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I. INTRODUCTION

One basing concept for the MX missile is to have the missile movable

within long unde rg round tunnels. In order to estimate the survivability of this

sys tem, it is necessary to estimate the rate at which blast-induced air shock

waves are attenuated within the tunnel. Thi s requires a knowledge of the tur-

bulent wall boundary layer induced by the shock wave .

A theory for the turbulent boundary-layer development behind a shock

wave moving with uniform velocity has been presen ted1 and simplifications

introduced. 2 Effects of wall blowing (ablation) were not considered. The pur-

pose of the present study is to summarize the previously reported theory

(Appendix A), to present numerical results for shock propagation in air

(Table I) , to provide approximate analytic expressions (Appendix B), and to

provide estimates for effects of blowing ( Appendix D). The notation of the

previous works 1’ 2 is used and is summarized in the Symbols section. The

present theory is valid for cases where the increase in wall-surface tempera-

ture is small relative to the free-stream recovery temperature . This approxi-

mation is examined in Appendix C.

1H. Mirels, Boundary Layer Behind Shock or Thin Expansion Wave Moving
into Stationary Fluid, TN 3712 , National Advisory Committee for Aeronautics,
(May 1956).

2H. Mirels , “Shock Tube Test Time Limitation Due To Turbulent Wall Bound-
ary Layer, ” AIAA 3. 1 (1), 84 (1964).
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II. THEORY

In Refs . I and 2, the turbulent boundary layer behind a shock moving

with uniform speed is considered in shock-fixed coordinates. The flow is

steady in this coordinate system and is illustrated in Fig . 1. The wall-surface

temperature is assumed to remain at its initial value . Symbols are defined

in the Symbols section.

The theoretical development of Refs . I and 2 is outlined in Appendix A.

Numerical results for the turbulent boundary layer behind a shock propagating

into ideal air and real air3’ ~ are given in Tables Ia and Ib, respectively.

Wall blowing effects are ignored. An initial air temperature T 1 = 522°R is

assumed. The results are only weakly dependent on T 1. Measuremelits of

the turbulent heat transfer behind a shock propagating in air have been pre -

sented for shock Mach numbers in the range 3 ~ M5 ~ 
8. These results are

j  reproduced in Fig . 2. Comparison with the heat transfer predictions in

Table lb shows good agreement (within a few percent of the mean experimental

value at each shock Mach number). This agreement tends to confirm the

theory of Refs . I and 2 for Mach numbers in the range M5 ~ 0( 10) and non -
blowing walls.

Turbulent boundary-layer propertie s of major interest are local bound-

ary thickness, 8; wall shear , = (pôu/ ~ y ) ;  heat transfer to the wail,

-q~, = ( IaT/~
y)w; and the vertical velocity at the edge of the boundary layer , V .

3c. H. Lewis and E. G. Burgess , III, Charts of Normal Shock Wave Properties
in Imperfect Air, A EDC -TDP~ -64 -43, Arnold Engine e ring Development Center,
Air Force Systems Command (March 1964).

4C. H. Lewis and E. G. Burgess , III, Charts of Normal Shock Wave Properties
in Imperfect Air (Supplement: MR = I to 10), AEDC-TR-65-I96 , Arnold
Engineerin g Development Center , Air Force Systems Command (September
1965).

5R. A. Hartunian , A. L. Rus so, and P. V. Marrone, “Boundary Layer
Transition and Heat Transfer in Shock Tubes , ” 1. Aerospace Sci. 27,
587 (1960).
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Fig. 1. Boundary Layer Behind Shock in Shock
Stationary Coordinates
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Approximate analytic expressions for these quantities are given in

Appendix B. These are, for W >  1. 02 and T1 = 522°R

1/5

(p 1x)
1’15

6/x = 0. 0370 (W - I ) (Ia)
Lw + (7/3)]

(p x) ”5c 
-Zi (p jx) 115 

= 2. 22 ~ 10-31W + ( 7/ 3 ) ] ”~ ( ib)
p (u - u )  L ( W - 1 )  Je w e

~I/ S  ~I/ 5
1/5 (-q~j(p1x) (p 1xj Cf

(p 1x) CH 
~e~~w - u )(h - h )  = 

2Pr 2”3 ( I c)

~ 
1/5

(~ x) 115 
(-v ) 

= 4.65 x 1O~
3 (W - 1) (Id)1 U

w 
- U

e Lw + (7/3)]4

where x is in feet, p1 is in atmospheres, and W = u / u  = 
~‘e’~~l 

is the
velocity (density) ratio across the shock. Other symbols are defined in the
Symbols section. Equations (I a)  through (Id) agree with the numerical results
in Table I to within about 1O~,. The quantities Cf~ CH~ 

and V
e are normalized

by the use of U - U , which is the free-stream velocity in laboratory (wall
stationary ) coordinates. It Is seen that Ve is negative, i. e., the vertical
velocity at the edge of ~he boundary layer is directed toward the wall. This
is the result of the aspirating effect of the wail in shock-fixed coordinates
(Fig. 1).

The theory, of Refs . I and 2 assumes that the departure of the wall-
surface temperature, T , from its initial value, T1, is negligible. In

{“ t

-12..
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Appendix C, the variation of wall-surface temperature with distance behind

the shock is shown to equal (fo r strong shocks)

.

~ 

o.~ O 3 ( ~f 
- i)=EM:/2W415[I ÷o (~ )] (Za)

- p 1 x I

where E is a function of wall material; typical values (from Carsiaw and

Yaeger 6 ) are given in Table 2. The present theory is valid when the change
- in wall-surface temperature is smail relative to the recovery temperature

Tr • For strong shocks , the latter ratio is found from

- 0.8 0.3 
~~~~ 

T1 = 0.38 M~~ 2W4I5[1 + o (3)] (Zb )
p 1 

x r

The above equations neglect ablation, which tends to limit the wall-surface
- temperature increase and therefore to extend the region of validity of the

present results. However, the effects of blowing on the boundary-layer prop-
erties need to be considered. These effects are treated in Appendix D.

-. The effect of blowing on boundary -layer properties at a fixed x location
‘ can be expressed by

CH 
= 

Cf ~n( l +  B’) (3a)
~ H~O

- .j_ 6* e ( 1 + B ’)i n ( I + B ’) 3b
~- 8 ~~~~~O 

— B’ ( )
0 6 0 0

St 
______________ 

_____________________-
~~

-

~ 

6H. S. Carsiaw and 3. C. Yaeger , Conduction of Heat in Solids, Oxford
University Press (1959), pp. 76, 496.

- 
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Table 2. Approximate Thermal Properties of the Walla

i~~ -~~1/ 2  b
~p~~kJb ‘ E.

Type Material 0 8 0 3cal
2 1/2 \atm / \ f tcm K ( s e c )

Metal Aluminum 5.17 )( 10~~ 3.92 X iO~~

Mild steel (0. 1% c) 3. 19 X 10
_ I 

6.34 x

Cast iron 3.48 X 10 1 5.82 x 10 4

Nonmetal Glas s (crown ) 3.67 x 10~’~ 5.52 x 10~~
Concrete (1:2:4) 3.41 x 10~~ 5.93 x 10~~

Gas Air 1.34 X i0~~ 1.51 )( 10°

aFrom Ref. 6
bE = 2.024 x 1o-4/(p~ k)~/2

where subscript zero denotes the local nonbiowing value [given by Eqs . (Ia)
through (Id)] and

(pv) hBs E

~
peic

~

_
_ :

e [;4 
= (3c)

Here AN is the difference between the enthalpy of the unheated wall material
and the wall material at the gas/wall interface ( i .e . ,  the effective heat of
ablation of the wall material). The effect of blowing on Ve is given in Eq. (D-1O).

The present results are applicable for a shock propagating in a tube of
diameter d provided that 26/d << I (i.e., the boundary layer is thin relative

-14-
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S r~: ~ to the tube radius). The present results can be taken as approximately correct
for values of 26 /d up to about I. Boundary -layer closure (i.e., 26/d = 1)

occurs at

~~

c 
= (p jd)

114/[Z(pjx)
115(6/x)]5~

’4 (4a)

= 65(p jd)1”4(1 ± 0.05) M5 � 4 (4b)

Equation (4b) applies for nonbiowing cases. Blowing causes boundary-layer
closure to occur at smaller values of x. The closure stations for the blowing
and nonblowing cases are related by ~e.g., Eq. (D-I1)]

4 
xc B’ 5/4

(x~~)0 [(1 ÷ B’)ln(I + B’)]

I - The flow downstream of x~ is fully developed. The shear and heat transfer

1 
in this region are on the order of the shear and heat transfer at x~~.

The present results can be used to estimate shock attenuation for cases
where 26/d << 1. The effect of the boundary layer on the inviscid flow cx-
ternal to the boundary layer is found from a distribution of volumetric mass
sources defined by 7

4 mass additionM e — p  v (5)d e e volume -time

where v~ is evaluated by use of Eqs . (I d)  or (D-8). A combination of volu-

metric momentum and energy sources is needed when the flow is fully
-
~ - 

- developed and the wall is nonbiowing . Mass sources must be included in the

7H. Mirels and 3. F. Mullen , “Small Perturbation Theory For Shock Tube
Attenuation and Non Unifo rmity, ” Phys. Fluids 7 (8), 1208 (i964).

-15-
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fully developed flow regime with wall blowing. Further discussion of wail

effects on shock propagation is beyond the scope of the present study.
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In. CONCLUDING REMA R KS

The present results are intended to facilitate estimates of the turbulent
— boundary layer behind shocks moving in air. The results are expected to be

fairly accurate for nonblowlng wails and for M5 
< 0 (10) (e.g., Fig. 2). Further

study is required in order to validate the results for M8 > 10 and a nonbiowing

- wall. Effects of blowing may be considered uncertain for all M5. Further
comparisons with experiment and comparisons with numerical results from
more accurate turbulent boundary4ayer code s are desirable for M5 > 10 and

fo r wail blowing .

~~~1
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APPENDIX A

BOUNDARY- LAYER CHARACTERISTICS

Charact ~ erni -infinite, zero -pre s sure -gradient,
steady-state tu~- - 

‘- .iary layer are summarized herein for the case
of a moving waL - — iions for the boundary layer behind a shock, moving

-

- 
- with unifcrm speed , ~re then noted. These results are based on the theoreti-

cal development in Refs. I and 2.

1. GENERA L MOVING WALL

Consider a zero-pressure-gradient turbulent boundary layer with a
- 

~
‘ moving wall in a coordinate system in which mean properties are steady

. 
state (e .g . ,  Fig . I) .  The wall velocity is denoted u~~, and the free -stream
velocity is denoted u - Following the development in Ref. 1, the boundary-
layer thicknes s, 6 , and momentum thickness , 8, are related by

8/6 = C
6[W - (2W - 1) C + (W - 1) C 21 dC (A-la)

- w 0 1+b C - cC

__= i~w 
~~~~~ 

ef  ~
6
~ w c w - i ) c~dcj (A- tb)

where 

h
- b~~~Z~~ I (A-2a)

Jh \ h  — - 1
c =~~~~~ - 1) ~~ (A-Zb)

e w
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I
2 2

h (W-l) ur _ . r(o) e ,~~~
- I ~4i t.C~

e e

Here W = U / U e~ 
and r(o) = Pr”3 is the recovery factor. The boundary-layer - :

thickness was found to equal - 
-

~~= 0 . 0574
[(

~ ,~ ) 
I I . .  w 1 3(~~)(~!!~~(~~x)] 

(A-3)

where subsc ript m denotes a mean value def ined by

h /h \ /h
~~.= o .s ( ~~~+ I) +0.22~~~ - 1) (A-4)

e e e

Corresponding values of 6 * and 0 are found from Eqs. (A_ la)  and (A- Ib).

Noting that d6 /dx = (4/5) (6/x), we find the shear and heat transfer from

Tw - 
Pr2 ‘3(W - 1) - 

d8 - 4 /!\ 6
2 p u (h - h ) ~~ 

- 
dx 

- 5 I~5) x (A- 5)
p u e e  r we e

where E (~ Bu/ 8 y)
~ 

and -~~~~~ ~ (k aT/ a y)~~
. The vertical velocity at the

edge of the boundary layer, v , is obtained from

V * *e — 
dô 4 / 6 \ 6

Local shear and heat transfer coefficients may be expressed in the form

-20- 
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= 

~ ~ (1
ei ~ ) ~ (A-7a)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 0.8 Ie /6 \ 6Cif 
~e U

w 
- u l  (h r - 

- 

~~~~~~~ (w - 
- w) .~~~ (A-7b)

The latter are positive quantities and are referenced to “wall fixed t~ quantities.
(Note that u - u is the velocity of the free stream relative to the wall.)
It follows from Eqs. (A-5) and (A-7) that Cf !Z = Pr 2

~
’3 CH. With the intro-

duction of a Reynolds number, R u - u I x/v  , it follows thate w e e

‘/5

Re~~
15 c = 

0 .0 ’~59 Gb (~m ”~ e) frm ’~ e)
3 

(A- 8)H Pr /3 1 - W 1w -

In the limit W = 0, the above equations define the boundary laye r over a semi-
infinite fla t plate . The case W >  I corresponds to flow behind a shock wave
moving with uniform velocity and is considered in the next section.

In Ref . 1, Eqs. ( A - i )  through (A-8) were derived on the basis of an
ideal gas, namely, h-.~ T’~ p~~ at constant pressure. The present form,

following Ref. 2, attempts to reduce the sensitivity to this assumption to
some extent .

2. BOUNDARY LAYER BEHIND SHOCK

We consider a shock moving with uniform velocity , u5 u~~, into air.
Undisturbed air conditi on s are denoted by subscript I (Fig. I). We assume
‘y~ = 7/5, Pr = 0.72, r(o) = 0.90, T = T 1 = 5220R,* and h = h 1. The latter
assumption is discussed in Appendix C. Corresponding values of M8, W =

Uw /U e ~e’~w’ and Te/T I are found from ideal or real gas (Refs. 3 and 4)

*The solution hi relatively inaeqsitive to the assumption T1 = 522°R. For
1~~, it can be shown 6 T 1

0 2w + 0.1.
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I

shock relations. Noting 0. 7 � (hm /he) � 1.0, we further assume that Tm /T i =

(h /h ) (T /T 1) and Pm”I’e = h
e/hm~ 

where hm /he is found from Eq. (A-4)
and

= I + 0. 2.M~ (i - ‘
~ 
) (A-9a)

= , + 
°~~~~~~~~. (w ~ (A- 9b)

For air at T1 = 522° R

= 6.93 x io 6 (atm-ftr ’ (A-tO)

where p 1 is in ath-iospheres. The Suthe rland relation for the viscosity of air

/ \3/2 T + 198. 6
( A l l)

~T1) T + 198.6 -

where T is in degrees Rankine. Boundary-layer paramenters can then be
found from

(p1 x) 1”5
~~ = 2.46 x l0~~ [(i~~~w)4 (W - l)3(

~~~
) I

~

]

i 

(A-12a)

C)
-22-
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(p 1x) ’”5
(~~—) = ~P ix) 

~~](~~
“
~w) (W - I) ( A 12b)

(p1x) 1
~

’5 (
~

) = [(P l
x) ’”5

~~](l~
”6

W) (W - I) (A-l2c)

where the dimensions of p 1x are in atmosphere_ feet. The quantities 
~~~~~~~

,

~~~~~ 
and Ve are found from Eqs. (A-5) and (A-6). Also

Re 115 CH = 0.0572 ~~~~~ 
(

~~~

)

3

(
~~~1~~ ] u I

5 
(A_12d)

In a shock tube of diameter d, operating at its maximum test time, the
separation between the contact surface and the shock is denoted by tm and is

- 

- 
found from (Ref. 2) -

(p 1d) U4 
~~~~ w2 ÷ i .25 w~~ O 0  [(P

X)
1/5

(

~~~~~~~~~~~~

-514  

(A- 1 3)

An equivalent flat plate Reynolds number , based on the distance that a free-
stream particle has moved relative to the wall, is**P~e = U

e ~~ - I)2x/v .

The value of ~ e at the contact surface is

(p 1d)514 ~ em = 6.93 x io6 M8~~~ (W - 1)2 

[
~~~ 

(~ 1d)]~~~ 
(A- 14)

— . Turbul ent theo ry is applicable, provided 
~
.em is of order IO~ or greater.

is not to be confused with Re.

H

-23- 
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Equations (A- 12) through (A- 14) have been evaluated numerically, and
the results are presented in Table I . Similar results were presented
graphically in Ref. 2. In Fig. 2, the results for Re

~~
’5CH are compared

with the experiments of Ref. 5, and good agreement is observed.

I,
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APPENDIX B

APPROXIMATE ANALYTIC FORMULATION

Approximate analytic expressions for boundary-layer properties can be

obtained by use of the approximate expressions for Eq. (B- 1) presented in

Ref. 2. For ideal gases, the latter are

_____ 
3 1 +  7 y 7/5 (B_Ia)

Wi- 2 y = 5/3 (B-lb)

- 
0. 157 y 7/5, W ~ 2 (B—Ic)

- 
- 0. 176 = 5/3, W~ 2 (B- Id)

Equations (B- Ia) through (B- Id) are correct to within 8% for strong shocks
in air with W < 15.

Consider the case of a strong shock moving into air. Neglecting terms

of order 1/M ~, 1/W, and hw/he compared with I, we find he/h i = 0.2
h / h e = 1.9, andhm /h = 0 . 700. Also, for T 1 = 522 °Rand 198,6/T << i~
the Sutherland relation becomes = 1 . 380 (Tm /T i ) / 

. Then , if it is
assumed that Tm /T I = h / h 1 0. 14 M , the viscosity law becomes ~~~/p.1 =

0. 524 M . Substitution of the relations
S

= 0. 524 M~
(B-2)

h /h =0.700m e
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and Eq. (B-I a)  into Eq. (A_12a) yields

~ 
1/5

(p1x)
1’5 

.~~. 0.03701{
(w _ i)

]} 

(B- 3)

Equation (B- 3) is in remarkably good agreement with all the numerical
results in Table 1, including W near I, since 6 Ix is relatively insensitive to
the approximations used to obtain Eq. (B-2). Equation (B—3) agrees with
the real gas results in Table lb to within 5% and with the ideal gas results
in Table I a (including the range 1. 02 � W � 6)  to with 10%. Hence, all
boundary-layer properties of interest can be deduced from Eqs. (B- 1) and
(B .3) wi th an accuracy of about 10%. Zn particular, the shear, heat transfer,
and mass loss to the boundary layer may be expressed [from Eqs. (A- 7)
(B_I ), and (B_3)J

Cf = 2 Pr2~
’
~ (p1x) t”5 CH

2.22 x I0~~ 
w + ( 7 /3) 1/5 

(B-4a)
- ( W - 1 )

1/5 flI/5(p4x) (-v) 3 1w 1~~ 
I I

_______ 
e 

= 4. 65 x 10 - ‘ -.—i i (B-4b)- I U
e [W + (7/3)]~kj J

These equation s agree wi th the nume rical results in Table 1 to within about
10%.
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APPENDIX C

WALL-SURFACE TEMPERATURE

In Appendix A, it was assumed that the wall-surface temperature , T ,

remains constant at its original value , T 1. The validity of this assumption

is examined herein for the case of a turbulent boundary layer behind a

moving shock.

The transformation t = x/u relate s the variation with time at a fixed
w

point on the wall (laboratory coordinates) with the variation with distance

behind the shock , x , in shock-fixed coordinates. Hence , in laboratory co-

• ordinates , the heat transfer to the wall , as a function of time after shock

passage , has the form -
~~~~~~~~

--‘ t ~~~~~~~ The departure of wall-surface tern-

perature , T , from its initial value , T 1, can be found from (Ref. 6)

1/5

T - T1 = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(c - f)

where (p Ck) b 
is the product of density , specifi c heat , and thermal conductivity

of the wall (“body ”) mate rial. Dependence of the latter properties on tern-

perature is neglected. Introduction of the beta function ~ (0. 5, 0. 8) = I. 297 .J~i

permits Eq. (C-i)  to be written in the form

1/21.297 (-q~ ,)t
T - T = _ _ _ _  

(C-2)
W 1

Expressing ~~~~ in terms of CH then yields
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] 
(C- 3)

Thermal properties of typical wall materials are given in Table 2 in

cgs-cal-°K units. In similar units

1/2

(P
ita )

~ 
= 0.05383 

cm3’2 se:t12 atm°K 
(C-4)

for air at a temperature of 290° IC (522°R). Substitution of these quantities

into Eq. (C-3) provides the variation of wall temperature, T , as a function
-1/5 w

of dis tance x in cm. Since Ct~~s (p4 x) , it follows that (T - T 4 ) - s’
0.8 0.3 W

In the limit of a strong shock in air , Eq. (C-3) can be expressed in the

• form

~~O.8~~O.3 (~ 
- = E M 512 w4’5 + 0 (k)] ( C_ 5)

where p and x are in atmospheres and feet , respectively , and E = 2.024 x
10 / (p~~

k) b . Equation (C-5) employs Eq. (B-4a) and assumes

h / h 1 0.38 M~ , hw /h r (< 1. Values of E are tabulated in Table 2 for

various wall materials. The quantity E is of order 5 x I0~~ for metal walls

and of order 5 x 10~~ for nonmetal walls. The boundary-layer solution in

Appendix A assumed T
~~ 

= T 1. The Increase in wall-surface temperature

with x has a small effect on thi s boundary-layer solution if T~~ 
- T 1 is small

relative to the recovery (adiabatic) temperature, Tr Assuming Tn T 1 =

0. 38 M~ , we can express Eq. (C-5) by

-28-
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T -  T1 
0.38 M

112 w4”5 [i + 0 (C-6)
p1 

x r

In general , (Tw - T1)/T is small; thus, the variation of wall-surface
temperature need not be considered in the boundary-layer equations. How-

ever , (T
~~ 

- T 1)/T 1 may become sufficiently large that melting , or ablation,

occurs for very strong shocks. In the latter case , Eqs. (C-5) and (C-6) are

inapplicable. For example , if M = 10, W = 8. 3, the right-hand side s of

Eqs. (C-5) and (C. 6)  become 1 .0 and 0. 03, respectively, for metallic walls.
The present solution is then consistent and applicable for p 1 of order I atm

and x of order 1 ft. Howeve r , for nonmetallic walls , under the same flow

conditions, the right-hand sides of Eqs. (C-5) and C-6) are approximately

10 and 0. 3, respectively, and some ablation may occur at distances on the
order of 1 ft or greater behind the shock . Ablation will tend to limit the
wall-surface temperature rise and, thus, make the present assumption

h / h  << I valid, but the effect of wall blowing must be taken into account .
This is done in Appendix D.

1-
F
F t -  

~~

‘
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APPENDIX D

WALL BLOWING EFFECTS

The effect of blowing on wall shear and heat transfe r is not well
established for turbulent boundary layers. No experimental data are avail-
able for the case of a turbulent boundary layer behind a moving shock . Neve r-

theless , an estimate of this effect , based on results for semi-infinite flat

plates, is presented herein. The blown gas is assumed to be air -like .

Based on the flat-plate analogy , 8’9 the ratio of blowing to nonbiowing
(subscript zero) shear and heat transfer may be expressed by

C C

IC H F ( C f) B 1 
- a

0 0 e-

- 
ln (1 + B’)

- B~ 
(D- )

where

(pv)
B p lu  - u l  (C ) (D-2a)

e w e H 0

H. Dorra nc e , Viscous Hypersonic Flow, McGraw - Hill (1962),
pp.59, 206-220.

9w. M. Kays and R. S. Moffat , “The Behavior of Transpi red Turbulent
Boundary Layers, “in Studies in Convection, ed. B. E. Launder,
Academic Press, New York ( 1975), p.Z51.
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(pv)
B p lu - u (D-2b)

e w e H

Note that

B = In ( 1 + B ’)

If we assume that all the thermal conduction from the air to the wall
results in ablation of wall material (i. e.., thermal conduction within the wall
is neglected), it follows that

- 

-q~, = (pv )~ AN (D- 3)

where ~ H is the heat of ablation of the wall material. (More generally, AN
is the difference in enthalpy between the unheated wall material and the wall
material at the air/wall iziterface,) Equation (D-2b can then be expressed
as

h - h  h, -r w _ r 4- 
AN ~~~~

and the effect of blowing on wall shear and heat transfer can be readily
deduced from Eq. (D- 1b). The value of B’ can be readily estimated. For
air at an initial temperature of 522°R, h = 69.4 cal /gr. Thu s, for strong
shocks, hr = 0.38 M h 1 = 26.4 M5 cal/gr. For a vaporizing (T = 3100° K)
steel wall, AN = 2100 cal/gr and B’ = 1. 25 , 5.00 , and 125 for M5 = 10, 20 ,
and 100, respectively.

The variati on of boundary _layer momentum thi ckness with distance is
of interest. The momentum integral equation
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= 
~w 

+ (pv )
~ ~~ 

- u )  (D-5a)

can be expressed in the fo rm

- I  dO 
C

f 
_ _ _ _ _ _ _ _

(W - 1)2 ‘u~ 
= + 

~e
’
~e 
(W - I) (D- 5b)

Taking the Reynolds analogy to be C
f 

ZCH, substituting from Eq. (D- lb), and
integ rating, we obtain, at a fixed x

0 
— 

(I  + B ’) In (1 + B ’)
(D-6)

from which momentum thickness can be obtained. The vertical velocity at
the edge of the boundary layer is also of interest. The latter can be expressed
by

v d * (pv)e 6 + w D 7
~ ar ~~ 

-

e e e

- 
- 

Assuming 6*18* is independent of x and recalling d8~~/dx = (4/5) (6~~/x),
— we can express Eq. (D-7) as

v 
- 6* In (1 + B’) - (p 1x)~ 4l5(C~~)0

( v ) 0 
- 

4 8* (~~/o~\ (p jx) ”5 8o 
(D-8)

0

2
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The ratio 6*/6~ is needed. If it is assumed that the form factors 6 */6 and
8/6 are unchanged by blowing (which is highly unlikely), then, at a fixed x

6* — 6 — 8 — 
( 1 + B’) in ( 1 + B’) D- 

ç 
- B’ -

~~~~

The validity of Eq. (D-9)  requires furthe r study. In the absence of better
estimates, Eq. (D-9) can be used to evaluate 8*/6~ in Eq. (D-8). Substitution
of Eqs. (B_ Ic) , (B-3 ) ,  and (B-4a) into Eq. (D-8) then yields, for air (Pr = 0.9)

(v)~ 
= 

(1 + B ’) I n  (1 + B’) [~ - 
o.25~~ ’ 

(
w ;(7/ 3) ]  (D I0 )

= 
(1 + 0. 744B ’) In (1 + B ’) for W>> I (D- IOb)

When W>> I , wall blowing increases Ve /(ve)0•

The rate of growth of the boundary-layer thickness, 6, for blowing and
nonblowing cases can also be compared. Let x and x0 denote the correspond-
ing axial station s for blowing and nonblowing cases , respectively, where the

4/5boundary-layer thickness has the same value. Since 8 x , Eq. (D-9)
indicates that for fixed 8

x 
— B ’ ]5/4

~~~~~~~~~~~~~ 

(1 + B ’) In (1 + B ’)J (D — 11 )

Equation (D- II) is useful for estimating the effect of blowing on boundary-
layer closure in tubes.
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SYMBOLS

a speed of sound -

- - B, B’ wall blowing parameters, Eqs. (D-2a) and (D-Zb)

- - 
Cf~ CH local shear and heat transfer coeff icients,

Eqs. (A-7a) and (A_ 7b)

h static enthalpy per unit mass

h recovery (adiabatic wall) value of h in laboratoryr coordinates, Eq. (A-Zc)

M 5 shock Mach number , u / a 1
Pr Prandtl number

p pressure in atmospheres
v
... 

heat transfer to wall, (k 8 T/ 8y)~
Re,~ .e Reynolds numbers

r(o) recovery facto r ,

T temperature, degrees Rankine

u velocity in x direction , shock-fixed coordinates

u
~ 

shock speed (wall velocity in shock-fixed coordinates)

U e 
free-stream velocity behind shock in shock-fixed coordinates

v vertical velocity at edge of boundary layer - -

W U / U , 
~e~~~1

x streamwise distance

y ratio specific heats

6 boundary-layer thickness

‘I - 6* displacement thickness, shock-fixed coordinates

I:
1. 11 

_ 
5-  

5-—- —5--- - -  ~~~~~~~~~~~~~~ -- —~--—--———‘---~~-~~--- L - . _ _ _ _ ,



- 
— 

~1
8 momentum thickness, shock fixed coordinates

viscosity

u kinematic viscosity

p density

wall shear~ (~ &u/ 8 y)~

Subscripts

e free stream downstream of shock

m mean value

r recovery value

w wall value downstream of shock

0 zero wall blowing value

1 free- stream value upstream of shock

- 
(

—
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THE IVA N A. GETTING LABORATORIES

The Laboratory Operations of The Aerospace Cor poration is conducting

experimental and theoretical investigatio ns necessary for the evaluation and

application of scientific advance , to new nt i litary concepts and system , . Ver-

sat i lity and flexibi l ity have been deve luped to a high degree by the laboratory
personnel in dealing with the many probl ems encountered in the nat ion ’ s rapidl y
developing space and missi le systems. Expertise in the latest scienti fi c devel-

opments is vital to the accomplishme nt of task . related to these problems . Thi

laboratories that contribute to this researc h are:

Aerophysic s Laboratory : Launch and reentry aerodynamics , heat trans-
icr , reentry physics, chemical kinet ics . st ruc t ur .~l mechanics , flight dynam ics ,

a atmosp heric pollution, and high-power gas lasers.

Chemistry and Physics Laboratory : Atmosp heric reactions and atmos-
pheric opt ics , chemical reactions in polluted atmospheres , chemical reactions
of excited sp ecie s in rocket plumes , chemical the rmod ynamics , plasma and
laser -induced reactions , laser chemistry , propulsion chemistry, space vacuum
and radiation eff ects on materials , lubrication and surface phenomena , photo-
sensitive material , and sensors , high precision laser ranging, and the appli-
cation of physics and chemistry to problems of law enforcement and biomedicine .

- Electronic. Research Laborat o ry: Electromagnetic theory, devices , and
propagation phenomena , Includin g plasma electromagnetic s ; quant um electronic. ,
lasers , and elect ro-opti c s ; communication sciences , applied electron ics , semi -
conducting, superconducting, and crystal device physics , optical and acoustical
imag ing : atmospheric pollution; millimeter wave and far -infrared technology.

Materials Sciences Laboratory : Development of new materials ; metal
matrix composites and new forms of carbon ; test and evaluation of grap hite
and ceramics In reen try; s pacecraft materials and electronic components In
nuclear weapons environment ; application of fracture mechanics to st ress cor-
rosion and fatigue -induce d fractures in structural metals.

Space Sciences Laboratory: Atmospheric and ionosph eric physics . radia-
tion from the atmosphere , density and composition of the atm osphere , aurorae
and alrg low ; magnetospheric physics , cosmic rays , generation and propagat ion
of plasma wa ves in the magnetosphere; solar physics , stu dies of solar magnetic
f ields; space astrono m y , x - ray astronomy : the effects of nuclear ex plo sions ,
magnetic storms , and solar activity on the earth’ s atmosp here . Ionos pher. ~, and
magnetosphere ; the effect , of optical, electromagnetic, and particulate radia-
tion S In space on space systems.

THE AEROSPACE CORPORAT ION
El Segundo, Californ ia
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