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A “RELATIVISTIC MIRROR ” EXPERI1V~ NT WITH
FREQUENCY TUNING AND ENERG Y GAIN

I. INTRODUCTION

I n his classic paper on electrodynamics in the framework of special rein-

‘tivity ,’ Einstein derived the provocative properties of electromagnetic re-

flection from a relativistic mirror . These properties may be listed as follows:

1) a double Doppler shift so that the ratio of reflected—wave frequency to

incident—wqve frequency for a backscattered plane wave is u/u . (1 + 0)2 ~2,

where B = v/c, v (1 — B2)
_h/’2, and v is the speed of the mirror ; 2) a similar

increase in the energy of the reflected wave at the expense of the mirror ’s ki-

netic energy ; and 3) a time compression of the reflected wave so that the ref lec—

ted power flux is enhanced by an even greater factor than the scattered energy :

Pr/
’Pi (1 + ~)

4 
~
4

• In this paper we report an experimental study of electro-

magnetic reflection from the front of a magnetized relativistic electron beam in

which all of the above features of the relativistic mirror have been observed.

The reflection of electromagnetic waves from the sharp front of a moving

• electron beam or plasma has been treated in a number of theoretical studies ,2 8

beginning with that of Laridecker in 1952.2 Although these analyses predicted

total reflection for a certain range of beam parameters , experimental observation

of the intriguing relativistic effects was delayed by the unavailability of suf—

ficiently dense beams of charged particles with velocity approaching that of light.

This problem was circumvented in an early observation of a large Doppler shift

1.2) by Zagorodnov et al,9 who used the artifice of greatly reducing Vph~
the phase velocity in the wave—plasma interaction region , so that v/v

Ph 
could ap-

proach unity. Now , however , generat ors of inten8e relativistic electron beams are

available : and in the past year, fast electromagnetic waves have been reflected

from the front of such beams to obtain radiation of frequency M
r several times

Not.: Manusc ript submitted September 1, 1977.
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larger than The present study extends these initial experiments in sev-

eral important respects. First, the velocity of the beam—front electrons was made

variable and the Doppler shift was found to be tunable with this velocity as pre-

dicted , thus positively identifying the reflection mechanism . Furthermore , it was

found that as the beam-front velocity and the attendant Doppler shift increased,

the power in the reflected wave increased even more , with a power gain as large

as 20 being measured. The reflected—wave frequency spectrum was resolved using

a spectrometer of special design ,12 and the spectral width (Fw I- IM) of’ the reflected

wave was found to be — 5%. Finally, the energy in the reflected wave was for the

first time measured to be larger than the incident wave energy .

II. EXPERIMENT

The experimental configuration used to observe beam—front scattering is shown

schematically in Fig. 1. The relativistic electron beam was generated by apply ing

a 1—MV—peak , 60—nsec—duration voltage pulse from a pulse—charged water transmis-

sion line’3 to a cold—cathode , field—emission diode~~
4 The electrons were in—

• jected through a 13—mm—diameter aperture in a graphite anode into an evacuated ,

22—mm—diameter drift tube in a uniform magnetic field. A Lucite pulse—sharpening

switch could be inserted into the cathode shank to decrease the cathodic voltage

rise time from 15 nsec to 5 nsec and the beam current rise time from 7 nsec to — 3

nsec. The peak beam current was 2 kA both with and without the switch. From

the damage pattern on a Lucite disk placed in the drift tube, the beam profile

was found to be relatively uniform over its 12—mm diameter.

The counterstreaming microwave signal was supplied by a 9.3—GHz magnetron .

The 500—kW , 500.-nsec—duration pulse was transported into the drift tube through
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a 900 bend in rectangular waveguide and a rectangular—to—circular transition.

Consequently , the incident wave was linearly polarized and propagated in the

fundamental waveguide mode (TE11). The high—frequency output passed through 4-

mm—diameter holes in the sidewall of the 900 bend , and a tapered transition to a

Ka—band (26.5 — 40 GHz) waveguide , which led to a multichannel grating spectrom—

eter.12 Broad—band crystal detectors connected to 1—cm—wide rectangular horns

• were used to monitor the output , which was found to consist of two perpendicular

• components (suggesting a circularly—polarized reflected wave).

When the diode voltage and magnetron pulses were synchronized and the mag-

nitude of the external magnetic field was properly adjusted , a strong high-.

frequency output pulse was observed. A typical oscilloscope trace of the out-

put , obtained without the pulse—sharpening switch , is inset into Fig. 1. The

pulse duration was only — 2 nsec, or more than an order of magnitude shorter

than the beam pulse. With the pulse—sharpening switch, the duration decreased

by — 20%, but the accuracy of the measurement was limited by the 1—nsec response

time of the instrumentation.

The high—frequency output was found to be highly dependent on the external

magnetic field. The total (i.e., spectrally integrated) high—frequency signal

is plotted as a function of magnetic field in Fig. 2, both with and without the

pulse—sharpening switch. The peak value of each curve has been normalized to

unity , and the error bars represent the standard deviation of three data points.

A resonance in output power occurred for magnetic field strengths centered at

5.4 kG without the switch and at 6.9 kG with the switch.

—3— 
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After the optimum value of magnetic field was found, the spectrometer was

used to determine the spectral content of the output. The true spectral inten-

sity profile was obtained from the experimental data by using Voigt—function fit-

ting15 to compensate for apparatus—induced line broadening. The absolute output

intensity was determined by calibrating the detectors at the observed frequencies

• . with a water calorimeter and by measur ng the attenuation of the spectrometer and

of the waveguide components leading to it as a function of frequency.

• Without the pulse—sharpening switch and at a magnetic field of 5.4 kG, the

output was found to peak at a wavelength of 11 mm , as shown in Fig. 3. However,

the attenuation of the output section leading to the spectrometer was extremely

frequency dependent in this spectral region , so that the power calibration used

for Fig. 3 had a potential error of nearly a factor of 3. Thus, although the in-

tensity profile implies a total reflected power of — 700 kW , the actual value is

only known with certainty to lie between 250 kW and 1.8 MW.

With the pulse—sharpening switch , data were taken at two values of magnetic

field: 6.8 kG and 7.0 kG. From the spectral profiles shown in Fig. 4, it can

be seen that the output wavelength was slightly shorter at the higher value of

magnetic field. Over this wavelength range of approximately 5.5 — 6.2 mm , the

attenuation of the output section was quite constant (— 30 dB), and the various

calibration data used to compute the absolute intensities plotted in Fig. 4 have

a maximum cumulative uncertainty of less than ± 2 d8. Consequently, the total

integrated power, to within a factor of 1.6, is 5 MW or an order of magnitude

larger than the incident power. The spectral width (FWHM) of the output is 6A/A

5%, or slightly less than the 7% width of the profile of Fig. 3.

—4—
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III. DISCUSSION

A complete theoretical analysis of this experiment would have to consider

the density and velocity gradients of the electrons near the front of the beam

as well as the rapid temporal variation of these beam parameters. Although such

• . an analysis has not been attempted , most of the experimental observations can be

quantitatively explained by a simplified model of beam—front scattering.

First, the Doppler-shift relations given in the introduction for plane-wave

reflection must be modified in the waveguide geometry of the experiment . The fre-

quency , energy , and power shifts are given by1°

Mr 
2(1 + ~

2 
+ 2~ Bgi)wi (1)

Wr ~
2(1 + 82 

+ 28 Bgi
) RW i (2)

+ ~2 
+ 28 Bgj)

2 ( B gr/Bgi ) R P1 =

gi 1 1

where 0gi = V
gj /C and 8gr = vgr/c are the normalized group velocities of the in-

cident and reflected waves , respectively.

The pulse duration of the reflected wave 1s1° r 1(1/v — l/vgr )t where

L is the length of the reflection region. If L = I m and 0.5c < v < 0.75c (which

follows from Eq. (1) given the experimentally—observed frequency shifts), then 1

nsec < c ( 2 nsec. Although reflection probably does not occur over the full 1—rn

length of the drift tube , these values agree well with the observed output—pulse

: duration, considering the response—time limitations of the instrumentation .

According to the analysis presented by Landecker ,2 reflection from a cold ,

uniform , semi—infinite electron beam propagating along an external field occurs

—5—
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near the cyclotron resonance. In a waveguide geometry,1° the resonance occurs at.

the intersection of the empty—waveguide mode (TE11)

2 2  2w 1 ’c — k  — b 11 0 ~L4

and the fast beam—cyclotron mode

• 
W _ V kz

_ l2
o/ Y = O ~ 

(5)

where b11 = L84/r
9
, rg 

is the guide radius , and eB~j’m is the electron cy-

clotron frequency . Given a particular incident—wave frequency and external mag-

netic field , this condition determines the electron velocity required for reflec-

tion. Then the Doppler—shifted reflected—wave frequency is found from Eq. (1).

For example , given a 9.3—GHz incident wave and magnetic fields of 5.4, 6.8, and

7.0 kG , the wavelength of the reflected wave should be 10.6, 6.3, and 6.0 mm , re-

spectively. These values are in excellent agreement with the experimental obser-

vation s, indicating convincingly that reflection does occur near this magnetic

resonance. Consequent ly, the range of magnetic field over which reflection oc-

curs (Fig. 2) corresponds to a frequency tunability range of —±20% without the

pulse—sharpening switch and of —±10% with the switch.

To understand the effect of vary ing the rise time of the accelerating volt—

age on the reflected—wave frequency, the transient nature of the propagating beam

front must be considered. According to a simple , free—streaming beam model in

whici the accelerating voltage rises linearly from zero to its peak value in a

time tRt the normalized beam—front velocity as a function of the distance z from

the anode is given by

2/3 -1 1/2

Bf(z) = 1 - 
[1 + ( ~) ] (6)

ct R

—6—
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where 
~
VMmc

2 is the energy of an electron accelerated across the peak potential.

Use of’ such a simple model is somewhat justified by the fact that the beam cur—

• rent is nearly an order of magnitude less than the space—charge—limited value.

• However , space—charge effects could become important near the beam front where

the density should become quite large. There should also be a rather large

(± 10%) range of electron velocitice within one incident wavelength of the front.

• Equation (6) is plotted in Fig. 5 for the two different rise times used in

the experiment. The beam—front velocity rises rapidly over the first portion

( 20 cm ) of the drift region and then gradually levels off. For the 15—nsec

rise time, calculated values of B~. vary from — 0.45 to — 0.6 over most of a
1-rn—long drift tube. Experimentally, reflection is observed in this case for

magnetic fields ranging from 4.7 kG to 5.9 kG , corresponding to a range of elec-

tron velocities required for reflection from 0.48 c to 0.65 c. Similarly , cal-

culated values of 8
~ 

vary from — 0.6 to — 0.75 over most of the guide when the
pulse—sharpening switch is used (tR = 5 nsec). The magnetic field for this case

• is required to lie between 6.4 kG and 7.4 kG , corresponding to electron veloci-.

ties from 0.70 c to 0.77 c. These experimental observations suggest strongly

that reflection occurs only at or very near the beam front. Although no ref lec—

tion is observed at lower magnetic fields (corresponding to smaller electron

velocities), the slower electrons are near the front for only a very short time

and distance. Thus , even if reflection were to occur from these electrons , the

reflected pulse would probabl y be of too short a duration to detect with our

apparatus.

The fact that no reflection is observed at higher values of magnetic field ,

even though electrons of the corresponding velocities are present at some point

—7—
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back into the beam , also indicates that the reflection mechanism depends upon the

electrons ’ being in the immediate vicinit y of the beam front . An explanation

• for this behavior can be formulated by considering the spatially—varying nature

of the beam. It has been shown by Budden16 that , in a spatially—varying cold

plasma , reflection occurs at a point where the refractive index is zero, but that

absorption occurs where the index has a singularity. If the index of refraction

has a zero and an infinity lying close together , rellection r.ul y occurs if the in—
A 

cident wave encounters the zero first. (This statement is true only if the plas-

ma parameters change only slightly over an incident wavelength. Crescentini and

Maroli17 have shown that reflection can occur at the singularity if there is a

rapid variation.) When the zero is reached first , the degree of reflection de-

pends on the separation between the two points ; viz., if the separatioi is not

large compared to a wavelength , tunneling of the incident wave between the zero

and the infinit y can occur , resulting in a decreased reflectivity.

To determine the effect of the spatially—vary ing beam—front in the present

experiment , we will consider for simplicity a semi—infinite , free—streaming elec-

tron beam . The index of refraction for a right—hand—circularly—polarized wave in

such a medium is

1/21 w _ n  _ w 2 / w \o p (7 )

\ w n  /
wher e w~, (ne 2/cm 0)

l
~
”2 is the electron plasma frequency. Equation (7) is

valid in the electron rest frame . The position of an ~lectron traveling at speed

v at a time t after initiation of the accelerating voltage pulse is found from

the free—streaming beam model to be

—8—
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tR). (8)

• From this relation, a Lorentz transformation gives the incident wave frequency as

“seen” by the electrons as a function of position at various times t , as shown in

Fig. 6. It is this frequency w which is used in Eq. (7) to de termine the local

• refractive index. The two values of w at a particular position correspond to the

two values of electron velocity at that point . In order that the zero in refrac-

• tive index be reached before the infinity, Eq. (7) implies that w must exceed

as the wave approaches the singularity. Thus, for reflection, it is necessary

• that aw(z)/~z > 0 at the point where w(z) = C~ (such as at point B in Fig. 6).

From the figure , it is evident that reflection should only occur when w0 < C~ <

W
f

(Z = L), where w0 is the incident frequency in the laboratory frame and is

the local frequency at the beam front . This condition on the magnetic field is

equivalent to the requirement that reflection occurs only from electrons with

~ <~~f
(L) Consequently, the experimentall y observed loss of reflec tion at higher

magnetic fields (where c~, < wf (L) cannot be satisfied) is explained .

• To quantify this model , the wave equation for the circularly polarized elec-

tric field E is ob tai ned from the linearized , rela tivist ic equations of mot ion

and Maxwell’ s eq uations (under the assumption that the beam parameters vary slowly

in space and time compared to the wave fields):

(9)

Antonsen has asymptotically solved this equat ion 1
~ using a method he has des-

cribed elsewhere 19 to obtain for the reflection coefficient —

-9- 
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R = e~~ (1 — e ”)2 (10)

where 
~ I av/az (1 — w~/ f l~ ) I ~~. It is easy to show that R has a

maximum value of 15%.

According to the cyclotron—resonance behavior predicted by theory and ob—

served experimentally , only the right—hand—circularl y—polarized (RHCP) component

of the incident wave should be reflected . The incident power in that polarization

is half the total value, or 250 kW; and from Eq. (3), the twenty—fold power in-

crease of the 5—MW , 5.8—mm output implies a beam—frame reflection coefficient of

32%. This value lies between the maximum value of unity for a cold , uniform ,

sharp beam front2 and the maximum value of 15% for the slowly—vary ing beam. The

beam gradients in the experiment are probably moderately large, lying between the

values of the gradients assumed in the two models.

Finally, from Eq. (2), the energy shift of the reflected wave ‘s given by

Wr/Wi R 
~r”~

’i The 5.8—mm output corresponds to a gain in energy for the RHCP

component by a factor of 1.8. Thus, we have experimentally demonstrated the in-

triguing phenomenon of an upshift in frequency accompanied by a gain in total

wave energy .

-V. CONCLUSIONS

,leflection of a 9.3—GHz microwave from a magnetized relativistic electron

beam has been experimentally observed. The frequency of the reflected wave was

upshifted by nearly a factor of 6 with a simultaneous increase in both power

(factor of 20) and energy (factor of 2). On the basis of the quantitative

agreement of the results of this investigation (i.e., Doppler shift , magnetic

resonance, short pulse duration , and narrow—band output) with a simple model,

a convincing argument can be made for the existence of beam—front scattering .

—10—
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The beam—front scattering process provides an easily—tunable source of high—

peak—power millimeter waves , and it could probably be easily extended to the sub—

miflimeter region by appropriately choosing the incident wave frequency and beam

parameters. One immediate application of this phenomenon is as a diagnostic for

• 
. measuring beam-front velocity.~

11 Such a diagnostic might be useful, for ex-

ample, in ion acceleration experiments of the type described by Olson.2°
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Fig. 1 — Experimental configuration. Inset: oscilloscope trace of output signal
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Fig. 2 — Normalized reflected ~wave power vs axial magnetic field
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Fig. 3 — Spectral intensity profile without pulse~shar pening
switch and with B0 5.4 kG
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• • Fig. 4 — Spectral intensity profiles with pulse~è.arpening switch and
with two slightly different axial magnetic fields
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Fig. 5 — Normalized velocity of the leading electrons vs

axial position of the beam front
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Fig. 6 — Incident wave frequenc y as viewed in local electron fram e vs axial
position at various times after initiation of accelerating voltage pulse. Param-
eters app licable to the experiment without the pulse-sharpening switch and
a free-streaming beam model have been used to compute the cur ves. Ac- ‘ 
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cording to the model (see text), reflection should occur at point B, but not
at point A.
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