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For estimating the mean of a p- va riate normal distri-

but ion a fami ly of es t ima tors known as Stein ’s estimators

are known to dominate the maximum likelihood estimator and

a re therefore minimax when p 3 , under quadra t ic loss , equal

to the sum of squared errors of the components of the

estimator. It is shown in this paper for a sub family, the

vec tor consistin g of any K components of the estimator is

a lso minimax for es t ima ti ng the corresponding componen ts of

the mean vec tor , where 3<X<p .



1. In troduction. Let the p-component vector X (X1,... ~X~)

he norm all y distributed w i t h  mean — 
~~~

- • ~~‘~~ ) and

convarian ce ~~l wher e p~ 3, I den otes the identit y matrix and

i s known . For es ti ma t in~ ~ let the loss he equal to the

sum of squared error s , given by

p
L ( 6 ,~J )  =

i=l ‘

where r~ ( X )  = (~~ 1
( X ) , . . . , 6

1~
( X 1 ) is an estimate of - , based on X .

The maximum likelihood estimator X is minimax but inadmissible

for p~ 3 with respect to the given loss function . The inadmiss-

ibility of X was first proved by Stein (l9 ~ 5). An estimator

which dominates N and is known as Stein ’s estimator , is g ive n

by

(1 .1 )  = ( I -  ) X

p -,
where S = E X~ and O<v<2 . The risk of ~ is g iven by

i=l ~

(1.2) R( ~~~~~ = Ii L (c * ,O)
2

= p e (  1- v ( 2-v ) (p- ) E 1 pS~ 
I.

= R X ,O ) .

We a re  in teres ted i n  as sess i n g ~.he performance of ~~

component-wise. Let

(1.3) R~~ = E ( ~~~- o~ )

_ _ _ _ _ _ _ _ _ _  __________



deno te the contribution to the risk of ,~ * from the it h com-

ponen t. It is shown in the fo l low i ng section that for any

i n t e g e r  K , such t h a t  S K<p

~‘ *( 1 .3 )  : R. Ko
i= l ‘

fo r  O<v ’ ~~ _~~_J 
- The above ine quality shows that ~ * ~~

m inim ax for estimatin g three or more  components  of ‘~~~. W e

a l s o  g e n er a l i : c  the  abov e r e s u l t  f o r  the case in which the

v a r i a n c e s  of t h e  c o m p o n e n t s  of X a r e  d i f f e r e n t  but  known or

u n k n o w n  up to  a c o n s t a n t  i a ct ~~r .  The r e s u l t  is ex tended  to

ano the r c l a s s  of  e s t i m a t o r s .

2 .  M a i n  r e s u l t s .  ice sh a l l  c o m p u t e  t he  v a l u e  of R~~, the

c o n t r i b u t i o n  to the  r i ~’k o f  ‘~~ f r om t h e  i t h  componen t .

F i r s t  we c o n s i d e r  t h e  case where  - is known . We let  ~ = 1 ,

w i t h o u t  loss  of g e n e r a l i t y .  Let f~1 ( v )  denote  the  d e n s i t y

f u n c t i o n  of a c h i - sq u a r e  r andom variable w i t h  in degrees of

f reedom and

g ( x ) = ( 2 u ) l~~~~ exp ~~~~(X ~~f l ( X~~~) )

deno te  the  n o r m a l  d e n s i ty  f u n c t i o n .  For any i n t e g r a b l e

f u n c t i o n  ~~, we have

e~~/2
( 2 . 1 )  E X

~~~~
(X X )  = e ‘ —~ --- ( c  ‘ !~~x

’ x)g(x )dx)

~~

‘ 
~,,, ,  

~~~~~~~~ 
r - l

= C’ 

~~~~~~~~~~~~ 
10 f p +2 r (>’)”> ’

= 

—— ~~~~~~~~~~~~~~~~~~~~ - . .  

~~~~~~~~~~~~~~ --— .—--~~~~~~~
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w h e r e  .. den ote-i a n o n- cc n tiil chi- s quare random vari ablem ,

~ i t h in dcgree~. o t I reedoin and n onc en t  rz i I i  ty pa r a m e t er  equ :i l

t o  . S i~ i i  1 ; i r l ”

1. \ ;  ( \ ‘ \ )  = F ~~~~~~~~~~~~~ ~~ • ~~ I. ( X ;+4 6’ ..)~

Let  ~~~
‘ - . i~e h i ’.. . I ( 

‘ 

• I 
~~ ~~~~~~~~~~~~~~~~~~~~ ~ • I :

wh ere  .

.1 .1 i + l ) - 
—

(a ,h ;v ) = 1 + 
h ‘ • h ih. l  . rr +

denotes  t h e  c o n f l u e n t  hy p e  igci ~~ct  n c  iun c t  i o n .  I rom (1 - 3)

1 2 .  1 I anJ  ( 2 .  2 I .~~t’ ~r t  1w d I r t~c t  c o’~~~t i t  at  jm.

( 2 . 3 )  = ~~~ 
2J ) 2  + ( I  ~~~~~ 2 1 ) 2 - 2 (  I ~~~~~~~ * H
A p+4 , \

= 1 + ( p - 2 )  e “ 1- ~ ( ’ . ( ~~ 
-~~~, i: + 1; -- )-2w(~~,~ + 1;

+ ~,2,V
’ (p- 2) 

~~~~ + 2 ; 4 l  + r_~ •~~P;~~ + 1; ~~

- ~ ( j ) 
+ ç + 2 ;  T) U .

An upper hound on the v a l u e  of  R~ is obtained below , from the

f o l l o w in g fo rmul as , wh ere prime denotes derivative with respect

to y .

a ( ~~( a + l , h ; y ) - : ( a , h ; v ) )  = (a , h ; v )  = !~~- ~(a+1 ,b+l;~-)



(h — a )  ~ (a ,h + l ; y )  = h : ( a , h ; v ) — h :  ~a , h ; v ) .

S ince  0 < v ~~2 ; we have

I) ) - /

v’~~~- —1 ,, ~- t ;  
~~~~~~~~~~~~~

e 2 ( : ~~ -~ ,ç + 1 ; . l _ (c,!~ + l~ -~.))

2 ’  I’) I )
= - (L. & +

2 ’

The q u a i i  i t v  i n s i d e  t h e  b r a c e s  on t h e  r i gh t  s i d e  of ( 2 . 3 )  i s

~
“ y ~ g j yen f o r m u l a s  , eqtia 1 to

2 .  S) 1v $P_ Z) + ) (: (ç,~ + I ;-
~~) - :  ~~~~~ l ; - ~)

= 
j ’ ( P~~~~) 

( v I p - 2 )  + 4 ) : (~~~~,~~~
- 4

F r o m  ( 2 . 3 1 , ( 2 . 4 )  and ( 2 . ~~
) ~c have

( 2 . ( )  -: 1 + - - ~ e ’~~: ( 1, , k, + 2;-~)Hv(p-2) 
+ 4 ) 0 1  -2 .~).

T h e r e f o r e , f o r  3 K

( 2 . ) ~: < K ~ 
\ ) A ( p !  C~~~~~~~~(~~~,ç + 2;~~) ( v ( p - 2 )  4 4 - 2 K )

K
K = ~ R .

i = l

f o r  2 ( K - 2 )  
, where R. denotes the contribution to the

risk of N from the ith componen t .



U s i n g  in ( 2 . 3 )  the  a s y m p t o t i c  p rope r ty  of the  c o n f l u e n t

h y p e r g e o m e t r i c  f u n c t i o n , g i v e n  by

~~a,b ;v )  = 

~ 
e y  L~ b ( 1.0 (  I ) )

- 

we have tha t f o r  l a r g e  va lues  of  ~

*( 2 . 8 )  
~ i = 1 + :~~P~~~~~~) V ( p~~2 ) + 4 )  ~ - 2)  +

From (2.8) it follows that v<2 (K-2)/(p-2 ) is a necessary

condi tion for the inequality (LI) to hold un i formly in ~ .

Moreover , i t  is known that N is admissible for p<2. There-

fo re , t he  i n e q u a l i t y  ( 2 .  ~ ) c a n n o t  he t r u e  fo r  K < 3 .  Hence , we

have  shown the f o l l o w i n g  r e s u l t .

K * 
K

Theorem 2 . 1 .  The i n e q u a l i t y  E R .  < L R .  ho lds  for
i=1 ‘ i—i 1

all 0 i f  and on ly  if 3’<K<p. and 0<v~ 2(K-2)/(p-2).

Now we cons ide r  the case when 0 2 
~~S unknown but there

- . - d Z Zis available an estimate 1, s a y ,  such tha t I a y m / m , inde-

pendent  of N .  In t h i s  case , s u b s t i t u t i n g  I for in (1.1),

Ste in ’s e s t i m a t o r  is g iven  by

( 2 . 9 )  ~ * *(X )  = ( l V ( P
~~

2 ) T ) X

= ( 1-

where ; = vi. To compare 6~~ w i t h  the  maximum l ike l ihood

estimator X we let a = 1 , as b ef o r e , wi thout loss of generali ty.



Subs tituting v for v (1.2) and taking expectation with respect

to the distribut ion of I we find that

‘~ R ( X , 0)

for v<2m/ (m+ 2). S i m i l a r ly ,  we s u b s t i t u t e  v for  v i n ( 2 . 3 )

and t a k i n g  expec t a ti on  w i t h  respect to the d i s t r i b u t i o n  of j

we obtain the risk of ó** due to the ith component , g iv en  by

( 2 . 1 0 )  R~ = 1 + ( p~ 2)e /_ 1 v 1 v ( m )  
~ (~~ -l ,~ + l ;~~)

-2~V( ~~,~ + 1 ;4) )

+ e~ {
V (rn+2) .~4~

2) 
~ ~~~~ 

+ 2; ’ - )  + .
~~~~~ • ~~~ 

+ l ;-~-)

- 
~~2 

• + 
~~, ~ 

+ 2 ;~~))J.

Let v<2m/ (m+2). Applying the method used in deriving (2.6)

we ge t

( 2 . 1 1) R * = < 1 + (p-2)e 2
[~~~(~~~ -1 ,~ + 1;~~) -~~(~~~~ + 1;~~)1

• 

+ el (v (m+ 2)(P~ 2) 
+ 

~~)(•(~~~ 
+ ‘;~~)~~~~~ (~~~~~ 

+ l~~ )]

= i. + ~~~~~ • + 2 A
)[02(v(m42)(P 2) + 4)-2AJ .



— 7

Therefore , for 3 K p

( 2 . 1 2 )  K + M+~
-)
~- 

e~~~~
2 

• (~~~~~ 
+ ~~A ) ( v (m+ 2)( P .2 )  

+ 4 - 2K )

< K

f 2m(K-2)or v < (m+�)(p-2)

From (2.12) we obtain the following theorem extending

the result of Theorem 2 .1. The necessary part of the theorem

is obtained by considering the asymptotic property of the

confluen t hypergeometric function as in the proo f of Theorem 2.1.

K ** K
Theorem 2.2. The inequality Z R. < E R 1 ho lds  for

i=l ‘ i=l
all 0 if and only if 3<K<p and 0<v~ 2m (K-2)/(m+2) (p-2).

If the loss function is suitably modified then the results

given  above hold also for  the case in which the componen ts of

X are independen t but have unequal variances , as shown below .

dLet — N ( e~~~c~~)~ and le t  t h e  loss  func t ion  be given by

P 2 2(2 . 13)  L ( 6 , 0) = Z ( 6 .  -°
~~~~ 

/ c .
i= 1 ~ i

Firs t suppose tha t the v a r i a n c e s are
p ., -,

known . Let S = E X./c~ . Consider the estimator
i=1 ‘ 1

( 2 . 1 4 )  6 = (1-v(p-2)/S)X

It is easy to see that the conclusion of Theorem 2.1 is valid 



8

lor ~ w i t h  reshiect to the loss ~‘ivcn by (2.13). Next , suppose

that the variances a re  known up to a constant factor , t h a t  is .

le t  = w h e r e  ~ is unknown h u t  ~~e V ’ s are known . I f  an

e s t i m a t e  I is a v a i l ab l e  fo r  , suc h tha t , I d .~ ,~~/m then

the  c o n c l u s i o n  of Theorem 2 . 2  is v a lid with respect to the loss

( 2 . 1 3 )  for  the estimator. 
-

( 2 . 1 5 )  = ( l - v ( p - 2 ) T / S ) X

wheri~ S = 
1~ 

-

On the other hand , if the loss function is not modified ,

tha~ is , we cons ider the orig inal loss function equal to the
A ft

sum o f squared e r r o r s , then we can u~ e the estimators ~ and~
for ~ and ~ , respective ly, in the two cases considered in the

preced ing  para g raph , where

(2.16) = (1~ v (p~ 2)/a1S*)X.

T i .  = (l~ v(p~ 2)T/a S*)X.

p ‘ 4
where S* = ~ X~~/ ~i.  . I t  f o l l o w s  f r o m  Theorem 1 of Berger

i =L
( l Y T 6 )  t ha t  q dominates the maximum likelihood estimator X.

By d i r ec t  computa t ion  we have for the contribution to the risk

of n from the ith componen t

( 2 . 1 8 )  R.  = E ( r ) . - 0 . ) 2

= a? + 2 v ( p - 2 ) E (- -~-~ - 
~~) + v 2(p-2) 2EY /o~V

2 4.

--

~

‘

~ 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



“ I

N . p
where ‘i’ = 

~~~~~ 
d N( c~

1
~~

l) and ‘
~

‘ = 

—1 
~~~~~ From (2.18) we

have  for 3<K~ p

K

R . < ~ ~ + 2~~(p-2)i.~~. - (~) + v (p-2)24
t= 1

K • K
< E o7 • E R.

i= l 1= 1

for 0< ’.~- ~~K-2 ) - Similarly, tor the risk ot ~ we ha. e

K ~ N
(2.20) E ~ K-

i l  u = 1

fo r  0 < v <  (m + 2 ~~~p - 2 )  . It i s  e a s i l ~.- shown t h a t  t h e  suff ic i ent

c o n d i t i o n s  g i v e n  above f o r  the inequalities ( 2 . 1 9 )  and ( 2 . 2 0 )

are  a l so  n e c e s s a ry .  T h e r e f o r e , t he  c o n c l u s i o n s  of Theorem

2 .1 and Theorem 2 . 2  hold for the estimators n and n, respec-

t ively .

Remark: A wide class of estimators for the mean of a

mul ti var iat e norma l d i s tributi on is known (see e. g. Bock

(1975)) to dominate the maximum likcl.hood estimator. It

would be interesting to investi gate whether some of these

estimators have the component-wide minimax property of Stein ’s

estimator , shown above . It is also interesting to investigate

similar property for the estimator ~~~~ , ob tained by subs t i-

tuting for the quant itv inside the paranthe sis on the rig ht

side of (1.1) by its positive part , t h e  est imator 6” is known to

d o m i n a t e  6* . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~—~~~~~~~~ - - .
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