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Page 24,

PRECISE RESEARCH OF ASYNPTOTIC RELATIONS BEIWEEN THE AVERAGE

EXPONENRTIAL AND CHEBYSHEV APPROXIMATIONS (REPORT II ¥).

}?'!a. Remez.

POOTNOTE ¢. The first part of the work is printed in Ukrainian
language in the previous issue of this collecticn. See alsc three

author's coapressed report/communicaticps on these questions in the

PAS of the USSR (1947), of Vol. LVIII.

The being encountered in this article literary references,
sarked by numerals in brackets, are related to the list of the cited

literature of the first part of the work. ENDFCCTNOTE.

§13. Subsequently we are intended to place in parallel with the
results, obtained in §§3-11 the previous report/communication, the

amalogous facts, which concern the processes interpolational,

connected vith construction for the assigned on segment [a, b], set
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of functions {odx)) the solutions of the problem of the average

exponential approach/approximation on the alternating/variable finite
set N of the points of segment [a, b], when a number of points

consecutively and unlimitedly grows.

Let us begin from the establishment of scme basic

ccsmon/general/total facts.

In the same vay as in §3 and the following after it, let us be
hearth vy (x), V; (X)e wee, 0u%) to understand certain assigned
and fixed/recorded system real, comtinucus cn the segment [a, b] (b
— a =7) and of linearly independent o it fuanctions, and frcm the

L ]

common/general/total set of polynomials %)"é‘?n(l) let us isolate as
{

the peraissible polynomials those, for which co = 1, i.e.,

a
M-..(x)-l-é'm
Let us place in the correspondence to each positive integer

value of number N > n + 1 certain specific totally disconnected set

ExCla, b} consisting of N of points 33;

e Xwn. .. xun C [@, D). (lu)

POOTNOTE 33, Essence of further examinations did not change if we

gave N not all positive integer values Jn ¢+ 1, but certain
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infinite-increasing particular sequence of the same. ENDFOOTNOTE.

Analogous with problems (9), (10) they are formulated for each

of the final totally disconnected sets Ey in guestion the problem:
§ 1 L4 1
(@)= sl 0= [ Bl [Fmin @m>1 120
and

donl P)=dun(er,..., )= :-.x.l‘#(x)l = min, (186)

solutions of which (for the second task - not necessarily the cnly

ones) let us designate respectively by Paafx) and duix)
Page 2S5.

We vill assume still:

b [ Bl = om, dowl P, 1} =en(1+200, ) (30

and, on the other hamd, preserving designatioms (10), (13),

WD, a0+ da wme (1420, ). ass)

The establishment of the corresponding estimate/evaluations for
value fomw at the large values of » and N vwill compose the final

goal of further examinations (§15).

s e T i B SR
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In order to ensure the uniqueness of the sclution of problem
(135) for each 3* value of N, it is sufficient (comp. §1) to agree,
during the composition of totally discomnected sets Ey(N=n+1, n+2,..),
each time to attend to to include/connect in its composition any and
the points of segment [a, b], on vhich the functions oy(x),...,0.(x)
are linearly independent, which is surely possible 3% in view of the

assumed linear independence of functions ofx) from segment [a, b].

FOOTNOTES 3¢. For sufficiently large values of N the linear
independence of functions v{x) for Ey [including even oy x)
and, therefore, the uniqueness of the solution cf problem (135) in

actuality turn out to be automatically provided for under condition

(139) already on the strength of the assumed linear independence of

continuous functions fx) on segment [a, b] as of this it is
possible to be convinced by the reasonigg, analogous to given Lbelow

in the proof of theorem (comp. also observation to theoream).

35, Comp. chapter VIII my monograph [10]. ENDFCCTNOTES.

Very significant for future reference it turns out to be,
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furthermore, the requirement in order that during growth in number ¥
of the point of set Ey they wculd be distributed over segment [a, b)
at least approximate-evenly. This requirement we can understand here

in the following sufficiently soft sense:

f%t any fixed/recorded particular segment [« A< [a,d wmust exist
this pcsitive number x, independent of N, but which is powerful of
depending on the segment itself [a, f£] in order that designate
through Res» a numsber of points of set Ey which fall on this

particular segment [a, P] wculd satisfy the inequality:

_!_-J-'>,.'__"' for sufficiently large N. (139)
N b—a
By assuming these conditions made, we now let
establish/install the following, that has fundamental value for
further conclusion/derivations the theorem, analogous by that, tﬂat
vas establ ish/installed in §1 for the in princifle simpler case of

the fixed/recorded nsultitude E.

Theorea. The coefficients ¢cax: the polynomial
B, n (2)= o) + &'u..,..‘.). . (140)

eaployee by the solution of problem (135), are uniformly bounded in

their set for all values of N > n ¢ 1 and » > 1 in question.
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Proof. Por any that which vas fix/reccrded By and, therefore,

generally, for limited N N the limitedness of coefficients Cams

escape/ensues from theorem of §1. Therefore, prcving this theorem of
the contrary, it suffices to assume existence of the sequence cf the

permissible polynomials - the soluticns of the corresponding problenm

of average exponential approach/approximaticn (135):

B1= Pa, 'n(")O Pu= Pa, x(x),..., D= %L(')n ssey (141)

for which simultaneously they would take place of the relationship:
Now, L=dwy]> o with » o, (142
vhere L it designates value (3).

Let us consider (generally, not belonging already to the class

"permissible”) the "given pclynomials":

Q)= 0, = 3;”- (’-1,"2. 8,..) (143)

satisfying, obviously, the condition
Li)=1 (p=1], 2 3..) (144)
Let it will be

b n [P [lijlo.wgn~ﬁ-& C=L23..) ()
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From the requirement

U [P <0 (146)

it follovs immediately:

= =M
[Egln.(x,,)l-’]~-—£<z-bo vith o0, (147)

On the other hand, as a result of the limitedness of the
coefficients of the given pclynomials £, expressed by condition
(144), there is a particular sequence cf indices o, (s = 1, 2, 3,
ees)s for which all n ¢ 1 coefficients cf fpolyncmial £
simultaneously approach the limiting values, vwhich determine certairn
fclynomial. 2,(x). The latter satisfies, otviously, the sanme
condition (144) (has a coefficient with o(x) the knowingly equal

tc zero).
Page 27.

Restoring, for larger simplicity, a designatiom », instead of v,

for the index of this particular sequence, we have, therefore,

| e E—— e ——— = s -
e —"
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.Iltn.(x)a.ﬂ.(x) evenly for ax<h (148)
a,j=1. (149)

It is obvious with the fact that relaticnship (147) remains valid and
for this particular sequence. Here, however, irmediately is

reveal /detected contradiction.

Actually, from (149), taking into account the linear
independence of functions vix) on [a, b], we include that the
polynomial Q,(x) is differemt of identical zero on [a, b ], and its
sodule/modulus, being continuous function of x, it has certain
fpositive minimum 2y of any particular segment [« f]C|a, 3] length
B - a =X\, On the same segment [a, Pp] the given polynomials £, at

sufficiently large values >V satisfy the condition
min -y
12| >k for >w (150)

But in that case, taking into account condition (139), which
vill be made along with (150) for sufficiently large »>s>»

we for all such values » aust have:

é‘l“-"&ﬁ“]‘* >p(l—)- >n- | (151)

that, on comparison with (147), and it coampletes proof by

contradiction.
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Oobser vation. By using the very light/lung modification of the

given here reasonings, it is possible tc be convinced analcgously of

the uniforr limitedness of the coefricients of the polynomial Pw (),

and aiso of absolute limitedness frcm btelow value @~ at

N> o: lim x> 0.
Now

§14. We can nov nearer approach the resolution of the question
concerning the establishment of estimate/evaluations for values

Do wy Pan[ (138) ]

Examining preliminarily problems (135) and (136) on any
fixed/recorded multitude Ex [ (134) ] and completely without taking

into account the behavior of functions o{x) and cf polynomial ¥#{x) on
G N

the remaining part of the segment [a, b], we we can consider value’

[ (137) ], on the basis of the relationship

(")- (‘ + a-. l’)- < uf'ru (lm

escape/ensuing from the requirement

O v Pu 4] < b (Bou).

Page 28.
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Logarithmizing (152) (after decrease) and introducing, analogous

to (18) and (20), the value:

Mm—."_!.) -'-,;l“ inf 0., ¥ =0n, L
2--,. 53 2
we will obtain:
» 1 lg N o
-.F< a-.' m » . )

and, which means, themes it is more

1 log N
a K—..—.——. 55)
= 200y m a
FCOTNOTE 36, In the case a, =0, or even ‘opa=0, which alsc is

not excluded by the general conditions, accepted in previous
paragraph (at least, for toc large values of N), we will set/assume

%. =1, and (154) surely it will remain valid, if we with eoy=0

count alvays a_ y=0 ENDFOCTNOTE.

-

A number oy here surely is positive in viev of limitedness “=
vhich with fixed Ev and alternating/variable m > 1 it is the
corollary of tke uniform (relative to m) liritedness of the
coefficients of the polynomial ¢ba wx), resulting from the

general theorems of §1. In viev of the clearly adjustable by

\-—-.{ﬁ L ot 3 N ey, Pasis e .“‘
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relationship (155) infinite smallness of a, » vhen m- e (which,
however, and priori it had to in this case to cccur on the strength

of common/general/total theorem of §2) we come further for the large

values of m to the obvious precise conclusions:

EE-‘.. '-1nE(m'-. ')(;’”N' (‘“)

4

If we begin now to vary in (152) not only m, but also N, then we
logically will arrive at the need for intrcducing to examinaticn

value

=g (s7)

The having most essential value for the justifiability of

further conclusion/derivations fact of the positivity of this value

is establish/installed analogously to fact >0, but no longer on

the basis of theorem of §1, but on the basis of the theoren,

demonstrated in the previous paragraph, and observation to it. On the

strength of (154) we have directly

1log N
et i ase

In this relationship of parameters m and N (m > 1, N > n ¢ 1)

they can be varied completely independently of each other.

Page 29.

\"{ ) T A R Ty
: PR R e ]
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Let us allow hovever, that, increasing m, we simultaneously
change and N as certain function of m 37, thus, that with 8 -» = ye

have log N/m > 0.

FCOTNOTE 37. We make this assumption for sisplicity. It would be
possible to visualize in more common/general/tctal form that m and N

are changed simultaneously depending on any third value, which plays

the role of their common/general/total argument. ENDFOOTNOTE.

Then value «. » turns out to be on the strength of (158)
infinitesimal, and this it imply, according to (153), (154), the

relationship:

lim o, y=1, fiim dog Ny 1
=7 Sl '_'l?..(.s' PRI AT S (159)

Pirally, before going further, we will refine somewhat
introduced by us under §13 condition (139) about approximate- the
even distribution of the points of set &, on segment {a, b] (b - a =
VD during the large values of N. Specifically,, considering numbers
(134) arrange/located in asceading order and designating

dy=max (‘ﬂ-‘o X —Xm, XN3—XMy. .oy .‘M (m

% ( ——m— e g T —"—
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ve let us assume made the following conditicn cf the extremity of two

values s, s': 38

s=Tim (1n: I'V) <&'(1,: 1_;) - <o, (161

FCOTNOTE 38, It is not difficult to comprehend that always s > 1.

ENDFOOTNOTE.

It is easy to understand that this last/latter condition is
certain intensification of condition (139): under condition (161)
surely turns out to be that which was made condition (139), besides
with the constant value of parameter x (independent of the selectiocn
cf the particular segment (e, ] On [a, b]), for such it will be

possible to take any fixed/recorded positive number less than 1/s.

§15. Nov ve can be converted already directly to values (138),
for the purpose of evaluating the unifcrm on all segment [a, b]
approachsapproximation, reached by pclyromial P, N(x) - by the

solution of the problea of the average exponential
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approach/approximation on the final point set E, (134) the sare
segment, comparing this pciynonial vith polynomial 9w(x) [(12) 1.
that represent the best uniform approximaticn (smallest uniform

deviaticn from zero) on segment [a, b].

Fage 30.

With designations (10) - (13) and (135) - (138) we have first of
all:

D w=8 n, v) = 0< (0] P ]~ don [ Pm, 4]} + {Son | Bm, x)—0x). (162)

Assumning functions o&(x) (i =0, '« ee., n) belonging tc
certain class, characfeti:od by conditicns of the type (61) with
specific majorant function w(d), pclynomials Paw(x) on the
strength of the demonstrated uniform limitedness of their
coefficients will everything satisfy the same ccndition (61) with
certain constant value of coefficient cf K, depending neither cn m
nor of N, since ve thus far leave aside the question concerning the

refinement of the value of this coefficient. In that case we from

(162) is easily concluded:

elog N
< Ko O+ 2o e < Ko (20 7) + & e (163
vhere value W=y Jiv it is boundedfrom two sides:
: __N_ ; 164)
<N +1<-lu AP é (
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Let us introduce into more specific type examination the
interpolat ional process, in which the selection of the final totally
disconnected set Ey (134), with increasing m, is subordinated,
besides condition (161), to the also fcllowing condition, which

establish/installs the general nature cf dependence between

parameters m and N:

W=y = xly (gml | (165)

Here, wvwith the preservatiom/retention/maintaining of
designations of §§9 and 10, 9=qa it designates certain
remaining at our disposal (for providing a larger flexibility of
algorithm) positive parameter, which we at first, for a definition,
also will assume bilaterally limited [with subsequent replacement of

this requirement by more general conditions (172) ):

0<e,<g<e,. (166)

Pros condition (165) we obtain, taking intc account (93) and

(35) :
N 1
log — = log ————— = 167)
o8 ot . x| p(gm)) .’" o '

that directly it gives to us, by the way, convenient for many cases

explicit expression for N in the fores

N = aylgr=rie=, (168)
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shoving that with = -> « number N will grcv always slower, in any

case, than ¢~
Page 31,

On the other hand, them (167), taking intc account (166), we
have, obviously,

1
= 1 =(1+ 167"
log N=(1+1) "zb( 5 (1+n) gme (gm) (

(=0 with m o),

On the basis (165) and (167¢) relationship (163) assumes the

fors:

o1 47
[ 4

)-a< Ko (9m) + a9 (gm). (169

However, ve can be freed from denominator ¢ in the second memher

in the form of the establisbed/installed novw infinite smallness of

relation '—‘-:—’!- (1+n)¢p(em); being returned to (163) and using now
inequality (158), instead of (158), taking intoc account (159), we
will asswme (1+70)ie,  y= 1+, that it will give to us:

don< Kyp(gm) + ge(1 + 0) 9 (9m) Qime=0) = (70)
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or, dividing on 2 and remembering that Jdaa=¢-28

K 14
Fe-~<;9(0m)+—.‘,—'w(qm) (t=ea™0 withm- o0, (177)
This means that taking account (96) that
: K 1+ey , - 7
P m) (0<0=0,<1). (17r)
#..n<(2.+ 2 q)v 9 (
Value /..~ characterizes, according to (138), the uniform on

segment [a, b] approachsapproximation, reached by the interpolational
polynomial of the average exponential approach/approximation Pa a(x)
Equate/comparing obtained fcr it estimate/evaluation (171) - (171Y)
with estimate/evaluation (104) - (104°') - (121) - (123) analogous
value “= for the polynomial of the average expcnential
approachsapproximation on the entire segment ¢hu(x), taking into
account the making more precise observations in §11, we first of all
we can state/establish that significant circumstance that the
replacement (p.(x) by interpolatiocnal polynomial ¢, mMx), with the
observance of conditions (165) - (166) and (161) not omly does not
treak the very fact of convergence to Chebyshev
approachsapproximation in the sense of the tendency toward zerc of

both differences

Qdad—¢ Avnd dldan)—e

but also leaves (in the general case) by constant the order of

magnitude of the difference in question, which in both probleas is
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determined by the order of magnitude of functicn ¢ (m).

Page 32.

Being converted further to the exasination of the coefficients
vith ¢ (m) in the compared estimates, we let us note, in the first
rlace, that when Chebyshev problem (10) has infinite solution set
vhose coefficients can in that case be treated as coordinates cf
point  (cwm. Cmy---s )y that which pass certain limited, closed, and
convex totally disconnected set H, in the agprcpriate N-dimensicnal
euclidean space 39, about coefficient of K in (171) is represented
possible to only say that to it can be assigned (at the large values
of m) value, how conveniently close to the face side of the same
structural coefficient K in relationshifp (61) for the aentioned set

(Hg) of Chebyshev pclynomials {d()) ‘0,

FOOTNOTES 39, Comp. chapter VIII »y, cited moncgraph [10].

40, It is not difficult to see that the point (. ay “onze "mr)
in the mentioned N-dimensional euclidean space iafinite
approaches, in the course of interpolation frocess in question,

totally disconnected set Hgo. On the other bhand, it is easy to

cosprehend that the order of the smallness of the distance of the

W“-- T —————————e
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point indicated from set Hy, noncan never to be higher than the crder
of the ssmallness of values <.» and Ao w conseguently in the

general case there cannot be higher tham the order of the smallness

of value ¢ (m) at a => =, ENDFOOTNOTES.

But vhen solution ¢y(x) Chebyshev problem (10) turns out to pe
cgly, and specifically, comsequently, in all cases when functions
o(x),....0x) compose on segment [a, b] the set cf functions of
Chebyshev ¢t [in other words - wvhen is satisfied the Haar condition
[¥1]), mentioned in footnote S §2], it will Lbe fpossible to count
coefficient of K (171) how convenient to close to the value of the

sentioned structural coefficient of XK for this cnly Chebyshev

fclynonmial dn(x)

FCOTNOTE *% S. N. Bernshteyn, [21), Chapter 1. ENDFOOTNOTE.

In these cases we can identify coefficient of K in (171) with
coefficient of k in (104) - (121), also, on this basis/base make a
more precise quantitative comparison of estimates/evaluations (171)

and (104) - (121). Relatiomship (171) can in actuality serve as

starting point for different posing of the guestiocn concerning the
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most advantageous possible selection of the value of the parameter

9§=¢= in the determined by us interpclaticnal process. We here will
pause, mainly, at one of them, examining questicn from the standpoint
of the accessible here maxisum refinement cf interpolational
algorithm and planned more precise compariscn cf convergence

properties of both processes with s > =,

In the individuvalized study of prckles for the different
concrete/specific/actual classes of functions, we soietines will have
the capability, alvays retaining conditiom (161) and (165),
substantial to wilen condition (166), by set/assuming ¢, = 0 or by

substituting ¢, on ¢=, by requiring only satisfaction of the

conditions

?(gm) = Olo(m)] | . _ i
g9 (gm) = Oly(m) e v -

Page 133.

With the observance of the first of these conditions (172) we
surely vill have gn —> =, and this - only, that is required for
provision (167°) and all remaining relationshigs from (167) to (171)

inclusively also, as easily seen, they vill resain completely in

force under the conditioms (172).

1. Case of functions #(x) satisfying the Lipshitz condition

it R A i e e
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of order r (0 < r £ V).

On the strength of (124) we have here under condition (166) *2:

9(1!)-'—:4'9(-): (173)
K1+d s 14
""<2o - 9 (m)+ 2 9 (m). (175?

FCOTNOTE *2. By l, & & and, etc subsequently, without

specifying this, ve understand some functions cf m, which apprcach 0

theaselves vhen m > =, ENDPCOTNOTE.

Taking ¢, in (166) by sufficiently large, we we can here do the

first member is how many by conveniently small as compared with the

second 43,

POOTNOTE *3, Upon another posing of the question, without attaining
(asyaptotic) the minimization of expression (174 in question) [which

in this case is reached by the price of an increase in the nuamber of

g e < p—

g
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used abscissas *M in (135) ), but desiring only as far as possible to
ssooth the values of both members in right side (174), we would be

taken o= :-

Let us note still that the ascending crder in the number cof
interpolational abscissas *y pri, m > =« for the taken apart case

more convenient anything is obtained not frcm (168), but directly to

(165) in the form:
of()]

ENDFOOTNOTE.

Consequently, by designating through ¢ as small as desired,
assigned on arbitrariness positive number, let us have, by taking
into account again (124):

n...<“;—-‘- 1'!:—‘! (m> ma), are)

and ve see directly that the obtained upper boundary for g.~
asymptotically differs how conveniently little from the appropriate
boundary for e.. that adjustable in this case by most precise

relationship (277).

Pinally, substituting condition (166) by less constrained
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conditions (172) and taking, for example, it is

concrete/specific/actual

‘g=q'logm (0 <a<g =g <c.)e9, ar

vhere, as easily seen, (173) and (174) they preserve their form, we
is already completely reached the asymptotic equality of both

cospared boundaries, since arbitrarily the close to unity coefficient

(144 in (176) is substituted by coefficient by infinitely close to

unity.

FOOTROTE 4. In this case in relatiom (175) it is necessary to endow

by divider /denominator log ® but with a sisultapeous improvement in
the numerical coefficient. ENDFOOTNOTE.
Page 34.

2. Case of functions pfx), satisfying the veakened condition

Pinis 1st order (52).

Here ve have accurately (comp. §11):

U= 7‘7. sem=g Tom). - are
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Thus,

hn(%ﬂ-%Q(ﬂ)*‘ !'—;34%9(-!)- 179)

With Q= — we obtain:

2 S
tmn<g|erm+ iz | e =

- (1+5) o= (s3]

(180)

and ve again can accurately state/establish asymptotic agreement with

upper bound for «., adjustaktle by relationship (59).

3. Fhe case of functicns ofx) satisfying the weakened

condition Dinis (127) arbitrary order 32

Here, as can easily be seen from (128), accepting at first

condition (166), we have:

9(gm) = (1 + &) 9 (m). (181)
Consequently,
p..<i a+a)pim + 122 epim). (169)

s tnem— e g mme
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Taking novw in (166) ¢, by sufficiently small let us find, it 1is

analcgous with that, as this vas done in the first case:
ban< 2+ — Lo m>m), (183
%8 log" " m

understanding by § as small as desired arbitrarily assigned
(fix/recorded) positive number. We have, thus, as in the case 19
asymptotically hovw conveniently close agreement of the specific here
upper boundary for Pu N and with the most precise value of upper

bound for e, according to results of §11.

Page 35.

But also in this case accessible the full/total/complete

asymptotic agreement (asymptotic equality) cf Loth compared

boundaries and besides with an advantageous decrease in number N of

interpolational abscissas, if we, substituting condition (166) fecr

(*72), take concrete/specific/actually at least
.4
'-h{: (°<°.<0""¢:.<0.) (184)

vith any ,32 .3,

FOOTNOTE ¢S, In the relation to an asymptotic decrease in the number

of interpolational abscissas here it would be pcssible to go and

I A B - P 4B
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considerably further, reinforcing speed of the decrease of the
Farameter o¢=e, at m > = (especially fcr »>2 - either with
observance (181), or vith the replacement of the regquirement fcr

asyemptotic equality (181) by certain inequality, let us say,
i e, am

vhich, it goes wvithout saying, will make it possible to achieve

further decrease in the ascending crder N and, etc. ENDFOOTNOTF.

The aggregate of the results, to which led us in the present
vork research presented, has nearest value for the questions of
applicationsappendix to the Chebyshev problems proposed by me (see
introduction) the method of the approximate construction of the
solutions of the proonleas of the mean-exponential approximation,
justifying, in particular, the application/use cf an interpolational
version of the mentioned method with the elimination of those
difficulties of fundamental nature, intc which runs the use in of

this kind the questions of some ccamonly used ip other cases of the

methods of the approximation calculus of integrals.

Submitted 22.VILII 1947.
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