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sin sin

. z• c~os cog

tg tan
Ctg cot

~
‘ec sec

cosec cac

sh sinh
cosh
tanh

cth coth
sch sech
csch csch 

-

arc sin sin 1

arc cos cos~~
arc tg tan~~
arc ctg cot~~
arc sec 

- 
sec~~

arc cosec -

arc sh sinh 1

arc ch cosh~~
arc th t&nh 1

arc cth coth~~
arc sch sech~~
arc csch csc)f1

rot curl

lg log
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ZEIZOlAL IQOATIOI or ?ii &ZU?IC ?flOk-T O~ TIE COIGGLU’IOI 0? CLOUD

PAITZCLIS :
I. N. Y.nuk ashvili. -

Page *70.

Investigation s in th. the ory of tr anSfer of cloud pat tid es in
— considerable degree are bonded with the developEent of the methods of

‘ the soitt ion to kinetic equations. In this resEect by very pro mising

is presented iriti ng of the kinetic equation of coagulat ion is the
tori of integral equation . In particu lar this is exhibited daring the
soletica to the boundary—v alue problees of the kiaetics o~
coagulat ion. This integral equation,, incleding houndary cpmditiona,

in very coapact form contains entire phys~.cs of th. process of the
- transter of cloud parti cles and can rendst,abov more conv.niest than

inteqrodiff.r .ntia l equat ion. Let us note that the integral kinetic

equatio ns esccesaf ally are aUliz,d La t~. theory of tra nsfer of

* neutrons [13, in aerodynamics of rarefied gases [2, 33. -

The transport proble. of cloed paztièles this the proble. of

many particles and with atedy of the toran tios cf tb. spectrum of

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -a —- ~~~~ ~~~

__
~~__ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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cloud part icles in space and in tise R ust be co~sidered their

j ebsolut* motions, mutual- collisions ant a rgLag/coal.scanceso

Si.slt ansoualy with this the value of the distribution function of-
cloud particles in point with ra&ius—v~ctpr r (x , y,- z) they m ust be
bonded not only with the valves - of distziè*tios f unct ion ~n the - -;

point~, close toward the end of - vector r, but also with v*lu.s in all
points of cloud, including interfaces.

Let n (v, r, t) be the distributiop function of cloud particles

according to volumes v at the moment of- tj .. t about point in spnce

with rad ius -vector s~ so that Vale.

~~ n (,. r. I) dQ dv (1)

fl is for the mosent of tine t the aatkeiaUcal espectatioa- - -pf the

number of cloud particles, which have tad -j un— vector and tinge r, r •

- 
dr and volum, in the range v, v • dv ; dQ ~ dx dy dx — ele.entary

~ tkre.—dime naion ai~ space -colmon/geseral /total, that adjoin s toward the

end of radius —vector r.

Distribution f unction a (V . r , t) i~ question sakes seaa of the

dens ity of the mathematic al *zpsct -atio~ oj the numb er of aloud
pestislas; however , togethe r with th is it simultaneo usly -baa -also the

~ sense of the density of distri-bsti~n of - tie probability u~ the

d•t.ction of one particle is tb. tour—d issaaL osal volea. dwdQ. - 
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1 Let us isolat e in cloud the small volume element 40 sad — - -  ~~
- - -  -

det.rai -ne in this voluae about poi nt with radius-vector r for the

arbitr ar y mOment of time t , the nuaber of cloud particles with volva.

in the ra n ge v, v + dv . i.e. , let us determine 1n~- n (V1 r , t) 40
-

~~~~ dv.

-

~~~ 

~ Page ~7*.

It is obvious , this numbe r ~il1. be dPteruii~ed by the intensity
-

~~ of the easrgence (generation) of cloud j articies -by the vpluae in the
ran ge v v • dv in all cloud (including interf aces) at th* differsat
moments of time, which preced. the aoaent of tii~ t in question , and

also by the probability of the admissiop pf the emergent oloud

particles into the volule dO in guestiop without collisio with other

cloud pa~tJ cles.

~~~ JI (,, r , t~ v) be a probabilit y of free motion in the time

imterva l (v. t) of thi s cloud particle, which at the moasit of time v
-

- 
~ is located in point with radius—vector r— (t~?) with and *t the 

- Imo ment of tim. t pr ey.. to be at the pcii t of apace wit h ta -diva
vector r. let. c is speed of the act ion of the cloud part4cl.0 which
has volume v, which depen ds on v, a~ d also an t~. velocity of the

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~ -~ - - -
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mutton of air masses is cloud. The gouera Ljzatica of the physical

I derivatios of the cyst.. of i-.tegi --.l equation. of-- -the --kinetics of the
coagulatio n of cloud particles in th. case of the acc.l.r5t.d motios
of cloud particles presents no difficulties (03. Special examination

- 

— 

:~ req uires the case of the motion of cloud par ticles -is the turbu lent
flow of air masses.

Let u examine certain clou d particis at certain moment of tin.
t. Lot it is locate in point with radiv-a’,.ctor r and has volume v
and speed cr. It is possible to assert that at curtain nomsnt of time
v ( t it experi enced the last/latter coUj~sioa and that it as the
cloud part icle, possessing volume w and afeed C,, it was bern  in point
with rad ius— vector r— (t-i) C at the momen t of time v.

Purther, let ~ (V . r , t) be a funct ion of generat ipns, so that
value -

‘

- 

dn1~~~
T) (v , r , 1)dQ dv dt (2)

gives the mat hemat ical expectation of the n u-sbsr of cloud particles,

I mitch were being boti in -the element ar y veluie Cf apac e dl about
point with radius v ctor r for a period *1 time dt and wk ch iave
vole., in th. rang e v, y + dv.

Let us •xpr s fuaction a (v, r . t) t hrough th. function of

- - - -- - --~-~~~~-.-- —~~- - - - ---- ‘- --~-- 
-

- - - - -~~- - - -- - - -~ ~ - - - - - -‘- -
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generations and the probability of tree mption . At the moeout of ti ..
-

- 

~ t ~ t ft . the initial lowest) the mathematical espectation of the

avaber of cloud pa rtic les vith a volume o~ ,, v • dv is the volumer
element ot speee- 41 is c~~p~~~S - of tea ~~~ts~ - - -

_ -~~~~~ -~~~-~v. -
- - 

-- - - -~~~ i~ --
- 

- 

n(v, r. t) dvd2 =z dn1,+dn2,

where da~ is a mat heaat ical expectat ion of the ~u-aber of stenO

~ particle, with volume in the range v, v + dv , which reachsd is 40

from the initial state without collisi~~s dn a is a mathea aticaj

expectat ion of the numbe r of cloud partic~Les with a volusO of v, v a

dv, which appear in cloud in time interwa~L fr o, t o to t at th.
differea t oaonts of time v at the different points of space with
gadies- ,ector r— -(t-y) c and which withou t collisions reach dO up to

I the mossat of tine t.

It is obvious that

dii, ~~ii ~v. r — (t — /.) e. i,J TY (r , v, 1. l,)dvdQ. (4)

j $ Page *fl.

Them, according to 4.tereiaatioa (~~, vale. 

• ~
.. r — (V —• 

t) c ‘1 dO do ~~~ 

- 

~~~~ (5)

~~~~~~~~ — ______________ i —
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viii 1 eq ual to the mathe sati cal expectat ion Qf the number of cloud

particles, which a-re born within volume d~ about point with

radi us—vector r— (-t’-i’) c for a period of tine dv and have’ a volume in
the range v, v a dv. Pro, this quantity of cloud particles to element

of volume dO- about the points with radius— vector r will r ach only

the those, that for the extent/elongatici~ of time (,. t) do not

.xper~ s.c, collisions. Therefati. if we espress ion (5) muLti pl y by

the probability of free motion 11 (1, v, r , t) and to integrate over

alternating /variable v fro. t0 to t we piLl obtain the total quant ity

of cloud particles with a volume of v, v . dv , which app. r in cloud

~ in time interval (t 0, t) and the m oment of time t eaterelesent of

volume dO about point with radius— vector r. Thus,

‘
~~~ Ufr, v, ~~, t) dt (6)

special exami nation requires the case, whe n occurs the emergence

of cloud particles on interface ,- for example at the level of

condensation . ?or those region s of th e cipuds , into which can enter

cloud particles, w hich arose on inte r face in time interva l (t 0, t) ,

in relationship/ratio (3) on. should writ, the additional term , which

considers a quantity of cloud particles .~.th voinue in the rang. v, v

• dv, which appear on interface at the apgrcpriate moment of time and
which without collision reach dO about pojnt with radius—vector r up

to the moment of ti .. t. In this case, it goes without saying, tha
boundary f unction of the generations is assumed known.

- — —~~~~ -~~~~—~~~~~~~~ - -~~~~ . ‘ ‘.~~. ~ ——— -—~—— ~~-~~ —————~~~~~~
—-

~~ ~~~~~~~~~
— — -  - -
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a
- 

- Substituting (4) and (6) in (3) . we pbt ain

,, (e, r t) — it v, r — (~~ 
— 1,) c. 

~~ 
Ii (r, v, I. F~) +

L t~. j ij, r~~. (j — 

~ 
U~r, V1 —, /)d~ (1~

a
Pot obtaining the closed system of integral equations it is

necessary to .l press the probability of free action and the functj on
— of generation by -di stribution function.

L t  Mi, he a probability of the xanO pm event , which consists of

I th e fact t hat during time interval ~~tt •sa.ined cloud part icle is

ad jac.at to amothe r cloud particle.

- Pag. *73.

flea we ha ve

I 

~~~~~~ t+— ,j~(a. u)du .

where - - 
-

.(o, u)~~wE (4_)2fl (v”+u”)’ c(v) — c (u)

—~ ‘—
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I — the effect ive volume of the coilisioj~s pf - the cloud particles,
- which have volumes v and u; I is a coefficient of capture

With small M~ the probabilit y of fa*e wetion for the cloud

-
- particle in question during ti .. i~ tervsl ~~ ciii be equ fl to

P,= 1—A Q ,~~ i’~~’.

Th en the probability of the free sotio~ of the cloud particle in

question f or a per iod of time r_—~~M~ VAiL be
-~ i— f

4

~ Pa i=e x p {_  ~ ~~i 1=ex~{_ ~ ~~~(u. r ±~,-c , 1+
— i_ I  

~ ) f~ r~ Lt~

- +~~ ‘v . u) du] &ci~~.

- 

Hence, replacing summing by integration , we obtain

I ,~~~ ~ 1
I 1I(v, r , 

~~, 
t)~ex P{_ S [ S G(v 1 u)n(u . r — ( I — q ) c, q)du

j
d q .

- Th. last/latter relationship/ratio gives coimunjcatioa,’coanection

BESI AVAIIAB~.E CC

________ —- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — _a ~~~~~~~~~ - - ‘
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between th. probability of free motion and the distributipn function
I of cloud particles .

— 

- 

To the genera tioa of cloud particles with a voluse of v in the

- volume of space 40 for time dt give the collisions of cloud particles

from volumes v—u , u, with this u it can thk. va lues from 0 to v.

th erefore the collision frequency , seamed up in ter ms of all possible

~ values of u,, gives inte restin g us the mathematical expect tiom of the

H number of generations of cloud particle s sith a volume of v, thu s

-c-: -- 

•(v1 ~. i)~ u1~4~~ gi ( v u , r ,~ f)i t (~ , r, 1)e(v— . a) du. (~)

Expression • (v u) reflects aechan.ics and the statistics of the

reaction bet ween the pair of cloud particles.

I

equations (7) • (8) , (9) are the syste. of the integral equations

which characteriz, the kinetics of the coagulation of cloud
- particles. The structur. of these equations is such, that easily it

is possible to pro d uce the exceptio n/eltu-inatio n of functi on. ~i ,

and to obt ai n one integral equation for t~ke distribution function of

I cloud part icles.

Page 47k.
-

. BEST AVAILABLE COP’I.
Substituting (8), (9) in (7) , we bav O 

- 

~~~~—‘-~ ~~~~ 
~~~~~~~ ~~~~~~~~~~~
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L~~~
. I — (1 — to~ exp { ,S[j a(v , :t) l& (u , r —

_ ( 1_ q) C.~~) d 1 i] d~} + ,~eX P { S [j  ~(v, ,s)n(a. r—

a — (I — q) c, q) dq } [
~

_
~ 

ii (v — U. r — (1— 
~~) 

C, 
~~) 

n (u, r —

~ — (1 v) c1 v). (, — u, a) ds] dt . - 
(10)

Let us use the operation

to both parts of equation (7) ; taking iatp account the

relation ship/ratios: -

- 

*
*te.t~~~~~

4c,411h1_0. j
.1 TT (r. v,~I)—A ,

a)a(s. r, ~)ds.

- ~~~~~~~~~ ~~~~~~~~~ -~~

-:-~~; ~
-
‘~~~

‘ -
;

• • -
~~~~~

- -- ‘. :- .
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1 we obtain

r, t )_~J .(v. m)n(s. r, r — ( I —~)c,, 
~~
)X

X li ft’, v~ - ~~. 1~d~ + ii TV. I’ —(1 — t~) C, t1~ TI (r. e, I, 4J }. 
- 

-

I ,  -

If , accord ing to (7) , expression in cu-tly braces in the last/lat~~r

relationship/ratio is replaced through a (v . r, t) ,  and fu .ctios (1) 
—

- (V. r, t) wit h expression (9) ,, then we will ottaifl the known

integr odif f equation of the kinetic thecry of the coagulat ion of the

cloud particles
- - -  e4.. —n(v, r, 1) .(m. s) n (u. r, Oda +

+4~~~~

’

.&—
~~
i. s)n (.— a, r. 1)s(m, r. t)du,

I

’ 

- 

— ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ •~~~ •~~~ ~f~~• ~~~~~~~~~~~~~~~~~~~ ~S. ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~ 
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As the t a.xical:— methods of-  the ap~~ozimate sol*t*os of the
--syltie Of - integral egastioas-- ( 7)-1-- ($Pr-~49~- it- -is - poesibi.-to--etilis .-

a met-bed successive app rozisat ton, an iterative method, .sd- al-so a

method -st -torqme/someuts ~ 5, 6 - Accepting as zero approXimation
I either t ,--~istt~~t dtstrlhtto * or any ~~sl7ttcml sol.tio of the

stap lified - Proble, of - the ~kiaetica of tb. coags-heties ~~
part icles, vs coapute the f~~i.*ioa of 

- g~~sut-ise CD, - ~~~~~~ *- the

-prob shil’ity e~~ free- sot toe - [Ii. -*ob-stits~~~~ - --- .of ~~~~ 
- 

~~~~~~~ 
- egsat*., - -

(7), we obtain fl ~~~~~~~~~ 
-sp~~~S*sotio. -of distribution fesettes a~.

Puit ber we co ~ ,, ii ,, ,,,• , ~~~ -**lovi~g appro.cb/appr.zis-atioss are
S. coastrccted .salegsonl~. - - -

I .
• Za o..al uton let em sot. that the pcojoa.4 above foti of the
aste tisi ol the *7.*.S1 ~~*tvst*.. .f *. sp ats. of
.attt .. of the hu sh es at ~~~ ~?‘1~~jeI SI s1~~~ peasiciss ceo

~ Is .~~~~~~ Iully essd alas - 
is the i~~~$es ~~ 

- 

~~~-~~~~~~os- .t 
-

- 
co.grslat 10* .1 disperse d particl es and • to part4calar *~~~aod partielea.
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