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V1. Introduction

1. The Defence Research Establishment Suffield (DRES), in support

of Canadian Forces (Maritime) requirements, is conducting a series of

tests to determine the ability of certain antenna designs to withstand

blast overpressures of various intensities. Two of the antennas to be

evaluated are a 35 ft fibreglass Whip Antenna and a 23 ft UHF Polemast

Antenna. The objective of this study is to develop a numerical procedure

to predict the time response of antennas of the above type when subjected
r.- to a transient air blast load.

The numerical procedure begins with the Bernoulli-Euler equation

for a tapered cantilever beam subjected to a transient distributed force.

This equation is based on linear elastic theory and assumes small beam

deflections [1]. The normal modes and natural frequencies of the beam are

determined by solving the difference equations for free vibration using

successive relaxation, Rayleigh quotient and Gram-Schmidt orthogonalization

numerical techniques [2,3]. The forced vibration solution is determined

using normal mode coordinates and Laplace transforms [4]. In this calculation,

UNCLASSIFIED
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the transient air blast load is computed using the classical gas dynamics

equations describing air shock waves [5,6,7] and recent empirical drag

loading relations developed at ORES [8,9].

The Bernoulli-Euler equation for a vibrating beam of length L may

be written in the form [1]

PA iY + -3- El x! = w, OsxiL, (1)
a a x2  Bx2

where x is distance from the base of the beam, t is time, y(x,t) is the beam

deflection in the transverse direction, p is the beam density, A(x) is the

beam cross-sectional area, E is Young's modulus for the beam material, I(x)

is the seconi ,,om.nt of Va cross-scctionri area with respect to the neutral

axis, and w(x,t) is the load per unit length on the beam ip the transverse

direction. The discussion which follows considers a numerical solution to

the above equation at N prescribed points

xi i Ax, Ax LN- 1 , i 1, ... , N, (2)

subject to specified initial conditions and boundary conditions.

2. Free Vibration of a Tapered Cantilever Beam

The normal modes and natural frequencies are obtained by solving

equation (1) with w=O. Assuming a sinusoidal time response, the free

vibration solution may be written in the form

y(x,t) Y(r)(x)eitrt , (3)

UNCLASS I FI ED
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where w is the r'th circular frequency of the time response, Y(r)(x) is
S~r

the nomral mode corresponding to w and i is T. With the results (2)

and (3), equation (1) with w=O reduces to the form

nA�. y(r) _ d . d2 r)

1 r Eli dd2 1 /Sdx2 dx2

I at point x. Expanding the derivative in (4) using central finite

differences, the difference equation for free vibration becomes

I y~r)-2(I + li yr) + (I-+ 41i + I -PAiW2 Ax4E.-)Yir))li-I 1-2 r- (I - i

(5)

S +,,(r) +. ( XEr))Yr-2(I_ + I..Y, + I_ Y, =O i=l,2,.. .,N.

The four unknowns y (r) Y(r), y(r) and y(r) are eliminated from this system of

11 0' N+l N+2

equationsthrough the application of boundary conditions. Several

possibilities are considered below.

(a) clamped at x = 0, zero displacement and slope:

(b) free at x L, zero moment and shear:

SY0 2 y (r) . y r .K X2N N+I N-1

(7)

-0 r)= 4 y(rr). 4y(r) + y(r)

SX3 L NN-1 N-2I UNCLASSIFIED
~ '% .-- ~4~ ~4.<. J, r ~ - - . - - - .o. ........... - .~
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(;z• pinned at x = 0 and x = IAx, zero displacement and moment at x 013

and zero displacement at x = IAx:

: @ • ~ ~ ~(r ) . O, Y ! r ) _ y r
y(O) = x1 0 , O 1

0 0

y(IAX) M 0 = 0.

With a suitable combination of the boundary conditions (6) to (1),

equation (5) becomes an eigenvalue problem for an n--rowed square matrix.

In matrix form, the eigenvalue problem may be written in the form

2 , y(r) a y(r). , (9)

where a is a five-diagonrdi matrx w,,ich depeuds on the coefficients,

i=l,...N, and e is a diagonal matrix for which the i'th diagonal element

is the value PAiAx"E-l. If the frequencies "r are all distinct, it may

be readily verified that the normal modes are orthogonal with respect to

the matrix o, according to

y(r) 6 y(S) rsr (

6rs = I ,r=s.

A numerical so'luiJon "lrocedure for the eigenivalvE problem (9)

will now be cotisidered, The procedure begins with an initial gues for the

smallest circular frequency u1 . The corresponding normal made is ohLained

by successive relaxation [2,3] acto-ding to the iteration eqt.ation

UNCLASSIFIED
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N
S(l) 1G ) iI i a i ." l l

(n+l guess) j=l (n guess)

(Oti)

This iteration is inherently unstable since the system of equations is

homogeneous. However, convergence to a stationary y(l) is achieved by

normalizing Y(1) after each complete repetition of the iteration. An

improved estimate for w is then obtained by the Rayleigh quotient [2,3]

technique.
N N

S •~ ~ y(1) -' . . !l
l i=l fi ii j~l ij _j (12)

SL 1i 1i
i=l

The complete iteration is repeated urtil a stationary value for the

circular frequency wI is obtained', at which point the corresponding

* nu,-nal mode, in normalized form, will be y(l)

Higher natural frequencies r and normal modes y(r) are obtained+: r

using the above procedure with but one modification: between repetitions

of the successive relaxadion iteration (equation 1i), the latest guess

y~r)* ii modified to extract any component in the direction of previously
!.j

evaluitted normal modes Y (s), s<r. This operation is termed Gram-Schmidt

orthogonalization [2,3], and is based on the orthogonality property (10).

' r-l r (( )
y~r : ~r• • y() y(r)*, s)

-~ <Y(new guess) s

I
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In this equation, the inner product, dennteJ <u, v> for two arbitrary

vectors u and v, is weighted with respect to the matrix • according to

i<u, v> = uTs< , (14)

k where superscriptT denotes the transpose of the indicated vector. A

4 computer program which determines the natural frequencies and normal modes

according to the techniques described above is given in the Appendix.

3. Forced Vibration of a Tapered Cantilever Beam

The forced vibration solution begins with an expansion of the

Sdisplacement vetor y 4n terms of normal mode coordinates n, according to

N

y - Z nry(r)I - r=l

or (15)

where 0 is a matrix f uormba! L - .

S= " " A (16)

Using the general techniques outlined in [4], substituting (15) into (1)

and pre-multiplying the resulting equation by iT, the governing equation

becomes

UNCLASSIFIED
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4T an + &I n w , (17)

where denotes the time derivative d2/dt 2-. The r'th equation in the

system of equations (17) is

Y(r)T y(r) + y(r)T , y(r) y(r) T (18)

Since the normal modes satisfy equations (9) and (10), the above result

simplifies to the form

Y(r)T w(t) (19)
r r r

The normal mode coordinates n. r=l,...N are obtained by solving

equation (19) using Laplace transforms and the convolution theorem. With

specified initial conditions in the form

y(x,o) = f(x) , (20)
y(x,o) = 9(x) .

nr (t) Mr Yr) (Of cOSwrt + 93g sr slrlart

-1r (?1)

4-w r J.w(T) sinwr(t-T)dT).

I

The parameter Mr appearing in this equation is evaluated according to

equation (10).

Mr. (r)T y(r) (22)

UNCLASSIFIED
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Combining the results (21) &nd (15), the beam displa:ement at position xi

becomes

N [-M. yr) )
yi(t) = Z y(r) M 1 cOSErt (

rrl i l

rI N

+to -1 r) (23)r sirt Y1 pJ gj

N

where Mr = y(r) y~ y(r) . (24)

The time integral in (23) may be readily evaluated by numerical integration

using a time step At of specified duration.

A computer program which determines the forced vibration solution

according to the 'techniques described above is given in the Appendix.

4. Transient Drag on Circular Cylinders from Air Blast Waves

The accuracy of the forced vibration solution is strongly dependent

on the procedure used to calculate the air blast load on the tapered canti-

lever beam. The transient air blast load on circular cylinders has been

investigated extensively at DRES over the period 1968 to 1975. The discussion

which follows is based on the more recent DRES reviews of empirical relations

for the prediction of drag loading [8,9] and on the classical gas dynamics

equations describing air shock waves [5,6,7].

UNCLASSIFIED
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The air blast load arising from the interaction of a blast wave

with a circular cylinder may be expressed in the form

F = P*A + CD qI A , (25)

where A is the projected area of the cylinder, P* is an empirical pressure

parameter which accounts for the load on the cylinder over the short period

of time during which the blast wave diffracts around and engulfs the cylinder,

CD is an empirical aerodynamic drag coefficient, and ql is the impact pressure

(instantaneous difference between the local stagnation and static pressures).

The following empirical relations have been determined at DRES for

the diffraction pressure P* and the drag coefficient CD [8,9]:

i-1 1.13I 1.6 tT (PotT) , O>t55tT (
00 t=tT (26)

0 , t>StT ,

0.7 , M_>0.48, Re z3xlO5 ,

C D 0.6 , M<0.48, Re ?3xlO 5 
, (27)

1.2 , M<0.48, Re <3xlO51

In the above equations, p0 is the peak overpressure of the blast wave, tT is

the transit time required by the blast wave to completely engulf the

cylinder, M is the instantaneous Mach number of the flow incident on the

cylinder, and Re is the instantaneous Reynolds number of the flow incident

on the cylinder.

To complete the transient drag calculation, it remains to evaluate

the basic fluid properties of the flow behind the blast wave. The parameters

to evaluate include qI, tT'M andRe. The evaluation of these parameters requires

UNCLASSIFIED



UNCLASSIFIED 10.

a preliminary evaluation of the temperature T, speed of sound c, static

pressure P, dynamic pressure q, fluid particle velocity u, and fluid viscosity

v both at the cylinder and immediately behind the shock front. To simplify

the presentation, the following notation will be adopted. Variables which

apply immediately in front of the shock front will be indicated by a subscript

"A", variables which apply immediately behind the shrck front will be indicated

with a subscript "B", and variables which apply instantaneously at the cylinder

itself will have no explicit subscript. S

Shock Front

Cylinder

T,P,u TBPBUB TA, PAUA

171717777771777777:777777777

The pressure-time history of the ideal blast wave is most frequently

described in terms of the modified Friedlander equation [7],

p(t) = Po (l-t/td)e -K t/td , 0:;t.t d .(28)

where p(t) is the blast wave overpressure, t is the time measured from time

of arrival of the blast wave, p0 is the peak overpressure, td is the positive

phase duration, and K is the exponential decay constant. The three parameters

Po0 td and K in this equation make it possible to match the following three

experimental characteristics of the real blast wave. P. td and Ids where Id

UNCLASSIFIED
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is the positive phase impulse defined by

td

I d fo p(t) dt (29)

The region immediately in front of the shock front is assumed to

be in an undisturbed state (uA=O) at a known pressure PA and temperature TA.

Conditions immediately behind the shock front are determined from the

Rankine-Hugoniot and other standard gas dynamics equations describing shock

waves in air. Assuming a specific heat ratio y = 1.4, and adopting the

notation ; to represent the pressure ratio P B/PA across the shock front, the

fluid properties immediately behind the shock front may be written in the form

SPB = P A + Po

T = TA ý (6 + ý)(I + 6)- 1  , (30)

us (1.4 R TA )1( + 6po/(7PA))/

where R is the gas constant for dry air, and us is the speed of ",e shock ..

At the cylinder itself, conditions are determined by assuming isentropic flow in

the region behind the shock front.

PAP A p(t) ,•

T = TB(P/PB). 2 8G

c = (1.4 RT)½
(31)

q = 2.5 Po0 (po 7PA)-1(p(t)/Po) 2

p - P(RT)- ,

u = (2q/p)-½
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With the basic fluid properties known behind the shock front and at

the cylinder, it is possible to evaluate the four parameters qI, tTt M and Re

appearing in the drag equations (25) to (27).

M = uc-1

Re = u D v-1,

(32)
t.T D us- 1

q, =q + .175 PM4 + .0175 PM6

where the kinematic viscosity v is a known function of T and P (refer to [10]

and [11] for considerations in this regard).

A computer program which determines the air blast load on circular

cylinders according to the techniques described above is given in the Appendix.

5. Numerical Predictions and Comparison with Experiments

The numerical simulation model developed above was used to predict

the time response of a 35 ft fibreglass Whip Antenna and a 23 ft UHF Polenast

Antenna when subjected to a nominal 7.0 psi peak overpressure blast loading.

The two antennas were subsequently exposed to air blast loading in Event Dice

Throw, a 620 ton AN/FO free-field blast trial conducted by the United States

Defense Nuclear Agency at the tihite Sands Missile Range in New Mexico on

October 6, 1976, and strain data were recorded for five pairs of strain gauges

measuring bending strain on each antenna. The theoretical predictions and

experimental results for the Whip and Polemast Antennas have been examined in

detail in references [12] and [13]. The brief discussion which follows

considers only representative items from the detailed reports.
The s54 ructuresof the antennas were represented in the computer model

UNCLASSIFIED
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in such a way as to simulate the mass and projected (normal to blast direction)

cross-sectional area profiles of the prototype antennas. Photographs of the

two antennas installed at the nominal 7.0 psi peak overpressure location for 4
r . Event Dice Throw are shown in Figures 1 and 2. The physical features which

describe the corresponding computer simulation of the antennas are outlined in

Tables 1 and 2. It should be noted that the computer simulations of the

antennas agree with the actual structures in the following critical areas:

weight distribution, total weight, projected (normal to blast direction) ]
cross-sectional area distribution, and total projected cross-sectional area.

Prior to the blast trial, a static load was applied near the top of

earh antenna usina an anchored steel cable at a pull angle of 300 to the

horizontal. The load was subsequently released electrically ("Twang Test",

see [12,131) and the strain data for free vibration were recorded. A Fourier

analysis was performed for toie experimental strain data to determine the

natural frequencies of the antennas. A comparison of theoretical (numerical

sirmlation) and experimental ("Twang Test") natural frequencies for the two
aW•-enns ... • ^ev^nf, in TAhIn I Tt ap annarenf frnm this comparison that

the predicted frequencies are in good agreement with the values obtained

experimentally.

A comparison of theoretical (numerical simulation) and experimental

(blast trial) bending strain histories is presented in Figures 3 and 4. The

theoretizal predictions were generated using a Friedlander overpressure v.ave

(Figure 5) which corresponds to the Defense Nuclear Agency (DNA) pre-trial

predictions for peak overpressure (7.0 psi), positive duration (242 msec) and

positive phase impulse (600 psi-msec). The free-field overpressures at the

base of the antennas were measured with four strain-type pressure transducers.

UNCLASSIFIED
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The Friedlander overpressure wave which corresponds to the averagr experimental

peak overpressure (6.6 psi), positive duration (251 msec), and positive phase

impulse (705 psi-msec) is shown in Figure 5 for comparison purposes,

it is apparent from Figure 3 that the Whip Antenna bending strain

predictions are generally much larger than the corresponding experimental

strains (the differences are within experimental error bands, considering

pressure transducer errors, drag coefficient errorsimaterial uncertainties,

etc.). The average ratio of peak theoretical to experimental bending strain

from all five Whip Antenna gauge pairs is 1.65 (Table 4). This may be

compared to the results in Figure 4 for the Polemast Antenna in which there

is excellent anre0erment between the theoretical and experimental strains. The

average ratio of peak theoretical to experimental bending strain from all

five Polemast Antenna gauge pairs is 1.19 (Table 4). A considerablý more

detailed evaluation of the above two antenna experiments may be found in

references [12] and [13].

6. Conclu sio ns

A numerical procedure was developed to predict the elastic response

of variable cross-section cantilever beams when subjected to a transient air

blast load. The numerical model was used to predict the time response of a

35 ft fibreglass Whip Antenna and a 23 ft UHF Polemast Antenna when subjected

to a nominal 7.0 psi peak overpressure blast loading. The computed natural

frequencies and transient strains were in reasonable agreement with valuesv

obtained experimentally in Event Dice Throw. A more detailed evaluation of

the above two antenna experiments may be found in references [12] and [13].

UNCLASSIFIED
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x (in) ID (In) ODI (in) OD (in)

0.004 4.400 6.50Q j 6.5003
41.85 4.288 5.942 5.942
83.70 4.002 4.878 4.878

125.55 3.665 4.459 4.459
167.40 3.403 4.154 4.154
209.25 3.056 3.935 3.935
251.10 2.707 3.241 3.241
292.95 2.298 2.631 2.638
334.80 1.957 2.257 2.257
376.65 1.695 2.030 2.030
418.504 1.500 1.900 1.90O0

1This profile establishes the mass distribution.

2
'This profile establishes the projected (normal to blast direction)

cross-sectional area distribution.

Extrapolated value based on data supplied by the manufacturer.

boundary conditions; clamped at x, in, fr•ee at x=418-50 in.

E 3.9xi0 6 psi
p 0.002298 slugs/in 3

Ax = 41.85 in
N 10
L = 418.5 in (34.88 ft)
P = 12.58 psi

T 54.0 0 F

Pg = 7.0 psi
td = 242 msec

600 psi-msec (K=1.137, computed)
t= 1.00 msec

The time response is formed using only the lowest 3 natural frequencies
and corresponding normal modes.

TABLE 1: Numerical model simulation of a 35 ft fibreglass Whip Antenna.
All symbols are defined in the text. The antenna outside
diameter (OD) and inside diameter (ID) data were interpolated
from data supplied by the manufacturer. The air blast predictions
were provided by the United States Defense Nuclear Agency.

I
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x (in) ID (in) OD (in) OD (in)

03 8.978 9.500 9.500
360 8.978 9.500 9.500
72 8.978 9.500 9.500
108 7.950 9.500 17.220
144 8.978 9.500 9.500
180 8.600 9.500 13.360
216 8.600 9.500 13.360
252 8.290 9.500 10.0802881 8.290 9.500 10.080

This profile is calculated to establish the correct mass distribution,

assuming a fixed OD equal to that of the seamless extruded aluminumtubing which constitutes the primary structural portion of the antenna.

This profile is calculated to establish the ccrrect projected (normal
to blast direction) cross-sectional area disttibution.

Boundary conditions: pin at x=O in, pin at x=36 in, free at x=286 in.
E = 1Ox10 6 psi
p = 0.003044 slugs/in 3

Ax = 36.0 in
N : 8
L = 288.0 in (24.0 ft)
PA = 12.58 psi
TA = 54.0OF

0 7.0 psi
td 242 msec
1-1 = 600 psi-msec (K=1.137, computed)
At = 1.00 msec
The time response is formed using only the lowest 3 natural frequencies
and corresponding normal modes.

TABLE 2: Numerical model simulation of a UHF Polemast Antenna. All symbols
are defined in the text. The structural datawere obtained from
drawings supplied by DMCS-6 (modifications as noted in [13]). The
air blast predictions were provided by the United States DefenseNuclear Agency,.
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Whip Frequencies (cps) Polemast Frequencies (cps)
Mode

Theoretical Experimental Theoretical Experimental

1.47 1.27 4.62 4.00

4.09 4.20 25.5 24.11

3 9.55 9.50 72.4 -

1 This value represents an average of indistinct frequencies which

appear in a band over the range 19.7 to 32.1 cps.

TABLE 3: A comparison of theoretical (numerical simulation) and
experimental (Twang Test) natural frequencies for a 35 ft
fibreglass Whip Antenna and a 23 ft UHF Polemast Antenna.
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-PVFAM*

W%ý4ý 3414

pit*

FIGURE 1: Photograph of the 35 ft fibreglass Whip Antenna installed at
the nominal 7.0 psi location iii Event Dice Throw.
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FIGURE 2: Photograph of the 23 ft UHF Polemast antenna installed at the
nominal 7.0 psi location in Event Dice throw.
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FIGURI 3: Comiparison of the Whip Antenna bending strain~ predictions
(dashed lines) against the measured strains (solid lines).
The five gauge pairs are respectively located at distances
3,5, 10.5, 17.0, 18.4 and 24.0 ft f'romi the base of the antenna.
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APPENDIX A

COMPUTER PROGRAM FOR THE NUMERICAL SIM'dLATION MODEL

Based on the numerical procedures described in Sections 2, 3 and 4,

a computer program was nrepared to determine the natural frequencies, normal

modes and air blast transient response of a tapered cantilever beam. A

listing of the computer program is presented in this appendix, together with

a description of the initialization procedures.

(a) Free Vibration

The computer program for free vibration consists of a main program

and two subroutines, referred to as "ESOR" and "ANORM". The major portion of

the computation for the natural frequenccieý arid uioial iiiodes is carried out

in subroutine ESOR. On completion of the calculation, the program displays

the relevant frequencies and modes, and stores the information in a dis;k file

for future use in the forced vibration calculations. The card input data for

the free vibration calculation is outlined below, and a listing of dhe

coriputer program is provided in Figure Al.
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Program Text Field Description
Symbol Symbol Units TypeDecito

CARD 1: Iteration control parameters
--------------------------------- -----------------------------------
N N -15 number of elements in the beam.

M - -- 15 number of frequencies/modes to
be calculated, ascending order

(3 is satisfactory).

FSTOP - -- FlO.5 SOR and Rayleigh quotient con-
vergence criteria (.001 is
satisfactory.

NSTOP - -- 15 iteration loop termination
parameter (150 is satisfactory).

IPRNT - -- 15 printout option (1=full,
O=partial).

rALEN L, FIO,5 length of the beam.

NN - -- 15 number of data cards (see Card
2) used to describe the mass
distribution along the antenna.

EMOD E psi FlO.5 Young's modulus.

RHO p slugs/in3  FlO.5 density.

ANU - -- FIO.5 SO. acceleration factor (1.0 is
sati sfactory).

IBC I -- 15 boundary condition code:
O=clamped-free, 1 or larger =
pin-pin-free with pin at X=IAx.

CARD 2: Description of the mass distribution along the beam; NN cards of
this type.--------.-.-.------------------------------------------------•,' ; ? - £•--- -- ----

WhXX x ft F10.2 position from base of the beam.
W3,DOU OD in FIO.2 outside diameter.

W4,DIN ID iln F1O.2 inside dia.meter.
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(b) Forced Vibration

The computer program for forced vibration consists of a main

program and three subroutines, referred to as "DRAGC", "YDISP" and "VISCO".

The major portion of the computation for the forced vibration response is

carried out in the main program. Subroutines DRAGC, YDISP and VISCO

respectively deal with computation of the air blast loading on circular

cylinders, display of the stresses which correspornd to a specified beam

displacement profile, and calculation of the kinematic viscosity for air,

Input data for this program consists of the natural frequencies and normal

mods computed previously (read from a disk file) and data cards identifying

the air blast loading and assorted parameters required in the time response

calculation. The card input data for the forced vibration calculation is

outlined below, and a listing of the computer program is provided in Figure

A2.

I rora Txt Units FldDescription
Symbol Symbol J_____JType
Card 1: Data describing the normal mode plots.

INPLT - -- 15 plotting option (O=suppress the plot).

ICODE - -- 15 printout option in the plot subroutine.

XLEN - in FlO.3 length of the abscissa.

YLEN - in FlO.3 length of the ordinate.

YDELL - -- FlO.3 scale of the ordinate.

----------------------- --------------------------------------------------
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Progi.am n Text Field Description
Sym~bol Symbol UisTp

Card 2: Data describing the air blast loading on the antenna.

PO PO psi FIO.1 peak overpressure.

TPLUS td sec FlO.l positive phase duration.

PA PA psi FlO.1 atmospheric pressure.

TA TA 'F F1O.1 atmospheric temperature.

D in F1O.l representative antenna diameter (for
display of drag pressures only).

AK -- FlO.1 Friedtander decay constant.

TIME - sec F1O.l time step (fnrdisplayof drag pressures
only; .010 is satisfactory).

LOOPS - -- I10 limit on the number of display loops iI (display purposes only; 999 is
-------- ----------. -. -- .. . .. . .. . satisfactou ---. ------------------------

Card 3: Number of cards needed to specify the projected (normal to blast
directionlqcross-sectional area profile of the tntenna.

---------------- ---------------- -----------------------------
NN 5- if NN=i, then the OD used i to=

Vibration problem also specifies the
projected antenna area profile; if

I NN>l, then there are NN cards tu follow

Card 4: Description of the projected (normal to blast direction) cross-sectional
S~C~L~Qtt ---------- j

xft FlO.2 position from base of the beam.

+ ------------------------

0C1r 5: Control parameters for the transient response calculation.

ting the time response (ascending order

in frequency).

DELT At sec F1O.5 time step used in the numerical
integration.

TLIM - sec I10 maximum time to which the time response
is carried.

MDISP - -- F10.5 the number of time steps between beam
response displays.
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