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*ye initially, after vowels, and after v, b; e elsewhere.
When written as & in Russian, transliterate as yé€ or €.
The use of diacritical marks 1s preferred, but such marks
may be omitted when expedilency dictates.

GREEK ALPHABET
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Beta Bg X1i SEE
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Delta & O Pi ik
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Zeta 7 Sigma L. 9
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Russian

sin
cos
te

ctg
sec

cosec

sh
ch
th
eth
sch
gsech

arc. sin
are eos
arc te
are ctg
arc sec
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arc sh
arc ch
arc th
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arc sch
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RUSSIAN AND ENGLISH TRIGONOMETRIC FUNCTIONS

English

sin
cos
tan
cot
sec

cSc

sinh
cosh
tanh
coth
seeh
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A1l figures, graphics, tables, equations, etc.
merged into this translation were extracted
from the best quality copy available.
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CERTALN RELATIONSHIPS BETWEEN THE DISTRIBUTION MOMENTS OF BOUNDARY

VALUES IN RANDOM SAMPLES

G I. Yegudin

(Presented by Acad. A. N. Kolmogorov on 29 July 1947) 3

Many studies on the laws of the distributicn of boundary values
and spread (order) in samples with a given volume, mainly from a
normal set [1-6), have appeared recently. Furthermore, the T

calculations of certain constants vhich these reports contain are

extremely significant for statistical centrcllt.




Pootnote: !Por example, they are necessary in the "spread" method of

statistical control recommended in [ 7). End foctnote

If we establish the laws of the distributicn of all the

intermediate values, as well as the boundary values, and take them

into consideration, we can find recurrent fcrmulae which are related
to each other by constants, besides certain general relationships. As
E ve stated above, these formulae make it much easier to calculate

4 these values. These formulae can also ke considered as the

relationships between certain types of integrals.

TR

Let there be a random repeated (and in the case of an infinite
i general set, also unrepeated) sample of volume n from a general set
vhose integral distribution law is F(x). We will designate

i X0 Xoms oy Xuon as random variables which are in increasing (not
decreasing) order of the values of X which form each of the sasples
with volume n taken: Xi < Xo,n<l .. < Xano,

E Then it is easy to introduce Fi.(x)= preb (. :<X] - the

integral law of the distribution of the values of X... Actually,

R L T Tt vy

R e
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the value of 4«: will be smaller than x in cne of n - k + 1 in the
following incompatible cases: 1) wvhen all n values of X in the sanmfle
are smaller than x; 2) when n - 1 values of X are smaller than x and
one value is larger tham Xx; <..; n - k ¢+ 1; 3) when k values of X are

smaller than x, and the remaining n - k values are greater than «x.

The probability that exactly i of the determined (let us say, first)

values of X will be smaller than x and the remaining n - i values

will be greater tham x in a sample with volume n is equal to [ frob

(X<x}'%  [prob {X>x}I™*=[F ([l — F(x)]"",

The probability that any i values of X will be smaller than x

and the remaining n - i values will be greater than x in this sanme 3
sample is obviously equal to CL[F (x) {1 — F(x)}*—,
Thus, the unknown probability Fign(X) will be: 1
3
Fra®)= 7 CLIP@] [1 — Fx). (1)
=k

Further, let the integrals 1

- x ,
K=\ XdFia(x) :

-

and ]
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i o O
Xp={ Xd[Fx)f = XdF.s(x) (s=1n),
o Do

exist for certain whole positive values of r, i.e., X is the

initial moment on the order of r of the largest value in a samgle

with volume s. Then (1) results in

" n—i S \
3 s A s 1) i 2
Ka= 2 Co G —= 10Xy, \“
i=R 1=V

Nov we will prove the following proposition:

The arithmetic mean of the initial moments of order r of values
Xi o Xoymooooy Xuin is equal to the initial moment of the

same order of the general set. i.e.,

n o n (7] %
] 37, A E il e N e
-’: y)\;'n—'_—--':— “3 3 a\rng‘,,(/\>=3 A.'dF(A) . (3)
A==l Aes] —& —CC

Obviously, it suffices to showv that

Ve

| > dF s, a(X)=dF (x). (4)
i 1

i

in order to prove (3).

Prom (1)
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9 dF,,,.(x)=={ 2 N (CLi [F -t = PP —
e ot et :
~ Ci(n— i) [F (&) [1 = F(x)r=4=1} dF (%).

The internal sum can be transformed

CRRIFRI*l —-FRI+ 3 CLilF -l — F (o)~ —
f R

— 3 Cln— )P @1 — FRi = CLR [ (R [1 — F ().
i=R

This means that

S dFi )= CERIF(F [ — PPt =
g i

sl k=1 :
n—l
T8 £ N = -\n—1
= 3 CEaF - [L— F ([P )=
k=1 :

e
S ~ et 1 Nthat by fa\n—k IR { vt~ —
il :\‘__ CiF 1 = Fl)"* rrlFx)=

ke=]
=n{F W= alF @ (1 = P @l —n[F @)= =n,

vhich also proves (4), and, consequently, (3).

We will point out that equation (3) is, of course,

¥ i wts

the extension

of the known property of the associativity of the arithmetic mean of

n of the values to the case in question.

Using (2), ve can write the following instead of (3)

BEST AVAILABLE COPY
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n n a—~i

N N ] Y \ I =
Y G ¥ G = ) Kiy=nm, (X), 3)
K==l =R l=0

vhere the initial moment of order r of the general set is designated

by m, (X)

In particular, if the law of the distribution of the general set

is normal, then, assuming that the center of the distribution is

equal to zero:

&
F(¥)=pi— | €™/ dx. )
V 2ns £
Then
% r £ § s
,;= ,i' {‘xre-—x';%ag :I— \ e—t=/23ldt%dx=a",6r’ (7)
Vaze ) lV.’:c J !
w0 L e J

vhere a,, which depend on s and r, are those values whose

magnitudes

are necessary in statistical applications for different n, at least

for £ = 1, 2¢ 3, N,

FPor the general set (6), r x, (X)=0 and Xi;_l+,‘=x'

a4l at all odd

r. Therefore, (5) results in the following recurrent relatiomship

bt

skt el
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between the values of dx, at different n and fixed r

n n—i
:/*: G }: Cii(—Va,,=0 &)
i ﬂ-r_" 1=0

5

E Obviously, this eguation can also be ccnsidered to be the

E recurrent relationship between integrals of type (7) at odd rt.

iyhen examining integrals (7) at r = 1, V. I. FEcmanovskiy [8]
established the relationship in (8) between them. End footnote
X =X, : .
At even r, Fh o and (5) results in the following
recurrent relationship between the values of ds- at different h and

any fixed r:

f n a n—i
O oA AT N e :
3 z :" Cr.' :: Cn—i o 1)1(21-_,_1,’—- 2" )
n ==ht =0
ke gt ]

; Obviously, this equation establishes the relatioaship between

type (7) integrals at even r.

| If ve designate X )=X, — X ) =(a, ,— & )o*=5", then

and (9), not (8), results in recurrent relationships between the

3 ~ BEST AVAILABLE (07
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scatterings of the distribution of the largest (smallest) values in

samples of different volumes from the ncrmal set.

The statistical value of the constant «. . is obvious. Suppose
that m» random samples have been taken, each with volume n, from a

normal general set. We will use .., and -’ to designate the
statistics which are the first and second sampled initial moments,
respectively, with the largest values, i.e., the arithmetic means of
the first and second orders, respectively, cf the largest values
observed in each of m samples taken, with the same volume n. Then, if
we know that the center of the general distribution is equal tc zero,

the correlated estimate o2 of the scattering of the general set will

be equal to the following value, as follows frcam (7)
g 8, , (i0)

If the normal general set has an unkncwn distribution center

equal to ., the correlated estimate of this parameter will obviously

be the value f(A}JuXLujl_

Footnote: !The calculation of the standard error in the approximation
vhich gives us this estimate shows that when the researcher is
limited not so much by the volume of the sample as by the difficulty

of making measurements, for example, (which often occurs in
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industrial applications) when determining the overall mean of the
sample, it is possible tc considerably decrease the number of these
measurements without decreasing the precision of the approximation.
Instead of measuring all N units of the sample, vwhich is required by
the usual method of measuring the mean, N - the volume of the entire
sample - should be increased somewhat, then it should be subdivided
into m groups of volume n, and 2m measurements cf the boundary values
in each group should be made in all. The boundary samples can often

ke selected without measuring them. End footnote

Here X » is the smallest mean sampled value, i.e., the

arithmetic mean m observed in each of the samples made of the
smallest values. In this case, (10) cannot ke used to estimate the

scattering of the general set e¢2. Besides the obvous estimation of o2
by the spread of the sample, we can now alsc estimate the parameters
of the general set ¢2 and X without considering the smallest

observed values in the samples taken, basing our calculations only on

the largest sampled values of X;. In this case, the value

] m

o [ Xi—(X)'], vhose mathematical expectation is again

equal to ¢2, should be used for the estimate of o2.

Furthermore, if X is the center of the distribution of the

general set, Xo=an, 164X Therefore, the fcllowing can be taken
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3
as the estimate (not correlated) of the value of X 4
i
2 a,, m M~ F 1\ 8} A

Xn—_.gjl; e LXz"—(-X,,) i
4

: - The information stated in the footnote is even more applicable

to this estimate. 1
i ;1
Received 29 July 1947 E
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