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CER TA IN RELATIONSH I PS BETWEEN THE DISTRIBUTIO N MOMENTS OF B O U N D A R Y

VA LUES IN RANDOM SAMPLES

C.. I. Yegu din

(Presented by Acad. A. N. Kolaogorov on 29 J u l y  1947)

M any studies on the laws of the dist r ibu t icn of boundary values

and spread (order) in saap ]es with a given voluae, .ain ly fro c a

norwal set [1—6 ), have appearod recently. Fur th er aore , the

calculations of certain constants which these reports contain are

extrewe].y significant for statistical control’. 
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Pootnote: 1For example , they are necessary in the “sprea d” method of

statistica l control recom mended in (7]. End footnote

If we establish the laws of the d istribut icn  of all th e

inter media te values , as well as the boundary values , and take  then

into consideration , we can find recurrent formulae which are related

to each other by co nst a nts , besides certain general relationships. As

we st ated above , the se formulae make it much easier to calculate

these values . These fo rmu lae  can also be consid ered as the

relationships between certain types of integrals.

Let there be a rando m repeated (and in the case of an infinite

general set, also unrepeated) sample of volume n from a ge nera l set

whose integral distribution law is P (x). We will designate

X1,,,. X~, , Xn.n as random variables wh ich are in increasing (not

decreasing) order of the values of x which form each of the saiple s

with volume n taken: X 1.~ <X2 ,~<. .

Then it is easy to introduce F~.~(x)=~ re.~ ~~~~~~~~~~ — the

integral law of the distribution of the values of X~~. Actually,

- - _-&_

_

._ 
~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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the value of Xk, will be smaller than z in one of n — k • 1 in the

following incompatible cases : 1) when all n values of X in t he sample

are smaller than x; 2) whe n n — 1 values of I ate smaller than x and

one value is larger than x; ...; n — k • 1; 3) when A values of X are

smaller than x, and the remaining n — A values are greater tha n x.

The probab ility that exactly i of the determine d (let us say, first)
• values of X will be smaller than x and the remaining a — i values

will be greater than x in a sample with volu.e n is equal to (~~rob

{X<X}ISX (prob { X> x ~~~~=[F (x)j ’[1 — F ( X ) ]~~ ’.

The probability that any i values of I will be smaller than x

and the remaining n — i values will be greater than z in this sane

sample is ob viousl y equal to C ,[F (x) r fl —

Thus, the unknown probabil ity will be:

F *,~~~f r -  - C~ [F (.~~ [1 — ?(x)J”~’. (I)

Further ,, let the integrals

and

- . .

~

- .-
. :1.~~~ • . -- -
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exist for certain whole positive values of r, i.e., X~ is the

-
~~ initial moment on the or der of r of the largest value in a saaç le

- 
wi th volum e s. Then (1) results in

X~,~ = ’~’ C~ ~~C~~1 _ - ) z)~ ÷1.

I
Now we viii prove the following proposition:

The arithmetic mea n of the ini t ial  momen ts of order r of values

Xi, n . ~~~~~~~ ~
‘n. n is equal to the initial momen t of the

sa me order of the general set. L..C.,

Il • 1~ ~ -
~~

Obvio usly, it suffices to show tha t

- ~L “ . ‘ dF~, ,~ (x)=d? (x). (4)
4

in order to prove (3) .

Prom (1)

I

-— • ~~~~~~~~~ ~~~~~~~f • - • - &__ —-~ 
— — ~~~~~~ --= _~~~

n_= •—:-tr- ,-
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~~dF~ ~(x)_{ ~~ ~~ [ C~I . ;~~~~[1 —F(x)]~~—
A—i ~~-I I—k

— C~(n — I) [F(x)’ j l  —— ~ (x)~—’~~] }  dP(x).

The internal sum can be trans formed

C~k ~P (x) ]~~ ~i -- F ( x)~-~- — F(x)~~’—

— ) ‘C~(tz — i)jfl(x)~’ I — F Cx)ja—i_I =C~k [p (x)~—i~1 — P(x)~n—*.

This means tha t

F ‘~‘dF ~,~ (x)= ~~~
‘ C [F (x ’~~ 1 i  _ F ( x )~~*=

k-I - 
-

= ;~)~~~
—‘ 

~1 —

n - I
- 

- ‘~~fL ~~~~~~ P (x)~~’ j i  —— F ~~~~~~~~~~~ L - ; . - —

—ii  [F (X) ~~~ /Z ~F 
~~

;--:- 
~~ 

— 
~~ 

- -

~ 
— n

wh ich also proves ( Is) , and, consequently, (3) .

We will point out that equation (3) is. of  course, the extension

of the known property of the associativit y of the arithmet ic mean of

n of the values to the case in question.

Usi ng (2) , we can write the following instead of (3)

D(~T ~~~~ ~~~~~~~~~~ r-::’ --

I DL~ I 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ -~;j

.~~~- - - .-- — - - - -- - ——- 4 
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“ -~ C~~(— i)~~V’~~ =/L;i , (X), (5)

where the initial moment of order r of the general set is designated

by

In particular , if the law of the distribution of the gene ral set —

is normal, then , assumin g that the center of the distribut ion is
equal to zero:

~~dx. (6)

Then

- - .~- i

c ”2 ~’dt dx=a 1,,& , (7)
—cc L. —~~~

where a~•,, which depend on s and r, are those values whose magn itudes

are necessary in statistical applications for different a, at least

- 
- for r = 1, 2, 3, Is .

For the general set (6) , r rn,.(X)=O and at all odd
r. Therefore, (5) results in the following recurrent relationship

- : ~31 AVA!L1k~y ’j  CCPY

a

_____________________________________ - ~~~~~
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between the values of a4, at different n and t ixed r

‘

~~~~ C~ 
\‘ C~~1(— 1)1 a1 1 , =O. (8)

Obv iously, this equat ion can also be ccnsidered to be the

recurrent relationship betwee n integrals of type (7) at odd r’.

‘When exam ining integrals (7) at r = 1, V.. I. Fcmanovskiy [ 8)

establ ished the re lationship in (8) between them. End footnote

x, — 1v’At even r, ~~~~~~~ -~--~-~~ and (5) results in the fol lowing

recurrent relat ionship between the values of ~~~~~ at diffe rent h and

any fixed r:

\‘ \‘C~~c’cY -(— 1)a. - (
~

)
4 —~ ‘i-i,’ 2

-A
A— 

2
+1

Obvio usly, this equat ion establishes the relationship bet ween

type (7) integrals at even r.

If we des ignate ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ the n

and (9), not (8), results in recurrent relationships between the

T A~~I~~!~ ~~~~I ~~~~~~~~~ L ’ i  

— -— -  4

~

i— 
~~~~~~~~~~~~~~~~~~ - - - -,---~~--~~-— - -
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scatterings of the distribution of the largest (smallest) values in

samples of differe nt volumes from the normal set.

The statistical value of the constant ~~~~ r is obvious. Suppose

that m random samples have been taken, each wi th volume n, from a

normal general set . We will use and X,: to designate the

stat istics which a re the first and second sampled initial moments ,

respect ively, with the largest values, i.e., the arithmetic means of

the first and second orders , respect ively, cf the largest values

observed in each of m samples taken, w ith the sane volume a. Then , if

we kno w that the center of the general distribution is equal tc zero,

the correlated estimate ~ 2 of the scattering of the genera l set viii

be equal to the fol lowing  value, as fol lows f rc m (7)

1. _ p

If the normal general set has an unkncwn distribution center

equal to X, the ~orre1ated estimate of this parameter will obviousl y

be the value ,
~) I.

Footnote: ‘The calculation of the standard error in the approximation
- 

- 
which gives us this estimate shows that when the researche r is

limited not so muc h by the volume of the sample as by the difficulty

of making measurements, for example, (which often occurs in

- __________________________
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I industrial applica tions) when determining the overall mean of the

sample, it is possible to considerably decrease the number of these

measurements without decreasing the precision of the approximation.

Instead of measurin g all N units of the sample , which is requi red by

the usual method of measurin g the mean , N — the volume of the entiLe

sample — should be increased somewhat, then it should be subdivided

— 
into m groups of volume n, and 2w measuremen ts of the boun dary  val ues

- 
in each group shou ld be made in all. The boundary samples can often

be selected withou t measuring them. End footnote

I

Here X~. n is the smallest mean samp le d va lue , i.e., the

arithmetic mean m observed in each of the samples made of the

smallest values. In this case, (10) cannot be used to esti mate the

scattering of the gene ral set •2• Besides the o bvous est imat ion of a 2
by the spr ead of the sample, we can now also estimate the para me teLs

of t he general set ~2 and X without considering the smallest
observed values in the samples taken, basin g our calculations on ly  on

- - - the largest sampled values of X.. In this case, the value

~~~~~~~~~~~~~~ 

~;~ _ (~~2j, whose mathematical expectation is again

equa l to a’, should be used for the estimate of o2.

-‘ 
r

- 
- 

Furthermore , if X is the cente r of the distribution of the

general set, X 4 =a ~~1 G—-- X e Therefore, the fcllowing can be ta ken

4

~ - -
~

_ 1
~ru.~~~ — 
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as the estimate (not correlated) of the value of K

-

.

The information stated in the foo tnote is even more a ppl icab le
to this estimate.

Received 29 July 1947
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