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"INTEGRAL EQUATION OF THE KINETIC THEORY GF THE COAGULATION OF CLOUD
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1. 8. Yenukashvili.
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Page 470.
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Investigations in the thecry of traasfer of cloud pacticles in

(7 DR A T

considerable degree are bonded with the developsent of the methods of
" the solution to kinetic eguations. In this resgpect by very prosising
is presented writing of the kinetic equation'ot coagulation in the
iorn of imtegral egquation. In particular this is exhibited during the
solution to the boundary-value problems of the kimetics of
coagulation. This integral egquation, incleading boundary comditioas,
in very compact fora contains entire phyaiés of the process of the

- transfer of cloud particles and can rendec/show sore convenieat than
integrodifferential equation. Let us note that the integral kinmetic
cgiatious successfully are utilized im the theory of traasfer of

neutrons [ 1], in aerodynamics of rarefied gases [2, 3).

The transport probles of cloud particles -~ this the probles of
sany particles and with stedy of the torsation c¢f the spectrua of




clouwd particles in space and in time must be cossidered their

‘absolute motions, mutual collisions and mergiagscoalescences.

Sisultaneously vith this the value of the distribution fumction of
cloud particles in point with radius-vectpr tr (z, y, z) they sust be
bonded not omly with the values of distribution function §n the
points, close toward the end of vector r, but also with values ia all
points of cloud, imcluding interfaces.

Let n (v, r, t) be the distributiop functicn of cloud particles

according to volumes v at the moment of time t about point in space

" with radius-vector ©, s¢ that valee

dne=n(u, r. )d2dv

is for the ldltlt 6£ tise t the nnthoiatbeal'oapcetattbn“gt't;o
nuaber of cloud particles, which have radjus-vector and range r, T +¢

dr and volume in the range v, v ¢ dv; 40 = dx dy dz - elementary

- threa—-dimensional/space comsmon/generaly/total, that adjoins toward the

end of radius-vector r.

Distribution functios n (v, r, t) in question makes sease of the
density of the mathematical expectatioy of the pumber of acloud
particles; however, together with this it simultaneocusly has also the
sense of the density of distribution of the probability of the
iotoctio. of one particle in the four-dimeasional volume dvdf.
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~Let us isolate in cloud the ssall voiuse element 42 and
‘determine in this volume about point with radius-vector r for the
arbitrary soment of time t, the nusber of cloud particles with volume
in the range v, v + dv, i.e., let us detersine dn = n (v, r, t) 4@
dve.

It is obvious, this nusber will be determined by the imtemsity i
" of the emsergence (generation) of cloud particles by the voluse in the i
range v, v ¢ dv in all cloud (including interfaces) at the different
ioloaaa of time, which precede the moment of tise t in questiom, and
‘ als0 by the ptobibility of the admissiop of the esergeat e¢loud
particles into the volume d0 in guestionm without collisiom with other
clctl.p;tti&los.

Let JI (v, r, t, v) be a probability of free motion in the time _

interval (v, ) of this cloud particle, which at the momeat of tise v

i is located in poiat vith radius-vector r~ (t-») with and at the

sosent of time t proves to be at the point of space with radius
vector r. Here c is speed of the motion of the cloud particle, which
has volume v, vhich depends on v, and aiso on the velocity of the
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% sotior of air sasses in cloud. The generadizaticn of the physical i
| | [ #srtvation of the systes of sategral equaeions o the Linetics of tre %
3 coagelation of cloud particles in the case of the accelerated sotion %
§1 of cloud particles presents no difficulties [8)s Spdctal exasination é
3 | requires the case of the motion of clowd particles im the turbuleat é
flov of air masses. %
B Let us examine certain cloud particle at certain soment of tise é
t. Let it is locate in point with radius~wector r and has volume v ?
and speed c. It is possible to assert that at certain moment of tise
Y ¥ <t it experienced the last/latter colljsion and that it as the

cloud particle, possessing voluse v and sgeed ¢, it was born in point

ilth radius~vector r- (t-v) c at the momseat of time r.

Purther, let © {vs T, t) be a function of genmerations, so that

value {

- dn,=® (v, r, 1)dQdvadr (2)

gives the sathematical expectation ot‘tbu niaiit'oi cloud particlas,
l’ which were being born in the elenentary voluse ¢f space df about
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point with radiuws vector r for a period of time dt and which have
voluse in the range v, v ¢ dv.

o

4

Let us express fuasction a (v, r, t) through the functiom of

Piapisin s et bt et St Shenn s o e e W e
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Mﬁwc asd the probability of free mption. At the moment of time :
i >ty m - the initial soment) the sathesatical expectation of the »é

m of cloud purucloa vith a voluae of v, v ¢ dv in the volume

nw r. t)dwse-m-;-dn,, " : (3)  »é
wvhere dng is a mathematical expectation of the gumber of cloud :
L particles with voluse in the range v, v ¢+ dv, which reached in 4@ 4

fros the initial state without collisigea; dn, is a mathematical
expectation of the number of cloud particles with a volume of v, v ¢

* dv, which appear in cloud in tise intervad from tgy to t at the
different moments of time v at the different points of space with

iqlin—uctér £~ (t-r) c and which withcut collisions reach d2 up to

; i the sosent of time t.
It is obvious that

dng=nlo, £=(l— )¢, L,IN(r, v, 1, I)dvd2. 4

Then, according to detersination (2), value

il ) e e N i, AR N e b R R s il

Q{v. r«-—(i-s)e. qdﬂnh #
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will be equal to the mathematical expectation of the nusber of cloud

",ptrttclcs.“viich are born withir volume d2 about point with

radius-vector r~ (t-r) c for a period of tise dv and have a volusme in
the ta;go~v; v ¢+ dv, Prom this quantity of cloud particles to elesent
cf volume dQ about the points with radius-vector r will r ach only
the those, that for the extert/elongaticn of time (v, t) do not
experience collisions. Therefore, if ve expression (5) sultiply by
the probability of free motiom 11 (r, v, v, t) and to integrate over
alternating/variable r from t, to t ve widl obtain the tosal quantity

of cloud particles with a volume of v, v # dv, which appe r in cloud

in tise interval (t,, t) and the moment of time t enterelement of

volume dQ about point with radius~vector r. Thus,
d“, —M“é D hl | s (‘ —_ ‘t) c, 3" 2 n(f. %, t)dt' (6)

sbocial examination toquités the Césn. when occurs the emergence

of cloud particles on iute;face, for example at the level of

+ condensation. Por those regions of the clpuds, into which can enter

cloud particles, vhich arcse on interface in tise intervad (ty, t),

in relationship/ratio (3) one should write the additional tera, which
considers a quantity of cloud particles with voluse in the range v, v
¢ dv, which appear on interface at the appropriate moment of tise and
shich wvithout collision reach d2 about point with radius-vector r up

tc the moment of time t. In this case, it goes without saying, the

boundary function of the generations is assumed known.




& substituting (4) and (6) in (3), we pbtain

: i nfn. T t)-—-n]v. r«—(f ":"l,):. 1o] ll(r. o I I,)+

4-5 Q’]-u," - ll m‘:)‘e,‘ ] !H’r. v. t)dv ] "(i)

Por obtaining the closed system of imtegral eguationms it is

necessary to express the ftobahili.ty of free mction and the function

»+ of generation by distribution function.

Let AU, be a probability of the ramdpa event, which consists of
& the fact that during time interval Au examined cloud particle is

adjacent to amother cloud particle.

Page 873.

Then we have

- :
& RIS O JQ»””""*J nlu, rze, (4]l w)du,
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shere

s BB,

il

: -(e, l)-wﬁ'( )”’(e"‘-}-n”')']e(-.»)-c(u)\
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f
5 lv - the effective voluse of the collisiops pf the cloud particles,
which have volumes v and u; E is a coefficient cf capture
‘ | b With ssall Av the probability of free sotion for the cloud
particle in guestion during time interval AT will be egual to
HF Py=1—0Q,=e¢™%,
Then the probability of the free motion of the cloud particle in
question for a period of tise Tasi:,At, wild be
3 A=t
x " n I_l’ r:.
- P=II P,—exp{— 2 AQ,}aaﬁp{- 2« L n(u, r 410, (4
5‘ ' . =1 =1 i J (& 41 Lg
'_; : s +t)e(n, u)du] Az,}_
! Hence, replacing sumsing by integration, we obtain
\ i e 1.4
Mo, rx Hmexpi— | [a(o, W)nte, £~ —q)e, Q) dg |
N L O N
. : (8)
i

. the last/latter relationship/ratio gives communication/connection

i i T e BB R A
e T BRI
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betveen the probability of free motion amd the distributipn function
!‘ct cloud particles. e s y

To the gemeratioan of cloud particles with a volume of v ia the 4

volume of space 4% for time at give the collisicns of clowd particles ]

fros volumes v-u, u, vith this u it can take values froa {) to v.
Therefore the collision frequeancy, sumsed uf in terms of all possible

R values of u, gives interesting us the mathesmatical expect tiom of the

Y .

nusber of generations of cloud particles mith a volume of v, thus

®(v, T, t)--.}-!d(v-—a. r. Onla, r, Ne(lo—n, a)de. (M) i

Expression ¢ (v, u) reflects mechanics and the statistics of the

icaction betueen the pair of cloud particles.

3 equations (7), (8), (9) are the systes of the integral equations

which characterize the kinetics of the coagulation of cload

fparticles. The structure of these eguations is such, that easily it

is possible to produce the exception/elimination of functjons !!,
and to obtain one integral equation for the distribution function of

§ cloud particles.

Page 474.

Substituting (8), (9) im (7), we bhave
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1

‘é. A _&*“{" r-«.(&-—-lo)e ) exp{ ’{[J o(v, ll:)hk(li, f-—

: * {0 “ %
;%- ‘_({—q)c, q)du]dq}-l—lfexp{,—su a(v, a)n(u,r-’gl,_ :

i

{
3

A --(I—-q)c, )du]dq}[q)-gn(v u, :i-(t—r)c, t)n(u. lj—

Let us use the operatioa

to both parts of equatiom (7): taking ilfp account the
. relationship/ratios: \

drlnts t—t—te Gl =0
o n(f; v’ !)-A Pt ”F‘H‘?{'

4 fneu. n)n(a. r. ndl.

o
e

b e

5,
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.
If, according to (7), expressiom in curly braces in the last/latter
relationship/ratio is replaced through n (v, r, t), and fenctiom @
(v, ry t) - with expression (9), then we will ottain the kmown
integrodiff equation of the kinetic theery of the coagulation of the
cloud particles

.“7‘;.-..;;(',;5 ()I (v, u)n(u, v, ﬂlﬁ}

4.‘.,}-{..('— u, u)n(o—u,r, fn(s, v, Hdu,




: as tla m’mtm ‘methods of the approxisste uilt#vl of the
*Wﬂmmem (8) ¢ 9) -it-is possibie to wtilize :
s sethod umnn approzisatiosa, an ima&n mioi. and also a ,
M“Ut Ww:tt 15. 6). Acceptiag as zero lymuutia
| | esther the suttiar-atwerivution or any amslyticsl solstion of the-
| uqum - n@hn: of the kinetics of the c«Wﬂ«QM'
| ‘particles, ve cospute thov fesction of genersties m.“ﬂh
probadility of free sotios [l Substitwthey O, ssd~7, 49 -egeation
(7)s ve obtain the €8set spprenisation of distridution fenction n,.
Purther we em,é..ﬁ.,n., e w“ug apfFroach/approziaations are

~Ea conclusien let us acte that the pucjosed above fors of the
sotatics of the physicel derivetion of the systes of the $ategrsl
egtations of the kisstics of the ceagulatios of clewd particies cas
! So sencessfully used slse umwcmmﬁ
eugmuu of dispersed ntticlu and, ia yntticlht m particles.
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