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ABSTRACT

A procedure is described which may be used to obtain the dynamic response

to shock loading of a submerged shell with internal structure attached to it

by nonlinear mountings.
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I INTRODUCTION

In this report , a procedure is described which, when appropriately

generalized , may be used to obtain the dynamic response of submerged shells

to shock loadings .

For simplicity of presentation , the s ti ffened submerged shell and

bulkheads w ill be replaced by an elas tic beam S , and the attached internal

structure, a, will be discussed as either a (discrete) elastic mass—spring

system or a (continuous) elastic beam , all coplanar. a is attached to S

by nonlinear mountings with force—displacement relations denoted by

in which i denotes position s~ and S . is the relative displacement between

S and J at s .
1

Extension of the equations developed herein to more complicated systems

(5 and S will be presented in a sequel to this report , Ref. E 31 .

The ef fe ct of surrounding fluid and an incident shoc k wave introduces

additional generalized forces in the equations of motion of S, as discusscd

in detail in Ref. [11.

Ic) In what foll ows , the subscrip t i of I is suppressed when there
is only one point of attachment. 1

I’: ___ _ _ _ _  
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II SIMPLE NONLINEAR OSCILLATOR _ON ELASTIC BEAN

See Fig. 1:

= q
01 

- d
~~

(s
1, t)  (1) 1

d(s, t) = ~ ~~~.(t) 
~Si~~~ 

(2 )

in which ~5.(s) are the free—free modes of S, q5.(t) are the corresponding

generalized coordinates , and t is t ime .

The dynamic reaction of a on S, illustrated in Fig. 2 , is equal and

opposite to that of S on a

The equation of motion (EOM) of a is, using Eqs. (1) and (2),

S
+ ~~q01 

— 
~~~~~ ~~~~ = 0 (3)

1=1

in which

c
Sil 

= (~)

and V is the number of modes of S utilized . The EOM of S are

V
S

+ = c
~~ 1 ~~~~~ 

— 

~~~ 

q~~.c5.1 )i 
~ 

= 1,...

in wh ich
2 (6)

j m
~ 

i)s.ds

0

and

= w
Sj 

(7)

In Eq. (6), ms
(s) is the mass distribut ion of S and in Eq. (7), the 

~Sj a~~

the natura l frequencies of S.

___________ s..~~ ~T —
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Equations (3) and (5) ar e + 1 nonlinear ordinary d if f erent ial

equat ions (ODE) of the second order in the V
5 
generalized coordinates of

and the one generalized coordinate , q
1
, of a
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III TWO DEGREE OF FREEDOM ELASTIC SYSTEM ATTACHED BY ONE NONLINEAR

SPRING TO AN ELASTIC BEAM

See Fig. 3: Equations (1), (2) and Fig. 2 are still valid , so the EOM of S

are aga in given by Eqs. (5).

A. Non—Modal Treatment of a

EOM for a (consisting of both masses and both springs) may be obtained

by considering free body diagrams of the two masses and using Eqs. (1) and (2)

M
2~
j02 

+ k (qçj2 
— q

01
) = 0 (8)

V

M
1~01 

+ f(q
01 

— 

i~~l 
c~~ 1 ~~~~ 

- k(q
02 

— q
01

) = 0 (9)

Equations (5), (8) and (9) are V~ + 2 equations tall hut Eq. (8) nonlinca r !

in the V~ generalized coordinates and the two coordinates q
1 
and q~~)

B. Modal Analysis

See Fig. 4: Equations (1), (2) and ( 5 )  still hold. ~ now consists of

the two masses and the elastic spring connecting them. Let a~~ , i = 1. 2,

be the free—free modal vectors of ~ (including one rig id bod y translational

mode), w . be the corresponding natural frequencies (with = 0), and N

be the mass matrix

F M 0~~M = (10)
0 M

Furthe r , let

= Ia~ 1 ~~ 
(11)
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be the principal mode matrix for a,

p = A  ci (12)
~-o -o --~o

in which -

I ( 13)

L q 2and

F = A  0 (14)— a — o - ~o

where denotes a transpose and

= [ ? }  fl~~~ l 
- 

i~~l 
cs
~~~)1 (15)

The EON of 0 may now be written as

U P + K  p = F  (16)
~—o~ -~ — a — cs —a

in which 
E 2 

—

~0

K = I ( 1 7 )—a i 2
L 0

and ~~~ . is a 2 by 2 diagonal matrix given by

ii = A N A (18)
~-a ~~~~~~~~~~~~~~~~

E q u a t i o n s  ( 5 )  and ( 16 )  are + 2 eq u a t i o n s  in  t he  V
~ 

normal  coord mates

q 5 . and t h e  tw o norma l coord in r i t e s  p i

~~~~~~~~~~~ 
—

~~~~~~~~ --~~--- -- —
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IV ELASTIC BEAN ON AN ELASTIC BEAM

See Fig. 5: The displacemelics  of S and 0 may be expressed ,

respec tively, as 
V
S

d
5

(s , t )  = 
~ q5~ (t) ~51

(s) (19)
1=1

and 
V

d
0
(s, t) = q~~~ t) ~~ .(s) (20)

in wh ich and are the free—free principal modes of S and a,

respectively, q~~ and q0 . are the corresponding generalized coordinates , and

and V
a are the number of modes of S and a used in the  t runca t ed  series.

The shortenirigs of the nonlinear springs are then written as

V V

= d
5

(s
1
,t) - d

0(s1,t) 
= 

~ 

q51 (t) 
~~~~~~~ 

- .~~~~~~~

V V

= q~~ c~~ 1 
— 

~~~ 

q
01 

c0 • 1 (2 1)

V V

‘ 2 
= 

i~ 1 ~~~ 
c512 - 

~~~~~ 
~~~ c~~.7  ( 2 2 )

in wh ich

c .. = 
~~.(s .) , I = 1, 2 (23)

The dynamic  r eac t i ons  of 1 on S and vice versa are illustrated in

Fi g. 6. I t  fol lows t ha t  the  EON of S and ~ are

~Si ’
~Si + k: 5 . q 5. = f

1
(~~1

)c
511 

+ f
2

(
~~2

)c
~~.2  (2~~)

= -f 1(6 1)c  - f
2

(6
2
)c .2 (25 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ : -~~ ——-— _____________
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in w h i c h  and 

~2 are g iven by Eqs.  (21) and ( 2 2 ) .  Equa t ions  (24)  and

(25 )  are a set of V~ + V
0 coup led second order ordinary nonlinear diff erential

equations in the same number of generalized coordinates q5. and q .  ,

i~~~~l * V
5 , j = l  ~~V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~-- -
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V CONCLUDING REMA RK S

In R e f .  [2 1,  the procedure outl ined in R e f .  [1] and descr ibed  in de t a i l

fo r  par t icular  a t tachments  a , is general ized fo r  a r b i t r a ry  in te rna l  s t r u c t u r e s .

Similarly,  the equations and examples exhibited in the present report  w i l l  appear

as special cases in Ref. [3].

-=-----~~~~~~~
-—-- ____ _ _ _ _  
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