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Page 2’e.

PRECISE RESEARC H OF ASYNPTOTIC RELATIONS 8~1WEIN THE AVERAG E

EXPONENTIAL AND CNERTSHEV APPROXINATIONS (REPORT II S) .

—

. 

Ta.. Reaez .

FOOTNOTE S . The first part of the work is printed in Ukrainian

language in the previous issue of this coll€cticn. See also three

au thor’s coipressed ieport/co.sunicaticps on these questio ns in the

PAS of the USSR (19117) , of Vol. LVIII.

The being encountered in this article literary references,

sarked by nuierals in brackets, are related to the list of the cited

literature of the first part of the work. ~ND?OCTNOTE.

~13. Subsequently we are intended to plac€ in paralle l with t hl?

r•sults, o btain ed in ~O3—11 the previous rejort/co.municat ion, the

a.aloqo.s facts, w h ich concern th. processes intorpolational,

connect.d with construction for the assigned on segeent (a . b], set

a
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of functions (.~(z)) the solutions of the problem of the average

exponential approach/approximation on the alternating/vari able finite

set N of the poin ts of segmen t ( a ,, b], when a number  of points

consecutively and unlim itedly grows.

Let us begin from the establishment of scae basic

cc..o~/general/total facts.

In the same way as in *3 and the following after it, let us be

hear th v0 (x), V 1 (x)’ . ... , .n4x) to understand certain assigned

an d fixed/recorded system real, continucus cn the segment [a , tJ (h

— a 1,) and of linearly independent o; it functions, and frcn the

comm on/general/total set of polynomial s Ikx) “~~ i’m(x) let us isolate as

th. permissibl. polynomials those, for which c0 1, i.e.,

—

Let us p1cc. La the,~ orrespondence to each positive integer

value of susber N ~~. n + 1 certain specific totally disconnected set

bL coisisting of N of points ~~

za, ~~~~~~~~~~ f ,  1). (134)

FOOTNOTE 13• Essence of fur ther  examinations di d not chan ge if we

gave N not all positive integer values ~ii + 1, hut certain

U
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infinite—increasing particular sequence of the same. EKD?OOTNOTE.

Analogous wit h problems (9), (10) they are formulated for each

of the tinal . total ly disconnected sets Ek in question the pro)~lea :

Ji.N(~~J~~4,A(c$,..., c.)— f~~I ~~~~1t}~~ 1 ndn (n,>1) (135)

and

~~~~~~~~~~~~~~~~~ sxIJ~(x)I mi1~, (136)

solutions of which ( fo r  the second task — not necessarily the c n i y

ones) let us designate respectively by i.z(.r) and 4~,z4(x).

Page 25.

Re viii assume still:

(137)

and , on the other haad, pr...rv iag designations (10), (13)

Tb. •stabl ishment of the corresponding es t imate/ eva lua t ions  for

value p~, at t h e  large values of a and N w i l l  compose the f i n a l

goal of furt her examinations (*15) .

*
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In or der to ensur e the uni queness of the solu tion of pro ble m

(135) for each ~~‘ value of N, it is sufficient (comp. §1) to agr~~~,

during the composition of totally disconnected sets Ew (N~~n+ 1, n+2,...),

each tile to attend to to include/connect in its composition any and

the points of segment ( a , b] , on which  the  f u n c t i o n s  s~(4,... 1o,(x)

are l inear ly  independent , which is s u r e l y  possible ~~ in v iew of the

assumed linear independence of fun ctions ,,(x) f r o m  segmen t  [a , bJ .

FOOTNOTES ~~‘ . For s u f f i c i ent l y  large values of N the lin ea r

independen ce of functions .~(x) for S~ ( i n c l u d i n g  even .,xj I

and, therefore , the uniqueness of the solution Cf problem (115 ) in

actuality turn out to be automatically provided for under condition

(139) already on the strength of the assumed linear independen ce of

continuous functions .~x) on segment (a, b ) as of this it is

possible to be convinced by the reasoni g, analogous to given below

in the proof of theorem (comp. also observat ion to theo rem) .

~~‘. Coap. chapter VIII my monograph (10]. EN DFO CTNOT E S.

Ver y s igni f icant  for  f u t ur e  reference it tutns out to be,

~~~~~‘~~~‘~‘
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fur therm ore, the requirement in order that during growth in numbcr ‘I

of the point of set A’1 they would be distributed over seg ment fd , b i

at least approximate—e venly. This requirement we can understand her~

in the following sufficiently soft sens€:

t~or a n y  f ixed/recorded par t icu la r  segment fi,#JCfa,bj •us t exist

t h i s  pcsi t ive number  z , independent  of N, but  which is power fu l  of

depending on the segment itself [-a , fl in order t h a t  desig nate

through L.*i a n u m b e r  of points of set I,. which f a l l  on t h i s

part icular segment ( a , fl vculd  s a t i s f y  the i n e q u a l i t y :

for su f f i c i e n t l y  large  N.  (139)
N b—a

R y assuming these conditions made , ~‘e- now let

establish/install the following, that has fundamental value for

further conclusion/derivations the theore m , analogous by tha t, that

was establ ish/installed in §1 for the in principle simpler case of

the fixed/recorded multitude E.

?hsor•m. The co tficiemts C.i.’ tks polymosial

(146)

•m ploy.e by th. solution of problem (135), are uniformly bounded in

their s.t for all values of N n • I and a > 1 in qu .stion .

- -  _ _ _ _  - ~~~~~~~~~~~~~~ ~~~~~~~~ .-~~~~~
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~

Proof. For any that which was fix/recorded I. and , the r•fote,

generally, for li.ited N 4 N the limitedness of coefficients .x,s

escape/ensues from theorem of §1. Therefore, prcving this theorem of

the contrary, it suffices to assume existence of the seque nce cf the

permissible polynomia ls  — the soluticns of the corresponding problem

of average exponent ia l  approach/ approx ima ticn  (135) :

*—~~~(4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (141)

for which s imultan eously they would take place of the relationship:

~~~ I , I 4~~uiJ~~~~ with 
~~~~~~~~~ (14~

where L it designates value (3).

Let us consider (generally, not belonging already to the class

‘permissible ”) the “given polynomials ”:

Q4~) ..D,~~~~~! (‘—1,2,3,... ), (143)

sa t i s fy ing, obv iously, the condition

L (f l . J—l  (‘—1,2 3.4. (144)

Let it will b.

(P— i, 2,3,...), (14$)
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From the requirement

(146)

it follows imme dia tely:

- -‘ 0 with ‘-~ ~~ . (147)

On the other hand , as a result of the limitedness of the

coefficients of the giv en poly nomials  S�., expressed by condition

(144), ther e is a par ticul ar seq uence of in d ices r. (s = 1, 2, 3,

...), for which all n + 1 coefficients of polyncmial .Q,

simultaneously approach the limiting values, which determine certait .

pclynomial.Q,(z). The latter satisfies, obviou s ly ,  the sa m e

condition (14*) (has a coefficient with ..(z) the knowingly equa l

to zero).

Page 27.

Restoring, for larger simplicity, a designation ~ , instea d of ,.,

for the index of this particular sequence, we have , theref ore,
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Da&(x).D,(z ) •v.nly for a<z~~~ (148)

14Q.J—I. (149)

It is obvious with the fact that relationship (1147) remains v a l i d  aii ~~

for this particula r sequence. Here, however , immediately is

re veal/detected c o n t r a d i c t i o n .

Actually,  from (1149), taking into account the linear

in depen dence of func tions D~(x) on (a , b], we include that thc~

polynomial f t (x) is different of identical zero on [a, b ), an~1 it -,

module/modul us, being continuous function of x, it has cer tain

positive minimum 2p of any particular segment I.,flJC(a,o) length

— ). On the same segment (a, ~] the given polynomials ft. at

sufficiently large values satisfy the condit ion

for .>~ (I5~

Bu t in that case, taking into account condition (139) , which

will be ma de along wi th (150) for suff icien tly lar ge r > > ~~

we for all a~~A values r must have:

11 ~ 1- ~ 1
(151)

that, on com pariso n with (1147) , and it Completes proof by

contradict ion.

- — .--—-- -.—--- - 
-
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Obser vation. 
~y using the very light/lung modification of the

given here reasonings, it is possible tc be convinced analogously of

the unifor m limitedness of the coefricients of the polynomial 4’,,(x),

and a~ so of absolute limitedness frcm Lelow value ft at

N-~~~: 11~~ ,> 0.
N..

§14. We can now nearer approach the resolution of the ‘luestion

concerning the establishment of estimate/evaluations for value s

d,,, fl.,,,( (138) .

Examining preliminarily problems (135) and (136) on any

fixed/recorded multitud e F, [(134) ) and completely without taking

into accou nt th e behavior of func tions m~(x) and cf polynomial 44x) on
~~ N

the remaining part of the segment (a, b], we we can consider value A

[(137) ], on the basis of the relationship

(152)

escape/ensuing from the requirement

<is.1 (4w4.

Page 28.

-. ‘.

~~~~~~~~~~~~~~~~~~~
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Logar i th . iz ing  (152)  ( a f t e r  decrease) and  i n t r o d u c i n g ,  analogou .;

to (18) and (20), the value:

(153)

we will obtain:

(154)
2....

and , which  means , t h e m e s  it is more

, ,< 1 I O XN  - 

(155)

FCO TNOTE ~~‘. In the case or even ‘p~ -O. which alsc is

not exclud ed by the general conditions, accepted in previous

paragraph (at least, for toc large values of N), we will set/assune

‘..,—I . and (15 14) sure ly  it w i l l  r e m a i n  v a l i d , if we w i t h  Q1”.O

count always ~~~~~~~ E NOFO O TNOTE.

A num ber a hsre surely is positive in view of limit ed ness “a N ,

which with fixed H, and alternating/variab le a > 1 it is the

car ollary of the iniform (relative to a) limitedness of the

coefficien ts of the polynomial .._(x), resul t in g from the

general theorems of §1. In view of the clearly ad justable by

_ _  - - ~~~~~~~~ ~~~ TIT~~~~’
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rela tionsh ip (155) infinite smallness of a~~, when m-+ • (which ,

h owever , and prior i it had to in this case to cccur on the strength

of common/ general/tota l theore . of §2) we come further for the large

valu es of m to the obvious precise conclusions:

Iim c.. JrIuuI1 iG~~(m..,,) <!. )OgN. (156)

If we begin now to vary in (152) not only m, but also N, then we

logically will arrive at the need for intrcducing to exaainaticn

value

(157)

The having lost essential value for the justifiability of

further conclusion/derivations fact of the positivity of this value

is establish/installed analogously to fact !1>0, but no longer on

the basis of theorem of §1 , but on the basis of the theore m,

de.onstrat ed in the previous paragraph , and observation to it. On the

strength of (ISis) we have directly

a..1 <ij — 
. (15$)

In th is rela t ionship of parame ters a an d N (a > 1, N ~ n • 1)

they can be varied completely independently of each other.

Pa ge 29.

— 
‘
- -d
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Let us allow however , that , increasing a, we simultaneously

chan ge and N as cer tain func tion of a ~~~~ thus , that wit h a -+ — we

have log N/a ‘-* 0.

?COTNOTE ~~7. We make this assumption for simplicity. It would he

possible to visualize in more common/general/total form that a and N

are changed simultaneously depending on any third value, which plays

the role of their common/general/total argument . ENDFOOTNOTE .

Then value u , a turns out to be on the strength of (158)

infini tesi mal, an d this it imply ,  according to (153), (1514), the

relations), ip:

~~~~~~~~~~~~~~~ 
(a..:~~-!)~ I. (156)

Pically, before going fur ther , we will r e f i n e  somewhat

introduced by us under §13 condition (13~) about approxima te— the

even dist r ibution of the  points of set .t1 on segment ( a , b]  (b  — a =

1) during the large values of R. Specifica lly,, considering numbers
(130) srr *s,./l.~~ted is asoss4iaq ordex and deaiqaati aq

l,~~~u (ma—a, 1— 1 , za—Xa~ ..., b-z~~, (1IC*L
I 

_______ 
___________________
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we let us assume made the following condition cf the extremity of two

values s, s’: 3 S

(III)

FOOTNOTE 3 S. ~~ is not difficult to comprehend that always s ~~. 1.

EN DPOOTMOT E.

It is easy to understand that this last/latter condition is

certain intensification of condition (139): under condition (161)

surely tur ns out to be that which was mad e condition (139) , besides

with the constant value of parameter x (independent of the selection

of the par ticular segmen t ( a, fl on ( a, b]), fcr such it will be

possible to take any fixed/recorded positive n u m b e r  less t h a n  1/s.

~15. Now we can be converted already directly to values (I3~) ,

for the purpose of evaluating the uniform on all segment (a , b]

approach/approximation, reached by pclyromial .. zv(X) — by the

solution of the problem of the average exponential

_ _ _ _  
1
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approach/approximation on the final point set 1N (130) the sare

segment, com paring this pclynomial with polynomial 4’.(x) [(12) ].

that represent the best unifor m approxim ation (smallest unifor m

deviation from zero) on segment [a, b).

Page 30.

With designations (10) — (13) and (13~) — (138) we have first ot

all:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (162)

Assuming func t ions .4) (i = 0, 1. ..., n) belonging tc

cer tain class, char acterized by conditicas of the type (61) with

specific m a jo ran t  f u n c t i o n  w(J), p o l y n o m i a l s  •.,(z) on the

strength of the demonstrated mniform limitedness of their

coefficients will everything satisfy the same ccndition (61) with

certain constant value of coefficient of K , depending neit her cn a

nor of N , since we thus f a r  leave aside the  ques t ion  concern ing  the

refinement of the value of this coefficient. In that case we from

(162) is easily conclu ded :

(163)

where valve .v”1N :~~ it is bovndsdfroa teo sides:

(164)

- ~
— 

— — —-—--- .-,- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Let us introduce into more speci f ic  t yp e  ex a m i n a t i o n  the

interpolat ional process, in wh ich the selection of the final totally

disconnected set K, (134), wi th increasin g a , is subordinated ,

besides condition (161), to the al so fc l low in g condition , whic h

establish/installs the general nature of dependence betwee n

paramete rs a and N :

z [ ~(q.is)J . (165)

Here , wi th  t he  p rese rva tion/re ten t ion/main ta in ing  of

designations of §~ 9 and 10, qq . it designates certain

remaining at our disposal (for providing a larger flexibility of

algorithm) positive parameter, which we a t firs t, for a definition ,

also will assume bilaterally limited (with subsequent replaceaent ot

this requirement by more general conditions (172) ]:

O<c,<q<ç. (166)

Prom condition (165) we obtain , taking into account (93) and

(p5) :

(167)

that directly it gives to us, by the way, convenien t for many case s

explicit expression for N in the form

(168)
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shoving that with . -
~~~ • number N will grow always slower, in any

case, than ~~~.

Page 31.

On the other hand , them (167), taking intc account (166), we

have, obvi ously,
log N”(l +‘,) log 

~~~~~~~~~ 

(1 +e) qa, (ga) (167’

(~-+0 with m-’s’~.

On the basis (165) and (167’) relationship (163) assu mes the

form:

dauji< K~ (cm) + 
i(1 +‘i),, 

~~~ (169~

However, we can be freed from denominator • in the second member

in the for. of the establisbedjinstalled now i n f i n i t e  saal lness of

relation !!t ~!_(l+u1)q~(q1~); h iag returned to (163) and using now

inogmality (150), instead of (158), taking into account (159), we

utfl asa ~~e (1+’OI., l+,, that it viii giv, to us:

I. ,v( K,(qai) # qq(1 +4,(ca,) (liR e—C) - (170)

_ _ _ _ _ _ _ _ _ _  -- —
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or , dividing on 2 and remembering that  ~~~~~~~~~~~

(a..90 withm+ .~ (171)

This means that taking &ccount (9 6 )  that

~~.,< (
~ 

÷ ~~~~~~~~~~~~ (0<1 •.< 
1). (171’)

Value fl.j, characterizes, according to (138), the uniform on

segment [a , b] approach/approximation , reache d by the  in terpo la t iomal

polynomia l of the average exponential approach,approxiaation ‘I’m.&(4.

Equate/comparin g obtained fcr it estimate/evaluation (171) — (171’)

with estimate/evaluation (104) — (1014’) — (121) — (123) analogous

value “~ for the polynomial of the average exponential

approach/approximation on the entire segment ch.(x), taking into

account the making more precise observations in *11, we first of all

we can state/establish that significant circumstance that the

replace.ent 4i.,(x) by interpolational polynomial ~~~~,(4, with the

observance of conditions (165) — (166) and (161) not only does not

break the very fac t of convergence to Ch eb ys hew

approach/approximation in the sense of the tendency toward zerc of

both differences

Lsd ~~~~~~~~~~~~

but also leavss (in the general case) by constant the order of

magnitude of the difference in question, vblc b in both problem s is

-
~ ~~~~~~~~~~~~~~~~~~~ 

-
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determined by the order of magnitude of function 0 (a).

Page 32.

Being converted f u r t h e r  to the examination of the coeffic ients

w i t h  0 (m) in the compared estimates, we let us note , in the  f irst

place, that when Chebyshev problem (10) has infinite solution set

wh ose coefficients can in that case be treated as coordinates cf

point (~ ~~~~~~~~~~~~~~ th at which pass certain limited , closed, and

convex totally disconmected set H0 in the appropriate N—dime nsiona l

euclidean space ~~‘, about coefficient of K in (111) is represented

possible to only say t h a t  to it can be assigned (at the  large values

of a) va lue , how c o n v e n i e n t l y  close to the face  side of t h e  sa me

structural coefficient N in relationship (61) for  the m e n t i o n e d  set

(H 0) of Cheby shev pc lyn omia ls  (~~~z)) 40.

FOOTNOTES ~~‘. Comp. chapter VIII  my. cited monograph (10 ].

•0• It is not d i f f i c u l t  to see that the point ~~~~~~~~~~~~~~~

in the mentioned N—dimensional euclideam spec. infinit e

o approaches, in the course of interpolat ion process in question ,

totally disconnected set K•. On th. other hand , it is easy to

comprehend that th. order of the smallness of the distance of the

- - : - ~T~~ ’~~ 
-
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poin t in dica ted fr om set ft~ noncam never to be higher than the cvder

of the smallness of values d.,x and S..tv, consequently in the

general case there cannot be hiqh.t them the otder of the smallness

of value O (a) at a -
~~ •. E$DFOOTNOTPS.

But when  solution ,~x) Chebyshev  p rob lem (10) t u r n s  out  to t~~

oily, and specifically, consequently, in all cases when functions

,(x),....~~(z) com pos e on segment ( a , b ] the set cf functions of

Cb.by.h.v •‘ (in other words — whe n is satisfied the Haar condition

( 1 1 ] ,  ment ioned in footnote ~ §2], it will be possible to count

coefficient of K (171) how convenient to close to the value of the

mentioned structural coefficient of K for this coZy Chebyshev

pclynom ial 
~~(4

FOOTNOTE ‘‘ S. N. 8.rnshteyn, (213, Chapter 1. ENDFOOTNOTP ..

In these cases we can identify coefficient of K in (171) with

coefficient of k in (1014) — (121), also, on this basis/base make a

more precise quan titative comparison ot estimate/evaluations (171)

and (104) — (121). Relationship (171) can in actuality serve as

starting point for different posing of the guestiom concerning the 

_ _ _ _ _ _ _  

a
—. ~j---—- j---- : ~~~ i ~~.. U —

_~~_~i~ .3~ _ _  - —
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most advantageous possible selection of the value of the paramete r

q g .  in the determined by us i n ter p cl at i on a l  process. We here w i l l

passe, mainly,  at one of thea , examining questicn from the sta nd point

of the accessible here maximum refinement cf interpolational

algorithm and planned more precise com pariscn cf convergence

properties of both processes with m -
~~~ •.

In the individualized study of prcblem for the different

concrete/specific/actual classes of functions, we sometime s will have

the capability, always retaining condition (161) and (165)

su bstantia l to viien condition (166). by set/assuming c~ = 0 or by

subst i tu t ing C~ on ••, by requir ing  only  sa t i s fac t ion of t h e

conditions

a-,..). (172)

Page 33.

With the observance of the first of these conditions (172) we

surely wil l have qm -* •, and this — only, tbat is required for

provision (167’) and all remaining relationships from (167) to (171)

iaclusively also, as easily seen, they wil l remain completely in

force under the conditions (172).

1. Case of functions eli). satisf ying the Lipshitz condition

_ _ _ _ _ _ _ _
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of order , (0 < T ~~ 1).

On the strength of (124) we have here under condition (166) 42 :

(173)

~~~N< !!±!~,(a,)+ 1 ”
~~(iiu.). (174)

PCOTWOTE ‘~~~. By s’, f . s.. ’. and, etc subsequently, without

specifying this, we understand some functions c i a , which approach 0

themselves w hen a —~ •. EWDFOOTNOTE.

Taking ~~ in (166) by sufficiently lar ge, we we can here do the

first memb er is how many by conven iently small as compared wit h the

second “.

FOOTNOTE ‘I. Upon another posing of the question, without attaininq

(asymptotic) the minimization of expression (174 in question) [which

in this case is reached by the price of an increase in the number of

_ _  

___ 

L
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used abscissas *q j
~ (135) ), but desiring only as far as possible to

smooth the values of both members in righ t side (17i1) , we woul d be

ataken e~~ —.
C

Let us note still that the ascending order in the number of

interpolat ional abscissas Z~~ pri, m -
~~~ — for the taken apart case

more convenient anything is obtained not from (168), but directly to

(165) in the form:

(173)

PHD? OOTNOT E.

Consequently, by designating through ~ as small as desired ,

assigned on arbitrariness positive number , let us have, by taking

into account again (124):

,< 1+4.lIsga 
(—>.‘~) (176)

and we see directly that the obtained upper boundary for p_~

asymptotically differs how conveniently little from the appropriat e

boundary for a~ that adjustable in this case by most prec ise

relationship (27’)

Finally, substituting condition (166) by less constrained
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conditions (172) and taking, for exam p le, it is

concrete/specific/actual

q”q’logm (O<c~< q <cj~3, (177)

where, as easily seen, (173) and (174) they preserve their form , we

is already completely reached the asymptotic equality of both

compared boundaries, since arbitrarily the close to unity coefficient

(1+J) in (176) is substit uted by coefficient by infinitely close to

unity.

FOOTNOTE ‘~~. In this case in relation (175) it is necessary to endow

by divider /denominator log a but with a simultaneous impro vement in

the numerical coefficient. ENDYCOTNOTE.

Page 34.

2. Case of functions ~(x), satisfyin~j the weakened condition

~inis 1st order (52).

Here we have accurately (comp. §11):

~~1Ou y~~ ~~~~~~~~~~~~~~ (173)

_____  

___________
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Thu s,

* 1 1+1 1

~_,,,i(—q Tç(a)+ -j.-qTç(a). (179)

with we obtain:e

~~~~~~~~~~~~~~~~~~~~~~~~ 
1
~1V~,(m) _

• (18~

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~‘

amd we aga in can accurately state/establish asymptotic agr eement with

upper bound tor u. adjustable by relationship (59).

3. fie case of functicns o~(4, satisfying the weake ned

conditio n Dinis (127) arbitrary order ‘>2.

Here, as can easily be seen from (128), accepting at first

condition (166) , we have:

,(qa) (1+ e,J ~ (av). (181)

Consequently,

(182) 

—— —  — — —-••—-———-- .~-•--- ~.——‘ - —‘- - -‘ - .—‘~
— 

~~~J % ~~~~~ —r-
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Taking now in (166) c, by sufficiently small let us find , it i~~;

analogous with that , as this was done in the first case:

(a>a~), (183)

underatand i~ig by 6 as small as desired arbitrarily assigned

(fix/recorded) positive number . We have , thus , as in the case 1~

asymptotically how conveniently close agreement of the specific here

upper boundary for P.~.N and with the most precise value of uppe L

bo und for  a according to results of §11.

Page 35.

But also in this case accessible the full/total/complete

asymptotic agreement (asymptotic equality) of both compared

boundaries and besides with an advantageous decrease in number N ot

interpolational abscissas,. if we, substituting condition (166) fcr

(172), take concrete/specific/actually at least

(O< c <,”~~~~ <.,) (184)

wi th  any ‘>2

FOOTNOTE •S. In the re la t ion  to an asympto t ic  decrease in the number

of interpo lational abscissas here it would be pessible to go and
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considerably further , reinforcing speed of the decrease of the

parameter e—.. st a -
~~~ — (especially for ‘>2) — either with

observance (181), or w ith the replacement of the requirement fcr

asymptot ic e q u a l i t y  (181) by ce rt a in  inequality, let us say,

(1E~

which, it goes without saying, will ma ke it poss ib le to ac hieve

further decrease in the ascending crder N and , etc. ENDPOOTNOTF.

The aggregate of the results, to whic h led us in the present

work research presented , has nearest value for the questions of

appl ication/appendix to the Chebyshev problems proposed by me (see

introduction) the method of the approximate construction of the

solutions of the proolems of the .ean—exponential approximation ,

justifying , in particular , the application,use of an interpolational

version of the mentioned method with the elimination of those

difficulties of fun damental na ture, into whic h runs the use in of

this kind the quest ions of some commonly use d in other cases of the

methods of the approximation calculus of integrals.

Submitted 22.7111 1947.

- - — V . - --— - - -——‘

~~~~~~~~~~~~~~~~

—- 
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