~~ 

. ..  ( 6 1 )

<2> . .1
L
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BEST A ’ ! I~B~ COPY
The matrix

= 1 0 U 
: 

(62)

U 0

contributed to the firs t row first column term in Equation (61), and
Equation (61) is clearly a Ilankel-watrix. The sums of the powers of the
natural numbers are given in Appendix ( C) .

The discreet analog of the metric-matri x of Equation (145) sec (14) is
Equation (41)

~ T(k
~m )~<~

k
~
m) (63) - S

m= -M

= ~ T~ (k) 
(L~ >~) T (k) (64)

S The sun of dyads of Equation ( (4)  can be written as

= ~!
Tr~ (65)

m=-M S~ • dxd

• T.The matrix M is
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S~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1S S , ~~~~~~~~ s — .  
5~~ 5 s~~~5~~ 9 S S S  S -

•S S~

c—i C’)
S •—l ~ ~ * . . . >Si

-I 
I i

04 C’) 4,
-1 04 04

—4 -~ •-4

•••4 0 0 . . . 0

—1S 

‘ I ~
I-I

‘-4 •-4 —4 •-4 
SI I .~ - S

‘-4 •

4,
‘-I

C.’s I’) 01 
- --l ~~ 01 01 I S

I I ‘5-.

-l
4

.5-.- C’~1 C’)S 

‘-‘ —. -
~

S I -~ ‘-4 IS 
i i-1 ~ . ‘- .

I ‘—‘ I • • . I 
-

•-4 -4,
‘5-.

. Cs’s C’) ~~.-.i > s~ ... s
I I ‘— a

II
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Partion MT into the form

-

~ 2M+1 
• [c

T (_ l) L~, )
~
. c~ ] (67)

dxM dxM
I~t

where as before the cT matrix is

cT L r i  1 . • . 

- 

(68 )
dx M J

1 2 3 H (
1 22 32 H2

S 

- i ~d-1 . . . 
— —

(1, 2, 3, ‘ t4 )
and the alternating sign matrix S

cT (-.l) = 

- 

I (-1)  cT 
(69)

dxJ4 dxd S

S 

- -(

H 

S
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- -‘

and the linear convolution matrix is 1 :

LT = 0 . • . 0 1 (70)

• 1 0

- ~~~~~~ . °

. 

•

0 0

S with ~he property -

= 1 (71)

S Transposing Equation (67)

- M = L C ( - 1)  (72)
-
; 

(2~ ~1)xd Jxd

LS MI~1 
-

S 
and the Crainmian is 

S

= cT ( 5 - l )  C(- 1) 
~~~~~~~~~~~~~~ 

+ cTc (73) 
5

- 

The Jiankel matrix cT(_l) C(-1) has alternating signs 
i5

-

- 
280 1
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55

(74)

cT (_ l) CC-i) = H ~~~ <2j ~~

.542>

- - - 

<d_lj~, - • .

The positive sign matrix C C is

S 

cTc = 
~~~~~~~~ 

<2~~~~, 4
d 1>  (75)dxd 

~> <~2~~

Adding the matrices of Equation (73)

281
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(76)

MTM 2M+l 0 24~c2j> 0 2<~ j >
o 242)> 0 245>

242~~~~~~ 0 2
~~~~~~~~~~~~~~~~~

0

0 2
~~~~~~

24~> 0

J

with alternating left-slant diagonals being zero. Once again MMT is a -
, -

Hankel matrix. Only even-powers of the natural numbers occur. Compare
this matrix with continuous one of Equation (1145) Section (14 ).

The transformation to the front of the span with the running index
‘y running backwards by Equation C1146) Section C~ ) has the discrete analog
by Equation (143)

~~‘ 

~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~ = ~ T~ (~) 
~=2M ~><Tu(L)

The summation term of Equation (77) is

~~~~ ~=2M >< (2N+1) rTr (78)
dx(2M+1)xd

The matrix r is by Equation (44) 
5
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(79)

r = 1 —2M (2M) 2 (-2M) 3 
(2M)4 —

1 - (2M- 1) (2M- 1)2 - (2P4- i)~ (2M-1 )

1 -2 22 — 2~ 2~ • . .  (,, 2) d 1

1 —i .1 ... ( 1 ) d .l

1 0 ... 0 __
Partitioning r 

— -

CL (_ 1)

r = 
nxd 

(80)
5 (N+1)xd

4e

where convolved vectors are: (81)

CL(1) = 
[i~~~ . ~~ Lcc>, _ L

cc> ... ( 1 ) d 1  LcC
@_

~~~~nxd

C~~(-l)  = 
— 5 

(82)

4 
5 5

<Lc

(~i) 4(d~l) L
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Transposing Equation (80) 
BEST A~ !L~ E COPY

dx( N+ 1) 
= 

L
~

1)

~ 
~~~~~~ (83)

S and the Grammian is

rTr = Cj’(~
1)CL(~

1) + (84)

(I Xd

The (~ranmian

C~ (~1)C L (~1) = 

— 

N - ~~~~ Kid> ... (~l)U4c~~> (85)

S 

-~~~> 4c~> 4~~~>

4c~> -
~~~~~~~~?

• j

and

rT
~ 

- 

N+1 -<a> 4~
2
,> ~~~~~~ (86)

-
~~~~~~~~ 4c

2,>~~<c
3
~~

~~~~~ 
_~~~3~

S -4?~
> J

4
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a -
4-

S S 

Note the al ternat ing signs on the left diagonals of the ilankel matrix
of Equation (86).

Summarizing the three (
~raI~1rnian matrices for spans with indices over

the natural numbers running f rom back , cente r and front of the spans are S

by Equat ions ( 61), (76) and (86)

NTN = 1 d~> ~~N~> 4N> ~~N
4
> - • ($7)

~~~> 4~~> ~~~> 4N~>

4~~
> 443~> 4~>

(88)
= r2~+ 1 () 2~~~j () 0

p 2~~ l> o o

0 2
~~~> 0

0 4’>
0 24~1)

C)

~~~~~~~~~~~~~ 

~~~~~~ 
-~~~; - t ~’-~ 

~~~~~~ ~
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S

S2 (N) (W~— l ) (2w _ l) 
(92)

6

S3 (N) W 2 (I~~-.l)~ (93)

S4 (N) 
~~ 

(i
~~

_ l ) (2w
~_ 1)(3w 2_3w 1) (94)

and 
‘ I

W N+1 = 2t4+1 .

‘5The center span matrix is

~
,T 

= 0 2S2 (~1) (95)

U 2S,(t~i) 0 S

2S2 (M) 0 2S4 (~1)
L

wh ere by ( C - 21 and 23)

S2 (M) = 

~~ 
W (W 2 -l) 

(96)

S
4

(~S1) = 

~~~ 

(~~+l) (W -1) (3W 2-7) (97) 

,

~ 

S
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( -I

i :‘
rTr 

— 

N+ 1 -4N~~ ~~~~~~~ 4N3> 4N
4

,> . . •

c i  -
~~~~~~~~~~~~~~ 4!~ >-4~~> ~~~~~~~~~~

4~7 
-.
~~~7 4N~>

L 

-<~~~
> 

~~~~~~~~~~~~~~~~~~ • • •

3 L ~

1 
55

For 3x3 matrices (or second degree polynomials) using t~tc notation ofsectioj~ ( C  ) for sum s of powers we have

NTN = S~ (N) S2 (N) (go)

S1 (;4) S2 (~ ) 83 (N)

S3 (N) S4 (N)

where by ( C- 5 t~iru 8)

~l (14) = 1
~p (l~~— l )  (91)
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and for front span case

rTr = -S1(N) S2(N) 

- 

(~~~ )

-S 1(N) S2 (N) -S 3(N)

S2 (~’4) —S _ (N)  S4 (N) 5 5 )

5

F or a second degree polynomial and IV~,=7 points - we have S

S1 (N) ~ (6) = 21 (n))

-1

S2 (N) = ~- (6) ( l 3 )  = ~(l3) = (100)

49S3
(N) = -

~

— (3G) = 49( 9) = 441 (101)

S4 (:J ) = (6)(13) (125) = 2275 (102)

S2 (M) = — . -  (43) = 7(2) 1 4 (103)

S4 (M) 7( 7 0 )  = = 98 (104)

and

= 7 21 91/61 (105)

21 91/ 6 441

91/6 441 2275 J

[ 1~
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1:61 
(106)

and

F r1, = 7 -21 91/6 (107)

-21 91/ c -144

- ~
‘1

~ 
-144 2275

S 
Consider the factors of the al ternating sign case

S = (1, 
~~ 

~2 ~~3 ~4 -~5 - . 5)

S (108)
~ 3 4 5 fl

= (l , Y , Y , -Y , y ,y ) I 1 C)

-.1

1

— l

1

— 1
or 

= 1(±I) (109)

transposing

=

S 289
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S 

‘lak ing the dyadic  product

I ( ± 1) I ( ± ] )  (110) 
5

Note that

>+~ =>
~~~~~ 

(111)

and

J 1 (~ J) = I ( ± 1) (112)

E9uatjon (ilu) by (111) and (112)

S )~><= I(±1) I(±1) (113)

T(±1) 
~~~~~~~~~~~~~~~~ 

(1 14)

Summ ing al l dyads 
~~1

~ I(±l) (
~ ~~ 

I(±l) (u s)

and inv~ rt ing the i~atr ix -‘I

= I(~1)
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S
I For arbitrary span of N+l points Equation (90) is

TN N =  S
0 

S
1 

S
23x3

S
1 

S
2 

5
3

S
2 

S
3 

S
4

— (117)

NTN N+i N(N+l) N(N+1)(2N+1)
2 6

N(N÷l) N(N÷l) (2N+l ) N2(N+l )2.i~
.

N (N -s-l)(2N÷l ) N2 (N+i )2 N (N +l) (2N +i )( 3N 2+ 3N—j~
-

and the inverse is (118)

(NTN)
_l = 3 3N2+3N+2 -(12N+6) 10

(N÷1)(N÷2)(N+3) 
— (12N÷6) 4(2N+i)(8N—3) —60

N (M—l) (N-f)

10 —60 60
S - (

~~IJ ~~N-l)

The matrix for N+l points in the span and using the midpoint metric of
S Equation (95) with the summation formulas for the powers of the naturaln umbers of Equation ( g

~ ) is
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H

(119) J
S 

= r N+1 0 N (N+1) (N+2)

• 0 N(N+l)(N+2) 0
12 j

N (N+1 ) (N+2)  0 N (N+1)( N+2 ) (3N2+6N_ 4)

L 12 240

and the inverse is

~l20)

(\1T?c) -1 = 3( 3N2+ON-4) 0 -15 
— 

S

4 (N 2
-1) (N+ 3) 

12 

~~
2
1:(N~~)

N(N÷1)(N+2)

-15 C) 180 5 )

(N+3 ) ~(N+ 2) (N+3) (N2 —l )

The matrix for front span of Equatior . (92) for N+l points in the span
is:

(121)

= rN+1 -N (N÷1) N(N+1)(2N÷1) 16 
1N (N+1)(2N+1)

S 2 4

L~~~~~~~
2
~~

1 N2 (N+1) 2 N (N+1)(2N+1)(3N2+3N
1j 

S
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and the inve rse of 121 using Equation (116) and Equation (118) is

= g0 3N 2 s 3N+2 12N+6 10 (122)

1 2N+ (,  4( 2N+1) (8N-3) 60

F N(N-~)

10 bO 60

where

3
° (N+] ) (N+ ) (N+ 3)

Note t~ c sign reversals in L’iuatiotl (118) and (122) in the inverse nitrices.

Thc (‘rammi an inverse matr ices  and the i r  psuc (Io inve rses wi l l  be used in
S later sectioi)s.

~3y Equations (35) and (38) for the d=3 case and back to front of span
indices we have

<c(i,n) = (n T ( i)T (B)D(h 0) (nI (123)

and for n=0,l,2,- -

<t(i~0) = T = N T(i .,h0) 
(124)

(N+1)x 3 (N+ 1)X3 3X3

4 Ci , 1)

4(i , 2)

S 
4(i ,N

and the transpose is
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= Tl (i ,h ) N T (12 5)

~
SS ¶

an d the discrete metric is

I
TT = TT(ih )NTNT(i,h ) (125)

3X3

where the purely “number theoretic” metric NIX is given by Equation (61) .5 )

or Equation (119) for the 3x3 case.

The inverse of the discrete metric of Equation (126) is

S 

(TTT)~~ = T~~ (i ,h0) ( N TN)~~ f
T(i ,h )  (127)

where the inverse (NTN)-1 is given by Equation (118).

For the center of sp an case w e h ave by Equation (35), Equation (41) —-
S and Equation (42)

~~ (k ,m) = ~~T (k)T (~)0(h ) (128)

and packagewise for the points over the span I -

<t (k , _M) = T = M T
~

(k)T
~
(
~

)D (h 0) = MT (k ,h0) (129)
(N+ 1)X 3 (N+1 )X 3

~~(k ,-1)

~~(k,0) 
S

S 

4(k , l)

~~(k,M)

and the metr ic is
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S 

TTT TT (k ,h )MT?~ff (k,h ) (130)
3X3 °

where the “number-theoretic” metric MTM is given by Equation (76), and the
-
~ inverse is

(TTT)~~ = T ’(k ,h0)(MTMY 1T T (k ,h )  (131)

The front of span to back case by Equation (35) and Equation (43) is

= <ytu (L)t (8)D(h ) (132)

<t(L,y) = <yT(~
,h )  (133)

<1 = (1,-y ,y 2 ,-y 3, ’”) (134)

and for

y = 0 ,1,2 , - -

we have

c~ (L ,0) = T = F I (2) T (B)D(h ) (135)
(N+1)x3 (N+1)x3 ~ U 0

<t(L ,1) 
S

<t (L,2)

<t (L,y)

S 

L 4 L ,N S

or

T = F T(L ,h ) (136)
(N+ 1)x3 (N+ 1)X3

~~ ‘
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J
where r is given by Equation (79).

The metric is

(TTT) = TT (t ,h ) r Tr T(R ~,h )  (137)

and the inverse is

(TTT)
_2 

= T ( r TF)~~T
5T 

(138)

Where the metric rTr and its inverse are given by Equation (86) or - 

,) 
-

Equation (121) and Equation 123).

DISCRETE “METRIC-MATRIX” FOR FORWARD AND BACKWARD EXPONENTIALLY
WEIGHTED MONOMIAL BASE. This section develops the discrete metric-matrix S I
for the base vectors which when “Grain-Schmitted” yield the Laguerre base
over the interval (0,oo) on discrete point sets. The following section
will derive the discrete Laguaerre polynomials utilizing these matrices.

Forward Exponential Weight Case. The back-to-front case will be con-
sidered first with the index N going to ~~~~. By Equation (30), Section
( 2 )

-at!
= <te = (l,t,t2j~~~,t

d_l )e 2 
(139)

and by Equation (13)

t(i,n) = h0(8+-t (i,n)J (140)

or by Equation (17) in Equation (140)

t(i,n) = h0[B+i-i-n) (141)

and Equation (141) and used in the exponential

at _ aho[8+i+n] _ ah0n ahp(8+i)
2 2 2 2e = e  = e  e (142)

or
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- at (i,n) 
b

e 2 
= e 2 e (143)

where

A = a h 0 (144)

and

b0 = ah0( B+i) 
(145)

Let

.. ?. ~~~~~- - 1/2 2 28 = e  = e

H then

9 = e ~~ (147)

and

0n = e~~~ (148)

Packaging Equation (139) by use of Equation (141)
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at (i ,o)

4(i1o) = e 2 
<t(i o) (149)

• I e at (i ,1)
e 2 

<t(i,1) - 
S

5 •S J

<t(i ,2) at (i ,n) : S

e 2 
<~(i ,fl)

4(i ,n) e 
.

. . 
S

at (i ,N) 
S

4(i N) 

- 

e 
2 

- 

<t(i ,N)

or by Equation (124) in Equation (149) 
- 

S

- 
Ao S

T = ~~~ e
’
~~ NT (i,h0) (150) -

S 

(N+l)xd 
e~
’M’ 

(N+l)xd dXd 
S

e 2

AN

e

Define the matrix
• j S

1/2
W = 1 (151) 

5

~1/2

@ 2/2 -
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and

N = N~ (152)
(N+l) (N+1)Xd

Form the metric

NTN = NT WN (153)

dXd 
dX (N+l) (N+1)Xd

The elements of Equation (152) are by Equation (50)

1 2 22 2d-1 ~~ , fl>l ‘~~~~

• ‘~>d~l] 

(154)

~ 3 33 3d-1 S

1 N N 2 N
d_ 1

and the metric of Equation (153) is

NTWN = ~~1)n0 W [n~~>~~ 
n
~~ >1,~~ 

n(
~~~ d..1] 

(155)

<El) n

~ ~d- 1

The i , j th  elements of Euqati on (155) is 
S

ni~ . =4~ L)n W n (N> = .~~~di~()~) ~~~~~ 
(156)

or

rn., . = (
~~~~~ 

(157)

i+ j
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where -

= (0 , i~~~c) (158)

I

, 
and the counting number vector of dimension N is

= (1,2,3,.’.N) (159)

By Equation (158) in Equat ion (156)

S m.. =4~c w~~~ (160)

i+j

and in the limit

im ~~~c w~~~~= ~ C~
’
~~W~ (161)

1+)

where i,j=0,l,2’• ‘d-l and

0<8 = w<1 (162) - -

we have for i,j=0,l ,2

c=0 
0~ (163)

~ CO C = 
1 

2 (164)
S c=0 (1—0)

~ = 0 (1+0) (165)
S c=0 (1-0)

~ C3OC = 
8(h1’4~~~~ (166)

c=O (1-0)

~ C40’ = 
(1’~hb0 ”h1~~’~’0) (167)

c=0 (1—0)
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and the 3X3 metric matrix is (the non-dimensionalized portion)

M
~~e 

= 1 0 0(1+0) (168)
1 0  (l_e)

2 (1—e)~

0 e(1+O) 0(1+40+02)

(1_e)2 (le)~

0(1+0) 0(1+04+021 0(1+110+110 2+03)

(~_~)3 (l-o)~ (~_~)5

Backward Exponential-Weight Case. The front of time-span to back in the 
S

limit as N-~ case of Equation (132) to Equation (137) will be develop ed .
By Equation (15) and Equation (19)

t(L,y) = h0 [8+
9~-y] (169)

= h0 (~+t) - h
0

y (170)

By Equation (23) in Appendix D we see that for the negative infinity
limit we need a weight factor eat where a>0, hence Equation (139) becomes

(fe = (te = (l,t,t2,t3,...) ~
at/2 (171)

Using Equation (170) in the exponential factor of Equation (171)

at(p,y) ah0(8+ L) -ah0y

2 2 2e = e  e (172)

-at(2.,y) c*o y
2 2 2e =e ~I’ 

(173)

where

ah (8+L)
c*o 0

2e = e  (174)

and
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-ah

~
½ e 2 

(175)

By Equation (173) in Equation (171) and Equation (132)

= e~~ ~
½
~~~ u(~)Tu(8)D(h o) (176)

where by Equation (134)

<= (1,11~2,~~3,~4,...(_1)d 1 1
d 1 ) (177)

or packagewise by Equation (135)

Te = e2 W½ FT(i ,h0) (178)

(N+1) xd 
-

S 

and the weighted metric of Equation (137) becomes

T
TT = TT(& ,ho) rTwrT(&,ho)e~0 (179)

The r matrix is given by Equation (79) as
F = 1 -N N2 -N

3 
(l)

d..5l (N) d_ l (180)
(N+l)Xd 2 3 d l  d-1 S1 —(N—i) (N—i) —(N—l) (—1) (N—i)

1 . . .5 . S

1 -2 22 _22 2d-1 
5

1 — l 1 — 1 — i

1 0 0 0 0

Equation (180) can be written as Equation (154)

r = ~~~~~~ -L ~~~~~~ L)~ _L)~~
. . .(_ l) 1L~~1(N+1)Xd L ~—i~ 

(N’L) (N’i) 1 2 3 d-iI
(181)
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or the metric is
- .5 

~
‘
~“w 

= _L)~, L’))”-. (_ l)
d_ i
L>] 

(182)

S (l)dl(~ 
S

The 3X 3 matrix case becomes as N-~ 
5 5

M (1) 
-

~~ 2 
~~l+ip) (183)

T (l~ p) (14)

4 ~ (1+~ ) 
_ _ _ _ _ _ _ _

( 14) 2 (i4)~ (i4)~
(1+~~ 4(i+4~4

2 ) ~~i+ii*+ii*2+~
3

(~4) 3 (~4)4

which is the same as Equation (168) except for alternating signs, and

-ah
= e 0 

<~~ 
(184)

By Equation (147) we see that

(185) :1
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ORTHOGONAL POLYNOMIALS OVER DISCRETE POINT SETS FRONT, CENTRAL ,_ AND 
-

BACK; GRAM, LEGENDRE AND LAGUARRE. Morrison says that one approach to 
S 

-

obtaining the form of the polynomials so defined would be to use a
Schmidt orthogonalization procedure. . .as many of the polynomials as we 

S

have energy for, each to within an unspecified constant . He says the 
S

drawback to the above method is that the general form of the polynomials
is not then obtained . Morrison derives the discrete polynomials by
applying summ ation by parts. He says he has extended Hildebrand ’s
approach for obtaining the discrete Grain polynomials to obtain the dis- S

crete Lengendre and Laguerre polynomials. Morrison says that Mim e has S

an alternate and extremely elegant derivation of the discrete Lengendre 
S

polynomials. In Erdelyea (page 222) one finds also the derivation via
sunmiation by parts with a reference to an alternate route via the methods S

of generating functions. The applications of Laguarre polynomials to S

trajectory estimation problems in Reference (.16) by Brown use matrices 5 -

which though not called as such is the metric matrix of Equation (183).
Since I have not found references deriving the orthogonal polynomials via
the different variations of Gram—Schmidt procedures they are developed S

here for the 3X3 case, the case most commonly applied in trajectory esti- S

mation corresponding to constant accelerations over data spans. Also
many of the submatrices inverted here-in will be applied later to the
exponentially weighted filter equations. And finally with respect to the
simple minded vector space concepts thus far develcp ed at this stage of
the report ; the Grain-Schmidt procedure is the most natural way to develop
said polynomials.

Three cases of the discrete monomial base will be developed :

1. Back to front of span,

2. Mid-point span or central, and

3. Front-to-back of span.

One additional case will be developed for the exponential weighting
from front-to-back as the back point of span goes to negative infinity.

S This later case is the case of smoothing over all data from real-time
(front) to back .

The Grain-Schmidt procedure will be applied first to the matrices over
the integers, N, M and F and the 

~~ 
Laguarre case; and then to derive the

classical polynomials. The necessary transformations on these orthogonal
polynomials to tak e care of the matrices T(iho) T(k ,ho) and T(~ ,ho) will
be done in a separate section,
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‘
~~, Orthogonal Polynomials With Respect to Summati3n Over Discrete Point

Sets Indexed from Back-to-Front of Span for Matrix N. Consider the
second degree polynomial case generating the N matrix of Equation (50)

N = 1 0 0  ~~~~~~~~~~~~ (186)
(N+l)X3 1 1 1 L o 1

1 2 22 
- S

1 3 32

NTN = N+l N(N+1) N (N÷l)2N+l) (187)

N (N+1) N(N +l) (2N +l) N 2 (N+l) 2 
S

2 6 4

N (N÷l) (2N+l) N2(N+l)2 N(N÷l)(2N÷1) (3N2+3N-l)
4 30 

-

Let the fi rst Gram-Schmidt vector be

~~~~~ = n~~~~~ =[
~‘ ‘ ~J~] 

(188)

The second Gram-Schmidt vector with unit first coordinate

g~~~~> [
~
,
~J[~

] (189)

S and the orthogonal constraint

S 

= 0 = [
~ ~~~

., 4 

~ 1 
(190)
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j
K >

A = 0 0 
= 

— (N+l) 
— —

~~~ (191)1 
<nfl> ~(N+1) 

N

0 1

hence

S ~~~~ 
~~~~

‘ (192) - 1

The third Gram-Schmidt vector with first coordinate constrained to
S unity is

S 

~~~~~ =[
~
‘ ~y, (193)

- The constraint that it be perpendicular to the first two vectors is
S 

~~~~~~~~~~~~~~~~~ 

(
~ :: : (~~~~~2 

(194)

where

(195)

or

A(~~~~~~~01 nO2 T3oo 19)
2 1  I l l  - S

Lnil n121 L~1oJ

S S 1 S S
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The 2X2 submatrix by Equation (90) is

S1 (N) S2(N)1
_

~ 
= DET() S3

(N) _S2(N)1 (197)

s2(N) 53 (N)
j  

-S2(N) S3(N)j

whereS detQ = S1 (N) S3(N) -S~(N) (198)

S - Using Equation (197) and Equation (198) in Equation (196)

(-1) 1S3(N) S0(N) —s2(Es1(N)] 1 (199)
I 2 1

~~~~t () 
S

2 [1~S2(N) S0(N) +S1(N) J
or

(N+l) ~~— (N+1)2- ~~- (N+1) (N+1) (2N+1)

~l2 
= ~~1) 2 2 (200)

L~ 
(N+l) 

~f— (N...1)2 - (
~-) (N+ l)2 (2N+l)2j

Cancelling terms and collecting one obtains

= - ~~~~~~~
. (201)

and in a similar manner

61122 = N(N-l) 
(202)

or 

~)~~~~~= [n)~ n>, ;>1[i ] (203)

N(N— 1)
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S 

The first three Gram-Schmidt vectors by Equation (188), Equation (192)
- and Equation (203) in package form are

~~~~~~~ ~~~~~ ~~~~~~ 1I?’ n~, i 1 (204)

0 0 6
N(N-l)

or

G(N) N Bg(N) (205)
(N+l)X3 (N+l)x3 ~X3

where
S 

Bg (N) = 1 1 1 (206)

3X3

° I -k

N(N- l )

If one now partitions Equation (205) into its row space

—

4g (1 0 0) (207)

S 

4g (1 1 1)

= (1,2,22) Bg (N)

S 

~~~~ c l n n 2)

(1,N,N2)
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and equating the (m+1)th element 
S

S 
= (l,~ ,n

2
) 1 

~ 
_ : 

(208)

60 0 N(N-1)

We obtain the first three of the general form for what Mim e calls the
S 

discrete Lengendre polynomials. The first six are given on page 267 of
reference [ ] as (for fl=0,l,2,. ..N)

g0 ~~~ 
=

S 2n
= 1 -

S 

— 1 6n 
+ 
6n(n-l)

S g2,~ (n) - N~ N(N-l)

-
~ — ~ + 

30n(n-l) 20n(n-l)(n-21g3~~Ln) — - N N(N-l) - N (N- 1)(N-2)
- 

(209)
- i + 

90n(n-l) l4On(n-l) (n-21
S 

g4,~~
(n) - - 

N N(N-l) 
- 

N(N-i)(N-2)

+ 
70n(n-l)(n-2)(n-3)

S N(N-l) (N-2) (N-3)

— 
30n 210n(n-l) 560n(n-i)(n-2)

S 
g5~~

(n) — 1 - ••

~~~

•

~~~~

+ N (N- l) 
- 

N(N-2)(N-1)

+ 
630n(n-l) (n-2] (n-3)
N(N-l) (N- 2) (N-3)

S 252n(n-l) (n-)~~ (n-3) (n-4)
- N(N-1) (N-2) (N-3) (N-4)

The general term is

309

_ _ _ _ _  
-
—-.5--S - _ _ _ _ _ _ _  

- 5- - S-I



S
_____ _ = — ~~~~~ S~~~~~T 

_ S  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
5 . 5 5 5 . 5 5 5~~~~~~ S 5 .5~~~~~~~~~~~ 5 S S 5 S S 55 5

5)

j

g~~~(n) = ..l)c (~ )
6:c) 

N (:) (210)

where

0

the degree of the polynomial and

= n(n-l)(n-2).. (n-c+l)

is the backward factoral function given in Appendix (E). Milne utilizes
the Newton polynomials in his derivations. - r

The general term for the elements of the diagonal metric matrix GT G
is given on page (268) of Milne as

~ g~ ~~~ 
= 

(N+6+i ) (~ +N)~~~ (211) 
~1n 0  ‘ (2 t5+l ) N

and for the first three

N 2
— ~ gQ~~(n) N + L

n 0

~ g~ ~~~ 
= 
(N+2) (N+i) 

= 
(N+2)(N+1) 

= ~~ 2)(N~ll (212)
n 0  ‘ (2+1) N

and

2 
— 
(N+2+l)(2+N)~~2 S

1. (2)
S n 0  ‘ (4+1) N

or

2 
~ 

— (N+3)(N+2)(N~fl (213)
n~0 

~~~ n — 5N(N-l) S

These diagonal metric elements can also be derived via Equation (188),

Equation (192) and Equation (203). By Equation (188)
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~~~~)g g(N>z 
~ n > = N + l

By Equation (192)

<~ g> (1,- ~) N+l N (N+l) 1 1 (214)

N(N+l) N(N+l)(2N+l) I ~~ .

2 6 J N

= 
(N+ 2)(N+l) (215)

S and the square of the norm of the ~>2 vector is likewise obtained yielding 
S

the discrete metric-matrix

H = GT(N) G (N) = N+l 0 0 (216)
gg 3x (N+1) (N+l)X3

(N+ 2)(N+11 0S 3N

0 0 (N+ 3)(N+2) (N+l)
N5 (N-l)

The first three ortho-norinal discrete Legendre vectors are

G (N) M½ = S (N) = N B M 1 
= N B (N) (217)

(N+i)X 3 gg (N+ l)X3 (N+l)X3 g gg $

where

B5
(N) = Bg (N) M~~ (218)

By Equation (205)

G (N) = N B (N) (219)
(N+ l)X3 (N+1)X3 

3X3

or
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S G(N) B~~ = N (220)

S 

and the metrics are related

A NTN = B
_T 

GTG B~~ (221)
- 

3X3 
g

— 1
= (B g M~g Bg) (222)

and inverting S

(NTN) = B
g 

M~~ B~ (223)

and for the 3X3 case by Equation (206) and Equation (216) in Equation S

(223)

(NTN) = (N+1) (N+2) (N+3) 3N2+3N+2 -(12N+6) 10

S i2N+6 4 ( 2 N + 1 ) ( 8 N - 3 )  -60-( N(N- l)  N-i

0 -60 601 
~i 1) IN-i)

(224)

The inverse of the mat rix Bg (N) can be obtained via Equation (395) of
1 Section C i ) as
I 

B~~ = D 1 BT NTN (225)g g g

S Orthogonal Polynomials With Respect to Summation Over Discrete Point
Sets Indexed From Midpoint of Span. The matrix of integers of Equation
(129) M is given by Equation (66) for the second-degr~e polynomial case
as
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M = 1  -M M2 (226)
(2M+l)X3 21 — (M—l) (H—i)

1 -2 22

1 —l 1

1 0 0

1 1 1

1 2 22

1 (M-l) (H-i)2

1 H M2

The vector of the row space is given by Equation (42) as

4~m = (1,±m,m2) (227)

for m=0,l,2,- . ‘M .

The metric is given by Equation (119) as a function of N=2M as

MTM = N+l o N(N4l) (N~~) 
- 

(228)
3X3

0 N(N+lJ(N+2) 012

N(N+l) (N+2) 0 N(N+l) (N+2) (3N2+6N-4)
12 240

or as a function of M as S
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__
S_fl ,

(229)

I - MTM = 2M+ 1 0 M (14+1) (_2M+ 1)
3X3 S

0 M(M+i)(2M+1) 0

M (M+1) (214+1) 0 M (M+l) (214+1) (3142+3 14_ i)
3 15 -

The Gram-Schmidt procedure will be run on the metric of Equation
(228). Consider the three vectors in the column space of Equation (226)

M 
~~~~~~~~~~ ~~~ m~~ ] (230)

(N+l)X3 L—i~ 1

Take the first Gram-Schmidt vector to be

(231)

If we attempt to constrain the first coordinate of the second vector
S 

to be unity we obtain 
S

g(~~~~ = [m(~~~~ ~~~(‘) (232)

The orthogonal constraint yields

S c~ g> = o = [<n m>,~~ m~j(’
) 

(233)

0 1 0 0 0 1 ~l 
~

and by Equation (228) 

~
0 = [N+ l, o] ( ) (234)

SI
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or

— (N+1) = 0(A
1) (235)

Clearly by Equation (228)

~~~~)m f~
I(~~I. m(~~~~, mc~~~

j 
= m00 0 m01 (236)

0 m11 0

in21 0 m22

* 

S

The following vectors are perpendicular to each other

S ~~~~~m m(~~~~ = ~~~~~ m(~~~~ = ~ (237)

Since the second vector of Equation (228) is perpendicular to the
S 

first

g> = m> (238)
1 1

or 

> 

= 

[ ]( 
0) (239)

If we attemp t to constrain the first coordinate to unity of the next S

vector we obtain

S 

g~~~~~ = M  1 (240)

A
1

A 2 2
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5)

~JS

with the orthogonal constraint

~~~~~

- 

~> =(g) = ~~ ~ ~~N+l) (N+2)1 1 (241)

0 2 N(N 1)(N+2) 0 j 
A 1

<in 
L 12 A 2

1
or

_ ( N + l )  =[o 
N (N 9 1) (N÷2 (242) 3

IN (N+l ) (N ÷2) 0L12

and by analogy to Equation (235) we see by Equation (242) that we cannot
solve for the two unknowns. By Equation (237) we see that thq, vector
m>2 is perpendicular to m)i, hence by Equation (238) for the g~2 

vector Sto be perpendicular to the previous two ~)o~ ~>1~ we must have g,)~ 
lie in -

the space spanned by m>0 and m>2 . 
S

m>, ~~ A 1 (243)

2 0 1 2 .1 o

A
2

The previous observations are not necessary if we proceed with the .1-
Gram-Schmidt process with the main diagonal unity constants, or 

S

g = M A 1 (244) 3
A
2 

S

1 2 
-

or

(245) 

1S

i

-S
316
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or

0 1/ x 1\= [
~J (N+l)(N+i)1 (246)

N(N+l(N+2)Ik
~ A 2)  [ 0 ]

~~~~~~ 

_ [N(
N+23~ - (247)

= 

M[N

t
~~

21 

(248)

Packaging Equation (231), Equation (239) and Equation (248)

G = M B (M) (249)
(N+1)x3 (N+1)~’3 

g

where

Bg(M) = 1 0 ~2~) (250)

0 1 0

0 0 1

The orthonormal set are next obtained; via Equation (231)

<g g > = N + l  (251)

0 0

By Equation (239)
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1-

~~~~ 
= (0,1) FN+1 0 110 - 

(252)
S

. 

1 1 
Lo N(N+1)cN1.52)j~_i

— 
N(N+1)(N+2)

<-~~ g, — 12 (253)
1 1

and

= 
N (N+ l) (N+2)(N2-4-2N-3) (254)

The diagonal metric of the Gram-Schmidt vector is

G
T
G = N÷l 0 0 

- 

(255)
3x3

o N (N4 1) (N+2) 
012

0 o N(N+l) (N÷2)(N2+2N— 3)
180 - 

S

and the orthonormal set is

T ‘
S = G (N) (G G) (256) .5

(N+ 1)x3 (N+i)X3

or

S 

N÷i”3 
= G A~r 

v’12 

(257) 

1
0 4UN+l)(N+2) 0

0 0 2
- 

N (N+l) (N+ 2) (N +2 14-3)
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Using Equation (249) in Equation (257)

S = M B (N) (258)
(N+ flx3 (N+l)x3 ~

where

B5(N) = Bg(N) (G
TG)~~ (259)

or

B (N) = ,,~
IL -N (N+2u/r~~ 

2 

- 

(260)
12 N (N+l)(N+2)(N +2N—3

1I~0 v~-J(N+1)(N+2) 0

N(N+l)(N+2XN +2N-3)

or in terms of the number of points in the span W~~2N+l

- 

1 
-vi~5(W

2-l)
B5 ( W )  = 0 l27~~~~~~~~ 2 

(261)

W(W -i)p p

0 0
W~ (W~_ l) (W~-4)

The inverse of the discrete midpoint metric can be obtained via
Equation (3t~6) ,  Section ( 1 ) as S

(MTMY~ = B (N) BT(N) (262)
3X3 5 5
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S j
or for the 3X3 case

- -
F 

(HT14)
_2 

3(3N2÷6N-4) 0 (263)
(N -l)(N+3)

120 14114+1) (N+2) 0

S SJ

-l~ o 180 
2

(N -l)(N+3) N(N+2)(N+3)(N -1)

In a similar manner the inverse of B by Equation (358), Section
C ‘) S 

S
-

~ B 1 
= BT (MTM) (264) 

-

S 
In a similar manner one can obtain the Gram-Schmidt as the front to back
span case,

Orthogonal Polynomials With Respect to Summation Over Discrete Point j
Sets Indexed From Front to Back of Span for Matrix F. The metric is given
for the 3X3 case by Equation (121) and the first coordinates will be taken S

as unity, hence j
S 

g(N~> = Y (N:5;:
~~ 

(265)

and -.

g(N~~~~ = 

[i
(1~)~. Y (N)~

(1) 
(266) -~

and the orthogonal constraint is

4~l)y g(N ~~~~ = (0)

- 
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— 
0 0 _ -(N+~) _ 2 267

ml - 

> 
- 

~-(N+1) 
- N 

)

0 1

5

. 

or 

g(N~~~ = [
~

‘ ~ [11 (268)

also

r 1

2 
(N+l)X3

A m

A 2

Solving for ~~~~ 

2

- ‘
~ .(N+l) (N+1)(2N+1) J.5 ( N +1 \

\ 
(269)

~ (N+1) (2N+l) 1-(N+1) 2 \~ ~~(N+l))

= - -s 1 
.5s21 1( s0\ 

(270)

S2 
_s3j ~ç

S
i)

observe by analogy with Equation (196) and Equation (197) that

1-s1 S
21 

= [‘
_l 

01 [S 1 S
21 [1 01 

(271)

L S2 _S
3j L ° ‘i L~ 

S3] Lo 
_lj
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—p

(
5

S 
h

S and

f _ s1 ~~~~ = f_i 01 [s1 S2 ‘{‘l 01 (272)

[~ 2 -s3j Lo ilLs2 s3 [o ~ij

and

S I s0~ = 1 ol Isol 
(273)

O -1] Lsii
S and using Equation (273) and Equation (272) in Equation (270)

>= [n~
r ] (274)

N (N-l)

or 

g(N> = F 1 (275)

N(N-l)

Packaging Equation (265), Equation (268) and Equation (275)

G(N) = r B (N) (276)
(N+l)X 3 (N+l)X3 g

where (
Bg (N) = 1 1 1 (277)

O 
-

~ 14-1

~ 0 -6 r
N(N -l) ,.

ci
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The inverse of the metric matrix is by Equation (3L ~~~J, Section (1 )

(rTr)
_
~ = Bg (G

TG)
_l 

B~ (278)

and is for the 3X3 case

(r
T
r)

_l 
= g0 3N2+3N+2 l2N+ 6 10 (279)

4(2 14+1) (814-3) 6012N+6 N(N-1)

60 6010 
N( N- l)

where

g0 = (N+l) (N+2) (N+3) (280)

Compare Equation (279) with Equation (224) and note the only differ- S

ence is some negative signs; now compare the metrics of Equation (121)
with the metric of Equation (187), and again note the differences of signs S

in the same row and column positions.

Orthogonal Polynomials for Exponentialy Weighted Polynomials Over
Discrete Time Points from Front to Back of Span. The non-dimensionalized
time points generate the weighted vectors of Equation (181) as

= [n
(N~~~~ -Ln(N>, 

_Ln(N)~I] 
(281)

S (N+l )X 3 (N+l) (N+l) 0 1 3 -

or 

= 
[1N>. 

y(N> , ?(N>] 
(282)

where the corresponding 3~3 metric is given by Equation (183) on terms of
Oas

323



Mtte
(_ l) 

(1 0)2 
(283)

—0 0(1+0) —6 (1+4e•~O
’

(1_e)2 (1-e)~ (l-e)~

0(1+0) _o(1+40+02) e(l+lle+lle2+o3 - S I

(i-o)~ (l-e)~ (~_~)
5

Set the first Gram-Schmidt vector to be

g(N> = y(N> = F eI~~~
P (284)

(N+ f lX3
0 WO ‘-‘ / 1

and the norm square is

<~ 8> = ~~ Cr ”ii e> = ~A~- (285)

0 0  1

The second vector is with unity constraint on first coordinate

= ~~~~~~~ y(N~~~~ 1 ) (286)

1 WO Wi

and the orthogonal condition S

S :: X l1~~~~~~ 

= [thy (1~ 8) 2](j (287)
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(289)
S 

- (N + l) X 31 1-0
e

0

and the square of the norm is

(g g~ = (l,ij.~
.,0) r~r~ 1 = 

1
2 (290)

:

S The third Gram-Schmidt vector is

F ~1 1 (291)
(N+1)X3 I I

LA~~ I 2 S
and the orthogonal constraint

~~~~~~~~ ~)7
0
\ 

(292)

0 2

or

~~~~ - - Fb i ‘r021 ~001 (293)

Lvii v 12j ~‘ioJ
where

~ 
.
~> ,

~ 

(294)

i i
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By the metric matrix of Equation (283) 

2
—0 

2 
(1+0~ = (1—0) _ l + 4e+e 2 — ( 1+0) ( 1—0) 1 (295)

(1—0) (1—0) 20 I
2 -(1+8) (1-8) _ (1_0)2 

j 
- -

0 — (1+40+0 )

S 
(l—o)~ (~_~)4 -

and Equation (295) in Equation (293)

A(2) = (296)

2 2 8 1
[e_ 1)2 I
202 J H

Using Equation (296) in Equation (291)

g(~~~~ = r 1 (297)
2 (N+ 1)X3

—0(0—1) (38+1)

282

- 

~~~~~ 

-

S 

Packaging the Gram-Schmidt vectors of Equation (284), Equation (289)
and Equation (297) 5

G = B (298)
(N+i)X3 (N+l)X3 g

where S )

51

~~5S
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Bg
= 1 1 1 (299)

0 — (0—1) —(0—l)(3o÷1)

0 202

0 0 
(e_1)

2

202

Orthogonal Polynomials for Exponential Weight Over Discrete Time Points
from Back to Front of Span. The non-diinensionalized time points generates
the weighted vectors of Equation (152) and Equation (50) as

Nw 1 0 0 (300)

S (N+1)x3 (N+l)(N+l) 
1 1 1

1 - 2  2
2

1 3 3
2

N N2

with the 3X3 metric given by Equation (168) as 
S

M = 
0 0(1+0) 

- 

(301)tte 1—8 (1_e)2 (l—8)~

0 0(1+0) 0(l+t~0+e
2)

(l_e)2 (i e)~ (1—o)~

e(i÷o ) 0(l+L~e+0
2) 0(1÷ue+1l02+03)

(l—O)~ (i-o)~ (i—o)~ -

The G-S procedure with respect to the metric of Equation (301) yields

G = N  B (302 )W g
(N+l) x3 (N÷l)(N+1x3

where S
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B
g 

1 1. 1 
- 

(303)

3X3 

0 —(~. .I!) 
— (e—l)(30+l) S 

5 51

0 
202 

5

0 0 
(0—1)

202

Relations of These “Discrete Laguerre Polynomials” with Those in the
Literature. Morrison in reference (61 ) derives the discrete Laguerre S

polynomials (his terminology) via sumation by parts and refers the
interested reader to Gottlieb’s paper (reference 35). Gottlieb refer to

S polynomials of the “Laguerre Type” and gives the formula S

= e’~~ (l_e)~)
C(~)(~) (304)

c=0 
5 5 5 ~1

where 60 , 1, 2, ... d-1 is the degree of the polynomial and n = 0, 1, 2,
3, .. .N. S

If we make the substitution of Equation (147)

o e~~ (305) -

• 5 j 5

the term 1_eX of Equation (304) is

l _ e A
l _ *~~~~j

i (306)

and using Equation (306) in Equation (304) we obtain the expression used
by Morrison reference ( 61) page (65) as

45

~~ c~~ 
(2j !) (

~)(~
) (307) 5

5)

The fir st three of these polynomials are S

= ~
0 (308)

= 0 
~~ 

(309)

S St
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= Otl+(.2j !)n] (310) 
5

= (l ,n) 

~~~ 
(311)

and

2 c
£2(n) = o2 ~ (2.j!.) (

~)(~
) (312)

= @ 2

= (l ,n,n2) @
2 (314)

~(e-1)(30÷l)

(0_l)2

2

Morrison gives the next two also as

£3
(n) ~3 [1-3 n+3 ~~° _ _ _ _ _

3 
(315)

(18) n(n-l)(n-2)- -b- 3~ 
S

£
4
(fl) = [1-4 (!t ) n+6 ~~ (1)

(316)

- 4 (10.5k n(n—1)(n—2) 
+ 
(l~O) n(n—1)(n—2)(n—3)

3~

Morrison states that this set of polynomials is seen to have an in-
finite number of e1~nents in contrast to those of the previous section,
which form a finite set for any given value of N. However one must take
this statement with a grain of sa1t~ First of all we observe by Equation
(308), Equation (311) and Equation (314 ) that
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[L0(n) ,  &1(n) ,  2.2(n )] [1, n , ~
2
:i 1 a @2 (317)

L 0 0— 1 (0—l )( ~~ ÷1)

o 0 
(o_l )2 S

and that the 3x3 matrix of Equation (317) can be written as 
S

1 0 @ 2 
- 

1 1 1 
- 

(318) 
5

0 0—1 -~<e—l )(3~+l) 
= 0 2j~!. 

(0 0s~~ D(0)
20

O o !(e_ 1)2 2 - S

- 
2 

- ,0—1~~l‘0 ’ 2

where -

D (~ ) = ~0 0 0 (319)

o 0 o

0 0 @2 
-

S

The matrix of Equation (318) with unity coordinates is the Gram-
Schmidt matrix of Equation ( 303) corresponding to the back to front (going
to infinity) span metric. Thus, the set of fitting polynomials used by S~

Morrison on page 500 of Reference [ ] seems rather nonsensical. The front ~S

to back of span metric should be used for then when one uses these approxi- 5-

mating functions in estimation theory , the data before say time equals S

zero can be assumed to be zero, and one has a smoother. Brown in Reference
[16] uses the metric of Equation ( 283) which generated the Bg matrix for S S

the first three polynomials of Equation (299). Observe that the matrices
differ in sign on some coord inates hence in applications to fitting func-
tions in data processing one will get different results. S

Furthermore if we partition these Laguerre-type polynomials as we did
for the discrete Legendre polynomials of Equation (208) (though not too S

mathematically meaningful) we obtain from Equation (302) -
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G = 45~g 00/2(1,0,0) B (320)
(N+1)x3 g

3x3

S 4~g
0 (1,2,3)

n/2 20 (l,n,n )

S 

and equating elements

9~~
2(l ,n,n2) B

g 
(321)

If we use the concepts from the continuous Laguerre polynomials versus
the cont inuous Laguerre functions, we can define the discrete polynomials
as 

= = (l ,n,n2)

1 1 
- S

0 ~~~ (~—1)(3~+1)
0 2

0 0 (
0_ l ) 1

- 
0 2

for n=0 ,1,2 ,~ . .N-9.c~, hence we do not need to interpret e Equation (322) as S

an infinite set of polynomials, for one can deal with a set of three poly-
nomials of degree two.

The connections between the Gram-Schmidt polynomials is obtained by
S Equation (318)
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B = B D 1(0) (323)g mo
where Bmo is the matrix obtained from Morrison ’s polynomials of Equation
(318); using Equation (323) in Equation (302)

G = N B = N B D 1(O) (324 )
(N +l)x3 w g w mo

and

GTG = D~~(~ ) BT NT N B D~~(0) (325) 
5 1

3x3 mo w w mo . 5 /

and the metric given by Morrison page 66.

n 0  
~~,~ ( f l )  ~~~~~‘I) 

~~~ = [o;6 4 
B1 

(326)

-

~~~~~

or in terms of the g elements of Equation (321), that is

(g0,g1,g2) = 0
n/2 

(1,n,n
2) B

g 
(327) •J _ 5

n 0  
g

45
(n ) g

8
(n) = 

[::~ 1 
(328)

Lri;~8]
Specifically one should write Equation (328) as

~ g 45 (n) ~~(n) = 
~ 

g45(n) g8(n) (329)
N-*-co n 0 n 0

Using the first three elements of Equation (328) in Equation (325)

~SS) S
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:‘~

.5 GTG = r l  0 0 •
~[~~i 

-

3x3 0 0

1 0  1/0 0 I
0 1182j 0 :r~-

~
- 0

.5 ’

0
(330)

0 0

f o  1/0 0

0 i,e2

T — -
G G =  —i-— (331)

1-0

1
0(1—0)

0 0
o2(l_e

or the general term for a d-l degree polynomial yields

= ~~~~~~~~ o (332)
dxd 0

0 0(1-0)

0 1

— 
0
d_l(1 0) 

—

Note that the only difference in the forward and backward case is a
sign chan ge, hence the magnitudes of the vector are the same, hence
Equation (332) holds for both cases.

Orthonormal Discrete Laguerre Polynomials. The two cases back to front
S and front to back orthogonal vectors wiil be normalized to obtain the unit

magnitude sets. By Equation (305) Section ( 1 ) we have for the back of
span to front case of Equation (302)

.5 333

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 55
55~S 5S.5.5~555- 

~~~~~~~~~~~~~~~~~~~~~~~~~~



_________________ ______ 

5.555~555.5~555~55~~~~~~ 5-
~~~ 

5~555-_555_5-~~

I

S
_i

5 :  S = N B (GTGY
1/2 

= N B (333) J(N+1)x3 w g w S

where

B5 = B
g 

(GTcYJ .
~
’2 

(334) J.

or by Equations (332) and (303)

B5 = v’i~~ ~~~~~~~~ v’~~ 0 
— 

(335)

0 ~~~ (o—1)(3 -s-i)
/0 20

0 0 
(0_l)2

)
S The orthonormal vectors of Equation (333) for the case of front to

back of span is the same as Equation (335) except for the sign changes . -

in the positions of the matrix given by Equation (229) or )
B5

(—1) = ~1 /~ 0 
- 

(336)

0 ~~~~~ -(0-i)(30+l)

202

0 0 (o_l)2

202

One can obtain the same orthnormal vector case of Equation (335) by
S using the orthogonal vectors of Equation (318) with powers of 0 on the 

S

first row of the matrix with the square root of the inverse of the diag-
orial metric of Equation (328)

Observe also that the Gram-Schmidt process applied to the vectors with 1
first coordinates constrained to be the powers of 0 yields the matrix )
corresponding to those polynomials of Morrison (or of Equation (328)).
For example -

~

S 

IS

334
- I
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5 5 5

~ (N>= [~~~~~~I> J [0
1 

(337 )

L~”J’
and

S 

gü ~~~~~ N~ 
021 (338 )

(N+l)x3

etc.

Forward and Backward Exponentially Weighted Inverse Metrics. The
inverse of the metric matrix ofEquation (168) can be obtained by Equation
(348) Section ( i) as

(N TN )
~~ = B M~~BT (339)W w  g g g g

and by Equation (332) and Equation (303) is

(N~N Y ~ = (l_0)(1+0+02) ~.(l÷0)(l 0)
2 (l-0)~ (340)

3(1+o~~1_e )
2 (l—0 )~(l÷l00÷90~) — (1—3e)(1—0)~2 402 402

(i—o)~ — (1—3o)(l—e)4 _______
2 49 2 40 2

wher e by Equation (168)
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S 
N

T
N = 

( l_ 0) 2 (j o)~ 
- 

(341) 
.

0 0(1+0 ) 0(1+40+0 2 )
(l_ e) 2 ( i— 0)~ (l—e )~

0(1÷0) 0(1+40+02) 0(1÷110÷1102+03)

_(l—o)~ (l-o )~ (~_~)5 
-

The inverse of the front to back metric of Equation (183) that is S -

r
~
r
~ 

= 

(1 0)2 3 

- 

( 342) ,

—e 0(1+0) _0(l+40÷02)

• (l_e )2 (l—e)~ (i—0 )~

(1+0) _e(1÷40+02) 0(1+110÷1102+03) -

S (l—e)~ (i—o )~ (i—o )~

has as inverse by Equation (332) and Equation (299) in Equation (339)

(rTr~)
_l 

(1_o)(l÷o÷e2) ~~1÷o)(1_e )
2 (i-o )~ 

- 

(343) 5

F1÷0 (1_0 2 (l_ 0)
3
(l+l0e+ 90

2
) (1-e )~ (l+30)

402 402

(i-o)~ (l-0)~ (l÷30) (i-0)~ 
.5

2 5+82 402 
-

The inverses of the two cases by Gg matrix of Equation (299) and Equa-
tion (303) can also be obtained via Equation (348 ) Section ( 1 ) .

5 )

‘ 5),

336

5 .5 .5

- 55 5 55- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- S S ~~~~~~~~~~~~~~~~~~~~~~~~~~ , s s .ssS_ SS5SSS S S SSSSS__ SSSS SS_S5.5-SSS -_5S _s~~_ S 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~r55 S55•5.5•- t~-5 55S5-.55- S 5 ,S55 55.5 •555;S.5S _•S.5555 SS5SS 55 5 55 55.55555.55-5 55555-_S_S_S S

S The Discrete Laguerre Polynomials Orthogonal over the Back to Front
Span in Matrix Factor Form. The continuous Laguerre polynomials of
Section ( 2 ) Equation (55+) are expressed in terms of the binomial matrix,
factorial matrix~ etc., hence the following derivations will cast the
discrete polynomials in similar forms. Consider Equation (307 )

L 45 (n) ø~ Z - l ~~b5 (~)(~) (345+)

where 5=0,1,2• . .d-l the polynomials degree and

(flj!) = (~ l) C (!) = (-l)~ b~ (35+5)

The first d polynomials can be written as

~ ( )
s 0  

S

~ ( )
S 

c 0
(346)

2
£
2
(fl) 0 

~~ 
( )

c 0

d-1
= 0d—1 ~

or as a row vector

0 0 d-1
(L o ( ,

~ i
(n) ,  d— l~’~~’ = ~ 

( ), 
~~ ,

... 
~ 

) D(0) (35+7)

S c 0  c 0  e 0

where the diagonal matrix is

337

S ~• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _J~~~~~~~~5-~~ 5-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.-—----—-5-5_- -S5’-— S 

~~~~~~~~~



‘S 5 _S5-
~

_ ••_S55SS_5-~_•_5__55•____ .5__.5__~~ 
555 
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- 555 -

D(0) = @0 o (3~48) S

01

•

0 
0d-l

The summation terms can be written as inner-products by Equation (24 ) S

Appendix ( B). 
S

(E )
(
~

) = 
~~~r— for c > 0 (349)

as

45 (c )

~ (—1 ) ’~ b
45 ( 45 ) ~~~~

, (350) 
-c 0  C

S or

o (0)

~ ~ 
= n 

~~ b0(—l )
0 

(351) -
c 0

( ) [~ ( O )~~(1)
J [1

0
b
0 

0 1[~1 (352) 
L

S L° (_1)
~-b1J[ (~7j

c 0  ~ 
= ~n

(O)
n
(l)

n
(2)j (i)

0
b° 

~ 

- 

( 2 ) (3~~ )

S (-l)
1
b
1 20 ii 0 

-
,

0 0 (—1 )
2
b
2 

(
2
) 1

2! 2

‘5

S 
I J .
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( ) = ~~~~~~~~~~~~~~~~~~~~~~ (_i)?b° (d-l) (35k)

( l ) d_l
b
d_l (d_ l )

(d-l) !

(d_ 1
d-1

or

(2
0
(n),L

1
(n), d—1~~~~ 

= (~~(O ) ,~~(1) , . . • (d—l) IC—i)  4._i 
D(b) BD(e) (355)

or

S ~~)2(n) = <d)n~ ~
I(—l) 4’~ D(b ) BD (0) (356)

S where

D(e) = (~~~ ) (357 )

S (10) 0
0

2
(10 )
8~~~~~

d-1

0

and B is the binomial matrix
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S 

L)
B = (~

) (~) (~) (~) . . (d 1) (358)

S 

(i~ ~~~ ,3 -

i’ ‘1’

( 2 \ ~~~‘2’ ‘2 ’

( 3) S 5j

- 

(
~~~

) -~~~~

The Discrete Laguerre Polynomials Orthogonal Over the Front to Back
Span in Matric Factor Form. By Equation (298) and Equation (302) we see _ 1

that the Bg matrices for these two cases differ~n signs in alternating
rows, hence by inspection it is clear that positive axis span is carried I

into the negative axis span via 1

B(—l) = 1 
- 

B (+l) ( 359)

—1

S 

1

- 

.
.
.

— 

J
or element-wise we have by analogy with Equation (307)

45
9~45(fl) = ~ (~1)C (Qj~) (

~
) (I~) (360)

The row-vector expression of Equation (360) is by analogy with Equa- S

tion (355) }
~~~~~~~~~~~~~~~~~~~~ 

= [l ,fl 
)~~ (2) ,. n~~~~~ ] I(-l)

dia (
~~~

) BD(0) (361)
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0—1 6—1S 
dia (-i— ) = ~~~~~~~ (363 )

(01
‘ 0 0

(0_i..1
2

‘0 ’

0 
0_i

Discrete Gram-Sch~nidt on the Matrix T. The discrete orthogonal poly-
nomials of the previous cases are with respect to the rion-dimensionalized
time spans. By Equation (124).

T N T (i)D(h0) (363)
(N+1)x 3 (N+1)x3 U 3x3

By Equation (205)

G B 1 
= N (365+)

N gN
(N+1)x3

Using Equation (304) in Equation (363)

T = G B
1 T (i) D(h ) (365)

tN ’’x3 N gN u 0
‘.5 

~~
‘ (N+ l) x3

T = G
N BT 

(366)
(N-s-l)x 3 

(N-s-l)x3 3x3

where BT is upper triangular since

B,1, = Bg~ T~
(i)  D(h 0) (367

341
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5

- and inverse of an upper triangular matrix is upper triangular and also S

- T~(i) is upper triangular and products of upper-triangular matrices areupper triangular. Inverting Equation (366) 5--

G = T B 1 = T D 1(h ) T 1(i)  B (368 )
1 

N (N÷1)x3 T 0 u gN S

- By Equation (368) we see that an orthogonalization procedure on the S

column vectors of T using the columns of T as a base for the sub-space of ~~1

dimension three , yields the three column vectors of G with coordinates given
by B~1 in the T base. Hence one can obtain the discrete orthogonal poiy-

S nomials in many forms, and as shown by Equation (367 ) the upper-triangular
S matrix is a function of the fixed time interval h0, and the index i.

iSi~

I 
Sj

~~

iJ
S~
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Section 6 SOME GENERALIZATIONS OF THE DISCRETE DIFFERENCES OF POLYNOMIALS AND
THE BASE FITTING FUNCTIONS.

a. Generalities S

In this section discrete first differences and higher differences of sequences
of x(i) and of the fitting function f(i) will be developed .

Corresponding to the three different indexing notations of Figure (1) Section
(4) we have

I I I

x(i,0)!I x(k—n) ~ x(l ,N)
x(i,l) x(l,N)— l
x(i,2) .

x(k-1)
x(k,0)) . (1)
x(k,1)

x(i,N)
1 ~,x(k,n) \x(l~o)

S and the corresponding relations on the fitting functions of Eq. (124), Eq.
(129) and Eq. (135).

/t(i ,0)\ t(k-n) /t(l ,N) \ S

( t(i , l) . ( t(l~N~1)\
‘s, . I t(k ,0) - I (2)

\t( l ,o) /

~t (k ,n) S

One can use selector matrices and evolve an “operational matrix” calculus
S 

in the same manner authors introduce operators , for example for the first
S vector sequence of Eq. (1)

S < x(i)(N+> = x(i ,0) 
S

<~ S~~x(i) = x(i ,l)

(3)

ze S~0x( i )> = x(i ,n) S

<,~ S~~x(i)> = x(i ,N)

343

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,‘~~~~~ 
~~~~~~~~~~~~~~~~~



55 55-5- -~~~F - p -

where the select vector

<e = (1, o, o . ..o) (4)
“I lx(N-s-1)

and the shift matrix is for example 3 x 3

/ 0  i 0\s = ( 0  0 I I  (5)
(10 \o o 0/ 5

3x3

For the midpoint span sequence of Eq. (1) one can map-down via the vector

4+1)e=(o , o .  . . 1 , 0, 0 . .  .)=(~~)O, i,4)O) (6)

or

<e~
x(k)> = x(k ,O)

<e~
s
~0
x(k)> = x(k,1) (7)

<eC
s
dO
x(k)> x(k,-1)

where the shift-down matrix is (e.g.) }
/0 0 0\ TS S = I i  0 0 1  = S  (8)do 1 0/  uo -:

If we write Eq. (3) in terms of power of the shift operator we obtain the S

obvious identity S

x (i,0)
1 

5 ’

x(i,1) ~Z~~S

x(i,2)

( 9)

X(i ;fl) <~f
es:~SO

x(i ;N)

w h e r e N + 1

S = [0] (10)uo
(N+1)(N+1) (N+1)(N+1)

~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Consider some vectors and matrices generated by moving fixed-span procedures ,
for examp le the sequence of variables for fixed N , with the index i varying

S 

<(x(i) = (x( i ,O) . . . x(i ,1) . . . x(i,n) . . . (i ,N) (11)

and

~~(i+l) = (x(i,1), x(i,2) . . . x (i,N) . . . x(iN+l) (12)
= (x(i+1 , 0) x(i+1,N)

or 

~~(i+1) ~~(i) S~~ + x(i+1 ,N) <e (13)

where the shift matri~c is

0 0  0 0
1 0 0s1 = o 1 (14)

(10 
~

i oj
S 

and

<e= (o , o .  . . 1 )  (15)

N+1 1 x (N+ 1)

Depending upon how one orders or indexes and packages the variables , various
matrix types appear , for example for a span of N + 1, N = 3 data points pack-
aged as a column

S /x(i ,O)\( x(i,l) ‘
~ 

= x(i)(~> (16)
!~ x(i,2)
\x(i ,3)

we have shifting up and out the first point and shifting in the new point, we
have

= S x(i) (4>  + (~~‘4x(i ,3) (17)

or

/x(i ,1)\
( x(i,2) 1 (18)
~ x(i ,3)
\x(i ,4)

etc., fo r a row of column vectors

r x(i ,0) x (i , 1) x (i ,2) x(i ,3)1
x(i ,1) , x(i,2) x(i ,3) x (i ,4) I = X ( 19)
x(i ,2) x(i ,3) x(i ,4) x( i,5) I 4x4
x(i ,3) x( i ,4) x( i,5) x(i ,6)J
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which is a Hankel matrix .

If we package the “data ” or variables with the “real-time ” or most advanced
time point at the top and “shift down” we have for the array of spans S

‘1 x(i ,3) x(i ,4) x(i ,5) x(i ,6)1
-

S - x(i,2) x(i,3) x(i,4) x( i,5) I (20)
x(i,1) x(i,2) x(i,3) x(i,4)

S 
x(i,0) x(i,1) x(i,2) ~(i,3) S

or a Teoplitz matrix .

Minimal Set of First Differenced

Consider next the sequence under 13

0 0 0
1 -1 0 -

0 1 -1
S 

[x(i ,O), x(i,1), x(i,2) . . . x(i,N)] 0 0 1 1S . - 0 -1 5 - 5

: : 
1

(N+ 1) x N -

(1) (1) (1) (1) (21) j
S 

z <~~) i~ x ( i )  = (
~ x(i,O), ~x (i,1) . . . Ax (i,N-l) 

S

or I
<x(i) U = 4x (i) (22)

(N+ 1)N

where

‘ -1 0 0 0 (5 5

1 1 0 0
1 3 =  0 1 -1 (23) 5 5

(N+1)N 0 0 1
0

The same relations hold when x are vectors x and the geometry is easier to 
S

construct , for example see Figure (1). 5 5 -

5 ‘• l
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S 

S

Figure 1 Fi rst Forwa rd Di f f erence Vectors S

The f i r s t  differences 
S

~~~x(i,n)  = x(i ,n+1) - x(i ,n) (24)
a re refe r red to as the f i rs t forward differences. The same methods developed
herein can a lso be ~pp1ied to the so ca l led bac kwa rd and cent ra l dif f erence
formulas , but will not be done here. The rather standard difference-operator 

.5techniques used in Morrison ’s text and others is not “in the spirit” of the S

“matrix of the operator” state space approach and is considered very tedious - Sby the autho r of this report.

Return now to Eq. (9) substituted into the transpose of Eq. (21)

~~~ -~~ ? ~ : : : <~ x (i)>

<es~0x(i)> UTx~i> (25)

-1 1 .çes~0;(i)> 
S

U ~ ( M + I )
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S 

K e S~0-nx (i)> 
S 

~W x(i ,O)

<~~S [ S —IJx(i)> ~~~~~~~

<es

~

o[suo-I1x(i)> ~~
1
~x(i,2) (26)

KeS~~
’[S

~0
-I]x(i)> ~

(1) (j N 1) 

S

where -

/-1 1 0 0 0
( 0 — 1 1 0 0

S S - 1 =  I~~~ 0 -1 1 0 (27)
(10 -l 1

—1

We see that this matr ix  is the same as Eq.(1l0) of Section (8) for b = 1
and its inverse is , for example 4 x 4,

/-1 1 0 ~ 
-1 

~~~~ -1 -1 -l \
( o -i 1 0 ~ = ( o -1 -1 -1 1 (28)

~ o 0 -1 1 J ~, 0 0 -1 -1
\o o o -1/ \o  0 ~ -i

and the negative of thc above matrices yields

/1 -1 o o \
_ 1 

/1 1 1 1\
(o 1 -l o~~ = ( O  1 1 i i  (29)
~~O 0 1 — 1 1  ~~0 0 1 1 5

\o 0 0 1/ \o 0 0 1

If we use the “so called” push-down sequence (col umn vector where the “real—time” S

point is at the top we have the connection via the “linear convolution” matrix.

/x(i,N) \ I I

( 

x(i:N 1 )%~ ‘ci::~ 
S

x(i,O) -

S 
x(i,n) (30)

~x(i~N)f
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Tand the matrix -U where

S 

~~~~~~~ = 

-

~~ 
(31)

0 1 -1

/1 -i 0 o /x(i ,N) \ ~x(i ,N) - x (i ,N-1)
O 1 -1 0 j~ / x(i ,N-1)~
O 0 1 —1 1 - . S

x(i ,n) — x(i,n—1)
0 1 -1 \x ( i ,O) 

(32)

x(i,1) — x(i,0)
N x (N+1) N x l

~
(l)x(i N—i )

,N-2)

= 
(1) 

: = L
~
&
~
’
~>,~ x(i,n)

- 

S

If we add the x(i,0) element to the bottom of the vector of Eq. (33) we have
a fu l l  rank matrix .

1 — 1 /x(i,N) \( : 
1 -1 

(
x(i :N_ 1)\

k ~(1)X~jo) J (~~~~ S~ : ) (34)

\x(i,0) / 1 -1 \x ( i ,0) /
1

The inverse of the matrix of Eq. (34) is given by Eq. (29) and we have
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x(i,0) 0 1

The inverse can also be computed step-wise as , 
S

(I-S )~~ = (J_ S~
0 ) T [(I-S~ 0

) ( I_ S~ 0
T

1~~ (36)

or the symmetric Gram matrix of Eq. (36) is for a 4 x 4 case

/ 1 -1 0 o\ /1 0 0 o\ /2 -1 0 o\
1 0 1 —1 0 ~ f — i  1 0 0 ~ = (— 1 2 — 1 0 1 (37) L
10  0 1 —1 J I~ 0 —1 1 0 /  ~ 0 —1 2 — 1 )  Si-
\o o o 1/ \o 0 -1 1/ \o 0 -i 1/

The inverse of the n x a matrix of Eq. (37) is given by Charters and Stapieman
reference (101) as 5

2 -1 0 -1

-1 2 1 0 5~

0 -1 2 -1
0

2 -1
— 1 1

(38)
1 1 1 1 . . . 1
1 2 2 2 . . . 2
1 2 3 3 . . . 3

= . 1 2 3 4 . . . 4

1 2 3 4  n

S which is the Frankei. matrix of reference (90). Using Eq. (38) in Eq. (36)
one obtains for the 4 x 4 case example (one verifies)

/ 1  0 0 o\ /1 1 1 1
( I—S ) 1 = ( — 1  1 0 0 1  1 1  2 2 2

UO 
~~~ —i I 0 )  ~~I 2 3 3
\o 0 -1 1/ \i 2 3 4

(39)
= / 1 1 1 1

f o  i i i
10  0 1 1
\o o 0 1
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Consider the first difference vector of Eq. (21)

4’)Ax (1
~ (i) = c(~+j )  x( i ) U (40)

- . (N+1)xN

* .5Multiply on right of Eq. (40) with U

(1) * * 
S

4x U = <x(i) UU = <x(i)P~~* (41)
(N+1)(N+1)

where the psuedo inverse~of U is

= (42)
N(N+1) NxN Nx(N+1)

S and by Eq. (21)

- /-i -1 0 0 0  . . \ /-1 0 0 . . . 0
( 0 - 1  -l 0 0 ~ f i  -l 0

UTU =  I 0 .0  -1 1 . . .  I l  0 1 -1
N N  - f l o  0 1 (43)

\ o  0 -1 i/~~ 0 -l
\ 1

or

/ 2  -1 0 0

T / - i  2 -1 0
U U =  f 0 -1 2 -1 (44)( 0 0 -1 2

-1
- 1 2

N x N

The matrix of Eq. (38) is called the Frank-matrix by Westlake in reference (90)

It is clear that for the (N+1)(N+1) case of Eq. (36) one replaces n = N+1 in
Eq. (36).

If we call the matr ix of Eq. (34) A , that is

A = I - S  (45)uo

then for an n x n matrix

uTu ~~T + (46)
nxn

- - and using the Householder inversion lemma for inverting a matrix plus a rank
one dyad , we have

(uTU)~~ = (p~T)
_l 

.
~~~ e>.~Ze 

(A,tT)
_l

J (47)
S 

1 +

351
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Consider the elements in the parenthesis of Eq . (47) ,  by Eq. (38)

<e (MT)~~ = (0, 0, 0 . . . 1) /i 1 i\ (48)
/1 2 2

1 : :
2 3 . . .

= (1 , 2 , 3 . . - a) =

where n)c is the vector of counting numbers . We have also

<~~(AA T )
_ l

e> = = n (49) . - 
-

Using Eq. (48) and Eq. (49) in Eq. (47) we have the factors

(uTuy.l = (~~ T)
_ 1

[1 - 
e>~~~

] (50)

The matrix in brackets is 
S

-~~~~~ / 1 0 0  0 \
10  1 0

0 0 1
~~~~~~~~~~~~ (51)

1 -2 -3 1-n
1+n 1+n 1+n 1+n -:

Transposing Eq. (48) and using it in Eq. (50) we also have
S 

(U TU)~~~~ = (AAT)
_l 

- ~~~~~ (52)
1+n

The dyad is

/1
2
3

_ _ _  
4 (1 , 2 , 3 , 4 . .  . n ) 1 (53)

i+n i+n

n S

or - S

L
1 3 4 . . .  n

2 4 6 8 . . . 2 n
_____ 

= 3 4 9 12 . . . 3n 1 (54)
4 6 12 16 . . . 4n n+1

n 2n 3n n2
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Using Eq. (52) and the Frank matrix of Eq. (36) in Eq. (50) we obtain

n-i n-2 n - 3 . . .  1
F n+I n+1 n+1 n+1

n-i 2(n- 1) 2(n-2) 2(n-3)
n+1 n+i n+1 n+ 1

~F 
n-2 2(n-2) 3(n-2) 3(n-3)

(U U) = n+1 n+i n+i n+1 (55)

n-3 2(n-3) 3(n-3) 4(n-3)
n+1 n+1 n+i n+1 S

1 n S

Westlake gives the inverses of the above matrix in reference ~O) page 140 as

(uTu)
_1 

= M~~ = [m ’
~~ (56)

uTu 1j

where S

/i(n—j+1) for i < j
I n+1

m’ . = I
13 . .5tm.. for i > j

\ 31

Note that the Frank matr ix  can be written as S

34-2 c
~~ - ~~

cu
Tuy l 

= 4~~ - 3 ç~-2~~e~ -4. (58)

4
For example the 4 x 4 case one has by Eq. (55)

/ 2  -1 o o\ ~, 2 1
( - 1  2 -i 0~~~~ 5 5 5 5 (59)

~~ 0 -1 2 - 1/  .~~ ~~~

\0  0 -1 2/ 5 5 5 5

2. ~~
5 5 5 5

1 2 3 4
5 5 5 

-
~~

353

- 5



- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 55-5- -

Ortega in reference (65) gives the eigenvalues of uTu as

Ak = 2 - 2 cos j~a, k = 1 . . a (60)
n+1

with the corresponding eigenvectors

(sin 
~fl, 

sin a~i~ . - ~~ n~fl)
T k = 1 . . . n (61)

fl+j n+1~ n+I

For example the 3 x 3 case yields

/2-A -1 0\
det ( -1 2—A -1 ) = (A2 - 4A + 2)(2 - A) (62)

\ 0 -1 2-A /

(63)

also one obtains

det(UTU - Al) = - A + 6A2 - lOX + 4 = 0 (64)

S or S

5 

= (4 , -10 , 6) /1 \ (65)
(X ) S

S \x21
S 

The companion matrix is

/0 1 0\
A ( o  0 1 )  (66)

S 
C \4 -10 6/

The three eigenvalues of Eq. (63) are

/ A 0 0 ‘ /2— 4fi 0 0 \
A 

(
~ol A2 o ) z  (~o 2+4’~ o) (67)
0 0 A3 0 0 2

The three eigenvectors of Eq. (61) are for example

/sin jj.\ /i/J~\ 55

~~~ ~ ) = b >1 (68)

sin 3i1
/ 

1/,/~
4
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and the matrix eigenverctors is S

- 

~~ ~~~ ~i-1a \
B = 

~~~ ~)2’ 
b>31 = ( ~ -i ) (69)

S 
1/~~ /

Since uTu is syn~netric its eighnvectors are orthogonal , that is

T /2 0 0\
EB = ( o  2 o )  (70)

\o 0 2/

thus the unit magnitude orthogonal eighnvectors are

/ 1/./~ 1/~~ 1/2 \
B = ( 1/4~ 0 -i/~/~J (71)

\ i/~~ -i/ ~fi 1/2 /

and
— 

B~~~= B
T 

(72)

and we have
5 

(U TU)B = BA (73)

or
S 

B I (U TU)B = A (74)

The Vandennonde matrix 5 5

/1 1 1\ /1 1

= ( A1 A2 A3 ) = ( 2-~/~ 2+S
~/~~ 2 ) (75)

\ A ~ A~ A~ / \6-4~~ 6+44~ 4/

relates the companion matrix via the relation.

A = V(UTU)v~~ (76)

The inverse of uTu for the 3 x 3 case by Eq. (55) is

/2 -1 0\ -1 /3 2 i\
(—1 2 -1 ) = ¼ ( 2 4 2 J (77)
\ o  -1 2 /  \ i  2 3/

355

~~~~~~~~~~~~~~~~~~~~~~ 
~~5~~~ ’ ~~~~~~~~ L55~~~~~~~ 5~~~~~~~A5 

~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5 5 5 5 ~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~ L~~~~5 - .  

-S - --



S ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S55 5 S5 - 55 ~~~~~~ - - S

S By Eq. (73) we also have S
(U TU)

_ 1 
= BA~

1B 1 (78)

Using Eq. (77) in Eq. (42) we have

-.5. /—3 1 1 1\ 
‘

U~ = ¼ I -2 -2 2 2 1 (~~)3x4 \-i -1 -1 3/

and the orthogonal projector is .5

.5’. / 3 -1 -i -1\
UU = ( -1 3 -1 -1 ‘I ¼ (80)
4x4 

~~
-1 -1 3 -1 —

\-i  -1 -i 3

= [41 - 1(
~~~~s< 4 )1J ¼  (81)

= (~~‘<4)1 (82)

= ~~~~~~~~~ * (83)uu
S the orthogonal conpiement projector onto the 1(4 vector. Using Eq. (80) in - 

S

Eq. (41)

or 

X W (i)U ” = <~
(i)UU

~ 
= <x(i)~ (84)

= <x( i )  — <x(i)P (85)

where

_ _ _  
(86)

4

Thus if one is given the three difference vectors one can solve for the
x(i) up to the component lost along 1(4

For the (N+1)xN case it is obvious that N+l)l lies in the null-space of U,
that is

~~ I+1)1 U = 4~10 (87)
(N+1)xN

or in open-form

(1, 1, 1 . . .) 
(0  

1 ) = <0 (88)

~i56
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.. The rank of U satisfies

S S p U — p(UTU) = N (89)
(N+i)N NxN

since by Eq. (55) it is invertible. 
S

Hence Eq . (81) can be generalized to S

UU
k 

= I - 1 (jJ+
’
i~X~~~~~1)i (90)

(N-I-1)(N+I) (N+1)(N+1) .‘N+i’ S

or

U U P  (91)

By Eq. (74) and (76)

uTu = BAB 1 
= V ’ACV (92)

NxN

or s t ructure Wise

S UU ’ = U( UTUY1
1JT (93)

5 

= UV 1A 1VUT (94)

UB A B ~~U~ (95)

The inverse of a companion matrix is given by Brand re f erence (14) as , for
example ,

/ 0 1 0 0 \ 1 /-c/d -b/d -a/d -1/d\( 0 0 1 0 ~ = ( 1 0 0 0 
~ 

(96)
1 0  0 0 i J  1 0  1 0 0

—c -b -a / \ 0 0 1 0

and

det (A 1 
- XI) = A’~’ + c i t

3 
+ b i t2 + a l t  + 1 (97)

d d d d 
S

In conjunction with these hints of structural app roaches one should consider
the Lancos-Decomposition of U as

U = U~ A (98)
S 

(N+1)xN (N+1)xN (NxN) (NxN )

where

T T

NxN
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then

UTU = V2A V ~ = BAB 1 (100)
NxN

or in terms of the unit magnitude eigenvector matrix

uTu V~A~V~ = E A B T 
(101)

S where

A = A1 (102)

and positive square-roots are taken , hence

S 

V~~= B  (103)

We have also

= V~ A2V~ (104)
(N-fl)(N+1) a

55 

.5 and

T *  T - 2 T(UU ) = V~A V~ (.105)

and an alternate expression for U of Eq. (42) is LI
S u~ = uT (uu T) * 

(106)
S N(N+ l)  Nx(N+1) (N+l)(N+ 1) }

Further structural properties can be developed but will not be pursued further
here.

The outer-Grammian matrix for the 4 x 4 case of Eq. (106) is

/ 1  -1 0 0\
~~T = ( -1 2 -l 0 1 (107)S 

4x4 ~~0 -1 2 - 1 )
\o 0 -i 1/

Finally by Eq. (55) in the general case of Eq. (42)
* T - 1 TU = ( U U) U 5 (108)

N(N+1)
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we have

N N-i N-2 N-3 1
N-l 2(N-1) 2(N-2) 2(N-3)

.,. N-2 2(N-2) 3(N-2) 3(N-3)
U = I N-3 2(N-3) 3(N-3) 4(N-3)

Nx(N+1) N+1

1 N

(109)

-1 1 0 0 0
0 -1 1 0 
0 0 -1 1 0 
O 0 0 —1 1 0 

0 -i 1 0
0 -1 1

-N 1 1 1 
-(N-i) -(N-i) 2 2

= 1 -(N-2) -(N-2) -(N-2) 3 (110)
N+1 -(N-3) -(N-3) -(N-3) -(N-3)

and

N -1 -1 -1 -1

* 
-1 N --1 -l

UU = 1  -1 -1 N -1
(N+1)(N+1) (N-f-i) -1 -1 -1 N

—1
-1 -1 N

(111)
= i [ ( N + 1 ) I  - 

l>(i]

(N÷ 1)

= I - 1,>~~1 P
N+ 1

S Strong in reference (8Z gives the LDU decomposition of the finite di fference

S matrix as

2 -1 0 1 0
— 1 2 — 1 — 1/2 1

0 -1 2 = 0 -2/3 1
0

-1 0
0 -1 2 0 0 1-n

S - 
.5 n S
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2 1 -1/2
3/2 1 -2/3 -~

1

-

~~~~~~~~~~ 1-n

- 

n

1
J

with det = 2 
~~~~~~~ 

. . (n+1) = n+1 product of pivots
\2/\31 n

c. All Combinations of First Differences

This portion and the port ion on weighted differences is added as a generalization
but w i l l  not be used extensively in this report. In many applications such as
taking first differences of radar measurement vectors from n-stations, or
si ght- l ine  measurement vectors from optical instruments , e tc . ,  one f inds need 

S

for  such analy t ics .

Consider a “dyadic product on a differencing relation” . 
5

_
x0

_ 
Axoo Ax01 - .5 

~~ON 
- 

I -
~

xl ® (~0, ~~ X
2 

. . . xN) = 
10 (112)

x2 
. 

S

S ‘
~~NO AxNN 

-

~~~

XN S S

where 
S

ix - x .  i + n \  5

= 
( f l  1 ) (113)
\ 0 i n

There are (N+1)
2 elements in the matrix of Eq. (112), eliminating the N+1

diagonal zero elements and using the symmetry - -

Ax .  = -Ax - 

5~~~ 5

in fli S

S 

we have 
S

(N+1) 2 - (N+ 1) = (N+1)[N + 1 - 1J = N(N+1) = H (114) s
z z z .

For examp le for N+1 = 4 
-

M = 4 (~) = 6  (115)
2
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or six differences of the 4 variables . The difference matrix yields

-1 -1 0 0 o l
(x0, x1, x2, x3

) 1 0 0 -1 —1 0 = <xU
I 0 1 0 1 0 -1
L o  0 1 0 1 1

(116)
= (~x01, ~~~~ ~~03~ ~~12’ ~~13’ ~~23~

The inner-grammian is

or 

uuT 
= [..

~ ~ 

..

~ 

.

~
] 

= - (117)

uu T 
= 4(1 - ~~~~1) = (118)

4 4x4

By Eq. (118) we see that U has rank equal P or

p(U) = p(UUT) = = 3 (119)
4x6 4x4

The psuedo inverse of Eq. (118) is

(UU T)~
’ = ¼ ~ (120)

since

( IJ1JT ) (UU T ) * (uuT ) * (uu T ) = (121)

fr and

= uT (uu T )* (122)
6x4

= UT(i) ~ = ¼ uT (123)
6x4 4x4

since

uT~ = uT (124)

The inner-projector is

* = ~~
T
(¼) (125)

and by Eq. (118) in Eq. (125)

UU~~ =~~~ = I  - 
_ _ _  

(126)
4x4 4
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The outer-projector is by Eq. (122)

u
k
u UT(uuT)*u (127)

6x4 4x6

and by Eq. (121)

u~u = uT ~ u = uT(I - 1>(1)u (128)
6x6 6x4 4x4 4x6 4

o~~a congruent transformation on the inner-projector.

As an example of what some of these matrices look like, the outer Gramian is

2 1 1 -1 -1 0
1 2 1 1 0 -1

uTu =  1 1 2 0 1 1 (129)
6x4 4x6 -1 1 0 2 1 -1

-1 0 1 +1 2 1
o -1 1 -1 1 2

The psuedo inverse is

-1 1 0 0
-1 0 1 0

U = ¼ -1 0 0 1 (130)o -1 1 0
o -i 0 1
0 0 -1 1

and the outer projector is

2 1 1 -1 -1 0.,. 1 2 1 1 0 -1
U U =  1 1 2 0 1 1 (131)
6x6 -1 1 0 2 1 -1

-1 0 1 1 2 1
0 — 1 1 —1 1 2

If the x. of Eq. (116) are three dimensional row vectors, then

(<3)x,(3)x ,<3)x <3)x) U = 4x (132)
1 2 3 4 12x18 1x18

where the 12 x 18 matrix is

1-i -I -I 0 0 ol
U = I 1 0 0 -1 -I 0 (133)

12x18 

[ 

0 I 0 I 0 _ Ij
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and the entries are 3 x 3. The corresponding outer-projector becomes

21 I I —I —I 0

* 
I 21 I I 0 —I

U U =  I 1 2 1  0 I I (134)
18x18 —I I 0 21 I —I

—I 0 I I 21 I
0 —I I —I I 21

By inspection it can be seen that U of Eq. (116) has full rank factors.

r-i 0 O’
~ Ii 1 1 0 0 ol

I i  -1 01 10 1 1 1 1 01 (135)
4x6 1 0  1 - i J  L0 0 1 0 1 iJ

L o 0 1J
4 x 3  3 x 6

Express U in terms of the full rank factor and

U = A  B = A B (136)
4x6 4x3 3x6 4x3 3x6

and the psuedo inverse is the commuted product of the psuedo inverse or

U” = B* A* (137)
6x4 6x3 3x4

and the two associated projectors are

UU~ = ABB*A* = AA* (138)
4x4

since

* *BB A A = I  (139)
3x3

and the commute of Eq. (138) is

* *U U = B B  (140)
6x6

Since the matr ix A of Eq. (138) is Eq. (23), by Eq. (111)
*UU = I - i ,,~~j = P  (141)

4x4

The 6 x 6 projector is given by Eq. (140) and the B* matr ix is

B* = BT (BBT) l (142)
6x3
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• where

T 13 2 11
BB = 12 4 2~ (143)3x3 Li 2 3J

r 1
(BB )  = .L [_4 8 ~4j  (144)

and using Eq. (144) in Eq. (142)

8 -4 0

* ‘~ ~~~~ -4
4 0 4 1 (145)

6x3 -4 8 -4
-4 4 4
0 -4 8

and the projector of Eq. (140) is

/8 4 4\ 1-4 -4 O\
(4 8 4) (4 0 -4)

* 
\4 4 8/ \o  4 4/

(146)

/-4 4 0\ / 8  4 -4 -

~~~

( - 4  0 4 )  ( 4  8 4
\ 0  -4 4/  \-4 4 8

S
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• One can obtain the eigeuvalues, eigeuvectors and vandermonde matrices associated
with the full rank matrix of Eq. (143) as was done with the matrix of Eq. (59)
to obtain more structure; but it will not be pursued further here.

~~~
- I

One interesting representation of the rank N+l projector of Eq. (111) is

= 
~~ [~+].~ 1.~—Lll 1 (147)

(N+i) (N+l) L J
=(

~~~ 
N 4~~ — Li (148)

1 N~~~ - Li.

~~~~~~
where

Li = /jj +i) 1 = (1, 1, ... 1) (149)
(N+1)xl

It can be shown, though it will not be derived here that Eq. (128) generalizes
to maximum combinations of Eq. (114) where

- 
N(N+i)
2

that

u*u = uT (I — 1 (~~Z~) 1) U (N) (150)

MxM MxN NxN N NxM

The applications of some of these matrices to obtain position solutions by
minimizing the sums of the squares of the magnitudes of all combinations of
first differences is given in ref (9~~.

d. Weighted Difference — Matrices

Consider next the weighted differences of Eq. (21) (with the index shifted to
1, 2 , ... n), that is

(x1, x2, x3, ... x~) ‘w11 0 0 ... 0
w21 —w22 0 0

0 w32 -w33
0 w43 .

0 .
•

• L° 
0 W

M , M_l

1)
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= ~M~~) t~ X (151)

where

.~ M— 1) 
~~~ 

= (w21x2—w11x1, W32X
3

W
32 X

2~ ... W~~X~q
_W~~~1

X~~~1
) (152)

as an example one can obtain divided differences if

w21 = w
11 = i/h1

(153)

W
M M—l W

M_ i , M—i = l/h~..1

and Eq. (152) becomes
- x — x  x — x  x — x2 1 3 2 n n—i-...M.1) 

~~~ 
= h~ ‘ h~ h (154)

Consider the minimum set (4x3) case for the special constraint as shown
below, that is

w21 = V22

W32 = V
33

(x1, x2, x3, x4) —w1 0 0 
—

~ <~4) xU~ — ......~~~~ ~x (155)

~2

0 
~~
0 W

4

The 4x3 weighted difference matrix can be written as

= W U (156)
4x3 4x4 4x3

where

w = w
1 0 0 0 (157)

4x4 0 w
2 0 0

O 0 w
3 Q

0 0 0
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and the psuedo—inverse is

U
w* 

— (U
W
T U ) 1 

~~
T (158)

3x4 3x3

and

- - u~,* = u~
T 

~
T1
~ 
u~
T 

* (159)

- - 
4x4

-- 
- • - The inner—Graninian of Eq. (156) is

-v1 w~ 0 0 1  I-w1 o o 1
u~

T u~ = 

2 

~~2 

L 

W2 ~: 
0 (160)

= w
1

+ w
2 —w2 0

2 2 2 2
—w2 w

2 + V3
2 2 2

L 0 -V
3

One can obtain the inverse, eigheuvalues, eigeuvectors, companion ~atrix etc.for the full rank case of Eq. (157) for different conditions on ~4) w;however , it will not be done here.

The 4x4 outer Grannnian is

u~u
T 

= w ~y~jT W (161)
4x4

and by Eq. (107)

r
—l 0 0~

U U = W = — i  2 —1 0 W (162)W V
0 —1 2 —i~

0 0 lj

r 2
—V

1
W

2 0 0

— —w
1

w
2 

2w
2 —w

2
w
3 0 (163)

0 —w2~i3 2w~ —w
3
w4

L° 0 -w
3
w
4
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Consider next the maximum combinations of four things, or the 4x6 case, one
has

- • • 4) x U - 4) & (164)

4x6

where

U — W U (165)
bx6 4x4 4x6

Using the full rank 3 factors for U of Eq. (135)

- 
• U — W A B — A B (166)

V V

4x6 4x44x33x6 4x3 3x6

U
~,,
* — B*A~,,* (167)

6x4

and

U U~~~= A A *  (168)w w  w w
- - 4x4 4x3 cj~

where
- • W U = A = U

~~ 
(169)

4x4 4x3 4x3

is given by Eq. (156) and

- (u u ) 2 u~
T (170)

3x4 3x3

hence one needs to invert Eq. (160) to obtain U~*.

The elements of the matrix of Eq. (165) are

Iwi 0 0 0 _i\fi —l 0 0 o\
U,~, = f 0 w

2 0 0 1 0 0 —l —1 0 (171)

(0 0 0 o 1 0 1 0 —1

\o 0 0 w4 0 0 1 0 1 1

or
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U — —V1 —W1 —W1 0 0 0 (172)
0 0 —V2 —w

2 
0

O 0 V
3 

0 .w
3

_ 0 0 w4 0 V
4 

W
4j

Corresponding to the difference relations

- - (x
1 x2 x3 

x
4)/_w1 —w1 —w

1 0 0 0

( w2 0 0 —w2 —w2 0

~~~0 w3 0 w3 0

\0 0 w
4 0 w4 w4

= (w2x2—w1x1, w3x3—w1x1, w4x4—w1x1, w3x3—w2x2,

w4x4—w2x2, w4x4—w3x3). (173)

The inner—Grammian is

3w~ -w1w2 -V
1w

3 
-w

1w4

U U T = 3w~ —w2w
3 —w2w4 (174)

4x4 2-w
3

w1 -w
3w2 3w

3 
-w

3w4

~~~~~~ -w
4w2 -w

4w3 3w~

= w UTU~ w — 4W2—~~4 (175)
4x4J

and by Eq. (118)

U U T 
= W~4(I — 1 (4~ e4) 1 W (176)

The outer Grammian is

• uT u -
W V
6x6

- + ~ \ /~ 
-

~~~~~ 0

( ~~ + ~~ ~~ J( w~ 0 —w~ ) (177)

\ 
w~ w~ w~ + w~/ \o w~
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A second weighted dif ference matrix (as an example) for the minimal set is

F_wi v2 
0 —w

1 
w
2 0 0 1

0 —V
2 

V
3 0 —w

2 w
3 0

- 

__ 0 0 —V
3 

w
4J

= 0 1 1
[0 —w~—w~w3 —v~w3—w~ w3w4 j 

(178)

th
e. K Forward Differences From Back of Span to Front

The following considerations of first, second, third, and kth differences will
be restricted to unweighted and only the minimum set of differences (not all
combinations of differences) . For example , consider the five point span of
data or variables as column vectors.

(i, 0)\ r—l 1 0 0 0 /x(i, 0)\ - •

( ~~~~ x (i , 1) 
~~

= 0 —1 1 0 0 / x(i, 1) (179)
( x (1, 2) J 0 0 —l 1 0 x( i, 2) 1 -

~~~~

\~~ i) x (i , 3)/ 0 0 0 —i 1 

\

x(i~~ 3)J
x(i , 4)

or 

~~ ~ = uT x (i)() (180)

The second difference vector is

/A
2 x(i, 0)\ [—~ 1 0 O]/~~ x(i, 0)\

( ~2 x(i , 1) 1= 1 0 —1 1 0 1( ~~ x(i, 1) (181)
x(i , 2)/ [o 0 —1 1J~

\
~

t x(l , 2) )
t~ x(i , 3) J

or 

~2 x(i) - uT u
T x( i) (~~~ (182)

3x4 4x5
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where the distinction in the difference matrices is indicated by the size.
• The matrix product of Eq. (182) is

- - / A
2 x(i , 0)\ 1 —2 1 0 ol ~~~~~~ 0)

( ~2 x(i , i) }.~ 0 1 —2 1 0 I x(i, 1) (183)

\~~2 x ( i , 2)/ 0 0 1 —2 1j  x(i , 2)

3)

Lx~~
, 4)J

The third difference yeilds

(A
3 x(i, 0)\ = ~_i i o~ ~~~ x(i, 0)\ (184)

x(i , 1)) 0 —l iJ x(i, 1))
t~ x(i , 2)

or in terms of the x(i)

x(i , O)\ = 
ri ~ — 3  1 0~~ x(i, 0) (185)

x(i , 1)) [0 —l 3 —3 iJ x(i, 1)
x(i, 2)
x(i, 3)
x(i, 4)

The fourth and final difference is

x(i , 0) = (—1, i)f A 3 x(i, 0)\ (186)

x(i , 1))

or

x(i, 0) = (1, —4, 6, —4 , 1) /x( i , 0)\ (187)
- • 

I • jx (i, 1)
( x(i, 2)
~~x(i, 3)
\x(i , 4)

Packaging the previous equations at the initial part n 0 , and

x(i, 0) = x( i, 0) (188)

we obtain
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-j

(0) - - ~ 1
JA  x(i , 0~~ 1 0 0 0 0 /x(i, 0)

f A~
1
~ x(i, O)\  — 1 1 0 0 1 x(i , 1)

( ~~~ x(i, 0) 
~
= 1 —2 1 0 0 ( x(i, 2) (189)

• 
\ ~~~ x(i, 0) / —1 3 —3 1 0 x(i, 3)

x(i, 0/ 1 —4 6 —4 i \x(i, 4)

Observe that the matrix of Eq. (189) is the transpose of the inverse of the
binomial matrix of Eq. (35) appendix (A), or

I~x(i, 0)(~~ = B T x(i))~ (190)

where the vector of Eq. (189) is the discrete—analog of the continuous state
vector of Eq. ( ) sec ( ) that is

[x(i . 0) x ( t )

Ax (i, 0) x(t)

A~
2
~x(i 0)! x(t)

A~
3
~x(i , O)~ x (t)

~~~~~~~ 0~ x~~~ (t)

It is obvious that the n discrete difference package is

jx(i, 0) ~~ 1x(i ,0) 
~

I t~x(i, 0) - = B
_T
/x(i, i)\  (191)

( ~~~~x(i, O) ( . ‘1
\~~

M) X(~ 0)! \~~(l , M/

Multiply Eq. (190) by BT, hence

x(i)(5
> 

= BT &(i, 0) 
~I~

”
~2 

(192)

or 

0\ 1 0 0 0 0 jx(i, 0) 
~ 

•1
x(i, 1) \ 1 1 0 0 0 / ~x(i, 0) \

( x(i, 2) }‘. 1 2 1 0 0 ( ~~
2
~x(i, 0) 1 (i93)

x(i, 3) / 1 3 3 i 0 i ~ A~
3
~x(i, 0)

\x(i, 4) 1 ~i 4 6 4 i j  \~~~~x(i, 0)
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An extension of the vectors of Figure (1) yields the second differences geometry

~H.  -

— f r
~~ 4Y&~~~

C 

-

Figure (2) Second Forward Difference Vectors that is

n) = A~~~~~(i , n+l ) - ~i~’~ (i , n) (194)

One can construct similar geometry for the higher differences.

• If we package Eq. (179,, Eq. (l8i), Eq. (184) and Eq. (187) as a row of column
• vectors, we obtain

x(1, 0) ~~x(i, 0) ~
2x(i, 0) A3x(i, 0) A4x(i, 0)1

x(i , 1) ~~x(i , 1) A 2x(i , 1) A3x(i , 1) 0

x(i, 2) ~~x(i,.2) A2x(i, 2) 0 0
x(i, 3) ~

1x(i, 3) 0 0 0 I
x(i, 4) 0 0 0 0 

-

= Ix(i> , U x’>, U U x(i~~~, U U U x(i)> , U U U U x(i>
4x5 3x44x5 2x33x44x5 ix22x33x44x5

0 0 0 0 (195)
0 0 0

0 0
0

Note that the first row vector of Eq. (195) is the transpose of the discrete
state vector of Eq. (188) .

Returning to Eq. (188), if the fourth difference vector is zero for all i, that

0) ~ 0 - (i , -4, 6, -4, 1) x(i) (~~~ (196)

for Vi 0, 1, 2,

• or
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jx(i, 4) (—1, 4, —6 , 4) /x(i, 0)\~ cxw (~~ (197)
- • 

•
- (x(i, l)~~

~ x(i, 2)J - 1
\x(i, 3)1

* Using the dependence relation of Eq. (197) we obtain 
j

/x(i, 0)\ /1 \ /x(i, O)\
f x(i, l)\’(4~4 ~ 

( x(i, 1) ~ = F x(i) (198) 
• -( x(i, 2) J t’Z~4) c j ~ x(i, 2) J C

\x(i~ 3)) \ 5x4/ \x(i, 3)/ X • J .

x(i, 4)

Using Eq. (198) in Eq. (188) •

0

I Ax( i, 0)( A2x(i, 0) = B
_T 

~c x(i)  (~~ (199)
% A3x(1, 0) 

-

\ ~4x(i, 0)
where U

0 0 ~~ 
-

— 1 1 0 0
B T F

c = 1 —2 1 0 (200) --

5x5 5x4 — 1 3 —3 0
_ 0 0 0 0 

- -

hence for the condition of Eq. (195) , we need only consider the 4x4 case ,
that is

• / x(i , 0) 
~ 

j x (i , 0)~~ 
-

( ~~x(i, 0) = B T I x(i, 1) \ (201) 
-

~~~~
2x(i  0)) 

4x4 x ( i , 2) ) -

or 

A3x(i, 0) \x(i, 3) 1

Ax( i) (
~>~ 

= x(i) • (202)

The general connection of Eq. (13) betVeen successive spans for the 5x5 case is

5 - )
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I

• ~ r~
(
~+l, 0) /x(i, 0)

- - (x(i+1, 1) 1 x(i, 1) N.
• ~~~~ 2) 

— S
uo 

x(i, 2) ~e(~5 x(i+l, 4) . (203)
Ix(i+i, 3) t x(i, 3)

4) \x(i, 4)

- - By Eq. (197) we have for 1+1

x(i+i, 4) (—1, 4, —6, 4)/x(i+l, O)\ (x( i+1) (3~ (204)
I x(i+l, 1)
t x(i+1, 2)
\x(i+l, 3)

Eq. (204) can be rewritten as

x(i+l, 4) = (0, —1, 4, —6, 4) x(i) (205)

= x(i)

Using Eq. (205) in Eq. (203)

x(i+i)~~~ = S x(i)(5> + e~~’5 ~
) c x(i) (206)

= ~s 0 + e 4~ ci x(i) (5~~ (207)

or

0 1 0 0 ~~
0 0 1 0 0

x(i+l)~~’ 0 0 0 1 0 x(i)(~~ (208)
0 0 0 0 1
0 —l 4 —6 4

which is clearly singular. The full rank transition matrix can be obtained
from Eq. (197) where

x(i+i, 3) = x(i, 4) = (— 1 , 4 , —6 , 4) /x ( i , 0) \ (209)
f x(i, 1)
~ x(i, 2)
\x(i, 3)

and

/x(i+i, O)\ ro i 0 0 /x(i, 0)\
• I x(i+1, 1) ~ “f  0 0 .1. 0 1 x(i, 1) ) (210)

~ x(i+l, 2) 1 I 0 0 0 1 ~ x(i, 2)
\x(i+l , 3)/ [_i 4 —6 4 \x( i , 3)

or
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I
x(i+1) (3~ — 

xx x(i) ~~ (211)

Note that
• -7

0 0 1 0
= 0 0 0 1 (212)—1 4 —6 4

—4 15 —20 ioJ

we can obtain a transition matrix on the discreet states by Eq. (199) (for theassumptions of Eq. ( 197)) as

jx(l , 0) \ 1 0 0 0 ii( ~x(i, 0) = —1 1 0 0 x(i> (213)
t,~ A

2
x(i, 0) / 1 —2 1 0

\~
3x(i, 0)1 — 1 3 — 3 1

rand 
- -

/x(i+1, 0) \f L~x(i+i , 0) \= B T x(i+i)(4> (214)( A 2x(i+l , 0))  4x4

\~~
3x(i+1, o/

Using Eq. (210) and the inverse of Eq. (213) in Eq. (214) 
- •

Ax(i+1) (4> = 8 T 
~ BT 

(215)

= 0~~~x(i) (~~ (216)

where

= B T 
~~XXB (217)

or in open form the transition—matrix is

1 1 0 0
— 0 1 1 0 (218)

o 0 1 1
0 0 0 1

and

• 
- r~ 2 ~. 0

•~~ = 1 0  1 2 1 (219) [
~0 0 1 2
[0 0 o 1
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Discrete Differences of the Fitting Functions

When the variables x(i, n) are expressed in the form

x(i, n) — f(i, n)~~ (220)

One obtains for example

Ux(i)(~)~ — U f(i, 0) 
- 

a> (221)
f(i, 1)
f(i, 2)

• f(i, n)

or

Ux(i~~’ = f(i, 1) — f(i, 0) 
- 

a> (222)
f(i, 2) — f(i, 1)

f(i, n+i) — f(i, n)

L”1’ n) — f(i, n—i)

etc for higher differences. 
-

The general terms by Eq. (201) for Forward Differences

0) 
/
x(i, 0)1

Ax(i, 0) x(i, 1)

• I = ~
2x(i, 0) = B T x(i, 2) = B T x(i)(N+~~ (223)

AnX(i 0) x(i , n)

or 

\jNX (j 0) , \ x(i, N) /
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x(i, 0) 
- 

(~)(-if 0 x(i , 0)

Ax(i, 0) (~)(—iP , (D(—1), 0 x(i , 1)

A2x(1 0) — (~)~ J), (~)(_1), (~)~
_~2 0 : (224)

~
Nx(i 0) ~)(-~P~ (~) (-~ ,(

~
) (4 , ..

~~~
) 1N

/ 

x(i, N)

and by Eq. (6Z appendix (A) the general term is

&~(i, 0) — E (_1)k (~) 
X~~j~ (225)

also

— BT Ax(i~~ (226)

and the general term is

x(i, n) x(i, O)+nAx (i, 0)+ ~~~~~~~
2
x(i, O)+ ... +AnX(l, 0) 

- 
(227)

x(i, n) — 

~~ 
(~) 

~~~~ 0) (228)
k-O

By Eq. (53) appendix (B) -

= S
b C~ (229)

B = t—2 Sb C~ (230)

B ’ = ç
T i 4, - 

(231)

B
_T 

— 
~ ç

T 
~ (232)

• and using Eq. (232) in Eq. (223)

&(i, 0)(N-I-l)~ — 4~ s;~ 
c~ x(i)(N+j> (233)

Consider the following example where the matrices are 4x4, and the polynomial is
of degree 3

x(i, n) = (1, n, n2, n3) T ( i) Tu(5)D(ho)a> - (234)

or
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x(i, n) = T(i, 8, h)

x(i, n) — 4) n aC (~~ (235)

• and for 4 points

1 0 0 0

x( i)~~~~ 1 1 i 1 a~~ — C
E a~~ 

(236)
1 2 22 2~ 4x4
]• 3 3

2 
33

- 

~~~~ ~~ 6) in Eq. (233)

= 4 s;~ C~
2 CE ai> (237)

S 

= ~
, s~ a5 (238)

- where
- 

- I i  0 0 ol
ts~

T 
= B T 

CE = 0 1 1 1 (239)
-

~~~~~ 

- S .  0 0 2 6
- 

- 

0 0

— If the discrete states are desired at i+n, then by Eq. (224)
- I -, 

~
— —

x(i+n , 0) x(i, n) x(i+n, 0)
- - A1x(i+n 0) = A1x(i, n) - = B

_T 
x(i+n, 1) (240)

- 
. ~

2x(i, n) x( i+n, 2)

0) [~~
NX(l n)] x(i~~, N)

and the ~
th term of Eq. (240) is

A~
’ x(i, n) - 

~~ 
(~) 

(-1)~ Xj .~~ _j  (241)
k—O

L 

~~~. Backward Differences From Front of Span to Back

A number of authors use the notation and distinction between the forward—
difference operator

~~~ — — f~ (242)

and the backward—difference operator

- 
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•~ 1-

Vf = f  — f  (243)n n n—i

t for V read “Nabla” and t~ read “Delta”.

If we consider the linear convolved equation of Eq. (30) where the real—time
point x(i, N) is at the top of the span, we obtain

Vx( i, N) i. —l 0 T x(i, N)
Vx(i, N—i) — 0 1 —1 0 x(i, N—i) (244)

Vx( i, n) : :
• . x(i, 1)
Vx( i, 0) 0 1 —l x(i, 0)

— —
- N x(N+1)

-I
/1 —i 0 ... 0\ ,,
0 1 —l 0 0 1 U~ — —U’ (245)

\o ... i —1/ b

The matrix U
b generates different transition matrices, etc.

Consider now the front—to—back—span of Eq. (1) but with the span front time
point at the top, that is

x(L)(N+l> = /x (9 , 0) \ (246)
I x(2, —1) \( x(~ , —2) )
~~~~~~ -N)!

and the backward differencing operator of Eq. (245) operating on Eq. (246)
transposed

x(L) U
b 

=c~~) Vx(2.) - (247)

where for the 4 point case the column vectors are

/Vx (L—0)\ /1 —l 0 0\ /x(L—O)\
Vx(L—1) J”( 0 1 —1 0 J ( x(L—i) ~ (248) -

— \vx(L—2)/ \o 0 1 —1/ ~ x(~—2)
\x(t-3)

The second backward differences are
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(V
2x(L_O)\ — rl —1 0 /Vx(2.—0)\ (249)

\72x (L—1)J [o 1 —1 ( Vx(2.—l)
\Vx (2.—2)

or by Eq. (248) in Eq. (249)

(V
2x (L—O) \ — 1 —2 1 0 /x(L_0)\ (250)

\V2
~ (2._ l) ) 0 1 —2 iJ ( x(2.—1)

~ x(2.—2)

\ x(L—3)
The third backward difference is

V3x( 2.—0) = (1, —3 , 3, —1) x ( t )  (
~> (251)

Packaging the “discrete states”

/Vx°~i—O) \ 1 0 0 ol jx(L—lO)\

( V~
5-x(2.—0) ~ 1 —1 

- 
0 0 ( x(L—l) (252)

%~ V
2
x (L—1O) J 1 —2 1 0 x(t—2)

\V
3x(2..-1O)/ 1 —

~~ ~ —i. \x(i—3~

which is the transpose of the Rutishauser matrix of Eq. (76) appendix (A).
hence the general case is

Vx(2.) (N+l> = ~T x( 2.) (N+1> (253)

Since by Eq. (9~), appendix (A) the Rutishauser matrix is its own inverse

x(2.) (N-i-p = RT Vx(2.) (N+I) (254)

If x( L , j) is a third degree polynomial then by Eq. (196)
2.

V x( L—0) 0 — (1, —4, 6, —4, 1) xU—0) (255) -

(x(&-l)

~ x(L—2)\x(L—3)

for all 2..

Successive spar~s of 4 da ta points are connected via

/x (&+l—0)\ /x(t+l)\ ro 0 0 0 /x(2.—0)\
(x(L+1—l) ~ — ( x(L) ‘1” 1 0 0 0 (x (t — i )  ‘

~ + e> x(2.+1) (256)

~ 
x (t+l—2) J ~ x(i—1) J 0 1 0 0 

~ 
x(&—2)

\x(t+l—3)/ \x(&—2)/ L° 0 1 0 \x(&—3)
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If we advance Eq. (255) one step to L+l, we have

x(2.+l, 0) — 0 — (1, —4, 6, —4, 1) /x(&+l—O)\ (257)
f x(L+1—l)F I 
~ x(L+1—2)\x(L+1—3)

or

x(L+i) — (4, —6, 4, —1) /x(L—0)\ (258)
(x(L—l)
\x(Z—2)

Using Eq. (258) in Eq. (256)

4 —6 4 —11 /x(t—0)\
( x(2..-O) ~ = 1 0 0 0 ( x(L—1) 

~ (259)
~ x(L.-l) j 0 1 0 0 ~ x(L—2)\x(L—2)/ 0 0 1 0J \x (2.—3)

or 

x(2.+1) = 

~~b 
x(L) (260)

The discrete—state relation of Eq. (253) holds for the (L+l)th span , hence

= RT x(L+i)> (261)

and by Eq. (259) and (254)

Vx(t+l)> = RT 
xxb R

T 
Vx(&)> (262)

or

Vx (2.+i~) 
— OVV Vx(L)> (263)

where

= RT 0xxb R
T 

(254)

or

/1 1 1 l\
• — ( 0  1 1 11 (265)VV 

~~ 0 1 i.
\o 0 0 1
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It is of interest to observe that one can also obtain the transition matrices
in a different way. For example at 2*1, we have

Ui / x(L+i , 0) ~
( x(L+l , —1) — 

4
r4 T (&+l)T (B)D(ho)a~~ (266)

~ x(L+i , —2)
\x(L+l, —3)

x(2.+i)(~~ — rT (l)T (L)T (8)D(ho)a> (267)

and at 2. we have

x(2.) (~~ = rT (L)T (8)D(ho)a > (268)

or

r~~ x (L) = T (&)T (8)D(ho)a> (269)

or using Eq. (269) in Eq. (266)

x(2.+i) (
~> 

= rT (i) 1 x(L) (270)

or

0 = rBr 1 (271)xxb

The relationships between the states and the variables over the span can be
packaged for all the forward differe”ce case via Eq. (213)

;(i, 0) x( i+l, 0) ... x(i+N, 0)
Ax( i, 0) ~x( i+1, 0) ... Ax(i+N, 0)
A
2x(i, 0) ~

2x( i+l, 0) ... A2x( i+N, 0)

~
Nx(i , 0), ANx(i+l 0) ... ~

Nx(j+N 0)

T x(i, 0) x( i+l, 0) ... x(i+N, 0)
— B x(i , 1) x(i+l, 1) x(i+N, 1) (272)

x(i, 2) x(i+l, 2) x(i+N, 2)

;(i , N) x(i+i , N) ... ;(i+N, N)

A similar relation holds for Eq. (261) connected via RT.
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g. Discrete Differencing of Newton Polynomials

The row vector of x(i, n) given by Eq. (235) is

x(i, 0), x(i, 1) x ( i, 2) ... x(i , n) ... x(i , N) = cZ~+l) x( i) (273)

or for d N  (the polynomial degree)

<N+i) x ( i )  = <N+l) aC 
[ >  , fl>1 , n>2 ~ ~~~ 

‘
~~NJ

1 1 1 1 1 1 ... 1 (274)
0 1 2 3 n n+l N

1 22 32 ~2 (n+l)2 N
2

2~ 33 fl
3 (n+l)3 N3

2n 3
n ~n (fl+l)n

- ~ ;N ;N ~N (n+l)N

operating an Eq. (274) with U

= ~~
Wx(i) = <z~ 

C~ U (275)

where C~ is given by Eq. (5]) appendix (B), and is

N
T 

= C~ (276)

The matrix product of Eq. (275) is

N
TU _ l  1 1 1 ... 1 1 ... 1

0 1 2 3 n (n+l) N - -

2 2  2 2 2
2 3 n (n+i) N 

- 
-

~ ~ 
~N N N (n+l)N ~N

U - [
~>~ 

- ‘ 
~~n+l 

- 
~>n ~•] 

-
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— 
•
l—l 1— 1 1—1 ... 1—1 ... (277)

1 2—1 3—2 . n+1—n

22_i 32_2
2 

. (n+l)2—n2 .

2~— l . . .
2N_1 3N_2N (fl41) N N  ... 

-

The transformation to the backward factorial functions of Eq. (44) appendix (B) is

(0)
n U

(1)

(2) 
= S

b 
:2 (278)

(n) n
it n

(N) N -

or

n~ ~> 
= Sb fl)~~ (279)

or

n>~ 
= s~~ ~( (280)

Using Eq. (280) in Eq. (235) transposed

x(i, n) = c
~
1
~fl>~ 

— <a~ 
s~ ~( 5 = ~ gn~ ~> (281)

where

= ~~i S~~ 
- 

(282)

Using Eq. (281) in the row—vector of Eq. (274)

~~~ 
— <~ [~ ~o ‘ 

~~~ 
‘ ‘

~~~ 

~~2 
‘
~~~ 

5~n 
~~ ~~

N] (283)

or in open form

(x( i, 0), x(i, 1), x(i, 2),  ... x( i, n) ... x(i , N)
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~~~~ 1~ °~ 2~ °~ 
(0) 

(n+l)~°~ ... N~°~

~~~ ~(l) 2(1) (i) (n+l)~~~ N~
’
~

= <g o
(2) i(2) 2

(2) ~(2) 
(n+l)

(2) 
N~
2
~ (284)

0(N) 1(N) ;(N) (N) (~~1)(N) N(N)

By Eq. (29) appendix (B), we have -

= s~ ~ (285)

where ~~ is the matrix of backward factorial functions.

The first difference of Eq. (283) is -

<x(l)U — <g s~ ~ U (286)

The matrix product is -

~~~~~ 
— ~~~ 2~°~ — 1

(0) 
(~~~)

(0) 
— 

(0)

= 0 — i(1) 2(1) — ~(1) (~~~)
(1) 

— ~(~) 
(287) —

(N+l)(N+i)(N+l)xN 
0 2(2) — 0 . -

0

(n+i)~~~ — 
(n) [

(n+l)~~~ — 0

0 0 0 
- 1-

We can write Eq. (286) as

~(1) 
~ x( i) = A W4C(i) = .~ c(i)U (288)

= 4 ~~~~ (289)

where the columns are -5

A~
1
~ ~~ = [~

(l) 
n~ ~~ ‘ 

~(l) ( 
~> 

~(i) m~ !~] (290)

The ~th element of the ~th column of Eq. (217) or Eq. (290) is

A~
1
~ 

(n) 
= (fl+1)(n) — (n) 

= ~(n_l) (291)
thor the i—j element is I

L
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A~
’
~ ~~~ = (i+l)~~~ — ~ 

~(j— l) (292)

- - 
which is the discreet analog of

— jt (293)

The f irst differ ence of the ith column vector as shown ir Eq. (287) can be
written as

~(O) 0 o 0 0 o ... 0

i. ~ ~ 0 ~ (l)

2i~~~ 0 2 0 0 0
( )  

= 3j (2) 0 0 ~ 0 0 (294)

1
(N) 

Ni
( N i : 

~ N 0 1(N)

— - - 

- 

(N+i)x(N+ 1)

or

~(l) ~ = vT ~( 
~ (295)

which Is the discreet analog of Eq. (21) section (4)

~-~> = vTt> (296)

we thus have

i~ 
)~~. = (VT)2 ~( 

~
‘>

~~~ ~( 
~> — (VT)3 ~( (297)

~(i) ~~~ 

~> 
— (VT)i ~(

using Eq. (297) in the Newton polynomial expression of Eq. (281) and packaging
the discreet states as a column vector
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x(i , n) 
- 

~( 5 —

~
0
~x(i, n) <~$ ~~~ ~>

~~~~~

2

~~~X(i n) 4 A~
2
~i~ 5> (298)

~~
3
~x(i , n) C4 ~

(3)~~( )
>

A
~~~

x(i n) ~~ ~
(N)~ ( 

~> j
<gv

T 
-

t~x(i, n) ) = 4(V
T
)2 ~( 

~> 
(299)

4(V
T
)3 j

(g(VT) N

4~~~v

~x(i, nj~ 
= 

)~,2 

~> 
(300) 

-

<i~~~v3

S i

4~~vN

The forward difference state vector is given by Eq. (223) as

— ~—T x(i) (N+> (301)

-

~ - 

By Eq. (36) appendix (B) we have

B
_T 

F [s~ )] 
-T 

, (302)

or Eq. (302) in Eq. (301) yields c
Ax(i, n))- — F [s~ )] —T x(i) (N+i~> (303)

Transposing Eq. (285)

x(i)> — ~( )T 

~> (304) -

and Eq. (304) in Eq. (303) yields
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~x(i, n)) — F (305)

Using the transpose of Eq. (282) in Eq. (305)

Ax(i, n)>8 — FS T 
a
~> 

(306)

where

a
~> 

— T (i)T (8)D(ho)a> (307)

Using Eq. (307) in Eq. (306)

~x(i, ~
‘
>5 

= FS T T(i)T(
~
)D(ho)a> (308)

Update to 1+1

£~x(i+l, n)) = FS TT (l)T (i)T(~)D(ho)a> (309)

By Eq. (308) -

S~ F~~ Ax (i, ~)> T(i)T (8)D(ho)a> - (310)

and using Eq. (310) in Eq. (309)

~x(i+l, 11)> = FS~
T B(i)S~ F

’ Ax(i, n)) (311)

or the state transition matrix

i) — FS T B(i)S~ F
1 (312)

Many other relations can be obtained but will not be pursued further here. One
can consider the analog between the continuous monomial base and the discrete
“Newton base” for computational efficiency.
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Section 7
DIVIDED DIFFERENCES AND INTERPOLATING POLYNOMIALS 

-

This section derIves some classical interpolating polynomials in state
space format with some interesting matrix relations.

a. LaGran~~ Interpolating Polynomials

Consider a polynomial in time

f( t) = ~~ (1) 
-

-~ -

and the n+l equi distance points on the time axis (t ,t1,t2,...t 
) .

Define the polynomial 
I-I

n - -

~v(t) = rt ( - t — t. ) (2)
i=o H

j
or

= (-t—t )(t—t
1
)(-t—t

2
). . .(t—t~

) ( 3) 
- .

Consider next the n+1 polynomials generated by the index i , that is

~~(t )  t-t 0 (-t~ ,l)  ~l] (ti )

= (t—t )(t—t
1
) t - t1t - t t  + t1t (5 )

(t
1t , 

-(t  ÷t 1) , 1) 1 
- -0 0 (6 )

L}
or 

‘v2
(t) = (t—t )(-t— -t

1)(t—t2
)

= [—t t1
t2, t0t1 + t0t2 + t,t2, — (t +t

1
+t2
)] 1

- ~t
2 (7)

‘ 3

and

‘v3
(-t ) = (t—t 0)(t—t1)(t—t2)(t—t3

) (8)
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or -

~V 3 =<5)t t0t1t2
t3

— (t
0t1t2

-i-t0t1t3+t1t2t3
) (9)

t0t1~+t0t2+t0t3+t1t2+t1t3+t 2t3

-(t
0+t1÷t2+t3)

~~~1

where

(i,t,-t
2
1t
3
,t
4) =<5)t (10)

Define the row-tuple of polynomials

<5)0(t) = (0 ,G1,G2,03,G4
) = (1,~o~’~’i~’I’2,’V3) (11)

By Eq (4) through Eq (10) we have

.u4~~~ t B =4~~0 - ( t )  (12)

where the constant matrix B is the matrix of coordinates of the 4 base
in the monomial base4, and for the 5x5 example case here looks like

0(t))  = B
T
t )  (13)

with —

1 1~~
t—t t

(t-t
0
)(t-t

1
) = B

T t
2 I = 0(t)(5> ( itt )

(t—t0
)(t—t

1
)(t—t2

) t
3

(t-t0
)(t—t1

)(t—t2
)(t—t3

) t~

B =  — . 
—

—to to
t
l 

—to
tlt2 

totl
t2t3

o 1 — (t0÷t1) (t0t1-Pt0t2+t1t2
) -(t0t1t2÷t0t1t3+t0t2t3+t1

t2t3

o 0 1 — (t +t1+t2) t0t1+t0t2+t0t3+t1t2+t1t3
+t2t3 

-

o 0 0 1 — (t0+t1+t2-i-t3
) (15)

0 0 0 0 1
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One could take t1 in Eq (15) to be the integers and thtain some
interesting matrix relations.

Observe that the vectors are a base when B is the invertible, that

is by proper selection of the points t~ . Note also that the vectors

become zero as a function of t when t = t1; thus they act like a base only
between the t1 points.

Define a new set of polynomials

11 (t-t 1
) (16)

i~k
k = 0,1,2,. . . n

For example for n 3 , these four polynomials are j
g0 = (t—t

1
) ( t —t

2
) (t— t

3
)

g1 = (t-t )(t - t
2 Rt- t3

) (17) J
g2 = (t— -t

0
) (t—t

1
)(t— t

3
)

g3
(t) (t—t0

)(t— t1)(t—t2
) 

j

Clearly these polynomials can be written as

g0(t)

g1
(t) = (t—t

1
)~~~ i’3

(t )  (18)

g2
(t) (t— t2

)~~
g3(t )  (t—t 3

)~~ 
.These polynomials evaluated at the t

1 points are different from zero,that is for distinct t~ , we have

g~(t~) = (tk
_t
o

) • • • (t
k
_t
k_1 ) (t

~x
_t
k÷l
) . . .(tk—tfl

) � 0 (19) }
and for the four polynomials

g0(t0
) = (t 0—t 1

)(t
0—t 2

) (t
0—t 3

) - -

g1
(t
1
) = (t

1—t 0
)(t

1—t 2
) (t

1—t 3
) (20 )

g2
(t
2

) (t
2—t0

)(t
2—t1

)(t
2—t3
)

g3
(t
3
) = (t

3—t 0
) ( t

3—t 1
)(t

3—t 2
)
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Multiplying the terms of Eq (17), the connection between the polynomials —

F and the monomial base is

rg0
( t )I  [~~ 1t2t3 

t1t~+t1t~-Pt~t3 — (t
1+t2÷t3) 1 ~]. 1

—t0t2t3 
t0t2+t0t3+t2t3 -(t0+t 2+t 3) 1 ‘t j(21)

-t0t1t3 t0t1+t0t~+t1t3 -(t0+t1+t3) iI t~ I
or 

~~3
(t)~ —t0t1t2 

t~,t1+t0t2+t1t2 — (-t
0+t1÷t2) 

j 

t3j
g(t) (4> = G t(L~~ (22)

and

t(4) 0 ’ g(t ) (t ~> 
(2 3)

The inverse G 1 is obtained later. Note as before that g(t) forms a
base except at the t~ points, since

— g (t.) g (t ) � 0 i k

i � k

Define now a new set of polynomials

t
k

(t )  g~(t )  
= 

ii (t-t~~) (25)
gk
(t
k
) 1o (t

k
_t
I
)

i�k

The first four of these look like —I - —.
t(t) 1 0 0 0 g0

(t)
g0

(t
0
)

£(t) 0 1 0 0 g (t ) I
1 g (~~T 

1

L 

- 2.
2
(t) 0 0 1 0 g2(-t)

1

t
3
(t) 0 0 0 1. ) g3

(-t )

- - 

g3
(t
3~J —

or Lk(t) looks like~~~
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L (t )  = (t-t
1
)(t-t

2
)(t-t3

) 
j

(t
0—t1

)(t —t2
)(t

0—t3
) 

-

= (t-t
0
)(t-t2)(t-t3

) 1
(t
1—t0

)(t
1—t2

)(t
1—t3
) 

-

£
2(t )  = (t—t

0
)(t—t

1
)(t— t3)

(t
2—t0

)(t
2—t1

) (t
2—t3
)

1
3(t )  = (t-t0)(t-t1

)(t-t2
) 

-

(t
3—t0

) (t
3—t1

)(t
3—t2
)

Note that

)(t0) i
1 

-

~- (-t ) ‘ 1r
=

~(t ) 1
2 2  I

~(t3
) I i

or 
- - 

- j

£ k (t i
) = gk

(t
i

) = ( 1 i = k
gk (t k

) 
\0  ~ . � k 

(28) - -

Eq (26 ) can be written as I
= D~~~(g~~) g(t ) ( 1~> (29)

Using Eq ( 22) in Eq (28) - 1

D~~(g~) G t(L1.) (30)

also

£ ( t
1)), 

£(t
2)>, 

L(t
3)>] = 1 (31) H

4x4

One can now obtain the derivatives and higher derivativei of the I
polynomials of Eq (30) as

L (t )  > = D~~~(g~ ) G Vt t) (32) }

- 

- £(d
~
1)
(t)> = D~~~(g.~) G V~~~ t>
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etc.

The relation of Eq (30 ) provides a nice matrix—theoretic “goodie”
for by Eq (3l)

• 

- 
- 

- (2(t0)) 2(t
1
),>, t (t 2)) , t (t 3)) ] = D~~~

(g
k

) G T I (33)

where T is the vandermonde matrix

1 1 1. i i

t t t t
- ; o 1 2 3

T =  2 ‘)

t t t t0 1 2 3

3 3 3 3
to 

tl 
t2 t3

or the inverse of the Vandermonde matrix is very loosely constructed to be
by Eq (33)

T 1 = D~~~(g~~) G (35)

Likewise

T = G 1D(g~~) (36 )

and

TD~~(g~) = (37 ) 
—

Hence the matrix of Eq (23) is easily obtained; the open form for the G
matrix is given in Eq (21) .

Consider now an approximating function

p(t) =~~+l)a L(t)(n+1~ 
(38)

where the f i tting functions 2(t),> are those of Eq (30), then an arbitrary
function ~(t )  can be app~’cximated by

x(t) = p (t )  + x
~
(t) (39)

or

x(t) = <a 2(t)> + x (t) (40)

where x
~
(t) is the approximating error. The function evaluated at the t~

points is

(x(t 0
), x(t1)...x(t~) =<a / 2(t0)>, 

...&(t~)] +~
‘x
~ 

(‘11)
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or by equation (31) in Eq (4 1)

= (a I + <x (42)

If the function values are known at the points t., apply the n+l
• constraints 1

= ‘(a (43)

or using Eq (43) in Eq (40)

x(t) <n+l)xL(t)(n+l) + x (-t ) (44 ) J

and by Eq ( 38)

p(t) <n+l)xL(t)(n+1�

which is called the LaGrange form of the interpolation polynomial.

- - One can prove a standard theorem which states: Theorem: Given a

real valued function x(t) and n+l distinct points t ,t1...t , there exists

exactly one polynomial of degree .<n which interpolates x(t) at t ,t1,...t~ .

By Eq ( 18)

= C (t_t
o
)
~
(t_t

1
)
~ • •~

(t_t
n

)] g( t) (46)

m
= E ( t—t . )g 1( t ) (4 7)

i=l

By E q ( 2)

‘Y(t) = ( t — t  ) ( t— -t ) . . . ( t — t  ) (48)
o 1 n

and the derivative is

or 

‘V(t) = (t_t1
)
~~

•(t_t
n
) + (t—t 0)(t—t2)...

+(t—t0
)(t—t

1
)...(t—t~~1

)

‘V(t) = g0
(t )  + g1

( t) + ...g~(t) (49)

‘i’(t) = <1 g(t )>  (50 )

If we evaluated the derivative at the t~ points by Eq (24) we obtain
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~(t 
) = g (t

° ° (51)
= g1

(t
1
)

- - 
~(t~ ) = g~ (t~)

or

[~‘(t0
), ‘I’(t1), . . ‘V(t~

)) (g
0
(t
0
)...g~(t~)) (52)

Using Eq (51) in Eq (26) one obtains

r~(t) i. 0 g~ (t )

= 1 
— 

g1
(t )  (53)

•

O 1 g~(t)

— —- ~V (t~) ,

and by Eq (18) in Eq (53) =
2 (t) 1 —
0

‘V(t ) 0 (t—t )
1

I 
= 

• 
1 

- 
(t-t

1
)~~ ~~

(t )  (54)

• 
‘V( t1)

-~(t) 0 1 (t_t
~)
’

— 
‘P(t~) 

— 
j

or — 
. -
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2 (t) ___________

‘v(t )(t—t )
0 0

-

. £1
(t )  

— 
. (55) h

L (-t ) 
___________n •

- - ‘v(t )(t—t )
n n -

Using Eq (55) in Eq (45), the interpolating polynomial is seen to be

p(t )  = (x( t0), x(t1) . . . x(t~)) ‘~(t )

(56)

‘v(t~ )(t—t~)

or

p(t) = E x(t.) ‘i’(t) ( 57)

i o
1 1

By Eq (29)

2(t)> D~~(g~) g(t)> (58) I-

<1 £(t ) )~~~ D~~ (g~ ) g (t ) )  = 1 (59)

for

<1 2(t ))  = (g~~ (t ), g~~ (t
1
).. .g~~ (t~ ) g

0
(t ~

g1
(t) (60)

n
(t)

b. Newton Form of Interpolating Polynomials and Generalized weighted
Differences.

Consider some weighted differences of x(i), i=i,2,3,4
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or

[x(o), x(1), x(2), x(3)) ~-:;i 0 0

1 —1 0 (61)

O 1 —1.

0 0 1 [~x(o), ~x(l), ~x (2)]

where i—” -—

[Ax( o), ~x(l) ,  ~x(2)] = (x(l)—x(o), x(2)—x(l), x(3)—x(2)J (62) —

If we now define the generalized weights of Eq (155) sec (6  ) as
—l —l(t .-t )  = h  w0 1  01 ol

—l —l(t —t ) h
o 2  o2 o2

—1 —l(t— t ) = h  w
o 3 o3 o3

—1 ~-1 
(63)

(t
1—t2
) = h12 w

12

—l —l(t
1—t3

) = h13

-l -1(t
2—t3
) = h23 = w

23

By Eq (63) the weighted difference matrix is

[x(o),x(l),x(2),x(3)] —w01 0 0

w -w 0

0

01 

~::
0 0 W 23~~ (64)

— ~x(l)_x(o) , x(2)—x(1) , x(3)_x(2)]- 

ti
_t
o t2—tl 

t
3
_t
2

Define the first divided differences of Eq (64) via the double index

____ - - - -~~ 

-

~~~
- - - -

~~
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,- 
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x o ~~ ~~~~~~

-
• 

x( 2) x ( l)  x( l,2)~ = 
~hl’~~~ 

(65) 
j

x(3)-x(2) 
- 

x(2,3) 
~h2

x( 2)
t — t  I I
3 2 -

1~ -J

Define the second divided differences as

[x(o ,l),x(l ,2),x(2,3)] —h~~ 0

—l —11
h~~

- ~x(l~2)_x(o~l) , ___________- 
t2

-.t
0 t3—t1 (66)

= [x(o,l,2) , x(l,2,3)] (67)

The successive products , Eq (64) and Eq (66) is

—l —1(x ,x1,x2,x3
) -h01 0 0 —h02 

0

h~~ -h~~ 0 h~~ -h~~ 
-

ol 12 o2 13-

O h 1 
h
1

- 12 23 .

O 0 h;~ 0 ~~~ - J

- -~~~ I

—l —l
= (x

0,x1,
x ,,x3

) h
01 h02 0

-h~~ h~~ -hj~ h~~ h~~ h~~ (68)

h~~ h~~ -h~~ h~~ ~h;~ h~~ -

23 13
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or
- - 

[x(o ,l,2),x(l,2,3)] = (4)x H H (A~ x(o), 
~

2
h 

x(l)) (69)
4x3 3x2 2o 31

• The elements of Eq (68) can be simplified for example

-1 - 1  —1 -l _ 1 1 —
—h01 

h
2 —h12 

h02 
- — 

(t— t1
) (t

2—t0
) (t

2—t1
)(t

2—t0
)

= — 1
(t
1—t0

)(t
2—t1

) (70)

etc.

The matrix p~~duct of Eq (69) has elements_____

H H =  1 0
(t
1—t0

)(t
2—t0

)

4x3 3x2
— 1 1
(t
1—t0

)(t
2—t1

) (t
2—t1

)(t
3—t1

) - (71)

1 - 1
(t
2—t0

)(t
2—t1

) (t
2—t1

)(t
3—t2
)

0 1
(t
3—t1

)(t
3—t2

) I
If we now take the third difference

x(o) = x(o ,l,2)—x(l,2,3) = x(l) — x(o)
o3 t3—t0 

31 2o
t3

t0 (72)
or

x(o) = [x(o ,l,2),x(l,2,3)] — i
o3 h03 (73)

I
i

ho3
and successive matrix product yield
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H H H  1 g~~’(t0)(t
0—t1

) (t
0—t2

)(t
0—t3
) - -

4x3 3x2

2xl 1 g~~”(t1
) (7&~)

• (t
1—t0

)(t
1—t2

) (t
1—t3
)

= 
—1 J

1 g2 (t2)(t
2—t0

)(t
2—t1

)(t
2—t3

) -J
g~

1”(t
3
)

(t
1—t0

)(t
1—t2

) (t
1—t3
) 

- 
}

In a similar manner one can show with i=4 or five data points

H H H H = x(t ,t1,t2,
t3,t4

)

5x4 4x3 3x2 2x1 (75) - 
-

= ~~~~~~~
o4

where 
_____ 

—

H = 
(t
0
-t
1

) (t
0
-t
2

)(t
0
-t

3
) (t

0
-~~~ g0

(t
0
)

(t
1
-t )(t

1
-t
2

) (t
1
-t

3
) (t

1
-t4
) 

= 
g
1
(t
1
) 

(76 )
(t
2
-t
0
)(t

2
-t
1

) (t
2
-t
3
)(t

2
-t4

) g
2
(t
2
)

1 1
(t
3
—t )(t

3
—t
1
)(t

3
—t
2
)(t

3
—t4

) g
3
(t
3
)

(t 4-i 0
)(t 4-t1)(t 4-t 2)(t 4-t 3

)

The general expressions

x(t ~ ~ •~~~•~~ ) x(t
~
)

o 1 2 n g.(t.) (77)
1=0 1 1
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I The transformation matrix connecting the function values at the t1 t ime
- points to successiv~~~,higher order differences , that is

x(t0
) 

- f~,)
-
: - 

x(t ,t1
) :g~~(t

0) 
I x(t1)

- 

x(t
0,t1,

t2
) = A~

2) (t
0
) = L x(t2) 

(78)

S - x(t
0,
t1,t2,t3

) 
~~~:t0~~ 

x(t
3
)

I x (t
0,
t1,t2,t3,t4

) ~~~t~)
’

where

1~ 403
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—I’

4
r

N

4 4 4 4

W 14-’ 14-’
( I  I I  I I
1 0  I — I  I C ’-l
14-’ 14-’ 14-’

I’-. •-I I•_. 0 0
- -

1+’ 14-’ 14-’ 
-

1 1 0 I I ,
~1 

IIc~,i

—I 0
4-’ 4-’

~~~o ~~~~ 
0 0 0

4-’ 4-’

0 0 0 0
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or Eq (79) can be written as

<5)A
~ ~

x(t0) = (~) x L
T (80)

or

<~~~
)

~~~~~ 

)x t 0 L
_T 

=4
~~~ ) x (81)

the row vector of function values. By Eq (45)

p(t )  =~~~) x 2 (t )  (5~ 
(82)

and Eq (81) in Eq ( 82)

p (t )  = (5M~ ~x(t0
) L

_T
&(t)(5) (83)

For -the 4x4 case it is easy to show for example that

‘1 1 1 1 -l

t0—t1 
(t
0—t1

)(t
0—t2

) (t
0—t1

)(t
0—t2

)(t
0—t3
)

1 1 1.
(t
1—t0

)(t
1--~~~ (t

1—t0
)(t

1—t2
)(t

1—t3
)

0 0 
(t
2-t0

)(t
2-t1
) (t

2-t0
)(t

2-t1
)(t

2-t3
)

0 0 
(t
3-t0

)(t
3-t1

)(t
3-t2
)

____ 
______ 

(84)

1 1 1 1

- 

0 (t
1-t0

) (t
2-t0

) (t
3-t0
)

O 0 (t
2—t0

)(-t
2—t1

)

0 0 - 0
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The matrix of Eq (84) is the row-tuple of the base polynomials of
Eq (14 ) ( that is the first 4)

L .  
~

- 

G(t)(4)= 

(85)

~(t—t 0)(t— t 1
)

or 

(t-t0
)(t-t1

)(t-t
2).~

(-e.(t0)(4), -e< t1) (4> . o.(t2)(L4> . -o(t3)(4?] = L
T (86)

4xte J
The standard Newton-form of the polynomial of Eq ( 83) is

i—l
p( t) = E x (t

0
,t1,...t.) II (t—t~

) (87)

1=0 
-

It is believed that the foregoing state—space methods applied to ij
classical interpolation, and extended to cubic-splines, B-splines, etc. -

will yield beautiful simplifications.

]
• :1

I
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