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| & INTRODUCTION

Numerical methods for obtaining bound-state solutions of the one-
dimensional Schroedinger equation can be broadly classified into two types; -
numerical intcgratloal's (shooting methods) and matrix methods. 25 The ; %
techniques to be described here belong to the integration category. They
have been testod on a variety of problems and have proven to be efficient
and trouble free in operation. They have several noteworthy features.
They are very efficient of computer time (typical run times will be given
in Section 1V). No difficulties are encountered in converging to the desired
solution in problems with double minimum potentials, even with a very high
barrier between the minima. No overflow problems are encountered in the
classically forbidden regions, so no special programming precautions have
to be taken in this regard. Finally, the methods to be presented here can
be easily and directly generalized to a practical method for calculating the
eigenvalues and eigenfunctions of the multichannel Schroedinger equation. i

The calculation of eigenvalues will be discussed in Section II. The
numerical techniques to be introduced are the log derivative and renormal-
ized Numerov methods. The log derivative formulation has been discussed
previously as a method for computing the S-matrix for scattering prob-
lcmu;ls the renormalized Numerov method is new. The calculation of

eigenfunctions by the renormalized Numerov method will be discussed in
‘Section III. Also, a very useful interpolation formula for calculating
values of the eigenfunctions not located at the grid points will be derived.
Finally, the results of example calculations and a general discussion will
~ be presented in Section IV,
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From u-“*d‘e‘nﬁiﬁ%ﬁ. it {s obvioas that y(x) has poles '&t thémﬁ‘a &‘ﬁi L
-tion. Equation (8) is integrated outward from ’0 and inward from
smmon matching point x, (xo < "M ‘N . Since the ouwnrd
4 solution approaches x,, from the left, it will be dul:nahd by
, ..« and the inward integrated solution, which approuhn from the rl;hz
by vy, (x). The exact boundary conditions are given by Equations 3) and
(4). ln actual numerical calculations, the integration range usually does
not extend from 0 to ® (or == to =), Rather, the points x, thé:“lrc
located in the classically forbidden region on either side of the pamm
‘well and are far enough Irun the chntul turning points so the calcula
.mm- are mmum o the initial values of the ummm st L




first occurs. This is our chotcc for the xﬁiwhlng polnt :M‘ 1

for this choice will become clear later in ﬂggju[cgnlon. The outward
lntuntlon from ‘o to ‘M is then enrted out At "M we luve edeuhhé
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- first part of the procedure is thé bisection method analogous to that

‘'a new trial energy is calculated using Eq. (6). This procedure is lterahd

1+ woot of the n'th segment of D(E), .We MM&OWNM“ fo

function.  These two quantities are equal only when the end:ﬁy parameter
E is equal to an eigenvalue:  The difference . { b TRIET

D(E) ‘c[v,(xu) : v,«xu)l. i Rt e

is a function of E, (Tho factor ¢ it a constant l;lut will be mclﬂcd htn.)
Within some: energy interval around an eigenvalue, D(E) is a well behaved
function of E that is zero at the eijenvalue and has a positive slope. An
ana'ytically derived example of D(E) will be given later., For now it is

: sufficient to say that D(E) is qualitatively similar in shape to a tangent

function with roots at the eigenvalues and a pole between adjacent roots. It

is somewhat analogous to the function F(E) defined by Cooley.‘ The poles

of D(E) serve as boundary points that divide the energy axis into intervals. ,
Within each interval, D(E) is a monotonically increasing function with a :
single root, As a matter of convenient nbménclature, we refer to the energy
interval which contains the n'th eigenvalue as the n'th interval and to the por-
tion of the function D(E) contained in this interval as the n'th segment of ﬂ(t)ﬁ

b

A

A specific eigenvalue E is calcuhted in a two part procedure. The

described previously. The inward and outward integrations are calculated
and the poles of yilx)"‘ara’ counted [yi_"(x)' has no poles]. If the number of = ]
poles is greater than n, the trial energy is too hltﬁ. and, if léss than n,it 1s
too low. ~If the pole count is equal to n we calculate D(E), If D(E) is nega-
tive, the trial energy is below the eigenvalue, and, if positive it is above. ‘If
the trial energy is low, it replaces E L.cnd,lf it is high,it replaces E ; then

un*il the node counts for both E and E are equal to n,which lndlcahu
that both these ensrgies are %WW&@  effergy interval. Wé then ¢ !
switch over to a fast converging numerical method to quickly locate the

this; it is easy to program and has a quite adequate convergence rate. As
amutlon, &nmnrgcucoo{m mmtmqthod s mon ndapd.ltlt : "
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starts to diverge,; the program returns to the bisection procedure for two
more iterations before trying the secant method again. iy 43

In order to obtain a better understanding of this log derivative
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which u}‘co\vﬂmdy‘thc ((cnniuo- of the infinite square well probl o, 10

42

i j formulation, it is useful to examine a'simple analytically solvable model
‘ problem. The simplest bound-state problem is the infinite square well.
a The potential is zero in the interval from 0 < x < a and infinite elsewhere.
:: The inward and outward solutions of Eq. (8), which obey the proper
boundary conditions, are sl : :
¥ (x) = kcot[k(x-a)]
I
! ¥ and
y; (%) = keotlkx]
k| V B .
& where
é | s . k.5 ,(2“5),1!;</‘h.,
k7l ;
-
E | The matching point is deflned by Eq, l(9) where we can use the equality in
‘ * this expression since an analytic solution in not restricted to grid polnta.,
o ‘ Solve for thie point, substitute into Eqs. (11) and (12),and then use Eq. (10)
| to ohtatn
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The function D(E) has all the properties described esslier. The '
roots of D(E) are fairly well centered within their respective energy " ' -
intervals. This would not be the case if the matching point for the inward
and outward integrations had been chosen differently. Let us assume that
this point has some arbitrary value x . - Then the function D(E) would be

D(E) = ck.ln[ka]/{nln[k(x.-'a)]lln[kx‘]}. . (is)

_ It is clear that the roots of this function are still given by !kn- (15); how- L
ever; the poles, which define the boundaries of the energy intervals, are b
changed depending on the value of x_. A bad situation occurs if an inter,,
val boundary is very close to a root. This will increase the number of .
bisection iterations required to establish suitable upper and lower boundl Fin
before the secant method can be uced. In the extreme case where the root ‘

and interval boundary co&qgidq. the method would fail completely.

This reformulation in terms of the hé :derivativef;vould just be an
academic ngrche if an efﬂcient numertcal method for lolvtng Eq. (8) did =
not exist. Fortunately, such an algorithm is avaihbh.yw For <:onvolﬁ«|ce,w
we briefly restate it here and also derive the formula for integrating in the
negative direction (inward integration). The butward integration formula
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In order to calculate s  using aq. (20) we must know the initial um ‘
" This is related Qo &o initial Yllqd 6( tho,m lpﬂngﬂ; V'(tel by &.




. “Bgrdéiite counit the poles ol the log derivative function, we need &
way , to detect thiém. ' THE tarns Gut to be sirhple with the present slgor-, "' &
ithm. It is evident from the recurrence relation Eq.’ (zwﬁnwf i@ coivop
 fairly smooth function of the index n until a critical point is roulml where
i < -1, Atﬂunc:tgridpamiihi a'positive value. This is the '
dincontumlty of the log derivative function which occurs at the pole.
Therefore, poles can be counted by the simple procedure of counting.the . .«
number ot tlmu tha altnatlon z_ < -1 is encountered.
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., factors at x), added as the thtrd term a the nght luud side

The result of doing the inward and outward integrations is a ''right' value
5 _(x),) and.a "left" value sﬂx“h&wm which we calculate the difference
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In an actual calcuhtlon we do not know tlse mn:chlng polnt :“ boforc
hand, Itis detez'mlhad by doing the inwird integration and monitoring the
value of & Tat the even ‘subscripted points.’ ﬁ.n*mﬁmmoaw 20ms=s
even tnteger) first occurs [see Eq. (9)],. the integration'is W% this 458
point is, by definition, x,,. We find it convenient in the calculation to let

. the weight factor at Xng be the same as at’ any other even subscripted point
dees, Wy, = 2 instead of Wy T 1, which is appropriate for an end point. A

correctton for this will be added lner. The outwurd kntq;utloa lo donc
next with the weight factor at *M also set to v = ; The du!onnco
function is then calculated with the correction for usiu the mn; wd(ht S
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ation. - The 'W.KiB. ‘solution *
is obtained by neglecting the derivative term in Eq. (8). The uluuh" =¥
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The appropriate values for =, and N are obulned by substituting these
values into Eqs. (22) and (24). reopectlvoly.
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/B,  The Renormalised Numerov Method «
The Numerov method is an efficient dgorltlan that can be used to
obtain numerical qohmoudnq. (1) © 53 mmtcmumm Ny
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Lt ch‘hd fvmﬂm the derivative n which the error term is of order
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dorlnlnetthnvomthn n u%o,’wuehu h Mcmw
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slight variation of this procedure, to be referred to as method B, will be ]
" described mext. The only difference betweenthe two methods is the way g
in which the function D(E) is calculated. From the definitions of R and s
R, given by Eqs. (36) and (45); respectively, it s obvious.that mm

Ry, = Ky ie trueconly L Ko inan . It follows that the function™ .
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is sero at the eigenvalues. With a littlev thouzhk. one can also be convinced
that the slope is positive at the root, ' Although thumlwm&m 111
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Hl. EIGENFUNCTIONS Y ke

In this section we describe chc tmrmannd Numerov method for
computing the eigenfunctions and also derive a useful interpolation formala.

It is assumed that the eigenvalue has already been calculated, With .
the energy parameter set equal to this eigenvalue, Eq. (37) is solved for
_the values of R, R,,...R), and Eq, (46) ls solved for Ky, H ... %,
(’rhno quantities do not need to be recomputed if they are saved from the
eigenvalue cdcnlulon.) The next .tep is to cncuhtc F n’ Sluco tlu nor-

the wavefunction is arbitrary, let l‘ = l. " The value é"ﬁ ot
- forn <M are calculated itoutlvely using Eq. (36), and the values tot
tA> M are ealcw using Eq. (4s). 'nwem. of the wavefunction:at each
point can then be computed using Eq. (33). o One advantage this procedure
‘““has over a direct tﬁh‘nﬂbﬁ of the: ‘Numesov hmulwﬂ (30), is thet we
avoid any computer overflow problems that could arise due to the expo-
nentlally, ihcreasing nature of the sclution.in the classically forbidde 4413
mm She Bes ” (i (80 o

¥

o
a
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For some problems it is necessary to know the value of the wave-
muwu : pointe otbgt Ahian the evenly spaced gggld points. l‘oﬁ'm
" if we want to huguéo some expression containing the vnvo!\mcebn. ‘such
as a m:tm olo{m‘ut‘og rn?ck Condon factor. by Gsuu qu@tuﬂ. 5?‘ e
wa b must be Mhown st the appropriate Gause. pohtn f‘é x‘” ‘3; ““,
problems it I8 useful to have a simple interpolation formula that will alfow
the m ot tlu wavefunction at an ubltrny point to the same accur-

e g7id polite.  Such'e forinula canibe deélved by

s o

mm»&umdwd.ﬂnth!tmmbm

Asoume that we want to compute the valde of thé wavefunos
I.muhm«nthm‘xﬁmg““ﬁ
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v, = -m3reR,).

Themueatﬁmnmrtor thlafomuh is otordar h‘ whlehuﬂu m;-
the mmnmm omr lt&.ﬁxod value ofxof&o Numom fomnk.” '0
.haw nrlﬁud hy uumaﬂetl e;lcuhtlou: on an example problem M u




IV. EXAMPLE CALCULATIONS AND DISCUSSION

Computer programs employing all the methods described in the pre-
ceding sections have been written and used to solve a variety of problems.
i , Some results of three test cases are presented and discussed in this sec-
o ' tion. All results were obtained using the Aerospace CDC 7600 computer = =
L and Fortran codes.
51 The first two example calculations aze the Morse potential problem
| and the unsymmetrical double minimum potential problem that were dis-
cussed by Wicke and‘quri..-" The functional form for both potentials is
F | i given by :

| V) = D{1 - expl-Bix - x )]}? + Aexpl-Cix - x,)7], 64) |

where the parameter A is zero for the Morle problem. The potential
O parameters and reduced mass are given in Table I of Ref. (6) and also
here in Table I. The integration limits for all calcull.tton- on both prob-

o - :
£ i lems were x_. = 1.0A and x  nax = 2° J6A.

£ Results for the Morse problem are given in Table II. They are pre-
_sented as the difference between the numerically calculated eigenvalues
and the analytic eigenvalues calculated from the fornmltze'

E = 1000(n +1/2) - 8(n + I*IZ)Z,-‘— (65)
!

b The renormalized Numerov®' (RN) calculstion was done with 2049 geid —

3 ! points and required about 0. 73 seconds. The log derivative (LD) method

‘ requires fewer computer opontlon per grid point than the RN, but

requires more points to achieve the same accuracy. These two clhctc
: almost ~ompensate, making the total computation time about the same.

The LD results in Table II were calculated with 2617 points; the time o
: required was 0.75 seconds. Calculations to this degree of accurscy can -
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be dome more:economically by uaingthe Richardson. mmm  aldel

nique. 28218, 1ehag been verified by numigrical ,that the trun-

cation error for both the RN and LD methods is given by

4

AN SR SRR Ecﬂ,cn c -M ; Y "i’cih‘*é‘ht‘* .:.w.‘,”“”;m)
B gl 4o Freem o &

sl b T
AR AE Y

where h is the.grid spacing. This formula is nnd;k.eo; .cmam.l,a.ts.*ﬂl.!'!.hmf

values calculated using several different values ofhtoh=0. Results of
extrapolation of RN calculations using 261 and 521 grid points aregiven in
Table II.. The total time required for this calculation was 0.2 seconds.
Since some integration methods discussed in the literature require .ood
initial estimates of the eigenvalues, ’ 1,3,6 {4 ghould be emphasised that no
such initisl estimates were fequired or used in these calculations. '

A portion of the functién D(E), calculated for the Morse problem by
the renormalised Numerov method A, is shown in Fig. 1. All of then = 2
segment and parts of the adjacont n = ] and n = 3 segments are phuod
The vertical bars at E = 1920 cm”) and E = 2880 cm ™" are the lower and
upper boundaries of the second energy interval.” | DBGT

Re#uits for the unsymmietric double minimum potential problém are
given in Tahle IIl. This calculation was done by the renormalised Numerov
method using 2049 points. 'l‘he time required was 0.86 seconds. These
values dlﬁcr by a small, but olgnmctnt. m?m those om&éd by
Wicke and Harris [see Table I'in Ref. (6)]. Betduse of this differénce we
checked our_results by doing:sa independent calculation with a basis func-

pion method uulmng a 60 term hrnygnlc oscillator mmp

;
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Table Ill. Eigenvalues for the thuunanunru:suilbnu-'ﬁﬂg
Double Minimum Potential Problems
Chﬂnsﬂaﬁuiwn-hqlihi'Rohomnuﬂtlodlﬁunupacvll.ﬁhod‘A.
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‘The function D(mm ~computed for this problem,and it was observed .. .
" that the third snergy: mm is very narrow:: The lower mwmrm il
located at E = 5097 cm” iy lﬂfﬁ. D”.’W et = 5145 Mfgwm T
Because this interval is so narrow, more btuctton ltoutlo;u than us uml
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program oo tlut tlu mtchtng polnt wu locahd nur tho lnnor mlnhmm.

TR T R

In this case tho third cur{y lntorvtl mo mucl\wldct vlth the 1".1} Ll
boundary at E = 4230 em nultlu uppor bonad.uy at E = 6030,cm'

more -ophlottcatod progrun cocld bo wtlmn.which would automi g
locate the matching polnt in the roglon where the wlvdunctlon L mhgy ’ &: '5 :
loc.lised; howover, we did not do this. It lhonld be empluotud o1 BTG
matter how m;-row an lutorvd ia. our procpduro never ulla to converge s

to the dul.rad oi.;cnv:.lno' llmliy ttqulru a hw moro Noqctloa itora-
tions. This u the reason that the double minimum problem nqnlrod “1 !
slightly : moro tlme to aolvo tlun tlu Moru pxoblom. Ina motb cxt?mgi i
test case we shnnd thc Gaunhn ampntd- factor ln tho tal o el
A = 20000, In this case th. n = 3 energy lntprvd was so e&aqgl!ké gw
that convergence was achieved Qnttroly by tho blnctien method; the o :

method was never called into usge.

() The third example calculation is & syminetric double minimum poten-
tial problem. The potontlal. in arbitrary units, is

o wd beaiieb wi G4 susdw
f : :
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Numerov method A, are given in Teble IIL The integre
2.0, the number of grid points was 4001, and the time requl:




cm& #h W!wm values will be almost sntirely by the
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method B as the easiest to
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