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ABSTRACT

This paper generalizes the Zacks model for minefield
crossings. Zacks computes in his model the probability
of the Nth vehicle crossing a minefield and also the
distribution of the number of vehicles crossing the
field. Zacks' computations are made under the assumption
that all the vehicles are of the same type and only one
kind of mine is present in the field. This paper removes
both these restrictions.




THE GENERALIZED ZACKS MODEL

by

tdinund H. Inseimann, PnhD

Combat uperations Analysis Directorate
Combined Arms Combat Developments Activity
Comoined Arims Center

Fort Leavenworth, Kansas 66027

Tne purpose of this mote is to generalize the Zacks minefield model* for
computing the probabilities of vehicles crossing a minefield. In the
Zacks model only one type of mine and one type of vehicle are considered.
This paper shows how the model can be extended to different mines and
different vehicles. This note follows the Zacks paper closely, and the
redader is advised to have a copy of that paper at hand when reading this
note,

The Zacks model begins with the discussion of the number of mines in the
path of the vehicle. In the Zacks model, only the number of mines is
required; nere, the number of mines for each mine type is needed.

Tne following notation is introduced:

H = mine type, H=1,2,...,M

wN{H) = number of clusters of the Hth type mine
iW(I,H) = number of the Hth type mines in the Ith cluster
J(H) = random number of the Hth type mines in the path of a
given tank
J(I,H) = random number of the Hth type mines from the Ith cluster
that are in the path of the tank
Tnen: N(H)
JH) = D ILLH) (Eq 1)
I=1

*Zacks, 5. Survival Uistributions in Crossing Fields Containing Clusters
of Absorption Points with Possinle Detection and Uncertain Activation or
Avsorption. Technical Report 23, Uepartment of Mathematics and Statistics,
Lase western Reserve University, Cleveland, Ohio. June 1976.
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nWow

(;) = numwoer of combinations of N things taken M at a time

Y(l,d) probability that one of the Hth type mines from the

Ith cluster is in the path
Tnen:

Prid(I,H)=j}

probability that j mines, coming from the Ith
cluster of the Hth type mine, are in the path

Tne probability that j of these mines are in the path is given by:
’ Iy j N I,H -J
PriJ(L,H) = §} = (N(I_,H))-w(l.H)J- RITSRNTRL CELI b LS
J

Summing over all clusters yields the probability that a total of j mines
are in the path:
N(H)

Prid(H) = ji = Z Z 1 Pr{J(k,H)=Jk} (Eq 3)
FIigt iy k=1

tquation 3 is Zacks' equation 3.9 with a subscript H for mine type. HNote
that Pr{J(1),...,J(M)} is the product of the Pr{J(H){'s.

now let:
Pd(H,V) = probability that the Vth type vehicle will detect the
Hth type mine
Pa(H,V) = probability that the Vth type vehicle will activate the

Hth type mine

P (H,V) = probability that the Vth type vehicle will be killed
by the Hth type mine

Then the probability that a vehicle V will survive an encounter with an
Hth type mine is:

SV) = P(HV) + 1P () {1 (0, 00f + P (H,Y) o 1P, (V)]

(Eq 4)




Hence, the provability that the first venicle of type V, will survive the
Hth type wine encounter, given J(H)=j, is given by equa%ion 5

Pelsy (V)| J(H)=3f = s(H,v,)] (Eq 5)

The probability that the first vehicle will survive, given the J's, is the
product Pr{Sy(V)'s|J's} over all mine types. Hence, the probability of
survival for the first vehicle is the sum over the J's of the product (the

probability of survival given the J's and the probability of the J's);
that is:

fi(H)
Pris,(vp)} = i Prs,(H,Vy) | 3(H) = §(H)}  Priaqn) = j(H)!
Ul H=1  j()=0 171 ] f

where M is the number of mine types. This corresponds to Zacks' equation 4.3.

Additional notation is required to calculate the probability that the
second vehicle VZ crosses the minefield:

Let:
M](H,v) = random number of Hth type mines destroyed
by the Vth type vehicle on a crossing of
the path

Pr{M](l,V)=m],M](2,V)=mZ...M](M,V)=mm | 9(1)=4;...9(M)=jyt = probability
that my of the first type mine, my of the
second type mine,...my of the last type mine
are destroyed, given that j] of the first
type mine, 32 of the second type mine,...jy
of the last type mine are in the path

W(H,V) = {1-P (H,V)] {I-Pa(H,V)$ (Eq 6)

Pr{sz|M](I,V)=m]...M](M,V)=mM,J(l)=j]...J(M)=jM} = probability that

the second vehicle survives, given My of Jy
mines in the path have been destroyed

3




Thus:

P")bzl“l“-v)”"]---MI(M.V)=mM.J(l}=J]...J(M)=jM: = f’. s(H’v)jH”"H

Anu: (Eq 7)

Prgml(l,vhm]...M](M,V)ﬂrm.l(])aj]...J(M)=J‘M$ = l‘?](‘jH). (Eq 8)
o,

H=
M
e i .
1o, 0)-u(H, IEPTRISINY 31-5(H,v)f }S<H.v)-w<H,V)me "
H=1
— r
H X m. r.
L : W(H,V) H Mt L §S(i,V)-N(i.V)f ‘Z Y g, )i
r =ng-1 H Lk = mi
H'H r] mi
This is Zacks' equation 4. 16; h ili ;
survives is glveg by: ence, the probability that the second vehicle
Pr{b } = EE: ZE: zi: 2{: ;M](I.V)=m] B
] =0 JM-U m]—O mM-O

(Eq 9)

0
N](M.V)=n5,,|J(l)=,j]...J(M)=jMf n Pr

D)= 3y (4,037

Tne calculation of the probability that the nth vehicle Vn survives is

obtained by considering the probability that the vehicle survives an
Hth type mine encounter, given that there were originally j(H) of such
wines and m__, were destroyed by the n-1 vehicles that preceded the

current venicle.




R random number of Hth type mines destroyed by the
el passing of the V . vehicles over the path

the random event of the nth vehicle surviving the
Hth type mine

S, (HVy)

Then:

Pr%S"(Vn)IMn_](l,vn_])=ml...Mn_l(M,Vn_l) J(1)=4q---d(M)=dy( =

probability that the nth vehicle survives given that my of the jH

M i
mines have been destroyed = [ S(H,V )IH My (Eq 10)
H=1 "

Thus:

Pr}Sn(Vn),Mn_](l,Vn)=m]...Mn_](H,Vn)=mH |J(l)=j]...J(M)=jM -

M fi
Prgmn_](l,vn)=m]...Mn_l(H,Vn)\J(1)=J]---J(M)=JM€ Hgl S(H,Vn)J“ "
(Eg 1)

Now, the probability of " losses having occurred with the Vn crossing

by the Hth type mine, given that there had been j mines in the path,
must be calculated.

Let:

Mn(H,vn) = random number of Hth type mines destroyed by the first
n vehicle crossings.

These provabilities will be calculated recursively as follows:




Pr;Mn(I,V)=m]...Mn(M,V)=nNiJ(l)=J]-.-J(H)=JH$ a2

(Eq 12)

m] "M
2 Sliete Z Pr;"‘](],vm_])=rl...M](M,Vn_l)=r‘HIJ(])=j]-m]0r](- Y
r,=0

rM=U
Pr;Mn_](l,Vn)=M]-r]...Mn_](M,Vn_1)=mﬂ-rM{J(1)=j]...J(M)=jM$

Tnis probanility depends on the order in wnich vehicles enter the path.

wow the provbability that the nth vehicles survives is given by:

J1 I
Pr;SH(V")iJ(])=j].,,J(H):jH: . Z Z Pr?lvln_l(],vn_])w]
m]=0 "N=0 (Eq 13)

i ;
v L = =1 M)= 1 JH'm
d"_](m,vn_])-mM[J(l) Jye e d(i) JM$ Hiﬁ S(H,V,) H

nence, the provavility that Vn survives, given the J's, is:

w(1) w() ”
) [ o ‘ e 1] : o
Pris | = Z Z Pr-lsn(vn)lJ(])-J]...J(M)-J” 1 pr{a(n)=3, |
T (Eq 1)




In conclusion, the paper considers the distribution of the number of
survivors of N crossings. This is detemined recursively.

Let:
I(K) = a random variable; 1, if the Kth vehicle survives the
minefield crossing; 0, otherwise
X(K) = a random number of vehicles out of K that have survived

crossing the minefield.

K

X(K) = 2{: 1(h) (Eq 15)
h=1

Now the joint probability of X, and the ”1(1’V1)"'”1(”’V1) given J(1),...
J(M) is given as follows:

Pr:x(1)=1,M1(1,v1)=m1,...MI(M,v1)=mM;J(1)=j1,...J(M)=jM}

M /j m Jy-
=Hgl(;ﬁ)w(n,v1) “{s(H,vl)-W(H,vl)% H™ (Eq 16)
Hence:
PrXCL)=0.My (LY oy My M,y ) oy 3(1)=3, ... (=3, |
=PrJ'M1(1,V1)=m1, n 'M1(M’V1)="'Mi J(1)=j1’ . ~J(M)=jM}"

-Pr{x(1)=1,M1(1,v1)=m1,...MI(M,v1)=mM;J(1)=j1,...J(M)=jM}

(Eq 17)




Now the recursive probabilities for X(k) and M (1 v ) Mk(M,Vk) given
J(1)...J(M) are written as:

¢ ; . |
ProX(K)=1,M (1Y, )=My5 oMy (M1, ) 13(1) =3 . .. 0(M) =5y

Z L[P”\Xk 17i-LM g (LY gy e M (Y )y

rl-O rM 0 .
J(1)=j1...J(M)=jM; .

. P"‘:x(1)=1»|"11(1"’k)='“1"'1'''Ml(M’Vk)="'M""IVI§‘3(1)=j1"r1“"J(M)zjh’l}+

) =3 = =r | =1 = l
P =M (LY ey M (MY )= i3 (1) =5, .. J(M) =gy g

. Pr{X(1)=0,M1(1,Vk)=m1-r1...Ml(M,Vk)=nh—rM{J(1)=J‘1-r1...J(M)=jMﬂ

(Eq 18)

Then:
N(1) N(H)  §; dy

"”‘(K’ uZ R e

1 -0 Ml-O 'MH=0

« Pr;X(K)=i,MK(1»VK)=M1s-'-’MK(H’VK)=MHiJ(1)=j1’"‘J(H)=jH$

(Eq 19)
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