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TECHNICAL DIS CUSS ION

The gran t peri od was cevoted to a study of two classes of non-

linear opti cal p rocesses:

(1) Nonlinear optical mixing of microwave radiation at 4 GHz,

w i th the 944 cm~ P(20) line of CO2 i n a NH2D gas . This analysis formed

the basis for a series of experiments at the Hughes Research Laboratories ,

Mal i bu , where the effect was observed and agreement with the theory es-

tabi ished.

The work is described in the enclosed reprint (Appendix 1).

(2) Conjugate four-wave mixin q for time reversed propagation: A

theoretical analysis of four-wave mixin o in oases was conducted. Special

emphasis is on the use of this effect for correcting for aberrations in

opti cal propagation .

In add i tion , we carried out a theoretical study which treats all

orders of non linear optical mixing phenomena , including Raman processes ,

usin g a un i fied point of view and introdu cing to nonlinear optics the

formalism of Feynmari diagrams . This study will be useful to i denti fy

candi da te materials for resonantly enhanced four-wave mi xing experiments

describe d in (2) above . (See Append ix 2).

The research effort involved , in addition to the Principal

Inves tinator , the full time of a graduate student , Poch i Yeh , who will

ob tain his PhD deoree from Caltech for work supported by this grant.



-~~~~

A P P E N D I X  1

Stark-Induced Three- Wave Mixing in Molecular
Gases—Part I: Theory

RICHARD L. ABRAMS , MEMBER IEEE , AMNON YARIV , FELLOW , IEEE , A N t )  P0 CIII A. YEll

Abstract—A pp licat ion of a dc cI~ct r ic f ield to a gaseous system I. INTRODUCTION
destroys (l ie basic iri~ersion symmetr y and alloss s th ree-wave nuxing ONU N EAR opncal mixing in atomic vapors has beenprocesse s t i  oc cur. A th eore ti cal dcrisjt ion of lb!. ef f e c t  under co,1-
ditions of rc~on~ ntJy enhanced nonI;nc~iriIics ~ c!bc n for a tlt rec-tcv cl demonst r ated for a number of d i ffer ent processes in.
system. (atculat i oi i c are prese n led hr  n hi’ i~n~’ of a CO. laser wit h chiding third harmonic generation [J J — [ 4 ]  , dc~induccd
4-GUs ie ,ic- roisaves in the molecu le NII 2 D, producing ,ing tc lower second-harmonic geiwration (5] , [6] , infrared upconv ersion
si debj nj rad iat ion. [7] , 18) , and niultij rhotci n genera t ion of new wavelen gths

[9) Resonant enhance ment and ph ase matching of three .
Manu cc r ipt rcecivcd September 2 . 1Q76 . Thic Work wa s supported m photon processes has led t i  rat h er im pressive conversion cf .

part by th e Advj nccd t~cse ~rch Pro;ec~ A c~cn c~ . mon it o r ed b~ the 
flci~ti ci~s for cert ain interactIons in atomic vapors (2] — 14 1Offi ce of Naval h~c~ej rc } i , aii d in pai t by t h e  Ar my Rescare t i 0111cc,

Du rha m . NC. In this paper we discus s lh ice-w av C mix ing  processes iii mole-

R I A hr. i t i is ii wi th h ugh es Researc h Laboratonec , Malibu , CA cuks whete resonant enhancement is achieved v ia Staik tuning
90265 of t h e  tn o kc ul a r en e rgy levels. This interaction and its sub.A. Ya r iv and P. Ych ire w it h the California Institute of Technology.
Pas adena . CA 91 l ( )9 . sequent experim e nt a l observation (ho] suggest a new type of
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electroopt ical effect. i,itiiidy single-s ideband generation by ~05 3)
appli ed microwave hreque nc ies. A th ieois t ica l  derivat i on and 2 •‘ I

calculations of the interact ion for a three-level system are
presented ~cre , specialiicd to the ca~c ot a partic ular molecule
(N i t 2 D). The experimental ~~scr~ atis OS are discussed in the P120 1

The app lication of a de electr ic field to a gas introduces a - H, 
I / ~

fullos~.itig paper [10J

II. TULORY
7) 

~~~~~~~ 
i~~~I134 ()1

preferred spatial direction , thus destroying the inversion sym- ~ 
4 l4~~~~~~~~~

[ 

~~
______ 4 GH,metry. The second-order induced polariia tion amp lit ude can

then be related to the product ot the field (complex) arnphi - ~ 

~ 
{.tudes by IMI 4 

~~~~~ 
c.

pW~~~~~~~~~
(
~
) i ~ d ”u ‘ ‘ L ap E~.r (1) 

~ L 1 3570 V~~a oa~
Choosing the dire ct un  of the dc field as : , t he allowed d0~ 

I
•1 I

~ire d ..  , d.~1, arid d1.1, where i x o r y .
in scarc ~;ng for a ca,ididate gas in whic h to observe the i~r. 1. Some of the energy I se ls rctcv ~r1 to the derivation of the non-

effect , one should look for: I) molecules wit h a strong perma- 
linear coeffic ient.

nent dipole moment or 2) molecules whic h , in th e  presence of
a dc field, acqu ire a large dipole moment so that the presence 

determ ined from inear absorption data as well as from the

of the dc field constitut es an appreciable perturbat ion. 
data on Star k splitting. This makes possible , in principle, a

A niolecule nseeting criterion 2) is Ni-12 D. The molecule has , 
precise theoretica l derivation of the nonlinear mixing behavior
of this molecule and of

among ot hers , the three levels shown in Fig. I, which c~ri be 
its parametric dependencies.

Sta rktuned into simultaneous resonance with the P(20) line 
Applying second-order perturbation t heory (16 , p .  556 ]  to

of the CO. laser [ 1 1 ) —  [1.1 ] and microwave radiation near 4 
t he three-level sy~tcrn of Fig. I ,and keeping only the resonant

GIlz as shown. lids should lead to a strong resonant mi~1nn 
(i.e.. with near vanishincr denominator ) term , leads to the fol-

of the P(20)  line (of frequency ~~~~~ and the microwave 
lowing c ’ p rcss i i n to E she poianZation generated at w 1 —

field at w 2/2~ 4 Gl hz , g viiig rise to t h e  difference frequency 
w 2 by t h e  app lied fields at w~ •

1 5 N , ( i - E 3) 3 3 ( ~~- E ~ ) 2 3 (gz ~,) 3.radiation at w 1 = - 

~~ when the :~rk field is rica! E~ = P ’2k r) = 
4& [“ 33 + j (c.i3 - W 31 1 3 2  + i(w 1 —3570 Vc in .  Levels 1 and 2 belong to the lowest vibratio nai

state (c’ 2 = 0) and hi:v ~ ir . rcnl r angular momentum quantum
num bers J = 4 and ,t !j  4 . The subscripts 04 and 14 corre- - 

(N2 - 

~~~~~~~~~~~~~~~~~~~~ 
(~i0)32

spond to t he s ta ~ da: ii asymmetric top designation [1 51. The (r~ + 1(w 2 - 

~~ai )I (1’3 2  + l’(~~~i 
— c~3 2) J }

symbols a (asyinmct iic) and s (svrnn-icti Ic) re fer to the parity exp (iw 1 t) + cc .  (3)
of the inversio n-sp lit cTh rational wave functions. The applica-
t ion of an e lectric field EdC causes an admixture o f t h e  wave where N1 is the population density of leve l i with E2 If 3 = 0.

f’~~ict ~r pc 14 03 a> and 4 3 4 s) svh~c h is due to a nonvanishing At thermal equilibrium N2 , and the main contribution

matrix c :aicrit if the molecular dipole operator connecting to ~~~ is from t he tirst term , the one proportion al to N 1

t he two st a tes.  This admixture, whic h will soon be shown to At zero dc field the matrix element (p~~)~~ is zero. This is

be responsible for the nonlinear nI1Ixin~:. disappears at 7cm dc due to the fact that , as can be ~1i. i. wn group ~~co, ct iC

field. The parameter ~ appearing in the expression for the arguments , only the molecular dipole moment along the b of

wave functions corresponds to the energy sp litting E1 - Nil 2 I) axis t ;~, ,) may possess a nonvanishitig matr ix c lement

between the two how-lying states arid is given by <5 O5~ lPbl4 i4~~’ but Pb 0 due to t he basa t plane synilnetry
of NI l~ D. It follows roin (3) that for E dC = 0 no frequency

[4 l(4 o~at p. !4 14 s)I 2 (Edc )2 + 6 2 ) 1 / 2  (2) mixing takes place. When E~ ~ 0 t he ground St i te wave

while the admixture wave functions are function I4 04~~
> is admixed into level 2 as shown iii Fig.

This results in a nonvanishiri g mat r ix element (pa)~~ 
pro.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
port ional t o ( S os at Ma l4 osa) .

For L~ II:, o x, and L’3 hI ~ we find, using t ire admixed

12) = 
~~~ [v

u 14 04 a) - -~/~‘i~ I4 i4s)J 
wave functions , that t he trip le matrix element product isp-
pearing iii (3) is gise n by

~~~~~~~~~~~~~~~~~ 
-4 i~ (4 u~aJ~~ I5 os a)2

where 6 is the i.e .tting and U: is the projection of
the molecular dip - operator along the direction of E~c ‘~t~ ( - (4)
t ile dc field.

l’iie expression for the nonlinear dipole moment of an The dependence of the trip le matrix clement product on the
NIl2 1) mimol ecul e depends on matrix elements wh ich can he dc c kctm ic field is contained in the factor /‘ jc ~~ wit h ~ the
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energy separat ion between levels 2 and 1 ,as given by (2 ) . lhe
nonlinear mixing is thus absent . I. e. , p~2) = 0, at /c ro fidd 0 5 10

(Edt 0) and at very high fields (~ >> ô). From (I) and g~~, ~~~T I I I I I I I I I
‘-:: -

~
-‘ 0.3 -and using the fact that at room te m perature N2 � N 1 we

obtain -

d~) * ~~3~~h i = 
I N i (p . ~) ( p ~

) m 3 ( p 0) ~~ ________ o~
~~~ [c13 +i(w~ 

- w 31)j IF 32 + j ( w1 - w3 2) ) 

~

7

I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

1
(5)~~~~~

i 0.1 I

Expression (5) app lies to stationary molecu les with energy ~~ 
‘

levels at E1 , if2 ,  and £3 - In a gas samp le we need to accou nt ~
for the Doppler shr ift of ti re transition energies of individual 0 — —-  ~~~~~~~~~ 1 0
molecules. This is done by averaging the nonlinea r coefficient 2 4

daa~, 
over t he Maxwehlian velocity distribution function with x~~cri 

~
J2’O t.)31

the result , for operation at line center , that ILg. 2. Theorct icat dependence of N112 1) nonlincam coeff icient on
pressure scJ i ’~n t i i c  rpi’hed tields arc cxactiy resonan t with t h e  Stark -

= 
—N 1 ( p - ~)~ 1( P a ) 13 0 2 0 ) 3 2  - tuiicd energy kecJ ~.

2~i
2

c aF(x) curve of if 2 — E~ versus EdC [14) . This yields <alp: ls)
vc1~ — (6) 1.14 X 10-a esu. At resonance 

~ d 35 70 V/cm and 6/ .~OW 3, 
~~~~

‘ 

0.174. These data are used in (9) and result in
where

(uz)i2 =0. 174 ( a l p ] s ) 0.198 X 10-18 esu.
F(x) = erfc (x), W 3j  ~~~ >> ~‘21 ~ l3 r32 i , The saturated absorption ‘Y~ 

and pressure broadening cod-
o = ~~~~~ ficient are obtained from the data in ( 13]  as

is the rms molecular velocity, and x cF / (v’~cw 3 1) is the in 0028 cm ’
ratio of the homogeneous (spontaneous plus pressure) line- rir = 2ir(20.1 MHz/torr).
width F to the Doppler Iinewidth ~/ ~ow 31/ c .

AJthough a numerical estimate of the nonlinear nrixing coef- With these data we obtain
ficient based on (6) is possible , a sa fer procedure , and one that d~” ~‘~~“ 2.31 X l0 ’G(x) esu (10)serves as a check on the matrix elements needed to evaluate X X Z

~~~ (the largest coefficient in NH2 D) is to relatG i~ to the 
G( — ~

‘

linear absorption coefficient of x polarized field at W 3 W 3 ~~
. 

— X~ erfc (x)]. h1x) 2 x l — -- xe
The latter can be shown to be given (in esu units) by

The theoretical dependence of ~~~~ on pressure (see (10)1 is
‘131 in V~ xe~~ eric (x) (7) plotted in Fig. 2. The peak occurs at P 2 torr and has a value

where “~‘,j is tire value of 731 at  hig.h pressures (c F >> ow 31)  of
and i~ given by = 6.4 X 10-8 

~~ 2.4 X 10-2 2 MKS.
~ xxz )rnax

4n 1p 131 2 w 3 i A comparison of this predicted behavior wi’h experiment is
711 = -———— -

~~~~
— -  N~.

~icI’ given in (10).
The coeffi cient d es linrated above refers to the generationCombining (6) and (7) leads after some mathematical 

of sideband radiation Si w 1 by mixing a CO2 P(2 0) line withmanipulation to , -a microwave fie ld w 2 (at 4.1 GHz). It is thus appropriate to

= — 
c(p2) 12 (~~~

‘\ compare it to the e lectrooptic coefficient r41 of GaAs which
Xx i  8arJIw3, ~Pl3) can be used , alternatively, to generate the sideband by con-

2 
ventional ehect rooptic modulation,

• )/!T
~~ 

12X 2 F(X) — xl - (8) Using the correspondence [16 , ch. 16]
2 o w 3j  Vim J 2c0

The various constants in (8) are evaluated as follows: the t/!k - 

E1C1 
dlk, (12)

matr ix element (P: )12 s a function of t he admixture and
according to the wave functions (2) is given by we have

(n3 r)NI, I, 
(13)(ia 1) 12  (4 04 a?p114 14 s). ~9) (n 3 r) (;,,A$

We obtain the matrix element (a lp .  i s )  from compar mne the We thus reach tire conclusion that for sideband generation , dc-
splitting if, - £3 , as given by (2) to tire experimental tuning biased NI 12 D at 1’ 2 torr is comparable to GaAs (wh ich is 

-~~--- - -—- ..- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --.-- —-- - -- --~~-
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one of tire best inf ta reil Inodiihrt ion ni:itcriais). ~Ve must 161 1 I ~Vard and I J flu -b , “Molecular ‘~coniI :.nd third-order
recogni.’e , however , that t h is large coefficient was obtained poI41I,al~ i iti ~~ h u m  m,-a ,ure:i ic i i i ~ iii w~ o uid iii iu ,IouilC ~cn era -

- . lio n in gs sc% ,’’ P/si-s. R . i  - s i t  I IA . ~‘p t i i ) - i , ( ,  Jan. 1915.by exp loiting the resoiiam rt nature of the e t l e c t .  Ehie penalty 171 S. F h arr is and D ‘ii lilnoin, “K ~ s o nj ntiy iss u -pl io to n pump e d
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In conc lusion , we have shsisss n in deta il how Stark adinixing App! i/u l e t ?  - si . i  4 . j . 4 2 7 — 4 2 8 . M.s~ 1914 .
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The Application of Tint Evolut ion Operators and

Feynmari Diagrams to tionline ar (~:uics ~

Amnon Yari v

California Institute of Technology , Pasadena , California

ABSTRACT

The paper develops a consistent formalism for describing

nonlir .~ar optical mixing and mu lti photon processes of any arbitrary

order, The theory uses the time-evoluti on operators of quantum

mechanics and the , related , Feynman diagrams .

(To be published in the IEEE Journal of Quantum Electroni cs )

*Research supported by the U.S. Army Research Office .
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I. General Backqround

The purpose of this note is to demonstra te the use of the quantum

mechanical evolution operator formalism and the closely related technique

of Feynman diagrams in deriving the non linear constants character iziria

differentivulti phOtOn nonlinear optical processes,

As an illustration we apply the method to sum and frequency genera-

tion 1 two—photon absorption and stimulated Raman scattering. We start w i t h

a short review of the evolution operator formalisni .~~
The eigenfunct ion ~p (t) of an atom subjected to an electromagnetic

field can be obtained formally by solving the Schrödinger equation

H ip ui 
~~~~~ 

(1)

or , equivalently, by operating on the eigenfu:iction at time ta wi th the

evolution operatL .r U(t b; ta ) according to

= U(t b) t )  ip(t ) 
- 

(2)

where U (tbs ta) satisf ies

u(t- ~t )b a  
= 1IU(tb, t )  (3)

If H does not depend on t ime , then it fo llo~’tc from (3) that

-i ~(t -t )
U(tbs ta) = e ‘ii b a (4)

— 1w ( t L -t
L Im> <mJ e m ~ a
m

- ----

~ 

‘ - ‘----- - -‘-- ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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3

where E~/’6 and l iii> is the eigenfunction of H with energy 1m ’ i.e.,

Him> = flu rn> . 
-

- In the cases of interest to us we take the Haip i lt oni an as

H ( t ) = H0 + v(t) (5)

where H0 is time independent and v (t) represents the time dependent in-

teraction of the atom with the op t ical f ields.

The solution of U ( t bl ta
) when the Hami l tonian is given by (!~) can

be obtained by a perturbation expansion in powers of v(t ) .  The result

- U(tb l t
a
) = u(O)(tb)t 

1) (tb,t )  + u(2)(tbI ta)+••~ u~~~(tb5 ta)+

- 

(6)
wher e -

( O) ( -

. 

) - 

-i 
~~ 

(tb-t)
U b’ a - e

t~
- 

~
( 1 )  

= (
~~~

) La u
(°) ( t b , t) v( t ) u~~~(t ,t ) dt 

-

tb>tl
= ~ 

i~2 J J dtl dt2u
(0)(tb,tl ) v( t1

) u~
0
~(t 11 t2) v( t2) u(°)(t2s ta)

a a ( 7)

t ,t >t
U

( s)  
= (~ ~~ j’ j’ J dtl dt2dt3u

(0)(tb)tl ) v( t1 ) u (0)(t 15 t2) v(-t2)
ta ta ta 

~ u~
0
~(t2.t3

) v( t3) u(O)(t3i ta)

where
tb > t 1 > t2 > t2 > t3 

... > t~

The manner in which we are going to apply this formal i sm may be per-

haps best illustrate d by an example: -
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Consider th~ F~ainon scattL ring process in which an atom (or molecule),

subjected to an optical f ield containin g frequenci es u
1 

and and initi-

ally in the ground Suite n, absorbs a photon at ~~~ while simu itaneo u sl y

emitting a photon at t-:hile making a tr an sit b~~l to st.i~e k . This

process is illustrated in Fig , 1. Each scattering event results in the ab-

sorption of a photon at and the emission of a photon at 
~2’ 

We may wish

to calculate the rate at which 
~2 

photc t~ are generated per unit volume .

This rate divided by the w2 photon flux (photons-m 2 sec~~) gives us the

exponential gain constant of the f ield (the Raman gain).

We calculate the rate at which an atom makes the Raman transition

n -
~~ k by taking the time derivat ive of the probability that an atom ini-

tially in the ground state n will be found at time t in state k. This prob-

bility is -

Pk (t ) =

2
= t<k (u (t10)ln> ( (8)

Since the basic scatteri ng involves two photons , one at u-~ and a second at

(02, we need to consider only the second order term , i.e., U(2)(t,O) so that

Pk(t) i<k~u~
2
~(t,Ofln> 1

2 (9)

An alternative method would be to solve for the third order induced

dipole moment of an atom subjecte d to fields E1exp(i~
e1 t) and E2exp (iw 2t).

Specifically we are looking for an induced dipole moment which is propor-

tional to

i w t  iwt iw t iw t
E1e 

1 (E 1C 
)* E2e 

2 
= 1E 1 1

2 E2e 
2 (10)

Since the expectation dipole moment is given by

I. 
---- ,--  ~~~~~~~~ --- ,~~~~~- 
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(‘Il)

The desir ed dipo~- ’ m-~’ ; c ~nt  w ill resul t f rom t e r m~ such as <~~~ iu~ ~
2)> ,

<~ ( O)  
ç (~ )> wh ere

u~~~(t,O) ~- (o ) (12)

since they invo 1vc ~ the third power of the pertul-~ ation , v(t).

Usin g the first approach the power per unit volume genera ted at

is

P(w2) NW .+k ~
‘
~2 

- ( 13)

where

- ~
“n-.~k 

= -
~~~~

- r 1~(t)

is the trans ition rate per atom from n> to k> , and N is the density of

atoms , -

- 

Using the ss~cori d appro ach , i.e.; the one leading to (11), ~‘ie calculate

the pow~’r P(-.~.2~ as

P ( w 2 ) ~~
- E2~ ~~

-
~
- N<

~~
> (14) -

where the bar denotes time averag ing ,

Either result , i.e., (13) or (14), can be obtained in a quick and

straightfo rward manner using reyninan diagrams . This makes it possible to

limi t the considerations to resonant terms which dominate the process ,

when such term s exist , while ignoring the remaining terms .

By insistin g that the results of (13) and (14) agree with each other

we will learn how to include finite linewidths in the analysis.
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To c a l c u l at e  the ( xp ’-ctat.ion value of physical observables as in (11)

we n~~-u to obtain an f ;~pr’’.sioo or the w a v e f u n c ~~i r r1 to any desi red order

of pe rturbat i rh , Ui- optical f i e ld  at the atom s i t e  is taken as

-- 
- iw

1t ~ — 
iw 2 t

E ( t )  = e + [~e + c .c .  (15)

and the in teraction Hain iltoni r as

E iw t E iw.- t
v(t) = - 

~~

‘ (‘~-1- e 1 
+ ~~~~~~~~~ ~ + c.c .) (16)

The perturbation is assumed turned on at t0 
= -

~~~ at which time the ato m is

in its ground state n. The eigen-functi on at a subsequent time t is

= ~~°~(t) + ~~~~~~~ + 
. • .  ç~~~(t) + ... (17)

where from (2) and (6)

- 

~~
°
~~(t) = u~~~(t ,t0 )J n> (18)

Using (7)  we write
H

to’ - ~~ (t-t ) -1w (t-t

~
p’ ‘(t) = e 0 In> = e ~ ° In> (19)

= 
~~ ( t- t )  

v(t ) e 

~~ (tl~
to)dt 1°>

which using (4) becomes

t -iw (t-t ) -1w (t -t
ip (t )  = -

~~~~~

‘

~~~~ f ~m> <ni l e ~ v(t1 )e ~ ° In> dt 1 (20)

Since v(t1) is , according to (16), a sum -of four terms , the integrand in

- - — ~~~~~~~~~~~~~~~~~~~~~~~~~ — —- -~~~~~~~~~ ~~~—. .-_~~~ ——--- - rn ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
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(20) is made up of four ter:s. One such term , for example , resulting from

the part of v(t) invo lv~ng F~
’ exp~-i.. 1 t) will yield

t i ( c . - -w )t -i . i . nt
( t )  = :~-ri- ~ ~l ~ ‘ ~ ~~ 

inn 1 ~ e i~~t e ° dt 1rn
0

= 
~~~~~~~~~ 

(~~ ) E~ ~~— --— —- — - - - -~-~-- rn> 
- 

(21)

where is the projection of ~1c~’iq r1. In (21) o ’- added t~ e usual con-

vergence factor -y by letting wrn ~ ~~~~~ 
The factor ~‘ is then al lowed

to approach zero. This causes the integral at t~ - -~ to be zero. We will

show later that if we l r ave y as ~n (21) it will account correctly for the

finite lifetime or l inc -,’idths of the transition. The constant factor

exp (~ .-t 0) has been l e t  out since it cancels out (through multiplication by

its complex conjugate) in the calculation of physical observables. As men-

tioned above ç:~~~(t) has three more terms each of a fo rm similar to (21) but

involv ing +w 1, 
~ 

and 
~

‘‘2’ These arise from using the rem aining three terms

of the ~ami 1tonian (16) in (20). We thus have

i(w —w )t
( 1)  -

~ 
E’i~ 

e J rii> E e 
‘
~ “ rn>

~ Ct) ~~ ~ ~~i~rnn wmn~ w 1
- ~~ 

+ 
~~i~iin (emn + ~l 1~

i(-w -w )t i(w -w )t
e 2 ii Im> E e 2 n j rn>

+ 
~ 2~mn 

~rnn 
w~- 

+ 

~ 2~mn (0mn+W2~ 
iy (22)

Using (7) we write the second order wavefunctio n ~
(2) (t) as

‘I

I.~
. 

-,---~~~~~~~-~-~~~~~ -_ ~~~~~~~~~~~~~~~~ -— —_ —--- —_,- .‘~~ ..  —--~~.--- ~
_- —~~--~~~~-- -
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u~
2
~(t,t0)!ri~ 

=

2 ~ - iH (t - t ) - iH (t -~~ .) -iH (t -t(
~ ~

1”) J 
J 

d t d t2 e v(t1 ) e 
° v (t2

) e 0 2 ° In>
to t0

t > -
- 1 2 -1w (t-t - i w  (t -t )

= ( 1)2 ~ 

~ 
f J e S ‘ Is> ~s! v(t 1 ) e. rn 1 2 rn>

- 
m s

~~ ~o o — 1w (t
2 — t

- 
x <m l v(t2)o 

n 0 In> dt2dt (23)

Since v(t) contains four frequency terms and appears twi ce in (23)  the

full integration in (23) will yield 16 terms . A typica l term , as an cx-
—iw 1 t2 -iw t

ample involving the use of -1.11 E~ e at arid -p2E~ e 
2 l at t 1 is

i(-w -w . -w2)t

(t) ~ ~ ~1)2 E~~~E~ i~ mn~~’2~sni e 
Is> (24)

1 2 m s m n l
_ 1

s n 1
_W
2
_ 1
~~

A convenient way to represent (24) is through the use of a Feynman

diagram as shown in Fig. 2. Time increases from the bottom to the tsp.

Each solid line segment represents an ei genstate . The atom starts at to in

state n , scatters at t
2 into state rn by absorbing a photon at w.~. This

-iw t
scattering is accounted for by the factor (Pl )Irn E l e / mn~~i

h’) in

(24). The next “scattering ” is a t  t
1 

and involves an absorption of a

photon at w2 . A negative frequency denotes absorption and is represented

by an arrow terminating at a corner , while an arrow starting at a corner

denotes the emission of a photon . A case where the transition from state

n to s invo l ves the absorption of a photon at w1 and the emission of a

photon at w2, as an example , is shown in Fig. 2b.

-

~

- .-- .~~~—-~~~~~~~~~~~ - ~~ - — - .-~~~~~~~~~~~~~~~~ —~~~~~~~~~~~~~~~ --
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The corresponding contribution to ~
2
~(t) can be written by inspectio n

- i (-w -w ,+w )t
E * E  (ii ) (m , ) e fl 2

(2) ~ ~‘ 
,l.~? 1 2  1 mn 2 sm / r— L L ~~~~ - 7 ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ S >

— ‘
~1”~2 m ~ 

‘~ mn W 1
_ l
~
)
~~sn

_U
l ‘~ 2 - I f ’)

We note tha t each scatt~rin q, i.e ., each corner in the diagram (Tontnt-utes

one factor to the denominator and the factor is equal to Ihe enerc-’y i n

units of Ii of the atom and field after the scatterino m inu s the i r i t i a l

(t = t0 ) energy . The second factor in  the denomin ator i n ( 2 5 ) ,  as ~n

example , is obtained from w5 +w 2 - (w+ ~~). The remainin g fourteen w~ vef-jr c-

tions are obtained by taking all the possible permutations of -

~~~~~~~

(2) 
- 

1 ’ 
~i,j = 1 ,2 where our con vention is such t h a t  

~~ 
, for exam p le , corre-

sponds to emitting an u~ photo n at t2 and absorbing an photon at t 1
(t >t 2). We note that is not equal to

Using the diagr am technique we can wri te the wavefunction to any

order of perturbation. As an example consider the process in which an

atom makes a transition from state n to state s while absorbing one photon

at Wi,  one photon at w
2 an d emi t ting a photon at W3. One diagram describ-

ing this process is ~(3) as shown in Fig. 2c. We obtain by inspec -(0 2, 
~2’~3t i on
- 

j(—w —w —~~~‘ +~~ )i.

v v -E~ E~ E3 ~~~~~~~~~~~~~~ 
e n 2

— 

~ L 
~~ 3 

—-  —

m k S 8ti ((u nin
_w

l )(wkn
_w

l
_W
2)(w sn

_
~

f
l
_w
2+w3)

(26)

The total nuHer of combinations is 6~ = 216. The tremendous
~~o. ,±i.a .

advantage of the di aqr a~-’ma tic representation is that it enables us to sing]e

out and then treat very simp ly the terms which dom inate in any given physical

situation . This will become clearer in the e~~1 - ~~les wh i ch f o l l o w .

-

~

-- --- i— ~---~~~~--- - - --~~~~~~
. .
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11. Fre~uoncy A~di ti on

In this sectio n ‘ie w ill cal cul ate the nonlinear susceptibility

d. - ~ which descr ibes via the relation‘tj k
(A) =0) 4 (~ ( f ~~~ ) +(A) .1 2 

= d1~~1, 
1 2 E2 E 1 

(27 )

The induced polarization along the i direction

I 1
3 

w
1

1 w~ iui3t
P
~
(t) = Re~P1 e - (28)

iw 1 t iw
2
t

due to input fields Re (Eij e )and Re(E 2k e )Po lar ized along j and

k, respecti vely.

The total atomi c di pole moment is obtained from

= <
~
(t) Iii

~ I i~
(t)> (29)

so that contributions containing the electric field to second power as

in (27) must come from . -

<~~
2
~~(t )> = <~

(O)
i~~ I~

(2)> + ~~~~~~~~~~~~~~~~~~~~~ (30)

Each te rm in (30) contributes two te rms to the desired polarization--one

in whi ,.h E1 scatters firs t and then E2, and vice versa.

Consider as an example the terms due to

=

i(w2+w~
)t i(wi

_w
~
)t

~~~~~~~ 

< sIE 2(ii ,~
)
~~ Wsn W2+ j -y  

hi1 IE 1 (u~)~1~ W +(0
1 ~~ 

Im’

- 

E1E2 k~s n i ~sm~”j~rnn i(w 1+w2)t
- 

4fi2 fw5~
_~~TiTT(w~~+w 1

_ iy) e 
-

-

t 

. I



i i

Note that any constant pre nu ltiplying a wavefunction to the left of

Is replaced by its complex conjugate. Collecting all the te rm s con-

tributing to djJk yields

d 3 1 2 - N - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~i j k  
~ L’ n-~2 

(T~1~~ 1 ’fT + 

~~~~~~~~~~~~~~~~~~

~ j  ~nin 
(11k

) sm~~i ~ns ~~~ ~mn ~ ) 
sm

(
~’j ____+ (w +w

1 -i y)(w +w
~~~~

i7) +

+ ~~j~ntn k ’sm~~i~ns 
+ 

k~nm .j~ srn~”i~ ns

mn h 1 0 )sn
_0)

l 0)2+~
’
~ 

(w
fl1fl

_w
~+iY)(w 5fl

_w
1
_w
2+i~)

A more conventional derivation is give n in References (2) ,  (3) and (4).

UI. Two-Photon absorption

Here we will apply our formalism to derive t~e transition rate for

absorption of two photons--one at w i and a second at w2--by an atom. By

allow ing 
~~~

= 

~2 
we will get the familiar expression for two-photon absorp-

tion coefficient.

We start by writing the second order wavefunction ~p
(2)(t) correspond-

ing to an atom which at t=O is at state n and which interacts with the

radiation field, Eq. (15), consisting of fields at w~ and We w i l l

assume that the largest contribution to ~~
2) comes f~orn ~~

2) 
- 

corres-
~i ’  ~2

ponding to the diagram of Fig. 3. We wri te by inspection

-1w t i(w -w -w )t
* s r sn 1 2

~(2)  , ., — ~ ~ 
E 1 E~ l~mn~~’2~ sm e > 31— 

~ ~~2 / 

~~~~~~~~~~~~~

The —1 term is due to the fact that here we integrated from 0 to t. Let

us assume that for some level m , w1 so the term m dominates and we

rewrite (31 ) as 

- —--—-—-~ --_ =~~~~
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- iw t  i (w -w -w )t
E~ r~ (11

1 
)mn~

12 ) smI0 e - 
sn 1 2 

- iJ 
Is> (32 )

~ 1~~~ 2 412 s ~~~~~~~~~~~~~~~

The probability of finding the atom in some state k at time t is

J< kJnp (t)>1 2 so that the transition probabil i ty due to two-photon absor p-

ti on is -

= I<kk~
2
~(t)>I

2 
- 

(33)

2 2 2 2 . 2 11E 11 1E 2 1 l~mn~~2~km S l f l  [
~

(w kn -
~l

-w 2 )t]

1 
~ mn~~l ~ 

0)kn 0)l~~2

We note that transitions occur to the state k which conserves energy ,

i.e., to that state where Ek
_E

n =~~
((01+(02). I-f the normalized lineshape

function for the transition n -
~ k is g(wfr~) then the average value of

~k 
is obtained by multiplying (34) by g ( w ~fl

) and integrating from -
~~~ to

~ Using
- 

~1~
2 x t  -

u r n  Zirt 6(x) - 
(35 )

t - ’-~~ (x /2)

we obtain for the transition rate

d
W~r~ -‘-k - 

~~~~~ 
r k

2 2 2
— 

in E 1 IE zI l~mn~~2~mk g(w~~~w~+w)~

~~

The special case of one frequency two-photon absorpt ion where w~ ~2

t has been considered in some detail . We may obtain the absorption coef-

ficient for this case by equating thc change in the intensity l o f  E1 to



- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 13

the number of transitions per unit time per unit volume .

- dl -

- 
—

~~~~~ 
= 2hw w k (N ~.

_ N
~ ) (37)

where I~ is the intensity (wa t ts / rn2 ) at w and Nk and are the popula -

t ion densit ies of level k and n , respectively. Using I =~~~IE 1 I
2/2 ~~~~

obtain - 

- 

-

2 2 2Tf0)(Nn
_N

k )(i

~
l )nlfl (1i 1 )kin fl l 

q(0)~~
_ 2L) 

(38)
photon ~ ~ mri~~ ~ c

IV.  - Raman Processes

As the most detailed example of the diagram formalism we take the

case of Raman processes in which an atom initially in the ground state n

absorbs a photon at l’ emits one at while making a transition to the

state k. The situation is depicted in Fig. 4. The situation is identi-

cal to that considered in the previous secti on , except that here the

second photon at w
2 is emitted rather than absorbed. This causes the w2

arrow in the Feynman diagram of Fig. 4 to have the oppos ite sense to that

in Fig. 3. We can use directly the result of Section III and merely re-

verse the sign of 
~~ 

Using (34) we obtain for the transition probability

2 2, ~2 /
1 E., E., ~~J ,) ~U’,)n

Ph( t) — ‘ rnn t~. r~fli 2int 6(wL -w-,÷w.,) (39)
1-. C. r~fl p

°‘mn ~l

In (39) it was assume d that one term m dominates , so that the sunnation

over m is omitted. As in (38) we introduce the normalized Raman line-

shepe function such that g(w~fl )do~ fl 
is the probability of having

°~kn within the interval dwkfl . Multiplying (39) by g(w~fl
)dw~fl 

and inte-

grating leads to -

~

.--

~

- - - - - - - 
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~2 ~2 2 -  2
~. 

E ,1 E.)I 
~~~ ~~~~p

~(t) = —
~~

-
~~

- 
-

‘ 

2 
mn C. m 

= 

~~~~~ 
- (40)

F’ 8h (w _ w )
mn 1

and a correspondin g trans tion rate

W
fl~~k ~~~ 

IE 1 I 2 IE 2 l 2(u 1 )
2 (~2)~ g(w~fl

= 
~~~~ 

(41)

rrn in2!l12 (ul)fllfl (n12 ) km / —- - — g ’% w - w -w~ 42

- - 

C E
1

C
2 ~rnn 0)l

where I is the intensity and c1 an d c2 the dielectri c constants at and

w2, respectively and n 1 and n2 are the refracti ve indic es.

The exponential gain coefficient describing the amplification of the

- field at is obtaine d from

- 

dl
U1 ~R1 2 

= 
n-* k n~ k 

10).?

- 
which , using (42) gives - 

-
-

- 

2 2irn 1n2w2(p 1 )m n 2 )km (t
~n~~k~~l9R1 = - 3 2 2 ~~~kni ~~~~~ 

- (43)
2h c c 1c2 0)

mn
0)l

Next we will describe the same Raman scattering leading to (43) by

a different approach . Instead of using the concept of a transition rate

we will calculate the induced di pole moment at 2 of an atom interacting

- wi th the 
~l 

and ~ fields . To make sure that we wil l  treat the problem
- to the same order of interaction we look for a dipole moment cubic in the

applied field amplitudes.

- fl 

~~~~- - - -~~~~~~~~~~~~~~~--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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i(w 1-w 1
-i- w2 ) t  2 lw2 t

<1i
1
> ~ E1E~E2 e = 

~
Ei I E2 e 

-

Such a contribution to u~ wh i ch invo l ves the third power of F can come

f rom combinations such as . ( l ) ,~~ i~,( 2 ), <~
(0)

I~i I ~
( 3 ) > An ex an rination

of (22) and (25) shows that the largest dipole moment w i l l  a r i s e  f rom t h e

use of

<Ii
i
> = ~ 

) ( tf l~~~k
(2 )

~ + c.c. (44)

where taking the di rection of as j and 
~2 

as i

E*( ) ( - )t
= 
~ ~~~~~~ 

m °~l~ 
e ~ ~ Im> 

- 

. (45)

-w )t

= ~ J~ 2-~ 
(1

~~~~~~~2
) 5q _~ _ Is> (46)

g s 4h

so that using (44) ,

= ~ E E~F2 ~~~~~~~~~~~~~~~~~~ e~
W2t+ c.c. (47)

~ m g s (wmn
_w

l )(wgn
_w

l )(wsn
_w

l+w2_iY )

where we dropped the term iy in the firs t two factors in the denominators .

These mus t be reintroduce d if operation is such that wmn~
’ 
~ 

or °~gn~
’ 0)r

We wil l  assume that the summation over m is dominated by one term

where Omn ~~ 
Also , that Wi and w2 are chosen so that for some le”e l

s = k 
~k 

= H~ ~2- We thus simplify (47) to
iw t

1 1~m n i ~mk~ ’2~km 
e 

E E* ~ 
+ ~~~~~. (48)

8h (w ,,~ -w 1) (w kn
_w 1+wz4 iY ) 1 1 2

We define a nonlinear Raman susceptibility by 
- 

-

I 

~~_~ _~ i _ 
-- 
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(w2 ) 2p . = N<~ 1

. = C OX R IE 1I E2 (49 )

where P is the complex amplit ude of the polarization at W2 . From (48)

and (4 9 ) we obtain

XR =
~~~~~~

-
~
— 

1 n ~~i~mk~~2~mk 
— 

- 

(50)
~~ c 

~~mn~~ i~ 
(W kn

_w
l+O)2_ iY )

The average power per- unit volume genera ted at is

w e- o 2 2~= — — 

2 1E 21 1E 1 1 X R (51)

where XR 
= x~ 

- i y~ . (52)

Ar examination of (60) shows that when y = 0 X R is real and p 0. The

convergence factor y in the Feynman formalism is thus fundament ally re la te d

to the problem of power dissipation . Let us for a moment consider y as a J
parame ter and calculate the power p. We obtain

2
- N l )m n i )mk~~2

)mkC0)kn l °~2fl
X R 3 2~~ 2 24h c0 ~~mn~~l~ ~kn~~l~~2~ 

+ 
~~ 
] 

-

2 (53)

— -N ~ l~mn ~‘i~mk ~ 2~mk~X R - 

2 2 24I~i i~~ 
~ mn’

~ i~ 
1 k~~~l~~2~ 

+ ••( J

and from (51) (putting i=2 since only the polarization component along E2contributes to absorption ) -

(0 - ( p )  u )  y
— ‘~~~r 

2 inn  2 m k  -

1 e~ (wmn~
u
~
)
~
) 

~~~~~~~ 
+ y2]

This power mus t be the same as that calculated using the transition rate

approach leading to (41). The latter leads to - -

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -—~~~~~~~~~ —~~~-- _ _ _ _ _
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p = N W  4iw -n -~k 2 -

2 2 2 2Niua2 1E
1 1 E2 I l~ mn~~ 2~ km .

= 9 g(w = w -w )
8h 

~ mn~~l

Equating (54) to (55) and taking 11 i =~2 
give s

- 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  = g[w , - (w -w ) ]  (56 )

kn~~~ l~~ 2 + (

We thus obtained an explicit expression for the transition lineshape f u n c -

t ion 9[0)kn
_ (0)l

_w
2 )]. We now find that the result of the coherent treatment

in which the problem is treated by the induced dipole agrees exactly

with the transition rate approach if we merely regard y as the Lorentzian

width of the k -’- n transition. -

V. Two-Photon Raman Processes

As the last application of the evolution operator techniques we

consider the problem of two-photon Raman transitions of the type consid-

ered in Fi g. 5. These processes were described by Yatsiv et ai .(6). We

shall expand this discussion and show how these processes can be de-

scribed in the formalism of nonlinear optics.

In the first of these processes (Ba) one photon at and one

photon at w2 are absorbed and a photon at (03 is emitted , while the atom

(molecule) makes a transition from the initial state n to some final

state k. In the second process one photon (oi
l
) is absorbed while photons

w2 and (03 are emitted during the same transition . 

_ _



~ 
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The analysis of both these -processes is similar and the results

for 5b can be obta ined from those of 5a by reversing the sign of

Using the formalism of nonlinear optics , the scattering events of

Fig . 5 can be represented by

(A) (A) _0)
1
+0)

2
-.(AJ +(~ (0)

3
0) 0)l+0) 

_W
2+0) ~ 2 22 ~ = COXR2 

1 2 3 
~E1 I 1E 2 ! [

3 (57)

so that we may expect an ampl i fication (or attenuation) at 1~3 
with on

exponential constant proportional to E 1 1
2 1E 2 1

2 in analogy wi th the one-

photon Raman process (43). Alt ernatively, we can , as in Section I V ,

obtain the gain by calculating the transition rate per atom for the

- process illustrated in Fig. 5a.

By direct analogy with the calculation leading to (39) we obtain for

the probability Pk(t) of finding an atom in state k

= I<kk~
3
~(t)>I

2 IE l i
2IE 2 I

2 IE 3~~ l n u 2)~s(u 3)sk 2int6(wkfl-wl- 2+w 3)
21~ (w -w-~) (w -w,-w9)mn S~1 58

so that the transition rate Wn+ k is

III
~ 

I~ I 3(~i1 n 2 s 3 k fl l hl2hl3h l 12
6~~ 3, ~~~~ 

g(w~fl
oi~+w~~oi3) (59)

41i C C “~mn °~i~ 
(w5~-w1-w2)

The power per unit vo l ume genera ted at (03 is thus

p(w 3 ) = 14n -’- k N~ ~~~ 
= 

~R2 13 (60)

where the two-photon Raman gain g~~ is

2 2 2N
fl

inw3(u l)
fl~fl

(u2 )flls (1J 3) sk 1112
= 

~ 3 3 2 2 ~~~~~~~~~~~~~ (61)
4f~ c c mn~~1~ sn _0)

1
_0)2)
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and is thus proportional to the product of Intensities at and w2.

We note by comparison to the expression (43) for the one-photon (i.e.,

conventional) Raman gain 
~~ 

that -

2
~g = g  (6?)

2t~ cc(w~~
_w

1
_oi
2)

I f  we assume that 
~2 

~“ l06watt/cm , (w
5~~

_w
1

_w
2

) “- io l0, i.e ., near resonar

tuning, ~i “ 10 30flKS , we obtain
9R2 0 R1

so that , using intense laser sources tuned near atomic resonances , it may be

possible to obtain two-photon Raman gain approachir ~ those of normal Rar an

processes.

Unlike frequency addition and multiplication , this process does not

requ ire phase matching. This is due to the fact that if the spatial phase

factors are included in (57) they wi l l  cancel out , since each field amp li-

tude is multiplied by its complex conjugate except for F3. The induced
(03)polarizati on P thus has the same spatial  phase as F3 and the interac-

tion is spatially cumulative . If the inte raction region is provided wi th

feedback, oscillation at oi3 may result.

To describe the same process using the concept of non linear Roman

susceptibility , we proceed to deri ve th~ dipole moment per atom <u~> at 01
3

induced in the presence of fields at oil, 2’ arid w~. Resonant contribut ions

to the fi fth order dipole moment ari se from

<p . > .(4 (~~ 
- ~~~~ — 

> + c.c . (63)
°~l’ °~2 1 W•~~

From (25) and (26) we obtain

1(— (A ) 
~~2 0) )t

(2) (t) - 

~ 
( 1 )2 E~ E~ e 1 n (P 1) n~

(112 )gs Is>- 

~ s ~ gn~~1~~~~~ s n l 0)2
_ I

~~ 

--- - --- --- - - -~~~~~~~~~ . --
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i (—w

1
— oi

2
4~ -~ -w )t

~(3) ( t )  = J—~ ~ ~ 
E~ E~ [3 e 

- 

n 
l~n 9 2 m ~~3~n~ ~~>

-w ,-w ,w 3 •
~~~~

- - - -1 2 3 8ff 9. m K (W Ln
_ (

l
_1Y)(Wmn

_ (
~
i
l
_ oi
2
_1Y)(flkn

_ L
~l

_
~
i
2
+!
~
)
3
_ 1Y )

so that (64)

= ~~~~ ~‘1 32l~ gs Zrn k

iui t
- 

1E 1 1 1E 2! ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ c. c .

in ‘mn 1 ~~2 kn l 012+013~ gn 1 sn~
•
~l ~~~~

- (65 )

Let us assume that oi
l 

and 01
2 

are adjusted so that for some levels 9.

and m , w~ w1 while 01mn 
u)
1+w2. Also , that a leve l k exists such

that 01kn (01+012 013. Keeping only the resonant term of (65) we obtain
- i w t

___  

1E i I
2

I~2!
2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~

S 
— 

2 2 2 2 - + c.c.
~ 321i [(wpn

_w
i ) +y9.fl][(wmn

_oi
l -oi2) +Ynln][{Wkn

_ (W
l +012

_W
3Yi ~

‘l’kn]

- 
(66)

If we relate the complex amplitude P1 (w3) of the induced 
polarization

to the complex field amplitudes via

(w
= C X p2 1E~ 1 1E 2 1 E3 XR2 = - ixj~2 (67)

we obtain

- 
N l n 2 r n 3 ~rnk~

’i~mk ~~kn ol+012 3 fl
- 

l&~
5c0 ozn~~ l)2+1~n (01mn 01l 2 )2+~~ nj W kn Wl~~ 2~~ 3 )

~~
+ 2 ]

- 
N l n 2 m ’3~mk~~i~ mk Y n

X R2 - - 
1~~~c0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(68)

where 2~1~ is the full width at half maximum of the i-’ j transition .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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It follow s jmmediately that the presence of a negative x~2 causes

an amplification at 01
3 

with an exponential -gain constari t~~

- (0

9R2 
- 

~j j~~ 4~~~i
l (69)

— 

N7oi3(~
J l )~~

(1 2)~~
(’
~3
)2k n 1 n2n31 1 12 

______________

2 2 ~
—

4h c C 1 C2
E 3[(W jn

_ W
l 

) +S
~9.fl][01mfl _oil_oi2 ) 

~
‘mn~ ~ kn~~~

’l ‘- 2  3) ~

(7 0 )

where we used I~ = cc
~ IE~ I

2 / 2n 1 . The result (70) for 9R2 is identic ~l

with (61) once we associate the second factor in (70) wi th the nor mal iz ’- ’~

lineshape function
- 

We tnus find that the gain exercised by the wave [3 is proportional

to the product 1 1 12 of the intensities at oi
l 

and o~2, so that a stimu1~ tc-~1

Raman em-i~sion at 01
3 

may be expected at some critica i value of

The analysis of the two photon (emissive ) Raman process shown in

Fi g. 5b is similar. All we need to do to obtain the gain at (03 is to

replace w2 by ~
w2. A fundamental di fference between the two processes ,

however, would be revealed had we considered the consequence of the quan-

ti zed nature of the fiel d operators . The temporal rate of the photon number

at (03 corresponding to process 5a is

dn
C1n 1n2(n 34-1) (71)

while that of Sb is

dn dn
= = C2n1

(n 2+l)(n3+l)

where n1 is the number of photons at a
1
, C 1 and C2 are rate constants .

It follows immediately that the stimulated emission 0 photons in 5a

- —~~
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requires the s-i-multaneous presence of the fields at w.~ and whi le in

5b stimulation can take place wi th a single i n p ut at w~~, since dn3/dz -0

when n3 
= n2 

= 0.

We may also note that the emissive two-photon Rarnan process of Sb

can be used to generate long wavelength radiation at

To summar ize , the formalism of time evolution operators and thr

related technique of Feynrnan diagrams was app lied to a variety of i~-u l~~i-

photon processes in nonlinear optics. The formalism affords relativel y

direct and orderly treatment of complicate d high order processes.
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Figure Ca p t ions

Fig. 1. The levels and frequencies invo lvi n 9 a R a m an  scatterin q

from state n to k.

Fig. 2. The Feyninan diagranrs used to obtain: (a) ~(2) 
- - 

( t ) ,

~l’ ~?

- 

(b) 
~L~,-FW 2 (t ) ’  (c ) ~~~~~~~~~~~~~~ 

- 

-

Fig. 3. Feynnran diagram used in treatinq two-photon absorpt ion .

Fig. 4. Energy levels and Feynman diagrams involved in Ranran scatt er i~vj .

Fig. 5. Energy levels and Feynman diagrams involve d in two-photon

Raman scattering

-- _ _ _ _ _ _  _ _  4
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