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I.
I ‘• INTRODUCTION

Numerical methods for obtaining bound-state solutions of the one-
dimensIonal Schroediug.r equation can be broadly classified into two types;
numerical Lntegrat1on~~’ (shooting met1~od.) and matrix methods. 6-13 L~~S

techniques to be described here belong to the integration category. They
have been ~~~~~ on a variety of problems and have proven to be efficient
and troubl. irs. In op. riticu. They have several noteworthy features.
They are very efficient of computer time (typlc*l run tim.. will ~~~ given
in Section IV). No difficulties are encountered In converging to the desired
solution Lu problems with double minimum potentials, even with a very high
barrie r between the minima. No overflow problems are encountered In the
classically forbidden regions4 so no special progra mming precaut ions have
to be taken in th is regard. Finally, the method s to be presented her , can
be sully and directly generalized to a practica l method for calculating the

14eigenvalues and elgenfunctlons of the multichannel Schroedlnger equation.

S Th. calculation of eigeuvalues will be discussed In Section II. The
numerical technique. to be int roduce d are the log der~vative and r.iaormal-
Ised Nuznerov methods. The log derivative form ulation has been discussed
previously as a method for computing the S-matrix for scatter ing prob.
l.ms;15 the renormalised Num.rov method is new. The calculation of
eigenfunctions by the renormalised Nam.rov inetho will be discussed in
Section UI. Also, a very useful Interpolation formula for calculat ing
value , of the sigenfunction. not located at the grid point s will be derived .
F inally, the results of .~~rv~p&* calculation s and a general discussion will
be prese nted In Section IV.
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The’ 1.~di~~enstonaI Sdu~o.dblgSt !quattoe ean be *rttten In the lerm

8 

- - 

(d2/dx� + Q(x))$(x) a 0, 
- - 

- 
(1)

where 
- 

—

Q(a) a (2,1IN~)(E - V(n)3. (Z)
S.

Tb. potsstial V4z) I. a.sumed to be cap~bla of siapp.r *joss or ~~~ie 

bound .tq~tes. Acceptable b svst çtIOns ar e requi red tob~~

continuous ~og.ther with their first derivatives, sad saist satisfy the
S 

- . •i~ .5

boundary condltiqns -
~ 

-- 
-

•(x)— 0. (3)

If Eq. (1) Is a radial Schroedlngsr equation, the centrifugal POtSatIal Is

assumed to be Lnc~~6ed in V(x) ~~~~.th. bound ary condttlpn al~~~~La rsplsq 

by 
S _SS ~ 5 (

- ~~~~~~~~~~~~~~~~~~• - ~~~~~~~~~~~~~~~~~ 
• I

• ~ I . ?..v—~5~~t :
•(O) a 0. (4)

• - 
- 

~~~l6
The bound-state solut ions of Eq. (1) hay, several well known properties.

None of th. energy l.vel of th. discrete spectr m~ ir. dIgefleTate. Also,

If the .Lgsnva lus. ar e *rrangsd In ascending order, then accord ing ~~ the

osculation pb~~r.m. the function ~j z) corr..pcudlng to the (n + 1)’th 
-—

eIgsfl P~~US~~~ $. a nod.. 
- i - - - 

- -

11 ‘wIll- he sed &~1s b g~~~~~ prz :~tst~sD.-W bri efly outlIning a co...

monly used Intsgratisa msthod~~~~ In nsa co that 1t~~*~ he, ,.u*sz.d to

~~~ forinulatlas. Tb. z coor~~5~~S Is divided Into N + 1 squally spaced

0
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gr id points from x0 through ZN. The sad ~ointt á~~and ~~~a*~ loc*t •~Z~ J~

Inilde the o *astc fly b$Øi sgions ~~~~~~~ $d!~ 4~ tM~ ~~~~~~~ 
•

allowed region. A trial energ y E Is chos.n and Eq. (1) is integrated

numerically. This solut ion is don. in two par$s. an outwar d integrat ion :

starting at x0 and an inwar d tn .gr *tt~b s~~rtIng at~~~. They meet at a

common matching point ZM located withi n the clas~Lcslly al lowed region.

The functloua are normalized ta *(ZM) a l and the differenc e in slopes at I

is used to gener ate a corre ction AE, wIøs~ I. added to E to give an

Improve d estimate of the~~~~env*l%1s . (Tor detail. ale Ref 5. 1, 3 and 4.)

• This pro cedure La Iter ated and usually converges rapidly (quadratic con- •

v.rgence rate)~ t :the-:eig~.flValue~~~ a$i *t Iwvalae to the ~~~~~~~~~~~~~~~~~~

A bisection pro ci~dJe cat ~e used tnt~ts1lt t~ tso’Ie~e. within I i~~~U ~~

energy inter , a slx éle ~~~~~~~~~~~~~~~~~~~~~~ ifl~d~~~~~’cou1I. ~~~~~~~~~~~~~

assume we know two energ ies EL and E~ 
such that the desired et~envs~~e

~~~~~ lIes between them
‘

-S.c

EL < E
fl

< E H. (5)

• 
- 1 

~ ~~~- S 4 ~~~~~ 

• I
s.t the .n.~*y p&ramat V ~~~~s ~~~,0•dt~~~~~~~~~~~n.qus14 - 

-
‘ - 

~~ 
- •

a 0.5(EL +l
~~

). (6)

2 
-~ th.n 40 the L~ward and outward t$.gratt ons and count nodes. li th, *ods

count n1 is greatoW than a e t  g~~t t, and.tf iow~r, si~ ~~~~~~~~~~~~~~~~~~~~ !fn~ ~
it Is not possible t~~i~11w~etl~sr E lids a~àvs or 1.~Owt’  b) th~e lode cà~M~”

In thl?css. 05i ~~~1~~iicca4 or4 è~oz~.ctI~~~~~ 
- 

~~~~~~~~~~~~~~~ 
-

corre ction Lu ~orrect .vea V t h s m$~~t”4t~’ 
is’far~itf. 1~~~~ I~~~~~~~V !

~~

$51 Eli * E,aad,If positIve. sit EL a E. This proc edur e ccav~~~~ 5 lI~~arly

sad Is ilhr.e,dldnffl I ~~~~~~~~~~~~~~~~ -~~~Ii~~~~ ~~I qSM$MIC ~o~~sr$~

bag method ts~~b$ *ied’. ‘ d *  mo.~. da~~tl. ui.~~ti. 4 .)
- - • ‘1 • - • I ,. • S

•l~~~~~~~. 
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The method o~tli~~d abov, can be reforn’~$lated ta~ terntâ of the log~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
In thi. iectto~twd dI.à 1Ib$ 

I -

practical procedure to accomplth~ this.
~~

Th~ ~~~~~~~~~~~~ of~~~ a efunctio*l is, ~~ :defifltti0fl .

y(z) a *‘(x)I*(X), 
• - i-~~~ - (1)

where the prime indIcates diff.r.fltiatiofl wtth respe ct to x. It I. e$fIlY

verified that this function sat isfies the Ricatti equation

y*(x) + Q(x) + ~~~~~ 0. (8)

P ro”’ it. definItIo n, It ts obvious that y(x) hils poles at the -tode. ~Otttà

z
~
tion. Equation (8) is integrated outw*rd from x0 and inward from

—unmon matching po1~~ x~~ (x0 < Since the outward

- .~d solut ion appro aches *M from the left, it wUl be designated by

and the Inward integrate d solut ion, which appro aches from the right.

by y~
(z). The exac t boundary condIt ions are 4ven by Equati ons (3)~ and

(4). In actual numeri cal calculations , the inte gra tion range usua lly does

not extend from 0 to • (or -. to s) Rather, the points x0 and ZN are

• 1~c$t.d in the classIcally forb idden region on either side of the pot.fltt$l

- -~ well and are far enough f rom the classical turning point s so tbe calculated

- 

j .Ig.nvslusi are insens itIve to the init ial values of the wav.functten at

hess points. Any srror introduced by nOt using the cor rect vain, of the

wavefuactiOn at °‘ZN rapidly decays to insIgnIficance as we Ints%~ ate

through the classically forbidden regions. For co~vsate*Ce, we have

choset *0 1St $(z0) ¶*I(ZN
) 2  0. The derivatives i1pI~4~ be *‘(z0) #

• 
•‘(Z~~) ii 0. (or ~~~~~~~~~~~~~~~~~~~~~ vanish Ide*ttc*UV) but are nth*rwtee

arbitrary. The Co,~espOidL1U$ t~~tial viluss for lbs log dsrivsttv$ fu~c-

• t Ion are ~~ (Z~ ) a . sad a -a. Other authors2’ 4 use the epproni-

- i mats W. K. B. solution, at zo and ZN. This choice will be discussed In

H — _ _  

_ _— • -
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more detail at the end of the sec~~~~ An e~~eption 40 t~~ ~~~tbod 4esc rIbe1~~~~~~~~~~
above oçcur * t~ tb csse of s-wave bound states in an attrac tive potential 

S 
-

-

well which has no abort range repulst~ t. In this case tliire Is no classi-

cally forbidden region to the left of ~~I potent ial well and so we must Set

= 0 and use the exact boundary conditions. 
-

The inward Lnteg;at lon Is done first and stopped at th. grid point

where the rel$ttOn • 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ I1I
• 

• first occurs. This Is our choice for the matching point ZM. ’7 The reason

for this choice will become clear ~ater En the discuis Ion. The outward

integrat ion from x0 to is then carr ied out. At we have calculated

a “left ” vølue , yf (x~~)P and a “r~ght” valuf 
~
‘r~~M~ °~ 

the log derivat ive

- • • - 1~— • - - 
- 

-

- 
-

• 
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functions These two-quantities. -are equal only when the ens r~y parameter
• E is equal to an elgenvslue. The difference - • - -

-
~ •-~~~~~

- • • -~ 
:--- 

~

• D(E ) 
~ c(yr (]

~~ ) . y1(~~~)]. 
• 

(10)

• ~~- 
.- - S S~~

• - - •

is a function of E. (The lector c L~ a constant- that will be specified later. )
• I Within some- energy interval around an--etg.nvalue-, D(E) Is .a well behaved

function of E that is zero at the e~~edvalue and has a positive slope. An • -

- - 
ana~yttcaUy derived example of D(E) will be given later . For now It La
sufficient to say that D(E) is qualitatively similar in shape to a tangent

• function with roots at the elgenvalues and a pole between adjacent roots. It
- • 

S 
is somewhat analogous to the funct ion F(E) define d by Cool.y. 1 The poles
of D(E) serve as boundary points that divide the energy axis into intervals.
Within each interval , D(E) is a monotonicaily Inc reas ing funct ion with a

• single root. As a matter of convenient nomenclatur e, we refer to the energy
inte rval which conta ins the n’th etgenvaiue as the n’th inte rval and to the par-
tion of the function D(E) contained in this In terv al as the n’th segment of D(E).

-
. • A specific etgenvalue E~ is calculated in a two part procedure. The

first part of the procedure La the bisection method anal ogous to that
described previousl y. The inward and outward integrat ions are calculat ed
and the pole s of y~(4’sre couflted [Yr (*) has no poles). If the n~imbár of
poles-is gr *ter than fl , the trial energy is too hlgh,and,Lf less than ’n,tt is
too low.- l~ the poll count Is equal to n We calculate D(E). if D(E) is nega .
tive,the trial energy Li below the eigenvalue, and, Lf positive it Is above. If
the trial energy Is low, it replaces ELI IAd if it is high, it replaces EH; then
a new trial energy is calculated using Eq. (6). ‘I bis procedure is Iterated
un~U the node counts for both EL and E~ are equal to n,wht ch ind icate s
that both these enargie s ar e with iflth~~~’thàergy intelvat . We then - -

• switch- over to a fast converging numerical method to quickly locate the
- root of the n’th segm~~t of -D(1). - We h$yE i~.ed t~~ - secant - method18 for

this; It is easy to program and has a quite adequate convergenc e rat.. As
- a precaution , the coaver $ence of the s.cant method is monttored,and, If It

.0 I .  • ‘ ~~4.)•~s • S -  • S . ~~~~ - - - - /~~~~~~
S -

~ •~~~~~~ - .1~~~-’ - -

-14’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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starts to diverge, the program retu rns to the bisection procedur e for two
more iterations before try ing the secant method again. - 

- 
. 

-

In order to obtain a bette r understanding of this log derivative
formulation , Li Li useful to examine a simpl e anal yt Ically solvabl e model
pr oblem. The simplest bound -state problem is the infinite square well .
The potential Is zero in- the inte rval from 0 � x -� a and infinite elsewhere.
The inward and outward solutions of Eq. (8), which obe y the proper
bound ary condition s are - - -

p (x) = kcot[k(x-a)] -I l l )

and

y1 (x) kcot(k xj (12)

where

k (Z,j E)U2/t (13)

The matching point I. defined by Eq. (9) where we can use the equality in
this expres sion since an analytic solution La not rest r icted to grid points.
Solve for th is point , subst itute Into Eqs. (11) and (12) and the n use Eq. (10)
to obtain 

- - -

D(E) = cktan(ka). — (14)

The roots of this function occur at the energ y~values

- 

~n ~,,Z Z IZ~~Z)~J2 
- 

n = L 2 . ~..- - . 

-

- 

~~5)

which are obviously the eigenvalues of th~e Infinite square well problem. 16 
0

-12-

_ _~~~~~~~ ~~~~~~ ~ . — —~~
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The func~tton D(E) 11. ali the pto~lrttea deict1b~d earlier .- The

roots of D(E) are fairly well centered within their respective energy - ~~- -~~ -

intervals. This would not be the case if the matching point for the inward
— j and outwar d integrat ions had been choSen differently. Let us assume that

this point has some arbitrary value x~~. Then- the function D(E) would be

D(E) = cka in[ka]/{stn[k(za_a)]sLnI:kxa]}. - (16)

- It I. clear that the roots of this function are st~U gIves by !~~. ~~~~~~
ever~--the poles which define the boundaries of the ena rgy inter’y$~, ar ~~.
changed-depetidLn~ en the value of Zas A bad situa tion occurs if- an Lnter~ , 

- 

- -

val boundary is very close to a root. - Thu wUl increase ~hc num~be,; ~~ -~~.

bisectio n iteratio ns required to establish suitable upper and lower bounds - -

before the secant method can be zed. In the ext r eme case where the root
and interval boun dary coincide , the method would fail completely.

~~~~~~~~
- :~~~~~~~~~~ j

This reformul ation in terms of the log derivative would just be an
academ ic ~~trc .ise If , an effic Lent numerical method for so1vLn~ Eq. (8) did
not exist. Fortunately, such an algorithm ii ava11able.~~

5 For convenience,
we briefly restate It here and also derive the formula for integratin g In the
negative directio n (inward Lntegratiofl). - The butward integrat ion formul a
Is 

-

S 

= fl + hy~ •
1

-) ’y 
~~~~ 

- ~~~~~~~~~~~~~~~~~ — (17)

where h i s  the spacing between the M + 1 grid points x0, x1, ... x~ and
• I - - I - - - - - 1

Q~x )  : - . n 0 , Z ,4. . .M
- 

- - a 
~~~~~~~~~~~~~~ ~~~~~ 

- - - - -
~~ 

-
~~~~~~~~~~

-
~~~

• -- - - •
~~

-
~~~~~~~~ ~~~~~~

Q f l~O.~ •U~~ts $F~ . ;- -
~ - - --4k - - - - 

- 
f-,, 

- - -
~ ~~~ *Q

- - 
- ¶ l~~ ~~f~ Q~~

) ] Q tç)- ~ñ a I~3,S-, ~~~~~~~~ ~~~~~~
; - ~ 

-
~~

- — 

~

• 
- 

- - - 

~

- - - 
- -  
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The In egrattO *Wei&k~ 4$GtO t~. W~~ 
as ~fl the Simpson lute-

gratIon rQiS. i1~~.* -~~ 1 , ,  - - \ ~~~~~~~~~~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~ - - - 
~~~

• -~

-
~~~~~~~

I ~~~~~~~~~~ 
S~~4~l -

- :~1~ -~ - - ‘ - ~T~si ~~~~ 1 — ~ - - S

•f~~~~~~aQ. M

~~~~~~~~ )Ij ~~~ ~~~~~~~ 
14 - i  ‘

~~n a ~~~~~~~ . 
- - 

- 
- , , (19)

12 . n a 2 , 4, . . . M — 2

Just as in a Simpson integrat ion, the total number of grid points must be

odd, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S

appro ximat iOn to the log derivative ~*(X~) en1V at the ft.al 4bt.gra t1~~ petit

n = M ~h~re the weight f&CtOr tS WM 1.1 -We csn uve one muIt&plLcatt0I~~- - 

-

per step by .olvtng the q~~nttty~*~~a 
~~~~~~~~i 

MaklplytngEq. Ø7) b~ b - 
-

gives

a (1 + s~_~
) ’s

~ _ i - 

I I  

(20)

The log derivative at*~~ can then be calculated In a final c&IcUl*~tDfl

-
- - ~~~~~~~~~ 

-~~~~~ 
-~~~ - - . - -  

~~~
• . - -

- y14*~~) a h 4.~ ?

In orde r to calculate s~ using £q. (20) we m ust know the *1t11 term

This Is related to the initial talus of the log dmrtvat~Lve, y1(x0). by the

formula - 

- -

~~~~~~~ 
a - (~./3~~(*~)), (22)

- 

We prevks*h specified the imiltial v*lw . to be y1(z0) 1k Therefore .

~ 
-i assum ing Q(~c0) < +. ;  s~ a •  (Tb. special ~.i 5tetS, *ttrstttve C0U1e~~b

potential caps can be caicelited b~ ~~i~~ L$I~~~~~OaI4%tr. ii x —e 0, and it

can be shown that for reasonab le values 01 ~~~~e also obtain 
~o • ~~

z0 .0.)

4 
— 

~~~~~~~~~~~ ~~~~~~~~~ 
—

~~~~ ~~~~~ 
—
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In~*dëP-~tb coUnt the pOie.~of the leg dertvstlv.lufletielh we nø ds -

way to det CtthiUt.~ ThtS turn. -ónt 1to be- -*bñ~l~ with the pt eSe*t Mjot”.. ~~~
- . -

ithm. It Ii evident from the recurrence relation Eq. - (ZO):- tbst-~~ WI
fairly smooth functio n of the index n until a critical point is reached where

< -1. At the next grid point &~hsi a.5pQSit1vó
~~

*hle. This is the -

- discontinuity of the lag derivatIve function which occurs at the pole.

Therefore , poles can be counted by the -eIn~pIe -proceênre of- countlng th*,

S 

-
- number, of times the situation s < - 1  is encountered. 

- 
- fl ~~~~~~1~~1 I  - - ~~~

• -  - - - 
.

- - -

Th~,”Lnwaxd g~~~on” - ;~cu.riLOi forr fl% *4$ can b~~o~~atng~~by 
-

changing ~~‘ 
sign *1-band sIso. i ’~~”gtig-fl4~~~ Ikfl Lu Eq. .(1~7L.4 . ~~~~~ -~~~~

-
~~~~~ -:

-
~~~~ this w. ~~~Iu the 1orn~u1* for % * hy~ - 

- - . -~~~ - 
- - 1 -~~ S

* ~ (1 
~~~~~~~~~~~~~~~~~~~~~~~~ 

(23)

0 
Tb. initial term for this Inward Integration ts It Is related to the ~~~

dertvstIv.. 7~(Z~j), by the formula 
- - - 

- 

- - -
- 

-

a h ( x ~ ) +  óI/3)Q(x~)). 
- 

- - - ‘ -

We previously specified this boundary value to be y~(x~ ) a -0, Thus,

assuming Q(XN) is finite, = -.. Just as Lu the outward lnt.gratioi~
formula, tb. total number of gr id paints muit be an odd integer. SInce~M

is an even ‘v~a1ued integar, It follows that N Is also ’ an even v*lue4 .m*tsg.

Ths w.ight fsctors are -
4 ~

~~~~ ~ n N.M 
- - - .‘. -

111  r :  I 
- 

~ 
— -

~ 
- ,- ,1- 

~~~ 
- •I ~~9~IW -~. - 1. b- ~~ ~~ 

I. • • ; 4  
-

- ~
•

. • ! -‘~~W~ ~ . .~~r . ~(4.’• *-~- .~ ,~~~~ •~~~ s ,
... PS)

I r ~~ 
~~~ 

bgN *2~N.4~,..~ M2 1 1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-

- - - ~~
- - ~~~~~ ~~~~~~~~~~ - , -

~~ ~~~~~~~~~~~~ ~~.. ;,~~~~~
- 

- - 

-

*iI~- .

~~~~~~~~~~~~~~~~~~~~~~~~~~

— 

_i1I
~1

_  
_  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-

S 

- :‘ 

~~~~~~~~~~~~~~~~~~~~~ 
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- 
The result-of doing - tbs lanard a uLwaXd nteg~at Ioi . 4 , a  “rjg)*’! vaine

-1  s
11
(it~~) sn4.& 91eW’ v~1u. *(*~~~fruiu WhICh WC Cakul*~~j the dWeren’. -

function DJ~ )[~~s q. (10)J - , .  ~~
-
. - - - 

- - - - - -

a ~~~~~~~~ s,(ZM) (26)

- 

- - - - - 
- - - - - - . .

The coi~ltaflt c-In Eq.~-(lO~h s b e e n $et eqU*t tO h. - -

— 
In an actual calculation we do not know the matching point 5M before

hand. It ii dèterfldned by dotflg the - ifl*~~d Int.g rattan and monitoring the
value f à ~~~t the even áubscrtpted potnts. - -WbeO -the éondItton z~~~ O (~~s

- - I - 

- even Integer) first occurs [see Eq. (9)], the L~tegratI~n ~i sto~~ed -~ t this
point is, by definition, ZM. We find It convenient in the calculation to let

- 
- the ~w~ight factor at x~~ be the same as &t Sny othe r even qub.cript.d point

i e. , WM = 2 Instead of WM = 1, whIch Is appropr iate for an end point. A
- 

- cOrrsct~on for this will be - added later. The outward integration is ~~pe -j 
-

next ,Lth the weight factor at XM also set t O W
M 

= 2. The dtffer.uc.~ ()

S funct ion is then calculated with the correction for using the wrong weight - 
* 

-

-
- 

- 
factors at 3cM added as the th ird te rm on the r ight hand side

j3

- 

- - 

~~~~~~~~~~~~~~~~ 
2 /  

- 
- 

- 
- 

- 

- 
(27)

if the end points x0 and ZN are located far enough inside the cjasst.
cally forbidden regions, the tnltlal values z~ and are Lmnmatartsl since

~~~~ I — ~~~

any error rapidly decays to ins Lgntftcance as the integration progr sps. ~~&� ~
through the forbidden regions. Under certa in condit ions, however , it

- 
- - 

- desirabl, to reduce the initial error ap, much as possible. An ~~~~~~~ of
- 

- such a situation Is when the algenvalue Is very cl4s. to the top of the posse.
tial wail. In this caa t~~ error 1.à ~ii slOwly a. we I$tng rat. through the

- 
cla..lcsUy for~~~den r*gL.i., 3T~e pJ~~ a gpod i*ttLs.1 estlinat., the Interval

- 

- 

- 
- 

-
- 

~~ LntegrM1On required for th. error to become Insignificant Is reduced ,
- thus, saving cicinputar time. One method -of calculating good estimates of

- -
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~~~~~~~~~~ ‘7’ * 
-- - - -

- - -

F:i

the inItIal ~~~~~~~~~~ ~~éW. cK. B.~*pprcátmstLon. - The-W. K~L oulution

-~~~~ is obtained by as~lecttng the derivative term In Eq. (8). Tb. re sulting -
~~

‘ 
— ‘

W. K. 8. ~fi~Ltt,1-~,alues az. : -  ‘ 
- - — ,

, 
-

-~ ~~~ 
= t_0(~o)1~~

2 
- - - - 

-128)

and 
S - -

- 

~~~~~~ 
,. [LQ(x~ )J 1/Z - - - 

- 
- 

(29)

The appropr iate values for 
~~ 

and are obtained by substituting these
values Into Eqs. (22) and (24), respect ively. 

- 1

4) - - -B. The R.normalised Numerov Method - 
-

The Nuai .rov metho d Is an efficient algorithm that can ~~~~~ . used to
- obtatn aaiiii.w~tàaI sOlutions of -Eq. (l-)~.

19 The-bas ic -formulø Ia the, tbr. * - -

term recur reace relat ion - - 
- - - - - - - ; - - -

- 1 15 ~ - f 1 ~-. 
S - - 

- 
- , . - - - - -

- Tn+i ] n+i - [2 + lOTn]*n +,~S(i - T~~1~*~~:1 z - -(30)

— ‘“  where - 
- - 

-

- 1  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~—‘ ~~ i~~(*~ )~~- - ~ -; - - - -

~~:,and 
- 

- 
— 

1 -

- 

-

~ 

* ‘I~ a~- .r(h~/~12~Q(z •~~
- - - I - - - 5 4 1  -~~~ 414~~~~ 143Z)

~ : ~~ 
~~~~~~~~~~~~~~~ 

.,~t.
_

.__._l ________ — 
-~~~~~~~

-.—--•—-. 
________ ~~~ ,e —
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H.r.hl. the .pecing between tM~~r$point. and Q(~) i ~~d~fiued by 5
- -

- S •~~~~~~~~~~~ ’~ ~~~, 1 s S -
- ‘ 5 ’~~~~~~~~~~ . ;

- I The renormallsed Nomerov algorithm I. derived 1r~~~ Eq~ (3D) by ~ -

making two transformations. The first transformation20 consists of *

- definIng the quantity -
- - :  - 

- -- 4

= [i - T ]* . (33)

and substituting into Eq. (3O)~ TM. gives

F - U F + F  = 0  (34)nfl n n  n-i
S “~ - ~ - - - - V - - -

where ‘ 
- - - 1 , ?  - - -

(1 - T~Y ’(2 + -lOT ). - 

~~- - ~LL~- 
- - (35)

- - - - - -
~

- c, nItrL~i f ’  - - - 
a

The adiantage of this transformation is that one lus multiplication per - 
4~~I -: - 

- 

- - -

step is necessary to calculate F~ than ø~. The next translorrustion Is -~

commonly used to replace a three point recurrence relation with a two - - 
- 

- -

- point relatiofl . 21 Define the rat io

= Tn+i ’Ts’ - - (36)

t 
Bubstitute this Into Eq. (34) to obt~Ia tha two term recurrence relation

a ~~-(37) 
- 

-

- - -

~ 
can also be ezpmeed as a ec*U*sId fractioD - 

- 
-

(
-

-

- _ _ _ _ __ _ _
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5 1 .  ~~~~~~~ (3$)

• ~~~~~~~~~~~~~~~~~~~~~~~~ a-I - ‘‘ ! - 1 ~C - - - 
- .

‘

~~~~~~~~~~~~~~~~~

- 
• 1 - -

. --~ 
-

Tb. quantity R~ Is useful as we will soon show. We prefer to calculate It

instead of F b~cause uniL e this quantity. It does not grow ãpcsenttally - -

in th. classically foj~~~~,n regions. 
- - - - -

EqqiItIo$~~~
?’

~~ ~~W)cs t~~ initial, value P~ L~~qscIAed.

The v & ~l~~~mót~~ j adItIo,~m ~(z0) a 0 and ~(~c1) ~ 9 Is -

•.. U the ~~~~~~~~~ any point z~,ths qua~tlt1~a Pn sr*d

- sr,~~~m.d. a~~V~~~ -~~tb~ ~~ a dIUonsl calculatiene. Trc~~ - .

- - these quantit l !* sad ~~~~~~~~ (36) a*d (33) ws ca~ csk$~~s d’t-wsvg~- -

fonction at ~~t poInt. z~~1, ~~~~~ and to within a normalisattos factor

N, . :~ 
~

- 
- - -

- - - -  - , 

. 111(1 
~~T~~ii

) ~~~ 
- 

- - (39)

a 14(1 ~~~~~~~~ 
‘ (40)

- 

- 

n—i 
a N(1 — t ir~R~~r 

(41)

In this sense, - we are calculating a r.normsltsed wavefunction at each ~~~~~
This Is the origin of the designation “rsnormalised Numezov’ method.

BlaSt4 has derived ~ fo*~nula fo~ cc uting *. derivative of the
wavefunction at the point z~,

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~— - 
- -~ ~~I ~~~~~

- - 
- - 1:5 -~i - -

~~
‘
~~ b ~~-W

-- ~ ui~~&- vui  ‘~~V -. (fl~Z~ T~~ j ~~~~~~~~~~~~~~~ ~~~~ ~~~ ~~(4Z)
I’ I ~ ~ ~~~~~~~ x ; 

~ ~~~ft ~~ Is  L

d.ri~ thn ~~i&t i~~~~~. ~~.

of order k~,wbIcb Is poorer than the ordi,~1 S~~àr ~~ ~~~
Loruals. Because of this, also derived another slightly more
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:1 ~
C)- 

-

complicated formuli~for ~~.4~~~uttve Lu ~btch th~ err o! turn Is of ordera9. Sloan, 2 howev~~, hiS abói~~ thit th*-ci~~ u1&ttve Oror of the Numero,
method at a fined value of z Li of order h4. Therefore, It appears that
Eq. (42) 5shquld probably give all the sccurscy possible and nothing would
be gaL~,id by using the 9’th or$~iorn~~ a. ~~~te~.t~~~oth methodspm.S 

‘~~ ‘ - - ‘I~~~~ ~~ - - - I S~~~L,. -
~~~~~ 3 -  ~~~~~~~~~~~~~~~erLcally on a simple problem and found thu ta bs ca..~. ZXILSISUK tar

the first few iterations , the 9’th order method gay, much more accurate
re.ul~S * c ~ t4Z).~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~ aft.r tfltigMffi~ 6~iSt~0ily i~~~~ll - -

Interval th~i ~~~~1a~*o 1~r~’or In ~~~ N~the~8s cIlcW$~~d Wsy,~~actI0O
~ gft ~~~~~~~~~~~~~~~~~~~~ 

~~~~~ ‘sill ~d the ~~~0*’~~ do*4~att~~$wos -
f -i about th1 ilme~fbr - bothf $- ThrSfor~~~W~ eóOOl1~. i t e~, ‘.iftp4u : 

- 
-

~

forma*1*. Eq. (42)~, gives all the ~~~~raey X~,.tMé $$d~*é~~,. It
The derivative of the wavefunctk*ii at the poLI* ~~ can bd cs~culst,d

to with in the normallsatj on factor N by sub~tLtutLng Eq.. (39) and (41) into
Eq. (42). Then divid, this ~y the wavef~~ctton 4~ given by Eq. (40) to- 

obtain the log derivative ~~~~ [lee- Eq. thI. Th*uarmallsattout factor N
- - ‘  - -cancels Lu th. numerator and denominator and th. result Is -

1 _ i_ , - -

- 
~~~S y,(z~} 

~~~1~~~~Rn A~ _~1%~~j (1 - T~) (43) 
-

w~~z’a . - - .- ~u ~ v~ci~ ~, ~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~~ - 5 , - —

~ ~ ~~~~~~~~~~ 
I ~~ 

1

5 , - 1 - 
~~~ ~~ h-~*v~ --i - ~~ ~~~~~~~~ i S ~~~~~~~ (44)

- ~~ - - ~~~ ~~ ~~~~~ f~~s - - - -

Althou gh we are only cons id.rlng single charnel bound stat, problem.
In th i, report , ~ (a ~~~~~~~~~~~~~~ t~~t th~ r.O%fl~1J~(n.d N-~ nerov tormu~is. sr. easily g~n.ra teed to a multLc~,a,nl matrtz forznulsttco. In panic
ular 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - :C$t~~~~~~msttt*c,~~bs 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I ~ -tr&~d’~ ~~~~~~~~ -

~. 
-
~ 

_ -~~~)_‘~-c~ ~~ 
- 

-

I 
~I ~~~~~~ ~~- i ~~-~~ ~~~~ -i~~ ~~~~~~~ ~~~ , ~~~- -. 

- - i,, ~~~~~~~~~~

P1

I - ~~~~~ ~~~~~~~~~~~~~~~~~ - 

- -.-

~~~

—-- - --
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I 
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- 

~~~~~~~~~~~

0
- -~~ :- - Equ$tt~~ 34)~can~$ Lt.r~~~4 Lu t h er. !.!.. d .ctIos~(L....-~4icr.ss-

Lug indei zt) si. well a~, the fo~~add directIon. For th. rover.e Iteration It
La conv~ntei~t to redefine the ratio (as. Eq. (3~~ - 

- - - - - - - - - . : 
-

— - ~~- ~~~~~~~~~~~~~~~~~~~ - - 
~~~~~~~~ ~~~~~ - - -  

- - - - -~ - ,  - - - 1- - - - -

* ~ç~l/F~, 1 (45)

1 - 
- ~~

— -~~~~~~~~~~~ : - -
~~~ - , ~~~~~~~~~~~ - I ~~~~ ~~~~~~~~~~~~ - : - - - -~~

whe$th1PtUd LS used to dtUtth~ULSh tht* -ratio f~~~. the * 110t14 (36)}-- ;~~

u sd~~ *th- iO~~s* Lter*tt~~~- S~1bitLtutthg this tnto Zq. (34)~ ‘wu gl~Ø -

the two term recurrence formul a

- 5

~~~~ 
u~ - -~;~:1. (46)

ThIn~fit~~~ & 1cad he -~ S**tet Ofl~~-4h. Initial - vsluei
* ~

ta~s~~~j*ld - - -~ 
- 

~~~~ -~ 
-
~

- vslue-thst-~e~~rei pa~~~ tO:*~~~) *0  a *(z!~~l*#- O ia- -c ~ v Th.- o*L~-
0 stLo~~ t -thS formula forth. log dertvMive it similar tO~~~~~I 4antva., - - -

tion
~
d’

~~~
.
~
’(43). I Tb. result Ii - - - - -

~ 
- - - - - -  - 

~~~~~~~~~~~~ -~~ - - - -

— 
~~~~~~~~~~~~~ -~~~~~~~~~-~~~~~ ~~~ ~~~~~~~~~~ - - ~~~~~~

h-1EA~+1~~;~1 A~ _ i~~n1u1 - T ) ,  (47)

whore An is defined by Eq. (44) As the Inward IteratIon of Eq. (46) pro-
ceeds, the value of the ratio Is monitored. When the condition 1 t~ - -

first occur.. Sb. Iteration is stopped and this point is, by definition, the

~~atchLeg point ZM. This a ; sly Sb. po.ttt~~ ~ther. the first
derivative of the wavefu’~ct1on Is se*o, ‘which t~ the sam. coaditton implied
hp Eq. (9).~ Tb. outWard Its ratiso from ZA to *~ Is carried oat ue~~ -., -:~Dur-
Lag this caicid&t1~~ the ~e~~~$ ~1 ~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~ ~
Located bstWsan and x~~-1 will give rise to the condition C ~~ Thn.,

- 

- 

-
~ 

~~ order to count the sumbor d~~~u bi the lnter vhl from in x$4.ws 
-

- 

- moaltor Rn from 1 ~~a ‘M-1 and count lb. dumber of times It I• negative.

- 
Tb. ets~~ D(B~I~ ~~~~~~~~~~ s~~~~I**~~ZØ~143) ~~~~~~~ - - -

- ~~~~~~~ - - ~~~~~~~~ — ~~~~~~~~
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Tb. procedure outlIned above will be referred to as method A. A

- 
- 

slight variatIon of this procedure, 
- 
to be referred to as method B, will be - 

-

- - described nent. The only differoacs bs~ween the two methods is the way -

— In which the function D(Z) La calculated. Fr om the definition, of R~ ~~~~~~~~~ 
- 

-
-

I 1n gIvsu~bp EiqL -436) and $5)~ reapectkyely, - -Lt I. ob$ou.*st ~~~~~~~~~~~~ 
—

RM a 
~~~~~ 

L s s l y : : U ~~ La~-an ~ gsnvsl~rs~- k .tb$ th. f%Z~~tID*3 
- -

~~(E) cf~+l - (49)

is zero at the etg.nvaluea. With a litt le thought, one can also be convInced
that the slop. Ispealtive 1 the-root, I Although thia—fw~c*ion Is~ ot; qu$4o , - -i . 

-

the one defined by Eq. (48), lb Is very ~Iai1lsr La sba~~ ø4 barn a~L the pro-
portion mqutro& for the calenl$Ion O1*S.Lev*1**s.- Inf*ct -~~ Cib be-.~ I 

-

shown that the two functIons diffe r from each other oaiy~bpS t~~1fl Of o*4r: - 

~
- —

h2 ThIs follows from Eqs. (32), (33), (36), and (45),from whlch w. obtain 
-

-
l + hy1(x~) + O ( h2) 

-S 

(50)

- 1 1 - 0 .~~~ 
- - :. - - - 

- 

~~IJ - - I

S 
- and - - H -  - ._ (~~

I
~~~~~~~~~~

- 
~~~~~~~~~~~~~~~~~~~~~~$~~~~~~~~~~~~~~.ttL-’ -

- -  
~~~- -

S - - - -
~~ S~S~~ ~~~~) ~~~~~ 4~~

i
~~~I - •~~~:1 I —

- - - - 

I:~ 
~~~~~~~~~~~~~~~~~~~~~~ 

- - 
I

- 
-
~~

-- i  - - ‘ ~~I- . - I. - . ~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~ ~~I - ~~~~~ j - ~~~~~~~

- - _~~~~~~,_~~~; - R 1  ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

8sbstltutIng~hp. Into Eq. (4* and ~~tn~ Eq. 0)w~hc  ~ h gIve.

-~~~ - - i~ S 
-~~ S -

~~~5W ~~~~~~~~~~ 

- 
-

-

~~~

- 
H : 

-

~ 
- . ~~~~~~~~~~~ ~~~~~~~~~~ - - - - -  02)

- -~ - ~~~~~~~~~~~~~~~~ - 
- 

~~ ~~~~~ -~~~~~~-~~~~~ ~~~~~~~~ - - fr ~~~~ - 
- - - , - - - -

~~~
-
~ ‘1

Me* 4 A ~~~ * s.am ts *oskaqueAly ~~~~ 1de~~ lIj~M the
that It I. slightly seal., to program Sb. calculation of -Eq. (49) than Eq.. (4I)~- C) - -

— -
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~~ :-~ 
— _ _ _ _ _

-

~~~ UI. ZIGENTUHCT~ONS - -i 1 .

- - - Zn this section we describ, the renormsllz.d Nom.rov method for
- 

computing lb. .Lgonfuncttonà a~d alo  dártvS~a useful Interpolation fesmula.

It Is aesemed that the elgenvalu. has already be,~ cMcula .4, W~L$~ —~ - 
-

the energy p.remet.r set equal to this etgenvslue, Eq. (37) I~ solved for
: 5 J  the values of R1, R2 , . . . R ~~ and Eq, (46) Ls soZved for L~~1, Ld z,...L~,

- (Thea. quan tities do not need to be recomputed if they are saved from lb.
.Lgenvslue calculation. ) 

- 
Tb. ne* step is to calculate F1,. Since the nor-

inallsation of wavsl sctton Is srbLt r~~ 1~t T M
’ a i •  ~~~~~~~~~~

- 
S 

- for-n C M are calculated iteratively using Eq. (36),and the values for
- S 

~ -0> hI are cak$Otsd usLn~ 
~~~~

. (4S). Th.~44ui of thè-*avk,function st each
- - point can then be computed using Eq. (33). 25 

~~~ advantag , thIs procedure
- 

~ ha. over a 4L*ict integratiOn 01 the—Na rOt 10rmo1a ,-~ Eq (~~~~~~
),- - 

Is~ a1~èt we
- 

avoid any computer overflow problems that could ar ise due to lb. .zpo-
uentLaIIyoIA~creaains nature of the solutlon Lu.tbe c!ag. y f , dd,e , 

~~ -i - 

-

:~4 0 ~~~~~~
- I For sam. problems LI Li necessary to know lb. valu, of the wave

~:-~~~nCtlosM;PbI~~s.Otbsr th~~ :%he *Vei*1,.Piced g I d  ,QlfltI. F9~~e*au~~te~
• U we want to Integ,aé. some ezpzesslcn containing the wavefunction, such
as a matrt* element or Tre nch Condon factor, by Gauss quadrature, the - .

I — ~~~~S-~ ~~~~~~~ 1 .~~~L 1 1 - 5~~~ 
-

- - 
~~~ ~~~ -~~ ~~~~~~~~~~~ 

- -

wsvezuactton must be known at the appropriate Gauss -polats. Por the 5. 
-

- ptob&em. It IS useful to hsve a simple Interpolation fo ia tbat iiili àii~w~
1

- S lb. calculation ci the wavefuaction at an arbItrary point to the same scour.
~~p as It I. the g*Id p.lái.. $uC~~~ f~óbutl a c.n~b0 d~~W d Iby
reasOning simUs, to that used to deri ve the Numerov formula. -

~ Assam. that we want to compute tbsvsWe of ~~~~~~~~~~~~~~~~~~~ 
-
~~~~ 

-

point z~ whkh Is between the two grid point. z~~~ and
— 

~ tF~ ‘ I I  -~ ~
‘ ~f l

- 

*1 U % + ‘(l .*)h (53)
- 

~~~~~H1 ~~~~~ ~~ ~ ; t~ -b ~~~~~~~~~~ ~ 
- , 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
- 

~~~~~~~ ~~~ ~~~~ 1 -, ($~4) -

~~~~ ~~~t J-f t 4~3~± S
~~~~~14 ~~~~~~~~~~~~ - -c ’ i:’-~i ~~ ~~~~~~~ 

-~q-> - ~ - 
~
‘ -‘~ tT

~~ ç— — — —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ —
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U

S where -c~ . - - -
- - 

- 
- - - - - -

- - 
- ~~ S ~~~~~~~~~~~~~~~~~~~ ~~~~~ ‘ - - - - - : -  -

~ ~~~ -
-

b . = x - z  , a~d 0 �c~’l. - 
(55)

- - I - - - :  — : - - ‘~~ ~~~-~: -  - - 
- - - i -  ~~ -~~~ -~~~~~~~ - - - - 

- - - 
~~~~~~~~~ ~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~

For c~~v.ntenc., d.fth e : - - - - - - - 
- - 

-~~~~~ j - I

- - - - - 
- - - - - ~~~~~~S 

- - - -

S 

- 

- = (1.5
~~~)~ :~ - - - 

‘ I -  

(56)

Make ~ Taylor expanaton of the wavefunction ar ound the point ~~~

- *1 * + + -Ø2a~j_z + -
: 

- - 
.: (57)

- - - 
- -~ _ - 5-

- 
- 

- - - - - 
- _

; - ‘-  
-  

~i1

~ *~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

- - - - - : - - - 
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Here O(h4) r. *esifltS I~ ártn Of à*der h4. ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
“

Eq. (5$) by~i’~~ and add .1

~~~~~~~~~~ ‘ ‘
• _~ *~~~~~)~~~ - +  (h2

~#2W~ + (~
i
~) (h316)*~’~ * O(h*)*~h1*. (59)

Differentiate Eqs. (57) and (58) twIce, add the resulting equatIons and mel-
tIply b~~h /6 to obtain - 
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(I$)”I~~~~~~ + (h2/6)*, + O(h
hI

*
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*
, (61)

- 
- , -then use the Schrosd~~ or equstL~~ to .1JmLn~t t h .  sec~~~ derivative teems.

The final .zpreuI ~~ for the Int.rpolstion tormula is 
- 

- -  - 
-

—- rn ~~~~~~~~~~~ 
_ _ _ _ _ _ _ _ _ _ _ _- . 

- 
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0
* [(~~)~~ + * v ] ’((~~’ — y1 ) *i + (u 1 

— Y1 1 ) *11} .  (62)

-
- where

[ = -(h2/6)Q(x1,). (63)

The tr uncat ion error for thi. formula Is of order b4, which is th. same as

the cumulative error at a fixed value of x of the Numerov foriinula. 22 We

have verified by nume rical calculations on an example problem that no

precision is lost using th is formula. The valu, of the wavefunctIon at the

interpolated points is J ust as accurate , on the average , as It is at the gr id

- 
points.
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Iv. zXAMPLE C~ALCULA-TIONsAND DISCUSSION

- 
- Computer programs employing all the methods descri bed in the pr .-

ceding section s have been wr itten and used to solve a varIety of problem..

- :  Som. results of three test cases are pre sented and discussed In thi , see-

tLon~ All results were obtained *liLflg the Aerospace CDC ?600 computsr

and Fortran code..

The first two example calculations are the Morse potential problem

and th. unsymmetrical double minimum potential - problem that were dis-

cussed by Wicke .nd HarrIs. 6 -The functional form for both potent ials is

given by

V(x) = D{1 - exp(-B(x - xa)]}2 + Aexp(-C(x - xb)21, (64)

~: -j - 
I

where the parameter A Is sero for the Morse problem. The potential

0 parameters and reduced mass are given in Table I ol kef. (6) and also

here in Table I. The Integrat ion limits for all calculations on both prob-

lem. were xm1j, = i.oA and = Z.6A.

Results for the Morse problem are gIven In Table II. They are pre-

• sented as the difference between the numerically calculated elgenvalues

and the anal ytic elgenva lues calculated frOm the formu la26

a l000(n + 1/2) - 8(n- + 1/ 2)2. (65)

The renormallned Nnmsrov~~ (RN) cakulatL*~ was d~~e with 2949: grI d~~~~ :-:~Z~.

points and required about 0. 73 seconds. The log derivative (LD) method

reqal m fewer computer operatIons per grid point than the RN but

- 

- 

~~~~~~~~ more points to achieve the same accuracy. These two effects
- *i~*st ompensa t., making the total computation time about the same.

The ID re sult. In Tab i. II were calculate d with 2617 poLnt~?the  time
- required was 0. 75 seconds. CalculatIon s to this degree of accuracy can

0
• -,

- 

- : : ~
- :~~~ ~~~~~~~~

- - 

-

~~~~~~~~~~~~~ 
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be ~~ss-u e~.cGi~J~~W$UY--4~ ~aiag~the p4cb one spq1$~q~~teqh- : - ±i-

nique. Z$~ ~~~~~~~~ been verified ~~~~~~~~~~~~ C l a te  th$ i s . 
~~~~~~~~~~~~~~~~~~~ ~~

- 
-

cation er ro r for both tb. RN and LD mstbods Is glven by

- )

- 
- _ 

- - 

1 - -
~~~~~ 

— _ ~~~~~~~~~~~ 
-

- - SI • S~~ - - ‘  - -

wbers-b--i~ the-grid pacing. Thts iorms*1&.I. ~s.d to. e .i~~l*te the .~gen-

- ~~~~~~ calculated using several different values of h to Ii a 0. Results of

- 1  extrapolMton of RN calculatiOns using 261 and 321 grid points arS given In -
-

- - - Table II.- The total time required for this calculation was 0.2 s~.c~ads.
- 

Since some integratIo n meth od. discussed In the literature requtre good

- Initial e.timat.s of the eig.nvalues, l~
3I 6 it should be emphasis~Sd ~~~t no -

- such InItial estimate s were requIred or used Ifl~ these calculatloUi -

A portion of the function D(E), calculat ed for the Morse pr ikm by -

~~ -i the reno~~~alIsed Numerov method A, Is shown ku Fig. 1. *11 of lb. ~ a 2 -
- 

- 

segment and parts of the adjacent n a 1 and n a 3  segments us platted. ‘
~

- - -

Th. ver tLc.1 bar5 a t E a 192 0 Cm 1 andE 12810cm ar *th o~~~T51~
- - 

- 
upper boufldai’Ies of the second energy Interval -- -

Re~n1ts for the unsynir n c  double mInh’i~1m potential prOblEm ar.

- -~ given in Table Ill. Thu calculat ion was don. by- the r.normslls.d.Numerov

- - 
- 

- 
method using 2049 poInts. The time required was 0.86 seconds. 

- 
These

4 

values differ by a small, but significant, amoi~~t from those obt.l n.d by

Wick. and - Harris [see Table U in Ref. (6)]. BéO*use of this dlfh~~~ce w.
- - 

ached ~er is cults by doing en independent ca]~cu1atLon with a b~eL~ $unc - -

- lion expansion method utillzipg a 60 term harmonIc oscillator function
- - ±S -

~~ - - -
~
- - - S - _

~~~~~~
S - - -

’

- 
- expansion. Th. agreement was excellent, con~LTnCLng us that th ~sailt. in

- Table III *
5

. correct. 
- 

The differenc. between our results and thèio ~ f -~ S

Wick. a~~ - HsrrL. Is probably~~ e to difference~~~~ the calcu ats~~i~~1~es .~,

of tb. Morse 5psr.meter. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ re.pscths cat-. -• - 
-

- - 

- - ctslstione. In ord.r~ ~a~~~~ ib~ sás a~b~~I .*imd~d ~pi~~t~ w~ ~r -  ± 
I -

solving, we give .ur ~~~ee *t*46 14d ~~~XdIILtS#’~$ a ~~~~~~~~~~~~~~~
Tb. fac* z~~ ~~~~~~ ~*1~~~~~d ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 0

I 
,) ~~~~ I

5-

~~~~~

I Ij  ~ 

- 

~~~~~~~~ ~- L~~~~ L~~t k 2 ~ -
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Table Il. EIgenvalue s for th. Un.yznmetric snd 8yn~~.trIc

Double Minimum Pbt.ntial Preblerns
Calculated using the Ranorroalised Numerov Method A.

H -

n . - .Unsymm.trLc~~. ~~~~~~~~~~~~~~~~~~ 
S~~~~~~ Ic’~I’- -:

0 
- 

1302. 500 0. 138411928

-
- 1 . 3205. 307 - 0. 138011949

2 4227. 339

5 
~
- 3 5144.251 \ 0.405Q30240

4 ‘— 6064.241 - - 0.650$44055

5 7092. 679 ~ “0~65l100997

6 7614. 622 0.$64$17277

7 - 8911. 545 — 0.87206349 
5

$ ~0~5.696 -

- 
l. 017ZZ$~~

9 
5 ±

- IOZOS. 350 1.07805209

10 10S69. 2$~ 1. 1S9~7993

L ~~_--- . - . 114U~4Y~ JL - - l.301$Q~~ I

12 12353.4$ ~~~~~~~~
-- ~~~1.4Z5$4$Z0

13 - 12972. 473 1. 5171853*

14 ~~~~~~~~~~~~~~~~~~~~~~~~ 1.69660505

In e~~~ .sb$~~ary ~~~ .e ~~~~~~~~~~ -,

- - -I- 
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The function DIE); was- computed for this pxobl,ai.ied- It we. ob.l~~~~. -

: 1  

- that th.*htrd .n.r y. erval is- very nszz~~. :Tb. lower ho~ad*~~4a~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1ocat.d at I~~ SOVI cm40 sad the upper boundary 1. sb $ 5145 csi4. ~~~~~~~~~~
Because thu Interval is •o nar row, more bisect ion Lteratio~s than usual
are r.q~Lred before we switch over to the fast converging secant method ,
The mall width Is due to the condition that lb. matching point ZM La lpcat.d

- - -  - - - - . — -  - - - - - 5 . , i~± .± ~ a $ ±s .  -

near the outer rninLznux’~ while the * * 3 elgfflf*UlCttOn Is maInly 1ecs1L~ed .
around the inner minimum. In order to demonstrat e th is, we altered t~.
program so that the matching point was located near the Inner minimum. 

- 
-

In this case the third energy interval ~ as much wider with the low. 
- - 

- - -
- - -

- 
-~ 

- 5- - 
- - - - 

- - - ~~~~~~~~~~~boundary. at E * 4230 cm aad the upper boundary at £ ~ 6030 crn - . A 
-

more .ophlsticat .d program could be wrltt.n,whlch would automatically
locate th. matching point in th. region wher. the wavefunctlon Is maIn1~y
locallued; however, we did not do this. It should be emphas ised that , no 

-

matter how narrow an interval Lp, our procedur. never fails to c~uverg. 
I 

-.

to the desIred eigenvalue; It simply z qulres a few more bisect ion It~rs- 
- 

- - - 

- 
-

lions. Thi ,. La th. reason that th . double minimum problem requlr.d 
-

slightly more time to solv, than the Mors . problem. - 
In a n~~re extr me - - -

- 
I test case ws chang ed the Gaussian amplItude facto r In the pots~tla1 to

A 20000. In this cas. the n a 3 ene rgy Int~rv*1 was so ezt~.fl ~e1y~~~~~ow
that convergenc e was achieved entlr.ly by the bisection ~~~~~~~~~ .t~ai~it 

-

method was never called Into use. 
-

The third example calculatIon III I syn~~ etrIc double minI,o~iivi potsa-
tial problem. Tb. potential, In arbitrary units, is

- - - - ~~~55 5

- - -

- 

- - 
~~

-
~~~~~

- r -  ~~~~~~ ~~ 
~~~~~~~~~~~~~~~~~~~~~ S~~ SI~ - ~~ . .  S - -  (‘7)

- I ± S  I - S 
~ -~~t ± L ~~~~ ’ :i~~s 1)~~ , 

‘ 
~~~~~~~~ 

~~~~~~ - -
~~~ , --

and 
5 5~ S 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
problem. T1p~ lowest 16 .Igs!~s1u.s, cI~cu~ te~~ y t ~~ fl~~II~~j~~~~

• ? umsrov method A, ar. gIven In Table Il. Tb ~~~~~ I~ r.
.~~~~I1 *2. 0, the n~~~ber of grid points was 4001, sad th. time sSqsLr.d ens 1.9

second.. Sin., th. lower eigsnvslne s are doublets with very ~~sU- o

— - - 5- - -
- - ;. — . 5 _  . - 

- 
- I

- - - - 5 - 5. - - - - 5 .I~~~~SI’I ~f g- — - - I - - - 
- 

- 
S . - s55 

- --
-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~*‘SI5s~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~!~~ -~ :---S , ~~~~~~~~~~~ 57’~~ 55~~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .,—~~~- ~~~~~~ ~~~~~~ 
._

~ — _
~

_ _5•~,.- ’•’-I__-_,-,,,___-~~ 5--- -— -~~ -~---—~~
.-,5--- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 5-SI •~~K ~_ _ _  SM — — — — ——-

_ 

0
splltttlga, the cosv*rg *cö~tO-th.s isle. . wW; be- almost entirsty by the -

5 

bisection prosidure. - Thi, fact Ln--son.~ natian with th.-Iargw-aember-sf - - 
- -

integ ration pei~~i &ccoU~ for the increase d tim to àolv. thi. problum. -

Another method, w1l~ick takes account of th~ symmetry, can be used -

to solve this problem more effi ciently. ‘The integratioir~ La carried out
I over oniy half the rang ,,di

fl
~~~a 0 to ~ 2 , and th~ symmetric and

antisy~~ a.t rLc Solutions ~r. obtained In separate calculations. This
m.thod ’Is more .ffWt.ñt fOr two reasons: ‘~~h~ integrat ion covers onlj half -

the rang., and since the elgenva lues no longer appear as doublete, fewer
iterat ions by the bisection meth~d are required. The antisyriim~.trtc

-
: elgenfunc tlous are calc~llat.d by màrel~ ~a~~

-I~~’~~~ starttn$’ point of thi
outward ~iitqrat Lon from *0 z -2 to *~~ 

- 0. Siflce the Wa~ef~U dtLofl ‘is sero
at this point, the inner boundary condit ion Is the same as ~w~S have discussed
previously. The symn etr ic wsvefunctlons. on the other hand, have 1.ro
slope at z 0. Fr Om this we obtain 71(20) a O,w~Lcb ’ is a .tl~ l ’Id into : - . 

- 

- 
-

Eq. (22) to calculate the initial term s~ of the log derivative Solution. The d
- - InItial term, R0 Of a ráorvflalt*id ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t.

k 
~~~~~~~ to - - - 

- 
- -

derive. 1mt ~~~~~~~ 
and he the values of the wavef actiOn st the (rId ~~~~

‘ -

points z~~ a .b, *0 * 0, sad xl a It. From symmetry tt folidwa that
- 

*..~~
‘e ~1*ad ~~~~~~~~~~~~~ 

a F1~
” $~b.tibitkgthis tnto Eq. (34)sndu.1ng ’ 

5
- - 

-

Eq. - (36)’w. obtain the’ desired Initial t.*m - - I . i - . - - - - 5 
—

-
- - . -  . - - ~;- ‘ — Is  : -

- - I0 .R !U 01$•~~~ - - -. s - -
~~~~~~~

, - - - - .- - -
‘ (68)

: - I - 
- - - - -

~ -
~~ ~~~$~~~ -~~~~~~‘S 5~ ~

‘ 
- - ‘1 -

- wh.r. U0 Is defined by Eq. (35). 
-

- A calculation .1 the synun.t*IO and intI~ymxn.trLc solutions was cal- —

culati,d this way using th . renormalis ed Nuut.ro, method. The result s are -

exactly ~~s sa~As as Obt.LM4 pr eviee.ly and lIst.d in Tab~~m. i~~ aunt. - 

-

her of grid points used vas Z~~1 and the Setal tLiv~a requ~r.d to cs1cu&at~. tb.
- 

- . -  

- 
- 

~~
-
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We have compared the three rn.tho d* used here. I. .. . the log deri-

vative and the renormaltied NumerO? methods A and B, to try and deter-

mine their rslMW - merits for ease of progrv ~~’in$ and com putational

efficiency. The differen ces are only slig$. However based on th is.

vsxy en”~1) differe nces, we would recommend the renormallsed Numerov

L I method B as the easiest to program and the most efficient of computer

0

0 
.35.
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